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Abstract 

The addition of nanomaterials to conventional composites as reinforcement results in a new 

generation of composites, namely, multiscale composites. Multiscale composites comprise of 

reinforcements from two or more different length scales such as macro, micro and nano hence 

the name multiscale. Developing a computational modelling approach which analyses the 

flexural response of nanocomposites at the nanoscale, which is not restricted by time scales, 

would benefit future studies in the field of nanotechnology.  

The dissertation details the analysis of carbon nanotube reinforced composites. The key focus 

areas include micromechanical modelling of both two and three phase nanocomposites along 

with their applications to structural elements. Furthermore, the flexural behaviour of a simply 

supported hybrid plate element subjected to a uniform transverse pressure is analysed under 

various conditions. 

Firstly, both carbon and glass fibre reinforced composites are investigated along with a 

nanomaterial such as carbon nanotubes (CNT) to form a multiscale epoxy composite. 

Modelling techniques such as Mori-Tanaka and Halpin-Tsai approaches are furthered in order 

to investigate the mechanical properties of both two-phase and three-phase composites. The 

results obtained from these models are compared to theoretical and experimental results 

available in the literature.  

Secondly, the material properties obtained are then used to investigate the bending behaviour 

of a CNT/fibre/polymer cross-ply laminate by incorporating micromechanical modelling 

techniques with structural mechanics. Numerical results are then obtained and used to study 

the effect of various problem parameters such as agglomeration, different fibre 

reinforcements, material layup and nanotube diameter. 

The numerical results given in this study provides a quantitative analysis of the effects of 

different types of CNT parameters, fibre reinforcements and the volume fractions on the static 

behaviour of laminated composites. 
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1. Introduction 

This dissertation details the analysis of carbon nanotube reinforced composites. The key focus 

areas include micromechanical modelling of both two and three phase nanocomposites along 

with their applications to structural elements. Furthermore, the flexural behaviour of a simply 

supported hybrid plate element subjected to a uniform transverse pressure will be analysed 

under various conditions.  

The dissertation begins with a review of current literature with emphasis placed on carbon 

nanotubes and popular modelling techniques. Next, micromechanical modelling techniques 

will be examined with consideration given to computational costs due to the nanoscale size of 

the analysis. Two-phase and three-phase multi-stage analyses will be performed to study the 

associated engineering constants. Once satisfactory results are attained and by comparing the 

data obtained to existing literature, the dissertation will be extended to a structural 

application. A composite plate reinforced with nanotubes and various fibres will be studied. 

A nanoscale continuum modelling approach will be implemented to examine the deformation 

of the nanocomposite. Factors such as nanotube diameter and volume fraction, fibre type and 

orientation, laminate layup and nanotube agglomeration effects will be investigated 

throughout the dissertation. 

1.1. Topic description 

Carbon nanotubes possess advantageous properties for high-strength low-density applications 

which make them ideal for material reinforcement. Therefore, the research in this dissertation 

is geared towards improving material reinforcement and more specifically towards elements 

such as plates which are commonly used in fields where the much sought-after material 

properties possessed by carbon nanotubes are often required. A solution to the problem 

where conventional composites and traditional materials often fall short is to develop tailor 

made materials for problem specific solutions. As such a composite reinforced with both fibre 

and carbon nanotubes are suggested and due to the high cost of performing such an analysis 

experimentally and at an atomistic scale, conventional computational approaches need to be 

modified and implemented. 

1.2. Background 

More and more composite materials are being utilised in engineering applications as they offer 

improved mechanical properties such as stiffness and strength without incurring extra weight 
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as compared to their metallic equivalents. This can prove to be advantageous as it allows for 

tailored designs for problem specific applications. Properties such as carbon nanotube content, 

fibre direction and layering can be manipulated to achieve the optimal material properties for 

the given demands.  

Composite materials are especially of interest as they offer high strength-to-mass ratios, and 

with the progression of technology and science it has stretched to the field of nanomaterials. 

The development of carbon nanotube-based structures requires a good understanding of 

carbon nanotubes’ properties. An important first step in analysing the development of 

structural composites would be to perform an accurate assessment of the flexural behaviour 

of two-phase nanocomposites. The assessment of nanocomposite mechanical properties such 

as buckling resistance, tensile strength and elastic modulus presents challenges to academics 

in nano-mechanics as a result of their particularly small size. Problems associated with the 

experimental analyses include high manufacturing and testing costs as well as technological 

difficulties when attempting to manipulating nanometre-sized objects. Researchers have since 

looked to employing computational methods for modelling the behaviour of nanostructures. 

Hence, there is a need for developing a modelling approach which analyses the flexural 

response of nanocomposites at the nanoscale which is not restricted by time scales. Such a 

modelling technique would benefit the industry in understanding, designing and analysing 

nanotechnology.  

1.3. Aims and objectives 

The objective of the dissertation is to model both two-phase and three-phase nanocomposites 

and to apply the information obtained to a structural element such as a laminate plate by 

incorporating micromechanical modelling techniques with structural mechanics. To gain a 

better understanding of hybrid composites and their applications, the following objectives are 

defined: 

• Research carbon nanotubes 

• Research computer simulation modelling techniques for the purpose of analysing 

nanotubes 

• Analyse two-phase nanocomposites using micromechanical techniques 

• Develop computational models for two-phase nanocomposites to analyse the 

engineering constants 

• Analyse three-phase nanocomposites using micromechanical techniques 
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• Analyse the effects of nanotube orientation and agglomeration on both two and three-

phase nanocomposites 

• Compare results obtained from two and three-phase analyses to experimental data 

• Research composite plates 

• Develop computational models for the purpose of analysing the flexural behaviour of 

hybrid composite plates 

• Analyse the impact of various factors such as nanotube diameter and agglomeration 

for increasing nanotube volume fraction 

• Discuss the effectiveness of using three-phase nanocomposites 
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2. Literature review 

Carbon nanotubes (CNTs) have rapidly evolved over the years since their discovery by Lijima et 

al. (1993). Since then CNTs have been the focus of substitution material in fields of study such 

as material reinforcement, electronics, electronic transport, elasticity, chemical sensing, drug 

delivery and vibration analyses in both the practical and theoretical fields (Saito et al. 1998). 

The following literature review presents some of the current research relating to carbon 

nanotubes and their application to composite structures.  

2.1. Carbon nanotubes 

Composite materials have developed over the years to establish itself as a worthy alternative 

to traditional materials. Composite materials possess unique mechanical, electrical and 

chemical characteristics which can be altered for specific scenarios. Composite materials 

generally consist of at least two constituent materials to form a reinforcement and matrix, 

both of which can vary types and ratio. The application usually dictates the composite material 

required as a variety of properties can be obtained by altering the composite constituents.  

Nanotechnology has widened the scope and possibilities in the composite field. 

Nanocomposites make it possible to control the material properties at not only a micro and 

macroscopic level but now at a nanoscale. CNTs make it possible to reach even higher 

strength-to-mass ratios through structural reinforcement. The outstanding characteristics 

made available by CNTs is as a result their atomic-structure, which can be visualised as 

graphene sheets that have been rolled into cylindrical shapes and capped at the ends as seen 

in Figure 2-1 (Ray et al. 2002). 

 

Figure 2-1: Carbon nanotube structure (Aqel et al. 2012) 
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Since their discovery, CNTs have been the primary focus of substitution materials in fields of 

study ranging from medical to aeronautical for both theoretical and practical considerations. 

Carbon nanotube’s phenomenal physical properties are due to their near perfect 

microstructure. Their properties attract numerous researchers’ interest for their plausibility in 

many advanced technological applications. Carbon nanotube density if found to be half that of 

aluminium, transmit heat twice as well as pure diamond, have current carrying capabilities 

1000 times that of copper and have tensile strengths twenty times that of high-strength steel 

alloys (Collins et al. 2000). Also, CNTs are found to be more stable at higher temperatures 

compared to metal wires when used in microchips (Dekker 1999). Due to their strong covalent 

bonds between in-planar carbon atoms, the desired high-strength low-density property of the 

nanotube reinforced composite can be achieved. 

Graphene sheets are two-dimensional arrangements of carbon atoms packed in a hexagonal 

arrangement. Each atom is attached to 3 neighbouring atoms through sp2 hybridised orbitals 

at 120° to each other. The sp2 orbitals form strong, covalent a-bonds between the atoms in the 

graphene plane, whereas the remaining orbitals normal to the graphene plane form weak van 

der Waals bonds with neighbouring graphene planes. The cylinders forming CNTs are typically 

closed at each end with hemispherical caps, the curvature of which is created by the addition 

of pentagons to the hexagonal lattice. Properties of CNTs hinge on the atomic arrangement, 

length, diameter, and the nanostructure of the nanotube (Ray et al. 2002). 

Previous studies on CNTs have predicted tensile moduli around 1 TPa and elastic strains of 5% 

(Wuite 2005). Despite the difficulties associated with manipulating objects on the nanoscale, 

experimental results have been obtained verifying the predicted material properties. 

Experimentally, to contest the properties of traditional materials, only a low volume fraction of 

nanotubes is needed. Additionally, increasing the volume fraction of CNTs may result in a 

nanocomposite with improved stiffness and strength ratios which are unachievable with 

conventional composites. Both scenarios allow for a substantial decrease in weight, making it 

ideal for weight-critical applications. As a result of their increased modulus-to-weight and 

strength-to-weight ratios, research performed by NASA (2015) have shown that single-walled 

carbon nanotube (SWCNTs) composites could reduce the overall weight of a spacecraft by 

more than 50%. Additional benefits of carbon nanotube-reinforced composites are not only 

structural but an increase in the working temperature range can also be achieved as well as 

the electrical conductivity and thermal stability of the composite can also be manipulated 

using nanotubes. This multi-functionality of CNTs allows for designs to meet both primary 
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material specifications as well as secondary material property requirements. Another benefit 

offered by nanotubes over traditional composites is that they can be manipulated at a 

nanoscale in the manufacturing process which allows for more flexibility in the shape of the 

product as well as the production rate. The nanoscale size also allows for reinforcement in the 

out of plane direction of a composite shell (Wuite 2005). 

A variety in isomers can be obtained in the graphene sheet based on how it is rolled. The angle 

at which the graphene sheet is rolled is called the nanotube chirality, represented by the 

chiral-angle, ϴ, and the chiral-vector, Ch, as shown in Figure 2-2. 

 

Figure 2-2: Carbon nanotube chiral vector (Amiot et al. 2008) 

Additionally, carbon chains consist of covalently bonded molecules which results in a structure 

with both high electrical conductivity and specific thermal ratios. Manufacturing 

nanostructures into long fibres does however presents some difficulties and thus has limited 

these fibres to just being matrix modifiers. Due to their size, nanotubes inherently tend to 

group into bundles therefore resulting in a heterogenous material. Nanotubes provide a large 

surface area within a matrix as seen in Figure 2-3. This normally results in poor adhesion 

between the nanofibers and matrix, creating a nanocomposite which tends to be viscous and 

not easy to shape. On the other hand, the increased surface area of CNTs can also pose some 

beneficial characteristics that can be utilised. As an example, their high aspect ratios together 

with their increased surface area serves as a mechanical strengthening characteristic. CNTs can 

also be arranged in a 3D array; this results in improved material properties in all planes. There 

are concerns related to the matrix-nanotube bonding which have resulted in some challenges 

which will need to be addressed before making these nanocomposites readily available and 

cost effective (Wuite 2005).  
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Figure 2-3: SEM of multiple walled carbon nanotubes (Carbonnano 2018) 

2.2. Carbon nanotube classification 

Classification of CNTs are typically based on the number of graphene layers present, being: 

• Single-walled carbon nanotubes (SWCNTs), and 

• Multiple-walled carbon nanotubes (MWCNTs) 

SWCNTs consist of a single graphite layer, shaped into a cylinder. Usually SWCNT diameters are 

around 1 nm as seen in Figure 2-4, while the lengths are often in the order of 10 nm. The 

dimensions of the SWCNTs are usually dependant on the fabrication method used to produce 

the CNTs (Saito et al. 1998). 

 

Figure 2-4: SWCNT and MWCNT typical dimensions (Roldo et al. 2013) 

MWCNTs are composed of concentric SWCNTs coupled together through van der Waals forces 

resulting in a multi-layered structure (Figure 2-4). The interlayer spacing between the 
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individual shells is approximately 0.34 nm, which closely resembles the interlayer separation of 

graphite, 0.335 nm (Roldo et al. 2013). The diameter, usually in the range of 100 nm, as well as 

the number of shells is again dependant on the fabrication technique used to produce the 

nanotubes. As can be seen in Table 2-1, a change in the number of graphene layers results in 

unique and customisable material properties for both MWCNTs and SWCNTs. 

Table 2-1: Differences between SWCNTs and MWCNTs (Loos 2014) 

SWCNT MWCNT 

Single graphene layer Multiple graphene layers 

Catalyst required No catalyst required 

Bulk synthesis is difficult as it requires proper control over 

growth and atmospheric condition 
Bulk synthesis is easy 

Poor level of purity High levels of purity can be achieved 

Increased defect rate 
 Decreased defect rate, however once a defect is present it 

becomes increasingly difficult to improve 

Less accumulation More accumulation 

Characterisation is simple The complex structures make it difficult to evaluate 

Easy to work and shape Not easy to work and shape 

 

Other ways of classifying CNTs are according to their orientation (randomly orientated or 

aligned) as well as the structure of the nanotube which will be discussed in the next segment. 

2.3. Carbon nanotube’s structure 

The strength of the C-C bonds found within CNTs as well as the likelihood of a defect-free 

structure, has resulted in hypotheses that CNTs may reach the theoretical bounds for material 

properties, including tensile strength and axial stiffness. Improved toughness and strain rates 

as well as control over thermal and electrical properties are additional benefits associated with 

the use of CNTs as a reinforcement material. The sp² bonds present in CNTs, where each atom 

is connected to three neighbouring atoms, which is stronger than the sp3 bonds found in 

diamonds, provides the CNT molecules with their unique strength. Under high pressures, CNTs 

have the ability to merge, exchanging sp² bonds for sp³ bonds (Saito et al. 1998). This allows 

for the option of producing robust and long nanotubes through high pressure nanotube 

linking. 
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The outstanding properties that are predicted for CNTs are the result of their structure. As 

seen in Figure 2-5, the geometry of a CNT is best described by the unit cell of the CNT due to 

the variety of angles in which the hexagonal lattice can be manipulated. The atomic 

arrangement of the CNT is best described by the chiral vector as follows: 

𝐶ℎ = 𝑛𝑎̂1 +𝑚𝑎̂2 (2.1) 

Where 𝑎̂1 and 𝑎̂2 are unit vectors on the hexagonal lattice and m and n are integers. We can 

then therefore determine both the diameter (𝑑𝐶𝑁𝑇) and chiral angle (𝛳) of the CNT as: 

𝛳 = tan−1 (
3𝑛

2𝑚 + 𝑛
) (2.2) 

and, 

𝑑𝐶𝑁𝑇 =
3

𝜋
𝑎𝑐−𝑐√𝑚

2 +𝑚𝑛 + 𝑛2 (2.3) 

Where the distance between neighbouring carbon atoms in a graphene sheet is represented 

by 𝑎𝑐−𝑐, this is approximately 0.142 nm as studied by Harris (1999). As shown in Figure 2-6, 

different atomic configurations result in different nanotube chiral vectors (n,m), therefore the 

chiral angle can be used to define the three major categories of nanotubes: 

• ϴ = 30, "Arm Chair"

• 0 < ϴ < 30, "Chiral"

• ϴ = 0, "Zigzag"

Figure 2-5: CNT unit cell and chiral vector (Quantopticon 2018) 
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Figure 2-6: Nanotube chirality (Ávila 2008) 

The CNT chirality has been found to strongly influence certain CNT properties, including 

fracture behaviour and electrical resistivity. For example, a metallic CNT chiral vector will 

satisfy the equation 𝑛 −𝑚 = 3𝑞, where q represents an integer and all remaining CNTs are 

semi-conductive (Harris 1999). Pan (2000) found that the CNT stiffness is relatively 

independent of the chirality.  

