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Abstract

Generalized CR (GCR)-lightlike submanifolds of indefinite almost contact manifolds were
introduced by K. L. Duggal and B. Sahin, with the assumption that they are tangent to
the structure vector field & of the almost contact structure (¢, 7, ). Contrary to the above
assumption, we have introduced and studied a new class of CR-lightlike submanifold of
an indefinite nearly a-Sasakian manifold, called quasi generalized CR (QGCR)-lightlike
submanifold. We have showed that QGCR-lightlike submanifold include; ascreen QGCR,
co-screen QGCR and the well known GCR-lightlike submanifolds. We have proved some
existence (or non-existence) theorems and provided a thorough study of geometry of their
distributions. Also, we have constructed many examples, where necessary, to illustrate the

main ideas.
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Chapter 0

Introduction and statement of main
results

0.1 Introduction

Cauchy-Riemannian (CR)-submanifolds of Riemannian manifolds were introduced by A.
Bejancu [2] as submanifolds of complex manifolds. CR-submanifolds is an important class
of submanifolds and many researchers investigated their properties, especially embedding
properties. Later on, the study was extended to CR-submanifolds of almost contact manifolds,
for example see [25], [27] and [28]. In [7] and [9], the authors introduced the notions of
contact CR-lightlike submanifolds of semi-Riemannian manifolds, and later studied by other
researchers, for instance, see [19] and [21] and other references therein.

Null or lightlike subspaces exist naturally in semi-Riemannian manifolds and they are
of great concern to modern differential geometry. In fact, lightlike geometry is widely
applied in mathematical physics, particularly, in general relativity and electromagnetism
[7]. A thorough study of geometry of lightlike submanifolds was first presented in 1996 by
Duggal and Bejancu [7] and later by Duggal and Sahin [9]. Since the tangent bundle of a
lightlike subspace intersects its normal space, they considered a splitting of the ambient space
into four non intersecting subspaces in which two of them are null and the other two are
non-degenerate. Their approach was later adopted my many researchers, including among
others; [8], [9], [10], [11], [19], [20] and [21].

In the two books [7] and [9], the authors initiated the study of generalized Cauchy-
Riemann (GCR)-lightlike submanifolds of an indefinite Hermitian and Sasakian manifolds
respectively. Later on, many papers appeared on these submanifolds in other spaces, like
for example [13] and [14] on GCR-lightlike submanifolds of indefinite Kenmotsu and
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cosymplectic manifolds respectively. In all the above mentioned work, the structure vector
field, &, of the almost contact structure carried by the ambient space was assumed to be
tangent to the submanifold. Moreover, when & is tangent to the submanifold, Calin [6] proved
that it belongs to the screen distribution. This assumption is widely accepted and it has been
applied in many papers on contact lightlike geometry [9, 10, 19-21]. In a different view, D. H.
Jin [16] introduced a new class of hypersurface, called, ascreen lightlike hypersurfaces which
are not necessarily tangent to & and later extended the ideas to half-lightlike submanifolds of
codimention 2 [15]. It is worthy mentioning that the position of & affects the geometry of the
submanifold at hand and therefore, its restriction to the tangent bundle of the submanifold,
especially, in its screen distribution is an over simplification which reduces computational
work but narrowing the research to only those submanifolds which are tangent to &. Choosing
& to be tangent to a CR-submanifold of Sasakian manifolds was first presented by Yano-Kon
in their book [27], in which they showed that if £ is normal then the resulting submanifold is
not a CR-submanifold. In fact, one gets an anti-invariant submanifold. Their argument is
based on the symmetry of the shape operator with respect to the induced Riemannian metric.
It is important to notice that the shape operators of a lightlike submanifold are generally
non-symmetric with respect to the induced lightlike metric and thus, we may not carry on
with the assumption & is tangeent to the submanifold in case of a lightlike submanifold.

Contrary to the above mentioned assumption, we introduced a new class of CR-lightlike
submanifold of a nearly Sasakian and nearly cosymplectic manifolds, known as quasi
generalized Cauchy-Riemann (QGCR)-lightlike submanifold [22, 23] in which & was not
necessarily tangent to the submanifold. We showed that QGCR-lightlike submanifolds
includes GCR-lightlike submanifolds and two other spacial CR-lightlike submanifolds,
called ascreen and co-screen QGCR-lightlike submanifolds. In this dissertation, we bring
together all our results by generalizing the ambient space to an indefinite nearly a-Sasakian
manifold, which includes nearly Sasakian and cosymplectic manifolds.

0.2 Main Results

In the recent work by Duggal and Sahin [10], they introduced the notions of generalized
Cauchy-Riemann (GCR)-lightlike submanifolds of indefinite Sasakian manifolds which are
tangent to the structure vector field . They proved that the above class of submanifold is
an umbrella of a number of CR-submanifolds, for instance contact CR-lightlike and contact
SCR-lightlike submanifolds. All these submanifolds can be found in their book [9].

This dissertation stands in contrast to Duggal and Sahin’s original assumption that

the structure vector field, &, is tangent to the submanifold and particularly, in the screen
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distribution. Thus, we have introduced a new class of CR-lightlike submanifold, called quasi
generalized CR (QGCR)-lightlike submanifold of an indefinite nearly a-Sasakian manifolds,
for which GCR-lightlike submanifold form part. In a QGCR-lightlike submanifold, the
structure vector field, £, is defined generally on the ambient space, such that its restriction
to the screen distribution reduces that QGCR-lightlike submanifold to the classical GCR-
lightlike submanifold [9]. We have studied a number of special cases of QGCR-lightlike
submanifold, like ascreen and co-screen QGCR-lightlike submanifolds.

In this dissertation, we establish some existence theorems for totally umbilical or totally
geodesic QGCR-lightlike submanifolds of indefinite nearly a-Sasakian manifolds in accor-
dance to the position of the structure vector field £&. Some of the results are noted in the next
theorems;

Theorem 0.2.1 ([22]). Let (M,g,S(TM), S(TM™')) be a totally umbilical or totally geodesic
proper QGCR-lightlike submanifold of an indefinite nearly o-Sasakian manifold (M 0
.1, &,8), with the structure vector field & tangent, normal or transversal to M. Then o« =0
i.e., M is an indefinite nearly cosymplectic manifold. Also, any QGCR-lightlike submanifold
carrying the structure vector field & in its screen distribution is a GCR-lightlike submanifold.

The above theorem offers a characterization of totally umbilical and totally geodesic
QGCR-lightlike submanifolds of indefinite nearly a-Sasakian manifolds. Moreover, it is
easy to see that the following corollary holds;

Corollary 0.2.2 ([22]). There exist no totally umbilical or totally geodesic proper QGCR-
lightlike submanifolds (M,g,S(TM), S(TM™)) of an indefinite nearly Sasakian manifold

(M, ¢ ,n,&,3) with the structure vector field & tangent, normal or transversal to M.

Also, we prove that the restriction of the ¢-constant sectional curvature ¢ to non-
degenerate subbundles of a QGCR-lightlike submanifolds in an indefinite nearly cosymplectic
manifold is actually a generalization of the results one gets if the indefinite nearly cosym-
plectic manifold is replaced with an indefinite cosymplectic manifold. Some of the findings
are Theorems 0.2.3 and 0.2.4 below;

Theorem 0.2.3 ([23]). Let (M,g,S(TM), S(TM™')) be a totally umbilical or totally geodesic
ascreen QGCR-lightlike submanifold of an indefinite nearly cosymplectic space form M(c),
of pointwise constant ¢-sectional curvature ¢, such that Dy and ¢.7 are spacelike and
parallel distributions with respect to V. Then, ¢ > 0. Equality occurs when M(¢) is an

indefinite cosymplectic space form.

When (M, g,S(TM), S(TM™)) is irrotational, we have the following;
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Theorem 0.2.4 ([23]). Let (M,g,S(TM), S(TM")) be an irrotational ascreen QGCR-
lightlike submanifold of an indefinite nearly cosymplectic space form M(c) of pointwise
constant a-sectional curvature ¢. Then, ¢ <0 or ¢ > 0. Equality holds when M(E) is an

indefinite cosymplectic space form.

The rest of the dissertation is arranged as follows; In Chapter 1, we introduce the basic
preliminaries which we will refer to in the other parts of the work. Chapter 2 introduces the
idea of QGCR-lightlike submanifolds, discusses some existence or non existance theorems
and also the integrability of distributions. In Chapter 3, we discuss the geometry of ascreen
QGCR-lightlike submanifolds. Totally umbilical and totally geodesic submanifolds are
discussed as well as minimal submanifolds. In Chapter 4, we discuss co-screen QGCR-
lightlike submanifolds and lastly, Chapter 5 winds up the dissertation by summarizing the
study and giving insights into future work.



Chapter 1

Preliminaries

1.1 Semi-Riemannian manifolds

In this brief section, we present the basic notions on semi-Riemannian manifolds from [7]
and [9], necessary for this dissertation.
Let 7 be an m-dimensional vector space endowed with a symmetric bilinear map g :
¥V x ¥ — R. One says that g is degenerate [7] on ¥ if there exist a vector E £ 0, of 7/,
such that
g(E,v)=0, Vve?,

else g is said to be non-degenerate.

Definition 1.1.1 ([7]). The radical (or null) space of ¥ with respect to g, is a subspace of ¥’
denoted by Rad 7" and defined by

Rad? ={Ec ¥ :g(E,v)=0,ve ¥}

The dimension of Rad 7" is known as the nullity degree, denoted by null ¥". It is easy to
see that g is degenerate or non-degerate if and only if null ¥ > 0 and null 7" = 0 respectively.
Further, the pair (¥,2) is called a semi-Euclidean space [7] if g is of index g, where
0 < g < m, and defines a scalar product on 7.

Suppose that # is a subspace of (7/,g), then the restriction g|, is either degenerate or
non-degenerate and in the first case, % is called a lightlike subspace of 7'; otherwise, # is
called a non-degenerate subspace of 7.

Let M be a real m-dimensional smooth manifold and g be a symmetric tensor of type
(0,2) on M. If g is non-degenerate on M, then one can say that g is semi-Riemannian metric

[7].
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Definition 1.1.2 ([7]). A semi-Riemannian manifold is a smooth manifold M endowed with

a semi-Riemannian metric g.

The tangent space Tpl\_/l of M, where p € M, is a semi-Euclidean space and any vector
u € T,M can fall in one of the following classes;

o spacelike if g(u,u) > 0oru=0,
e timelike if g(u,u) < 0, and
o lightlike (or null) if g(u,u) =0 and u # 0.
The above classification of vector u is known as its casual character [7].

Definition 1.1.3 ([7]). A linear connection V on a semi-Riemannian manifold (M,3) is
called a metric connection if the metric tensor g is parallel with respect to V, that is to say,
Vg =0.

From now on, we denote by I'(E) the set of all smooth sections of a vector bundle E over

M and 2" (M) to be a set of smooth functions on M. The metric connection above is also

known as the Levi-Civita connection and it satisfies the well known Koszul’s formula

g([Z7X]77)_§([Y>Z]7Y)ﬂ (1-1-1)

forall X,Y,Z € T(TM), where [, | denotes the Lie bracket (see [7] and [9] for details).
Definition 1.1.4 ([7]). The Riemannian curvature tensor R is a type (0,4) tensor defined as

R(X,Y,Z,U)=28(R(X,Y)Z,U), VX,Y,Z,UcT(TM), (1.1.2)

by

R(X,Y,Z.0)+R(V.,X,Z,0) =0, RX,¥,ZU)+RXY.0,Z) =0, (.14

R(X,Y,Z,U)—R(Z,U,X,Y) =0, VX,Y,Z,U e T(TM). (1.1.5)

Definition 1.1.5 ([7]). A distribution D of rank r on a smooth manifold M is a mapping
defined on M, which assigns to each point p € M an r dimensional linear subspace D, of
T, M.
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We shall assume that all distributions considered in this dissertation are smooth. Its

obvious that any vector subbundle of TM defines a smooth distribution on M.

Definition 1.1.6 ([9]). A distribution D is said to be integrable (or involutive) if for all
X,Y €I(D), then [X,Y] € (D).

1.2 Lightlike submanifolds

In this section, we quote a few aspects of lightlike submanifolds from [7] and [9] necessary
for this dissertation. Extented details can be found in the above two books.

Let (M,g) be an (m + n)-dimensional semi-Riemannian manifold of constant index v,
1 < v <m+nand M be a submanifold of M of codimension 7. This means that M is never a
Riemannian manifold. We assume that m > 1 and n > 1, which implies that M is not a curve
of M. For a point p € M, we define the orthogonal complement 7,M L of the tangent space
T,M by

T,M*+={X €T,M:g(X,Y)=0, VY € T,M}.

We put Rad7,M = Rad TpML =T,MnN TpML. The submanifold M of M is said to be
r-lightlike submanifold (one supposes that the index of M is v > r), if the mapping

RadTM :p e M — RadT,M

defines a smooth distribution on M of rank r > 0. We call RadTM the radical distribution
on M. In this case M is said to be r-lightlike submanifold of M. In this dissertation, an
r-lightlike submanifold will simply be called a lightlike submanifold and g = g|y is lightlike
metric, unless we need to specify r.

We say that a lightlike submanifold M of M is

1. r-lightlike if 1 < r < min{m,n};

2. co-isotropic if 1 <r=n<m, S(TM*) = {0};

3. isotropicif | <r=m < n, S(TM) = {0};

4. totally lightlike if r = n =m, S(TM) = {0} = S(TM").

Let S(TM) be a screen distribution which is a semi-Riemannian complementary distribution
of RadTM in TM, that is,
TM =RadTM L S(TM). (1.2.1)
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Since M is assumed to be paracompact, then the screen distribution always exist on M.
Clearly, the distribution S(7'M) is not unique, however, it is canonically isomorphic to the
factor vector bundle TM /Rad TM [10].

