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Abstract

In this dissertation, we present an iterative method for approximating a common element
of the set of solutions of split equalities for generalized equilibrium problem, monotone
variational inclusion problem and fixed point problem for k demi-contractive mapping in
Hilbert space without prior knowledge of the operator norms. We also give numerical
example of our main theorem and use Matlab version 2014a to show how the sequence
values, that is, ||z,41 — z,|| are affected by the number of iterations. This is done in order
to see how the initial values affect the number of iterations.

Also, we introduce another iterative scheme which do not require a prior knowledge of the
operator norms for approximating a common element of the set of solutions of split equal-
ities for finite family of generalized mixed equilibrium problems and fixed point problem
for k-strictly pseudo-nonspreading multi-valued mapping of type-one in Hilbert space. We
also give numerical example of our main theorem and use Matlab version 2014a to show
how the sequence values are affected by the number of iterations.

Furthermore, we extend our work to reflexive Banach space by introducing an iterative
method for approximating a common fixed point of quasi-Bregman nonexpansive mapping
which also solve finite system of variational inequality problems and convex minimization
problems. We give application of our result to approximating a common zeroes of an infi-
nite family of Bregman inversely strongly monotone operators which are also solutions to
the set of finite system of convex minimization problems and variational inequality prob-
lems and for approximating a common solution of finite system of equilibrium problems
in real reflexive Banach space. Our results in this dissertation extend and improve some
recent results in literature.
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CHAPTER 1

Introduction

1.1 General Introduction

An optimization problem is one where the values of a given function f : R — R are
to be maximized or minimized over a given nonempty set D C R. The function f is
called the objective function and the set D is called the constraint set. Optimization
problems can be formulated as minimization problems, variational inequality problems,
equilibrium problems, min-max problems, etc. Examples of optimization problems include
utility maximization, expenditure minimization, profit maximization, cost minimization,
portfolio choice, electricity value maximization, among others.

Let C' be a nonempty, closed and convex subset of a Hilbert space H. The Variational
Inequality Problem (VIP) is to find x € C' such that

(Az,y —x) >0, Yy € C, (1.1.1)

where A : C' — H is a nonlinear mapping. The set of solutions of (1.1.1) is denoted
by VI(C,A). The variational inequality theory was introduced by Stampacchia [I12] in
the early 1960’s to study some problems in partial differential equations with applications
drawn from elasticity and potential theory. The first general theorem for the existence
and uniqueness of solution of VIP was proved by Lions and Stampacchia [72] in 1967.
Since then, the VIP have played fundamental and important roles in the study of wide
range of problems arising in optimization, control theory, economics, operation research,
management science, physics, mechanics, elasticity, transportation and other branches of
mathematical and engineering sciences, (see [2], [5], [13], [19], [39], [12], [15], [16], [65],

[31], [96]).



Also, the Equilibrium Problem (EP) is to find # € C such that
g(,y) 20,  Vyedl, (1.1.2)

where g : C' x C — R is a bifunction and C' is a nonempty closed convex subset of a
Hilbert space H. The set of solutions of (1.1.2) is denoted by EP(g).

The EP was first introduced by Blum and Oettli [15] in 1994 as generalization of op-
timization and variational inequality problems. They discussed existence theorems and
variational principle for the equilibrium problem. Since then, various generalizations of
equilibrium problem have been introduced and studied by many authors. The EP has a
great influence in the study of several problems arising in engineering and sciences such as
nonlinear analysis, optimization, economics, finance, game theory, physics, image recon-
struction, etc, (see [15], [40], [40], [59], [62], [70], [53]).

Let X be a nonempty set and 7" a mapping of X into X. A point x € X is called a fixed
point of T if Tx = x. However, if T' is a multi-valued mapping, that is, 7" is mapping X
into the collection of nonempty subsets of X, then a point x € X is called a fixed point
of T if x € Tz. The set of fixed points of T" is denoted by F'(T'). Also, a topological space
(X, 7) is said to have a fixed point property if every continuous mapping 7" : X — X on
it has a fixed point. The problem of investigating sufficient conditions for the existence of
a fixed point for a mapping is one of the most vigorous among the fundamental branches
of topology and functional analysis.

In particular, fixed point theorems have extensive applications in proving existence and
uniqueness of solutions of various functional equations. These theorems have found ap-
plications in the theory of differential and integral equations, dynamical systems, game
theory and mathematical economics among others (see [7], [90], [118], [123], [64], [44]).
One of the cornerstones in the history of fixed point theorems is the work of Banach [7] in
1922 which states that every contraction mapping 7" (i.e, 1" satistying d(T'z, Ty) < kd(zx,y),
0<k<1 Vuazye X) of a complete metric space (X,d) into itself has a unique fixed
point (we shall give a further explanation on this theorem in Chapter 2).

This theorem is known as the Banach contraction mapping principle. The theorem is
constructive in its nature and provides a procedure to arrive at the required fixed point
by using the convergence of the Picard’s iteration. This theorem has been broadly used
in the study of solutions of various operator equations, including numerical approxima-
tions (cf. Agarwal et al. [3, 1], Kirk and Sims [06] and Zeidler [123]). Some important
generalizations of the above theorem include contractive mappings by Edelstein [13] and
nonexpansive mappings by Browder [24]. These generalizations lead to the introduction
of other fixed point iteration procedures such as the Krasnoselskij iteration, the Mann
iteration and the Ishikawa iteration.

In 1967, Bregman [18] introduced a nice and effective method for designing and analyzing
the feasibility and optimization algorithms using the so called Bregman distance func-
tion Dy (see, Definition 2.3.9). This method opened a growing area of research in which
Bregman’s technique is applied in various ways in order to design and analyze iterative
algorithms for solving various optimization problems and for computing fixed points of
nonlinear mappings (see eg. [L01, 102, 103, 104, 114]).



In 2003, Butnariu, Tusem and Zalinescu [27] studied several notions of convex analysis,
uniformly convexity at a point, total convexity on bounded sets and sequential consistency
which are useful in establishing convergence properties for fixed point and optimization al-
gorithms in infinite-dimensional Banach spaces. They established the connections between
these concepts and used these relations in order to obtain improved convergence results
concerning the outer-Bregman projection algorithm for solving convex feasibility problems
and the generalized proximal point algorithm for optimization problems in Banach spaces.
Also, in 2005, Butnariu and Resmerita [29] presented a Bregman-type iterative algorithms
and studied the convergence of the Bregman-type iterative method for solving operator
equations. Resmerita [105] further investigated the existence of totally convex functions
in Banach spaces and established continuity and stability properties of the Bregman pro-
jections.

1.2 Research Motivation

In [32], Moudafi introduced the notion of Split Equality Problem (SEP) which is a general-
ization of the split feasibility problem introduced by Censor and Elfving [33]. Let C' and @
be two nonempty closed and convex subsets of real Hilbert spaces H, and Hs respectively,
let A: Hi — Hz and B : Hy — H3 be two bounded linear operators and let U : H; — H;
and T : Hy, — H, be two nonlinear mappings with F'(U) # 0, F(T) # () respectively. The
SEP is to find x € C:= F(U), y € Q := F(T) such that:

Az = By, (1.2.1)

where F'(U) and F(T') denote the fixed point sets of U and T respectively. The SEP allows
asymmetric and partial relations between the variables x and y. The interest is to cover
many situations, for instance, in decomposition method for PDE’s, applications in game
theory and in intensity-modulated radiation therapy.

For solving the SEP, Moudafi [82] introduced the following alternating iterative method:

{ 1 = Uz — A (Axy, — Byy)), (1.2.2)
Y1 = T (yr + e B*(Azi41 — Byg)), o

for firmly quasi-nonexpansive operators U and T', where
{w} C (e,min(ﬁ, ﬁ) — e)

is a nondecreasing sequence and A4, Ag stand for the spectral radii of A*A and B*B
respectively.

Furthermore, Moudafi and Al-Shemas [30] introduced the following simultaneous iterative
method which also solve the SEP for firmly quasi-nonexpansive operators U and T"

{ Tht1 = U(xk - f)/kA*<A$k - Byk))?

1.2.3
Yer1 = T(yx + 1B (Az, — Byk)), (12:3)

and {7} is a nondecreasing sequence such that
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M € (67m—€>=

where A4 and Ap are spectral radii of A*A and B*B respectively.

Note that in the iterative methods (1.2.2) and (1.2.3), the determination of the step-size
{7x} depends on the operator (matrix) norms ||A|| and || B]| (or the largest eigenvalues of
A*A and B*B). In order to implement the iterative schemes for solving the SEP, one has
to first compute or estimate the operator norms of A and B which is not an easy work in
practice.

To overcome this difficulty, Lépez et al. [71] and Zhao and Yang [125] presented helpful
methods for estimating the step-sizes which does not require a prior knowledge of the
operator norm for solving the SEP. In this direction, Zhao [124] studied the SEP and pre-
sented the following step-size which guarantee convergence of the iterative scheme without
a prior information about the operator norms of A and B,

e ( 2|| Az, — By ? )
"||A*(Axy — Byp)||? + || B*(Azy — Byy)||?

In 2011, Shehu [108] introduced an iterative scheme for finding a common element of
the set of fixed points of a nonexpansive mapping, the set of solutions of a generalized
equilibrium problem and the set of solutions of a variational inclusion problem in a real
Hilbert space. In particular, he obtained the following algorithm and proved a strong
convergence theorem under suitable conditions:

1

§ (1.2.4)
Tpi1 = Bnn + (1= Bo)Tan f(zn) + (1 — @)Y (un — Mfuyn)] Vo > 1.

Motivated by the results mentioned above, we present a new iterative scheme for finding a
common element of the set of solutions of split equality generalized equilibrium problem,
split equality monotone variational inclusion problem and split equality fixed point prob-
lem for demi-contractive mappings in Hilbert space and we prove a strong convergence
theorem for the sequence generated by our iterative scheme without a prior knowledge of
the operator norms.

Recently, Ma et al. [75] introduced the following scheme for obtaining a weak and a strong
convergence results for a set of solutions of split equality mixed equilibrium problem under
some certain conditions:

4

F(un, u) + ¢(u) — o(u

n) +
Gy, v) +¥(u) —(v,) + ( — UpyUp — Yn) >0 Yo €Q, (1.2.5)
)T

Tpt1 = Quun + (1 — oy, (un pnA*(Au,, — Buy,)),
L Y1 = ap, + (1 — ay,) S (v, — pn B*(Au,, — Buy))  Vn > 1,

( — Uy Uy — Tp) >0 Yu e C|

where T : Hy — Hy{,S : Hy — H, are single-valued nonexpansive mappings. Also, Li
and Liu [73] obtained a weak convergence result for approximating a common element of
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the set of solutions of equilibrium problem and the set of common fixed point of k-strictly
pseudo-nonspreading multi-valued mappings in Hilbert space.

Motivated by the works of [75] and [73], we introduce a new iterative scheme for finding
a common element of the set of solutions of split equality for finite family of generalized
mixed equilibrium problems and the set of common fixed points of k-strictly pseudo-
nonspreading multi-valued mappings of type-one without prior knowledge of the operator
norms in real Hilbert space.

Furthermore, Kassay, Reich and Sabach [58] proposed the following algorithms for solving
systems of variational inequality problems corresponding to finitely many Bregman inverse
strongly monotone mappings, pseudo-monotone mappings and hemi-continuous mappings:

( xg € C = ﬂi]ilCi,
Cn={2€Ci: Ds(2,y,) < Dy(z,2, + €,) },

C, = ﬂjilci, (1.2.6)
Qn={2€C:(Vf(rg) = Vf(xn),z —2,) <0},

\ Tn+1 = Projéann(xD)7 n>1,

and

( To € C= ﬂi]ilCi,
y721 = RQS)\%Bi(In + eiz)u
C, ={2€Ci: Ds(2,y,) < D(z,20 +€},)},
Cn =ML G, (1.27)
Qn=1{2€C:(Vf(ro) = Vf(xn),z —x,) <0},

([ @ns1 = Projlyng, (x0),  n>1,

where T! : E — E and B; : E — 2% are given operators for each i = 1,2,..., N and
the sequence of errors {e,} C E satisfies ||e,|| < € and lim,,_,, ¢!, = 0 for each zy € C.In
particular, they proved the following theorem.

Theorem 1.2.1. Let C;, 1 = 1,2, ..., N be N nonempty, closed and convex subsets of E such
that C == NN, C;. Let B; : C; — E*, i = 1,2,..., N be N monotone and hemicontinuous
mappings with V := VI(C;, B;) # 0. Let {\! }nen, i =1,2,....; N be N sequence of positive
real numbers and satisfy liminf, ;oo Ao > 0. Let f : E — R be a Legendre function
which 1s bounded uniformly Fréchet differentiable and totally convex on bounded subsets
of E. Suppose V f* is bounded on bounded subsets of E*. If for each i = 1,2,...,N the
sequence of errors {e\} C E satisfies lim,_,o€!, = 0, then for each zo € C there are
sequence {xy, }neny which satisfy (1.2.7). Each of such sequence {x, }nen converges strongly
as n — oo to Prol, (xq).

Motivated by the result mentioned above, we propose a new iterative algorithm for finding
a common element of the set of fixed points of infinite family of quasi-Bregman nonex-
pansive mappings which is a common solution to a finite system of variational inequalities
problems and also a solution to a finite system of convex minimization problems for convex
and lower semicontinuous functions ¢; : C' — R U {400} such that dom¢;N domf # 0,
1 =1,2,..., N in reflexive Banach space.



1.3 Objectives

The main objectives of this study are:

i. to introduce an iterative scheme that solves the split equality generalized equilibrium
problem, split equality variational inclusion problem and split equality fixed point
problem for demi-contractive mappings without prior knowledge of the operator
norm and also give numerical example that justify our result in a real Hilbert space.

ii. to introduce an iterative scheme for solving the split equality generalized mixed
equilibrium problem and split equality fixed point problem for k-strictly pseudo-
nonspreading multi-valued mappings of type-one without prior knowledge of the
operator norm and also give numerical example that justify our result in a real
Hilbert space.

iii. to generate an iterative scheme that solve the variational inequality problem, convex
minimization problem and quasi-Bregman nonexpansive mapping in a real reflexive
Banach space and also give applications of our result to solutions of other problems
in a real reflexive Banach space.

1.4 Organization of study

This dissertation is organize as follow.

In Chapter 2, we give a background overview of some definitions and results required in
achieving our results. We also give a brief survey of some classes of equilibrium problem
and variational inequality problem. Further, we discuss some iterative methods for solving
fixed point problems, equilibrium problems and variational inequality problems.

In Chapter 3, we introduce an iterative scheme for finding a common element of the
set of solutions of split equality generalized equilibrium problem, split equality monotone
variational inclusion problem and split equality fixed point problem for demi-contractive
mappings in Hilbert space. We state and prove a strong convergence theorem for the
sequence generated by our scheme. We also give numerical example of our main theorem
in the realm of two-dimensional real Hilbert space and we use matlab version R2014a to
show how the sequence values are affected by the number of iterations.

In Chapter 4, we introduce a new iterative scheme for finding a common element of the set
of solutions of split equality for finite family of generalized mixed equilibrium problem and
the set of common fixed point of k-strictly pseudo-nonspreading multi-valued mappings of
type-one without prior knowledge of the operator norm in Hilbert space. We state and
prove a strong convergence theorem for the sequence generated by our scheme and we give
numerical example of our main theorem. We also use matlab version R2014a to show how

6



the sequence values are affected by the number of iterations.

In Chapter 5, we consider the real reflexive Banach space. We propose a new iterative
scheme for finding a common element of the set of fixed points of infinite family of quasi-
Bregman nonexpansive mappings which is also a common solution to a finite system of
variational inequality problems and finite system of convex minimization problems for con-
vex and lower semicontinuous functions. Using the proxf operator introduce by Bauschke
et al. [10], we show that this iterative scheme converges strongly to a common element
of the three sets. Furthermore, we apply our results to the approximation of the common
zeroes of a finite family of Bregman inverse strongly monotone operators and also to a
finite system of equilibrium problems in real reflexive Banach space.

In Chapter 6, we give the conclusion, contributions to knowledge and some area of further
research of our work.



CHAPTER 2

Preliminaries

In this chapter, we present some basic concepts that are relevant to this study. Throughout
this dissertation, unless stated otherwise, H denotes a real Hilbert space and H* the
topological dual space of H.

2.1 Basic Definitions

We recall some basic definitions and results in functional analysis that are required for our
work.

Definition 2.1.1. Let C be a nonempty, closed and convex subset of H. A function
f:C — RU{+o00} is said to be

i. convex, if for any x,y € C and t € [0, 1], we have
flax + (1 —a)y) <af(z)+(1—a)f(y),

ii. lower semicontinuous on C, if for a € R, the set {z € C': f(z) < a} is closed in C,
iii. concave if —f is convex,
iv. upper semicontinuous on C if —f is lower semicontinuous on C'.

Lemma 2.1.1. Let C be a nonempty closed convex subset of H, then the following result
holds Yx,y € H and t € (0,1]:

o eyl < 2l +2(y, 2 + v),



itz 4+ (1= t)yl? = x| + 1 = )llyl* — t(1 = )|z — gl

Definition 2.1.2. Let X be a normed linear space. A mapping 7" : X — X is said to be:

i. continuous at an arbitrary point zy € X, if for each € > 0, there exist a real number
0 > 0 such that for x € X

|z — @o|| < § = [|T(z) — T(xo)|| < ¢, (2.1.1)

ii. L-Lipschitz if there exists a real constant L > 0 such that

IT() - T < Llle —yll. Va,y € X, (2.1.2)

iii. contraction if it is Lipschitz with L € [0, 1),
iv. strict contractive if it is Lipschitz with L € (0, 1).

Definition 2.1.3. Let T': H — H be a nonlinear mapping. Then 7' is called

1. monotone if

(Te — Ty,x —y) >0, Vr,y€ H, (2.1.3)

ii. a-strongly monotone, if there exists a constant a > 0 such that

<TQ§' - Ty,l’ - y> > a||$ - y||27 T,y € Ha (214)

iii. [-inverse strongly monotone, if there exists a constant g > 0 such that

iv. firmly nonexpansive, if it is S-inverse strongly monotone with g = 1.

Remark 2.1.2. It is easy to observe that every [S-inverse strongly monotone mapping 71" is

monotone and — Lipschitz.

Definition 2.1.4. A multi-valued mapping M : H — 27 is called monotone if for all
x,y € H such that u € Mx and v € My, then

(x —y,u—v) >0. (2.1.6)

Definition 2.1.5. A multi-valued monotone mapping M : H — 2 is said to be maximal
if the graph of M (denoted by G(M)) is not properly contained in the graph of any other
monotone mapping. It is known that a multi-valued mapping M is maximal if and only
if for (x,u) € H x H, (x — y,u — v) > 0 for every (y,v) € G(M) implies that u € Mz.

We recall that a point x € H is said to be a fixed point of a mapping T : H - HitTx =«
and the set of fixed points of T" is denoted by F(T).

9



Example 2.1.3.
i. If H=R and T(z) = 2* + 92 + 16, then F(T) = {—4};
ii. If H=R and T'(z) = x, then F(T) = R;

iii. Given an initial value problem

dt (2.1.7)
l‘(to) = X29.

This system can be transformed into the integral equation

x(t) = xo +/t f(s,2z(s))ds.

To establish the existence of solution to system (2.1.7), we consider the operator
T:X — X (X :=Cla,b]) defined by

Tr=ux5+ /t f(s,z(s))ds.

Then finding a solution to the initial value problem (2.1.7) amounts to finding a
fixed point of T

Definition 2.1.6. Let H be a real Hilbert space. The mapping 7' : H — H is said to be:

i. nonexpansive if

|[Te = Ty|| <|lz =yl Vr,yeH,

ii. quasi-nonexpansive if, F(T') # () and

[T —Tpl| < ||z —pll, VYzeH, peF(T),

iii. firmly nonexpansive, if

1Tz = Tyl]* < |lz —ylI* = (& —y) — (Tz = Ty)|]*, Yo,y € H, (2.1.8)

iv. k-strictly pseudo-contractive mapping if for k € [0, 1), we have

Tz = Tyl]* < |lz = ylI* + kll(z —y) — (T2 = Ty)ll*, Vo,yeH,

v. k demi-contractive if F(T) # () and for k € [0,1), we have

|72 — Tp||*> < ||z — pl|> + k||z — T=||*>, VoeH, peF(T). (2.1.9)

10



Remark 2.1.4.

i. It is clear that in a real Hilbert space H, (2.1.8) is equivalent to the definition of
firmly nonexpansive mapping in Definition 2.1.3(iv).

ii. Also (2.1.9) is equivalent to

1—-k

<Tx—p,w—p)||x—p||22 ||a:—Ta:||2, Ve e H, pe F(T).

We note that the following inclusions hold for the classes of the mappings:

firmly nonexpansive C nonexpansive C quasi nonexpansive C k strictly

pseudo-contractive C k demi-contractive. (2.1.10)

We illustrate these by the following examples.

Example 2.1.5. Let X = [y and C := {2 € I : ||z||]oc < 1}. Define T : C' — C by
Tx = (0,22, 23, 22,...) for x = (1,72, 23,...) in C. Then, it is clear that T is continuous

and maps C' into C'. Moreover, T’p = p if and only if p = 0.

Futhermore,
1Tz = plle = |IT2]loc =1/(0,27,23, 5, ...) ||
S ||<x1ax27x37"')||%:||x||00
= [lz—pllo, z€C (2.1.11)

Therefore, T is quasi-nonexpansive. However, T' is not nonexpansive.
3 1
For if © = (Z’O’O’O"") and y = (5,0,0,0,...), it is clear that = and y belong to C.
1 1 )
Furthermore, ||z — y||s = H(Z,O,O,O, ) foo = 1 and ||Tx — Ty~ = ||(0, 6
) 1
T > 1= ||z — y||oo. Thus T is quasi-nonexpansive but not nonexpansive.

0,0,.)|]o0 =

The following example is a k strictly pseudo-contractive mapping which is not quasi-
nonexpansive for k € [0,1).

Example 2.1.6. Let H be the real line together with the usual norm and C' = R. Define
T:C — C by

T(x) = —3x. (2.1.12)
Indeed, F(T') = {0}. Thus for x € R, we have
Tz — 0> =| — 3z — 0> = 9|z — 0]* > |z — 0]?,
which implies that 7" is not quasi-nonexpansive. Also

Tz —Ty|* = | — 3z + 3y|> = 9|z — y|%,
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and
@ = Tx — (y = Ty)* = | + 3z — (y + 3y)|* = 16|z — y|*.
Thus
Tz =Ty = |o—y|*+8lz -yl
- |x—y|2+%|x—Tx—(y—Ty)|2. (2.1.13)
Hence, T is % strictly pseudo-contractive mapping.

The following example is k& demi-contractive mapping which is not k strictly pseudo-
contractive mapping.

Example 2.1.7. [109] Let H =R and C = [—1,1]. Define T': C' — C by
Zrsin(L)  x #0,
Tz = (2.1.14)
0 x=0.

Clearly F/(T) = {0}. For x € C, we have

| Tx — 0 2

2 1
2 2
|§$\

ks

<
< |z — 0P+ KTz —2* Vke|0,1).