A high-resolution transmission electron microscope (TEM) visualisation of a MWCNT is shown 

in Figure 2-7. The spacing between the individual shells is approximately 0.34 nm, similar to 

that of graphene sheets (Harris 1999). The diameter and number of shells of MWCNTs 

depends heavily on the production method used. Pan et al. (1999) have reported diameters on 

the order of 30 nm. A TEM image of a SWCNT array is shown in Figure 2-8, where the array 

comprise of about 20 SWCNTs with similar diameters, packed in a triangular lattice. The 

average spacing between tubes and average tube diameter in the bundle are found to be 1.7 

nm and 1.4 nm respectively (Journet et al. 1997). 

 

Figure 2-7: TEM of MWCNT with internal cap (Harris 1999) 
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While not taken into consideration in this dissertation, clear differences in the mechanical 

behaviour of various CNT forms will need to be investigated in future models. For the sake of 

structural reinforcement, ideal behaviour will depend on the load transferring capabilities 

between the CNTs and matrix. It should be noted that SWCNTs are vulnerable to buckling as a 

result of their very small cross-sections, in contrast Yu (2004) found that MWCNTs experience 

interlayer sliding due to the lack of inter-tube bonding and this might hinder the load 

transferring capabilities between the phases.  

 

Figure 2-8: TEM of SWCNT bundle (Journet et al. 1997) 

2.4. Synthesis of carbon nanotubes 

In 1991, the arc-discharge method introduced MWCNTs to the field of nanotechnology. The 

nanotubes were extremely long, thin and consisting of pure SWCNTs tubes. Through the use of 

a metal catalyst, MWCNTs were first produced in 1996 (Roldo et al. 2013). Bundles of SWCNTs 

were initially produced through the use of Laser ablation. Soon after, chemical vapour 

disposition technique was utilised for the catalytic growth of MWCNTs. With recent increase in 

the popularity of carbon nanotube reinforcement, numerous approaches have since been 

established to synthesise nanotubes with more desirable properties. Since the purpose of the 

dissertation is to focus on carbon nanotube reinforcement, an overview of the manufacturing 

techniques available are provided to better understand the advantages and disadvantages 

associated with different CNT manufacturing processes. Understanding the way in which CNTs 

are produced is key as this will lay the foundation in creating composites with consistent 

material properties for both experimental and theoretical analyses.  
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An overview of both physical and chemical methods is considered below, these include 

chemical vapour deposition, arc discharge, and laser ablation methane decomposition and the 

self-assembly of single crystals of SWCNTs.  

The advantages and shortcomings of each technique is looked at with focus being placed on 

the feasibility, possible implementation for mass production, control over fibre direction, fibre 

concentration, structural defects and the mechanical properties of the carbon nanotubes. 

Furthermore, CNT purification will be considered to purify the nanoparticles from any 

imperfections and/ or contaminants through post processing. 

2.4.1. Arc discharge method 

As seen in Figure 2-9, the Arc discharge method  was commonly used to synthesise a variety of 

carbon-based materials in the past, such as carbon whiskers and soot. It has since been 

modified and developed to synthesise CNTs. The nanotube properties are determined by the 

pressure and type of gas surrounding the arc inside of the chamber (Dresselhaus et aI. 2000). 

The process involves generating an arc via DC current through the use of two carbon 

electrodes. The electrodes are immersed in an inert gas (e.g. Helium), inside of a vacuum 

chamber for the purpose of increasing the speed of carbon deposition. The process starts off 

by keeping the two electrodes apart while the chamber pressure stabilised after which the 20V 

power supply is turned on. The electrodes are gradually brought closer together until an arc is 

induced. Upon arcing the electrodes would form a plasma and once the arc stabilised (at 

approximately 1 mm part) the CNTs would deposit on the negatively charged electrode. The 

power would then be turned off, and the chamber left to cool once desired nanotube lengths 

are reached. The two most crucial parameters to control in this process are (Dresselhaus et aI. 

2000): 

1. The current arcing, and 

2. The inert gas pressures. 

Good CNT yield is obtained for inert gas pressures of around 500 torr (Dresselhaus et aI. 2000). 

Increasing or decreasing the pressure could change the yield and quality of CNTs and in some 

instances result in no formation of any CNTs. Generally, the yield would consist of MWCNTs 

riddled with impurities such as non-tubular fullerenes and amorphous carbon. Furthermore, a 

purification step is recommended to separate the nanotubes. Doping the electrodes with 

metallic elements results in the production of SWCNTs.  
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The advantages associated with this method is that both the microscopic and the macroscopic 

structures are well aligned with one another. This results in the synthesis of good quality 

SWCNTs with well controlled aspect ratios. Long MWCNTs of high quality with diameters 

between 2 and 100nm are possible. The MWCNTs synthesised through the use of this method 

are held together by van der Waals forces and are also highly crystalline. Whereas, SWCNTs 

with diameters of approximately 1 nm can be synthesised. 

Bethune et al. (1993) used a carbon anode, containing cobalt catalyst, to synthesise SWCNTs in 

soot material. This method however, generates extremely high temperatures in the range of 

3700°C. Factors such as current flow, gas pressure, electrode cooling and the distance between 

electrodes heavily influences the structure and shape of the deposit. Also, besides nanotubes, 

there is an abundance of carbonaceous sheets in the deposit. Bethune et aI. (1993) conducted 

an experiment using carbon anodes alongside Fe, Co and Ni as catalysts to synthesise CNTs 

with currents ranging between 95A and 105A with helium pressures ranging between 100 and 

500 Torr. TEM was used to analyse SWCNTs and diameters of 1.2 ± 0.1nm were obtained with 

the use of cobalt catalysts (Bethune et aI. 1993). 

Carbon nanotubes from arc discharge method possess a set of challenges that need to be 

overcome before this method can be implemented as a practical solution for synthesising well-

tailored CNTs. The limiting factor of this technique is the low production yields, making the 

technique unable to satisfy the high production rate needed for nanotube-reinforced 

composite applications. Recently studies involve CNTs that have been produced using arc-

discharge method in open air to try and increase the yield of nanotubes. 

 

Figure 2-9: Carbon nanotube arc discharge physical synthesis method (Szabó et al. 2010) 
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2.4.2. Laser ablation method 

Smalley and co-workers first discovered laser ablation who then derived the method from the 

arc discharge method (Purohit et aI. 2014). This method utilises a catalyst under high 

temperature to ablate a carbon target with laser pulses. Furthermore, a surrounded inert gas 

such as Helium is utilised, acting as a carrier of the carbon deposit to the collector which 

highlights the main difference from the arc discharge method as seen in Figure 2-10. The 

temperatures needed in laser ablation are in the range of 1200°C, which is lower than that of 

the arc discharge method. A tangled mat of nanotubes is deposited on a water-cooled surface. 

The collected tubes consist of 5 to 20 nm in diameter CNT bundles which are tens to hundreds 

of microns in length (Purohit et aI. 2014). 

The graphite target is doped with a catalyst such as nickel or cobalt to increase the yield of 

SWCNTs. However, as with the arc discharge method impurities such as non-tubular 

fullerenes, unstructured carbon and catalyst particles are synthesised along with the carbon 

nanotubes thus additional purification is needed to rid the nanotubes of impurities. This 

method is also very costly, so it is therefore aimed at producing SWCNTs. Laser ablation 

yielded more SWCNTs with a narrower size distribution than that which was synthesised by 

the arc discharge method, although the overall production rates are still unsuitable for mass 

production (Purohit et aI. 2014). 

In summary the parameters that limit the yield of CNTs for laser ablation method are: 

• The type and quantity of catalyst 

• The laser wavelength and power 

• The nature, pressure and temperature of inert gas 

• The fluid dynamics in the chamber 

 

 

Figure 2-10: Laser ablation CNT synthesis method (Janas et al. 2016) 
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Terrones et al. (2000) found that by incorporating a cobalt coated silica plate, it aided in the 

alignment and growth of nanotubes, thus allowing for control of both nanotube length 

(approximately 50 um) and diameter (approximately 30-50 nm). 

In conclusion, laser ablation of CNTs involve solid carbon sources evaporating and yielding 

carbon atoms. The temperatures involved are close to the melting point of graphite as studied 

by Dresselhaus et aI. (2000). Therefore, low production rates and high production costs have 

made mass production of CNTs difficult using laser ablation. 

2.4.3. Chemical vapour deposition approach 

Chemical vapour deposition (CVD) method is a technique commonly utilised in manufacturing 

of powders, fibres and coatings. CVD can be used to synthesise both non-metallic and metallic 

elements, in particular carbon. The nanotubes are produced by providing an energy source to 

the hydrocarbons, reactive radical species are generated from the imparted energy which 

breaks the molecule down. Temperatures ranging between 550 C̊ and 750 ̊C are experienced. 

A heated substrate, coated in a catalyst (typically Co, Ni or Fe), in then used to gather these 

reactive species, thus resulting in the formation of CNTs (Francisco 2010). 

Ethylene, Methane and acetylene are commonly used as hydrocarbon sources. Resistive 

heating and electron beams are the commonly used energy sources. CNTs of up to 50 μm in 

length can be synthesised. Acetylene catalytic decomposition over iron particles at 700°C is 

used to produce the synthesised materials (Vajtai 2013). 

Iron nanoparticles are utilised as a catalyst for high volume production of aligned nanotubes. 

The CVD method using microwave energy was developed for the production of MWCNTs using 

cobalt as the catalyst and acetylene as the hydrocarbon. MWCNTs produced using this 

combination had a diameter of approximately 25 nm which comprised of approximately 26 

layers. Thermal CVD and radio frequency plasma enhanced CVD (RF PECVD) have since been 

studied further (Azam 2017), where an acetylene and hydrogen gas mixture are used to 

synthesise CNTs on a stainless-steel plate. 

CVD technique, using a gas-phase catalyst (Figure 2-11) to control the orientation of CNTs 

made it possible to form them into either 1, 2, or 3D arrangements. This is especially useful in 

the manufacturing of electro-mechanical devices. The gas-phase CVD technique is typically 

performed in two steps.  



16 

 

Firstly, a catalyst is deposited on substrate after which the nucleation of the catalyst is 

performed via thermal annealing or chemical etching. An energy source is then used to break 

down a carbon source to an atomistic level. The carbon molecules gather on the metallic 

catalysts which aid in the synthesis of CNTs. Typical carbon source used are acetylene, 

methane or carbon monoxide.  

 

Figure 2-11: Chemical vapour deposition method 

The parameters that affect the synthesis of nanotubes are: 

• The temperature, 

• type of hydrocarbons, and 

• the catalysts used. 

It was observed that MWCNTs and by altering the catalyst, SWCNTs of diameter 0.65 nm can 

be synthesised at a temperature of around 660°C. As the temperature increases then so does 

the density and growth rate of nanotubes. Alignment is also obtained through increasing the 

temperature (Saifuddin et al. 2012).  

Although the CVD technique provides accuracy to the nanometre, a high defect rate is 

observed in the production of MWCNTs, this is due to the lack of thermal energy. 

Comparing the three approaches, the laser-ablation and arc-discharge techniques produce 

increased volumes (>70%) and quality of nanotubes. However, the costs associated with the 

arc-discharge approach was considerably less expensive. The shortcomings associated with 

these approaches are (Saifuddin et al. 2012): 

1. CNTs and tangled which makes the application and purification of them difficult. 

2. Temperatures >3000 C̊ are required in order to evaporate the carbon atoms. 
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The production of straight, aligned CNTs has been accomplished on multiple substrates 

through the use of plasma enhanced chemical vapour deposition (PECVD) (Saifuddin et al. 

2012). A nickel coated catalyst and high-purity ammonia as the catalytic gas is used. A DC 

power supply generates the required plasma with acetylene being used as a carbon source. A 

carbonised tungsten filament is used to assist with the dissociation of the reactive gasses. The 

growth time and temperature are manipulated to control the nanotube length and 

graphitisation. The use of a direct current plasma showed controlled tube growth parallel to 

the plasma. Lastly, nanotube diameters are controlled through altering the catalyst layer 

thickness. The control over the alignment and diameter of nanotubes produced using PECVD 

represented in Figure 2-12 (Saifuddin et al. 2012). 

 

Figure 2-12: Plasma assisted chemical vapour deposition (Cho et al. 2012) 

Microwave plasma enhanced chemical vapour deposition (MPECVD) is utilised to synthesise 

nanotubes perpendicular to the surface of the substrate (Saifuddin et al. 2012). The plasma is 

excited through the use of a varying micro-wave which imposes a self-bias thus resulting in 

nanotube growth normal to the surface of the substrate. Synthesising under plasma 

enhancement was shown to be forty times quicker than the growth rate under thermal CVD. 

Figure 2-13 depicts the structure and alignment of CNTs grown using MPECVD (Saifuddin et al. 

2012). 
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Figure 2-13: Microwave plasma enhanced chemical vapour deposition (Hassan et al. 2013) 

2.4.4. Methane decomposition synthesis method 

Research has shown that the most stable hydrocarbon at high temperatures to be natural gas 

containing up to 90% methane and therefore ideal for the purpose of self-decomposition in 

producing CNTs (Zeng et aI. 2006). Hence, in order to synthesise CNTs, transition metal catalyst 

particles must be used to decompose methane. Therefore, the choice of hydrocarbon is a key 

element in the successful growth of good quality SWCNTs which contains no amorphous and 

soot contaminants (Yeoh et aI. 2009). The process involves, methane reacting with transition 

metal nanoparticles which gives rise to CNTs as well as pure hydrogen (as a by-product). 

A fixed bed reactor consisting of transition metal catalyst is used to decompose the methane 

at temperatures greater than 550°C (Yeoh et aI. 2009). At the discharge stream, nearly pure 

hydrogen gas is produced as a by-product, whereas CNTs are left on the metallic catalyst. An 

inert gas is fed into the reactor for safety reasons. 