On a lightlike submanifold M, the vector bundle TM" is not complementary to TM
in T]\_ﬂ 1, due to the fact that RadTM = TM N TM+=* is a distribution on M of rank r >
0. This poses a challenge since a vector in TM can not be uniquely decomposed into a
component in TM and a component in TM~. Thus, the standard book definition of the
second fundamental forms and Gauss-Weingarten formulas do not generally apply in case
of lightlike submanifolds. One possible way of dealing with the above problem is to split
the ambient tangent bundle 7'M in four non-intersecting subbundles for which the screen
distribution S(7M) forms part. Now, the remaining three subbundles to make up 7'M are
constructed as follows;

Choose a screen transversal bundle S(T M), which is semi-Riemannian and comple-
mentary to Rad7M in TM~* such that TM~ can be decomposed as follows;

TM+ =RadTM L S(TM"). (1.2.2)

Since S(TM) is non-degerate then there is a complementary vector subbundle S(7M)* to
S(TM) in TM such that
TM*+ =S(TM) L S(TM)*. (1.2.3)

It is clearly visible that S(TM)= is a submanifold of STM )~ and the fact that both of them
are non degenerate, one has the following orthogonal decomposition of S(TM)=,

S(TM)* = S(TM*) L S(TMH)*. (1.2.4)

Let tr(TM) and [tr(TM) be complementary (but not orthogonal) vector bundles to TM in
TM]|y and to RadTM in tr(T M) respectively. Then,

tr(TM) = ltr(TM) L S(TM™), (1.2.5)
TM =S(TM) L S(TM*) L {RadTM & Itr(TM)}. (1.2.6)

Theory of lightlike submanifolds depends on S(TM) and S(TM~), therefore we shall also
adopt the notation (M, g,S(TM),S(TM) for a lightlike submanifold. The following result
is well known [7].

Theorem 1.2.1. Let (M,g,S(TM)),S(TM™) be an r-lightlike submanifold of (M,g) with
r > 1. Suppose that % is a coordinate neighborhood of M and {E;}, fori € {1,--- ,r}, be a
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basis of T(RadTM|y,). Then, there exist smooth sections {N;} of S(TM*)"|y such that
g(Ei,Nj):Sij, and g(Ni,Nj):O, ‘v’i,jE{l,---,r}. (1.2.7)

Proof. The proof can be found in [7] or [9]. L]

Next, consider a local quasi-orthonormal field of frames of M along M, on % as
{Ela'“ yEr Ny aNth—H?"' 7XVH7W1+V"" 7Wn}7

where {X,11,---, X, } and {Wj,,...,W,} are respectively orthonormal bases of I'(S(TM)|, )
and [(S(TM~)|4 ) and that g5 = g(Wg, W) be the signatures of Wj.

The induced geometrical objects

Let (M,g) be a semi-Riemannian and denote by V the Levi-Civita connection on M. Suppose
that (M, g) is a lightlike submanifold of M. Let S(TM) and /tr(T M) be the screen distribution
and the corresponding lightlike transversal bundle of M respectively. Then, the Gauss and

Weingarten formulas for an r-lightlike submanifold are given by

VxY =VyxY +h(X,Y), VX,Y € T(TM), (1.2.8)
VxV = -AyX + V4V, VX eT(TM), V € T(rTM), (1.2.9)

where {VxY,AyX} and {h(X,Y),VV} belongs to I'(TM) and I'(tr(TM)) respectively. Fur-
ther, V and V' are linear connections on M and tr TM, respectively. The second fundamental
form 4 is a symmetric F(M)-bilinear form on I'(TM) with values in I['(tr(7M)) and the
shape operator Ay is a linear endomorphism of I'(TM).

Let P be the projection morphism of TM onto S(TM). Then, by straightforward calcula-

tions (see [7] for details), the above two equations gives

VxY =VxY +h(X,Y)+Rr(X,Y) (1.2.10)
VxN = —AyX + V4N +D*(X,N) (1.2.11)
VW = —AwX +D' (X, W)+ VW, (1.2.12)
VxPY = ViPY +h*(X,PY) (1.2.13)
VxE = —ALX + VYE, (1.2.14)

forany E € T'(RadTM), X,Y € [(TM), N € T(tr(TM)) and W € T(S(TM™)). It is obvious
that /' and h* are respectively I'(tr(TM)) and I'(S(TM")) valued and they are called the
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lightlike second fundamental form and screen second fundamental form of M respectively.
Notice that D! and D* are not metric connection. In fact, they are Otsuki connections [7].
Further, V* and V* are liner connections on S(7M) and Rad T M) respectively and they are
in fact metric connections [9]. Ay and Ay are called the shape operators of M. Also, h*
and A* are respectively I'(Rad7M) and I'(S(TM)) valued bilinear forms, called the second
fundamental form and shape operator of RadTM and S(T M) respectively.

Next, we shall use the following set of indices

i,j,ke{l,---,r}, ab,ce{l+r---,m} and B,y,1€{l+nr---,n}.

Consider a coordinate neighborhood % of M and let {N;,Wg} be the basis of tr(TM)|y,
where N; € D(Itr(TM)|y), i € {1,--- ,r} and Wg € T(S(TM")| ), B € {1+1r,---,n}. Then,
the set of equations (1.2.10)-(1.2.14) reduces to

VxY = VXY+Zhl X,Y)N;+ Z hy (X, Y)W, (1.2.15)
= B=r+1

VxN; = —AnX + Z T (X)N; + Z Pip (X)W, (1.2.16)
J=1 B=r+1

_ r n

VxWg = —Aw, X + Y 0g:(X)Ni+ ), 0, (X)W, (1.2.17)

i=1 B=r+1

VxPY =ViPY + Y hi(X,PY)E;, (1.2.18)
i=1

VxEi=—-ApX - ) Ti(X)E;, VXY eT(TM), (1.2.19)

=

where hf and hi; are symmetric bilinear forms known as local lightlike and screen fundamental
forms of TM respectively. Also, Ay, AE, and AWB are linear operators on 7'M while 7;;, Pig>
¢p; and op,, are differential 1-forms on 7'M given by

7j(X) =g(VxN,Ej), €spip(X) =8(VxN;,Wp),
@pi(X) =3(VxWp,E;) and &,0p,(X) =g(VxWs,Wy), VX eT(TM). (1.2.20)

It is well known [7] that
Ri(X,Y)=3(VxY,E), VX,Y e(TM), (1.2.21)

from which we deduce the independence of hf on the choice of S(TM).
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Next, it is easy to see that the second fundamental tensor /4 is given by
r / n
h(X,Y) = Zihl- (X,Y)N; +B Y m(X.Y)Ws, XY eD(TM). (1.2.22)
i= =r+1

Further, we stress that V is generally not a metric connection and is given by

(Vxg)(¥.Z) = i{hf(ny)li(Z) +h (X, Z)M(Y)}, (1.2.23)
i=1

for any X,Y € I'(TM) and A; are differential 1-forms given by
LX) =3(X,N;), VX € T(TM). (1.2.24)

The above three local second fundamental forms are related to their shape operators by the

following set of equations

r

g(AEX,Y)=h(X,Y)+ Y H(X,E)A;(Y), B(ALX,N;)=0, (1.2.25)
j=1
g(AwgX,Y) = egh (X,Y) + Y 9 (X) 4 (Y), (1.2.26)
i=1
8(Aws X, Ni) = ggpip(X), Aj(AnX)+Ai(An,X) =0, (1.2.27)
g(ANX,Y) = h;(X,PY), VXY eT(TM). (1.2.28)

Replacing Y by E; in the first equation of (1.2.25) we get
hi(X,Ej)+h5(X,E)=0, h(X,E)=0 and hi(E;E)=0, (1.2.29)

for all X € I'(TM). Further, replacing X with E; in the first equation of (1.2.25) and then
applying (1.2.29) one gets

W(X,Ej)=g(X,ALE)), ARLEj+ApEi=0 and ApE =0, VXeT(TM). (1.2.30)
For any r-lightlike submanifold, replacing Y by E; in (1.2.26), we get
sﬁ(X,Ei) = _gﬁ(Pﬁi(X)v VX EF(TM). (1.2.31)

Definition 1.2.2 ([9]). A lightlike submanifold (M,g,S(TM),S(TM™"), of a semi-Riemannian

manifold (M,g) is said to be totally umbilical in M if there is a smooth transversal vector
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field 77 € T'(tr(TM)), called the transversal curvature vector of M such that
h(X,Y) = #g(X,Y), (1.2.32)

for all X,Y € ['(TM). Moreover, it is easy to see that M is totally umbilical in M, if and only
if on each coordinate neighborhood % there exist smooth vector fields ' € I'(Itr(TM)) and
3 € T(S(TM™)) and smooth functions 3! € F(Itr(TM)) and Hp € F(S(TM™)) such that

H(X,Y)=3'g(X,Y), K(X,Y)=3g(X,Y),
H(X,Y)=Hig(X,Y), hy(X,Y)=%Hpe(X,Y), (1.2.33)

forall X,Y e I'(TM).

The above definition is independent of the choice of the screen distribution [9].

Definition 1.2.3 ([7]). A lightlike submanifold (M,g,S(TM),S(TM"), of a semi-Riemannian
manifold (M, g) is said to be totally geodesic if A = 0.

Next, by direct calculations using (1.2.10), (1.2.11) and (1.2.12) we obtain the following

Gauss equation for the curvature tensors R, R of M and M respectively.

R(X,W,Z,Y) =8(R(X,W)Z,Y) +3(Apx nW.Y)

(Apw X, Y) +8(Asx 2W.Y)

(Arwz)X,Y) +8((Vxh')(W,Z),Y)

(Vwh')(X,2),Y) +3(D'(X,h*(W,Z)),Y) (1.2.34)
(

(

g(D

| | | |
O3l 09 09|  Ov

(W,2)
D'(W,h*(X,2)),Y) +g((Vxh*)(W,Z),Y)
(Vwh')(X.Z),Y) +8(D*(X,h'(W,2)),Y)

(W, h(X,2)),Y),

I
ol

forany X,Y,Z,W € I'(TM).

1.3 Nearly -Sasakian manifolds

Let M be a (2n+ 1)-dimensional manifold endowed with an almost contact structure (¢, &, 1),
i.e. ¢ is a tensor field of type (1,1), & is a vector field, and 7 is a 1-form satisfying

¢’ =-T+n®& n(E)=1, nog=0 and §(&)=0. (1.3.1)
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Then (¢,&,1M, g) is called an indefinite almost contact metric structure [4] on M if (¢,&, 1)
is an almost contact structure on M and g is a semi-Riemannian metric on M such that, for
any vector field X, Y on M,

80X, 9Y)=3(X.Y)—n(X)n(Y). (132)
It follows that, for any vector X on M,
n(X)=3(.X). (1.3.3)
If, moreover,
(V¥9)Y +(Vy$)X = a(28(X,Y)E —n(Y)X - n(X)Y), (1.3.4)

for any vector fields X, Y on M, where V is the Levi-Civita connection for the semi-
Riemannian metric g, we call M an indefinite nearly o-Sasakian manifold [17]. Notice
that when o = 0 (resp. a = 1) then M reduces to the known nearly cosymplectic (resp.
nearly Sasakian) manifold. Further, if & = 0 and H = 0, then M is the well known cosym-
plectic manifold with the following cosymplectic structure [14];

n= dZ, & = aZ7
§ "
T=N® Z (dX' @dx' +dy @dy')+ Y (dx'@dx' +dy ®dy'), (1.3.5)
i=1 i=g+1

(X;0x' +Y;9y') +29z) = ¥ (Y;9x' — X:9y"),
1 i=1

do(

Ms

i

where (x,y"7) are Cartesian coordinates and dt; = a 2 fort € M. On the other hand, when
o = 1 and H = 0, then M is the well known Sasakian manifold with the following Sasakian

structure [10];

m
2n=dz—) ydx', &=20z,
=1

55

2 . . . . m . . . .
4g=4nen - Y (@x'@dxd+dy @dy')+ Y (dx'@dx' +dy @dy'), (1.3.6)
i=1 i=q+1

Ms

0o( Y (Xiox' +Y,9y") +23z) = ¥ (Yi9x' — X:dy') + Y Yiy'dz,
i=1

i=1 i=1
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where (x',y',z) are Cartesian coordinates and dt; = % forr € M.

Let Q be the fundamental 2-form of M defined by

QX,)Y)=32X,0Y), X,YcI(TM). (1.3.7)
Replacing Y by & in (1.3.4) we obtain
Vxé—0(Ve9)X = —apX, VX ecD(TM). (1.3.8)
Introduce a (1,1)-tensor H on M taking
HX =—9(V:9)X, (1.3.9)
for any X € ['(TM), such that (1.3.8) reduces to
Vi€ =—adX—-HX, VX ecI(TM). (1.3.10)

Lemma 1.3.1. The linear operator H has the properties

and g(HX,Y)=—g(X,HY) (i.e. H is skew-symmetric). (1.3.11)

Proof. The proof follows from a straightforward calculation. 0
The fundamental 2-form Q and the 1-form 1 are related as follows.

Lemma 1.3.2. Let (M, ¢,E, 1, 2) be an indefinite nearly a-Sasakian manifold. Then,
aQ(X,Y)=dn(X,Y)+g(HX,Y), (1.3.12)

foranyX,Y € T(TM).

Moreover, M is a-Sasakian if and only if H vanishes identically on M.

Proof. The relation (1.3.12) follows from a straightforward calculation. The second assertion
follows from Theorem 3.2 in [3]. O

An almost contact metric manifold M is said to be normal [4] if the torsion tensor N M

vanishes, that is

N =16,9] +2dn ® &, (1.3.13)
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where [, ¢] is the Nijenhuis tensor of ¢. In [17] the authors showed that for any nearly

o-Sasakian manifold, the relation below holds

nINW(X,Y)) =4dn(X,Y) —40g(X,97Y), (1.3.14)

43X, HY) =n(NV(X,Y)), VX,Y €[(TM). (1.3.15)

2(Vz0)X,Y) = —g(X,(Vz9)Y). (1.3.16)
This means that the tensor V ¢ is skew-symmetric.

Lemma 1.3.3. Let (M, ¢,E,1n,8) be a nearly a-Sasakian manifold, then

(Vx$)9Y =—0(Vx9)Y —g(Y . HX)E —n(Y)HX — ag(Y,§X)E —an(Y)¢ X,
(V5x9)9Y = —(Vy0)X —n(X)§HY +n(V)§ HX — an(X)§ ¥ + 20 (V)9 X
forallX,Y e (TM).
Proof. By direct calculations we have
(Vx9)97 = V9 ¥ — 9 V507
=Vx(n(¥)&) — (V@)Y —n(Vx¥)&
=—9(Vx9)Y +3(Y,Vx£)S +n(Y)VxS. (1.3.17)

Then, the first relation follows immediately from (1.3.17) by applying (1.3.10). The second
relation follows from the first by replacing X with ¢ X and using the fact that M is nearly
a-Sasakian manifold. [

By setting ¥ = X in (1.3.4) and the second relation of Lemma 1.3.3 we respectively
deduce

(Vx9)X = a{z(X,X)& —n(X)X}, (1.3.18)
and  (Vy59)9X = —afg(X,X)€ —n(X)§°X}, (1.3.19)

for any X € ['(TM).
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A plane section IT in T,M is called a ¢-section if it is spanned by X and ¢ X, where X
is a unit tangent vector field orthogonal to &. The sectional curvature of a ¢-section IT is
called a ¢-sectional curvature [19]. A nearly cosymplectic manifold M (i.e, o = 0) with
constant pointwise ¢-sectional curvature ¢ is said to be a nearly cosymplectic space form
and is denoted by M(c). The curvature tensor R of a nearly cosymplectic space form M(c) is

given by [12] as

N
=
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X, W)}, (1.3.20)

forall X,Y,Z,W € I'(TM). For extended reading and details on nearly a-Sasakian manifolds
we refer the reader to [1], [3], [4], [5], [12], [18], [25] and [17].