IN

Thus T is k demi-contratcive for k& € [0,1). To see that 7" is not k strictly pseudo-
contractive, choose r = 7% and y = %, then

4 3T
Tz —Tyf* = |— — — i
T TyP = |5-sin(5) ~ o sin ()P
|4 4|2
- 3r 97
256
- 81x2

However,

4 2 4 3
2=y o~ To— (g~ Ty* = \——— ———sin(%—(———sm(—”

2
3T 2 37  Or 2 )

IN

160
8172’

Thus, |Toz — Ty|* > | —y|* + |z — Tx — (y — Ty)|>. Hence T is not k strictly pseudo-
contractive mapping for k € [0, 1).
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2.2 Metric Projection

The theory of metric projection is very important in fixed point theory. In this section,
we briefly look at the characterization of the metric projection.

Definition 2.2.1. Let C be a nonempty, closed and convex subset of H. For every point
x € H, there exists a unique nearest point in C' denoted by Pgox such that

|z = Poxl| < [lz —yll, VyeC, (2.2.1)

where Po is called the metric projection of H onto C.

A very important inequality that characterizes the metric projection is stated below.

Proposition 2.2.1. [9] Let C' be a nonempty closed convex subset of a Hilbert H. For
arbitrary x € H and z € C. Then, z = Pex if and only if

(x —z,y—2) <0, VyeC. (2.2.2)
From Proposition 2.2.1, we deduce that:
i. The metric projection is firmly nonexpansive, that is, for all x,y € H
|Pex — Peyl* < {x =y, Pox — Poy).
ii. Forall x € H and y € C,
|z — Poa|[* + || Pex — yl* < [lo — yl*. (2.2.3)

iii. If C' is a closed subspace, then P coincides with the orthogonal projection from H
onto C', that is, x — Pox is orthogonal to C'. Thus, for any y € C,

(x — Pox,y) = 0.

If C'is a closed convex subset with a particular simple structure, then the projection Pg
has a closed form expression as describe below (see [80]):

1. f C={x € H :|lxr—u|l <r}is a closed ball centred at u € H with radius r > 0,

then
u+ T‘Ef__qm, if v ¢ C,
Pc.T =
x, iteeC.
2. If C = l[a,b] is a closed rectangle in R", where a = (ai,as,...,a,)" and b =

(by,by...,b,)T, then for 1 < i < n, Pox has the i'® coordinate given by
g, if X S ai,
(ch)l = X, if x; € [ai, bz]7
bi, if T; > bl

13



3. If C ={y € H:(a,y) = a}is a hyperplane with a # 0 and o € R, then

Pox =x— wa.
[|all

4. If C ={y € H : {(a,y) < a} is a closed halfspace, with a # 0 and o € R, then
T — %a, if (a,x) > «,
ch =
x, if (a,x) < a.
5. If C' is the range of a m x n matrix A with full cloumn rank, then
Pox = A(A*A) T A%z,

where A* is the adjoint of A.

2.3 Some Notions on Geometric Properties of Banach
Spaces

We recall that a Banach space E is a complete normed vector space.

Example 2.3.1.

i. The space [,(R) defined by
L(R) ={T = (11, 22,25,..), 7 €R > _|ay]’ < o0}, (2.3.1)
=1

together with norm ||.|[, : [,(R) — [0, 00), defined by
0 1/p
1Z[l, = (Z |x¢|p> :
i=1
is a Banach space for 1 < p < oc.

ii. The space [ (R) defined by
lo(R) :=A{Z = (21, 29, 23, ...),2; € R: T is bounded}, (2.3.2)
together with the function ||.||s : loo(R) — [0, 00), defined by

[17]]o0 = sup [zl
i>1

is a Banach space.
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ii. The space Cla,b] of all real-valued continuous function on [a,b] together with the
function ||.|| : C[a,b] — R defined by

b 1/2
Hﬂb=</|ﬂmwﬁ ,

is not complete and thus, not a Banach space.

Definition 2.3.1. A Banach space FE is called uniformly convex if given any ¢ > 0, there
exist 6 > 0 such that for all z,y € E satistying ||z|| < 1, ||y|| < 1 and ||z — y|| > €, we
have

letall g

Proposition 2.3.2. [11] The l, spaces are uniformly convezr for 1 < p < co.

Definition 2.3.2. A normed linear space X is called strictly convex if for all x,y € X
with « # vy, ||z|| = |ly|| = 1, we have ||az + (1 — a)y|| < 1, for all & € (0, 1).

Proposition 2.3.3. [35] Every uniformly convex space is strictly convex.
Remark 2.3.4. The space [, is not strictly convex. To see this, if we consider u =

(1,1,0,0,0,...) and o = (—1,1,0,0,0, ...). Both @, ¥ € lo. Taking ¢ = 1, then ||t]|oc = 1 =
U+ v

|9]]00 and ||@ — 0]|ee = 2 > €. However, || |oo = 1. Thus I, is not strictly convex.

Definition 2.3.3. Let E be a real Banach space. The space E* of all linear continuous
functionals on E is called the dual space of E. For f € E* and x € F, the value of f at x
is denoted by (f,x).

Remark 2.3.5.

1. The dual E* is a Banach space with respect to the norm

171

g = sup{(f, z) : [Jz|| <1},

2. The dual space of E* is E**, the bidual space of E. Since, in general, £ C E**, we
say that F is reflexive if £ = E**.

3. A uniformly convex Banach space is strictly convex and reflexive. The concept of
uniformly convex and strictly convex Banach spaces are equivalent in finite dimen-
sional spaces.

Definition 2.3.4. Let E* be the dual space of a real Banach space. The multi-valued
mapping J : E — 2E" defined by

Jr=A{f e E": (f,x) = [[z[[[[FI] [l=]] =[£I} (2.3.3)

is called the normalized duality mapping of E.
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Remark 2.3.6.

1. It is well known that if E* is strictly convex, then J is single-valued. We shall denote
this by j in the sequel.

2. For reflexive Banach spaces, the assumption on strict convexity is not an essential
restriction, since £ and E* can be equivalently re-normed as strictly convex spaces
such that the duality mapping is preserved.

In a Banach space E, beside the strong convergence defined by the norm, that is, {z,} C E
converges strongly to a if and only if ||z, — a|| — 0, as n — oo, we shall often consider
the weak convergence, corresponding to the weak topology in E. We say that {z,} C F
converges weakly to a if for any f € E*,

(f o) — (fra),  n— o0 (2.3.4)

We shall denote by z, — z and z, — x, the weak and the strong convergence of {z,}
to x respectively.

Remark 2.3.7. Every weak convergence sequence {x,} in a Banach space is bounded. Fur-
ther, if z,, — a, then ||a|| < liminf ||z, ]].

Definition 2.3.5. A Banach space F is called smooth if for every € E with ||z|| = 1,
there exists a unique f € E* such that ||f|| = (f,2) = 1. The modulus of smoothness of
E is the function pg : [0,00) — [0, 00) defined by

- {Hx+yH+Hw—yH 3
p

- Liayek, loll=Llyl=t}. (235

pe(t) =

The Banach space F is called uniformly smooth if

t
lim 220 _ (2.3.6)
t—0 ¢
see [14]. Henceforth, E denotes a real reflexive Banach space with the dual space E* and

C a nonempty closed convex subset of E. We shall also denote the value of the functional
y* € E* at x € E by (y*,z) and assume that the mapping f : E — R U {+o0} is proper,
convex and lower semi-continuous. We also denote the domain of f by domf, where
domf ={re€ E: f(x) < oo}

Definition 2.3.6. Let x € int(domf), the subdifferential of f at z is the convex set
defined by

of(x) ={z" € £ : f(z) + (z",y —x) < f(y), Vy € E}}

and the Frénchet conjugate of f is the function f*: E* — R U {+oc} defined by
[ (y") =suwp{(y", z) — f(z) : 2 € E}.
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Definition 2.3.7. Let = € int(domf), for any y € E, the directional derivative of f at x
is defined by

fo(x,y) — lim f(l" +ty) - f(aj)

t—0+ t

(2.3.7)

If the limit in (2.3.7) exists as t — 0 for each y, then the function f is said to be Gateaux
differentiable at z. In this case, the gradient of f at x is the linear function Vf(z),
which is defined by (Vf(x),y) := f°(z,y) for all y € E. The function f is said to be
Gateaux differentiable if it is Gateaux differentiable at each x € int(domf). When the
limit as ¢ — 0 in (2.3.7) is attained uniformly for any y € E with ||y|| = 1, we say that f is
Fréchet differentiable at x. It is well known that f is Gateaux (resp. Fréchet) differentiable
at x € int(domf) if and only if the gradient V f is norm-to-weak* (resp. norm-to-norm)
continuous at z (see [11]).

Definition 2.3.8. The function f is called Legendre if it satisfies the following two con-
ditions:

(C1) the function f is Gateaux differentiable, int(dom f) # @) and dom V f = int(dom f),

(C2) the function f* is Gateaux differentiable, int(dom f*) # () and dom V f* = int(dom
[

The notion of Legendre function in infinite dimensional spaces was first introduced by
Bauschke, Borwein and Combettes in [I1]. Their definition is equivalent to conditions
(C1) and (C2) because the space E is assumed to be reflexive (see [11], Theorem 5.4 and
5.6, p. 634). It is also well known that in reflexive Banach space Vf = (V f*)~! (see [10],
p. 83). When this fact is combined with conditions (C1) and (C2), we obtain

ranV f = domV f* = int(domf)*,
ranV f* = domV f = int(domf).
It also follows that f is Legendre if and only if f* is Legendre (see [11], Corollary 5.5,
p. 634) and that the functions f and f* are Gdteaux differentiable and strictly convex in
the interior of their respective domains. When the Banach space E is smooth and strictly
convex, in particular, a Hilbert space, the function %H.Hp with p € (1, 00) is Legendre (cf.
(8], Lemma 6.2, p. 639). For further details on Legendre functions, see, [3, 11].

Definition 2.3.9. Let f : E — RU{+o0} be a convex and Gateaux differentiable function.
The function Dy : domfx int(domf) — [0, +00) defined by

Dy(y,x) = f(y) — f(z) = (Vf(2),y —z) (2.3.8)
is called the Bregman distance with respect to f, (see [18, 31]).

The Bregman distance does not satisfy the well-known properties of a metric, but it has
the following important property which is called the three point identity: for any x €
domf and y, z € int(domf),

Df(xay) + Df(ya Z) - Df(x>z> = <Vf(2) - Vf(Q)ax - y) (239)
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Definition 2.3.10. Let f : £ — R U {400} be a convex and Gateaux differentiable
function. The function f is called:

i. totally convex at z if its modulus of totally convexity at = € int(domf), that is, the
bifunction vy : int(domf) x [0, +00) — [0, +00), defined by
v(z,t) :=1nf{Ds(y,z) : y € domf, ||y — z|| = t}, (2.3.10)
is positive for any ¢ > 0,
ii. totally convex if it is totally convex at every point x € int(dom f),

iii. totally convex on bounded subset B of E, if vs(B,t) is positive for any nonempty
bounded subset B, where the function vy : int(dom f) %[0, +00) — [0, +00] is defined
by

ve(B,t) .= inf{vs(z,t) : x € BNint(domf)}, t>0. (2.3.11)
For further details and examples on totally convex functions, see [17, 26, 29].

Definition 2.3.11. [26, 103] Let f: E — RU {400} be a convex and Gateaux differen-
tiable function. The function f is called:

i. cofinite if domf* = E*,
f(=)

ii. coercive if lim |

= 400,
||| —>+o0

iii. sequentially consistent if for any two sequences {z,} and {y,} in E such that {z,}
is bounded,

lim D¢(yn, z,) = 0= lim ||y, — x,|| = 0. (2.3.12)
n—oo

n—oo
Definition 2.3.12. Let T : C' — C' be a mapping, a point x* € C'is called an asymptotic

fixed point of T if C' contains a sequence {x,}>°, which converges weakly to z* and

A

lim,, o0 ||2n, — T'z,|| = 0. The set of asymptotic fixed points of T is denoted by F(T').

Definition 2.3.13. Let C' be a nonempty, closed and convex subset of £. A mapping
T :C — int(dom f) is called

i. Bregman Firmly Nonexpansive (BFNE for short) if
(Vf(T2) = VF(Ty), Tz — Ty) < (V(x) — V(y), Tz — Ty) ¥,y € C.(23.13)

ii. Bregman Strongly Nonexpansive (BSNE) with respect to a nonempty F (T) if
Dy(p, T2) < Dy(p, ), (23.14)
for all p € F(T) and 2 € C and if whenever {z,}>>, € C is bounded, p € F(T) and

lim (Df(p, za) — Dy(p, Txn)) —0,

n—0o0

it follows that
lim D¢(Txy, x,) = 0.

n—o0
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iii. Quasi-Bregman Nonexpansive (QBNE) if F(T) # () and

D¢(p,Tx) < D¢(p, x) Vee C,pe F(T). (2.3.15)

From the Definition 2.3.9, it is clear that (2.3.13) is equivalent to
D¢(Tx, Ty) + Dy(Ty, Tx) + Dy(T,x) + Dp(Ty,y) < Dp(Tx,y) + Dy(Ty, x).(2.3.16)
It was remarked in [78] that in the case where F/(T) = F(T'), the following inclusion holds

BFNE C BSNE C QBNE. (2.3.17)

2.4 Equilibrium and Variational Inequality Problems

In this section, we give brief survey of some classes of equilibrium and variational inequality
problems. Throughout this section, C' is a nonempty closed and convex subset of a Hilbert
space H.

2.4.1 Equilibrium problem

In 1994, Blum and Oettli [15] introduced the following abstract Equilibrium Problem (in
short EP). Given a bifunction F': C' x C'— R, the EP is to find x € C such that

F(z,y) >0, VyeCd. (2.4.1)
In solving the EP, it is assumed that the bifunction F' satisfied the following:
Ll. F(x,x)=0 VzeCl,
L2. F is monotone, i.e F(x,y) + F(y,z) <0 Vaz,yeC,
L3.  limsup, F(tz + (1 —t)z,y) < F(x,y) for each x,y,z € C,

L4.  for each x € C, the function y — F(x,y) is convex, lower semicontinuous.

The set of solution to (2.4.1) is denoted by EP(F).
Generalized Equilibrium Problem (GEP)
In 1999, Moudafi and Théra [87] introduced the GEP which is to find x € C such that :
F(z,y)+ (Az,y —x) >0, yeC, (2.4.2)

where A : C' — H is a nonlinear mapping. The set of solutions to (2.4.2) is denoted by
GEP(F).

The EP and GEP have potential and useful applications in nonlinear analysis and math-
ematical economics as seen below (see Blum and Oettli [15]):
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(1)

Optimization: Let ¢ : C' — R be a convex and lower semi-continuous function, the
minimization problem is to find z € C' such that

o(z) <oly) Vyel. (2.4.3)

Setting F(x,y) := ¢(y) — ¢(x), problem (2.4.3) coincides with (2.4.1). The function
F' is monotone in this case.

Saddle point problem: Let ¢ : C; x Cy — R. Then Z = (Z1, ) is called a saddle
point of the function ¢ if and only if for (z1,72) € C} x Cs,

o(T1,y2) < @(y1,T2) V(y1,42) € C1 X Ca. (2.4.4)

Setting C' = C x (5 and define F': C' x C' — R by

F((@1,m2), () = oy, 72) = (. pn).

Then T = (Z1,Z3) is a solution of (2.4.1) if and only if (Z1, To) satisfies (2.4.4). F' is
monotone in this case.

Nash equilibria in non-cooperative game: Let I be a finite index set (the set of
players). For every ¢ € I, let there be given a set C; (the strategy set of the ¢ — th
player). Let C := [[,.; C;. For every i € I, let there be given a function f; : C' — R
(the loss function of the i*" player depending on the strategies of all players). For
x = (x;)ies € C, we define z* = () er ;2. The point = (Z;);e; € C is called Nash
equilibrium if and only if for all ¢ € I, there holds

fi(@) < fil(@ ) Yy € C, (2.4.5)

(that is, no player can reduce his loss by varying his strategy alone).
Define F': C' x C' — R by

F(z,y) = Z (fi(xi,yi) - f¢($)>.

Then z € C is a Nash equilibrium if and only if x fulfills (2.4.1). Indeed: If (2.4.5)
holds for all ¢ € I, then it is obvious that (2.4.1) is fulfilled. If for some i € I, we
choose y € C' in such a way that 7' = 3*. Then

F(z,y) = fi(Z',y:) — fi(@).

Hence, (2.4.1) implies (2.4.5) for all ¢ € I. F in this case is not automatically
monotone.

Fized Point Problem (FPP): Let T : C'— C be a given mapping. The fixed point
problem is to find x € C such that

x="Tx. (2.4.6)
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(6)

Setting F(z,y) = (x — Tx,y — ). Then x solves (2.4.6) if and only if x is a solution
of (2.4.1). Indeed: (2.4.6) = (2.4.1) is obvious. And if (2.4.1) is satisfied, then
choose y = Tz to obtain

0< F(z,9) = —||z — Tz||?, (2.4.7)
hence, T = TZ. So (2.4.1) = (2.4.6). In this case F'is monotone if and only if
(Te —Ty,z —y) <|lz —yl" Va,yeC,
hence in particular if 7" is nonexpansive.

Convex differentiable optimization: Besides the straightforward connection between
optima and equilibria given in (1), there is a more subtle connection in the convex
differentiable case. Let & : C' — R be convex and Gateaux differentiable, with
Gadteaux differential Dg(x) € H* at x. Consider the problem

min{®(z) : x € C}. (2.4.8)

It is well known from convex analysis that z is a solution of (2.4.8) if and only if =
satisfy the variational inequality

zeC, (Do(x),y)>0 Vyel.

Upon setting F(x,y) := (Do (x),y — x) this becomes an example of our equilibrium
problem (2.4.1). The function F' is monotone in this case, since the mapping
x +— Dg(x) is monotone, i.e

(Do(y) — Do(z),y —x) 20 Va,yeC.

Variational operator inequalities: Let E : C'— H* be a given mapping. It is required
to find z € H such that

reC, (Ez,y—z)>0 VyeCl. (2.4.9)
We set F(x,y) := (Ez,y — x). Then clearly (2.4.9) <= (2.4.1).

Complementarity problems: This is a special case of the previous example (6). Let
C be a closed convex cone with C* := {z* € H* : (z*,y) >0 Vy € C} denoting its
polar cone. Let A : C — H* be a given mapping. It is required to find z € H such
that

zeC, AzeC*, (Az,z)>0. (2.4.10)

It is easily seen that (2.4.10) is equivalent with (2.4.9). Obviously, (2.4.10) = (2.4.9).
If (2.4.9) holds, then setting in turn y := 2z and y := 0, we obtain from (2.4.9) that
(Az,z) = 0 and thereby, (Az,y) > 0, Vy € C. Hence (2.4.9)= (2.4.10).
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Mixed Equilibrium Problem(MEP)
In 2008, Ceng and Yao [32] studied the MEP which is to find « € C, such that

F(z,y)+ é(y) — o(x) >0 Vye C, (2.4.11)

where ¢ : C' — R U {400} is a nonlinear functional. The set of solutions of the MEP is
denoted by MEP(F, ¢).

Generalized Mixed Equilibrium Problem(GEMEP)
Also, Peng and Yao [97] studied the GEMEP which is to find « € C, such that

F(z,y)+ (Az,y —x) + ¢o(y) — p(x) > 0, Vye€C, (2.4.12)

where A : C'— H is a nonlinear mapping and ¢ : C' — RU{+o00} is a nonlinear functional.
The set of solutions of GEMEP is denoted by GEMEP(F, A, ¢).

2.4.2 Variational inequality problem

In 1967, Lions and Stampacchia [72] studied the following problem: For a given f € H*,
find z € C such that

O(z,y—x) > (f,y—x) VyeCl, (2.4.13)

where ¢(-,-) : H x H — R is a bilinear form. The inequality (2.4.13) is termed as
variational inequality which characterizes the classical Signorini problem of electro-statics,
that is, the analysis of a linear elastic body in contact with a rigid frictionless foundation.
If the bilinear form is continuous, then by Riesz - Fréchet theorem, we have

o(z,y) = (Ax,y) Vz,y € H, (2.4.14)

where A : H — H* is a continuous linear operator. Then Problem 2.4.13 is equivalent to
the following problem: Find x € C' such that

(Az,y —x) > (f,y —x) VyeC. (2.4.15)

If f=0¢€ H* then (2.4.15) reduces to the following classical Variational Inequality
Problem (VIP) studied by Hartmann and Stampachia [50]: Find 2 € C such that

(Az,y —x) >0, yeC, (2.4.16)

where A : ' — H is a nonlinear mapping. The set of solutions of the VIP is denoted by
VIP(C, A). In many important applications, the convex set C' also depends implicitly on
the solution of the VIP.

Mixed Variational Inequality Problem
In 2001, Noor [91] consider the following mixed variational inequality problem: Find z € C
such that

(Az,y —z) + ¢(y) — o(x) >0, VyeC, (2.4.17)
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where ¢ : C'— R U {400} is a nonlinear functional.

Monotone Variational Inclusion Problem(MVIP)
The monotone variational inclusion problem is to find x € H such that

0 € f(z) + T(x), (2.4.18)

where 0 is the zero vector in H, f : H — H is a single-valued nonlinear mapping and

T : H — 2H is a set-valued mapping. The set of solutions to the MVIP (2.4.18) is denoted

by I(f,T) and note that for f = 0 in (2.4.18), we obtain the Variation Inclusion Problem.

The MVIP generalizes the classical variational inequality problem and the zero problem

for nonlinear mapping. For more information on MVIP and VIP (see, [25, 48, 61, 71, 83,
, 92, 93, 94, 95, , 111] and the references therein).

2.5 Iterative Methods

In this section, we give a brief survey of some iterative methods for solving fixed point
problems, variational inequalities and equilibrium problems.

2.5.1 Picard iteration

The Banach contraction mapping principle whose short form was given in Section 1.1 will
be reformulated here in its complete form.

Lemma 2.5.1. [11] Let (X, d) be a complete metric space and T : X — X be a contraction
mapping satisfying

d(Tx,Ty) < kd(z,y) Vz,y € X, (2.5.1)

with k € [0,1) fized. Then:

a. T has a unique fixed point;
b. The Picard iteration associated to T, i.e, the sequence {x,} defined by
Ty =T(xy1) =T"(x9), n=12,... (2.5.2)
converges to x*, for any initial quess xg € X;

c. The following a prior and a posterior error estimates holds:

k,'n

d(x,,x%) < ~d(zg, 1), n=0,1,2,... (2.5.3)

1-k
d(zy,z") < % cd(xp_1,x,), n=0,1,2,... (2.5.4)
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d. The rate of convergence is given by
d(xp, ") <k-d(x,_1,2") < E"d(zo,2"), n=1,2,... (2.5.5)
Remark 2.5.2. [11]
i. The a prior estimate (2.5.3) shows that, when starting from an initial guess zg € X,

the approximation error of the n'* iterate is completely determined by the contraction
coefficient k& and the initial displacement d(zo, z1).

ii. Similarly, the a posterior estimate (2.5.4) shows that, in order to obtain the desired
error approximation of the fixed point by means of Picard iteration, that is, to have

d(x,,x*) < €, we need to stop the iterative process at the first n for which the dis-
(1 —k)e

placement between the two consecutive iterates is at most

So, the a posterior estimation offers a direct stopping criterion for the iterative ap-
proximation of fixed point by Picard iteration.