Figure 2-14 shows the technique described above. Takenaka et al. (2003) found that methane 

decomposition synthesis method proves to be promising for increasing the production rate of 

defect free CNT based materials at a kilogram level. With catalysts of Nickel nanoparticles, well 

graphitised CNTs are synthesises without soot and amorphous impurities. The catalyst design 

is used as the controlling factor of the CNT diameters. Whereas, the yield of CNTs is 

determined by both the supportive material and type of transition metal used (Ermakova et aI. 

2001).  
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Figure 2-14: Methane decomposition fixed bed reactor system (Prasek et al. 2011) 

2.4.5. Self-assembly of single crystals of SWCNTs 

This approach was investigated by Schlittler et al. (2001) where the process enables the 

production of CNTs with control over the CNT diameter, straightness and chirality. The CNTs 

produced using this are very pure. A mixture of Ni and C is dissolved through a stencil of 

nanoscale proportions with holes having a diameter of 300nm, which is placed a few microns 

above a surface. Sub-nanometre precision can be achieved during the process.  

The choice of substrate plays a vital role as the substrate material is responsible for 

constraining the NI and C to the original 300nm diameter during the diffusion process at high 

temperatures. Schlittler et al. (2001) also found that using molybdenum as a substrate 

provides an exceptional result either in the form of a grid for TEM analyses or as a solid film 

‘spluttered’ onto a silicon wafer. Additionally, the CNT direction of growth is manipulated 

through the use of the magnetic field. Research involving self-assembly of single crystals of 

SWCNTs is currently under further investigation by researchers in the field. 

2.4.6. Carbon nanotube purification 

During the synthesis of CNTs, a great deal of imperfections such as metal particles, amorphous 

carbon and multi-shells are found present within the nanotubes. Purification of CNTs will result 

in improved material properties. The purification steps include; 

1. Air oxidation: CNTs have a decreased purity of about 5 to 10%. Purification is therefore 

required before they can be used for applications such as drug delivery. Air oxidation is 

especially valuable in managing the volume of metal catalyst particles and carbon 

present, such as Y and Ni (Mehta 2014). 
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2. Acid refluxing: The volume of metal particles and amorphous carbon is controlled 

through the use of a strong acid. Commonly used acids are nitric acid (HNO3) and 

sulphuric acid (H2SO4) but where the preferred refluxing acid was identified as 

hydrochloric acid (Ermakova et al. 2001). 

3. Surfactant aided sonication, filtration and annealing: Although the above process 

resulted in purer CNTs, the nanotubes were usually still entangled which trapped 

majority of the impurities. Surfactant-aided sonication is performed using sulphonate 

(SDBS) aided sonication with either methanol or ethanol as a solvent. The solution is 

then filtered and annealed at 1273K in nitrogen for four hours. Annealing is then used 

to optimise nanotube structures. It is therefore demonstrated that the surfactant-

aided sonication could effectively be used to untangle CNTs, and as a result reducing 

the particulate impurities trapped within the entanglements (Ermakova et al. 2001). 

2.5. Carbon nanotubes mechanical properties 

There are large volumes of literature populated with various theoretical and practical 

procedures used to control the mechanical properties of CNTs. Their light weight, surface area, 

ordered structure, high mechanical strength, increased aspect ratio, improved electrical 

conductivity and their metallic or semi-metallic behaviour make them the ideal candidate for a 

great deal of applications.  

Typically, the mechanical properties of structural materials are heavily reliant on the elastic 

modulus. This is simply the relationship between the strain and stress subject to 

predetermined loading conditions. Composite materials possess a very discrete nature and 

their properties are therefore heavily dependent on the constituent’s material properties. The 

effective moduli are then taken as an average, based on the fraction of each constituent 

material (Belytschko et al. 2002).  

It is understood that the interface between the nanotubes and the matrix of two-phase atomic 

bond structures are irregular and interrupted, due to the distribution of electrons at the 

surface which then impacts interface bonding. This also disrupts the energy distribution within 

each phase thus, creating differences between the energy related to the surface atoms and 

that of the bulk of the material. Therefore, the elastic modulus of the bulk and surface region 

differ. The surface stress is responsible for elongating the substrate and therefore affecting the 

thus density of surface atoms while maintaining the same number of surface atoms (Hu et al. 

2008). 
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Since motion of dislocations are thermally activated, it was discovered that temperature plays 

a key role in the strength of the CNTs. CNTs are brittle at low temperatures, irrespective of 

their helicity and diameter. At room temperature flexible CNTs are observed as a result of their 

high strength and distortion capability. At high temperatures, the CNTs displayed spontaneous 

formations of double pentagon-heptagon pairs (Hu et al. 2008). Defects in CNTs were also 

found to depend heavily on the chirality of the nanotubes. These defects are responsible for 

the possibility of plastic deformation to occur (Hu et al. 2008). 

The electronic and electrical properties of CNTs are affected by distortions such as twisting and 

bending of the CNTs. The formation of pentagon-heptagon pairs can also be introduced in 

CNTs through bending. The result of these formations are semiconductor-metal and metal-

metal nanoscale connections which can be altered for use as nano-switches (Hu et al. 2008). 

Bending angles greater than 45° results in kinks within the structure of the nanotubes, thus 

reducing the conductivity of CNTs. To account for the bending of nanotubes an increase in 

tube diameter can lead to a change in the bending resistivity (Belytschko et al. 2002). A model 

was created by Hu et al. (2008) to study the buckling characteristics of individual MWCNTs 

under radial pressure and it was found to be in good agreement with experimental results thus 

confirming the bending properties of nanotubes. Also, doping of nanotubes provides various 

opportunities for manipulating their physical properties which can be used in applications such 

as nano-electronics, chemical sensors, nonlinear optics and field emissions (Belytschko et al. 

2002). The mechanical properties of nanocomposites will be investigated in depth in later 

chapters as this forms part of the dissertation. 

2.5.1. Strength of carbon nanotubes 

The strength of a material is associated with both the distribution and the number of defects 

present within a material. Therefore, it has been hypothesised that the strength of carbon 

nanotubes may be significantly higher when compared to competing materials due to their 

near-perfect microstructure. The strength of CNTs are thus heavily dependent on the synthesis 

method used as this determines the quality of the CNTs. Another factor that affects the 

strength of CNTs is its length as the longer a nanotube is, the more likely it is to have a 

concentration of defects somewhere along its span. Numerous theoretical simulations have 

been performed using molecular dynamics. These simulations emphasised the temperature, 

loading rate and defects present. Yakobson et al. (1996) performed such simulations under 

tensile loading and reported fracture strains of 30% and strengths of up to 150GPa. Belytschko 

et al. (2002) investigated the fracture behaviour of nanotubes using molecular dynamics, it 
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was demonstrated that there is a correlation between fracture strength and CNTs chirality, 

furthermore they reported fracture strains between 15.8% and 18.7% as well as fracture 

strengths ranging between 93.5GPa and 112GPa. 

The impact of strain rate and temperature have also been investigated on nanotubes however 

these simulations are limited by the small-time scale offered by molecular dynamics methods. 

These effects are not dealt with in detail in this dissertation as they are not of importance for 

our investigation.  

The extremely small dimensions of CNTs have made it difficult to experimentally determine 

the mechanical properties of said nanotubes. General observations using TEM were first used 

to provide insights into the stiffness and strength of nanotubes. TEM has also been used in a 

quantitative capacity and recently, the ability to measure the response of individual nanotubes 

to forces placed on them has been realised through scanning probe microscopy. Yu et al. 

(2004) studied bent and buckled nanotubes using TEM images of CNTs and compared them to 

those produced by atomistic simulations. A close resemblance of nanotube buckling was found 

in the studies, indicating the accuracy of the simulations.  

Treacy et al. (1996) analysed the mechanical properties of CNTs by measuring the mechanical 

resonance of nanotubes in TEM images. The Young's moduli measured ranged between 

410GPa and 4150GPa, with an average of 1800GPa. Krishnan et al. (1998) investigated the 

Young's moduli of SWCNTs and obtained a Longitudinal Young's modulus of 1.25TPa. 

Furthermore, Poncharal et al. (1999) extended the research to MWCNTs and found similar 

results to that yielded above.   

Wong et al. (1997) tracked the bending behaviour of MWCNTs through the use of an atomic 

force microscope (AFM). A Young's modulus of 1.28TPa was reported using a beam mechanics 

model. Techniques were developed by Salvetat et al. (1999) to determine the characteristics of 

both MWCNT and SWCNT ropes. Stress versus strain curves were obtained, indicating Young's 

moduli values ranging from 270GPa to 950GPa for MWCNTs and from 320GPa to 1470GPa 

(mean of 1002GPa) for SWCNT ropes. Yu et al. (2000) furthered their research by measuring 

the shear strength between shells of MWCNTs. Very low values of shear strength were 

measured, averaging around 0.08MPa. 

2.5.2. Carbon nanotube elastic properties 

Since CNTs are made of cylindrical graphene sheets, it would be anticipated that the strength, 

stiffness and modulus of CNTs should be similar to the in-plane values of graphite which are 
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well understood. However, the elastic properties of the CNTs are heavily affected by nanotube 

curvature. Nanotubes of smaller diameters are affected more than nanotubes of larger 

diameters. Thostenson et al. (2001) theoretically predict the Young’s moduli of carbon 

nanotubes using a combination of first principles and a Keating Hamiltonian approach. Treacy 

et al. (1996) determined the Young's modulus to range between 1500 and 5000GPa. Fan 

(1999), using continuum elastic theory, performed an energetics analysis and found that the 

strain energy was determined to be inversely proportional to the square of the CNT radius. 

Karthikeyan et al. (2009) later verified these results using both Tersoff and Tersoff-Brenner 

potentials. 

Yakobson et al. (1996) performed computational studies and used a Tersoff-Brenner potential 

in a molecular dynamics simulation and compared the results found to the continuum shell 

model. A Young's modulus of 5.5TPa was found which is very high due to a small shell 

thickness which was set to 0.066nm. Lu (1997) used an empirical model in molecular dynamics 

evaluations to determine the mechanical properties of both SWCNTs and MWCNTs in a 

simulated tensile test. Young's moduli of roughly 1 TPa and shear moduli of 0.5 TPa were 

determined. The results found that aspects such as nanotube radius, chirality and number of 

walls had a slight impact on these values. Hernández et al. (1998) used an energy-per-surface 

rather than per-volume approach. The Young's modulus was determined to be 1.2TPa (slightly 

higher than graphite) when a thickness of 0.34nm is assumed. This value was found to be 

dependent on nanotube diameter. Sánchez-Portal et al. (1999) investigated the effects of 

SWCNTs and MWCNTs stiffness on the elastic properties. The stiffness of SWCNTs was found 

to be close to that of the in-plane stiffness of graphite. It was determined that curvature in thin 

SWCNTs played a minor role in the CNT Young’s modulus.  

Similar research was performed by Popov et al. (2000) who determined multiple elastic 

constants, showing that the Poisson's ratio, elastic and bulk moduli have a dependence on 

nanotube radius.  

2.6. Computer simulation modelling techniques 

The advancement of technology and science has stretched into the field of nanotechnology 

therefore the development of nanotube-based structures require a good understanding of 

nanotube properties. An important first step in analysing the development of structural 

composites would be to perform an accurate assessment of the mechanical properties of 

individual nanotubes. 
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The particularly small size of nanotubes, has resulted in the practical assessment of their 

elastic properties such as buckling resistance, tensile strength and elastic modulus to presents 

difficulties to researchers in the field. Problems associated with the experimental analysis 

include high costs, the size of the analysis and technological difficulties such as manipulating 

nanometre-sized objects. Researchers have since looked at employing computational methods 

for modelling the behaviour of nanostructures. It is however still a challenging process to 

develop efficient methods to analyse nanomaterials computationally. The three most 

successful methods used to analyse CNT computationally include atomistic modelling, 

continuum modelling and nano-scale continuum modelling. 

Some examples of atomistic approaches include classical molecular dynamics (MD) (Lijima et 

al. 1993; Yakobson et al. 1996), density functional theory (DFT) (Sánchez-Portal et al. 1999) and 

tight binding molecular dynamics (TBMD) (Hernández et al. 1998). Although most molecular 

and atomic systems can be simulated by using these modelling techniques, atomistic 

modelling is limited due to the computational complexity due to the number of atoms involved 

in the analysis. Therefore, this only allows for studies to be analysed which last no longer than 

picoseconds or nanoseconds due to the computational cost of the analysis. 

The second approach is the continuum mechanics modelling technique. Majority of 

computational assessments have resorted to classical continuum models for analysing CNTs. 

Researchers such as Tersoff (1992) and Yakobson et al. (1996), based on the bending and 

twisting of a graphite sheet, have performed simple analyses of the energies of fullerenes. It 

was found that the mechanical properties of the graphite sheet can be utilised in predicting 

the nanotube’s elastic strain energies of fullerenes. Based on this, Yakobson et al. (1996) 

developed a continuum shell model which was then furthered by Ru (2000), placing focus on 

the buckling characteristics of CNTs when under axial compression. This continuum shell 

model can be utilised in analysing both the static and/ or dynamic elastic behaviour of CNTs. 

Though, these models do not take into account the forces imposed on the individual atoms as 

well as the detailed effects of nanotube chirality. 

Therefore, there is a requirement for developing a modelling approach that analyses the 

elastic behaviour of CNTs at an atomistic level, but which is not restricted by time scales. Such 

a modelling technique would assistance research in designing nano-devices as well as 

performing multi-scale simulations of nano-systems. As a result, nano-scale continuum 

modelling was developed (Li et al. 2003).  
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2.6.1. Atomistic modelling 

Atomistic modelling, based on the imposed boundary conditions and interactive forces, 

determines the locations of atoms (Shokrieh et al. 2010). In order to determine the material 

properties, this data is needed to solve Schrödinger wave. Atomistic modelling techniques 

consists of three main approaches, namely: 

• Monte Carlo (MC), 

• molecular dynamics (MD) and,  

• ab initio approaches.  

Additional atomistic modelling approaches such as TBMD, DFT, local density (LD), Morse 

potential function (MPF) approach and modified MPF techniques were also taken into 

consideration. Shokrieh et al. (2010) extensively reviewed the atomistic modelling techniques 

for determining the Young’s moduli of CNTs. The primary approach used for simulating the 

behaviours of nanotubes was MD methods. 

Once the force fields and total potential energy of a system was determined, then the 

mechanical properties of a system of molecules and atoms can be obtained. While both MC 

and MD techniques are based off of Newton's second law, MC approaches are stochastic 

based while MD approaches are deterministic approaches. Where, Schrödinger equation is the 

underlying principle of the ab initio techniques. Additionally, the ab initio methods are 

potential-free approaches where the electronic structure is used to determine the atomic 

forces. Furthermore, the MC and MD approaches attain the forces acting on atoms through 

differentiating interatomic potential functions (Shokrieh et al. 2010). 