1.4 CR and GCR-lightlike submanifolds

Here, we introduce the concepts of CR-submanifolds and GCR-lightlike submanifolds of
indefinite almost contact manifolds. The discussion is mainly based on the three books [7],
[9] and [27].

Definition 1.4.1 ([27]). Let (M,g) be a (2n+ 1)-dimensional manifold endowed with an
almost contact structure (¢, &, 7). A real submanifold M of M is called a CR-submanifold if
there exist a differentiable distribution D on M such that

e D is invariant, that is, aDp =D, for each p € M,
« the complimentary orthogonal distribution D to D in TM is anti-invariant, that is,
oD C T,M~, forany p € M.

Next, we introduce GCR-lightlike submanifolds of indefinite almost contact manifold

(M,g). Calin [6] proposed that if the structure vector field & of the almost contact structure
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(¢,&,m) is tangent to a lightlike submanifold, then, it belongs to its screen distribution
S(TM). Using the above assumption, Dugal and Sahin [9] (also see [10]) introduced a class
of contact CR-lightlike submanifold, called generalized CR (GCR)-lightlike submanifold as
follows;

Definition 1.4.2 ([9]). Let (M,g,S(TM)) be a real lightlike submanifold of an indefinite
Sasakian manifold (M,g) such that & is tangent to M. Then, M is called generalized CR
(GCR)-lightlike submanifold if the following conditions are satisfied;

1. There exist two subbundles D and D, of Rad TM such that

RadTM =D\ ®D,, ¢D;=D;, ¢D, CS(TM). (1.4.1)

2. There exist two subbundle Dy and D of S(TM) such that

S(TM)={¢D,®D} L. Dy L {{}, ¢D=% 1.7, (1.4.2)

where Dy is an invariant non-degenerate distribution on M, {&} is a line bundle spanned by
&, % and .7 are respectively vector subbundles of /tr(TM) and S(TM™').

Then, from the definition above, the tangent bundle 7M of M decomposes as follows
TM=D®D 1 {£}, D=RadTM®Dy® ¢D,. (1.4.3)

A GCR-lightlike submanifold (M, g,S(TM)) is said to be proper if D, # {0}, D; # {0},

Dy # {0} and .7 # {0}.
The following two results are well known.

Proposition 1.4.3 ([9]). A GCR-lightlike submanifold of an indefinite Sasakian manifold
(M,2), is a contact CR (respectively, contact SCR-lightlike submanifold) if and only if
Dy = {0} (respectively, D, = {0}).

Details on the two submanifolds in the above proposition can be found in [9].

Proposition 1.4.4 ([9]). There exist no coisotropic, isotropic or totally lightlike proper
GCR-lightlike submanifolds of an indefinite Sasakian manifold.

We also note that any proper 9-dimensional contact GCR-lightlike submanifold is 3-
lightlike. Further, the authors [7], [9] and [10] emphasizes that GCR-lightlike submanifolds
are umbrella of real hypersurfaces, invariant, screen real and contact CR-lightlike submani-
folds.
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The books [7] and [9] have extended details of the above class of submanifold and its
subcases.



Chapter 2

QGCR-lightlike submanifolds of nearly
o-Sasakian manifod

2.1 Introduction

In this chapter, we introduce the notions of quasi generalised CR (QGCR)-lightlike sub-
manifolds of indefinite nearly o-Sasakian manifolds. We establish some existence (or
non-existence) theorems and also discuss the integrability of distributions.

Generalised CR (GCR)-lightlike submanifolds of indefinite Sasakian manifolds were
introduced by [9, p. 334], in which the structure vector field & was assumed to be tangent to
the submanifold. Later, their ideas were adopted by [13] and [14] for indefinite Kenmotsu
and cosymplectic manifolds respectively.

Let (M,¢,€,7n,2) be a (2n+ 1)-dimensional manifold. Generally, the structure vector
field & belongs to TM. Therefore, the case & € T'(S(TM)) considered by [9], [13] and
[14] for GCR-lightlike submanifolds of indefinite Sasakian, Kenmotsu and cosymplectic
manifolds, respectively, is only a particular case of & € I'(TM). It is important to note that
restricting & to the screen distribution S(7M), minimizes algebraic computations and at the
same time narrowing the research by only looking at those CR-lightlike submanifolds which
are tangent to &, and yet there are other classes of CR-lightlike submanifolds which are not
necessarily carrying & in their screen distributions.

Contrary to the well-known assumption that & € I'(S(TM)) used in GCR-lightlike sub-
manifolds of almost contact manifolds, we introduce a new class of CR-lightlike submanifold,
called quasi generalised CR (QGCR) lightlike submanifold, in which & € T'(TM) and we
also show that it contains the known GCR-lightlike submanifolds.
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We define £ according to decomposition (1.2.6) as follows;

E=E6s+8& +Er+ &, 2.1.1)

where &g is a smooth vector field of S(TM) and &, &g, & are defined as follows

n

Er=Y aiE;, &§=) biNi, &= Y, cgWp (2.1.2)
i=1 i=1

B=r+1

with a; = n(N;), b; = N(E;) and cg = €gn(Wp) all smooth functions in 2" (M). In this
dissertation, we shall assume, without loss of generality, that & is a unit spacelike vector field
(see [26, p. 272] for details on this choice).

2.2 QGCR-lightlike submanifolds

In this section, we introduce a new class of CR-lightlike submanifold in which & belongs to
TM, called quasi generalized CR (QGCR) lightlike submanifold as follows;

Definition 2.2.1. Let (M,g,S(TM),S(TM")) be a lightlike submanifold of an indefinite
nearly o-Sasakian manifold (M,g,¢,&,n). We say that M is quasi generalized CR (QGCR)-
lightlike submanifold of M if the following conditions are satisfied:

(1) there exist two distributions D and D, of Rad T M such that

RadTM =D, ®D,, ¢D;=D;, ¢D,CS(TM), (2.2.1)

(i) there exist vector bundles Dy and D of S(TM) such that

S(TM) = {¢D, ®D} L Dy, (22.2)
with ¢DyC Dy, D=¢.7D¢.Z, (2.2.3)

where Dy is a non-degenerate and invariant distribution on M, . and .# are respectively
vector subbundles of /tr(TM) and S(TM™").

If Dy # {0}, Do # {0}, D, # {0} and . # {0}, then M is called a proper QGCR lightlike
submanifold.

Let M be a proper QGCR-lightlike submanifold of an indefinite nearly a-Sasakian
manifold M. If the structure vector field & is tangent to M, then, & € I'(S(TM)). The proof
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of this is similar to one given by Calin in Sasakian case [6]. In this case, if X € I'(.¥) and
YeI'(Z), thenn(X)=n(Y)=0and

g(0X,9Y) =2(X,Y) —n(X)n(Y) =0,

which reduces the direct sum D in (2.2.3) to the orthogonal direct sum D = ¢ . | ¢ %, and
thus D =.7 1 . Since & € ['(S(TM)) and & is neither a vector field in D, nor in D, &
is in Dg. By ¢Dg C Dy, there exist a distribution Dy, of rank (rank(Dg) — 1) and satisfying
@Dy = D), such that Dy = D, L (&), where (£) is the 1-dimensional distribution spanned
by &. Therefore, the QGCR-lightlike submanifold tangent to & reverts to a GCR-lightlike
submanifold [10].

Proposition 2.2.2. A QGCR-lightlike submanifold M of an indefinite nearly o-Sasakian
manifold M tangent to the structure vector field & is a GCR-lightlike submanifold.

Next, we follow Yano-Kon [28, p. 353] definition of contact CR-submanifolds and state
the following definition for a quasi contact CR-lightlike submanifold.

Definition 2.2.3. Let (M,g,S(TM),S(TM")) be a lightlike submanifold of an indefinite
nearly a-Sasakian manifold (M, ¢,&,n,g). We say that M is quasi contact CR-lightlike
submanifold of M if the following conditions are satisfied;

(i) RadTM is a distribution on M such that RadTM N ¢(RadTM) = {0};
(ii) there exist vector bundles Dy and D’ over S(TM) such that

S(TM) = {¢p(RadTM)® D'} L Dy, (2.2.4)
with @Dy C Dy, D' = ¢Li © ¢ltr(TM), (2.2.5)

where Dy is a non-degenerate, L; is vector subbundle of S(TM™).

It is easy to see that when the structure vector field £ is tangent to the quasi contact
CR-lightlike submanifold M, then M is a contact CR-lighlike submanifold.

Proposition 2.2.4. A QGCR lightlike submanifold of an indefinite nearly a-Sasakian mani-
fold M, is a quasi contact CR (resp. quasi SCR)if and only if D1 = {0} (resp. D, = {0}).

Proof. Let M be a quasi contact CR-lightlike submanifold. Then ¢ (Rad TM) is a distribution
on M such that ¢ (Rad TM)NRad TM = {0}. Therefore, D, = RadTM and D; = {0}. Hence,
@ (Itr(TM)) N Itr(TM) = {0}. Then it follows that ¢ (Itr(TM)) C S(TM). The converse is
obvious. The second assertation also follows in the same way. 0
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From (1.2.1), the tangent bundle, TM, of any QGCR-lightlike submanifold can be

rewritten as
TM =D®D, where D =Dy L Dy andD = {D, 1 $D,} & D.

Notice that D is invariant with respect to ¢ while D is not generally anti-invariant with
respect to .
Note the following for a proper QGCR-lightlike submanifold (M, g,S(TM), S(TM*)) of

an indefinite almost contact metric manifolds M according to Definition 2.2.1:
1. Condition (i) implies that dim(RadTM) = s > 3.

2. Condition (ii) implies that dim(D) > 4] > 4 and dim(D,) = dim(.%).

2.3 Characterization theorems

In this section, we discuss some existence (or non-existence) theorems for proper QGCR-
lightlike submanifolds of an indefinite nearly «-Sasakian manifold (M,¢,1n,&,3).

Theorem 2.3.1. Let (M, g,S(TM), S(TM™")) be a totally umbilical proper QGCR-lighlike
submanifold of an indefinite nearly o-Sasakian manifold (M, ,n,E,g) with the structure
vector field & tangent to M. Then, oe = 0.

Proof. Since & € I'(TM) then § = &g + & and b; = cg = 0. Using (1.3.10) and (1.2.15), we
get

— X =HX +VxE+ Y (X, 5N+ Y, hy(X,5)Wp, (2.3.1)
i=1 B=r+1
for all X € I'(TM). Taking the g-product of (2.3.1) with respect to Wg € I'(.¥) we get
ag(X,0Wp) =g(HX,Wp) +egh3(X, &), VX € T(TM). (2.3.2)

Now, letting X = 5Wﬁ in (2.3.2) we obtain

og(§Wp,0Wp) = g(H 9Wp, Wp) + eghy (9Wp, §). (2.3.3)
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Since cg = g1 (Wp) = 0, then —H ¢Wp = (vwﬁa)é + W and the first term on the right
hand side of (2.3.3) therefore simplifies as follows using (1.3.4)

—g(H oW, Wg) =((Vw,9)&, Wp) + ag(Wg, Wp)
= —2(&, (Vw; 0)Wp) + og(Wp, Wp)
= —ag(§,g(Ws,Wp)E) + ag(Wg, Wp)
— —ag(Wp, Wp) + ag(Wp, Wp) = 0. (2.3.4)

Then substituting g(ﬁawﬁ ,Wg) = 0in (2.3.3) we obtain

ag(9Wp, 0Wp) = gl ($Wp, &) (2.3.5)

By virtue of the fact that M is totally umbilical in M, (2.3.5) yields
ag(oWp, 9Wp) = e5Hpg(9Wp, &) = 0. (2.3.6)
Then, simplifying (2.3.6) while considering (WB) =0, we get
ag(9Wp,0Wp) = ag(Wp, Wp) = aeg =0,

from which we can see that ¢ = 0. O]

Corollary 2.3.2. There exist no totally umbilical proper QGCR-lightlike submanifolds
(M,g,S(TM), S(TM™)) of an indefinite nearly Sasakian manifold (M, ,n,&,8) with the

structure vector field & tangent to M.

Theorem 2.3.3. Let (M,g,S(TM), S(TM™1)) be a totally geodesic QGCR-lighlike subman-
ifold of an indefinite nearly o-Sasakian manifold (M, ¢ ,n,&E,g) with the structure vector
field & tangent to M. Then, ot = 0.

Proof. The proof is similar to that in Theorem 2.3.1. Hence, we omit it here. 0
Using Theorem 2.3.1 and Corollary 2.3.3 above we get the following theorem;

Theorem 2.3.4. Let (M,g,S(TM), S(TM™')) be a totally umbilical or totally geodesic
geodesic proper QGCR-lighlike submanifold of an indefinite nearly o-Sasakian manifold
(M, ¢ ,n,&,8) with the structure vector field & tangent to M. Then, a. = 0.

When the structure vector field & is normal, we have the following.
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Theorem 2.3.5. Let (M, g,S(TM), S(TM™)) be a proper QGCR-lighlike submanifold of an
indefinite nearly o-Sasakian manifold (M,a, N, &, ) with the structure vector field & normal
to M. Then, oo = 0.