By slightly weakening the contraction condition in Lemma 2.5.1, the Picard iterations
need not converge to a fixed point of the operator 7T as seen in the following example.

Example 2.5.3. [11] If X = [1,00) and let T": X — X be defined by
T(x) + !
r)=x+ —
x
then:

i. T"is not a contraction mapping,
ii. T is strict contractive,
iii. F(T) =1,
iv. The Picard iteration associated to T" does not converge for any zy € [1,00). Indeed,

1
if the Picard iteration {z,}, z,41 = =, + —, n > 0 would be convergent, then its
T

1
limit [ would satisfy 7= 0 which is not possible.

2.5.2 Krasnoselskij iteration

If the Picard iteration formula (2.5.2) is replaced by the following formula: For zy € C,

1
Tyl = 5(1’” +Tx,) n>0, (2.5.6)

then, the iterative sequence converges to the unique fixed point. In general, if X is a
normed linear space and T is a nonexpansive mapping, the following generalization of
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(2.5.6) which has proved successful in the approximation of a fixed point of T (when it
exists) was given by Schaefer [107]: For zo € C,

Tpi1 = (1 =Nz, + \Tx,, n>0, (2.5.7)

and A € (0,1). This formula is known as the Krasnoselskij iteration.

Remark 2.5.4.

i. It is easy to see that the Krasnoselskij iteration {z,} given by (2.5.7) is exactly the
Picard iteration corresponding to the averaged operator

Th=01-MNI+X-T, (2.5.8)
where [ is the identity operator.

ii. For A = 1, the Krasnoselskij iteration reduces to Picard iteration.

2.5.3 Mann iteration

The most general iterative formula for approximation of fixed points of nonexpansive
mapping called the Mann iteration formula due to Mann [79] is the following: For x4 € C

Tpr1 = (1 —an)zy, + @, Tx,, n >0, (2.5.9)
where {a,} is a sequence in (0, 1) satisfying the following conditions:
i. lim, o a, =0,

i Y o, = oo.

Remark 2.5.5. If the sequence {a,} = {\}, then the Mann iteration process obviously
reduces to the Krasnoselskij iteration.

2.5.4 Ishikawa iteration

In 1974, Ishikawa [54] enlarged and improved the Mann iterative algorithm to a new
iterative algorithm which generates the sequence {z,} defined by: For zy € C

Tn+1 = (1 - Oén)fl?n + &nT[(l - /8n>xn + BnTl'n]v (2510)
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i, limy, e B, = 0,
i, 30,01 A = 0.
If we write (2.5.10) in a system form as:

{aﬂlzﬂﬂM%+%Mm (2.5.11)

then, we can regard the Ishikawa iteration as a two-step Mann iteration with two different
parameter sequences.

In the last three decades, both the Mann and the Ishikawa schemes have been successfully
used by various authors to approximate fixed points of various classes of operators in
Banach spaces. As a matter of fact, the Mann iteration may fail to converge while the
Ishikawa iteration can still converge for a Lipschitz pseudo-contractive mapping in Hilbert
space. To obtain strong convergence of Mann iteration to a fixed point of k-strictly pseudo-

contractive maps, additional conditions (such as compactness) are required on the operator
T or the subset C.

2.5.5 Implicit iteration

An iterative method for solving the problem of approximating a fixed point of a mapping
T which may have multiple solutions is to replace it by a family of perturbed problems
admitting a unique solution, and then to get a particular solution as the limit of these
perturbed solutions as the perturbation varnishes. For example, given a nonempty closed
and convex set C C H, T :C — C,u e C and t € (0,1), Browder [21, 22, 23] studied the
approximating curve {z;} defined by

zp=tu+ (1 —1t)Tz, (2.5.12)

that is, z; is the unique fixed point of the contraction tu + (1 —¢)T. He proved that if the
underlying space H is Hilbert, {z;} converges strongly to the fixed point of T" closest to u
ast — 0.

2.5.6 Halpern explicit iteration

Halpern [19] introduced the explicit iterative algorithm which generates a sequence via
the recursive formula

Tpi1 = au+ (1 —a,)Tx,, n>0, (2.5.13)

where the initial guess zp € C' and u € C are arbitrarily fixed and the sequence {a,} is
contained in (0, 1), for finding a fixed point of a nonexpansive mapping 7' : C' — C with
F(T) # (). This iterative method is commonly know as the Halpern iteration.
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2.5.7 Viscosity approximation method

In [35], Moudafi presented the following implicit and explicit recursions as generalization
of the results of Browder [21] and Halpern [19]:
ze =1tf(ze) + (1 —t)Txy (2.5.14)
and
Tpr1 = o f(zn) + (1 — )Ty, (2.5.15)

where {a,,} C [0,1), ¢t € (0,1], f: C — C is a contraction mapping and T': C — C'is a
nonexpansive mapping. He proved that if the set of fixed point of T" F(T") is not empty,
the recursions (2.5.14) and (2.5.15) converge strongly to the fixed point of 7" which solve
the variational inequality:

(I—=f)z*, o —2") >0 Vo e F(T), (2.5.16)

where [ is the identity operator. This method has been developed and generalized by
Takahashi and Takahashi [115] and Xu [120].

2.5.8 Hybrid iteration

The hybrid iterative method is also known as the outer-approximation method. This type
of algorithm was introduced by Haugazeau [51] in 1968 and was successfully generalized
and extended by Bauschke and Combettes [12], Combettes [37], Nakajo and Takahashi [35],
Kikkawa and Takahashi [63]. In 2004, Nakajo and Takahashi [33] introduced and studied

the following iterative method for a nonexpansive mapping 71" over a Hilbert space:

X0 =xeC - H,

W, =Ty + (1 —ay) Ty,

Cn ={z€C:||lw,—z|| <||lzn — 2|}, (2.5.17)
Qn ={z€C:(x,—z,2—1z,) >0}

Tp+1 — PcanniL’.

They proved that the sequence {x,} generated by (2.5.17) converges strongly to Pp(r)o,
where Pp(ry denotes the metric projection from H onto F/(T).

The classical VIP that was introduced by Lions and Stampacchia [72] can be re-written
as a fixed point problem of the form: find x € C' such that

v = Po(I — \T)z, (2.5.18)

where A > 0 and [ is the identity mapping. Using this fixed point formulation, we can
have an iterative algorithm which generates the sequence {z,} given by

ns1 = Po(I — ATz, (2.5.19)
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where 2y € C'is given and A > 0, (see, [0] and [17]).

There are several iterative methods that have been developed for approximating solutions
of the fixed point problem for nonlinear mappings, variational inequality problem and
equilibrium problem. It is of further interest to develop and study iterative methods
for approximating common element of the set of solutions of these problems. In this
direction, Takahashi and Toyoda [1 16] in 2003, considered the problem of finding a common
element of the set solutions of a fixed point problem for nonexpansive mapping 7" on C
and variational inequality with a-inverse strongly monotone mappings and developed the
following algorithm:

To € O;
{ Tn41 = Qplyp + (1 - @n)TPC(xn - )\nAajn): (2520)

where {a,} and {\,} are sequence of real numbers. They proved that under certain ap-
propriate conditions on {a,} and {\,}, the sequence {z, } generated by (2.5.20) converges
strongly to z € F(T)NVIP(C, A).

On the other hand, Takahashi and Takahashi [115] in 2007, proposed the following itera-
tive scheme for approximating the common element of the set of solutions of EP and fixed
point problem for a nonexpansive mapping 7" in Hilbert space:

1
F(unay)+_<y_unaun_xn>207 V?/GC,
T

5 (2.5.21)
Tnt1 = anf(xn> + (1 - an)Tuna

where f : C'— C'is a contraction mapping and {a,,} C [0,1), r, > 0. They proved that

under some suitable conditions on {«,} and {r,}, the sequence {x,} and {u,} generated

by (2.5.21) converges strongly to z € F'(T') N EP(F), where z = Pprynepr) f(2).

For more related works on iterative methods for approximating common solutions of fixed

point problem, variational inequality problem and equilibrium problem, see [1, 36, 38, 57,
, 78, , | and reference therein.

We now state a very important result which will be used to established the strong conver-
gence of our iterative schemes introduce in this dissertation.

Lemma 2.5.6. [119] Assume {a,} is a sequence of nonnegative real numbers satisfying
An41 S (1 - tn)an + tnén vn Z O,

where {t,} is a sequence in (0,1) and {0,} is a sequence in R such that:

oy by =00

)
. limsup,,_,. 0, < 0.

Then  lim,,_. a, = 0.
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CHAPTER 3

Approximation of Common Solution of Split Equalities for
Generalized Equilibrium Problem, Monotone Variational Inclusion
Problem and Fixed Point Problem in Hilbert Spaces

In this chapter, we introduce an iterative algorithm for finding a common element of the
set of solutions of split equality generalized equilibrium problem, split equality monotone
variational inclusion problem and split equality fixed point problem for k demi-contractive
mapping without a prior knowledge of the operator norm in a real Hilbert space. We obtain
a strong convergence result and give numerical example of our result in two-dimensional
real Hilbert space.

3.1 Introduction
In 2011, Moudafi [34] introduced the following Split Monotone Variational Inclusion Prob-
lem (SMVIP): Find « € H; such that
0 € fi(z) + Bi(z),
and
y= Az € Hy solves 0¢€ fao(y) + Ba(y),

where f1: Hy — H; and f5 : Hy — Hy are given single-valued operators, A : Hy — Hs is
a bounded linear operator, B; : H; — 2t and B, : Hy, — 22 are multi-valued maximal
monotone mappings. He introduced an iterative method for solving SMVIP which can be
seen as an important generalization of an iterative method by Censor et al. [33] for solving
split variational inequality problem.
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Let Hy, Hy and Hj3 be real Hilbert spaces, C' and () be nonempty, closed and convex
subsets of H; and Hs respectively. Let A : Hi — Hz and B : Hy — H3 be nonlinear
mappings. Assume F : C x C — R and G : Q x @ — R are nonlinear bifunctions,
¢:C — Hy, and ¥ : Q — H, are nonlinear mappings, f; : C — H; and fy : Q) — Hy
are inverse strongly monotone mappings and T} : H; — 251, T, : Hy — 22 are maximal
monotone mappings. Let S; : C' — Hy and Sy : Q — Hs be demi-contractive mappings.
We define the following:

L.

IT.

I1I.

The Split Equality Monotone Variational Inclusion Problem (SEMVIP) is to find
x* € C and y* € @ such that

06f1<1’*) + Tl(l‘*),
0€ f2(y") + Ta(y"), (3.1.2)

and

If we consider (3.1.1) and (3.1.2) separately, we have that (3.1.1) is a MVIP with its
solution set I(f1,T7) and (3.1.2) is a MVIP with its solution set I(f2, T5).

The Split Equality Generalized Equilibrium Problem (SEGEP) is to find z* € C and
y* € () such that

and

If we also consider (3.1.3) and (3.1.4) separately, we have that (3.1.3) is a GEP with
its solution set EP(F,¢) and (3.1.4) is a GEP with its solution set EP(G, ).

The Split Equality Fized Point Problem (SEFPP) is to find z* € C' and y* such that

Six” ",

Szy* *7
and

Ax* = By”

If we consider (3.1.5) and (3.1.6) separately, we have that (3.1.5) is a FPP with its
solution set F'(S1) and (3.1.6) is a FPP with its solution set F'(Ss).
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3.2 Preliminaries

In this section, we present some lemmas which are needed for our result in this chapter.
We denote the strong convergence and weak convergence of a sequence {z,} to a point
x € H by x, — z and x,, — x, respectively.

Lemma 3.2.1. [52](Demiclosedness principle) Let C be a nonempty, closed and convex
subset of H and S : C — C be a k demi-contractive mapping with F(S) # 0, then I — S
1s demuclosed at 0, i.e if x, = z* € C' and x,, — Sx, — 0, then v* = Sx*.

For solving the equilibrium problem, we assume that the bifunction F' : ' x C' — R
satisfies the assumptions L1 - L4 in Section 2.4.1.

Lemma 3.2.2. [15] Let C be a nonempty closed and convex subset of H and let F' be a
bifunction which satisfies conditions (L1) - (L4). Let r > 0 and x € H, then there exist
u € C such that

1
F(u,y)—i—;(y—u,u—aﬁzo Vy e C.

Lemma 3.2.3. [38] Assume that F': C' x C — R satisfies (L1) - (L4). For r > 0 and
x € H, define a resolvent function T, : H — C' as follows

Jmm:{uecszwy+;y—%u—x>za vy € C)
Then the following holds:
1. T, 1s single-valued;
1. T, is firmly nonexpansive, i.e for any x,y € H,
1Tox = Toyl* < (Tow — Ty, — y);
iii. F(T,) = EP(F);

iv. EP(F) is closed and convez.

We recall that a set-valued mapping 7' : H — 2 is monotone if for all z,y € H, with
u € T(x) and v € T(y) then

<x—y,u—v>20,

and 7" is maximal monotone if the graph of 7' (G(T') = {(x,y) : y € T'(x)}) is not properly
contain in the graph of any other monotone mapping. It is also known that 7" is maximal
if and only if for (z,u) € H x H, (x —y,u—wv) > 0 for all (y,v) € G(T) implies u € T'(x).
The resolvent operator J{ associated with T" and A is the mapping J{ : H — H defined
by

JE(u) =T +MXT) " (u), weH X>0. (3.2.1)
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It is well-known that the resolvent operator J! is single-valued, nonexpansive and 1-
inverse strongly monotone (see, [20]) and that a solution of MVIP is a fixed point of

JE(I = X\f), VA>0, that is,
0€ f(z)+T(x) < x=JT-\)().

If f is a-inverse strongly monotone mapping with 0 < X\ < 2a, then JI(I — \f) is
nonexpansive and I(f,T) is closed and convex.

Lemma 3.2.4. [09] Let T : H — 2 be a mazimal monotone mapping and f : H — H be
a Lipschitz continuous mapping. Then the mapping G := T + f : H — 2% is a mazimal
monotone mapping.

3.3 Main Results

In this section, we state and prove a strong convergence theorem for approximating a
common solution of SEMVIP, SEGEP and SEFPP without prior knowledge of the operator
norms.

Theorem 3.3.1. Let H,, Hy and Hs be real Hilbert spaces, C and () be nonempty closed
and convex subsets of Hy and Hy respectively, A : Hi — Hs and B : Hy — Hs be two
bounded linear operators. Let F: C'x C — R and G : Q x ) — R be bifunctions satisfying
(L1)-(L4). Let ¢ : C — Hy be aj-inverse strongly monotone mapping, ¢ : Q@ — Hj
be ag-inverse strongly monotone mapping, f1 : C — Hy be p-inverse strongly monotone
mapping, fo : C — Hy be v-inverse strongly monotone mapping, Ty : H, — 291 and
Ty : Hy — 22 be two multi-valued mazimal monotone mappings. Let Sy : Hy — H, and
Sy : Hy — Hy be demi-contractive mappings with constants ki and ko respectively such

that I — Sy and I — Sy are demiclosed at 0 and F(Sy) # 0, F(Sy) # (0. Let <{xn}, {yn}>
be the sequence generated for (xg,yo) € C' X Q) defined by

( Wy = Jfl (I - /\fl)((l ) %A*(A(l - tn)xn - B(l - tn)yn))v
20 = T = Mo) (1= tn)yn + 73 B (A(L = )z, — B(1 = ta)yn)),
F(up,u) + (pwy, u — up) + 1 — (U — Uy, Uy, — Wwp) >0 Yu € C,

Tn (3.3.1)

G(vn,v)—i—<¢zn,v—vn>+r—<v—vn,vn—zn> >0 Yo € Q,

Tpr1 = (1 — Bn)S1u, + ﬁnunﬁ Vn >0,
L Yna1 = (1 — 0,)S20, + 0,0y, Vn > 0,

{vn} is a positive real sequence such that

e (e 2|z, — Byl
A (Az, = By [P +1B*(Az, — By P

—e), n € €,

otherwise, v, = 7y (v being any nonnegative value), where the set of indexes Q = {n :
Az, — By, # 0}, A* and B* are adjoints of A and B respectively. Suppose {r,} C (0, 00),
{tn}, {Bn} and {0,} are sequences in (0,1) satisfying the following conditions:
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i limyoot, =0 and Y 2 t, = 00;
i. 0 < ky <liminf,_, 3, and 0 < ky <liminf,, . d,;
1. 0 < A< 2u,2v;

w. 0<r, <20, 1=12.

T = (F(Sl) N EP(F,¢) N I(f, Tl)) x (F(Sg) NEP(G, %) N I(fo, T2>) £ 0, then the

sequence ({xn}, {yn}> converges strongly to (z,y) € .

Proof. Let (z*,y*) €T, a,, = (1 — t,)z,, and b, = (1 — t,,)y,, then

lwn — ¥ = [[J3(I = A1) (an — 1 A*(Aa, — Bby,) — ¥
S ||an - IYnA*<Aan - an) - $*||2

l|an — 2*||* + 72| A*(Aan, — Bby)|[> — 2y, (an — z*, A*(Aa, — Bby))
[la, — :U*H2 + ”yZHA*(Aan — an)H2 — 29, (Aa, — Az*, Aa,, — Bby,).

But
2(Aa, — Az*, Aa,, — Bb,) = ||Aa, — Ax*||* + ||Aa,, — Bb,||* — ||Bb, — Az*||*. (3.3.2)
Thus, we have

lwn —2*|? < lan — 2*|° + 72| |A*(Aan, — Bb,)|]> — || Aay — Az*|]?
— Yl|Aay, — an||2 + || Bb, — Aa:*||2. (3.3.3)

Similarly, following the same steps as above, we obtain

lzn = y* 117 < lbn — ¥ + 72| B*(Aan — Bby) | + nl|Aan — By*||?
— Yul|Bbrn, — By"‘||2 — Yu||Aa, — an||2. (3.3.4)

Adding (3.3.3) and (3.3.4) and noting that Az* = By*, we have

fwn = 2P+ [0 = 9" |F < Han — 2" 4+ [|bn — y*[|* — %(2\\14% — Bby||?
— mw(]|A"(Aa, — an)H2
+(|1B*(Aay, — an)||2)>. (3.3.5)

Therefore,

llwn — 2" |1* +[lzn — y"|I* < llan — 2"[]* + []bw — y"]|*. (3.3.6)
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Also from (3.3.1), we can write u,, = sz (w, — rpowy,) and v, = TTGn(zn — rpthzy).
Thus, for all n > 0, we have

[l — 27|

HTEL (wy — Tnwy) — x*HQ

175, (wn = rudwn) — T, (&" — rada”)|?

< (I = rap)wn — (I = rg)z”|[?

< |lwp = 2*) = rp(pwy, — ¢*)||?

= Nwn = 2> = 2r(w, — %, dw,, — ¢x*) + 73l pw, — ¢
< wn = 2P = 2rp0||pwy — ¢z |* + 73| pw, — da*]]?

= lw = 2| = ra(200 = 1) ||pw,, — o2

< lw, — 2|2 (since 2aq > 1,).

Following similar process as above, we have that

lon =" I1* < Hlzn = 571" = ra(202 — )l W20 — Yy*|?

< Al —y'II%

Thus, from (3.3.6), (3.3.7) and (3.3.8), we have

="+ o =y I1* < Hwn — 277 + {20 — 9]

< law — 2" |1 + {6 — v

Further, from (3.3.1), we have

[y

IN

<

11 = Bu)Svttn + Bt — 27|
(1 = B) (Srt, — &%) + Br(un — 27)| |
(1 = Bo)l[Srun — :L“*||2 + Ballun — "E*HQ — Bu(1 = Bu)l[S1un —
(1—P5n) (Hun — 2?4 Fa||u, — Slunﬂz) + Bl [tn, — *|?
= Ba(1 = Ba)llS1un — un[*
||Un - [E*||2 + (1 - Bﬂ)(kl - Bn)Hun - Slun||2
[, —2*||*  (since 0 < k; < liminf 3,).
n—oo

Similarly as above, we obtain

11 =y I1* < Hlow = 7|1 + (1= 6a) (k2 — 00)]|S2vn — val
<

llvn — v*|]> (since 0 < ky < ligri)ioglf On)-

Therefore, from (3.3.9), (3.3.10) and (3.3.11), we have

But

1z = 2| + Nynr = 7117 < Mo — 27 + [Jva — 37

< lan =217+ [1bn =y

llan —2*|* = [|(1 = tn)zn — "I
= (1 —to)(wn — 27) — taa”||*
< (A =tw)llen — 277 + tal 2",
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and

b = y* |1 = |[(1—to)yn — v
= /(1 = ta)(yn — ¥*) — ta*|]?
< (L =t)|lyn — ¥ |1 + tally*] (3.3.14)

Thus, adding (3.3.13) and (3.3.14), we have
lan = 2"[2 4+ low = 912 < (1= ) (1J2n = 217 + g — v°]?)
+ ta(lla |2+ Iy 1), (3.3.15)
Hence, it follows from (3.3.12) and (3.3.15) that
zaes =212+ Nl = 9712 < (=) (o = 21 + Il — ')
+ tallla |12+ Iy 1)
< mac { [z — 2|2+ llyn — o113 12712 + 11y}

< max { [z — 271 + [0 — v 1% 2712 + 7] 12}

This implies that {||z, — z*||* + ||yn — ¥*||*} is bounded and consequently {z,}, {y.},
{Az,}, {Byn}, {un}, {vn}, {wn}, and {z,} are bounded. Also since A, A*, B and B* are
linear mappings, we obtained from (3.3.5), (3.3.7) and (3.3.8) that

s =21+l =11 < (0= t) (llwn = 1 + g = 9112) + a1+ 11"
= (1= ta)3n (201420 = Byal* = 3(l|A* (A2, — Bya)| 1
+ 1B (Aw, — Byn)|)) = ra( (201 = 7l 6w, — 6a°|*
+ (202 = 7)|[Y2 — vy I
= (1= ) (k1 = Bl Svtim —
+ (ks = Bo)l|S2vn = wnl?). (3.3.16)

Now, we divide the rest of the prove into two cases.
Case A: Assuming {||z,, — z*||*> + ||y, — v*||?} is monotonically decreasing, then

(lzaer = 217+ [lnr = ¥7117) = (o — 271 + Iy — y7|I*) = 0, as n — 0. (3.3.17)
Putting ||z, — z*||* + ||yn — ¥*||? to be p,(z*,y*), then it follows from (3.3.16) that

pus(@y) < (L= t)pale’y") +tallla |2+ 1y
— (1= t2)7 (20142, = Byal P =70 (1|A"(Az, = By, I

+11B" (Azn — By,)|2)).
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Putting K,, = ||A*(Az, — By,)||* + || B*(Az, — By,)||?, we have

1 ty

Tn <2||Axn - Byn||2 - ’VnKn> S pn(x*7y*) - 1—¢ pn+1($*,y*) + 1—¢

([ + HyI1®)-

By the condition

, €<6 2||Azy, — Byq|? _€> neQ
"N A (A — Bya)|? + [1B*(Azy — Bya)lP /7 ’
we have
lim K, = T (A (A, — By [P+ [1B (Ae, — By)[) = 0, (3.318)
observe that Az, — By, =0, if n ¢ Q, hence
7112{.10||A*(A17n — By,)|| = 0, (3.3.19)
and
JL%‘|B*<A$" — By,)|| = 0. (3.3.20)

Also from (3.3.16), we obtain

pria(@®y") < (L= ta)pula™,y") + ta(lla”|* + ||y — (1~ tn)73<||A*(A$n — Byy)”
+ 1B (Aza = Bya)lI%)) = ra( (201 = )l [ g0, — 6|
+ (202 = )l [z — vy I1F).