Zhang et al. (2008) investigated the dispersion characteristics of polymer based SWCNTs on 

their load transferring abilities, using MD techniques. Ganji et al. (2010) exploited the tight 

binding to investigate the impact of curvature on SWCNTs Young’s modulus and atom’s 

energy. Based on these results it was concluded that MD simulations result in accurate 

estimates of the CNT’s elastic properties exposed to external forces. Although, MD methods 

takes long to compute, and computational costs are much higher especially when dealing with 

MWCNTs composed of many atoms. 

2.6.2. Continuum modelling 

Continuum models (CM) are generally utilised to investigate the elastic properties of 

nanotubes. The underlying assumption of continuum modelling is that CNTs can be modelled 

as a continuum structure with a constant distribution of stiffness and mass. Therefore, the 
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lattice structures of CNTs are simply ignored in continuum modelling and instead substituted 

with a continuum medium. This modelling approach can be either accomplished analytically or 

numerically via Finite Element Methods (FEM). 

Hu et al. (2008) presented similar characteristics between MD simulation of nanotubes and 

that of macroscopic-shell modelling techniques. Yakobson’s (1996) research also showed that 

the elastic properties of CNTs were strongly reliant on their atomic structure, chirality, 

curvature and helicity. However, these mechanical properties can’t be obtained using the 

isotropic-shell model because of the disregarding of the CNT geometry. Chang (2010) studied 

the mechanical properties of SWCNTs through the use of an anisotropic shell model, unlike 

common shell models which are constructed using an isotropic continuum shell with constant 

elastic properties. This modelling technique enables the determination of the chirality induced 

effects on the elastic properties of nanotubes through combining continuum modelling and 

molecular approaches. Silvestre et al. (2011) investigated both the limitations and applicability 

of shell models and showed that Donnell theory (shallow shell theories) is not able to analyse 

CNTs accurately due to the CNT’s non-shallow structure. However, it was found that Sanders 

theory (complex shell theories) can correctly match the results obtained from MD simulations. 

Values for CNT diameter and thickness aren’t well defined in continuum models. As an 

example, while inter-planar spacing values of 0.34 nm between graphene sheets are 

commonly used for tube thickness, Wang et al. (2014) found that by comparing the continuum 

shell model results with those obtained from MD simulations that the effective CNT thickness 

was 0.066nm. Furthermore, Odegard et al. (2005) used a truss-based model and found the 

actual tube thickness to be 0.65nm. However, Vodenitcharova and Zhang (2006) calculated the 

actual wall thickness to be 0.0617nm based on a measure of CNT deformation. Wang and 

Zhang (2008) studied the effective wall thickness and mechanical properties of SWCNTs as well 

as their deformation relationships. Some fields such as the effective elastic modulus and 

effective bending stiffness were later introduced. 

Continuum structures are also used to define the CNT material properties obtained from 

experimental results. Batra and Sears (2007) analysed nanotube defects of both SWCNTs and 

MWCNTs and suggested an equivalent continuum model for MWCNTs whose response to 

deformations was calculated using MD simulations as well as engineering theories. Zhao et al. 

(2013) conducted a theoretical analysis to determine the cohesive energy between CNTs and 

graphene through continuum modelling taking into consideration van der Wall’s forces. Batra 

and Sears (2007) utilised molecular simulations to acquire wall thickness, shear modulus and 
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Young's modulus of an equivalent continuum linear-elastic isotropic tube. The results obtained 

were then compared to those of continuum tube modelling for bending and buckling analyses. 

Based off these comparisons, it can be seen that the Euler-Bernoulli beam equations used to 

determine the bending deformation strain energy is in a good agreement with MD techniques. 

2.6.3. Nano-scale continuum modelling 

Nano-scale continuum modelling (NCM) of nanotubes provides an replaces the carbon-carbon 

bond with a continuum component as opposed to continuum modelling where the entire 

nanostructure is substituted for a continuum medium. In summary, NCM uses structural 

elements to replace the molecular connections amongst the carbon-carbon bonds. This allows 

for the mechanical properties to be obtained through atomistic modelling.  

The equivalent-continuum as well as the quasi-continuum techniques are popular approaches 

that have been used in nanoscale modelling. Tadmor et al. (1996) introduced the quasi-

continuum approach by incorporating classical Cauchy–Born theory which allowed for a link to 

be made between the crystal lattice and deformations of a continuum. Odegard et al. (2005) 

introduced the equivalent-continuum approach through combining continuum structural 

mechanics with computational chemistry, equating total molecular potential energies of a 

nanostructure with the strain energies of its equivalent continuum elements. The two models 

were further investigated by Zhao et al. (2013) by obtaining the elastic properties of graphene 

nanostructures and a significant difference in the elastic properties was observed. Additionally, 

Li et al. (2003) studied beam elements and developed a structural mechanics method by 

connecting the strain energy to the interatomic potential energy, thus creating a 

representation of each carbon-carbon bond. The relationship amongst structural and 

molecular spaces are described for each carbon-carbon bond through a factor which 

encompasses the entire nanostructure as investigated by Odegard et al. (2005). 

Zhang et al. (2008) incorporated interatomic potentials to investigate the mechanical 

properties of SWCNTs through the use of nano-scale continuum theory. This theory was later 

furthered by Wu et al. (2008) where the bending and curvature effects were considered. 

Chang and Gao (2003) found that regardless of the load applied, the C-C link would always 

remain straight and therefore the spring components are ideal for modelling the C-C bonds.  

Arroyo and Belytschko (2004), based on the exponential Cauchy–Born law, developed 

calculations to determine the properties of SWCNTs using finite deformation continuum 

theory. Furthermore, Liu and Chen (2003) further investigated the properties of CNTs through 
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the use of an atomic-scale FEA. Furthermore, Cheng et al. (2009) researched a new method 

entailing atomistic-continuum modelling techniques which incorporates equivalent-continuum 

and MD modelling methods.  

An algorithm was then later advanced by Contreras et al. (2012) with the ability to model the 

CNT defects. The elastic behaviour of MWCNTs was analysed by Li et al. (2003) where MD is 

used and whereby every CNT wall is treated as a space frame. Here, nonlinear truss-rod 

elements are employed by incorporating Lennard-Jones potential to model the inter layer 

connections amongst tubes. Brcic et al. (2013) performed a similar analysis however the van 

der Waals interactions were not considered; a good agreement was observed between the 

two models. Wernik and Meguid (2010), using modified Morse Potential, found that under 

tensile and torsional loading the bending component has a noteworthy impact on the CNT 

structural stability. Additionally, the effects of torsional bucking and fracture progression have 

been investigated by Meo and Rossi (2006) who researched the CNT failures when subjected 

to uniaxial loading. The results demonstrate that nanotube chirality significantly affects the 

impact that defects have on the tensile characteristics of nanotubes. A remarkable reduction 

was observed in later studies.  
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3. Two-phase micromechanical analysis 

Over the years several micromechanical techniques have been investigated and tested for a 

variety of composite materials. Information obtained from these analyses, such as those 

performed by Ghasemi et al. (2015), who used the results obtained to determine the thermo-

mechanical characteristics of nanocomposites based on the constituent’s properties, and later 

verified using practical testing.  

To analyse the mechanical properties of nanocomposites effectively, micromechanical 

modelling techniques need to be employed. Apart from micromechanical modelling, other 

modelling methods such as molecular dynamics and Monte Carlo simulations can also be used 

for modelling multiscale composites to determine their properties. However, these methods 

require extensive computational resources and lengthy computer runs, making them 

impractical for multiscale composites. Analysing the composite material at a macroscopic level 

will also allow for a more thorough and accurate analysis while maintaining acceptable 

computational costs.  

In this chapter micromechanical modelling techniques are used to analyse the flexural 

behaviour of two-phase nanocomposites which will lay the foundation for analysing three-

phase nanocomposites in the next chapter. In the case of two-phase composites, constituents 

involve a matrix material (e.g. epoxy) and a nano-sized reinforcement (e.g. CNTs, 

nanoparticles, graphene platelets) will be analysed. To effectively analyse three-phase 

nanocomposites later-on, which in this case can be described as a fibre reinforced composite 

which has been modified with nano-sized materials, various modelling scenarios are firstly 

taken into consideration. These scenarios include aligned CNTs, randomly orientated CNTs and 

the impact of agglomerated nanotubes on the elastic properties of two-phase 

nanocomposites.  A systematic modelling approach, as seen in Figure 3-1, is employed in order 

to use the results obtained in this section in the next, as performing a two-phase analysis is the 

first step in performing a multi-stage three-phase micromechanical analysis. 
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Figure 3-1: Two-phase micromechanical modelling approach 

As seen in Figure 3-1 above, the nanocomposite comprises of an epoxy matrix with CNT 

reinforcement.  The composite’s mechanical properties are analysed for increasing CNT 

volume fraction. The results obtained can then be used to determine the effectiveness of 

nanotube reinforcement, act as a foundation on which the three-phase analyses will be based 

and can also be used to benchmark against both two-phase and three-phase nanocomposites.  

It should be noted here that data obtained on the mechanical characteristics of multiscale 

composites has proven to be useful in several fields including civil, automotive, aerospace, 

structural and mechanical engineering. Micromechanical approaches used to determine the 

properties of complex composites are opted for because of their ease of use, low cost and high 

accuracy.  

3.1. Material properties and considerations 

Phase one of the iterative processes involves analysing the two-phase nanocomposite as an 

epoxy-CNT composite after which the three-phase analysis will incorporate carbon and glass 

fibre reinforcement respectively. The composite constituents properties can be seen in Table 

3-1 (Miyagawa et al. (2005), Shokrieh et al. (2010) and Arash et al. (2014)).

Table 3-1: Mechanical properties of composite constituents (Smith et al. 1974) 

Material parameter Carbon fibre Glass fibre Epoxy resin 

Young’s modulus (GPa) 230 73.5 3.5 

Transverse modulus (GPa) 8 72 N/A 

Poisson’s ratio 0.3 0.22 0.4 

Density (kg/m3) 1680 2570 1200 

Shear modulus (GPa) 27.3 33 1.25 

Bulk modulus (GPa) N/A 45 4.95 
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The CNT mechanical properties are depicted below in Table 3-2 (Popov et al. 2000). 

Table 3-2: Mechanical properties of carbon nanotubes (Al-Saleh et al. 2011) 

Young’s 

modulus (GPa) 
Poisson’s ratio 

Shear 

modulus 

(GPa) 

Density        

(kg/m3) 

Length              

(μm) 

Outer diameter 

(nm) 

Thickness   

(nm) 

1000 0.3 480 1680 8.5 8 0.8 

 

In performing micromechanical analyses, numerous considerations that potentially influence 

the mechanical properties of nanocomposites have been identified, which impact parameters 

such as the strength and stiffness of the material. Some of these factors include (Fisher et al. 

2003): 

• Nanotube orientation 

• Nanotube waviness 

• Nanotube distribution 

• Nanotube-matrix interface de-bonding 

In this chapter we take into consideration some of these factors and their effect the flexural 

behaviour of two-phase nanocomposites, along with popular modelling techniques to establish 

the most suitable one for the application. Mori & Tanaka (1973) developed a micromechanical 

model capable of predicting the elastic moduli of straight, aligned CNTs. It was found that by 

controlling the nanotube direction, desired properties can be obtained. Furthermore, the 

Mori-Tanaka model implemented a parameter to account for the effect of nanotube-matrix 

de-bonding. Halpin et al. (1973) developed a similar model where nanotube orientation was 

taken into consideration and it was found to be accurate for composites with straight, 

randomly orientated CNTs. The nanotube distribution within the matrix is analysed using the 

inclusion model studied by Eshelby (Roatta et al. 1997). 

Lastly, the effect of nanotube agglomeration is commonly evaluated using the Mori-Tanaka 

approach (Mori & Tanaka 1973). The results of this study may also be useful for analysing the 

flexural response of CNT based epoxy composites. This will in turn allow for tailored materials 

to be created for problem specific applications. 
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Nanotube waviness is not taken into consideration in this chapter as it makes for a very 

computationally expensive analysis. The focus of the dissertation is also more geared towards 

nanotube orientation and the effects of CNT agglomeration.  

It should however be noted for future research that research performed by Sheng et al. (2004), 

Odegard et al. (2005) and Anumandla et al. (2006) investigated the impact of nanotube 

undulation on both the Young’s moduli and Poisson’s ratio of nanocomposites. Sheng et al. 

(2004) hypothesised that with increasing weight fraction so does the effect of curvature. 

However, Shi et al. (2004), Odegard et al. (2005) and Anumandla et al. (2006) agreed that 

nanotube waviness has little impact on the lateral modulus. Seidel et al. (2006) and Yu (2011) 

both studied the development of a micromechanical FEA for the approximation of the 

effective Young’s moduli of nanocomposites. As a result of their findings, it was determined 

that as the amount of randomness increases, a decrease in the Young’s modulus can be seen. 

Other studies performed by Fisher et al. (2002), Shao (2009) and Kundalwal et al. (2013) used a 

modified micromechanical approach to analyse the effects of nanotube waviness and 

orientation. They found the waviness of the nanotubes with both aligned and randomly 

oriented nanotubes to reduce the elastic modulus in the CNT direction as compared to straight 

CNTs. 

3.2. Carbon nanotube critical length and aspect ratio 

The critical length as well as the aspect ratio of the CNT reinforcement fibres have a significant 

impact when determining the strength and bending characteristics of the composite. For the 

nanotubes to have any effect on the elastic properties, the fibre length needs to exceed the 

critical length. The critical length of carbon nanotubes can be represented by: 

 𝑙𝑐 =
𝜎𝐶𝑁𝑇𝑑

2𝜏𝐶𝑁𝑇
 (3.1) 

where, 𝑙𝑐 depicts the CNT critical length, 𝜎𝐶𝑁𝑇 represents the CNT ultimate strength, d 

represents the CNT diameter (outer) and 𝜏𝐶𝑁𝑇 depicts the interfacial shear strength between 

the matrix and CNTs. Eq. (3.1) depicts the carbon nanotubes as being solid, however in reality 

they are hollow, therefore the Kelly-Tyson approximation is proposed where (Hassan et al. 

2011): 

 𝑙𝑐 =
𝜎𝐶𝑁𝑇𝑑

2𝜏𝐶𝑁𝑇
(1 −

𝑑𝑖
2

𝑑2
) (3.2) 
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and di represents the internal diameter of the hollow carbon nanotubes. Figure 3-2 below 

compares Eq. (3.1) to Eq. (3.2) in order to determine the effectiveness of using the Kelly-Tyson 

approximation. 