Proof. Suppose by contradiction that & # 0 and £ € I'(TM™"), then

E=C+&i, &=E&=0, bj=0, a;#0 and cg+#0. (2.3.7)

Differentiating the first equation of (2.3.7) with respect to X and using (1.3.8), (1.2.15) and
(1.2.17), we get

—OC(PX ZXa,E—I— Z XCﬁ B

i=1 B=r+1
-I-Za, VXE-I-Zhl X,E)N; + Z 1 (X E;)Wy
i=1 j=1 Y=r+1

+ Z Cﬁ{_AWgX+Z‘PBz )Ni + Z opy(X }+HX (2.3.8)
p=r+1 y=r+1

for all X € I'(TM). Taking the g-product of (2.3.8) with respect to Ej and ¢N; € T'(S(TM))
in turn, where N; € I'(.Z), we get
n

ag(X,0E;) = Za,thEk) Y. cphy(X,Ex) +g(HX, Ex). (2.3.9)
i=1 B=r+1

Replacing X with ¢N; in (2.3.9) we obtain
n

g(Ni, Ex) = Za, (0N Ex) — ), cﬁhg(aNk,Ek)+g(H6Nk,Ek). (2.3.10)
B=r+1

The g-product with ¢ N yields

~

—ag(¢X,0N,) = Z aig(AEX, 0N + ) ai Y, hy(X, E)A;(9N)
=1 i=1 j=1

— Y cpEAw X, 0N+ Y, cp Y 9p;(X)A;(9N;)
=r+1 B=r+1 j=1

+3(HX, ON). (2.3.11)

=
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Now, using (1.2.24), (1.2.25) and (1.2.26) in (2.3.11), we obtain

ag(9X, oNy) = Y aig(AEX,0N) + ) cpg(Aw X, 0N;) —Z(HX, ON),
i=1 B=r+1

which on replacing X with Ej and simplifying gives

0g(E, N) = obgag + Y aill(Ee, oN) + Y cphy (Ex, 9Ni) — 2(HEr, ONi).  (2.3.12)
i=1 B=r+1

Adding (2.3.10) to (2.3.12) yields
20(Ey, Ni) = 8(H §Ni,, Er) — §(HE, 9N (2.3.13)
But H is skew-symmetric and thus (2.3.13) becomes
2(H ON, Ey) = a. (2.3.14)

By virtue of (2.3.14) and the fact that o # 0, it easy to see that éﬁaNk e I'(Itr(TM)) when
o >0 or éaﬁNk € I'(Itr(TM)) when o < 0. Hence, there exist non vanishing smooth
functions e such that H 9Ny, = atexNy or ¢ HN; = ate;N, . Taking the g-product of the first
equation with respect to &, we get 0 = g(H ONy, &) = g(aterNy, &) = auerg(Ng, &) = aeay,
from which a; = 0, a contradiction. Thus, o = 0. The second also yields similar results since
no¢ =0. [

From the above theorem, we have the following corollaries;

Corollary 2.3.6. There is no proper QGCR-lightlike submanifolds (M,g,S(TM), S(TM*))
of an indefinite nearly Sasakian manifold (M, ¢,n,&,g) with the structure vector field &

normal to M.

Corollary 2.3.7. There is no totally umbilical or totally geodesic proper QGCR-lightlike sub-
manifolds (M, g,S(TM),S(TM™)) of an indefinite nearly Sasakian manifold (M,$,n,&,8)
with the structure vector field & normal to M.

Note from Theorem 2.3.5 and its corollaries that the normality of & considered is the
special case when a; # 0 and cg # 0, such that a contradiction of any of the two makes the
assertion invalid.

Theorem 2.3.8. Let (M,g,S(TM),S(TM™")) be a totally umbilical proper QGCR-lightlike
submanifold of an indefinite nearly o-Sasakian manifold (M, ¢,n,&,g) with the structure
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vector field & transversal to M. If the screen distribution S(TM) is totally umbilical, then
o =0.

Proof. Suppose by contradiction that & # 0 and § € I'(tr(TM)), then,

E=§+&1, &=E&=0, a;=0, b;#0 and cg#0. (2.3.15)

Differentiating the first equation of (2.3.15) with respect to X and using (1.3.8), (1.2.16) and
(1.2.17), we get

—(X¢X ZX N+ Z X Cﬁ ﬁ

i=1 B=r+1
+ Z{bi {_ANfX+ Z] Tij(X)Nj+ﬁ ) piﬁ(X)Wﬁ}
i= Jj= =r+l

+ Z cﬁ{—AWﬁX—l—Z(pBi( )N; + Z opy(X }+HX
i=1

=r+l1 y=r+1
for all X € I'(TM). Now, taking the g-product of the above equation with respect to Ny, €
['(S(TM)) where N, € I'(.Z), we get
n

— g (X, 3N = — Y big(AnX, 0N — Y. epg(Aw, X, 9N0) + g(AX,5Np). (23.16)
i=1 B=r+1

Replacing X with E; € I'(D,) in (2.3.16), we obtain
n

—0Z(QE, ONy) = Zblg (ANEr, ON) — Y cpg(AwyEx, ON:)
B=r+1

+2(HE, pNy). (2.3.17)

Substituting (1.2.25) and the first equation of (1.2.27) in (2.3.17) gives

—0Z(PEy, ON;) = Z [(E 0N — Y. cphy(Ex, ONi) +8(HER, ONy).  (2.3.18)
i=1 B=r+1

Since M is totally umbilical in M, with a totally umbilical screen, then (2.3.18) yields

— 0g(QEr, ONy) = g(HEL, ON), (2.3.19)
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which reduces to g(¢ HE;,N;) = a. It is easy to see from this equation that éaﬁE/{ €
['(RadTM) when a > 0 or éﬁaEk € I'(RadTM) when o < 0. Hence, there exist non
vanishing smooth functions wy such that ¢ HE; = owiEj or H 9 E; = awiE). Taking the
g-product of the first equation with respect to &, we obtain 0 = g(¢ HEy, &) = awg(Ex, &) =
awyby. Hence, b, = 0 which is contradiction. Thus, ¢ = 0. The second gives similar results
since o H = 0. O

Corollary 2.3.9. There exist no totally umbilical proper QGCR-lightlike submanifolds
(M,g,S(TM),S(TM™')), with totally geodesic screen distributions, of an indefinite nearly
Sasakian manifold (M, ¢, n,&E,g) with the structure vector field & transversal to M.

Theorem 2.3.10. Let (M,g,S(TM),S(TM™")) be a totally geodesic proper QGCR-lightlike
submanifold of an indefinite nearly o-Sasakian manifold (M, ¢,n,&,g) with the structure
vector field & transversal to M. If the screen distribution S(TM) is totally geodesic, then
a=0.

Proof. The proof is similar to that in Theorem 2.3.8. Hence, we ommit it. [

Note from Theorem 2.3.8 and its corollaries that the transversality of & considered is the
special case when b; # 0 and cg # 0, such that a contradiction of any of the two makes the
assertion invalid.

Next, we consider the special case of nearly a-Sasakian manifold with H = 0. More
precisely, the indefinite nearly o-Sasakian manifold (M,¢,n,&,g) with H = 0 becomes
a-Sasakian manifold. We define the concept of generalised a-Sasakian space form as

follows;

Definition 2.3.11. An indefinite -Sasakian manifold M will be called a generalised o-
Sasakian space form, denoted by M(f1, f>), if its curvature tensor R is given by

VOZ}, (2.3.20)

If fi =<2 and f, = <1, then M(f}, f>) becomes a 1-Sasakian space form or simply
Sasakian space form [19]. If f1 = fo = %, then M(f1, f>) becomes a cosymplectic space form

[12]. Now, using (2.3.20) we have the following existence theorem.
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Theorem 2.3.12. Let (M,g,S(TM),S(TM™)) be a lightlike submanifold of an indefinite
generalised a-Sasakian space form M(f, fay with f> # 0. Then, M is a QGCR-lightlike
submanifold of M(f1, f>) if and only if

(a) The maximal invariant subspaces of T,M, p € M define a distribution
D =Dy 1 Dy,

where RadTM = D| & D, and Dy is a non-degenerate invariant distribution.

(b) There exists a lightlike transversal vector bundle ltr(T M) such that

g(R(X,Y)E,N)=0,VX,Y €T(Dy), E € T(RadTM), N € [ (Itt(TM)).

(c¢) There exists a vector subbundle M, on M such that

gRX, Y)W,W) =0, VWW €T'(M,),

where M, is orthogonal to D and R is the curvature tensor of M(c).

Proof. Suppose M is a QGCR-lightlike submanifold of M(f|, f>) with f> # 0. Then, D =
Dy L D; is a maximal invariant subspace. Next, from (2.3.20), for X,Y € I'(Dy), E € I'(D»)
and N € I'(Itr(TM)) we have

§R(X,Y)E,N) = fo{n(X)n(E)g(Y,N) - n(Y)n(E)g(X,N) - 2¢(¢X,Y)g(¢E,N)}
= 2f2g($X,Y)§($E,N).

Since g(¢X,Y) #0and g(¢E,N) =0, we have g(R(X,Y)E,N) = 0. Similarly, from (2.3.20),
one obtains

gRX, Y)W, W) =2£g(0X,Y)g(oW,W'),

VX,Y € I'(Dg) and W,W' € T'(¢.). Let W = ¢W; and W' = oW, with Wy, W, € ['(.¥).
Since g(¢X,Y) # 0 and g(¢W,W') = §($2Wl ,OW>) = g(¢W;,W>) = 0. Therefore, we have
2(R(X, Y)W, W) =0.

Conversely, assume that (a), (b) and (c) are satisfied. Then (a) implies that D = Dy 1. D
is invariant. From (b) and (2.3.20) we get

2(0E,N) =0, (2.3.21)
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which implies 9 E € T(S(TM)). Thus, some part of Rad TM, say D, belongs to S(TM) under
the action of ¢. Further, (2.3.21) implies g(9E,N) = g(EZEﬁN) =g(—E+n(E),,9N) =
—g(E,pN) = 0. Therefore, a part of [tr(TM), say ., also belongs to S(TM) under the
action of ¢. On the other hand, (c) and (2.3.20) imply g(¢W,W’) = 0. Hence we obtain
OMy L M. Also, g(9E,W)=—g(E,pW) = —cgn(E) implies that generally OM, DRadTM
or equivalently, M, & ¢RadTM. Now, from M, & ¢RadT M and the fact that D = D1, then
M, | Dy and M, © ¢D,. This also tells us that ¢, has a component along Itr(TM),
essentially coming from £. On the other hand, invariant and non-degenerate D implies
g(@W,X) = 0, for X € ['(Dy). Thus, M, | Dy and M, | Dy. Since & € I'(TM), we sum

up the above results and conclude that
S(TM) = {¢D, ®M; © My} L Dy,

where M| = ¢.%. Hence M is QGCR-lightlike submanifold of M(fi, f>) and the proof is
completed. 0

Note that conditions (b) and (c) are independent of the position of & and hence valid for
GCR-lightlike submanifolds [10] and QGCR-lightlike submanifolds of indefinite Sasakian
space form M (<2,%71) and indefinite cosymplectic space form M (§,5). When & is
tangent to M, it is well known that & € T'(S(TM)) [6]. In this case, one has a GCR-
lightlike submanifold, in which D> L ¢D, is an invariant subbundle of TM, leading to
D=D; 1D, L $D2 1 Dy as the maximal invariant subspace of TM. On the other hand,
when M is QGCR-lightlike submanifold then & € I'(TM) and thus D, | ¢D; is generally
not an invariant subbundle of TM since the action of ¢ on it gives a component along
&. In particular, let E € I'(D;) then E + ¢E € I'(D, L ¢D,). But on applying ¢ to this
subbundle and considering the fact that 17(E) # 0 we get —E +@E +n(E)E ¢ T(Dy L ¢D»).
Hence, D = Dy L D; is the maximal invariant subbundle of 7M. Further, in the case of
QGCR-lightlike submanifold, ¢ D, & M,. In fact, let E € T'(¢D;) and W = oW, € I'(M,),
where Wy € I'(#). Then, g(0E,W) =g(9E,pW;) = —n(E)n(W;) # 0. This explains the
second direct sum in decomposition S(TM) = {¢Dr ®M; & M>} L Dy. For the case of
GCR-lightlike submanifold, n)(E) = 1(W;) = 0, hence g(9E, W) = g(¢E,pW;) = 0. This
implies that ¢D, L M, and hence the first direct orthogonal sum in the decomposition
S(TM) ={¢D, &M} L M, L Dy L (&).
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2.4 Integrability of distributions

Let M be a proper QGCR-lightlike submanifold of an indefinite nearly o-Sasakian manifold
(M,¢,E,m,2). From (1.2.1), the tangent bundle of any QGCR-lightlike submanifold, TM,
can be rewritten as

TM =D®D, (2.4.1)

where D =Dy L. Dy and D = {D, 1 ¢D,} ®D.

Notice that D is invariant with respect to ¢ while D is not generally anti-invariant with
respect to .

Let 7 and 7 be the projections of TM onto D and D respectively. Then, using the first

equation of (2.4.1) we can decompose X as
X=nX+7X, VX e T(TM). (2.4.2)

It is easy to see that ¢ tX € I'(D). However, the action of ¢ on 7X gives a tangential and

transversal component due to a generalized &, i.e.,
X =P X +PX+0X, VX e [(TM), (2.4.3)

where P{X = ¢ X while X is the tangential component of ¢77X and QX is the transversal
component of ¢X, essentially coming from ¢ ZX since ¢D = D.
By grouping the tangential and transversal parts in (2.4.3), it is easy to see that

¢X = PX +Q0X, VX € I(TM), (2.4.4)

where PX = PIX 4+ P X.

Note that if X € I'(D), then X = QX =0, and ¢X = P X.

The equation (2.4.4) can be properly understood through the following specific case of
vector field in D C D. Let &y and &y be the tangential and transversal components of &. If
X €T'(D) and since D = ¢ .¥ ® ¢ &, then

OX = SX +LX —{n(SX) +n(LY)}éu — {n(SX) +n(LY)}Eun.
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Consequently, for X € T'(D),

PX =0,
PX = —{n(SX)+n(LY)}Eu,
and QX = SX +LX — {1n(SX) +1(LY)}éum.