Set T, = (2a1 — )| |¢pwn, — dx*||* + (200 — )| |20, — Yy*||?, then we have from (3.3.18),

To < (L=t)pale’y") = pna(asy’) + tallle 12+ 1y I)
— (1= t)72 (114" (Az, = Byo)|* + ||B* (A, — By )|*) — 0.

as n — oo. (3.3.21)
Hence, from condition (iv), we obtain
ti flow = oa”F =, 3:322)
and
Jim [z, — ¢y = 0. (3.3.23)

Let An = (1= B0) (k1 = B IS1t = wall® + (k2 = Bu)[[S200 = val ).
Then from (3.3.16) and (3.3.18), we have

Ao < (L=ta)pa(a®,y") = par (2™ y") + ta(| 27| + [ly7[1%)
= (1= )72 ({14 (A, = Byo)|[* + (1B (A, — Bya)|[)

= (201 =) [6w, — éa”|*

+ (200 — 1) ||tz — ¢y*||2> — 0, n — oo. (3.3.24)
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Thus by condition (ii), we obtain

lim ||S1un — unl|| =0, (3.3.25)
and
lim ||S2vy, — vn|| = 0. (3.3.26)

Also from (3.3.1), recall that a, = (1 — t,)z, and b, = (1 — t,,)y,, then we have

Jwn —2*|* = [[JX(1 = M) (an — 1 A*(Aa, — Bb,) — )|
<wn - x*a an — /ynA*(Aan - an) - I'*>

1 * * *
(Il = &1 + lla = A" (Aay = Bb,) = | = [Jwn — an

IN

2
— 1A% (Aay, —an)||2>
1
< §<||wn —2[]* + llan — 2"||* + 72| A* (Aa, — Bb,)|[?
+ 2n|lan — 2" ||[|A"(Aan — Bbo)|| = [[lwn — an||*
+ A" (Aay — Bby)I[* = 27l lwn — an||l|A*(Aa, — an)||]>
1 * * * *
= §<\|wn = 2"[]* + [lan — 2"|[* + 29l — 2"|[||A"(Aa, — Bb,)|
— [lwn = an|® + 295 Jws — anl|||A*(Aay — an)”)
Therefore,
lwn = anll® < flan — 2"|* = [Jw, — 27

+27, || A% (Aa, — Bb)||[||wn — anl] + ||an — z*||]- (3.3.27)
In a similar way as (3.3.27), we obtain

lzn = all* < b = y7[17 = ll20 — "I
+2’7n||B*(Aa’n - an)H[Hzn - bn” + ||bn - y*H] (3328)
Adding (3.3.27) and (3.3.28), we have
lwn = anll* + 11z = 0all* < (lan — 271+ [lbn — y"II*) = (lwn — 2711 + |20 — y"I°)
+ 29[ A% (Aan — Bby)|[[|lwn — anl] + [[an — =7|]]
+ 27|1B*(Aan — Bbn)|[[[|zn — ball + [[bn — 4[]

From (3.3.6), (3.3.19) and (3.3.20), we have

i = anl? 1z = Ball? < (llan = "1 4 15— 571%) = (e = 271 + 162 — 97[1)
+ 27| A" (Aan — By )|[[[|wn — anl[ + [|an — 27[[]
+ 29[| B (Aay, — Bby)|[[||20 = bnl[ + [[bn — y7|l]
— 0, as n — oo (3.3.29)
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Hence,

lim ||w, — a,|| =0, (3.3.30)
n—o0
and
lim ||z, — b,|| = 0. (3.3.31)
n—oc0
But
llan — xnl| = tallzal] = 0,n — o0, (3.3.32)
and
1bn = yull = tallynll = 0,n — occ. (3.3.33)

Therefore from (3.3.30), (3.3.31), (3.3.32) and (3.3.33), we have
lwn = 2all < lwn = anll + llan = 2u]| = 0,1 = o0, (3.3.34)
and

zn — ynll < 2o — bnl| + ||bn — Ynl| = 0,n — o0. (3.3.35)

Also, from (3.3.1)

lun =& IF = ([T (10 = radn) — 27|

< WITE wn = o) = T (@ = o) |

< Aup — 2%, (wy, — Tpowy,) — (2% — rpoz™))

= 5 (o =21 1l = ragun) = (& = )| = I = oo,
— (" = raga”) = (= 2")|?)

= 5 (o = 21+l = I = 000 = radn) = (& = raga”)

~ (= "))

= 2 (et = "I 4+l = 21 = T = el + 20— t, G — 62°)
— r2llgwn — ")

< 5 (bt =21 4+ o = 212 = =
2 (W, — U, By — qu*)). (3.3.36)

Therefore,
len = I < Hem = 2717 = ltn = 2|+ 20l = |60 — 6271, (3.3.37)
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Following similar argument as above, we obtain
lzn = vall® < llzn = ¥7I1* = llow = 971" + 2rallzn — vallllzn — vyl (3.3.38)
Adding (3.3.37) and (3.3.38), we have
lwn = wnl® + 120 = vall® < (lwn = 27| + 120 = 57 |1*) = ([lun — 27| + [Jon — y7[]*)
o+ 2 (| = unllllgwn — 6a”|
+ {120 = vallllozn — vy 1l). (3.3.39)
Tt follows from (3.3.7),(3.3.8), (3.3.16), (3.3.22) and (3.3.23) that

[lwn = wnl* + llzn = vall* < (Jwn — 217 + 120 = 5" I") = (lwn — 271" + {20 — y"I*)

+ 27 (Il = wallllown = 627 + |0 = vall [0z — vyl
— 0, asn — oo.

Hence,

nh_}r{)lo llwy, —un|| = 0, (3.3.40)
and

nh_}rlgo l|zn —vn|| = 0. (3.3.41)

Again from (3.3.1), (3.3.25) and (3.3.26), we have

ni1 —unll = |[(1 = Bn)S1un + Brttn — un|| < (1= Bo)|[S1un — tnl]
— 0, asn — o0 (3.3.42)
and
Ynt1 —vall = [[(1 = 6,)S105 + 6,00 — va|| < (1 = 8,)[|S20n — va|
— 0, asn — oo, (3.3.43)

therefore from (3.3.34), (3.3.35), (3.3.40), (3.3.41), (3.3.42) and (3.3.43) we obtain
i1 — 2all < Tne1 — wnl] + ||un — wal| + ||wn — 20]| — 0, as n — 00(3.3.44)
and

Ynt1 = all < Ynsr = vall + [Jon = 2l + [[20 = ynll = 0, as n — oo. (3.3.45)

Since <{xn}, {yn}> is bounded, there exists a subsequence ({xnj}, {ynj}> of <{xn}, {yn}>
such that ({a:n].}, {ynj}> converges weakly to (z,7) € C x . From (3.3.34) and (3.3.35),

we have ({wnj},{znj}> converges weakly to (Z,7). Also by (3.3.40) and (3.3.41), we
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have ({unj},{vnj}) converges weakly to (Z,y). Furthermore, by (3.3.25), (3.3.26), the

demi-closedness of I — S} at 0 and the demi-closedness of I — Sy at 0, we have (z,y) €
F(Sl) X F(Sg)

Alsosince A : Hy — Hz and B : Hy — H3 are bounded linear mappings and { Az, } — Az
and { By, } — By and by the weakly lower semicontinuity of the squared norm, we have

1Az - Byl < liminf || Az, — By,,|* = 0,
n—oo
thus

Az = By. (3.3.46)

1
We now show that z € I(f;,71) and y € I(f2,Ts). Since T is — Lipschitz monotone and

the domain of T3 is H;, we obtain from Lemma 3.2.4 that f; + T} is maximal monotone.
Let (u,w) € G(T1, f1), i.e w — fiu € T (u).
Putting a,, = (1 —t,; )2y, and c¢,; = an; — Yn; A*(Aa,; — Bby,), then

Wy, = J/\Tl(] — Af1)en;,
which implies that
(I = Af1)en, € (I + AT )wy,.

Applying the maximal monotonicity of (77 + f1), we obtain

1
(u — Wy, W — fru— X(an - )\f1an - wnj)> >0,

and so

1
<u_wn]-7w> Z <u_wnj7f1U+X(cnj+/\flcn_wnj>>

1
= <u - wnjaflu - flwnj + flwnj - flcnj + X(an - wn3)>

1
> 04 (u—wy,, fiwn, — fica,) + (U —wy,, X(an —wy,)). (3.3.47)

Since
[en; = an,|| = m,||A"(Aan, — Bby,)|| — 0, asj — oo
and by (3.3.30)
[[wn;, = ;| < [wn; = an; || + [|an, — cn,l| — 0, as j — oo, (3.3.48)
it follows that
lim || fiwn, — ficy || = 0, (3.3.49)
j—00
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and since w,; — T, therefore

lim (v — wy,, w) = (u—Z,w) > 0. (3.3.50)

J—00

Using the maximal monotonicity of f; + 77, we obtain
0e (11 + fi)z (3.3.51)

which implies that z € I(f1,T}).

Following similar argument as above, we obtain that § € I(fs, T5).

Next, we show that z € EP(F, ¢) and §j € EP(G, ). Since u, = T} (w, — rpdw,), n > 0,
we have that for any p € C,

1

n

By replacing n by n; in the last inequality and using assumption L2, we obtain

1
(QWn, s P — Un;) + T—(p — U, Un; — Wn;) > F(p,uy,). (3.3.52)

n;

Let z, = qp+ (1 — ¢)7 for all ¢ € (0,1] and p € C. Since C is a convex set, thus z, € C,
hence, by (3.3.52), we have

C— Wy,
<2q - u”j’¢ZQ> > <2q - unj7¢zq> - <Zq - unj7¢wnj> - <Zq — Uny, %> + F(th unj)
= <2q - unj7¢zq - ¢un]> + <zq — Un;, ¢unj - ¢wn7> - <Zq — Un,,

+ F(zq,un].).

From (3.3.40), we obtain that ||¢u,;, — ¢wy,|| = 0, as j — oo and by the monotonicity
of ¢ we obtain

<Zq - unja gbzq - ¢uu3> Z 07
then using assumption L4 in (3.3.52), we obtain (noting that u,;, — 7)
(2g = T, 024) = F (2, T) J = 00,

hence, using assumption L1, we have

0 = Fl(zg2)
= F(zgqp+ (1 - q)7)
= qF(z,p) + (1 —q)F (2, 7)
< qF(zg,p) + (1 — q)(2g — T, 02)
= qF(24,0) + (1 = q)q(p — T, d2)
= Q< (20:) + (1 q)(p—i,¢zq>). (3.3.53)
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Letting ¢ — 0 and using assumption L3, we have that for each p € C,
which implies that Z € EP(F, ¢).

Following similar approach as above, we obtain that y € EP(G, ). Therefore, (z,y) € T.
We now show that <{xn}, {yn}> converges strongly to (Z,y). From (3.3.12), we obtain

s =2l + llynss =91 < 10— ta)zn = 2l + 111 = ta)y — 1
= (1=t (llwn — 2+ llyn — 711°) + 201131 + 11311*)

= 2,1~ ta) ({7 = ,7) + (1 5.0))

< (0= t) (llwn = 12+ llyn — 3112) + o (11210 + 11711
= 21 = tn) (@ = 2,2) + g — 5:)) ) (3.3.55)
Therefore by Lemma 2.5.6, we have
Jim (|| — I + |y — 91%) = 0. (3.3.56)
Hence
lim ||z, — Z||* = lim ||y, — 9||* =0, (3.3.57)
3 oo

which implies that ({xn}, {yn}> — (z,9), n — oc.

Case B: Assume that {||z,, — 2*||* + ||y, — ¥*||*} is not monotonically decreasing. Set
on = |0 — 2% + ||yn — v*||? and let 7 : N — N be a mapping for all n > ng (for some
large ng) by

7(n) :=max{k e N: k <n,pp < pri1}-
Obviously, 7 is a non-decreasing sequence such that 7(n) — oo as n — oo and p-(n) <

Pr(n)+1, VN = Ny,
Let K, () = ||A* (A7) — Byro)| 2+ | B* (A () — Byr(n))||* and 7(n) € €, then it follows
from (3.3.16) that

1
Vr(n) <2\|A9€T(n) — By, m)|” — %(n)KT(n)> < Prn) — =t ))Pr(n)+1

tT(”) * *
+ (" |I* + [ly"[1),

(1 — tT(n))

which implies that

K 1 tr(n) 2 2
T(n < T™(n) — 77 L, \F1(n o, * * .
€D r(n) = Pr(n) (1_t7'(n)>p (n)+1 (1_t7(n))(||$ || + 1y %)

From the condition that
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Yetn) € ((—: 2| A+ (n) — Byrew |l
’ ||A*(Ax7’(n) - By‘f(ﬂ))||2 + ||B*(Ax‘r(n) - ByT(n))||2

- e>, T(n) € 0,

we have

lim Koy = lm [JA"(Azrm) = Bye)l|* + [|B*(A2o(n) — Byr))||” = 0(3.3.58)

n—oo

Observe that Az, — By-(n) = 0, if 7(n) ¢ Q.

Hence
Tim (A" (A2 — By, m)|> =0, (3.3.59)
lim HB*<A$T(”) - ByT(n))HZ =0. (3360)
n—oo

Following the same argument as in Case A, we conclude that there exists a subsequence
of ({xT(n)}, {yT(n)}> denoted as ({xT(n)}, {yT(n)}> for ease of notation which converges
weakly to (z,7) € T.

Now for all n > ny,

0 [||x‘r(n)+1 - f||2 + ||y‘r(n)+1 - ﬂ||2] - Hlxﬂ'(n) - f||2 + ||yT(n) - Q]
(1= tr) 1zrmy = 2|17 + N1yrmy — 91P°] + 2y (1217 + 1|71°)

_2t'r(n)(1 - tT(n))KxT(n) -, j> + <yr(n) -9, g>] - [HxT(n) - j||2 + ||yr(n) - §||2],

<
<

which implies that

||x'r(n) - j||2 + ||y'r(n) - g“2 < tT(n)(HjH2 + ||§||2) - 2(1 - tT(n))KxT(n) -z, j>
+ (Yry — 9,9 — 0,

hence,
Tim (lles = 2l + Iy — 912) = 0, (3.3.61)
therefore,
Hm pry = Hm pry = 0. (3.3.62)

Moreover, for n > ny, it is easily observed that p;n) < prmy41 if n # 7(n) (that is
7(n) < n) because p; > p;y1 for 7(n) +1 < j <n.
Consequently, for all n > ny,

0 < pp, < max{pr(n); Pr(n)41} = Pr(n)+1- (3.3.63)

Thus, lim p,, = 0. That is ({xn}, {yn}> converges strongly to (z, ).

The following consequences are obtained from Theorem 3.3.1.

43



Corollary 3.3.2. Let H,, Hy and H3 be real Hilbert spaces, C and @) be nonempty closed
and convex subsets of Hy and Hy respectively, A : Hi — Hz and B : Hy — H;s be
two bounded linear operators. Assume that F : C x C — R and G : Q x Q — R
are bifunctions satisfying (L1)-(L4). Let ¢ : C — Hy be a;- inverse strongly monotone
mapping, V¥ : Q — Hy be ag- inverse strongly monotone mapping, f1 : C — Hy be u-
inverse strongly monotone mapping, fs : C'— Hy be v-inverse strongly monotone mapping,
Ty : H — 2" and Ty : Hy — 272 be two multi-valued mazimal monotone mappings. Let
S1 : H — Hy and Sy : Hy — Hy be nonexpansive mappings such that F(Sy) # 0,

F(Sy) # 0. Let ({xn}, {yn}> be the sequence generated for (zo,yo) € C' X Q defined by

( Wy = ‘]fl(l - /\fl)((l - tn)xn - ’VnA*(A(l - tn)xn - B(l - tn)yn»a
An = J;\FZ<I - Af?)((l - tn)yn + VHB*(A(l - Zfn)xn - B(l - tn)yn))a
F(un,u)+(¢wn,u—un)+i(u—un,un—wn>20 Yu € C,

In (3.3.64)
G(Umv)—i—<¢zn,v—vn>+r—<v—vn,vn—zn) >0 Yv € @,

Tpt1 = (1 - ﬂn)slun + 5num
L Yna1 = (1 = 0,,) 820, + 0,0y, Vn >0,

{1} is a positive real sequence such that

e ( 2|| Ay — Byn||* ). neo
Tn €, ¥ * —€), n )
|A* (A — Byn)|[* + || B*(Azy — Byn)|[?
otherwise, v, = ~y (v being any nonnegative value), where the set of indexes Q = {n :

Az, — By, # 0}, A* and B* are adjoints of A and B respectively. Suppose {r,} C (0, 00),
{tn}, {Bn} and {6,} are sequences in (0,1) satisfying the following conditions

(i)  lim, oot, =0 and Y " t, = o0;

(1))  0<\<2u,2v;

(1))  0<r, <2q;i=1,2.

IfT = (F(Sl) N EP(F,¢)N I(fl,Tl)) x (F(SQ) NEP(G,¥) N [(fQ,TQ)) £, then

the sequence ({xn}, {yn}> converges strongly to (z,y) € .

Corollary 3.3.3. Let H,, Hy and H3 be real Hilbert spaces, C and () be nonempty closed
and convex subsets of Hy and Hy respectively, A : Hi — Hs and B : Hy — Hjs be
two bounded linear operators. Assume that F : C x C — R and G : Q x QQ — R
are bifunctions satisfying (L1)-(L4). Let ¢ : C — Hy be aq-inverse strongly monotone
mapping, ¥ : Q — Hy be as-inverse strongly monotone mapping, Ty : Hy — 2" and
Ty : Hy — 22 be two multi-valued mazimal monotone mappings. Let Sy : Hy — H, and
Sy 1 Hy — Hy be demi-contractive mappings with constants ki and ks respectively where
k = max{ky, ka} such that I—S; and I —Ss are demiclosed at 0 and F(Sy) # 0, F(S2) # 0.
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Let ({xn}, {yn}> be the sequence generated for (zo,yy) € C' x Q defined by

( wn =S ((1 = ta)zn — 1A (A = ty)2, — B(1 = ta)yn)),
Zn = J?((l - tn)yn + '7nB*(A(1 - tn)xn - B(l - tn)yn>)a
1
F(up,u) + (pwn, u — up) + — (U — Uy, Uy, — wy) >0 Yu € C,
X {” (3.3.65)
G(vn,v)+<¢zn,v—vn>+r—(v—vn,vn—zn> >0 Yo € Q,

Lpt1 = (1 - ﬁn)slun + 5nun7
L Unt1 = (1 — 6,) S0, + 0p0p, Vn >0,

{vn} is a positive real sequence such that

e (e 2/| A — Byl
" S\ A (A = By + 1B (Az — By P

—e), n € €,

otherwise, v, = 7y (v being any nonnegative value), where the set of indexes Q@ = {n :
Az, — By, # 0}, A* and B* are adjoints of A and B respectively. Suppose {r,} C (0, 00),
{t.}, {Bn} and {0,} are sequences in (0,1) satisfying the following conditions

(i) lim, oot, =0 and Y~ t, = o0;

(i) 0 <k <liminf, . Bn and 0 < ky <liminf, . d,;

(iii)  0<ry <2 i=12

[T = (F(Sl) NEP(F,6)N I(T1)> X (F(sz) N EP(G, )N I(TQ)) £ 0, then

the sequence ({xn}, {yn}> converges strongly to (z,y) € T.
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3.4 Numerical Example

In this section, we give a numerical example of our Theorem 3.3.1. Using Matlab version
2014a, we show how the sequence values are affected by the number of iterations. This
is done in order to see how the initial values and tolerance levels affect the number of
iterations.

Let H, = H, = H; = R?, together with the usual norm on R2. Let the inner product
(,) : R? x R? — R be defined by (Z,9) = T -y = 2191 + Tays, for all T = (z, )
and ¥ = (y1,v2). Let F: R? x R? —» R? and G : R? x R? — R? be defined by F(Z,7) =
—322+7y+ 257, G(7,7) = —42? + 7Ty + 3y respectively. Let ¢ : R? — R? and ¢ : R? — R?
be defined by ¢(Z) = Z and ¥ () = 27 respectively. It is easy to check that F and G satisfy
condition L1 - L4. For each @, € R?, r > 0, Lemma 3.2.3 ensures that there exists u,, € R?
such that for any 7 € R?

1
F(Tin, %) + (6T, & — ) + — (T — T, Ty — D) > 0. (3.4.1)

n

— (—3ui71 + Up 171 + 277, —3ui72 + Uy, 979 + 275) + <(wn,1, W 2)(T1 — Up 1, To — Unz))

1
+ 7/»_ <(ZI§'1 — Up1, T2 — u"%?)(u’nyl — Wn,1, Un2 — wn,2)> Z 0,
n

<= ( — 3rnu271 + XUy, + 2rnx% F T W — TpWh 1Un 1, —37’nu721,2 + TpToln 2
+ 27“n95§ + TnloWp o — rnwn,QunQ) + (xlun,l — T1Wn,1 — ui,l + Up,1Wn 1,
Tollng — ToWpp — Un g + un,2wn,2> >0,
< ( — E’)?"nuf%1 + U, + 27””3:% + T Wh 1 — TpWp 1Up 1 + T1Upy1 — T1Wp1 — ui’l
+ U1 W1, =37l o+ Trlaling + 25 s + InTaln s — Iyln ol s + Lol
— ToWp 2 — Uig + Un,2wn,2> >0,
< (27“,13:% + rpTiUn1 + T1Up 1 + TRT1Wy 1 — T1Wh,1 — 37"nu72171 — TpWp 1 Up,1 — uil
F i, 1 Wn, 1, 27 T + Trlin s + Toln o + FnlaWns — ToWna — 3rnlly 5 — TnWy 2l
_Ui’Q + un,an,Q> Z Oa
= <27“n:1:% + ((rn + Dy + (1 — Dwyp)zy — 37"nu721,1 — PpWy 1 Un1 — ufm + Up 1 Wy 1,
2r,ws + ((rn + Dtpo + (rn — Dwp2)xe — 3rnui72 — T Wy 2Un 2 — ufm + un,gwmg)

> 0.