 

Figure 3-2: Graph of interfacial shear strength vs nanotube diameter (Hassan et al. 2011) 

It can clearly be seen that the linearity of Eq. (3.1) will result in severe overestimation of the 

nanotube interfacial shear strength therefore, modelling based on the Kelly-Tyson 

approximation is opted for to obtain more accurate results.  From Eq. (3.2) we can see that the 

CNTs will achieve their ultimate strength, under tension, when the aspect ratio equates to: 

 𝛼𝑐 =
𝑙𝑐
𝑑

 (3.3) 

where 𝛼𝑐 represents the CNT critical aspect ratio. Shokrieh et al. (2017) showed that when 𝑙𝑐 

typically ranges between 50 and 500nm, the corresponding ultimate strength ranges between 

20 and 150GPa. Assuming an ultimate strength of 50 GPa, the relation between the outer and 

inner diameter can be depicted by: 

 𝑑 = 𝑑𝑖 + 0.68𝑛𝑚 (3.4) 

This allows for the critical length and aspect ratio of the nanotubes to be further analysed. 

Using a critical length of 100nm and an ultimate strength of 150GPa, we can therefore 

determine the interfacial shear strength to be 980 MPa as per the above equations, which is 
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higher than the carbon fibre’s interfacial shear strength. Based on the above equations as well 

as experimental data, a critical aspect ratio of 1/6 is opted for when modelling carbon 

nanotubes Shokrieh et al. (2017). 

3.3. Reinforcement using straight, aligned carbon nanotubes 

A Mori-Tanaka approach is used to analyse nanocomposites reinforced with straight, aligned 

carbon nanotubes. The Mori-Tanaka approach was chosen because of its simple yet accurate 

way of analysing nanocomposites using micromechanical modelling techniques.  

The Mori-Tanka method assumes that each fibre is embedded within a perfect matrix and that 

no de-bonding occurs between the fibre-matrix interfaces. It is also assumed that the 

nanotubes are of infinite length.  To further reduce the possible effects of the weak fibre-

matrix interfaces, epoxy was selected to be used as a matrix as the fibre-matrix interface 

between epoxy and carbon nanotubes is excellent, resulting in a more accurate analysis and 

allowing for more focus to be placed on the effects of nanotube orientation (Wuite 2005).  

When selecting a RVE, V, of the nanocomposite, then the RVE boundary ∂V is exposed to 

either an even overall stress, σ0, or to an even overall strain εo. The Mori-Tanaka approach 

assumes that the inclusions are embedded in a perfect matrix which is then exposed to an 

effective strain, εM, or to an effective stress, σM. Here, εM represents average strain and σM 

represents average stress of the matrix. Thus, the effective elastic moduli, C, is given as: 

𝑪 = (𝑐𝑀𝑪𝑀 + 𝑉𝐶𝑁𝑇𝑪𝐶𝑁𝑇: 𝑨): (𝑉𝑀𝑰 + 𝑉𝐶𝑁𝑇𝑨)
−1 (3.5) 

where, a bold face letter denotes a 2nd or 4th order tensor, and a colon represents contraction. 

I represents the 4th order identity tensor, M represents the matrix and CNT the carbon 

nanotubes. 𝑉𝑀and 𝑉𝐶𝑁𝑇 denote the matrix and carbon nanotube volume fractions 

respectively, CM and CCNT denote the corresponding elastic moduli tensors and A the 4th order 

tensor links the average strains, εM and εCNT through: 

𝜺𝑪𝑵𝑻 = 𝑨: 𝜺𝑴 (3.6) 

and, where A can then be depicted as: 

𝑨 = (𝑰 + 𝑺: (𝑪𝑴))
−1: (𝑪𝑪𝑵𝑻 − 𝑪𝑴)

−1 (3.7) 

where, S is the Eshelby tensor (Mura 1987). Let us take into consideration an elastic and 

isotropic epoxy matrix reinforced with aligned, straight CNTs, with Poisson’s ratio, νM, and 

Young’s modulus, EM. Each nanotube is modelled as being infinitely long and demonstrates 
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transversely isotropic material properties, hence making the nanocomposite transversely 

isotropic with the stress-strain relations being expressed as: 

 𝝈 = 𝑪: 𝜺 (3.8) 

which can further be expanded to: 
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 (3.9) 

where, l, n, k, m and p are the cross modulus, uniaxial tension modulus in the fibre direction, 

plane-strain bulk modulus normal to the fibre direction, in plane shear modulus normal to the 

fibre direction and the in-plane shear modulus parallel to the fibre direction respectively (Hill 

1965). As per Mura (1987) the components of the Eshelby tensor, S, for a long, straight fibre in 

the nanotube direction can be determined. By substituting into Eq. (3.7) the components of A 

can be obtained. Substituting the new-found results of A, into Eq. (3.5) yields the effective 

elastic moduli tensor of the nanocomposite material with straight, aligned carbon nanotube 

reinforcement (Mura 1987). Therefore, the Hill’s elastic modulus can be expressed as (Hill 

1965): 

 𝑘 =
𝐸𝑀{𝐸𝑀𝑉𝑀 + 2𝑘𝑟(1 + 𝜈𝑀)[1 + 𝑉𝐶𝑁𝑇(1 − 2𝜈𝑀)]}

2(1 + 𝜈𝑀)[𝐸𝑀(1 + 𝑉𝐶𝑁𝑇 − 2𝜈𝑀) + 2𝑉𝑀𝑘𝑟(1 − 𝜈𝑀 − 2𝜈
2
𝑀)]

 (3.10) 

 

 𝑙 =
𝐸𝑀{𝑉𝑀𝜈𝑀[𝐸𝑀 + 2𝑘𝑟(1 + 𝜈𝑀)] + 2𝑉𝐶𝑁𝑇𝑙𝑟(1 − 𝜈

2
𝑀)}

(1 + 𝜈𝑀)[2𝑉𝑀𝑘𝑟(1 − 𝜈𝑀 − 2𝜈
2
𝑀) + 𝐸𝑀(1 + 𝑉𝐶𝑁𝑇 − 2𝜈𝑀)]

 (3.11) 

 

 

 𝑛 =
𝐸2𝑀𝑉𝑀(1+𝑉𝐶𝑁𝑇−𝑉𝑀𝜈𝑀)+2𝑉𝑀𝑉𝐶𝑁𝑇(𝑘𝑟𝑛𝑟−𝑙

2
𝑟)(1+𝜈𝑀)

2(1−2𝜈𝑀)

(1+𝜈𝑀){2𝑉𝑀𝑘𝑟(1−𝜈𝑀−2𝜈
2
𝑀)+𝐸𝑀(1+𝑉𝐶𝑁𝑇−2𝜈𝑀)}

+  

       
𝐸𝑀[2𝑉

2
𝑀𝑘𝑟(1−𝜈𝑀)+𝑉𝐶𝑁𝑇𝑛𝑟(1−2𝜈𝑀+𝑉𝐶𝑁𝑇)−4𝑉𝑀𝑙𝑟𝜈𝑀]

2𝑉𝑀𝑘𝑟(1−𝜈𝑀−2𝜈
2
𝑀)+𝐸𝑀(1+𝑉𝐶𝑁𝑇−2𝜈𝑀)

  

(3.12) 

 

 𝑝 =
𝐸𝑀[𝐸𝑀𝑉𝑀 + 2(1 + 𝑉𝐶𝑁𝑇)𝑝𝑟(1 + 𝜈𝑀)]

2(1 + 𝜈𝑀)[𝐸𝑀(1 + 𝑉𝐶𝑁𝑇) + 2𝑉𝑀𝑝𝑟(1 + 𝜈𝑀)]
 (3.13) 
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𝑚 =
𝐸𝑀[𝐸𝑀𝑉𝑚 + 2𝑚𝑟(1 + 𝜈𝑀)(3 + 𝑉𝐶𝑁𝑇 − 4𝜈𝑀)]

2(1 + 𝜈𝑀){𝐸𝑀[𝑉𝑀 + 4𝑉𝐶𝑁𝑇(1 − 𝜈𝑀)] + 2𝑉𝑀𝑚𝑟(3 − 𝜈𝑀 − 4𝜈
2
𝑀)}

(3.14) 

Using Eq. (3.11) to (3.14), the elastic moduli of epoxy-based nanocomposites, with straight, 

aligned carbon nanotube reinforcement can be plotted. Both the transverse elastic modulus, 

E22, as well as the longitudinal elastic modulus, E11, can be related to elastic modulus as 

follows: 

𝐸11 = 𝑛 −
𝑙2

𝑘
(3.15) 

and, 

𝐸22 =
4𝑚(𝑘𝑛 − 𝑙2)

𝑘𝑛 − 𝑙2 +𝑚𝑛
(3.16) 

respectively. Using the above equations, a micromechanical model was developed using 

computational software MATLAB R2014b. The composite’s constituent elastic properties can 

be seen in Table 3-1 whereas the Hill’s elastic moduli for carbon nanotubes of approximate 

diameter 8nm are as follows: lr = 10 GPa, kr = 30 GPa, nr = 450 GPa and mr = pr = 1 GPa (Popov 

et al. 2000). Additionally, the shear modulus and Poison’s ratio can be calculated using: 

𝐺12 = 2𝑝 (3.17) 

and, 

𝜈12 =
𝑙

2𝑘
(3.18) 

A MATLAB R2014b script file was generated to analyse the engineering constants of straight, 

aligned carbon nanotubes, for increasing nanotube volume fraction (Appendix A.1.1.). Figure 

3-3 shows the association between the transverse and longitudinal Young’s moduli for an

increasing CNT volume fraction. As shown, the longitudinal Young’s modulus increases more 

rapidly in comparison to the transverse Young’s modulus with increasing CNT volume fraction. 

This is due to the transversely isotropic nature of the nanotubes. Figure 3-3 also shows a large 

surge in the Young’s modulus at low CNT volume fractions. It can be seen here that with no 

reinforcement (𝑉𝐶𝑁𝑇=0), the longitudinal and transverse Young’s moduli are 0.3 GPa and 1.3 

GPa respectively. Compared to 𝑉𝐶𝑁𝑇=0.2, a significant increase in both 𝐸11 and 𝐸22 can be 
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seen, as 𝐸11=88.55 GPa and 𝐸22=4.11 GPa at 𝑉𝐶𝑁𝑇=0.2. Lastly, it should also be noted that for 

𝑉𝐶𝑁𝑇=0.007, 𝐸11=𝐸22. 

Figure 3-4 depicts the Poisson’s ratio plotted against increasing nanotube volume fraction. 

Here, it’s seen that an inversely linear relationship is held between the nanotube volume 

fraction and the Poisson’s ratio. Figure 3-5 depicts an increasing trend for the shear modulus 

plotted against nanotube volume fraction. 

 

Figure 3-3: Effective elastic moduli for composite with straight, aligned nanotubes 
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Figure 3-4: Effective Poisson's ratio for composite with straight, aligned nanotubes 

 

Figure 3-5: Effective shear modulus for composite with straight, aligned nanotubes 
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3.4. Reinforcement using straight, randomly orientated carbon 

nanotubes 

In this analysis the effect of randomly orientated, straight carbon nanotubes on the 

mechanical properties of epoxy-based nanocomposites are analysed. The orientation of the 

straight carbon nanotubes can be determined using 2 Euler angles namely α and β as seen in 

Figure 3-6. 

 

Figure 3-6: Euler angles of randomly orientated, straight carbon nanotubes (Foroughi 2013) 

The base vectors, x1 and x’2, of both the global and the local coordinate systems can be 

compared using matrix g (Shi et al. 2004), as depicted in Eq. (3.19) below:  

 𝑔 = [
cos𝛽 − cos𝛼 sin𝛽 sin𝛼 sin𝛽
sin𝛽 cos𝛼 cos𝛽 − sin𝛼 cos𝛽
0 sin𝛼 cos𝛼

] (3.19) 

The distribution of the CNTs are determined by the probability density function p (α, β) which 

satisfies: 

 ∫ ∫ 𝑝(𝛼, 𝛽) sin𝛼 𝑑𝛼𝑑𝛽 = 1
2𝜋

0

2𝜋

0

 (3.20) 

If the nanotubes are completely randomised, then the density function becomes: 

 𝑝(𝛼, 𝛽) =
1

2
𝜋 (3.21) 

In this instance the Halpin-Tsai method is used to determine the elastic moduli. The Halpin-Tsai 

method assumes that the stress, σCNT (α, β) as well as the strain, εCNT (α, β), of the CNTs can be 

associated to the stress of the matrix, σM. 
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Incorporating the strain concentration tensor, A, as stated in Eq. (3.7), along with the 

theorems and relationships between stress and strain as stated by Eq. (3.8), the effective 

modulus of the composite can be determined. Note, completely randomised nanotube 

orientation within the matrix will result in an isotropic composite material, where the shear 

modulus, G, and the bulk modulus, K, is given by: 

 𝐾 = 𝐾𝑀 +
𝑉𝐶𝑁𝑇(𝛿𝑟 − 3𝐾𝑀𝛼𝑟)

3(𝑉𝑀 + 𝑉𝐶𝑁𝑇𝛼𝑟)
 (3.22) 

and, 

 𝐺 = 𝐺𝑀 +
𝑉𝐶𝑁𝑇(𝜂𝑟 − 2𝐺𝑀𝛽𝑟)

2(𝑉𝑀 + 𝑉𝐶𝑁𝑇𝛽𝑟)
 (3.23) 

where 𝑉𝐶𝑁𝑇, 𝐾𝑀, 𝑉𝑀   and 𝐺𝑀 and  denote the nanotube volume fraction, matrix bulk modulus, 

matrix volume fraction and the matrix shear modulus respectively, whereas  𝛿𝑟, 𝛼𝑟, 𝜂𝑟 and 𝛽𝑟 

are described by Shi et al. (2004). The interface between the nanotubes and matrix for this 

model is considered to be perfect. The CNTs demonstrate transversely isotropic material 

properties. The model focuses predominantly on composites with aligned short nanotube 

fibres. The modulus of elasticity, as stated by Halpin et al. (1976) can be described by: 

 𝐸11 = 𝐸𝑀(
1 + 𝑐𝜂𝑉𝐶𝑁𝑇
1 − 𝜂𝑉𝐶𝑁𝑇

) (3.24) 

where, 

 𝜂 =
𝐸𝐶𝑁𝑇 𝐸𝑀 − 1⁄

𝐸𝐶𝑁𝑇 𝐸𝑀 + ζ⁄
 (3.25) 

and ζ represents a parameter that relies on the geometry of the matrix. To calculate the 

longitudinal modulus (𝐸11), ζ is set to equal 2l/d and in order to determine the transversal 

modulus (𝐸22), ζ is set to equal 2. To effectively analyse composites containing reinforcement 

with straight, randomly orientated CNTs of any length within an epoxy matrix, the Halpin-Tsai 

equations have been modified (Halpin et al. 1976). The modulus of elasticity for composites of 

this nature can be analysed using the following set of equations: 

 𝐸1 =
1 + 𝑐𝜂𝑉𝐶𝑁𝑇
1 − 𝜂𝑉𝐶𝑁𝑇

𝐸𝑀 (3.26) 

where, 
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𝜂 =
𝛼(𝐸𝐶𝑁𝑇 𝐸𝑀) − 1⁄

𝛼(𝐸𝐶𝑁𝑇 𝐸𝑀) + 𝑐⁄
(3.27) 

In this set of equations α, the orientation factor, was introduced to account for the 

randomness of the distributed reinforcement (Gao 2005). Gao (2005) determined that if the 

reinforcement length is much less than the thickness, and if the carbon nanotubes are 

considered randomly orientated in three dimensions then an orientation factor of α = 1/6 can 

be used. 