Similarly, for any V € I'(tr(TM)), V = SV + LV, and
OV =tV + £V, (2.4.5)

where 1V and fV are the tangential and transversal components of ¢V, respectively.
Differentiating (2.4.4) with respect to Y we get

VyPX +VyQX = VyoX. (2.4.6)
Then using (1.2.15), (1.2.16), (1.2.17) and (1.3.4) we have
VyPX +VyQX = VyPX +h(PX,Y) —AgxY + V40X, (2.4.7)
and from (1.3.4), we have;

VydX = ¢(VyX) +0(VxY)+20h(X,Y) — Vx @Y
+20g(X,Y)Eu +208(X,Y)Eum — an(Y)X — an(X)Y
=P(VyX)+QO(VyX)+P(VxY)+Q(VxY)
+2th(X,Y)+2fh(X,Y) — VxPY — V4, QY
—h(X,PY)+AgrX +208(X,Y)En +208(X,Y ) Ewm
—an(¥Y)X —an(X)Y. (2.4.8)

Finally putting (2.4.7) and (2.4.8) in (2.4.6) and then comparing the tangential and transversal

components of the resulting equation, we obtain

(VyP)X + (VxP)Y = AQ}(Y +AQyX + 2l/’l(X,Y)
+208(X,Y)Ey — an(X)Y —an(Y)X, (2.4.9)
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and
(VIQ)X + (VXQ)Y = —h(PX,Y) — h(X,PY)
+2fh(X,Y) +208(X,Y ), (2.4.10)
for all X,Y € ['(TM), where
(VyP)X = VyPX —P(VyX) and (VFQ)X =V, 0X —Q(VyX). (2.4.11)

Proposition 2.4.1. Let (M, g,S(TM),S(TM™)) be a proper QGCR-lightlike submanifold of
an indefinite nearly a-Sasakian manifold (M,9,n,&,2). Then,

P[X, Y] = —VYpX — VXpY —+ ZPVXY —l—AQxY +AQyX
+2th(X,Y)+20g(X,Y)éu —an(X)Y —an(Y)X, (2.4.12)
and
Q[X,Y] = —Vy0X — V4xQY +20VxY —h(PX,Y) — h(X,PY)
+2fh(X.Y) +208(X,Y)Eum, (2.4.13)
forall XY e T'(TM).
Proof. The proof follows from (2.4.9) and (2.4.10). OJ

Theorem 2.4.2. Let (M,g,S(TM),S(TM™")) be a proper QGCR-lightlike submanifold of an
indefinite nearly o-Sasakian manifold (M,¢,m,&,g). Then, the distribution D is integrable
if and only if

and P[X,Y]=0.
forall X,Y € (D).
Proof. The proof is a straightforward calculation. [

The integrability of D is discussed as follows. Note that the distribution D is integrable if

~ ~

and only if, for any X, Y € I'(D), [X,Y] € I'(D). The latter is equivalent to P; [X,Y] = 0.

Theorem 2.4.3. Let (M,g,S(TM),S(TM")) be a QGCR-lightlike submanifold of an indefi-
nite nearly a-Sasakian manifold (M, ¢, 1n,&,g). Then, the distribution Dis integrable if and
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only if

AQxY +AgyX —VyP,X —VxBPY
+2(P1(VxY) + az(X,Y)éu +1h(X,Y)) € T(D),

~

forall XY € T'(D).

~

Proof. Let X,Y € I'(D), then it is easy to see that PLX = P;Y = 0. Hence, PX = P,X and
PY = PY. Now using (2.4.12), we derive

O1X,Y]=P[X, Y]+ Q[X,Y]
= —VyPX — VxPY +2PVxY +AgxY
+ Aoy X +2th(X,Y) +208(X,Y)Ey — an(X)Y
—an(Y)X +Q0[X,Y]
= —VyP,X — VxPY +2PVxY +ApxY
+AgyX +2th(X,Y) +208(X,Y)Ey + 2P, VxY
—an(X)Y —an(Y)X +Q[X,Y]. (2.4.14)

It is obvious from (2.4.14) that the last four terms belongs to D. Hence, the assertation

follows from the remaining terms. 0






Chapter 3

Ascreen QGCR-lightlike submanifolds of
nearly a-Sasakian manifod

3.1 Introduction

In this chapter, we study a special QGCR-lightlike submanifold of indefinite nearly o-
Sasakian manifolds, called, ascreen QGCR-lighlike submanifold. We discuss totally umblical,
totally geodesic, mixed geodesic and minimal ascreen QGCR-lightlike submanifolds.

Definition 3.1.1 ([15]). A lightlike submanifold M of a semi-Riemannian manifold (_,g) is
said to be ascreen if the structural vector field, &, belongs to RadTM & Itr(TM).

Note that, since .Z defined in Definition 2.2.1 is a subbundle of I/tr(TM), there is a
complementary subbundle v of /tr(TM) such that

Itr(TM) =% L v.

It is easy to check that the complementary subbundle v is invariant under ¢, i.e. v = v.
Let M be an ascreen QGCR-lightlike submanifold of an indefinite nearly o-Sasakian
manifold M. Then by Definition 3.4.1, the structure vector field & € Rad TM ®ltr(TM). This
means that & can possibly be in RadTM or ltr(TM). If £ e T(RadTM), then § € T'(D,) since
@Dy = D1 and ¢& = 0. On the other hand, if & € T'(Itr(TM)), then & € I'(.Z) because of the
fact that v = v and ¢& = 0. Since, & is a unit spacelike vector field, thatis g(&,&) = 1, then
it can easily be seen that & ¢ I'(D,) or § ¢ I'(.Z), since D, and .& are both null subbundles.
Therefore, we have the following definition for an ascreen QGCR-lightlike submanifold.
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Definition 3.1.2. Let (M, g,S(TM),S(TM™)) be a lightlike submanifold of an indefinite
nearly «-Sasakian manifold (M,g,¢,E,m). We say that M is ascreen QGCR-lightlike
submanifold of M if the following conditions are satisfied:

(i) there exist two distributions Dy and D, of Rad T M such that

RadTM =D ® D>, ¢D;=D;, ¢D, CS(TM), (3.1.1)

(ii) there exist vector bundles Dy and D over S (TM) such that

S(TM) ={¢D, ®D} L Dy, (3.1.2)
with ¢DyC Dy, D=¢.7 L ¢.Z, (3.1.3)

where Dy is a non-degenerate and invariant distribution on M, . and .¥ are respectively
vector subbundles of Itr(TM) and S(TM™).

If Dy # {0}, Do # {0}, D, # {0} and . # {0}, then M is called a proper ascreen QGCR
lightlike submanifold.

Lemma 3.1.3. If (M, g,S(TM),S(TM")) is an ascreen QGCR-lightlike submanifold of an
indefinite nearly o-Sasakian manifold (M, ¢,E,m,8), then & € T'(Dy ® ).

Theorem 3.1.4. Let (M,g,S(TM),S(TM™")) be a 3-lightlike QGCR-submanifold of an in-
definite almost contact manifold (M, ¢,E,1,g). Then M is ascreen lightlike submanifold if
and only if 9. = ¢D,.

Proof. Suppose that M is ascreen. Then, by Lemma 3.1.3, & € ['(D, ¢ .%). Since M is a 3-
lightlike QGCR submanifold, and Rad TM = D; ® D, with ¢Dy = Dy and Itr(TM) = £ L v
with ¢v = v, the distributions D, and .# are of rank 1. Consequently,

& = aE +bN, (3.1.4)

where E € ['(D;) and N € I'((¢), and a = (N) and b = 1 (E) are non-zero smooth functions.
Applying ¢ to (3.1.4) and using the fact that & = 0, we get

a@E +boN = 0. (3.1.5)

From (3.1.5), one gets E = w@N, where & = —2 # 0, a non vanishing smooth function.
This implies that 9.2 N @D, # {0}. Since rank(¢D;) = rank(9.£) = 1, it follows that
0L = ¢D:.
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Conversely, suppose that ¢.Z = ¢ D5. Then, there exist a non-vanishing smooth function
@ such that
OF = wPN. (3.1.6)

Taking the g-product of (3.1.6) with respect to ¢ E and ¢N in turn, we get
b* = w(ab—1) and wa*> =ab—1. (3.1.7)

Since @ # 0, by (3.1.7), we have a # 0, b # 0 and b?> = (wa)?. The latter gives b = +wa. The
case b = wa implies that ab = wa?® = ab — 1, which is a contradiction. Thus b = —@a, from
which 2ab = 1. Since @ = —2, a # 0 and §E = 9N, it is easy to see that apE +bPN = 0.
Applying ¢ to this equation, and using the first relation in (1.3.1), together with 2ab = 1, we
get & = aE + bN. Therefore, M is ascreen lightlike submanifold of M. 0

In the ascreen QGCR-lightlike submanifold case, the item (ii) of Definition 2.2.1 implies
that dim(D) > 41 > 4 and dim(D,) = dim(.#). Thus dim(M) > 7 and dim(M) > 11, and
any 7-dimensional ascreen QGCR-lightlike submanifold is 3-lightlike.

Next, we construct two examples of ascreen QGCR-lightlike submanifolds. First, when
the ambient manifold is Sasakian (i.e., o = 1 and H = 0) and then when the ambient manifold
is cosymplectic (i.e., @ = 0 and H = 0).

Using structure 1.3.6 (i.e., M is Sasakian manifold), we have the following example;

Example 3.1.5. Let M = (Ril,g) be a semi-Euclidean space, where g is of signature
(—,—,+,+,+,—,—,+,+,+,+) with respect to the canonical basis

(dx1,0x2,0x3,0x4,0x5,0y1,dy2,0y3,dYy4,0Yy5,07).
Let (M, g) be a submanifold of M given by
=y Y= —x* z=x*sinO+y*cosh and y’ = (xs)%,
where 6 € (0,%). By direct calculations, we can easily check that the vector fields

E| = dxq+ 9y +y* 9z, Ey=dx; —dys+y'0z,
E3 =sin0dx, +cos 09y, + 9z, X = 2y°dxs+ dys + 2()’5)282,
Xp = —cos00xy +sin0dy; — y>cos 09z, Xz =2dy3, X4 = 2(dx3 +y38z),

form a local frame of TM. From this, we can see that RadTM is spanned by {E|,E>,E3},
and therefore, M is 3-lightlike. Further, §,E| = E,, therefore we set D; = Span{E},E,}.
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Also ¢yE3 = —X; and thus D, = Span{E3}. It is easy to see that ¢,X3 = X4, so we set
Do = Span{X3,X4}. On the other hand, following direct calculations, we have
1 4 1 1
Ny = §(8x4 —dy1+y'dz), No= E(—axl —dys+y 9z),
1
Nz = 5(— sin @0dxy — cos 0y, +dz), W = dxs —2y dys +y 9z,
from which Itr(TM) = Span{N;, N, N3} and S(TM~*) = Span{W}. Clearly, §,N, = —N}.
Further, ¢ N3 = %XZ and thus . = Span{N;}. Notice that ¢ N3 = —%$0E3 and therefore
00-L = 0yD>. Also, p,W = —X; and therefore .7 = Span{W }. Finally, we calculate £ as
follows; From Theorem 3.4.2 we have & = aFE3 + bN5. Applying ¢, to this equation we
obtain ag,E3 + bP,N3 = 0. Now, substituting for ¢,E3 and ¢,N; in this equation we get

2a = b, from which we get & = 1(E3 +2N3). Since ¢& =0 and g(&,£) = 1, we conclude
that (M, g) is an ascreen QGCR-lightlike submanifold of M.

Next, considering structure 1.3.5 (i.e., M is cosymplectic manifold), we have the following
example;

Example 3.1.6. Let M = (Ril,g) be a semi-Euclidean space, where g is of signature
(—,—,+,+,+,—,—,+,+,+,+) with respect to the canonical basis

(axlaax2aax37ax4aax57ay17ay27ay3aay4aay5aaz)'

Let (M, g) be a submanifold of M given by

1 1
X =y, y :—x4, z=—x2+—y2 and y5:(x5)%.

V2o V2

By direct calculations, we can easily check that the vector fields

E| = dx4+dy1, Ep=9dx; —dys,

1 1
E3=—0dxy+ —=0y2+ 0z, X| =2y dxs5+ dys,
3 > 2 \/§ y2 1 y 5 Y5
1 1
X, = —E9X2+ ﬁa)’z, X3 = dysz, X4 = dx3,

form a local frame of TM. From this, we can see that RadTM is spanned by {E;,E»,E3},

and therefore, M is 3-lightlike. Further, ¢,E| = E,, therefore we set D; = Span{E|,E>}.
Also ¢yE3 = —X; and thus D, = Span{E3}. It is easy to see that ¢,X3 = X4, so we set
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Dy = Span{X3,Xy}. On the other hand, following direct calculations, we have

1 1
N =5(9x4—9y1), No=(=0dx1 —9dy),
1 1
Ny = 2 (-

1
> 8Xz——23yz+3Z), W = dxs —2y°dys,

V2 V2

from which Itr(TM) = Span{N;, N, N3} and S(TM~*) = Span{W}. Clearly, §,N, = —N.
Further, N3 = 3X, and thus .% = Span{N3}. Notice that ¢, N3 = —3¢,E3 and therefore
00L = 9oD>. Also, W = —X; and therefore.” = Span{W }. Finally, we calculate & as
follows; Using Theorem 3.4.2 we have & = aE3 + bN5. Applying ¢, to this equation we
obtain ag,E3 +bd,N3 = 0. Now,substituting for ¢,E3 and ¢,Ns in this equation we get
2a = b, from which we get & = 1(E3 +2N3). Since ¢& =0 and g(&,£) = 1, we conclude
that (M, g) is an ascreen QGCR-lightlike submanifold of M.

3.2 Totally umbilical and totally geodesic ascreen QGCR-
lightlike submanifolds

In this section, we prove two main theorems concerning totally umbilical, totally geodesic
and irrotational ascreen QGCR-lightlike submanifolds of M. Notice that Dy and ¢.7 are
orthogonal and non-degenerate subbundles of 7M and that when M is ascreen QGCR-

lightlike submanifold, we observe that
nX)=nZ)=0, VXeI(Dy), Z¢€ F@Y) (3.2.1)

Theorem 3.2.1. Let (M, g,S(TM), S(TM™)) be a totally umbilical or totally geodesic proper
ascreen QGCR-lightlike submanifold of an indefinite nearly cosymplectic space form M(c),
of pointwise constant ¢-sectional curvature ¢, such that Do and ¢.7 are spacelike and
parallel distributions with respect to V. Then, ¢ > 0. Equality occurs when M(¢) is an

indefinite cosymplectic space form.
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Proof. Let X and Z be vector fields in Dy and ¢.7, respectively. Replacing W with ¢X and

Y with ¢Z in (1.3.20), we get

AR(X,0X,Z,0Z) =2((V4x9)Z, (Vx9)9Z)
—2((V5x9)9Z,(Vx9)Z) — 28((V4x $)X (V5,0)Z)
+3(H¢X,Z2)g(HX,0Z) —3(H ¢X,
—2g(H¢X,X)g(H9Z,Z) —2cg(9Z, Z)g( X,0X).