Let G(x1) = 2rm2} + (rn 4 D)tng + (1 — D)wp,1) @1 — 3rpUl | — rpWn 1 ting — Up 1 + Un,1Wn 1,
and G(z2) = 2r,23 4+ ((rp+ Do + (1, — Dwy,2)Te — 3rnu72%2 — "Wy 2Up 2 — ufl’Q + Uy oW 2.
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Then G(z;) and G(x9) are quadratic functions of xy, x5 respectively with coefficients:
_ _ _ 2 2

a; = 2Tna bl - (Tn + 1)un,1 + (Tn - ]-)wn,la = _Srnunjl - rnwn,lun,l - un71 + un,lwn,b
_ _ _ 2 2

azg =2rn, by = (rp+ s+ (rn—Dwn1, 2= =31y 5 — InWn 2ln2 — Uy o + U 2Wn 2.

So the determinant A; of G(x;) is obtained as follow
A = b% — 4aicq
= ((rn + Dupy + (rn — 1)wn,1)2 + 87’n(3rnui’1 + Wiy 1 Un 1 + ufm — Uy 1 W, 1)
= wiyl(rn — 1) 4 2Up 1 W (12 — 1) + (1, + I)Qui,l + 241”,2111,2%1 + 872wy Uy 1
+ 87’nui’1 — 81p U 1 W 1
(rn — 1) + riuijl + 2rnui,1 + u?%l + 2r2un71wn,1 — 22Uy Wy 1 + 247",211&71

_ 2
- wn,l

2 2
+ 877 Wh, 1 Uy 1 8rnun71 — 87 Up, 1 Wn, 1

2 2

= Wy (rn — 1)2 + 10720, 1Wp 1 — STpUp 1 W1 — 2Up 1 Wh1 + 25713“”’1 + 10%“?%1 X UZJ
wi,1(7“n — 1) + 2up w1 (572 — 4r, — 1) + ui71(25r721 + 107, + 1)
= wi,l(m - 1)2 + 2up Wy 1 (r, — 1) (5ry, + 1) + Ui,1(57’n + 1)2

2
= (sl = 1)+ wna (510 +1)) 2 0.

Thus Ay >0 Vz; € R and if (3.4.1) has at most one solution in R, then A; <0, so we
obtain A; = 0. Thus

(1—1p)
nl = —————Wp, 1. 3.4.2
Uit orn, + 1 Wnt ( )
Following similar approach as above, we obtain
(1—rp)
ng = ————1Wy, 2. 3.4.3
tn.2 or, + 1 Wn,2 ( )
Thus from (3.4.2) and (3.4.3), we have
N (1—rp) (1—r,) > (1 —7r,)w,
n — \Un,1, Un = n,1y n - = . 1 - 3.4.4
o = (1 ) <5rn+1w’1 ra+1 ") T Thr, 41 (344)

Similarly, we obtain that

(1—2r,) (1—2r,) ) _ (1-— 27’,1)3”'

Up = (Un,l,'Un,Z) = < 1 Zn,1, 1 Zn,2 e+ 1

Now, let T} : R? — R? and T; : R*> — R? be defined by T}(Z) = (—2z1, —3x3),
T5(Z) = (29 — 1, x9) respectively. From (3.2.1), we obtain the resolvent mappings
associated with 77 and 75 as thus

@) = (+A0) (@) 1
REHECENNE
- (1_02A 1—03>\) (2)
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- a—¢»i1—3x)<173A 132*)(§2)

1
_— 0
- ()
i N ;2—3/\
- <1—2)\’1—3)\)' (3.45)

Similarly as (3.4.5), we also obtain

<x1(1 +A)— Axry a9 ) (3.4.6)

1—A2 14 A

Let f; : R? - R? and f; : R? — R? be defined by fi(z1,72) = (221, 275) and
fo(xq,x9) = (—x1, —23). Using (3.4.5) and (3.4.6), we obtain

J32(7)

1 0
Tip ~ B T\ (1 =2\
and
1+X2 =X
Tyr " | — z1\ (T + XNz — Az

Also let A : R? — R? and B : R? — R? be defined by
~ 4 —2 il
=1 5)(5)
~ 5 6 X1
@ =7 5)(0)

Furthermore, let S : R? — R? and Sy : R* — R? be defined by S;(7) = —27 and
. =3 P .
Sa(Z) = - T Indeed, Sip = p if and only p = 0. It follows that

and

151% — Sipl]” = || — 2 — 0[]* = 4|z — 0|
and
|7 — Si7l* = || — (=28)|[> = ||32]* = 9||7 — ||*
Hence,
19 = BII* = 4/ = 0|[* = [[7 — 0][* + 3|7 — 0|
= AP+ 507 - S
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1 o~ e~
Thus, 5 is 3 demi-contractive mapping. Also, Soq = ¢ if and only if g = 0. Thus

~ 3. 9
15,5 — Sedll> = Il - 57— 0l = 515 - 0l

and

3 5) 25
A_SAQZ ~ [ 9~ 2: _AQZ_A_OQ
1y = Se9ll” = |y = (=5)lI" = 159" =  [ly = 0l

Hence
Si—allr = G0l =117 — 0|2+ 2|5 — 0|2
152y —all> = Zlly—O0l" = |lg = Ol" + 7 [ly - 0l

. L~ N
= 17—l + 17 - S:aI*

1
Thus, S5 is = demi-contractive mapping.

1 on — 1 2 1
By choosing t,, = L B, = Gn—l and 0,, = ——Th = %7
n+ (n+1) 3(1+4 4) n+
our iterative scheme (3.3.1) becomes: for Zy € R? and g, € R?
( 10 .
B, = 1=2) | (1) (80 — A7 (43, - B))
0 )
T n+1
I+X =X .
S= | T=x T=x | () (B + BT (A — B3,
0 1 n+1
R 2n + 1\
tn = <5n+4>w”’
- ( n+1 \ .-
Un = Zna
TR
n n—

An - S A?’L ( )Any v > 07
et <&n+1> T \6n + 1) "
~ <n+3)8,\+< 2n >A V> 0
n+l =\ 57 . 1\ Un —— | Un, n >,
Pt = 3t 1)) 3(n + 1)

where AT and BT are transposes of A and B respectively and

e (e 2/|AZ, — Byl
1A (AT — By [P + || B* (AT, — By |2

otherwise, 7, = v(y being any nonnegative value), where the set of indexes

Q= {n: Az, — By, # 0},

Case A

(i) Take Zp = (1,0.5)T, 7 = (—0.5,2.2)T and X = 0.002.
(i) Take Zy = (10, —5.78)%, 7o = (—0.278,1)T and X\ = 0.1.
Case B
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(i) Take Zp = (0.5,0.003)7, Jo = (0.3,0.005)7 and A = 0.001.
(ii) Take Zp = (1.1,0.2)7, 7o = (1,—0.2)7 and A = 0.001.

The Mathlab version used is R2014a and the execution times with diffrent tolerance levels
are as follows:

1. (case A(i), e = 107*) and execution time is 0.044 sec.
2. (case A(i), e = 107%) and execution time is 0.045 sec.
3. (case A(i), e = 107'?) and execution time is 0.047 sec.
4. (case A(ii), e = 107*) and execution time is 0.044 sec.
5. (case A(ii), e = 1079) and execution time is 0.046 sec.
6. (case A(ii), e = 107'?) and execution time is 0.050 sec.
7. (case B(i), e = 107*) and execution time is 0.044 sec.
8. (case B(i), e = 107%) and execution time is 0.046 sec.
9. (case B(i), e = 107'?) and execution time is 0.049 sec.
10. (case B(ii), e = 107*) and execution time is 0.004 sec.
11. (case B(ii), e = 107%) and execution time is 0.044 sec.
12. (case B(ii), e = 107'%) and execution time is 0.047 sec

See Figure 6.1, Figure 6.2, Figure 6.3 and Figure 6.4 to see how the sequence values are
affected by the number of iteration.
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CHAPTER 4

Approximation of Common Solution of Split Equalities for
Generalized Mixed Equilibrium Problem and Fixed Point Problem
for Multi-Valued Mappings in Hilbert Spaces

In this chapter, we introduce an iterative algorithm for approximating a common element
of the set of solutions of split equalities for finite family of generalized mixed equilibrium
problem and the set of common fixed points of k-strictly pseudo-nonspreading multi-valued
mappings of type-one, without prior knowledge of the operator norm in real Hilbert space.
We state and prove a strong convergence theorem for the sequence generated by our
iterative algorithm and give numerical example of our main theorem.

4.1 Introduction

Let X be a normed space, C' a nonempty closed subset of X and let CB(X) denote the
family of nonempty closed and bounded subsets of X. The Hausdorff metric on CB(X)
is defined by
H(A, B) = max{sup d(z, B), sup d(y, A)},
€A yeDB
for A, B € CB(X), where d(x, B) = inf{||x — y|| :y € B}.
Also, a subset C' of X is called proziminal if for each x € X, there exist y € C such that

||z —y|| = inf{||lx —u|| : weC}=dzC).

It is well known that every closed convex subset of a uniformly convex Banach space is
proximinal. A multi-valued mapping 7' : X — 2% is said to be of type-one if for any given
x,y e X,

llu—v|| < H(Tx,Ty), (4.1.1)
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for all w € Tx and v € Ty, [50].
Let T': C — CB(X) be a multi-valued mapping, 7" is called L-Lipschitzian if there exists
L > 0 such that

H(Tz,Ty) < L||lx —y|| Vz,y € C. (4.1.2)

T is said to be nonexpansive if L = 1, while 7" is said to be a contraction if L € [0,1). If
F(T) # () and for all p € F(T), then T is said to be quasi-nonexpansive if

H(Tz,Tp) < ||z —p|| VzeC. (4.1.3)
Let E be a real smooth, strictly convex and reflexive Banach space, and let j denote the

duality mapping of E and C' a nonempty, closed and convex subset of E. A single-valued
mapping T : C' — C' is said to be nonspreading if

o(Tx, Ty) + ¢(Ty, Tx) < ¢(Tx,y) + ¢(Ty,r) Va,y € C, (4.1.4)
where
o(z,y) = ||z||> = 2(z, jy) + |jy||> Va,y € C.

This class of mappings is deduced from the class of single-valued firmly nonexpansive
mappings, see for example [53, 67]. Observe that if F is a real Hilbert space, then j is the
identity and

$(@,y) = ll2lI* — 2z, y) + |lyl* = ll= — yII*

Thus (4.1.4) becomes

2Tz — Tyll* < Tz — ylf + [Ty — 2l* Va,yeC. (4.1.5)
It is shown in [70] that (4.1.5) is equivalent to
|Tz — Ty||> < ||z — y||> + 2(x — Tx,y — Ty) Va,y € C. (4.1.6)

We observe that if T' is a single-valued nonspreading mapping and F(T') # ), then T is
quasi-nonexpansive.

A multi-valued mapping T : C — CB(X) is said to be nonspreading if 2||u — v||* <
llu —y||? + ||v — x||* for u € Tx and v € Ty. Following the terminology used by Browder-
Petryshyn [25], we say a multi-valued mapping T : C' — CB(X) is k-strictly pseudo-
nonspreading mapping of type-one if there exist k € [0, 1) such that

fu—v|? < ||z =yl +kllx —u— (y—0)|* +2(x —u,y —v), Yo,y €C, (4.1.7)

where u € Tz with ||z — u|| = d(x,Tz) and v € Ty with ||y — v|| = d(y, Ty).

Let Hy, Hy, H3 be real Hilbert spaces, C C H; and (Q C H, be nonempty, closed convex
subsets of H; and Hj respectively. Let F': C'xC — Rand G : Q@ X — R be two nonlinear
bifunctions, T': C' — C' and P : Q — @ be two nonlinear mappings and ¢ : C' — RU{+oc}
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and ¢ : Q — RU {400} be proper lower semicontinuous and convex mappings such that
Cndom(¢) # 0 and @Ndom(p) # 0. Let A : Hi — Hz and B : Hy — Hj be bounded
linear mappings. The so-called Split Equality Generalized Mixed Equilibrium Problem
(SEGMEP) is to find 2* € C' and y* € @) such that:

F(z",2) +(T(2z"), 2 — %) + ¢(x) — ¢(a7)
Gl y) +(PW),y—y) +ely) —el)

Vo el
. Yy eQ (4.1.8)

(AVANLY,
o o

and

Azx* = By*.

4.2 Preliminaries
In this section we shall state some well known results which will be used in the sequel to
obtain our result in this chapter.

Lemma 4.2.1. [73] Let C be a nonempty closed convex subset of a real Hilbert space and
S:C — CB(X) be ak strictly pseudo-nonspreading multi-valued mapping and F(S) # ()
with Sp = {p} forp € F(S), then F(S) is closed and conver.

Lemma 4.2.2. [73] Let C be a nonempty closed and convex subset of a real Hilbert space
Hand S : C — CB(X) be a k strictly pseudo-nonspreading multi-valued mapping and
F(S) #0, then (I —S) is demiclosed at 0.

To solve the equilibrium problem, we assume that the bifunction F': C' x C' — R satisfies
the conditions L1 - L4 in Section 2.4.1.

Lemma 4.2.3. [99] Let C' be a nonempty closed and convex subset of a uniformly smooth,
strictly convex and reflexive Banach space E and let B : C' — E* be a continuous and
monotone mapping, ¢ : C — R be a lower semicontinuous and convex function and
F:C xC — R be a bifunction which satisfies (LL1)-(L4). Let r > 0 be any given number
and x € E be any given point. Then the following holds:

1. there exist z € C such that
F(z,y) + (Bz,y — z) + ¢(y) — (2) + %(y —z,jz—jx) >0 YyeC, (4.2.1)
where j : E — 25" is the normalized duality mapping which is defined by
j@)={f € E (. f) = Izl Il = ]} VzeE.
2. If we define a resolvent mapping TY : H — C' by
T () ={z€ C: F(z,y) + (Tz,y — 2) + ¢(y) — ¢(2) + %(y— z,jz —jx)y >0, VyeCl,
then the following results hold;
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i.  foreachx € C,TF(z) # 0,

i.  TF is singled-valued,

iii.  TF is firmly nonexpansive, i.e for any x,y € H
(TFe —TFy, jT v — jTFy) < (TFx = Ty, jo — jy),
w. F(TF)=GMEP(F,B,¢) and
v. GMEP(F,B,) is closed and convet.

We note that if E is a real Hilbert space then j becomes the identity mapping and T is
defined as:

TTF(:E):{zeC:F(z,y)+<Tz,y—z)+¢(y)—¢(z)+%<y—z,z—x)20, Yy € C'}.

Lemma 4.2.4. [117] Let C be a nonempty, closed and convex subset of H. Assume that
the F : C x C — R satisfies L1 — L4 and r > 0. ThenVx € H and q € F(TF),

1T =2l < [le — ql* = |12 — ql*.

4.3 Main Result

In this section, we state and prove our main result in this chapter.

Theorem 4.3.1. Let H,, Hy and Hj be real Hilbert spaces, C' and () be nonempty, closed
convex subsets of Hy and Hy respectively. Assume that for i = 1,2,....m, | = 1,2..., N,
F,:CxC — Rand G, : Q x Q — R are bifunctions which satisfy (L1) — (L4) and
the mappings T; : C — C and P, : Q — Q are continuous monotone mappings. Let
¢i: C = RU{+o0} and ¢; : Q@ — RU{+o0} be proper lower semicontinuous and convex
mappings such that C N dome; # O and Q Ndomp; # O fori=1,2,...m, 1 =1,2,...N.
Let CB(C) and CB(Q) be closed and bounded subsets of C and Q respectively and let
S;:C = CB(C) and Sy : Q — CB(Q) be two k strictly pseudo-nonspreading multi-
valued mappings of type-one with constants ki and ky respectively, where ky, ko € [0,1).
Assume F(S1) # O with Sip = {p} for all p € F(S1) and F(S2) # 0 with Saq = {q}
for all g € F(Ss). Let A: Hi — Hs and B : Hy — Hj be two bounded linear operators
and T' == (F(Sy) N2y GMEP(F;,T;, ;) x (F(S2) NY, GMEP(Gi, Pwr)) # 0. Let
(x0,Y0) € Hy X Hy and the iterative scheme ({xn},{yn}) be defined as follows:

( w, =ayut (1 —a,)e;
Zn = a0+ (1 — ap)yn,
Uy, = TTZ:;'}n o Tfn@—;n 0.---0 Trlf’ln(wn — Y A*(Aw,, — Bz,)) for ri, >0, 131
vy = T%Nn o TNl o 0 Tgln(zn + v B*(Aw,, — Bz,)) for ri, >0, (43.1)
Tor1 = (1= Bn)un + Budy,

\ Yn+1 = (1 - 571)7)71 + 5ncna

for every u € C, v € Q, d, € Siuy,, with ||u, — d,|| = d(u,, S1u,), ¢ € Sov,, with
l|on, — enl| = d(vn, Savn), n = 0 and {v,} is a positive real sequence such that
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e <€ 2||Aw,, — Bz,||?
! 7 ||A*(Awn_an)||2+||B*(Awn_an)||2

—6), n € .

Otherwise, vy, = v(v being any nonnegative value), where the set of indexes
Q= {n:Aw, — Bz, # 0}, and {a,}, {5,} and {6,} are sequence in (0,1) such that:

. lim, oo, =0,

Wy Oy = 00,
iii.  Bn € (a,1 —ky) C(0,1) for some a > 0,
iv.  0p € (b1 —ke) C(0,1) for some b > 0.

Then the sequence ({x,},{yn}) defined by the iterative scheme (4.3.1) converges strongly
to (z,y) €T

Proof. : Let (z*,y*) €T, O =Tk Tt .TTZZTT{:{N where ©Y = [ and

nm~ Tnm—
N Gy TGN-1 Gy TG 0 ;
Y =TT T2 T where ¢ = [ Putting a, = w, — v, A" (Aw,, — Bz,) and

b, = z, + YnB*(Aw,, — Bz,). Then,

|un —2*|* = [|O)a, —z*||?
= |Tf e ta, — 2|

< &7 an —2"|?

lan — 2*||?

||w, — v A" (Aw,, — Bz,) — l’*||2

llwy, — 2" — 1, A" (Aw,, — an)H2

||wn - $*||2 + 7121||A*(Awn - BZn)HQ - 27n<wn —a, A*(Awn - an)>

l|w, — 2*||* + V2| |A*(Aw, — Bz,)|1* — 2y (Aw, — Az*, Aw, — Bz,))

wn = &2 + A2||A* (Aw, = Bz)|[2 = 30 (|| Aw, — A2*|[? + [ Aw, — Bz

I VAN | B [

— [|Bz — Ax|?)
= ||wn — :17*||2 + 72||A*(Awn - an)HQ — Yol [Awy, — Ax*HZ - 'Vn“Awn - an||2
+ nl| Bzn — Ax*]]?. (4.3.2)

Similarly, we have ||v,, — y*[|*> < [|b, — y*||* and
lon =3I < llzw =y I1* +92l1B"(Awn — Bzo)|I” + YllAwy — By"||* — vl Bz, — By*||?
— Y|l Aw,, — Bz,||?. (4.3.3)

Adding (4.3.2) and (4.3.3) and noting that Az* = By*, we have
un — 212+ [lon = y*|1> < Nwn — 2P+ |20 — 11> = %<2||Awn — Bz,|”
(|| A° (Aw, — Bz
+|1B (Aw, — an)||2)>. (4.3.4)
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Therefore,
[t — 2|17+ [Jon = y*|* < [|wn — 2™ + [[zn — y7| %

Also,

||(1_ﬁn)un+ﬁndn_w*||2

= (1 = Bn)(un — %) + Bu(dn — 2*)|?

= (1_ﬁn)”un_x*’|2+5ann_$*HQ_6n<1_ﬁn)|‘dn_unH2
1_ﬁn)Hun_x*Hz+5n(Hun_$*HQ+leun_dn_<5U*_x*)HQ
2t = dy 2" = 2%)) = Ball = Bu)lldn —

( _Bn)Hun_x*HQ+5n||un_x*‘|2+ﬁnkl||un_dnH2

|Zns1 — 2"

IN

IN

Hence,
| — 2" []F < JJup — ¥ (4.3.6)

Similarly as (4.3.5), we obtain

Y1 — y* |17 < Jon — ¥ |° = 0n(1 = 6 — ko) Jvn — cal > (4.3.7)
Hence,
i1 = v 112 < Mo — 7| (4.3.8)
Thus,
1 — 2P + [ynsr — 6117 < Mun — 2> + |Jon — ¥
< |wn = 2P + |20 — y*%. (4.3.9)
But
|[wn — x*||2 = [|au + (1 — ap)an — x*HQ
= lJom(u — 2%) + (1 — ap) (2 — 27)|?
= an““ - JZ*||2 + (1 - O‘ﬂ)“(xn - I*)||2 - O‘n(l - O‘n)HIn - u||2
< apllu—z*|* + (1 — ap)||zn — 2| %, (4.3.10)
and
|2 — y*H2 = Jlanv+ (1 — an)yn — y*HZ

[l (v = y") + (1 = ) (o — y)II*
anllv =y |I* + (1 = aw)llyn — " — an(l — o)|lyn — vl|*.
oo =y |12 + (1 = a)llym — 7. (4.3.11)

IN
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Therefore,

|1 = 2+ g = ¥* I < anlfu = 2%[* + (1 = an)llzn — 2711 + anlfo — y7|

+ (1= an)llyn — vl

an(||u— 2> + v — y*I1?) + (1 = o) (|Jan — 2*]]?
Hlyn — v

max{||u — z*||* + [Jo — y*[|%, [l2n — 271> + [lyn — v*11%}

VARVAN

max{||u — " |* + [lv — y*[1%, [|lzo — 2”[1* + llyo — " |I"}-

Therefore, {||z, —z*||*+||y» —y*||*} and consequently {z,}, {yn}, {wn}, {20}, {tn}, {va},
{Aw,} and {Bz,} are bounded.
Also, from (4.3.4), (4.3.5),(4.3.7), (4.3.10) and (4.3.11), we obtain,

ens = 212+ llyner =712 < anlllu =21 + [0 =5 I1%) + (1 = an) (|2 — 2]
1y = 512) = a1 = an)(lan = ull? + |lyn — vl?)
—n (20|Atwn = Bz + (1| A* (Aw, = Bz,)] 1
+[|B* (Awy, — an)Hz)) — Bu(1 = By — k)| un — | ?
—60(1 = 8, — ko)||vn — |2 (4.3.12)

We now divide the rest of the proof into two cases:
Casel: Assume that {||z, — z*||* + ||y, — ¥*||*} is monotonically decreasing.
Putting p,(z*,y*) = ||z, — 2*||* + ||y — ¥*||?, We have:

poir (25 9) < pu(at,y") + an(lfu = 2*|P + o = ¢ 117) = an((lzn = 2|17 + [lya — y*|°)
— (1 = an)([|zn = ul* + [lyn — v[]*) = 7n <2||Awn — Bz,||?
+ Yu(|[A*(Aw, — Bz,)||* + || B* (Aw, — an)|!2)>
B = B — k)|t — d? = G0 (L — Kz — 6,)] |0 — ]| (4.3.13)

Clearly, (||zn41 — 2|1 + [lyn+1 — %) — ([ln — 27| + |lyn — y7|[*) —> 0 as n — oo.
Putting K,, = ||A*(Aw, — Bz,)||* + ||B*(Aw, — Bz,)||* and n € ©, then it follows from
4.3.13 that

(24w, = Bzl 2 = 9Ka) < anlllu =2+ (o = 5 I12) = an(1 = an) (e, — ulf?