Montazeri et al. (2011) further determined that for a decreased weight percentage of CNTs, 

not more than 2%, the above-mentioned set of equations approximates the Poisson’s ratio 

and Young’s moduli of the nanotube reinforced epoxy matrix with high accuracy. The 

transverse modulus can further be calculated as:  

𝐸2 =
1 + 2𝜂𝑉𝐶𝑁𝑇
1 − 𝜂𝑉𝐶𝑁𝑇

𝐸𝑀 (3.28) 

Furthermore, the volume fraction of nanotubes in the matrix is a function of the weight 

fraction of the CNTs and the densities of the matrix and CNTs as stated in Eq. (29): 

𝑉𝐶𝑁𝑇 =
𝑊𝐶𝑁𝑇

𝑊𝐶𝑁𝑇 + 𝜌𝐶𝑁𝑇 𝜌𝑀⁄ − (𝜌𝐶𝑁𝑇 𝜌𝑀⁄ )𝑊𝐶𝑁𝑇
(3.29) 

where WCNT represents the weight fraction of the carbon nanotubes, ρm and ρCNT represents 

the density of the matrix and nanotubes respectively (Al-Saleh et al. 2011). A MATLAB script 

file was compiled calculating the effective Young's moduli, shear modulus and effective 

Poisson's ratio of randomly orientated, straight carbon nanotube reinforced epoxy-based 

composites. Figure 3-7 shows the effective longitudinal and transverse moduli for increasing 

nanotube volume fraction of straight, randomly oriented CNTs. A substantial increase in the 

longitudinal Young's modulus 𝐸11, roughly 10 times more than pure epoxy, can be seen with 

the addition of nanotubes, however an insignificant increase in the transverse modulus, 𝐸22, is 

also observed. Figure 3-8 depicts the Poisson's ratio for increasing nanotube volume fraction of 

straight, randomly oriented nanotubes in an epoxy matrix. The Poisson's ratio decreases with 

increasing nanotube volume fraction. The shear modulus versus carbon nanotube volume 

fraction can be analysed in Figure 3-9. Both the Poisson’s ratio and shear moduli are observed 

to increase linearly.  
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Figure 3-7: Randomly orientated carbon nanotube effective elastic moduli 

 

Figure 3-8: Randomly orientated carbon nanotube effective Poisson's ratio 
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Figure 3-9: Randomly orientated carbon nanotube effective Shear modulus 

3.5. Effect of agglomerated carbon nanotubes 

Due to carbon nanotubes’ small diameter and therefore high aspect ratio, they become very 

prone to agglomerate within an epoxy resin matrix. Ideally, in order to achieve uniform 

properties throughout a composite material, the reinforcement needs to be evenly dispersed, 

but this is not always possible. Micromechanical modelling techniques can be used to analyse 

the elastic moduli of nanocomposites where uneven dispersion is present. Previous studies 

such as those performed by Kamarian (2016), have found that an uneven dispersion of carbon 

nanotubes within a matrix tend to stick together and form spherical shapes, referred to as 

inclusions as seen in Figure 3-10. 
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Figure 3-10: Eshelby's cluster model of CNTs (Kamarian 2016) 

These zones of agglomerated carbon nanotubes result in areas with dissimilar material 

properties compared to the rest of the material. Therefore, it can be denoted that the total 

volume, 𝑉𝐶𝑁𝑇
𝑅𝑉𝐸, of CNTs within the RVE can be broken into two parts, namely:

𝑉𝐶𝑁𝑇
𝑅𝑉𝐸 = 𝑉𝐶𝑁𝑇

𝑖𝑛𝑐𝑙𝑢𝑠𝑖𝑜𝑛 + 𝑉𝐶𝑁𝑇
𝑀 (3.30) 

Where 𝑉𝐶𝑁𝑇
𝑖𝑛𝑐𝑙𝑢𝑠𝑖𝑜𝑛 represents the volume of CNTs within the inclusion and 𝑉𝐶𝑁𝑇

𝑀 represents

the volume of CNTs within the rest of the matrix. We can now denote two ratios (𝜉 and 𝜁) to 

describe the dispersion of nanotubes within a composite where agglomeration is present; 

𝜉 =
𝑉𝑖𝑛𝑐𝑙𝑢𝑠𝑖𝑜𝑛

𝑉
(3.31) 

and, 

𝜁 =
𝑉𝐶𝑁𝑇

𝑖𝑛𝑐𝑙𝑢𝑠𝑖𝑜𝑛

𝑉𝐶𝑁𝑇
𝑅𝑉𝐸

(3.32) 

In the above set of equations 𝑉𝑖𝑛𝑐𝑙𝑢𝑠𝑖𝑜𝑛 represents the volume of the inclusions within the 

RVE. When 𝜉=1, then the nanotubes within the matrix are evenly dispersed and as 𝜉 

decreases, more agglomeration is present. When 𝜁=1, then all nanotubes within the matrix are 

located inside of the inclusions and if 𝜉=𝜁 then all nanotubes are dispersed uniformly. The 

average volume fraction (𝑉𝐶𝑁𝑇) can be denoted as: 

𝑉𝐶𝑁𝑇 =
𝑉𝐶𝑁𝑇
𝑅𝑉𝐸

𝑉
(3.33) 

where 𝑉 represents the total volume. The above equations can therefore be equated to: 
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𝑉𝐶𝑁𝑇
𝑖𝑛𝑐𝑙𝑢𝑠𝑖𝑜𝑛

𝑉𝐶𝑁𝑇
𝑅𝑉𝐸 =

𝑉𝐶𝑁𝑇𝜁

𝜉
(3.34) 

and, 

𝑉𝐶𝑁𝑇
𝑚

𝑉 − 𝑉𝑖𝑛𝑐𝑙𝑢𝑠𝑖𝑜𝑛
=
𝑉𝐶𝑁𝑇(1 − 𝜁)

1 − 𝜉
(3.35) 

The micromechanical model is therefore based on the assumption that agglomeration occurs 

as spherical shaped inclusions within a matrix. To solve the system of equations, the inclusions 

and the matrix are solved individually and then the overall properties of the nanocomposite 

can be determined by combining the results thereafter. The effective elastic moduli of both 

the matrix and the inclusions are calculated using separate micromechanical equations. 

Assuming the nanotube orientation is completely random, the effective moduli of the 

inclusions, 𝐸𝑖𝑛, and their surrounds, 𝐸𝑜𝑢𝑡 can be calculated as follows: 

𝐸𝑜𝑢𝑡 =
3

8
{
𝑉𝐶𝑁𝑇(1 − 𝜁)

1 − 𝜉
𝐸𝐶𝑁𝑇 + [1 −

𝑉𝐶𝑁𝑇(1 − 𝜁)

1 − 𝜉
]𝐸𝑀} 

+
5

8
{

(1 − 𝜉)𝐸𝐶𝑁𝑇𝐸𝑀
[(1 − 𝜉) − 𝑉𝐶𝑁𝑇(1 − 𝜁)]𝐸𝐶𝑁𝑇 + 𝑉𝐶𝑁𝑇(1 − 𝜁)𝐸𝑀

} 

(3.36) 

and, 

𝐸𝑖𝑛 =
3

8𝜉
[𝑉𝐶𝑁𝑇𝜁𝐸𝐶𝑁𝑇 + (𝜉 − 𝑉𝐶𝑁𝑇𝜁)𝐸𝑀 +

5

8

𝜉𝐸𝑀𝐸𝐶𝑁𝑇
(𝜉 − 𝑉𝐶𝑁𝑇𝜁)𝐸𝐶𝑁𝑇 + 𝑉𝐶𝑁𝑇𝜁𝐸𝑀

(3.37) 

Where both the reinforcement and the matrix are both isotropic, and 𝐸𝐶𝑁𝑇 and 𝐸𝑀 represent 

the Young’s modulus of the CNTs and matrix respectively.   

To analyse the matrix, a similar approach used to analyse straight, randomly orientated carbon 

nanotube composites will be employed. Thus, Mori-Tanaka techniques are once again 

implemented. It should be noted that the nanotubes are transversely isotropic. Due to the 

random nanotube orientation within the inclusions, it is assumed that the inclusions are also 

therefore isotopic. The effective shear moduli (𝐺𝑖𝑛 and 𝐺𝑜𝑢𝑡) and the effective bulk moduli 

(𝐾𝑖𝑛 and 𝐾𝑜𝑢𝑡) for both the matrix and inclusions can be determined using (Shi et al. 2004): 

𝐾𝑖𝑛 = 𝐾𝑀 +
(𝛿𝑟 − 3𝐾𝑀𝛼𝑟)𝑉𝐶𝑁𝑇𝜁

3(𝜉 − 𝑉𝐶𝑁𝑇𝜁 + 𝑉𝐶𝑁𝑇𝜁𝛼𝑟)
(3.38) 
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𝐾𝑜𝑢𝑡 = 𝐾𝑀 +
𝑉𝐶𝑁𝑇(𝛿𝑟 − 3𝐾𝑀𝛼𝑟)(1 − 𝜁)

3[1 − 𝜉 − 𝑉𝐶𝑁𝑇(1 − 𝜁) + 𝑉𝐶𝑁𝑇(1 − 𝜁)𝛼𝑟]
(3.39) 

𝐺𝑖𝑛 = 𝐺𝑀 +
𝑉𝐶𝑁𝑇𝜁(𝜂𝑟 − 2𝐺𝑀𝛽𝑟)

2(𝜉 − 𝑉𝐶𝑁𝑇𝜁 + 𝑉𝐶𝑁𝑇𝜁𝛽𝑟)
(3.40) 

𝐺𝑜𝑢𝑡 = 𝐺𝑀 +
𝑉𝐶𝑁𝑇(1 − 𝜁)(𝜂𝑟 − 2𝐺𝑀𝛽𝑟)

2[1 − 𝜉 − 𝑉𝐶𝑁𝑇(1 − 𝜁) + 𝑉𝐶𝑁𝑇(1 − 𝜁)𝛽𝑟]
(3.41) 

The Eshelby’s tensors can then be determined for the spherically shaped inclusions in an 

isotropic matrix (Shi et al. 2004). Using the Eshelby’s tensors 𝐾 and 𝐺 can be derived using the 

Mori-Tanaka approach as: 

𝐾 = 𝐾𝑜𝑢𝑡 [1 +
𝜉 (

𝐾𝑖𝑛
𝐾𝑜𝑢𝑡

− 1)

1 + 𝛼(1 − 𝜉) (
𝐾𝑖𝑛
𝐾𝑜𝑢𝑡

− 1)
] (3.42) 

and, 

𝐺 = 𝐺𝑜𝑢𝑡 [1 +
𝜉 (

𝐺𝑖𝑛
𝐺𝑜𝑢𝑡

− 1)

1 + 𝛽(1 − 𝜉) (
𝐺𝑖𝑛
𝐺𝑜𝑢𝑡

− 1)
] (3.43) 

with, 

𝛼 =
(1 + 𝜈𝑜𝑢𝑡)

3(1 − 𝜈𝑜𝑢𝑡)
(3.44) 

and, 

𝛽 =
2(4 − 5𝜈𝑜𝑢𝑡)

15(1 − 𝜈𝑜𝑢𝑡)
(3.45) 

where 𝜈𝑜𝑢𝑡 is the hybrid matrix Poisson’s ratio, denoted as: 

𝜈𝑜𝑢𝑡 =
3𝐾𝑜𝑢𝑡 − 2𝐺𝑜𝑢𝑡
2(3𝐾𝑜𝑢𝑡 + 𝐺𝑜𝑢𝑡)

(3.46) 

Furthermore, the effective Young’s modulus and Poisson’s ratio can be determined using 

(Wuite 2005): 
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𝐸 =
9𝐾𝐺

3𝐾 + 𝐺
(3.47) 

and, 

𝜈 =
3𝐾 − 2𝐺

6𝐾 + 2𝐺
(3.48) 

Using the above information, a computational model was developed using MATLAB R2014b 

depicting the influence of nanotube agglomeration on the material properties (Appendix 

A.1.2.). The CNT properties along with the composite constituent’s properties can be seen in

Table 3-2 and Table 3-1 respectively. The nanotubes were considered transversely isotropic. 

The representative values for the Hill's elastic moduli of the transversely isotropic nanotubes 

were taken as follows: lr=10 GPa, kr=30 GPa, nr=450 GPa and mr=pr=l GPa. Figure 3-11 shows 

the contour plots of the impact of nanotube agglomeration on the composite Young’s moduli 

with respect to a uniformly distributed composite (𝐸𝑎𝑔𝑔𝑙𝑜𝑚𝑒𝑟𝑎𝑡𝑒𝑑 𝐸𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑒𝑑⁄ ). Here the 

agglomerated composites are shown as a fraction of evenly distributed composites, where the 

nanotube volume fraction is 0.1 (𝜁 > 𝜉, 𝜉 > 𝑐𝑟𝜁) and the nanotubes are considered to be 

isotropic.  

Figure 3-12, Figure 3-13 and Figure 3-14 analyse the impact of nanotube agglomeration on the 

Poisson’s ration, Shear modulus and Elastic modulus respectively for increasing CNT volume 

fraction. Here it’s seen that as the nanotube volume fraction increases so does the elastic and 

shear moduli. For the effective Poisson’s ratio, at low nanotube volume fraction (up to 10%), a 

significant decrease can be observed. It should also be noted here that 40% nanotube 

agglomeration is used. Figure 3-15 depicts the effect of nanotube agglomeration (ranging from 

0 to 100%) on the elastic modulus of the two-phase nanocomposite thus suggesting that as the 

agglomeration parameter increases so does the elastic modulus. This analysis was performed 

for 10% nanotube volume fraction.  
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Figure 3-11: Contour plot depicting the effect of nanotube agglomeration on the Young’s modulus with respect to a 

uniformly distributed composite (Eagglomerated/Edistributed) 

Figure 3-12: CNT agglomeration effect on the composite longitudinal modulus 
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Figure 3-13: CNT agglomeration effect on the composite shear modulus 

Figure 3-14: CNT agglomeration effect on the composite Poisson's ratio 



50 

 

 

Figure 3-15: Nanotube agglomeration versus elastic modulus 

Analysing Figure 3-11 reveals that the elastic modulus for the agglomerated carbon nanotube 

composite has a maximum value when the nanotubes are completely and evenly distributed 

within the matrix. As the level of agglomeration increases the elastic modulus decreases. It can 

also be noted from the data that a reduction in the stiffening effect of the nanotubes can be 

observed with an increasing nanotube volume fraction situated within the inclusions. 