E }
X
>
N

Considering the first three terms on the right hand side of (3.2.2), we have

)Z)+10((V20)X))n((Vx9)Z) +3(Z,HX)?
=2((Vx9)Z,(Vx9)2) +8(Z,(Vx9)&)2(X, (V29)E) + 8(Z, HX )
=32((Vx9)Z,(Vx$)Z)+32(Z,0 HX)2(X, 9 HZ) +2(Z,HX )
=2((Vx9)Z,(Vx9)Z) —3(0Z,HX)* +g(Z,HX )

In a similar way, using the second equation of Lemma 1.3.3, we get

—3((V5x#)9Z,(Vx9)Z) = &((Vx9)Z,(Vx9)Z)

and
—28((V5x9)X,(V4,0)Z) =0
Now substituting (3.2.4), (3.2.5) and (3.2.6) in (3.2.2), we get

4R(X,0X.Z,0Z) =28((Vx9)Z,(Vx9)Z) —3(0Z,HX)* + 3(Z,HX )
+3(HOX,Z)g(HX,0Z) —g(H ¢X,9Z)g(HX,

—28(H X, X)g(H 9Z,Z) —2cg(9Z,9Z)g(9X

o )’
0z Z)
,0X),

(3.2.2)

(3.2.3)

(3.2.4)

(3.2.5)

(3.2.6)

(3.2.7)
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from which we obtain

2R(X,9X,Z,90Z) =3((Vx9)Z,(Vx9)Z) +3(Z,HX)* —c8(Z,Z)g(X . X).  (3.2.8)

Then using the facts Dy and ¢.% are spacelike and parallel with respect to V, we have

(Vz0)X = (Vz9)X € (Do),
and (3.2.8) reduces to
2R(X,9X,Z,9Z) = ||(V29)X||> +3(Z, HX)* - || X|]*||Z|%, (32.9)

where ||.|| denotes the norm on Dy | ¢.& with respect to g.
On the other hand, when we replace W with X and Y with ¢Z in (1.2.34), we have

R(X,90X,Z,0Z) = g((Vxh')($X,Z2),9Z) —3((Vgxh')(X,Z),9Z), (3.2.10)
where,
(Vxh®)(0X,Z) = Vih*(0X,Z) — h*(Vx¢X,Z) — h*(¢X,VxZ). (3.2.11)

By the fact that M is totally umbilical in M, we have h*(¢X,Z) = 0. Thus, using Definition
1.2.2, equation (3.2.11) becomes

(Vxh*)(0X,Z) = —h*(Vx0X,Z) — h*(pX,VxZ)
= —g(Vx0X,Z)H* — g(¢X,VxZ)FH". (3.2.12)

Differentiating g(¢.X,Z) = 0 covariantly with respect to X and then applying (1.2.15), we
obtain
g(Vx9X,Z)+g(9X,VxZ) =0. (3.2.13)

Substituting (3.2.13) in (3.2.12), gives
(Vxh*)(¢X,Z) = 0. (3.2.14)

Similarly,
(Vaxhs)(X,Z) =0. (3.2.15)
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Then, substituting (3.2.14) and (3.2.15) in (3.2.10), we get
R(X,0X,Z,0Z) = 0. (3.2.16)
Substituting (3.2.16) in (3.2.9), gives
cIXIPIZI? = [/(V29)X]* +8(Z.HX)* > 0, (3.2.17)
which implies that ¢ > 0. When the ambient manifold is cosymplectic, then V¢ = 0 and also
N =0 and hence dn =0 from (1.3.14). In this case ¢ = 0. O
Example 3.2.2. Let (M, g,S(TM), S(TM~)) be an ascreen QGCR-lighlike submanifold in

Example 4.1.2. Applying (1.2.15) and Koszul’s formula (1.1.1) to Example 4.1.2 we obtain

(X, Y)=0 VYX,Y eI(TM), where i=1,2,3,
84hi(X1,X1) =2 and hi(X,Y) 20, VX #XI,Y #Xl. (3218)

Using (1.2.22), (3.2.18) and &4 = g(W,W) = 1 +4(y°)?, we also derive

2
h(X1,X]) = —=W. 3.2.19
We remark that M is not totally geodesic. From (3.2.19) and (1.2.32) we note that M is totally

umbilical with 5

(40522

By straightforward calculations we also have

Vx, X1 =4°X; and VxX;=0 Vi, j# 1.

Thus, Dy and ¢.7 are parallel distributions with respect to V. Hence, M satisfies Theorem
3.2.1andc =0.

Corollary 3.2.3. Let (M,g,S(TM), S(TM™)) be a totally umbilical or totally geodesic
ascreen QGCR-lightlike submanifold of an indefinite cosymplectic space form M(c) of

pointwise constant a—sectional curvature c. Then, ¢ = 0.

Definition 3.2.4 ([9]). A lightlike submanifold M of a semi-Riemannian manifold (M,g) is
called irrotational if VxE € T'(TM), for any E € T'(RadTM)) and X € T'(TM). Equivalently,
M is irrotational if

h(X,E) =h*(X,E) =0, (3.2.20)
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forall X e ['(TM) and E € T'(RadTM).

Theorem 3.2.5. Let (M,g,S(TM), S(TM™)) be an irrotational proper ascreen QGCR-
lightlike submanifold of an indefinite nearly cosymplectic space form M(c) of pointwise
constant ¢-sectional curvature ¢. Then, ¢ < 0 or ¢ > 0. Equality holds when M(c) is an

indefinite cosymplectic space form.
Proof. By settingY =E,Z = ¢E,X =X and W = E in (1.2.34), we get

R(X,0E,E,E) =g((Vxh')(E,9E),E) —g((VEh') (X, 9E), E)
+8((Vxh*)(E,9E),E) —g((VER')(X, 9E),E), (3.2.21)

forany X € I'(TM) and E € T'(RadTM). Then, using the fact that M is irrotational, (3.2.21)

reduces to
R(X,0E,E,E)=0, VX € [(TM). (3.2.22)

On the other hand, settingY =W = E, X = X and Z = ¢F in (1.3.20), we get

F(X7E7$E7E) ((VE¢)¢E (VX(P) ) g(( E )E7( X¢) E)
H

)
+e{-—n(EMX)Z(PE.E)+n(E)N(E)g(X, 9E)
+2(PE, X)5(9°E,E) + (9 E,X)2($E, E)
—28(9E,9E)2(X,9E)},
for all X € I'(TM), which on simplifying leads to
—n(E)*3(HX, H¢E)+4cn( )?’g(X,9E). (3.2.23)

Now, using (3.2.22) and (3.2.23), we get

4en(E)*g(X,9E) = 3g((Ve®)PE,(Ved)X) +n(E)*g(HX ,H §E). (3.2.24)
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Replacing X with ¢E in (3.2.24) and the using (1.3.17) of Lemma 1.3.3 to the resulting
equation gives
cn(E)°8(9E,9E) = n(E)°g(H §E, H OE). (3.2.25)

Since M is ascreen QGCR-lightlike submanifold, there exist E € I'(D;) such that n(E) =
b # 0, and thus (3.2.25) simplifies to

| [ 1 —
¢=—58(HE,HE) = -dn(E,HE). (3.2.26)

We observe that ¢ = 0 if either dn) = 0 (i.e., M(c) is cosymplectic space form [4]) or HE
is a null vector field. The second case implies that HE belongs to RadTM or ltr(TM). If
HE € T'(RadTM), then there exists a non zero smooth function k’ such that HE = «'E,
for some arbitrary E € I'(RadTM). Taking the g-product of HE = k’'E with £ leads to
0 = x'n(E), from which n(E) = 0. Since M is ascreen QGCR-lightlike submanifold, then,
there is E € I'(D,) such that n(E) # 0, hence a contradiction. Similar reasoning can be
applied if HE € T'(Itr(TM)). Therefore, ¢ = 0 only if HE = 0 (i.e., dn = 0) which occurs
when M(c) is cosymplectic space form [4]. It turns out that ¢ < 0 or ¢ > 0 depending on
whether HE is space-like or time-like vector field respectively. [

Corollary 3.2.6. Let (M,g,S(TM), S(TM™')) be an irrotational proper ascreen QGCR-
lightlike submanifold of an indefinite cosymplectic space form M(c) of pointwise constant
a—sectional curvature ¢c. Then, ¢ = 0.

It is easy to see from (3.2.19) that (X, E) = h*(X,E) = 0 and hence M given in Example
3.2.2 is an irrotational ascreen QGCR-lighlike submanifold of an indefinite cosymplectic
space form M(¢). As is proved in that example ¢ = 0.

3.3 Mixed geodesic ascreen QGCR-lightlike submanifolds

Definition 3.3.1. A QGCR-lightlike submanifold of an indefinite nearly a-Sasakian man-
ifold (M, ¢,&,1m,8) is called mixed geodesic QGCR-lightlike submanifold if its second

~

fundamental form, A, satisfies #(X,Y) =0, forany X € ['(D) and Y € I'(D).
We will need the following lemma in the next theorem.

Lemma 3.3.2. Let (M, g,S(TM),S(TM™)) be any 3-lightlike proper ascreen QGCR-lightlike
submanifold of an indefinite nearly a-Sasakian manifold (M, ¢,E,n,g). Then,
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forany E € T'(D;) and N € T'(.Z).

Proof. The proof follows from straightforward calculations using g(&,&) =1 and & =
N(N)E+n(E)N. O

Theorem 3.3.3. Let (M,g,S(TM),S(TM*')) be a 3-lightlike proper ascreen QGCR-lightlike
submanifold of an indefinite nearly a-Sasakian manifold (M, ¢,E,m,8). Then, M is mixed
geodesic if and only if hy(X.Y) = 0 and "on"ApLX =0, forallX €T(D), Y € I'(D), Wg €
[(S(TM™)) and E; € T(RadTM).

Proof. By the defintion of ascreen QGCR-lightlike submanifold, M is mixed geodesic if

for all X € (D), Y € (D), Wg € [(S(TM*)) and E; € [(RadTM). Now, by virtue of
(1.2.22) and the first equation of (3.3.1), we have

0= g(h(X,Y),Wp) = egh (X, Y).

from which hsﬁ (X,Y) =0, since €g # 0. On the other hand, using the second equation of
(3.3.1), (1.2.15) and (1.2.19) we derive

g(h(X,Y),E) =8(VxY,E;) = —3(Y,VxE;) = g(Y,Ap X) = 0. (33.2)
Since D =Dy L. Dy and D = {D, | ¢D,} @D, we observe that ALX ¢ T(¢Dy) or ¢.Z. In
fact, let suppose that A X ¢ T(¢D,), then there exist a non-vanishing smooth function /
such that A7, X = (QE, for E € T'(D;). Thus,

0=g(Y,A;X) =lg(Y.9E), VY € (D). (3.3.3)

Taking Y = ¢N in (3.3.3), where N € I'(.#) and using Lemma 3.3.2, we have

0= g(V,A5X) = (g(BN,GE) = £(1 ~n(E)I(N)) = 5.

which is a contradiction, since £ # 0. Hence A} X ¢ ['(¢D> @ ¢.£). Moreover, Ap. X ¢
['(9.) since if A}, X € I'(9.#), then there is a non-vanishing smooth function @ such that
AEX = a)EWﬁ. Taking the g-product of this equation with respect to ¥ = $Wl3 and using the
fact that n(Wp) = 0, we get
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which is a contradiction, since €g 7 0 and @ # 0. Hence, Az X ¢ T({$D2© 9.} L ¢.7),
which implies that Az X € I'(Dy). Since A X € I'(Dp), then the non-degeneracy of Dy
implies that there exist some Z € I'(Dp) such that (A X,Z) # 0. But using (1.2.19) and
(1.2.15), together with the fact that M is mixed geodesic we derive

8(ApX,Z) = —g(VxE;,Z) =3(E;,VxZ) = 3(E;,VxZ) =0, (3.3.4)

which is a contradiction. Thus Az X ¢ T({¢D>® ¢.£} L 9.7 1L Dy), i.e., Az X =0. The

converse is obvious. O]

Corollary 3.3.4. Let (M,g,S(TM),S(TM™")) be a proper ascreen QGCR-lightlike submani-
fold of an indefinite nearly a-Sasakian manifold (M, ¢, &, M, g). Then, if M is mixed geodesic
then hl(X ,E;) = 0 and ¢g;(X) =0, for all X € T(D) and E; € T(D5).

Definition 3.3.5. A QGCR-lightlike submanifold of an indefinite nearly ¢-Sasakian manifold
(M,¢,E,m,3) is called D-geodesic QGCR-lightlike submanifold if its second fundamental
form A satisfies

h(X,Y)=0,

for any X,Y € I'(D).
Since M is ascreen QGCR-lightlike submanifold, we have g(X,&) = 0 for all X € ['(D).
Applying Vy to g(X,£) = 0 we get
n(VyX) = —g(X,Vy¢). (33.5)
Interchanging X and Y in (3.3.5), and then adding the resulting equation to (3.3.5), gives
N(VxY)+n(VyX) = a{zg(Y,9X) +3(X,9Y)} +3(Y.HX) +g(X,HY) =0.  (3.3.6)

Theorem 3.3.6. Let (M, g,S(TM),S(TM™)) be a proper ascreen QGCR-lightlike subman-
ifold of an indefinite nearly a-Sasakian manifold (M,¢,&,m,g). Then, M is D-geodesic
if and only if 9h' (X, 9E) and oh* (X, W) respectively have no components along ltr(TM)
and S(TM™*), while both Vx§E and Vx W ¢ I'(Dy) for all X € T'(D), E € T'(RadTM) and
W eT(¥).