+ lyn — v|P?) = an ||z — 2*[1* + |y — ")
+ou (2", Y") — posa(z™,y"),

which implies that

Yl < an((lu— 27| + o =y |*) — an (L — o) (llzn — ul* + [y — vl*)
— an([lzn = 2" + llyn = y7[1*) + (", y") = paga(a”,y") = 0,88 n — o0.

By the condion
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2||Aw,, — Bz,||?

n ) - ) Q7
°/€G|mwm%—B%Mwa%m%—B%m2 ). ne

we have that,

lim K, = lim (||A*(Aw, — Bz,)||* + ||B*(Aw, — Bz,)||*) = 0.
n—oo

n—o0

Note that Aw, — Bz, =0, if n ¢ . Thus,

lim ||A*(Aw, — Bz,)|| = lim ||B*(Aw, — Bz,)|| = 0.
n—oo

n—oo

Also from (4.3.12), we have

(4.3.14)

(4.3.15)

[z = @12+ gt = ' IF < anlllu =21+ o = 57112 + (1 = an)(llan — 2|
Hllyn = 4"112) = an(1 = )z = vl + [l — v][?)
—32 (14" (Aw, — Bz,) |2 + 1B (Aw, — Bz,)|)

—6n(1 = 6 — k2)||vn — call? (4.3.16)
Therefore from (4.3.15), (4.3.16) and since «,, — 0 as n — oo, we have
Bu(1 = By — k1)|[un — dp]|* — 0, asn — oo (4.3.17)
and
6n(1 =6, — k)||vn — cnl)> — 0, asn — co. (4.3.18)
By conditions iii. and iv., we obtain
nh_)r{.lo 1wy, — dy|| = nh—glo l|on, — ¢ul] = 0. (4.3.19)
Also from (4.3.1), we have that
llwn — o] = ||anu + (1 — ap)x, — 24]| = anllu — z,|| — 0,a8 n — 0o, (4.3.20)
and
1z — Unll = |lanv + (1 — an)yn — Ynl| = anl|v — yn|| — 0, as n — co. (4.3.21)
Since,
llan = @all* = [Jwn = A" (Awy — Bzy) — |

= [Jwn — 24 ||* + 72l [A"(Awy, — Bz)|[* — 29 (wn — 2, A"(Aw, — Bzy))
< ||wn - xn||2 + '7721||A*(Awn - an)||2 + 2'7n||wn - xn||||A*<Awn — Bz,)l|.

It follows from (4.3.15) and (4.3.20) that

llan — zn|| — 0, as n — cc.

o8
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Similarly,
160 = yalI* < 120 = yulI* + 1211 A" (Awn — Bza)l|* + 29120 — yalll| A" (Awn — Bz ).
From (4.3.21), we obtain
[16n, — yn|| = 0, as n — co. (4.3.23)
By the nonexpansivity of szm, for i =1,2,...,m, we know that
160 an — &[I* = | O7 an — 2™ < [|O7  ay — 2™ < -+ < [Jun — 27|[*(4.3.24)

Also, by the nonexpansivity of TanlN for{ =1,2,..., N, we know that
1950 — ' 112 = 1T 08 o — 1P < {100 00 — 92 < - < Jvn — . (4.3.25)

Tn,N

From Lemma 4.2.4, (4.3.6), (4.3.8),(4.3.22), (4.3.23), (4.3.24) and (4.3.25) we have that

lun = O5  an|® + [Jon =03 0P = T O an — O a,|?

TN AN b — ) b

< 05 an — 2¥[|* = [|un — 2P + o5 00 — 3|
— lon — |

< lan = 2P = fun — 2 + |10 — 4|
_||Un_y*||2

= Nan — 2*|* + [[bn — y*[1* = ([lun — 2"
+lvn = y*11%)

< Nlan — 21 + [1bn — y7 11> = (2041 — 2*[?
1 — ¥

= |lan, — 2*[|* + ||bn — ¥*|]* = (|zn — 2*||?
g =112+ (lzn — 212+ |y — ¥*11)
—(|lzns1 — 21?4+ [|[Yynt1 — ¥*|[?) — 0,

as n — oo. (4.3.26)
Thus,
lim ||u, — O™ 'a,|| = lim ||v, — Y 'b,|| = 0. (4.3.27)
n—00 n—00
Similarly, we have that
m—1 m—2 2 N—-1 N—-2 2 Fr— m—2 m—2 2
H@n an_@n an” +Hwn bn_wn an = ||Trn,m_11@n an_@n CLnH
GN— N-2 N-2 2
< Oy a, —27[]* = [|OF ay — 27|
A T T A M T
< an — 2" = [Jun — 27|

Hlbo =y II* = [lon = y7II”
llan — 2|1 + |[bn — y|I*

—(lzn1 = 2" |* + NIy — y'11*) — 0,
as n — oo. (4.3.28)

VAN
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Thus,
lim ||©" ta, — 0" 2a,|| = lim ||[v)~tb, — 2 ~2b,||> = 0. (4.3.29)
n—oo

n
n—o0

In a similar way, we can verify that

lim [|©" %q, —O" 3| =--- = lim ||©%a, — OLa,|| =0
n—oo n—oo
and
m [|¢h) b, — N b, |7 = -+ = lim [[¢32b, — ¥hba| [ = 0. (4.3.30)
n—oo n—oo
From (4.3.27), (4.3.29), (4.3.30), we can conclude that
lim ||©.a, — O a,|| =0, i=1,2,3,.m, (4.3.31)
n—oo
and
lim |[¢la, — ¥ ta,|| =0, 1=1,2,...,N. (4.3.32)
n—oo
Thus,
ltun = anll < [l = O5 an]| + 1105 an — OF %a,|| + (0] %4, — ©7%a,|
+ -+ |18La, — an|| — 0,as n — oo, (4.3.33)
and

[lon = ball < [lon = 0 7 0al |+ {1900 00 — 1 20al| + [0 =200 — N 20, |
4 |9 by — by|| — 0,28 1 — o0, (4.3.34)

Therefore, from (4.3.22) and (4.3.33) we obtain
un — zul| < ||un — anl| + [|an — x0|] — 0, asn — oc. (4.3.35)
Similarly, from (4.3.23) and (4.3.34), we have
v — Ynll < ||vn — bul] +||bn — ynl|] — 0, as n — oc. (4.3.36)
Also,
[|Zne1 = tnll = [[(1 = Bn)tn + Budn — tnl| = Bnl|(un — dn)]], (4.3.37)
and from (4.3.19), we have that
||Tpni1 — un]| — 0, as n — oo. (4.3.38)
Therefore, from (4.3.35) and (4.3.38)
Zn+1 — Tal| < ||Tns1 — Unl| + ||t — zu]] — 0, as n — 0. (4.3.39)
Similarly, from (4.3.19) we have that

Yni1 — vnll = [[(1 = 0p) vy + 0ncn — Vnl|| = Onl|vn — cu]|] — 0,28 1 — co.  (4.3.40)
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Therefore, from (4.3.36) and (4.3.40), we have

yns1 = ynll < Mgnsr = vall + [lon = yull — 0 as m — oo (4.3.41)

Since <{xn}, {yn}> are bounded, there exist subsequence <{xnj}, {ynj}> such that {,,}
converges weakly to Z € C' and {y,, } converges weakly to y € Q. From (4.3.35), we have
{un, } converges weakly to ¥ and by the demi-closedness of I — S; at 0 and (4.3.19), we
have that 7 € F'(S;). Similarly, {v,,} converges weakly to § and by the demi-closedness
of I — Sy at 0, we have that y € F/(Ss).

Also since A : H; — Hs and B : Hy — Hj are bounded linear mapping and {Aw,,,} — Az
and {Bz,,} — By and by the weak lower semicontinuity of the squared norm, we have

|Az — By||* < liminf ||Aw,, — Bz,,||> = 0. (4.3.42)
n—oo

Hence,
Az = By. (4.3.43)

We now prove that , 7 € N, GMEP(F;,T;, ¢;) and § € NN ,GMEP(Gy, Py, ¢;).
For each i = 1,2, ... m, from Lemma 4.2.3, we have that Yu € C

(u —©'a,, 6" a, —6"ta,) > 0.

n,t

F'i(@jlany U) + <,I‘z@:1am U — @;an> + gbz(u) - gbz(@;an) +

Replacing n by n; and using (L2) and by the monotonicity of T;, we obtain

¢(u) - ¢<@Z -anj) + L<u - @ija/nj7 @ija’nj - @izlanj> > _Fz(@;anﬁu) - <T‘i@;janﬁ

u— @;janj>

= E(ua @;janj) + <Eu’ @;janj B U>

Thus, for each i = 1,2,..., m,

F(u, @Zjanj) + (Tiu, ©ha,, — u) — ¢;(u) + qbi(@;janj) - (u — @;janj, @;janj — @Zlam) <0.

5,0
By L4,

i i—1
Oy, an; — O} an,

— 0, for each i = 1,2,..., m,

rnj,i

and since
Y -
Up, = @njanj — T,

by the proper lower semicontinuity of ¢;, it follows that for each i = 1,2,...m,
Fi(u,z) + (Tiu, & — u) + ¢;(z) — ¢i(u) <0, YueC.
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Putting 2; = tu+ (1 —1¢)Z for all t € (0,1] and u € C, since C is a convex set, thus z; € C,
for each i = 1,2,...,m, hence

Fi(z,2) + (Tiz, T — ) + ¢i(T) — ¢i(2) < 0.
So, from (L1), we have for each i = 1,2,..., m,

0 = Fi(z,2) + Tz, 2o — ) + 0ilz) — di(2e)
= F(zi,tu+ (1 =8)T) + (Tize, tu+ (1 — )T — z) + di(tu+ (1 — 6)T) — ¢ilzt)
tF(ze,u) + (1 = ) Fi(2, %) + t(Tize,u — z) + (1 — ) (Tiz, T — z) + tod(u)
+ (1 =1)(z) — (td(z) + (1 —t)¢i(z) )
= t(Fietw) + (T u— ) + 6i(w) = 6i()) + (1= O)(Fi(, ) + (T2, 7 — =)
+ 6i(2) - 6i(=))
< Fi(z,u) + (Tizg,u — z) + ¢i(u) — di2). (4.3.44)

Hence, we have that for each i = 1,2, ...,m,
Fi(zt,u) + (Tize,u — z) + ¢i(u) — ¢i(2) >0, Vu e C. (4.3.45)

Letting ¢ — 0 in (4.3.44), therefore z; — z. For each i=1,2,...m, using the condition (L4)
and the proper lower semi-continuity of ¢, we have

Fy(@,u) + (Tit,u — T) + ¢i(u) — ¢4(2) 2 0, Vu € C,
which shows that £ € GM EP(F;,T;, ¢;), for each i = 1,2, ...m. Hence,
7 € (L GMEP(F, T, 6;),
Following similar argument as the proof above, we have that

ﬂ S ﬂl]ilGMEP(Gl,Pl,ng).

We now show that ({z,},{y,}) strongly converges to (z, 7).
From (4.3.10) and (4.3.11), we have that

e = 2+ lynsr = 7 < lhwn = 22+ |20 — 511

(1= an)(lln = 712 + llyn — 511%) + 02(|lu — 7l

o = GI1) + 200 (1 = an)((u = 7, Tnsr — 7)

+(V =¥, Ynt1 — V)

(1= an) ([lan = 212+ llgn — 911%) + e (201 = )
(= T, 2041 = 3) + (0 = G yns — 7)) + an|lu — 7]
+ |- @||2)>. (4.3.46)

IN
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It is clear that ((u — Z, 21 — &) + (U — U, Ynt1 — ¥)) — 0 and since lim,, o a;,, = 0 and
ZZ‘; a, = o0, it follows from Lemma 2.5.6 that

2, — 2|+ ||yn — 7||* — 0 asn — oo. (4.3.47)
Therefore
lim ||z, —Z|| = lim ||y, — || = 0.
n—oo n—oo

Hence, ({z,}, {yn}) converges strongly to (z,y).

Case 2: Assume that {||z,—2*||*+||y»—v*||*} is not a monotonically decreasing sequence.
Set pn = ||z — 2*|> + ||yn — y*||*> and let 7 : N +— N be a mapping defined for all n > ng
(for some large enough ng) by

T(n) :=max{k e N: bk <n, pp < pri1}.

We see that {7(n)} is a nondecreasing sequence such that 7(n) — oo as n — oo and

Pr(n) < Pr(n)+15 for n > ng.
It follows from (4.3.13) that

Yoy (A" (Awr ) = Br)) 1P + [|B*(Awr () — Bze)IIP) < gy ([lu — =[] + [Jo — ")
= ar() (1 = ) ([[2r(n) — ul?
+ gy — 0l?) + (1 = ar(m)
Pr(n) ($7* ,y*) - Pr(n)+1(x*7 ?J*)~

Using the fact that lim,_,o o) = 0, therefore,
73(n)<||A*<AwT(n) - BZT(n))H2 + ||B*(Aw7(n) - BZT(n))HQ) — 0.
By the condition

Yoy € (€ 211 A2wrn) — B
A (Awr gy — Bzrn)| 2 + || B*(Awr ) — Bzry) |

—e€), 7(n) € Q,
we can conclude that
Limy, oo || A" (Atwr () = Bze)|? + [|1B*(Awrn) — Bzrw))|P] = 0.
Note that Aw; ) — Bzrp) = 0 if 7(n) ¢ Q. Thus,
limy, o0 || A" (Awrn) = Bzz(m))|| = limy o0 || B* (Awr(n) — Bzr(m))[| = 0.
By following the same argument as in Case 1, we see that

im0 [[tr(n) = drnytir(ny|| = inosoo [[Vr(n) = Ergyvrm|] = 0,
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and ({x-(n)}, {yr(n)}) converges weakly to (Z,7) € I'. Now for all n > ngy, we have from
(4.3.46),

0 < Narmyrr = ZI° + yrmyrr — 9112 = (J2rmy — 212 + [[Yyrm) — 911%)
< (1= are)llzrm) = 2| + yr) — 9117 + 2000 ((U — T, Zrmy1 — ) + (v — 7,
et = 9)) = (st = 311 + 1y = 711)
= 20 ({0 = 2, 21 = 2+ (0 = By Yot = 1)) = oy (2w = 22+ llyry = 511%)
= Qr(n) (2[(u — T, Tr(y41 — L) + (0= T, Yry1 — D) — ||Trey — Z° + ||Yr ) — ?7“2)-
Therefore,
|27y = 2|2+ |yr) = 9P < 2((u = 2, T )1 — @) + (V= §s Yrmy+1 — B))-
Thus,
o0 ([|7(n) = 2] + [[Yrm) — 9l[?) = 0.
Hence,
limy, 00 ||$r(n) — Z[]* = lim, o0 ||y7(n) —g|[>=0.
Therefore,

hmn—)oo Pr(n) = hmn—>oo Pr(n)+1-

Futhermore, for n > ny, it is easy to observed that p,uy < proy41 if n # 7(n), (that is
7(n) < n) because p; > pjy1 for 7(n) +1 < j < n. Consequently for all n > ny,

0<p, < maX{pT(n), Pr(n)+1} = Pr(n)+1.

So, lim p, = 0. That is ({z,}, {yn}) converges strongly to (Z, 7). This complete the proof.
0

We now give the following consequences obtained from Theorem 4.3.1.

Corollary 4.3.2. Let Hy, Hy and Hz be real Hilbert spaces, C' and () be nonempty, closed
convex subsets of Hy and Hy respectively. Assume that for i =1,2,...m, l =1,2,..., N,
F,:CxC — Rand G, : Q x Q@ — R are bifunctions which satisfiy (L1) — (L4) and
the mappings T; : C — C and P, : Q — Q be continuous monotone mappings. Let
¢i: C = RU{+o0} and ¢; : Q@ — RU{+o0} be proper lower semicontinuous and convex
mappings such that C N domeo; # O and Q Ndomp; # O fori=1,2,...m, 1 =1,2,...,N.
Let S; : C — C and Sy : Q — Q be two k strictly pseudo-nonspreading, (single-valued)
mappings with constants ki and ko respectively, where ki, ky € [0,1) and F(S1) # 0,
F(S3) # 0 . Suppose A : Hy — Hs and B : Hy — Hj are two bounded linear operators and
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I':= (F(Sl) ﬂﬁl GMEP(F“E¢Z>) X (F(Sg) ﬂl]\il GMEP(G[, .Pl, QOZ)) 7é @ Let (ZL’o,yo) S
C x @ and the iterative scheme ({x,},{y,}) be defined as follows:

( w, =ayu+ (1 — )Ty,
Zn = a0+ (1 — ap)yn,
U, = Tf;:jn o Tf:ﬂm:l?n 0---0 Tg}n(wn — Y A*(Aw, — Bz,)), for ri, > ?4 548
U = TTCJ’VJL o ng:}n 0---0 Tg’ln(zn + v B*(Aw,, — Bz,)) forr, >0, )
Tpr1 = (1= Bp)uy + BrSiun,

\ Yn+t1 = (1 — (5n)vn + 5nS2Un>

for everyu € C, v € Q,, n >0, and {y,} is a positive real sequence such that

- (e 2||Aw,, — Bz,||?
" "|A*(Aw, — Bz,)|]? + || B*(Aw,, — Bz,

IE —e), n € .

Otherwise, v, = v(y being any nonnegative value), where the set of indexes Q@ = {n :
Aw,, — Bz, # 0} and {a,}, {Bn} and {0,} are sequence in (0,1), such that:

. limy, oo, =0,
W Y Oy = 00,
iWi. By € (a,1— k1) C(0,1) for some a > 0,

. 6, € (b1 —ky) C(0,1) for some b > 0.

Then the sequence ({x,},{y.}) defined by the iterative scheme (4.3.48) converges strongly
to{z,y} €.

Corollary 4.3.3. Let H,, Hy and H3 be real Hilbert spaces, C' and () be nonempty, closed
convex subsets of Hy and Hy respectively. Assume that F': CxC — R and G : QxQ — R
are two bifunctions which satisfiy (L1)—(L4) and the mappings T : C' — C and P : Q — Q
be continuous monotone mappings. Let ¢ : C — R U {400} and ¢ : Q — RU {400} be
proper lower semicontinuous and convex mappings such that CNdome # O and QNdomp #
(). Let CB(C) and CB(Q) be closed and bounded subsets of C and Q) respectively and let
S;:C — CB(C) and Sy : Q@ — CB(Q) be two k strictly pseudo-nonspreading multi-
valued mappings of type-one with constants ki and ke respectively, where ki, ke € [0,1)
Assume F(S1) # 0 with Sip = {p} for p € F(S1) and F(S2) # 0 with Saq = {q} for
q € F(Sy). Let A: Hy — Hz and B : Hy — Hj be two bounded linear operators and
[':= (F(S1) NGMEP(F,T,¢)) x (F(S2) NGMEP(G, P,p)) # 0. Let (x9,y0) € C X Q
and the iterative scheme ({xn},{yn}) be defined as follows:

([ w,  =aput (1 —a,)z,,
Zn = a,v + (1 — ) Yn,
u,  =TF (w, —7,A*(Aw, — Bz,)), for r, >0, 4.3.49
v, =T (2, + WmB*(Aw, — Bz,)), for r, >0, (4.3.49)
Tpy1 = (1 - ﬁn)un + Bndn,

L Ynt1 = (1 = 0n)vn + dnca,

for every u € C, v € Q, d, € Siuy,, with ||u, — d,|| = d(u,, S1uy), ¢ € Savy,, with
l|on, — enl| = d(vn, Savy), n = 0, and {v,} is a positive real sequence such that
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e (6 2||Aw,, — Bz,||?
! 7 ||A*(Awn_an)||2+||B*(Awn_an)||2

—6), n € .

Otherwise, v, = v(y being any nonnegative value), where the set of indexes Q@ = {n :
Aw,, — Bz, # 0} and {a,,}, {B.} and {0,} are sequence in (0,1) such that:

. lim, oo, =0,
. Yoy = 00,
iWi. By € (a,1— k1) C(0,1) for some a > 0,

v 0p € (b,1—ky) C(0,1) for some b > 0.

Then the sequence ({x,},{yn}) defined by the iterative scheme (4.3.49) converges strongly
to {z,y} €T.

Remark 4.3.4.

1. If F; = G, =T, = P, = 0 in Theorem 4.3.1, we obtain a result for solving Split
Equality for system of Convex Minimization Problem SECM P(¢;, ;) which is to
find z* € C and y* € @ such that

¢i(r) = ¢i(z"), Vel
eily) > wly"), VyeQ,
and
Ax* = By".

2. If F; =G, = ¢; = ¢; =0 in Theorem 4.3.1, then we obtain a result for solving Split
Equality for system of Variational Inequality Problems SEVIP(T;, P;) which is to
find z* € C and y* € @ such that

(Tia*,x —z") > 0, Vaeel
(Py“y—y) > 0, Vyeq,
and
Ax* = By”

3. If Hy = H3 and B = I in Theorem 4.3.1, we obtain a result for solving system of
Split Generalized Mixed Equilibrium Problem SGM EP(F;, Gy, T;, P, ¢i, ¢;) which
is to find x* € C such that,

Fi(z*,z) + (Tix",x — ") + ¢;(2*) — ¢i(x) >0 Ve C and
Ar*=y" €@ solves Gi(y*,y) +(Py"y —y") +@y") —wly) >0 VyeQ.
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4.4 Numerical Example

In this section, we give numerical example of Theorem 4.3.1. Using Matlab version 2014a,
we show how the sequence values are affected by the number of iterations.

1 1
Let Hy, = Hy = Hy =R. Define F;: R xR = Rby Fi(z,y) = —5iz’ + iy’ T:R > R

1
by Ti(z) = iz and ¢; : R — R U {400} by ¢;(z) = 52’22, i=1,2,...,m. For each r; > 0
and z € R, Lemma 4.2.3 ensures that there exist z € R such that for any y € R,

Fiz9) + (Ty = 2) 4 01ly) = 6:2) + (= — 2,y — ) 20,

1 1 1 1 1
——i 4+ iyt +iz(y — 2) + =iyt — i+ (2 —2)(y — 2) >0,
r

2 2 2 2
1 1 1 1 1
—51'22 + §iy2 +izy — 2% + §iy2 - 52’22 + ;(zy — 22 —xy+a2) >0,

1
—2iz* +iy? +iyz + ~(2y — 22 —axy +w2) >0,
r
—2irz® +iry® +iryz +yz — 2° — xy + 12 > 0,
Z'TyQ +iryz +yz — xy — 2irz? — 22 4 xz > 0,
iry? + (irz + 2z — )y — (2irz* + 2% — 22) > 0.