3.6. Chapter summary 

The effects of CNT orientation and agglomeration on the flexural properties of CNT reinforced 

epoxy nanocomposites were examined using micromechanical methods. Epoxy matrix 

reinforced with evenly distributed, aligned CNTs, randomly orientated CNTs and agglomerated 

CNTs were analysed respectively. The straight, aligned CNT model showed a rapid increase in 

Young's longitudinal modulus for increasing nanotube volume fraction. Though, the transverse 

modulus normal to the fibre direction only increased initially with increasing nanotube volume 

fraction as a result of the transversely isotropic properties of nanotubes but tapered off 

significantly at roughly 𝑉𝐶𝑁𝑇=0.007. 

Significant improvements in the elastic properties of epoxy were demonstrated for the 

addition of straight, randomly oriented CNTs. These results suggest the possibility of tailoring 
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the properties of CNT based composites by controlling the orientation of the nanotubes. 

However, assumptions such as the distribution, length and waviness need to be taken into 

account for a more detailed analysis.  Experimental studies on nanotube-reinforced epoxy-

based composites have shown limited ability to control the dispersion of CNTs within the 

matrix. The influence of distribution of the nanotubes within the matrix was analysed using 

Eshelby's inclusion model. Here, where the nanocomposite is assumed to contain spherical 

inclusions with concentrated nanotube clusters. Results showed a significant impact on the 

elastic properties when CNTs are concentrated in agglomerations. 

The effective elastic modulus vs carbon nanotube weight fraction can be seen in Figure 3-16. 

Here, the effective elastic modulus determined using the model, is compared to practical 

results obtained by Shokrieh et al. (2017).  

 

Figure 3-16: Randomly orientated CNT Young's modulus vs experimental data (Shokrieh et al. 2017) 

Table 3-3 summarises the difference between the computationally obtained modelling data 

and experimental results. A good correspondence can be observed for the straight, randomly 

orientated nanotubes. It’s seen here that as the nanotube volume fraction increases so does 

the effects of nanotube waviness. 
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Table 3-3: Randomly orientated CNT Young's modulus vs experimental data (Shokrieh et al. 2017) 

0 wt% 0.1 wt% 0.5 wt% 1 wt% 

Experimental results 

(GPa) 
3.5 3.6 4.05 4.6 

Theoretical results 

(GPa) 
3.5 3.614 4.079 4.666 

% Difference 0 0.39 0.72 1.43 
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4. Three-phase micromechanical analysis 

Experimental analyses are typically used to determine the impact of factors such as 

constituent material properties, volume fractions types and orientation of fibres on hybrid 

composites. However, these experiments require various composites of specific material 

properties to be fabricated which can be time consuming and costly. Developing 

computational micromechanical modelling techniques to allow for hybrid composites to be 

analysed using finite element simulations will therefore be beneficial. Micromechanical 

approaches to study the properties of nanocomposites have several advantages such as ease 

of use, low cost, and high accuracy making them ideal for analysing multiscale nanocomposites 

and laminates reinforced by CNTs and fibres. 

Conventional composite analyses are typically single-stages analyses used to determine the 

material properties of two-phase composites, however with the addition of a third phase, 

conventional approaches need to be modified to account for the increased complexity of the 

composite. To accurately analyse hybrid composites, a multi-stage analyses is proposed. 

Hence, methods such as Rule of Hybrid Mixtures (RoHM) studied by Banerjee et al. (2014) 

were developed but found to be inadequate due to the linearity of their outputs, unable to 

take into account factors such as nanotube orientation and agglomeration. Since then other 

methods have been developed by extending on traditional two-phase techniques. Methods 

developed by Mori and Tanaka (1973) as well as Halpin and Kardos (1976) have been modified 

to account for the additional fibre constituent.   

The stiffness of a fibre-matrix volume fraction is not impacted much by the change in fibre 

location but more so by its direction since the elastic constants of a nanocomposite are volume 

averaged over the constituent micro-phases. Thus, in this chapter the effects of fibre 

orientation and agglomeration on the flexural behaviour of three-phase hybrid 

nanocomposites will be investigated. The results obtained here will be used to determine the 

effectiveness of three-phase nanocomposites by comparing it to traditional materials and 

composites by applying the results obtained in this chapter to structural applications.  

4.1. Three-phase, aligned CNT micromechanical analysis 

For this approach a hexagonal fibre stacking sequence is assumed. This results in the 

mechanical properties to be similar in any direction normal to the fibre therefore resulting in 

transverse isotropy material properties (Shi et al. 2004). It is assumed that the matrix fills up all 

the voids and cavities within the RVE. For the sake of this analysis the hexagonal pattern was 



54 

 

opted for because of its ability to accurately represent the transverse isotropy of the 

nanotubes as opposed to a square stacking sequence (Elbadry et al. 2018). The hybrid 

composite can be altered by varying the volume fraction of both the CNTs and fibre 

reinforcement within the epoxy matrix to achieve desired material properties. Here, both 

carbon and glass fibres are modelled.  

Figure 4-1 depicts the micromechanical technique used in analysing the aligned CNT, three-

phase nanocomposite. Here, a single-stage modelling approach is opted for because of the 

nature of the fibre and nanotube orientation.  

 

Figure 4-1: Three-phase, aligned CNT modelling approach 

Assumptions like same size and even distribution of the fibres as well as absence of voids are 

made to reduce the computational cost of the analysis, however these assumptions should still 

allow for reasonably accurate results. These assumptions also allow for a 2D analysis to be 

performed. Furthermore, fibre undulation and waviness are not taken into consideration. The 

elastic modulus of the nanocomposite is analysed through varying the CNT and fibre 

reinforcement respectively. 

4.1.1. Evaluating the engineering constants 

The nanocomposite is subjected to a uniform strain at the macroscopic level known as macro-

strains (𝜀𝑀), with equivalent stresses called macro-stresses (𝜎𝑀). The macro-stresses are the 

average stresses needed to produce a state of macro-deformations (Banerjee et al. 2014). The 

macro-strains and macro-stresses follow the relation: 

 {𝜎𝑀} = [𝐶]{𝜀𝑀} (4.1) 

where [C] represents the stiffness matrix of the homogenised nanocomposite. The compliance 

matrix, [S], can be obtained by inverting the stiffness matrix. Furthermore, the elastic 

constants can therefore be calculated using the relation: 
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 [𝐶]−1 =

[
 
 
 
 
 
 
 
 
1

𝐸11
−𝜈21
𝐸22
−𝜈31
𝐸33
0
0
0

−𝜈12
𝐸11
1

𝐸22
−𝜈32
𝐸33
0
0
0

−𝜈13
𝐸11
−𝜈23
𝐸22
1

𝐸33
0
0
0

0
0
0
1

𝐺23
0
0

0
0
0
0
1

𝐺13
0

0
0
0
0
0
1

𝐺12
]
 
 
 
 
 
 
 
 

 (4.2) 

where 𝐸11, 𝜈12, 𝐸22, 𝐸33 and 𝐺12 represent the longitudinal modulus, Poisson’s ratio, 

transverse moduli (in both directions) and the shear modulus of the hybrid composite 

respectively. For a nanocomposite to demonstrate transversely isotropic behaviour in the 2–3 

plane, it needs to adhere to the following relation: 

 𝐺23 =
𝐸22

2(1 + 𝜈23)
 (4.3) 

This is due to the hexagonal packing of the fibre as this arrangement better represents 

isotropy in the 2–3 plane. RoHM is utilised to determine the longitudinal Poisson’s ratios (𝜈12) 

as well as the longitudinal modulus (𝐸11). The Halpin-Tsai approach is then used to calculate 

the transverse modulus 𝐸22, and shear moduli 𝐺12, 𝐺13 and 𝐺23. The Halpin–Tsai equation 

were altered to better calculate the results obtained from the FEA after analysing 

experimental results. The RoHM can be stated as: 

 𝐸11 = 𝐸11𝐹𝑉𝐹 + 𝐸11𝐶𝑁𝑇𝑉𝐶𝑁𝑇 + 𝐸𝑀𝑉𝑀 (4.4) 

where 𝐸11𝐹, 𝐸11𝐶𝑁𝑇 and 𝐸𝑀 represents the longitudinal moduli for fibre, CNTs and matrix 

respectively, and 𝑉𝐹, 𝑉𝐶𝑁𝑇 and 𝑉𝑀 represents the fibre volume fraction, CNT volume fraction 

and matrix volume fraction respectively. Originally the Halpin-Tsai semi-empirical equations 

were used to determine the transverse modulus (𝐸22) as: 

 
𝐸22
𝐸𝑀

=
1 + 𝜁𝜂𝑉𝐹
1 − 𝜂𝑉𝐹

 (4.5) 

where, 

 𝜂 = ((𝐸𝐹 𝐸𝑀)⁄ + 1)/((𝐸𝐹 𝐸𝑀)⁄ + 𝜁) (4.6) 

𝜁 represents a curvature fitting parameter which depends on the fibre packing arrangement. 

As mentioned above, to more accurately represent the transverse modulus, Eq. (4.5) was 

modified accordingly 
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𝐸22
𝐸𝑀

=
1 + 𝜁(𝜂𝐹𝑉𝐹 + 𝜂𝐶𝑁𝑇𝑉𝐶𝑁𝑇)

1 − (𝜂𝐹𝑉𝐹 + 𝜂𝐶𝑁𝑇𝑉𝐶𝑁𝑇)
 (4.7) 

where, 

 𝜂𝐹 = ((𝐸11𝐹 𝐸𝑀)⁄ − 1)/((𝐸11𝐹 𝐸𝑀)⁄ + 𝜁) (4.8) 

and, 

 𝜂𝐶𝑁𝑇 = ((𝐸11𝐶𝑁𝑇 𝐸𝑀)⁄ − 1)/((𝐸11𝐶𝑁𝑇 𝐸𝑀)⁄ + 𝜁) (4.9) 

Subscripts ‘F’, ‘CNT’ and ‘M’ refers to the fibre, carbon nanotubes and matrix respectively. 

Additionally, the optimal value of ζ was calculated utilising a least square error approach and it 

was calculated that ζ = 1.165 produced good results for 𝐸22 (Banerjee et al. 2014). The 

Poisson’s ratios 𝜈12 and 𝜈13 can be calculated using the RoHM as follows: 

 𝜈12 = 𝜈12𝐹𝑉𝐹 + 𝜈12𝐶𝑁𝑇𝑉𝐶𝑁𝑇 + 𝜈𝑀𝑉𝑀 (4.10) 

where 𝜈12𝐹, 𝜈12𝐶𝑁𝑇 and 𝜈𝑀 depicts the Poisson’s ratio of the fibre, CNTs and matrix 

respectively. Furthermore, the shear modulus (𝐺12) can be calculated as shown by Eq. (4.11). 

 
𝐺12
𝐺𝑀

=
1 + 𝜁(𝜂𝐹𝑉𝐹 + 𝜂𝐶𝑁𝑇𝑉𝐶𝑁𝑇)

1 − (𝜂𝐹𝑉𝐹 + 𝜂𝐶𝑁𝑇𝑉𝐶𝑁𝑇)
 (4.11) 

where,  

 𝜂𝐹 = ((𝐺12𝐹 𝐺𝑀)⁄ − 1)/((𝐺12𝐹 𝐺𝑀)⁄ + 𝜁) (4.12) 

and, 

 𝜂𝐶𝑁𝑇 = ((𝐺12𝐶𝑁𝑇 𝐺𝑀)⁄ − 1)/((𝐺12𝐶𝑁𝑇 𝐺𝑀)⁄ + 𝜁) (4.13) 

The corresponding fibre shear moduli as stated in Table 3-1 is used in determining the 

parameter η. The optimum value of ζ was calculated as 1.01 for 𝐺12 and 𝐺13, and 0.9 for 𝐺23 

(Banerjee et al. 2014). Note that the Poisson’s ratio 𝜈23 can also be calculated using 𝐺23 and 

𝐸22 if required.  

4.1.2. Results 

Computational software, MATLAB R2014b was used to develop a script file to analyse the 

impact of straight, aligned CNTs on the mechanical properties of three-phase nanocomposites 

reinforced with either glass or carbon fibres in an epoxy matrix. Figure 4-2 depicts the effective 

longitudinal modulus for increasing nanotube volume fraction of three-phase nanocomposites. 
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It should be noted that for the analysis performed a curvature fitting parameter of 1.165 was 

used. Figure 4-2 shows a linear increase of the longitudinal moduli for increasing nanotube 

volume fraction from 0 to 20%. Here, 30% glass fibre reinforced composite is the weakest 

whereas the composite containing 60% carbon fibre reinforcement is considered the 

strongest. This is due to the excellent mechanical properties of carbon fibre reinforcement as 

compared to that of glass fibre. Figure 4-3 depicts the composite’s transverse modulus for 

increasing CNT volume fraction. It can clearly be seen here that as nanotube volume fraction 

increase so does the transverse modulus exponentially. A significant increase in the transverse 

modulus can be observed for both 60% carbon and glass fibre reinforced composites 

respectively. A significant difference between the longitudinal and transverse moduli can be 

observed as this is due to the CNT material properties.  

Figure 4-4 shows the shear modulus for increasing CNT volume fraction. Similar to the 

transverse modulus, the shear modulus increases exponentially for increasing CNT volume 

fraction. It’s seen here that the type of fibre reinforcement has little impact on the shear 

moduli of the hybrid composite. This is due to the shear moduli of both carbon and glass fibre 

being similar. More so the fibre volume fraction has a more significant impact on the shear 

moduli. For low volume fractions of fibre reinforcement (30%) the shear modulus is nearly the 

same for both glass and carbon reinforced nanocomposites. 

Lastly, Figure 4-5 depicts the Poisson’s ratio of the three-phase composite for increasing 

nanotube volume fraction. Variations in type and volume fraction of fibre reinforcement were 

also analysed. Here the Poisson’s ratio demonstrates a decreasing linear trend as the nanotube 

volume fraction increases (0 to 20%). It can be remarked that for both increasing fibre and 

nanotube volume fraction the Poisson’s ratio decreases. 
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Figure 4-2: Three-phase aligned nanocomposite effective longitudinal modulus 

 

Figure 4-3: Three-phase aligned nanocomposite effective transverse modulus 
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Figure 4-4: Three-phase aligned nanocomposite effective shear modulus 

 

Figure 4-5: Three-phase aligned nanocomposite effective Poisson's ratio 
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4.2. Three-phase, randomly orientated CNT micromechanical analysis 

The analysis performed in this section takes into consideration the effects of randomly 

orientated CNTs within a hybrid composite material. A modified Halpin-Tsai micromechanical 

analysis is employed to analyse the effects of varying types and quantities of reinforcement. 

The hybrid composite analysed below comprises of a CNT/ fibre/ epoxy three-phase composite 

where both glass and carbon fibre reinforcement will be analysed. Properties such as the Shear 

modulus, Poisson’s ratio and Young’s moduli of the three-phase composite will be studied. 