Proof. By the defintion of an ascreen QGCR-lightlike submanifold, M is D geodesic if
and only if g(h(X,Y),E) = g(h(X,Y),W) =0, for all X,Y € I'(D), Wg € T'(S(TM~)) and
E €T'(RadTM).
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Using (1.2.15) and (1.3.2), we derive

g(h(Xay)aE):§(§XY E)
=8(@VxY,9E) —g(Y.Vx&)g(E, &),

from which when we apply (1.3.10) we get
g(h(X.Y),E) =3(9 VxY,0E) + og(Y,0X)3(E. &) +3(Y. HX)Z(E,§).  (33.7)
Interchanging X and Y in (3.3.7) and considering the fact that 4 is symmetric we get
g(h(X.Y).E) =3(9 VyX,0E) +ag(X,0Y)Z(E.§) + (X, HY)Z(E,§).  (33.8)
Summing (3.3.7) and (3.3.8) and then applying (3.3.6), we have
25(h(X,Y),E) =5(9 VxY,9E) +8(9 VyX,9E). (33.9)
Now, applying condition in (1.3.4) to (3.3.9), leads to
22(h(X,Y),E) =g(Vx9Y,9E) +8(Vy9X,0E). (3.3.10)
From (3.3.10) and (1.2.15) we derive

2§(h(X7Y)> ):_(van aE)"i_ ( (PX (PE)
= —2(9Y,Vx0E) —g(¢X VY¢E)
—2(0Y,h(X,9E)) —5(9X ,h(Y,PE)). (3.3.11)

If we let X,Y € T'(Dy) in (3.3.11), we obtain
2g(h(X,Y),E) =5(Y,0h(X,9E)) +g(X, (Y, $E)). (3.3.12)
On the other hand, when X,Y € T'(Dy), we get
2g(h(X,Y),E) = (Y, VxPE) —g(¢X,VyE). (3.3.13)

It is easy to see from (3.3.12) and (3.3.13) that if 9h(X,9E) ¢ I'(lt(TM)) and Vx9E ¢
I'(Dy), then g(h(X,Y),E) = 0. The other assertions follow in the same way. The converse is
obvious. [
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Corollary 3.3.7. Let (M,g,S(TM),S(TM™")) be a proper ascreen QGCR-lightlike subman-
ifold of an indefinite nearly a-Sasakian manifold (M, ¢,E,1n,3). If M is D-geodesic then
VLOE, VoW ¢ T'(Dy), for all X € T(D), E € T(D;) and W € T(.%).

Corollary 3.3.8. Let (M,g,S(TM),S(TM™)) be a proper ascreen QGCR-lightlike submani-
fold of an indefinite nearly a-Sasakian manifold (M, ¢,&,1n,2). If M is D-geodesic then D
defines a totally geodesic folliation in M.

3.4 Minimal ascreen QGCR-lightlike submanifolds

Consider a quasi-orthonormal frame a long TM given by
{Eb' o 7Er7X17 T 7XWHW17 e 7Wn7Nl7' o aNr}v (341)

such that {E1,--- ,E,, X1, -+, X, } € TM. Let suppose that {E1,--- ,E2p}, {Eapy1,-- ,Er}
and {Xy,---,Xy} are the bases of Dy, D, and Dy respectively. Further, let {W,;1,--- , Wi}
and {N2p41,---,N,}, respectively be the bases of . and .Z.

Definition 3.4.1 ([16]). A lightlike submanifold M of a semi-Riemannian manifold M is said
to be ascreen if the structure vector field, &, belongs to RadTM & [tr(TM).

The following result for ascreen QGCR-lightlike submanifolds is well-known (see Lemma
3.6 and Theorem 3.7 of [22]).

Theorem 3.4.2. Let (M,g,S(TM),S(TM")) be an ascreen QGCR-lightlike submanifold
of an indefinite nearly o-Sasakian manifold M, then & € T(D, ® £). Further, if M is
a 3-lightlike QGCR submanifold, then M is ascreen lightlike submanifold if and only if
0L = ¢D>.

From (3.4.1) and (2.1.1), we can write the generalized structure vector field of an ascreen
QGCR-lightlike submanifold as

r r
5 = Z a;E;+ Z b;N;, (3.4.2)
i=2p+1 i=2p+1
where a; = g(N;,§) and b; = g(E;, &).
Now, using (3.4.1) and Theorem 3.4.2 above, we deduce the following for an r-lightlike
ascreen QGCR-submanifold (M, g).
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Proposition 3.4.3. Let M be a proper r-lightlike ascreen QGCR submanifold, where r > 3,
of an indefinite almost contact manifold M. Then, there exist at least one pair {E,,N,} C
£ @& Dy and a corresponding non-vanishing real valued smooth function ©,, where u €
{2p+1,---,r}, such that N, = 6,0E, and dim(¢.£ © ¢D,) > 1. Equality occurs when
r=3.

Proof. The proof follows from Theorem 3.4.2 above. ]

As an example, we construct a 4-lightlike ascreen QGCR submanifold. Let us consider
the case ¢ = 0 and H = 0. That is, M = (RZ"*!, ¢, &,7,3) is an indefinite cosymplectic
manifold with the usual cosympletic structure given in (1.3.5).

Example 3.4.4. Let M = (R}, ) be a semi-Euclidean space, where g is of signature (—, —,
-+, +,+,+,—,—,—,+,+,+,+,+) with respect to the canonical basis

(&Xl,8)62,8)63,8)64,8)65,8)66,8)67, ayhay278y378y478y578y678y7781)-

Let (M, g) be a submanifold of M given by

y1 = —x4, y2:x5, y3 = \/Zz_(x3)2> y4:x17 y6:x67 x3,y3 > 0.

By direct calculations, one can easily check that the vector fields

E| = dxs+0dy), Ex=0dx;—dys, E3z=dxs+0dy,
Ey=x0x3+y dy3 +29z, X) =0dxs+dys, Xo=dxy—dys,
X3 =ydx3—x°dy;, Xy=—0dxa—3dys, Xs=0y;, Xe=ux1,

form a local frame of TM. With reference to the above frame, we see that RadTM is
spanned by {E|,E,E3,E4}, and therefore M is a 4-lightlike submanifold. Further more,
¢oE1 = Es, therefore we set D = span{E},E;}. Notice that ¢ ,E3 = X, and ¢,E4 = X3 thus,
D, = span{E3,E4}. Also, §X5 = X, so we set Dy = span{Xs, X¢ }. Further, by following

direct calculations, we have

1 1 1
N = 5@’““ —dy1), Ny= 5(—8)61 —dyy), N3= 5(3)65 —dy)
1
Na=72 (—x°0x3 —y’dy3+20z), W = dxg— dys.

Note that [tr(TM) = span{N;,N,,N3,N4} and . = span{W }. It is easy to see that §,N, =
—N; and 60N3 = X4. Notice 50N4 = —2—i2X3 = —ﬁEOEA; and, hence, o4 = —2%2 (see
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Proposition 3.4.3). Therefore, . = span{N3,N4}. Also, ;W = —X; and hence .7 =
span{W}. Observe that ¢,.% & ¢,D> = span{ X2, X3, X4 } and therefore dim(9,-Z & ¢,D2) =
3. Applying ¢, to (3.4.2) and substituting the corresponding ¢,E;s and @N;s for i = 3,4
we obtain a3 + bz = 0, a3 — b3 = 0 and 2z%a4 = by. Finally, we get & = ZLZE4 + zN4. Since
0o =0and g(&,&) = 1, we see that (M, g) is a 4-lightlike ascreen QGCR submanifold of
M satisfying the hypothesis of Proposition 3.4.3.

Next, we adapt the definition of minimal lightlike submanifolds given by [10].

Definition 3.4.5. A lightlike submanifold (M,g,S(TM)) of a semi-Riemannian (M,g) is

called minimal if;
1. ¥"=0onRadTM and,
2. trace(h) = 0, where trace is writen with respect to g restricted to S(TM).

It is well-known that the Definition 3.4.5 is independent of the choice of the screen
distribution S(TM) [10].

Now, we construct a minimal ascreen QGCR-lightlike submanifold, which is note totally
geodesic, of a nearly o-Sasakian manifold with & = 0 and H = 0 (i.e., the ambient space is

a cosymplectic manifold).

Example 3.4.6. Let M = (R}*,g) be a semi-Euclidean space, where g is of signature (—, —,
+,+,+,+,—,—,+,+,+,+,+) with respect to the canonical basis

(axl7ax2aax3aax47axSaaxﬁaaylaay27ay3aay4aay5aay6aaz)'

Let (M, g) be a submanifold of M given by

d=0!, x

1% =sinw’coshw®, y' = —w*, Y =v20b -

2 3 3 .4

=0, X =0, F=0* X

— cos @’ cosh 0)6,
2 .3 7
9 y - a) )

y4:a)1, y5:cosa)5sinhw6, y6:sinw5sinhw6, 7=
By direct calculations, we can easily check that the vector fields

E; = 0dx4+dy), Ey=dx; —dys,

E3=0xa+ 0y, +V209z, X; = —x%9x5+x9xs —y°dys + v dye
Xo=—0dx+9dyz, X3 =)"0x5+y°9x6+x dys +x°dy,

Xy = dy3, X5 = dxs,
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form a local frame of TM. From the above frame, we can see that RadTM is spanned by
{E\,E,E3}, and therefore, M is a 3-lightlike submanifold. Further, $0E 1 = E,, therefore
we set D1 = span{Ej,E;}. Also ¢ E3 = —X; and thus D, = span{E3}. It is easy to see that
$0X4 = X5, so we set Dy = span{Xy,Xs}. On the other hand, following direct calculations,

we have
1 1
Ny = 5(3364 —ady1), Ny = 5(—3161 — dYs),

1
N3 = 2 (=0xy = 0y2 +V29z), Wi = —y°9xs +y 06 +2°0ys —x*dye,

Ws = x°9xs5 +x°9x6 — y° dys — y°dye,

from which /tr(TM) = span{N;,N»,N3} and S(TM~) = span{W;,W»}. Clearly, ¢ N, =
—Nj. Further, §N3 = 1X; and thus . = span{N;}. Notice that $(N3 = —19,E3, which
implies that 03 = —} and therefore, ¢ = @,D,. Also, §;W; = —X; and ¢ W, = —X;.
Therefore . = span{W;,W>}. Now, we calculate £ as follows: Using (3.4.2) we have
& = a3E3 + b3N;3. Applying @, to this equation we obtain az@yE3 + b3 N3 = 0. Now,
substituting for ¢,E3 and ¢,N3 in this equation we get 4a3 = b3, from which we get & =

\[E3 ++/2N;. Since ¢,& = 0 and g(&,&) = 1, we see that (M, g) is a proper ascreen
QGCR-lightlike submanifold of M. Finally, we verify the minimality of (M, g). By simple

calculations one can verify easily that the following vectors;

IS 1 -~ 1 -~ 1 ~ ~
X1=—7=X1, Xo=—"72Xo, X53=—"2X3, X4=X4, X5 =X,
VP V2 VP
~ 1 ~ 1
Wy =—W;, Wo=—=W,, where p:= cosh2a)6,
VP NG

are unit vector fields. Moreover, & = g()?z,)?z) =—1,¢g= g()?,,)?,) =1, fori=1,3,4,5
and &g = g(ng,ng) =1, for B = 1,2. Now, applying (1.2.15) and Koszul’s formula (see
[71) one gets h(E1,E1) = h(Ez, E) = h(E3, E3) = h(X2,X2) = 0, h(X4,Xs) = h(Xs5,X5) = 0,
KX, X)) =i (X3,X3) =0, i*(X),X)) = hWZ and 1°(X3,X3) = hWz Hence, M is
not a totally geodesic ascreen QGCR-lightlike submanifold. Also, we have trace(h)|s(zu)
e1h*(X1,X)) + &h* (X3,X3) = 0. Therefore, M is a minimal proper ascreen QGCR-lightlike
submanifold of M.

Definition 3.4.7 ([9]). A lightlike submanifold M of a semi-Riemannian manifold (M, g) is
called irrotational if VxE € I'(TM), for any E € T'(RadTM)) and X € T'(TM). Equivalently,
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M 1is irrotational if
hl(X,E) =h(X,E)=0,VX eT(TM), E €eT(RadTM). (3.4.3)

Theorem 3.4.8. Let (M,g) be an irrotational ascreen QGCR-lightlike submanifold of an

indefinite nearly o-Sasakian manifold (M,g). If V is a metric connection, then M is minimal

if trace(Aw; )| s(rp) = 0.

Proof. First, we notice that when M is irrotational then (3.4.3) implies that #* =0 on Rad T M.
Thus, condition (i) of Definition 3.4.5 is satisfied. Now using Definition 2.2.1 we can see
that the screen distribution S(7M) is generally spanned by

(X1, X0, 0Ep 1, OEr, ONgp1,-+ -, ONr, OWpp1, -, O Wi} (3.4.4)

Since M is ascreen QGCR-lightlike submanifold, the dimension of the frame in (3.4.4) is
lower than that of a comparable GCR-lightlike subamanifold due to existence of some
u € {2p+1,---,r} and non-vanishing smooth function(s) o, such that N, = c,0E,
(see Proposition 3.4.3 above). Furthermore, the vectors ¢E, and 9N, are non-null, since
g(0E,, 0E,) = —a,b, # 0 and g(§N,,§N,) = —a,b, # 0. Thus, by setting Z, = §N,, =
GI@EM we have

trace(h)|scrm) = Ze, (X, Xy) + Z h(9E;,9E))
Jj=2p+1

Y h(oN;ON)+ Y eh(Zi,Zu)+ Z eh(OW,, OW,,). (3.4.5)
Jj=2p+1 u=x+1 d=r+1

Replacing Z with E; in (1.2.23) we derive

(Vxg)(V,E) = Y (X, V)M(E) = (W (X, V), 2, (3.4.6)
i=1
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for any X,Y € T'(S(TM)). Then using (3.4.6) and the assumption V is a metric connection

we get

n

1S
trace(h) |scramr) = Z ! Z egg(h* (X1, X:), Wp)Wp

=r+1
+ Z Z epg(h*(PE;, OE;),Wp)Wp
j= 2p+l =r+l1

Eﬁg(hs(zu,zu),WB)WB. (3.4.7)

Then using (1.2.22) we derive
g(h°(X.Y),Wp) = egh} (X.Y) = g(Aw, X, Y), (34.8)

for any X,Y € I'(S(TM)). Finally, replacing (3.4.8) in (3.4.7) we get

21 n

g
trace(h)|srm) = Z d Z epg(Aw, Xi, X )Wp
t=1" B=r+1
K n

Y LY epetan, 08, 9E) W

j=2p+1 " ﬁ—r+1

+ Z Z €s8 AWB¢NJ7¢N)

Jj= 2p+lnB =r+1

k n
g _
+ Y LY eps(Aw, 0Wa, 0Wa)Wp
d=r+1 " p=r11

g n 3
u= =r

from which our assertion follows. Hence the proof. [

Example 3.4.9. Let (M,g) be a submanifold of ]Rﬁm+1 given in Example 4.1.2. We have
shown that 4(X,Y) = 0 for any X,Y € ['(TM). Hence, from (1.2.23) we can see that the

induced connection V is a metric connection. Further, we have also seen that 2(X,Y) =0
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for all X,Y € I'(RadTM) and thus, #°(X,Y) = 0 on RadTM and also #*(X,E) = 0 for all
X € I'(TM). Therefore, M is an irrotational minimal ascreen QGCR-lightlike submanifold
of Rim“ with trace(Aw; )|s(ry) = 0 and thus satisfying the above theorem.