[ A

Putting
F(y) = iry* + (irz + z — 2)y — (2ir2* + 2* — 22),
then F(y) is a quadratic function of y with coefficients:
a=ir, b=irz+z—x, and c= (2irz®+ 2> —x2).
We then compute the discriminant A of F' as follows:

A = b —dac
= (irz+z—a)? +4-ir(2irz> + 2> — 12)
= ?r22 vir? —irze +ir2? + 2% — 2z —irez — x2 4 2% + 8i%r?2? + dirz?
—dirzz
= 93222 + 6irz® — Girwz — 22z + 22 + 22
= 2% —6irzz — 2zz + 9i°r?2% + 6irz? + 22

= 2° —2(3irz + 2)z + (3irz + 2)?
2
= <$ — (3irz + z)) . (4.4.1)
Thus, A > 0 for all y € R. If it has atmost one solution in R, A < 0, therefore

A= (x — (3irz + z))2 = 0.
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Hence

T
Z= — )
Jir+1
We thus obtained the resolvent function for F; as
TR =T for i=1,2,...m. (4.4.2)
g Jir+1

Also, let G; : R x R — R by Gi(q, s) = —=3l¢* + 2lgs + 1s*, P, : R — R by Bi(q) = 2lq and
o1 : R = RU{+oc} by ¢i(q) = 1¢? for | =1,2,...,N. For each 7, > 0 and = € R, Lemma
4.2.3 ensures that there exist ¢ € R such that for any s € R,

1
Gl(qv‘S) + <‘PIQ7 S — Q> + <101(3) - QOZ(Q) + T_l<8 —q,q — JI> 2 07
1
—3lg* + 2gs + 1s* + 2lq(s — q) + s> —1g* + ;(s —q)(qg—x) >0,
1
—3lg* + 2lgs + 1s* + 2lgs — 2lg* + 1s* — l¢* + ;(sq — st —q¢° +qx) >0,

1
—6lq* + 21s* + 4lgs + ~(sq — sx — ¢* + qx) > 0,
r

—6qu2 + 2lrs® + 4lrgs + sq — sx — q2 +qx > 0,
2rs® + (4lrq + q — x)s — 6lrq® — ¢* + qx > 0.

[N

Putting
G(s) = 2lrs* + (4lrq + q — x)s — 6lr¢* — ¢* + qu,
then G(s) is a quadratic function with coefficients:
a=2r, b=4lrq+q—z, c=—(6rlg*+q*—qu).
We then compute its discriminant A as follows:
A = bV —4ac
= (4rq+q—2x)* +4-2r6rlg* + ¢* — qx)
= 160*r°¢* + 4lrq* — dlrqx + 4rg® + ¢* — qv — 4lrqr — qr + 2* + 481%r*¢* + 8lrq®
—8lrqx

= 641*%¢® + 16lrq®> — 16lrqx — 2qx + ¢° + 2*

= 2% — 16lrqx — 2qx + 641%r*¢> + 161rq* + ¢

= 2% —2(8lrq + q)x + (8lrq + q)*

- (x — (8lrq + q>)2. (4.4.3)

Thus A > 0 for all s € R and if it has atmost one solution in R, then A < 0.
So we obtain

(x — (8lrqg + q)>2 =0.
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Hence

o
7= 8lr + 1
we thus obtained the resolvent function for Gj as
x
TGz = forl =1,2...,N. 4.4.4
TS T ( )

Let Sy : R — C'B(R) with the usual metric on R be defined by

x, (—00,0),
[—2x,0] [0, 00).

To see that S; is k strictly pseudo-nonspreading multi-valued mapping of type-one, let
u € Siz,v € Sy. For 2,y € (—00,0), then u =z and v = y.
Thus

u—v* =lz -y +klz —u—(y—v)" +2(z —u,y—v) Vke[01),

because |u —v]? = |z — y|? and klz —u — (y — v)|? = 2(x —u,y —v) = 0.

For all z,y € [0,00), choose u = 0 and v = 0 since
d(z, S 2) = inf{|z + 2z|, |x — 0|} = |z — 0],
and
d(y, Sry) = inf{|y + 2yl. ly = O} = |y — 0].

Clearly, Sy is k strictly pseudo-nonspreading multi-valued mapping of type-one.

For z € (—00,0) and y € [0, 00), then u = z and v = 0. Thus

lu—vf* = Jz—0P =z =]z —y+y|
= |z —y>+|y?+2(z —y)(y)

= o~y + ol + 5l + 20 - 9))
= fr— o + 5l + ) (500 + 20— )

1 3y
2 2
PV 20— 2)
2=yl + Syl + ) (20 - 5
1
< Jo—yP gy (since @€ (—00,0)
1
= lr—yf+5le—z—(y—-0) +0
1
— Jo -yl gle—u— (y = )P+ 2o - u)y - v).
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1
Thus, we obtain that S is 3 strictly pseudo-nonspreading multi-valued mapping of type-
one Vx,y € R.

Also, let Sy : R — C'B(R) with the usual metric on R be defined by

Sox = (4.4.6)
[__ ) O] (—O0,0}.

For all z,y € (0,00), choose u = x and v = y since
. 3x
d(z, Spx) = mf{|z —al, |z + o[} = |z — 2],
and
. 3y
d(y, Sey) = inf{ly —yl. [y + [} = ly —yl.
Thus

fu—o]? = | =yl + Kz —u— (y = 0)]+ 2z —u,y —v) Vk € [0,1),

since |u —v]? = |z —y|* and k|lz —u — (y — v)|* = 2(x —u,y — v) = 0.
Thus S5 is k-strictly pseudo-nonspreading multi-valued mapping of type-one.

For all z,y € (—o0,0], choose u = 0 and y = 0 since
_ 3x
d(z, Sox) = inf{|z + ?|, |z — 0]} = |z — 0],
and
: 3y
d(y, Sey) = inf{ly + —-|. [y =0} = |y — 0],

Clearly S, is k-strictly pseudo-nonspreading multi-valued mapping of type-one.

70



For z € (0,00) and y € (—00,0], then v = 2 and v = 0. Thus

u—vf> = Jz—0P =z =]z —y+y|
= |z —yP+y?+2(z—y)(y)
1 1
= |z —y*+ §|y|2 + §|y!2 +2(z —y)(y)

= Jo—yP + ol + o) (50) + 202~ )

1 3
= |z —y*+ §|y|2 + (y) (200 — 7y>

1 .
< Jz—ylP+3lyl (since y € (—00,0])

1
Sle—z— (-0 +0

_ _2
= |z y|+2

= o~ 9+ gla—u— (g = 0) + 2z~ u)(y —v).

Thus, Ss is % strictly pseudo-nonspreading multi-valued mapping of type-one Vz,y € R.

Let A: R — Rand B : R — R by A(x) :gandB(x) — 3z, then A and B
are bounded linear operators with adjoints A*(x) = g and B*(r) = 3z respectively.
1
Ch _ = - n Op = 2 = =1,2,...,5, and
oosen o, = TL—H’ Bn - —17 n —17 Tim = 2n+3’Z y &y eeey 0y Al
5(1 4+ E) 7(1+4 E)
Tin = fyse ! = 1,2,...,5, then our iterative scheme (4.3.1) becomes: for xg, yo, u and
veER,
(
=t (n——i—l)x"’
' ot ()
5 n - nA* A n - B n
( = 13zr1n+1>(w A" (Aw an));
B4 5 (4.4.7)
( 1= 18177”—1—1)(2”—'—%1 (Aw, — Bzy)),
4n + 6 n—1
In =/ 1\ TL + —d’NJ VTL Z 07
T 5+ 1) 5(n+1)
on+7 n 2n Vn >0
n = —vn —CTL7 n — )
L " T )" T Tt 1)

where d,, € Siu,, such that d,, = u,, if u, < 0 and d,, = 0 if u,, > 0, also ¢, € Syv,, such
that ¢, = v, if v, <0and ¢, =0if v, >0, A*=A, B* =B and

 ( 2 Awn — Bzl
Tn €, ||A*(Aw, — Bz,)|]2 + || B*(Aw, — Bz,

IE —e), n € Q.

Otherwise, v, = v(y being any nonnegative value), where the set of indexes Q2 = {n :
Aw,, — Bz, # 0}.
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Case I.
(a) Take 9 = 1,99 = —1,u = 0.5 and v = 1.
(b) Take xo = 1,50 = 1,u = 0.5 and v = 1.

Case II.
(a) Take xy = 0.02,yo = 0.3,u = 0.03 and v = 0.005.
(b) Take g = 0.1,y0 = 1,u = 0.2 and v = 0.2

The Matlab version used is R2014a and the execution times are as follows:

1. (case Ia, e = 107*) and execution time is 0.024 sec.
2. (case Ta, e = 107%) and execution time is 0.025 sec.
3. (case Ib, e = 107*) and execution time is 0.019 sec.
4. (case Ib, e = 1079) and execution time is 0.025 sec.
5. (case ITa, e = 107*) and execution time is 0.019 sec.
6. (case ITa, ¢ = 107%) and execution time is 0.025 sec.
7. (case IIb, e = 107*) and execution time is 0.021 sec.
8. (case ITb, e = 107%) and execution time is 0.025 sec.

See Figure 6.5, Figure 6.6, Figure 6.7 and Figure 6.8 to see how the sequence values are
affected by the number of iterations.
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CHAPTER b

Approximation of Common Fixed Points for Bregman Mappings
and Common solutions of Convex Minimization and Variational
Inequality Problems in Reflexive Banach Spaces

In this chapter, we propose an iterative algorithm for approximating a common fixed point
of an infinite family of quasi-Bregman nonexpansive mappings which is also a solution to
finite systems of convex minimization problems and variational inequality problems in
real reflexive Banach spaces. We obtain a strong convergence result and give applications
of our result to finding zeroes of infinite family of Bregman inverse strongly monotone
operators and finite system of equilibrium problems in real reflexive Banach spaces.

5.1 Introduction

Let A be a monotone mapping defined from C into E* and N¢{q} be a normal cone to C
at ¢ € E,i.e No{q} ={£ € E*: ({,q—u) >0, VYue€ C}. Define a mapping M by

Aq+ Ne{qy, qeC
Mg = (5.1.1)
0, q¢ C.

Then M is maximal monotone and z* € M~1(0*) <= x* € VI(C,A), (see, e.g [106]). The
resolvent of M is the operator Res?, : E — 2 defined as follow (see [10])

Resh,(z) = (Vf + M) o V(). (5.1.2)

It is well-known that Resﬁd is BFNE and single-valued on its domain if f|in¢(gom ) is strictly
convex (see [10], Proposition 3.8(iv)).
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For any r > 0, the Yosida approximation of A is defined by
1 s
M, (z) = ;(v fla) -V f(Reer(a:)>, (5.1.3)

(see [103]). From Proposition 2.7 in [103], we know that (Res’,,(z), M,(z)) € G(M) and
0* € Mz if and only if 0* € M,z for all » > 0. Also, it is known that if F(ResfiM) £ 0,

for all z € E and q € F(Res/,,), we have
Dy(q, Res?,,(x)) + Ds(Res!,,(x),z) < Ds(q,z), (5.1.4)
(see [103]).

Consider the following constrained convex minimization problem:
minimize{¢p(x) : x € C}, (5.1.5)

where ¢ : C' - R U +00 is a real-valued convex function. We say that the minimization
problem is consistent if the minimization problem has a solution. The gradient projection
method for finding the approximate solutions of the constrained convex minimization
problem in Hilbert spaces is based on the behavior of the gradient of the objective function

V¢ such as strongly monotone and L- Lipschitzian (see, [30, 31, 113] and reference therein).
However, there are several difficulties on extending this method to Banach spaces, (see for
example [29]).

One way to overcome these difficulties is to use the proximal operator introduced by
Bauschke, Borwein and Combettes (see [10]). If f: E — R U {400} is a Legendre and
convex function, then the operator jm“ozn(;5 : E — 2% is given by

proxf = (3(f + )xgb)) - oV/, A >0 (5.1.6)

and is well defined, where ¢ : E — RU{+00} is lower semicontinuous and convex function
such that dom(f)Ndom(¢) # 0. The fixed point of proz?, F(prox?) is a solution of (5.1.5)
(see [10], Proposition 3.22).

In order to prove the convergence of the iterates of proxf, we need nonexpansivity proper-
ties of this resolvent operator. Bauschke, Borwein and Combettes [10] introduced the class
of Bregman firmly nonexpansive operators and proved that the resolvent proxf belongs
to this class under the range condition: ran(proz}) C int(domf) and proved many other

properties of this resolvent (see [10]).

5.2 Preliminaries

In this section, we shall state some known results that will be used in the sequel.

Definition 5.2.1. Let f : E — RU{+00} be a convex and Gateaux differentiable function.
The Bregman projection of x € int(domf) onto the nonempty, closed and convex subset
C C int(domf) is defined as the necessarily unique vector Projé(x) € C satisfying

Dy (Projl(z),z) = inf{Ds(y,z) : y € C}. (5.2.1)
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It is known from [29] that z = Proj/(z) if and only if
(Vf(x) = Vf(2),y—2) <0  forallyecC. (5.2.2)
We also have
Dy(y, Projl(z)) + Ds(Projl(z),x) < Df(y,x)  forallze E, yeC. (5.2.3)

Lemma 5.2.1. [101] (Characterization of Bregman Projection): Let f be totally con-
vex on int(domf). Let C be a nonempty, closed and conver subset of int(domf) and
x €int(domf), if w € C, then the following conditions are equivalent:

1. the vector w s the Bregman projection of x onto C, with respect to f,

it. the vector w is the unique solution of the variational inequality

(Vf(x) =Vf(z),z=y) =20  Vyel,

1. the vector w is the unique solution of the inequality
Df(yvz)—i_Df(Z»x)SDf(y?x) VyEC.

Lemma 5.2.2. [98] Let E be a real reflexive Banach space, let f : E — R U {+o0} be
a proper semicontinuous function, then f* : E* — R U {+oo} is a proper weak* lower
semicontinuous and convex function. Thus for all z € E one has

N N
D, (z,Vf*(Ztin(xi))> <3 4Dz, 1), (5.2.4)
i=1 i=1
Lemma 5.2.3. [68] Let E be a reflexive Banach space, let f: E — R be a strong coercive

Bregman function and let Vi : E x E* — [0, +00) be defined by
Vi(z,2") = f(z) — (z,2") + f*(z"), xz€FE, "€k (5.2.5)
then the following assertions hold:
i. Di(x,Vf(z*)) =Vi(z,z*) for allz € E and z* € E*,
. Vi(x,a*) + (Vf*(a*) —z,y*) < Vi(x,z* +y*) forall x € E and z*, y* € E*.

Lemma 5.2.4. [29] Let f : E — RU {400} be a convex function whose domain contains
at-least two points. Then the following statements holds:

1. f s sequentially consistent if and only if it is totally convex on bounded subsets.

1. If f is lower semicontinuous, then fis sequential consistent iof and only if it s uni-
formly convex on bounded subsets.
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1i. If f1s uniformly strictly convex on bounded subsets, then it is sequentially consistent
and the converse implication holds when f is lower semicontinuous, Fréchet differ-
entiable on its domain, and the Fréchet derivative V f is uniformly continuous on
bounded subsets.

Lemma 5.2.5. [89] Let r > 0 be a constant and let f : E — R be a continuous uniformly
convex function on bounded subsets of E. Then

P ) <3 anf (@) — asagpn(lle: - z51), (5.2.6)
k=0 k=0

for alli,j e NUO, ), € By, oy € (0,1) and k € NUO with "> ay = 1, where p, is the
guage of uniform convezity of f.

Lemma 5.2.6. [I01] If f : E — R is uniformly Fréchet differentiable and bounded on
bounded subsets of E, then V f is uniformly continuous on bounded subsets of E from the
strong topology of E to the strong topology of E*.

Lemma 5.2.7. [26] The function f : E — R is totally conver on bounded subsets if and
only if it is sequentially consistent.

Lemma 5.2.8. [103] Let f : E — R be a Gateauz differentiable and totally convex func-
tion. If xo € E and the sequence {D(x,,x0)} is bounded, then the sequence {x,} is also
bounded.

Lemma 5.2.9. [77] Let {a,} be a sequence of real numbers such that there ezists a subse-
quence {n;} of {n} such that a,, < an,+1 for alli € N. Consider the integer {my} defined

by
my =max{j < k:a; < a1}

Then {my} is a nondecreasing sequence verifying lim,_,., m, = oo, and for all k € N the
following estimate hold:

Umy, < Qyr1,  and - ag < Gy

We prove the following lemma.

Lemma 5.2.10. Let f: E — R be a convex and Gateaux differentiable function. Let ¢ :
E — RU{+o0} be lower semi-continuous and convex function such that dom(f)Ndom(¢p) #
0 and ran(prosl) C int(domf). For all x € E, u € F(proxl) and A > 0, then we have the
following

Dy(u, proz$(x)) + Dy(proxf(z),z) < Dy(u, ). (5.2.7)
Proof. Since prox{ is a BFNE operator, it follows from (2.3.16) that for all z,y € E,

Dy(provt(@), provt(y)) + Dy(prozl(y), provt(@)) < Dylprozl(e),) — Dy(provt(a),)
+ Df(proxf(y),x)
—Dj(proz3(y),)-
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Letting y = u € F(proz?), we have

Dy(proa(e),w) + Dy(u,proal(e)) < Dylproa(e),u) — Dy(prof(z),z) + Dy(u,a)
—Dy(u,u).

Thus

Dy(u, prozj(x)) + Dy(proz(z), x) < Dy(u, x).

5.3 Main result

We are now in the position to state and prove the main result of this chapter.

Theorem 5.3.1. Let F be a real reflexive Banach space and let C' be a nonempty, closed
and conver subset of E. Let f : E — R be a coercive Legendre function which is bounded,
uniformly Fréchet differentiable and totally conver on bounded subsets of E. For each
1=1,2,...N, let ¢, : C — RU{+o0} be proper lower semicontinuous functions such that
domfndomg; # O and mn(pro:z:fl) C int(domf). Fork =1,2,...m let Ay : C — E* be
continuous and monotone operators and let {T;}2, be sequence of uniformly continuous
quasi-Bregman nonexpansive mappings from C into itself, such that F(T;) = F(T;) for all

i > 1. Suppose T' := <ﬂ;’il F(ﬂ)) N (ﬂ{il F(proxf;)) N (ﬂ?zl VI(C, Ak)> # (0. For
u,xg € C, let {x,} be iteratively generated by

U, = proxff o proxfi"l 0..0 proa:i’i <Vf*(ozan(u) +(1— an)Vf(xn))>,
Yo = Res{an o Resanm_l 0..0 ResfﬂBlun, (5.3.1)

turr = VI (BonV fln) + 50 BinV f(Tin) ), 120,
where

Agr + Ne{z}, z€C
B = (5.3.2)
®> z ¢ C’

fork=1,2,....m and Nc{x} is a normal cone to C at x € E and X\, 1, >0, {a,} and
{8} are two sequences in (0,1) such that

i limy e, =0 and Yo, = 00,
. Himinf, o Bin >0 and > 00 Bin = 1,

1. liminf,,_ . r, > 0.
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Then {x,} converges strongly to Projjrcu, where ij{: 1s the Bregman projection of C onto

r.

Proof. Let x* = Projf:u. Putting ©F = proxffjproasz’l .. .proxf;, where 0% =T
and U = ResanmResZan_l . Resanl, where WY = 1. Let w, = Vf*(a,Vf(u)
+ (1 = ay)Vf(zy)), then

Dy(x*,u,) = Dy(a”, @flvwn)
Dyg(x™, @fzv_lwn)

IN

Dg(z*, wy)
D@, Vf* (anV () + (1 = @)V (wa) )
< o, Dy(z",u) + (1 — an)Dys(z*, zy). (5.3.3)

Also,

BO,an (33'*, yn) + Z ﬁz,an (3:*7 T'zyn)

=1

/BO,an ([E*, yn) + Z ﬁi,an (37*7 yn)

=1
= Df(l’*, @;”un)
Df(x*,lpfl”_lun)

IN

IN

IN

De(x*, uy). (5.3.4)
Therefore, it follows from (5.3.3) and (5.3.4) that

De(x*, 1) < anDp(z",u)+ (1 — ) Ds(x™, x,)
< max{Df(x*,u),Df(x*,xn)}

N

< max {Df(:c*, u), Dy¢(z", xg)}. (5.3.5)
Therefore {D¢(x*, x,)} is bounded and by Lemma 5.2.8, we obtain that {x,} is bounded.

Furthermore, let s = sup{[|Vf(yn)[, ||V f(Tiyn)||} and pf : E* — R be the guage of
uniform convexity of the conjugate function f*. From Lemma 5.2.3, Lemma 5.2.5, (5.3.1)
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and (5.3.4), we have

Df($*7 xn-i-l)

Thus

IN

IN

IN

Dy (V5 (BonV F () + i_oj BinV (i) )

Vi (2", Bon ¥ f (30) + fj BinV I (Tiy))

F(@) = (&, BonV () + i BV £ (Ti)) + 1 (Bon ¥ F (92)

+ i BinVf (E%))

Bonf (") + Zﬁmf — Bon(a®, V f(yn)) Zﬁ v,V f(Tyn))
+ Bon*(Vf (yn)) + Z Bin " (V f (Tim))

o oI ) = 91T

o | £ (@) = (& T F () + £V Fln) ]| + Zﬁm[ o, V(L)
P = o3 Ao (19 0) = T T

o)+ 3 B T = o 3 B (19 ) =~ )

ﬂOan ayn +Zﬁanf 7yn) - /BO,nZﬂi,np: <||vf(yn) - vf(,-rzyn)H)
i=1

Dy(a ) = o Y et IV ) — V1 T

De(x*, xpy1) < anDy(a",u) + (1 — ay)Ds(a”, z,)

o Y Bin (I () = V(T (5.3.6)

We now divide the rest of the proof into two cases.