Corollary 3.4.10. Let (M,g) be a totally umbilical irrotational ascreen QGCR-lightlike
submanifold of an indefinite nearly a-Sasakian manifold (M,g). If V is a metric connection,

then M is minimal if the mean curvature vectors 7¢° = Q.



Chapter 4

Co-screen QGCR-lightlike submanifolds
of nearly a-Sasakian manifod

4.1 Introduction

In this chapter, we study a special class of QGCR-lightlike submanifolds of indefinite
nearly a-Sasakian manifolds, called co-screen QGCR-lightlike submanifold. We discuss the
integrability of distributions and also establish the necessary conditions for such distributions
to be nearly parallel and nearly auto-parallel.

From the proof of Theorem 2.3.5 we can see that when o # 0 and one assumes that & is
normal, then a; = 1(N;) = 0. This makes & to be in the co-screen distribution. Thus, we
will say that a QGCR-lightlike submanifold of an indefinite nearly a-Sasakian manifold,
with & # 0, is co-screen QGCR-lightlike submanifold if & € T'(S(TM™)).

From Definition 2.2.1 of QGCR-lightlike submanifold we notice that if M is a co-screen
QGCR-lightlike submanifold then the direct sum in (2.2.3) reduces to the orthogonal sum
¢D=.7 1 %. Note that this condition is also satisfied by GCR-lightlike submanifols
though & € T'(S(TM)). In the case of co-screen QGCR-lightlike submanifolds we have
& € T(S(TM*)) and therefore, we have the following definition.

Definition 4.1.1. Let (M,g,S(TM),S(TM")) be a lightlike submanifold of an indefinite
nearly a-Sasakian manifold (M, ¢,&,n,g). We say that M is co-screen QGCR-lightlike

submanifold of M if the following conditions are satisfied:

(1) there exist two distributions D and D, of Rad TM such that

RadTM =D, ®D,, ¢D;=D;, ¢D,C S(TM), “4.1.1)
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(ii) there exist vector bundles Dy and D over S (TM) such that

S(TM) = {¢D, ® D} L Dy, 4.1.2)
with ¢DyC Dy, ¢D=.7_1.%, (4.1.3)

where Dy is a non-degenerate and invariant distribution on M, . and .¥ are respectively
vector subbundles of /tr(TM) and S(TM™).

If Dy # {0}, Dy # {0}, D, # {0} and . # {0}, then M is called a proper co-screen
QGCR lightlike submanifold. The tangent bundle of M is decomposed as follows;

TM =D @D, with D=RadTM 1. Dy L ¢D>. (4.1.4)
The transversal bundle can also be decomposed as
w(TM)=¢D 1L G L (&), (4.1.5)

where 04 = 9.

It is well known from [9] that GCR-lightlike submanifolds, tangent to the structure vector
field £, include real hypersurfaces. However, its easy to see that co-screen QGCR-lightlike
submanifolds exclude real lightlike hypersurfaces, since in a real lightlike hypersurface
tr(TM) = Itr(TM), implying that S(TM*) = {0}.

Next, we construct an example of a co-screen QGCR-lightlike submanifold of a special
nearly a-Sasakian manifold M in which H = 0 and o = 1. More precisely, we take M to be

a Sasakian manifold.

Example 4.1.2. Let M = (Rf,g) be a semi-Euclidean space, where g is of signature
(—,—,+,+,+,+,—,—,+,+,+,+,+) with respect to the canonical basis

(dx1,0x2,0x3,0x4,0x5,0x6,9y1,0y2, Y3, 0y4,0Ys5,0Y6, 02).
Let (M, g) be a submanifold of M given by

x =y, y =—x", )62:y3 and y5:(x5)%.
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By direct calculations, we can easily check that the vector fields

E| = dxq+ 9y +y* 9z, Ey=0dx; —dys+y'9z,

Es = 0xy +dy3+y*dz, X1 =2y dxs+dys +2(y°)?0z,
X = 0x3 — Iy +y'9z, X3 =2(dx3+dy2+y92),

X4 =20dys and Xs=2(dxs+y%dz),

form a local frame of TM. From this, we can see that Rad TM is spanned by {E|,E>,E3},
and therefore, M is 3-lightlike. Further, $0E1 = Ej, therefore we set D = span{E|,E}.
Also ¢yE3 = X, and thus D, = span{E3}. It is easy to see that ¢ X4 = X5, so we set
Dy = span{X4,Xs}. On the other hand, following direct calculations, we have

N =2(dxg4 — dy; +y48z), N, =2(—0dx; — dyy +y18z),
N3 =2(—0xy+ dy3 +?9z), Wi = dxs —2y°dys +y 9z,
and W, = 20z,

from which /tr(TM) = span{N;,N»,N3} and S(TM~) = span{W;,W»}. Clearly, ¢ N, =
—N). Further, §,N3 = X3 and thus . = Span{N;}. Also, ¢,W; = —X; and therefore
& = span{W, }. Clearly, M is a co-screen QGCR-lightlike submanifold of M.

4.2 Integrability of distributions

Let (M,g,S(TM),S(TM™)) be a co-screen QGCR-lightlike submanifold of an indefinite
nearly o-Sasakian manifold, (M,¢,&,7,2), and let S and R be the projections of TM on to
D and D respectively, while F and Q are projections of tr(TM) on to ¢ D and ¥ respectively.
Then,

X=SX+RX and V=FV+QV+n(V)E, (4.2.1)

forany X e I'(TM) and V € I'(tr(TM)).
Applying ¢ to the two equations of (4.2.1), we respectively derive

X = 01X + ¢ X and @V = gV + @V, (4.2.2)

where {9, X, ¢V} and {@ X, ¢,V } respectively belongs to TM and tr(TM).
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Using the nearly o-Sasakian condition (1.3.4) and equations (4.2.2) and (1.2.15)-(1.2.17),

we derive

—AgxY —AgyX +Vx$Y + Vydi X

+ V@Y + V5o X +h(X, 1Y) +h(Y, 1 X)

— ¢ VxY — 01 VxY — o VxY — @ VxY (4.2.3)
—20oh(X,Y) —202h(X,Y) — 205(X,Y)E,

for all X,Y € ['(TM). Then, comparing the tangential and transversal components in (4.2.3),
we get;
Tangential components;

Vx¢1Y +Vy¢1 X —Ap xY —ApyX
— $1VxY — 0, VxY — 2¢oh(X,Y) = 0. (4.2.4)

Transversal components;

V@Y + Vo X +h(X,0:Y) +h(Y,$1X)
—@VxY — @ VxY —20:h(X,Y) —208(X,Y)E = 0. (4.2.5)

Theorem 4.2.1. Let (M, g,S(TM),S(TM")) be a co-screen QGCR-lightlike submanifold of
an indefinite nearly a-Sasakian manifold (M, ¢,&,1n,3). Then,

1. D is integrable if and only if
h(X, 1Y) +h(Y,$1X) =201 VyX +20:h(X,Y) 4 208(X, V),
forallX,Y € '(D).

2. D is integrable if and only if

A(ple +A(p1yX =20 VyX — 2¢2h(X,Y),

forall XY € I'(D).

Proof. Using (4.2.4) and (4.2.5), we derive

WX, $1Y) +h(Y,01X) = @1[X,Y]+201 VY X +2¢:h(X,Y)
+205(X,Y)E, 4.2.6)
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forall X,Y € I'(D) and
A‘PIXY —f-A(ple =—0 [X,Y] — 2¢1VYX — 2¢2]’l(X,Y), 4.2.7)

forall X,Y € F(E). Then, the assertations follows from (4.2.6) and (4.2.7), which completes
the proof.
[

4.3 Nearly parallel and nearly auto-parallel distributions

Definition 4.3.1. Let (M,g,S(TM),S(TM™"Y)) be a submanifold of a semi-Riemannian mani-
fold (M,g) and let V be the connection induced on its tangent bundle. Then a distribution D
on M will be called nearly parallel if

VxY +VyX €eT'(D), VX € T(TM) and Y € I'(D).

Lemma 4.3.2. Let (M,g,S(TM),S(TM™)) be a co-screen QGCR-lightlike submanifold of
an indefinite nearly a-Sasakian manifold (M, ¢,&,1,2). Then

n(VxY)+n(VyX) =0,
forall X, Y € T(TM).
Proof. By direct calculations using 1.3.10 and the anti-symmetry of ¢ and H we have

N(VxY)+n(VyX) = —g(X,Vy&) —3(¥,Vx&)
= a{g(9X,Y)+32(X,0Y)} +8(HX,Y)+3(X,HY),

from which our assertion follows. O]

Now, using Definition 4.3.1 and Lemma 4.3.2, we have the following;

Theorem 4.3.3. Let (M,g,S(TM),S(TM")) be a co-screen QGCR-lightlike submanifold
of an indefinite nearly a-Sasakian manifold (M,¢,E,m,8). If D is nearly parallel, then
h(X,0Y)+h(Y,91X) + VL1 X has no component in (£ L) forallY € T(D) and X €
T(TM).
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Proof. Using (1.3.4), equations (4.2.2) and Lemma 4.3.2, we derive

— 014¢ xY — Q1Ag xY + 01 Vx Y + @1 Vx 9Y

+¢1Vy 91X + @1 Vy 91X +VyX +VxY + 9 Vi i X

+ 0 Vy 01X +20(X,Y) + $2h(X, 9Y) + 92h(X, Y )

+ 92h(01X,Y) + @2h(91X,Y) =0, (4.3.1)

forall Y € I'(D) and X € T'(TM). Then, taking the tangential components of (4.3.1), we get

— 014 xY + 01 Vx0Y + 01 Vy 01X + ¢ Vy 01X
+VyX +VxY + 0:h(X,0Y) + p2h(¢1X,Y) =0, (4.3.2)

forall Y € I'(D) and X € I'(TM). The result follows from (4.3.2), using the fact that D is
nearly parallel. 0

Corollary 4.3.4. Let (M, g,S(TM),S(TM™)) be a co-screen QGCR-lightlike submanifold
of an indefinite nearly a-Sasakian manifold (M,¢,E,m,g). If D is nearly parallel, then

—AgxY —AgyX + Vy$1X has no component in D for all Y € I'(D) and X € I'(TM).

Usung the idea of [25], we define nearly auto-parallel distributons on submanifolds of

semi-Riemannian manifolds.

Definition 4.3.5. Let (M, g) be a submanifold of a semi-Riemannian manifold (M,g) and let
V be the connection induced in its tangent bundle. Then a distribution D on M will be called

nearly auto-parallel if
VxY +VyX € F(D), VX,Y e F(D)

Theorem 4.3.6. Let (M, g,S(TM),S(TM™)) be a co-screen QGCR-lightlike submanifold of
an indefinite nearly a-Sasakian manifold (M,9,E,m,g). If D is nearly auto-parallel, then
h(X,9Y)+h(Y,91X) has no component in (£ 1. .7) forall X,Y € T(D).

Proof. Using (1.3.4), equations (4.2.2) and Lemma 4.3.2, we derive
DVxOY + @1 Vx Y + 1 VydX + @1 Vy 9 X

+$h(X,9Y) + @2h(X, 9Y) + a2 (Y, 9X) + ¢2h(Y, $X)
+VxY +VyX +2h(X,Y) =0, VX,Y € (D). (4.3.3)
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Considering the tangential components of (4.3.3) we get

01VxQY + 01 Vy X + prh(X,0Y) + 92h(Y,0X)
+VxY +VyX =0, VXY €T(D). (4.3.4)

Since D is nearly auto-parallel, (4.3.4) leads to
¢2h(X76Y> + ¢2h(Ya$X) = 07

from which our assertation follows. Hence, the proof is complete. [

Corollary 4.3.7. Let (M,g,S(TM),S(TM™")) be a co-screen QGCR-lightlike submanifold
of an indefinite nearly o-Sasakian manifold (M, ,&, 1, g). If D is nearly auto-parallel, then
ApxY +AgyX has no component in D for all XY € (D).






Chapter 5
Conclusions and future work

This dissertation has provided a new view and approach to contact CR-lightlike submanifolds
by introducing a special class of CR-lightlike submanifold of indefinite nearly o-Sasakian
manifolds, called, quasi generalized CR (QGCR)-lightlike submanifold which is not nec-
essarily tangent to the structure vector field. Generalizing the structure vector field offers
additional computational work but at the same time opening way to new and interesting
classes of submanifolds. For instance, we have showed that QGCR-lightlike submanifolds
include ascreen QGCR, co-screen QGCR and the classical GCR-lightlike submanifolds.
Some of the results of our findings have already appeared in our two papers [22] and [23].

Chapter 2 is entirely dedicated to QGCR-lightlike submanifolds of indefinite nearly o-
Sasakian manifolds. Section 2.2 introduced the main idea of QGCR-lightlike submanifolds,
clearly giving conditions under which a QGCR-lightlike submanifold is a GCR-lightlike
submanifold. In Section 2.3, we proposed numerous characterization theorems concerning
totally umbilical and totally geodesic QGCR-lightlike submanifolds. In Section 2.4, we
prove the necessary and sufficient conditions for the integrability of distributions on any
QGCR-lightlike submanifold.

Chapter 3 studied ascreen QGCR-lightlike submanifolds. In Section 3.1, we discussed
ascreen QGCR-lightlike submanifolds of an indefinite nearly cosymplectic space form. In
Section 3.2, we focussed on totally umbilical and totally geodesic ascreen QGCR-lightlike
submanifolds of an indefinite nearly cosymplectic space form. In Section 3.3, we focussed
on the mixed geodesity and auto-parallelism of distributions on an ascreen QGCR-lightlike
submanifold. In Section 3.4, we focussed on minimal ascreen QGCR-lightlike submanifolds.

Chapter 4 studied co-screen QGCR-lightlike submanifolds. In Section 4.2 we discuss
the integrability of distributions on such submanifolds. In Section 4.3, we introduced the

concept of nearly parallel and nearly auto-parallel distributions.
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While this dissertation has opened a way to a new class of CR-lightlike submanifolds, we
stress that their applications have not been investigated yet. Our future work will focus on
finding specific applications of this class of submanifold in other closely related fields such
as mathematical physics.
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