Case I: Assume that {D(z*, z,)} is monotonically decreasing. Then {Dy(z*, x,)} con-
verges and Dy(z*, z,41) — Dy(2*,2,) — 0 as n — oo. Thus from (5.3.6), using the fact
that lim,,_,., i, = 0, we obtain

Tim Bon > Binel (119 () = VI (Ta)ll) = 0. (53.7)

i=1
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Since liminf,_,« £;, > 0 and by the property of p%, we have
lim ||V f(yn) — Vf(Ty)|| =0, Vi=1,2,.... (5.3.8)
n—oo

Since f is strongly coercive and uniformly convex on bounded susets of E, f* is uniformly
Fréchet differentiable on bounded sets, then from (5.3.8), we obtain

1i_>m llyn — Tiya|| = 0, Vi=1,2,.. (5.3.9)
We note that
lim D¢(wy,,x,) = h_}m [Di(V (0, Vf(u)+ (1 — 0,V (), 2,)]

n—oo

< lim [0, Ds(u, ) + (1 — a) D (2, )]
n—oo
= 0. (5.3.10)
By Lemma 5.2.7, we have
nh_)rrgo [|w, — x,|| = 0. (5.3.11)

Since f is uniformly Fréchet differentiable on bounded subset of F, then by Lemma 5.2.4,
we have

lim [ f(wn) = Vf@)l| = 0. (5.3.12)

Also, since f is uniformly Fréchet differentiable on bounded subset of F, then f is uniformly
continuous on bounded subset of F, thus we have

Tim [[f (wn) = f(za)|] = 0. (5.3.13)

From the three-point identity property of the Bregman distance function (2.3.9), we know
that

Dy w,) = Dy 20) = (Vf(2a) = V(w,), 2" —w,) = Dylwy, )
f

Vf(zn) = V(wn), 2" —wp) + f(zn) — f(wn)

o~ o~

+(Vf(xn),w, — xp). (5.3.14)
Thus, it follows from (5.3.11), (5.3.12), (5.3.13) and (5.3.14) that
lim [Dy(z*, wy,) — Dy(z*, z,)] = 0. (5.3.15)
n—oo

Since z* € F (prox/\ ) for all n > 0, we observe that

D¢(z*,0Nw,) = Ds(x ,prox)\N@N Lw,) < Dp(z*, 08 w,) < ... < Dy(z*,w,)(5.3.16)

By Lemma 5.2.10, (5.3.4), (5.3.15) and (5.3.16), we obtain

Df(um@r]yilwn) f($*>@£zv ! ) Df(x un)
Dy(z*, wy) = Dy(x", Tpy1)
D¢(x*,wy) — Dy(x*, 2,) + Dy(x™, xp)
—Dy(2", xpq1) — 0, asn — oo. (5.3.17)

<
<
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Thus

lim [|u, — ©Y tw,|| = 0. (5.3.18)

n—oo

Similarly, we have

Df(@r]yilwn? @7];7721‘]71) < Df($*> 971277210”) - Df(.%'*, @gilwn)
< Df(x*7 wn) - Df(x*’ xn—&-l)
= Dy(a",w,) — Dy(a",2,,) + Dy(x™, )
—Dys(2", xpq1) — 0, asn — oo,
and
lim ||©) 1w, — 6Yw,|| = 0. (5.3.19)
n—o0
In a similar way, we can verify that
lim [|©) 2w, — 0N Pw,|| = lim [|0)w, — ) *w,|| =
n—oo n—oo

=... = lim ||©w, —w,|| = 0. (5.3.20)
n—oo
Hence,
lim |ju, —w,|| < lim [|Ju, — OY " w,|| + lim [|©) 'w, — N 2w,||
+ -+ lim ||©}w, — w,|| = 0. (5.3.21)
n—oo

Therefore, from (5.3.11) and (5.3.21), we have

lim ||u, — z,|| < lim ||Ju, —w,|| + lim ||w, — 2,|| = 0. (5.3.22)

Furthermore, since f is uniformly Fréchet differentiable on bounded subset of E, then by
Lemma 5.2.4, we have

Tim ||V f(un) = V (2] = 0. (5.3.23)

Also, since f is uniformly Fréchet differentiable on bounded subset of F, then f is uniformly
continuous on bounded subset of E, thus we have

lim || f(uy) — f(z,)]| = 0. (5.3.24)

n—0o0

Also, from the three-point identity of Bregman distance function, we obtain

Dy, 20) = Dy ) = (Vf(un) = VF(a), " = 0) = Dy(as )
= (Vf(un) — f(zn), 2" — 2p) + f(un) — f(2n)
H(V f(un), 20 — up). (5.3.25)

It follows from (5.3.22), (5.3.23), (5.3.24) and (5.3.25) that

lim |Dy(z*, x,) — Df(x*,un)] ~0. (5.3.26)

n—o0
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Also, since z* € F (Res{n B,,), We observe that
Dy(x*, ¥ uy,) = Dy(z”, Res{anWg‘_lun) < Dy(a*, W tu,) < . < Dy(a*,u,)(5.3.27)
Hence, from (5.3.4), (5.3.26) and (5.3.27), we have

Dy(yn, Wi "u,) = Dy(Res! 5 W tu,, v 'u,)

n

(
Df(l‘*, ‘I/ﬁn_lun) - Df(x*7yn)
(

<
< Dy(z*,u,) — Dp(x™, Tpt1)
= Ds(a",u,) — Dy(z*, z,) + Dy(a", z)
—Dy(2*, 2pp1) — 0, asn — oo. (5.3.28)
By Lemma 5.2.7, we have
lim ||y, — &7 u,|| = 0. (5.3.29)
n—oo
Hence
Tim [V £(3) — V£, = 0, (5.3.30)
Similarly

D0y, Wy,

n

Dy(x”, @T’L”’Zun) — Dy(a”, W[l”’lun)
Df(x*vun) - Df(x*>$n+1)
D¢(x*,up) — Dy(z*, z) + Dy(x", z)

IAINA

—Dy(2", xpy1) — 0, asn — oo. (5.3.31)
By Lemma 5.2.7, we have
Tim @Yy, — 0™ 2,|| =0, (5.3.32)
and hence,
i ([ £ ) = V20| = 0. (5.3.33)
In a similar way, we can verify that
i [0 — | = T (|2, — 0| =
= nh_)r{.lo W u, — u,|| = 0. (5.3.34)
Therefore, we conclude that
lim (W, — ¥, =0,  VYk=1,2,.,m (5.3.35)
Hence
Tim IV f(@Fu,) = VW )| =0, VE=1,2..m. (5.3.36)
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From (5.3.29) - (5.3.36), we obtain

lim |y, —u,|| < lim ||y, — WﬁnflunH + lim HW,TL”*lun — !I/mdunH +

n

.+ lim ||@lu, — u,|| = 0. (5.3.37)
n—oo
Thus
Jim [V (yn) =V f(un)]| = 0. (5.3.38)

Therefore, from (5.3.22) and (5.3.37), we have
Nyn — znll < [lyn — unl| + ||un — z4|] — 0, 1 — o0, (5.3.39)
Since T; is uniformly continuous for ¢ = 1,2, ..., it follows from (5.3.9) and (5.3.39) that
|20 = Tinll < {2 = yall + lyn — Tignl| + [[Tign — Tizn|| — 0, n — 00, Vi > 1.

Since {z,} is bounded and E is reflexive, there exist subsequence {x,;} of {z,} that con-
verges weakly to ¢ € C' as n — co. Since F(T}) = F(T}), then ¢ € F(T}) for all i > 1.
Hence, ¢ € N2, F(T;).

We now show that ¢ € ﬂ{\;lF(prowfl ). From (5.3.18), (5.3.19) and (5.3.20), we observe
that
lim ||©'w, — 6 w,|| =0, for I =1,2,..N. (5.3.40)
n—oo
Thus, from (5.3.40), we have

||@Tllwn —wy|| = ||pr0x)\ Wy, — wy|| — 0, as n — oo.

107w — wall < ||€7wn — Oy wnl] +[|©3wy — wnl| — 0, as n — co.

H@r]yilwn_wnH > H@gilwn_@nNﬂwnH""H@gian_@r]yigwnH‘F"-
+1©2w, — OLwy,|| + [|OLw, — w,|| — 0, as n — oco.
H@ann_wnH < ||@nN_®7]yilwn|| + H@gAwn_@flVianH +

A+ |Opw, — wy|] — 0, as n — oco.
Hence, it follows that

lim ||©%w, — w,|| = lim |jproz O w, —w,|| = 0. for [ =1,2,...,N. (5.3.41)
n—00 n—00 i

Without loss of generality, let {w,, } be subsequence of {w,} such that w,, — ¢, for each

[l =1,2,...,N. From (5.3.41) and the nonexpansiveness of p?"oa: yforl=1,2,...,N, we
have

]

|[prox§! wn].—wnjH = Hprox‘m

Wy, —proxkl e 1wn || + Hprox/\l e 1wn] — Wp, ||

IN

H@len] wnjH—i—Hpro:cA’ e 1wn] wnjH — 0, (5.3.42)
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as j — oo, for each [ =1,2,..., N. It follows that ¢ € F(prox)\ ), for each I = 1,2, ..., N.

Therefore, g € ﬂl]ilF(proxfl )

Next we show that ¢ € N7, VI(C, A). By (5.1.1), we have that By is maximal monotone
for each £k = 1,2,...,m. We note that kaun = Resr Bk@,’f Y, and so, by the Yosida
approximation (5.1. 3) we have

1 _
(1B, 0 unl| = —[IV (@ ) = Vf (#un)]. (5.3.43)

From (5.3.36), (5.3.43) and liminf, .7, > 0, k =1,2,...,m, we have

lim ||B,, ¥ u,|| = 0. (5.3.44)
n—oo

Tm>mn

Let (wy,ws) € G(By) for each k = 1,2, ..., m, then it follows from the monotonicity of By,
k=1,2,...,m that
(wy — By, W, wy — TFu,) > 0. (5.3.45)

Tm—n

Since ||yn; — ;|| — 0, j — 00, then y,, = ¥} u,, — ¢, thus from (5.3.44) and (5.3.45),
we obtain

(we, w1 — q) > 0. (5.3.46)

Hence ¢ € B, '(0%) for each k = 1,2, ...,m. It follows that ¢ € VI(C, A;) for each k =
1,2,...,m. Therefore, ¢ € N7, VI(C, Ay).
On the other hand, from (5.3.4), we obtain

Dy(x*,xny1) < Dy(a",uy)
= Dy, ON (VF (@nV () + (1 = ) Vf())))
Dy (2,0 UV F (@ V f(w) + (1 = ) Vf())))

IN

= Dy (2", Y 0V () + (1~ )V ()

< V(2" an V() + (1= )V (@) = an(Vf(w) = Vf(")))

T {an( V() = V(@) 2nsr — 2°)
= V(2" anVF@) + (L= an) V() ) +an(V () = VF@) zn — )
< V(@' V(@) + (L= an)Vy (@', V() + (V) = Vf(a),

S :E*>

(1= an) Dp(a", 20) + an(V f (1) = Vf(27), 201 — 2).

It follows from the definition of Bregman projection (5.2.2) that

limsup(V f(u) = Vf(z*),zp1 — 2%y = (Vf(u) = Vf(a*),qg—2") <0. (5.3.47)

n—0o0
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Therefore, using Lemma 2.5.6, (5.3.47) and (5.3.47), we obtain Ds(z*,z,) — 0, n — oo.
Thus z,, — z*, n — occ.
Case II: Suppose there exist a subsequence {n;} of {n} such that

D¢(x*,xpn,) < Dp(x™, 2p,41) (5.3.48)

for all & € N. Then by Lemma 5.2.9, there exists a nondecreasing sequence {my} C N
such that my — oo,

Dy(z*, 2, ) < Dy(2", @my41)  and  Dp(2", Tmyi1),
for all £ € N. Furthermore, we obtain

Df(x*7xmk) - Df(x*7Tixmk> = Df(x*7xmk) - Df(x*vxmk-i-l) + Df(x*vxmk-&-l)
_Df(x*7TixWLk)
< Df(x*>$mk) - Df(x*v xmk-i-l) + an(Df(x*a u)
—Dy(z",2p,)) = 0, k— 0.

It then follows that

lim D¢(Ti%m,, Tm,) = 0. (5.3.49)

k—o0

Following the same argument as in Case I, we obtain

limsup(V f(u) — Vf(2"), T, +1 — ) <0, (5.3.50)
k—o0
and
D¢(z", Tpmyt1) < (1= ) Dp(a™, 2, ) + m, (Vf(u) = V(2"), 2, —2*). (5.3.51)
Thus

amkDf<x*7 xmk) < Df('r*? xmk) - Df(x*7$mk+1> + Qi <Vf(u) o Vf(.%'*), Tmy — 1‘*>
Since Dy(x*, T, ) < Dy(2*, 2, 41) and ayy,, > 0, we get
D¢(x*, xp,) < (Vf(u) = Vf(z"),zm, — ). (5.3.52)

It then follows from (5.3.50) that D(z*, ., ) — 0, & — oo. From (5.3.51) and (5.3.52),
we have

Dy(x", xp41) = 0, k — o0. (5.3.53)

Since Dy(x*,x) < Dy(z*, 2, +1) for all k& € N, we conclude that z;, — 2* as k — oo.

Hence both cases imply that {z,} converges strongly to * = projiu.
O

We now state the following consequences of Theorem 5.3.1.
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Corollary 5.3.2. Let E be a real reflexive Banach space and let C' be a nonempty,
closed and convex subset of K. Let f : E — R be a coercive Legendre function which is
bounded, uniformly Fréchet differentiable and totally convex on bounded subsets of E. Let
¢ : C — RU {400} be proper lower semicontinuous function such that domfNdom¢p # 0
and ran(pros}) C int(domf). Let A : C — E* be continuous and monotone oper-
ator and let {T;}52, be sequence of uniformly continuous quasi-Bregman nonexpansive
mappings from C into itself, such that F(T;) = F(E) for all © > 1. Suppose I' =
(N2, F(T;)) N F(proxfn) NVI(C,A) #0. Foru,zo € C, let {x,} be iteratively generated
by

wn = prosf (VI (@ V@) + (1 - a) V().
Yn = Res! pun, (5.3.54)
LTnt1 — vf* (BO,nvf<yn) + Zfil Bz,nvf<ﬂyn)>a n 2 07

where

Az + No{z}, ze€C
Ba = (5.3.55)
0, x ¢ C,

and Ne{z} is a normal cone to C at v € E and \,, v, > 0, {a,} and {B,} are two
sequences in (0,1) such that:

i lim, o, =0 and Y 07 oy, = 00,
. liminf, o B, >0 and Y .2, fin = 1,

6. liminf,,_ . r, > 0.

Then {z,} converges strongly to Proj{:u, where Proj{: is the Bregman projection of C' onto

r.

Corollary 5.3.3. Let F be a real reflexive Banach space and let C be a nonempty, closed
and conver subset of E. Let f : E — R be a coercive Legendre function which is bounded,
uniformly Fréchet differentiable and totally convexr on bounded subsets of E. For each
l=1,2,...N, let ¢, : C — RU{+o0} be proper lower semicontinuous functions such that
domfndome; # O and ran(proal') C int(domf). For k = 1,2,...m let Ay : C — E* be
continuous and monotone operators and let {T;}2, be sequence of uniformly continuous
Bregman strongly nonexpansive mappings from C into itself, such that F(T;) = ﬁ’(Tz) for

all i > 1. Suppose I' := <ﬂ;‘il F(E)) N (ﬂf\il F(proxfi)) N (ﬂﬁzl VI(C, Ak)> # (. For
u,xg € C, let {z,,} be iteratively generated by

Uy, = proxfg o proxfﬁf‘l 0...0 proxfi <Vf*(ozan(u) +(1- an)Vf(xn))),
Y,  =Res! ; oRes! , oRes! ;u,, (5.3.56)
tnir = VI (B (ga) + S50 BV (Tig)), 0> 0,
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where

Az + Ne{z}, xe€C
Bua = (5.3.57)
®7 x ¢ C(7

fork=1,2,....m and Nc{x} is a normal cone to C at x € E and X\, r, >0, {a,} and
{Bn} are two sequences in (0,1) such that:

i lim, oo, =0 and )" a, = 00,
. liminf, .o B, >0 and Y .2 Bin = 1,

6. liminf,,_ . r, > 0.

Then {z,} converges strongly to Proj{:u, where Proj{: 1s the Bregman projection of C onto
r.

5.4 Applications

5.4.1 Zeroes of Bregman inversely strongly monotone operators

Let the Legendre function f be such that
ran(Vf—.8) Cran(Vf), (5.4.1)

the operator S : E — 2% is called Bregman Inversely Strongly Monotone (BISM) if
(domS) N (int(domf)) # 0 and for any z,y € int(domf) and each £ € Sz, n € Sy, we
have

(€=n,(Vf(x) = &) = VI (VIly) —n)) = 0. (5.4.2)

This class of operators was introduced by Butnariu and Kassay (see [2%]). For any operator
S : E — 2F" the anti-resolvent S/ : E — 2F of S is defined by

ST =Vf o (Vf-259). (5.4.3)

Observe that domS’/ C (domS) N (int(domf)) and ranS’ C int(domf). The operator S
is BISM if and only if the anti-resolvent S’ is a single-valued BFNE operator (see [23]).
Some examples of BISM operators can be seen in [28]. From the definition of anti-resolvent
and ([28], Lemma 3.5), we obtain the following proposition.

Proposition 5.4.1. Let f : E — RU {400} be a Legendre function and let S : E — 2F°
be a BISM operator such that S7'(0)* # (. Then the following statements hold:

i. STH0)" = F(S),

i. for any u € STY(0)* and x € domS’, we have
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Di(u, S7z) + Ds(S 2, 2) < Dy(u, z).

So, if the Legendre function f is uniformly Fréchet differentiable and bounded on bounded
subsets of E, then the anti-resolvent S/ of S is single-valued BSNE operator which satisfies

F(87) = F(s)

(see [102], Lemma 1.3.2).

In Theorem 5.3.1, if we let T, = 57 and let f be the Legendre function such that (5.4.1)
is satisfied, then we obtain the following result for approximating a common zeroes of an
infinite family of Bregman inversely strongly monotone operators which is also a solution
to the set of finite families of convex minimization problem and variational inequalities
problems.

Theorem 5.4.2. Let F be a real reflexive Banach space and let C' be a nonempty, closed
and convex subset of E. Let f : E — R be a coercive Legendre function which is bounded,
uniformly Fréchet differentiable and totally convex on bounded subsets of E satisfying
the range condition. For each | = 1,2,...,N, let ¢, : C — R U {400} be proper lower
semicontinuous functions such that domfNdom¢; # O and mn(pmxfl) C int(domf).
For k = 1,2,...m let Ay : C — E* be continuous and monotone operators and let

(T3}, = {S7Y2, such that F(T)) = F(T}) for all i > 1. Suppose I := (ﬂg’il F(ﬂ)) N
(ﬂfilF(proxffLD N <ﬂ?:1VI(C, Ak)) # 0. Foru,zq € C, let {x,} be iteratively generated
by

Uy, = proxfi’ o proxfj‘l 0..0 proxfi <Vf*(ozan(u) +(1-— an)Vf@n))),
Yo = Resfanm o Resanm_l 0..0 Resanlun, (5.4.4)
Tp+1 = vf* <ﬁ0,nvf(yn) + Zfil ﬁz,nvf(,-rzyn)>a n Z 07

where
Agzr + Ne{z}, z€C
®7 z ¢ C’
for k=1,2,...,m and Nc{z} is a normal cone to C at x € E and A\, r, > 0, {a,} and

{B,} are two sequences in (0,1) such that:

i limy, o, =0, and Y7 0y, = 00,
. liminf, o B, >0 and 3.2, fin = 1,

6. liminf,,_ . r, > 0.

Then {x,} converges strongly to Projf:u, where Projf: 1s the Bregman projection of C onto
r.
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5.4.2 Equilibrium problem

Let C be a nonempty closed and convex subset of the Banach space E and g : C x C' — R
be a bifunction. We recall that the equilibrium problem (EP) is to find z € C such that

g(z,y) >0  Vyel. (5.4.6)
Let & € C, setting
9(x,y) = 0(y) —o(x)  Vyel,

the equilibrium problem (5.4.6) coincides with the convex minimization problem (5.1.5)
and the function ¢ satisfy conditions L1 - L4 of Section 2.4.1 (see, [15]). The resolvent of
the bifunction g is the function Res/ : E — 2¢ defined by (see,[101])

Resg(x) ={ze€C:g9(z,y) + (Vf(z) = Vf(z),y—=2) >0, VyeC}. (5.4.7)

Proposition 5.4.3. (see [101]) Let f : E — R U {+o00} be a coercive and Legendre
function. If the bifunction g : C' x C' — R satisfies conditions L1 - L4, then

1. Resg 15 single-valued,

2. Resg 1s BFNE,

3. F(Res!) = EP(g),

4. EP(g) is a closed and convex subset of C,

5. for all x € E and q € F(Res]),

Dy(q, Resg(m)) + Df(Resg(x),x) < Dy¢(q, x).

Setting ¢, = ¢;, | = 1,2,...,N in Theorem 5.3.1, then, we have an iterative algorithm
for approximating a common solution of infinitely family of quasi-Bregman nonexpansive
mappings which is also a common solution of finite systems of equilibrium problems and
variational inequality problems in reflexive Banach spaces.
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CHAPTER 6

Conclusion, Contribution to Knowledge and Future Research

6.1 Conclusion

In this dissertation, we introduced some iterative schemes for approximating common ele-
ment of set of solutions of minimization problems, variational inequality problems, mono-
tone variational inclusion problems, generalized equilibrium problems, generalized mixed
equilibrium problems and fixed point problems. We obtained strong convergence results
of the sequences generated by our iterative schemes without compactness assumption. We
also gave numerical examples of our main results in Chapter 3 and Chapter 4 in real
Hilbert spaces and show how the sequence values are affected by the number of iterations.
We gave application of our result in Chapter 5 to finding zeroes of Bregman inversely
strongly monotone operators in real reflexive Banach space.

6.2 Contribution to Knowledge

The following are contribution to knowledge:

1. Our Theorem 3.3.1 improve the result of Shehu [105] from approximation of common
solution of generalized equilibrium problem, monotone variational inclusion problem
and fixed point problem to common solution of split equalities for generalized equi-
librium problem, monotone variational inclusion problem and fixed point problem in
Hilbert space. Also the class of k& demi-contractive mapping considered in our work
is larger than the class of nonexpansive mapping consider in [105].

2. In [73], the authors obtained weak convergence result on approximation of com-
mon solution of equilibrium problem and fixed point problem of k-strictly pseudo-
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nonspreading multi-valued mapping in Hilbert space, while, our Theorem 4.3.1
present a strong convergence result. We also extend the work of [73] to split equali-
ties for generalized mixed equilibrium problem and fixed point problem of k-strictly
pseudo-nonspreading multi-valued mapping of type-one in Hilbert space.

3. Also, our iterative scheme (4.3.1) improved (1.2.5) presented by Ma et al. [75] in the
sense that (4.3.1) does not require a prior knowledge of the operator norm and the
condition of demi-compactness on the mappings.

4. Our Theorem 5.3.1 complements and extends many recent results in literature. For
example, the result of Kassay, Reich and Sabach [58] is extended to approximation of
common solution of finite systems of variational inequalities problems, convex min-
imization problems and common fixed point of infinite families of quasi-Bregman
nonexpansive mapping. Also, our Theorem 5.3.1 extend the results on convex min-
imization problem in Hilbert space (for instance, [113, 31, 30]) to reflexive Banach
space.

The following are submitted research articles based on our work for publication:

1. L.O. Jolaoso, F.U. Ogbuisi and O.T. Mewomo, Operator norm independent solu-
tion of split equality of systems of generalized mixed equilibrium problem and split
equality fixed point problem for certain multi-valued maps, submitted to Boletin de
la Sociedad Matemdatica Mezicana.

2. L.O. Jolaoso, F.U. Ogbuisi and O.T. Mewomo, On split equality for certain nonlinear
optimization and fixed point problems, submitted to Arkiv for Mathematik.

3. L.O. Jolaoso, F.U. Ogbuisi and O.T. Mewomo, An iterative method for solving
minimization, variational inequality and fixed point problems in reflexive Banach
spaces, submitted to Computation and Applied Mathematics.

6.3 Future research

In the future, we will like to extend our study of fixed point theorems for set-valued
mappings with weak contractions, generalized weak contractions, asymptotic contractions,
generalized asymptotic contractions and give numerical examples and applications of our
results in real Hilbert and reflexive Banach spaces.
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Figure 6.1: Errors: Case A(i), ¢ = 107* (left, 0.044sec), ¢ = 1075 (right, 0.045sec),

e =107'2 (bottom, 0.047sec).
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