Figure 4-6 visually depicts the modelling approach utilised in order to perform the multi-stage 

analysis effectively. Firstly, a two-phase analysis, as performed in chapter 3.4, will be used, 

after which a micromechanical modelling approach will be implemented to further the analysis 

to a multi-stage, hybrid composite analysis.  

Figure 4-6: Micromechanical modelling of three-phase composite reinforced by randomly orientated CNTs and 

fibres 

4.2.1. Evaluating the engineering constants 

A CNT/ fibre reinforced epoxy composite (CNTFEC), composes of an isotropic matrix (epoxy), 

CNTs and fibres either of carbon or glass nature. Furthermore, the CNTFEC bonding and 

reinforcement dispersion within the matrix are assumed to be perfect. Additionally, it is also 

assumed that no voids are present, and all fibres are straight rods with the same respective 

elastic properties throughout and length-to-radius ratio, therefore no waviness is taken into 

account. It is assumed that the constituent materials adhere to the linear elastic behaviour 

throughout the deformation. To determine the CNTFEC elastic properties, the mechanical 

properties are considered to be orthotropic and as such the modified Halpin–Tsai technique in 

combination with the micromechanics modelling method is employed to derive the following 

set of equations (Gholami et al. 2018): 

𝐸11 = 𝑉𝐹𝐸11𝐹 + 𝑉𝑀𝐶𝑁𝑇𝐸𝑀𝐶𝑁𝑇 (4.14) 
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1

𝐸22
=

𝑉𝐹
𝐸22𝐹

+
𝑉𝑀𝐶𝑁𝑇
𝐸𝑀𝐶𝑁𝑇

− 𝑉𝐹𝑉𝑀𝐶𝑁𝑇

∗
𝜈𝐹
2𝐸𝑀𝐶𝑁𝑇 𝐸22𝐹⁄ + 𝜈𝑀𝐶𝑁𝑇

2 𝐸22𝐹 𝐸𝑀𝐶𝑁𝑇⁄ − 2𝜈𝐹𝜈𝑀𝐶𝑁𝑇
𝑉𝐹𝐸22𝐹 + 𝑉𝑀𝐶𝑁𝑇𝐸𝑀𝐶𝑁𝑇

(4.15) 

1

𝐺12
=

𝑉𝐹
𝐺12𝐹

+
𝑉𝑀𝐶𝑁𝑇
𝐺𝑀𝐶𝑁𝑇

(4.16) 

𝜈12 = 𝑉𝐹𝜈𝐹 + 𝑉𝑀𝐶𝑁𝑇𝜈𝑀𝐶𝑁𝑇 (4.17) 

𝜌 = 𝑉𝐹𝜌𝐹 + 𝑉𝑀𝐶𝑁𝑇𝜌𝑀𝐶𝑁𝑇 (4.18) 

where, the associated volume fraction and material properties are denoted by F (fibre), CNT 

(carbon nanotube) and MCNT (matrix-carbon nanotube) respectively. The Young’s moduli of 

the MCNT nanocomposite can be determined using the modified Halpin–Tsai equation 

(Gholami et al. 2018): 

𝐸𝑀𝐶𝑁𝑇 =
𝐸𝑀
8
[5 (

1 + 2𝛽𝑑𝑑𝑉𝐶𝑁𝑇
1 − 𝛽𝑑𝑑𝑉𝐶𝑁𝑇

) + 3(
1 + 2(𝑙𝐶𝑁𝑇 𝑑𝐶𝑁𝑇⁄ )𝛽𝑑𝑙𝑉𝐶𝑁𝑇

1 − 𝛽𝑑𝑙𝑉𝐶𝑁𝑇
)] (4.19) 

where, 

𝛽𝑑𝑙 =
(𝐸11𝐶𝑁𝑇 𝐸𝑀⁄ ) − (𝑑𝐶𝑁𝑇 4𝑡𝐶𝑁𝑇⁄ )

(𝐸11𝐶𝑁𝑇 𝐸𝑀⁄ ) + (𝑙𝐶𝑁𝑇 2𝑡𝐶𝑁𝑇⁄ )
(4.20) 

and, 

𝛽𝑑𝑑 =
(𝐸11𝐶𝑁𝑇 𝐸𝑀⁄ ) − (𝑑𝐶𝑁𝑇 4𝑡𝐶𝑁𝑇⁄ )

(𝐸11𝐶𝑁𝑇 𝐸𝑀⁄ ) + (𝑑𝐶𝑁𝑇 2𝑡𝐶𝑁𝑇⁄ )
(4.21) 

in which 𝑡𝐶𝑁𝑇, 𝑑𝐶𝑁𝑇 and 𝑙𝐶𝑁𝑇 represents the nanotube thickness, outer diameter and length. 

The volume fraction and longitudinal modulus of the nanotubes are denoted by 𝑉𝐶𝑁𝑇  and 

𝐸11𝐶𝑁𝑇 respectively. The volume fraction and Young's modulus of the isotropic epoxy matrix 

are denoted by  𝑉𝑀 and 𝐸𝑀 respectively. The CNT volume fraction can be determined using: 

𝑉𝐶𝑁𝑇 =
𝑤𝐶𝑁𝑇

𝑤𝐶𝑁𝑇 + (𝜌𝐶𝑁𝑇 𝜌𝑀⁄ ) − (𝜌𝐶𝑁𝑇 𝜌𝑀⁄ )𝑤𝐶𝑁𝑇
(4.22) 
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where 𝑤𝐶𝑁𝑇 , 𝜌𝐶𝑁𝑇 and 𝜌𝑀 represent the CNT mass fraction, mass density and matrix mass 

density respectively. The mass density and Poisson's ratio of the MCNT composite can be 

determined as follows: 

 𝜌𝑀𝐶𝑁𝑇 = 𝑉𝐶𝑁𝑇𝜌𝐶𝑁𝑇 + 𝑉𝑀𝜌𝑀 (4.23) 

and, 

 𝜈𝑀𝐶𝑁𝑇 = 𝜈𝑀 (4.24) 

Since the volume fraction of nanotubes are minimal (usually less than 20%), the Poisson's ratio 

of the MCNT composite is assumed to be equal to that of the matrix (Gholami et al. 2018). 

4.2.2. Results 

A MATLAB R2014b script file (Appendix A.1.3.) was developed to analyse the effect of straight, 

randomly orientated nanotubes on the flexural behaviour of three-phase nanocomposites 

reinforced with either carbon or glass fibres in an epoxy matrix. Note that uniformly 

distributed reinforcement with no deboning is observed. The effective longitudinal modulus 

for increasing nanotube volume fraction, and for 30%, 45% and 60% fibre reinforcement is 

studied in Figure 4-7. Here it can be observed that for the 60% carbon fibre reinforced 

composite, only a 3.5% increase in the longitudinal modulus is found for an increase in CNT 

volume fraction (0 to 0.2). however, for a 30% glass fibre reinforced composite, a 36.5% 

increase in longitudinal modulus is observed for increasing CNT volume fraction from 0 to 0.2. 

thus, the nanotube reinforcement has a more significant impact on the glass fibre reinforced 

composites.  

Figure 4-8 shows the transverse modulus for increasing CNT volume fraction. Here, increase in 

nanotube volume fraction follows a similar trend for glass fibre reinforced composites. 

However, for carbon fibre reinforced composite, the increase in nanotube volume fraction has 

less of an impact and thus the increase in transverse modulus is less. It should be noted that 

for nanotube volume fraction equal to 0.06, the carbon fibre reinforced composites for 30%, 

45% and 60% all carry the same transverse modulus of 8.05 GPa.  

The shear modulus for increasing nanotube volume fraction can be observed in Figure 4-9. 

Here, once again the shear modulus is observed to increase for increasing nanotube volume 

fraction. However, the type of fibre (glass or carbon) has little impact on the shear modulus 

compared to the impact of increasing fibre volume fraction. This is due to the similar shear 

mechanical properties of both carbon and glass fibres. 
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Lastly, the Poisson’s ratio is observed for increasing nanotube volume fraction (Figure 4-10). 

Here a slight, nearly insignificant decrease in the Poisson’s ratio is observed. Both the type and 

volume fraction of fibre plays a more influential role compared to the nanotube volume 

fraction. 

Figure 4-7: Three-phase randomly orientated nanocomposite effective longitudinal modulus 
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Figure 4-8: Three-phase randomly orientated nanocomposite effective transverse modulus 

 

Figure 4-9: Three-phase randomly orientated nanocomposite effective shear modulus 
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Figure 4-10: Three-phase randomly orientated nanocomposite effective Poisson's ratio 

4.3. Effect of CNT agglomeration on the mechanical properties of hybrid 

nanocomposites 

In this analysis, the effect of nanotube agglomeration on multi-scale nanocomposites 

reinforced by CNTs is studied. A two-stage analysis (Figure 4-11) is performed where the Mori-

Tanaka technique is used to predict the elastic properties of three-phase CNTFEC. The 

efficiency and accuracy of the applied approach is studied and compared to experimental data 

and two-phase results reported previously. The influences of volume fraction, nanotube 

agglomeration and fibre type (carbon and glass) are examined. 

It is assumed that the nanotubes are transversely isotropic. It is also assumed that the matrix 

fills all voids. A similar modelling technique, to the modified Halpin-Tsai analysis, is 

implemented where the volume fraction of both the nanotubes and fibre reinforcement within 

the epoxy matrix can be altered to achieve desirable material properties.  
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Figure 4-11: Micromechanical modelling approach of three-phase composites reinforced by agglomerated CNTs and 

fibres 

Additional assumptions include same size and location of the fibres to decrease the cost of the 

2D analysis. Fibre undulation and waviness is not taken into consideration, to place emphasis 

on the agglomeration effect of CNTs. The elastic moduli, shear modulus and Poisson’s ratio are 

analysed to determine the bending characteristics of the hybrid composite.  

4.3.1. Evaluating the engineering constants 

As depicted by Figure 4-11, the second iteration of the three-phase analysis uses a 

micromechanics approach which yields the following set of equations (Seidi et al. 2017): 

 𝐸11 = 𝐸𝐹𝑉𝐹 + 𝐸𝑀𝐶𝑁𝑇𝑉𝑀𝐶𝑁𝑇 (4.25) 

 

 

1

𝐸22
=

𝑉𝐹
𝐸22𝐹

+
𝑉𝑀𝐶𝑁𝑇
𝐸𝑀𝐶𝑁𝑇

− 𝑉𝑀𝐶𝑁𝑇𝑉𝐹

∗
(𝜈)2 𝐸𝑀𝐶𝑁𝑇 𝐸22𝐹⁄ + (𝜈𝑀𝐶𝑁𝑇)

2 𝐸22𝐹 𝐸𝑀𝐶𝑁𝑇 − 2𝜈𝐹𝜈𝑀𝐶𝑁𝑇⁄

𝐸22𝐹𝑉𝐹 + 𝐸𝑀𝐶𝑁𝑇𝑉𝑀𝐶𝑁𝑇
 

(4.26) 

 

 
1

𝐺12
=

𝑉𝐹
𝐺12𝐹

+
𝑉𝑀𝐶𝑁𝑇
𝐺12𝑀𝐶𝑁𝑇

 (4.27) 

 

 𝜈12 = 𝑉𝐹𝜈𝐹 + 𝑉𝑀𝐶𝑁𝑇𝜈𝑀𝐶𝑁𝑇 (4.28) 

 

 𝜌 = 𝑉𝐹𝜌𝐹 + 𝑉𝑀𝐶𝑁𝑇𝜌𝑀𝐶𝑁𝑇 (4.29) 

where, F and MCNT stand for fibre and matrix-CNT nanocomposite respectively. 𝜌 represents 

the mass density. This analysis takes into account the agglomeration of the CNTs thus 

introducing the following parameters: 
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𝜇 =
𝑉𝑐𝑙𝑢𝑠𝑡𝑒𝑟
𝑉

(4.30) 

and, 

𝜂 =
𝑉𝐶𝑁𝑇 𝑐𝑙𝑢𝑠𝑡𝑒𝑟
𝑉𝐶𝑁𝑇

(4.31) 

where, 𝑉 denotes the volume of the RVE, 𝑉𝐶𝑁𝑇 the total CNT volume, 𝑉𝑐𝑙𝑢𝑠𝑡𝑒𝑟 the volume of all 

clusters and 𝑉𝐶𝑁𝑇 𝑐𝑙𝑢𝑠𝑡𝑒𝑟 the total CNT volume within clusters. In the case where μ = η = 1, the 

CNTs are evenly distributed throughout the material. The bulk and shear moduli inside the 

clusters (𝐾𝑖𝑛 and 𝐺𝑖𝑛) as well as the bulk and shear moduli outside the clusters (𝐾𝑜𝑢𝑡 and 𝐺𝑜𝑢𝑡) 

can be obtained from the equations below: 

𝐾𝑖𝑛 = 𝐾𝑀 +
𝑉𝐶𝑁𝑇𝜂(𝛿𝑟 − 3𝐾𝑚𝛼𝑟)

3(𝜇 − 𝑉𝐶𝑁𝑇𝜂 + 𝑉𝐶𝑁𝑇𝜂𝛼𝑟)
(4.32) 

𝐾𝑜𝑢𝑡 = 𝐾𝑀 +
𝑉𝐶𝑁𝑇(1 − 𝜂)(𝛿𝑟 − 3𝐾𝑀𝛼𝑟)

3[1 − 𝜇 − 𝑉𝐶𝑁𝑇(1 − 𝜂) + 𝑉𝐶𝑁𝑇(1 − 𝜂)𝛼𝑟]
(4.33) 

𝐺𝑖𝑛 = 𝐺𝑀 +
𝑉𝐶𝑁𝑇𝜂(𝜂𝑟 − 2𝐺𝑀𝛽𝑟)

2(𝜇 − 𝑉𝐶𝑁𝑇𝜂 + 𝑉𝐶𝑁𝑇𝜂𝛽𝑟)
(4.34) 

𝐺𝑜𝑢𝑡 = 𝐺𝑀 +
𝑉𝐶𝑁𝑇(1 − 𝜂)(𝜂𝑟 − 2𝐺𝑀𝛽𝑟)

2[1 − 𝜇 − 𝑉𝐶𝑁𝑇(1 − 𝜂) + 𝑉𝐶𝑁𝑇(1 − 𝜂)𝛽𝑟]
(4.35) 

where M and CNT stand for of matrix and CNTs respectively. Using the above set of equations, 

the MCNT bulk and shear moduli can be found to be: 

𝐾𝑀𝐶𝑁𝑇 = 𝐾𝑜𝑢𝑡[1 +
𝜇(
𝐾𝑖𝑛
𝐾𝑜𝑢𝑡

− 1)

1 + α(1 − 𝜇)(
𝐾𝑖𝑛
𝐾𝑜𝑢𝑡

− 1)
] (4.36) 

𝐺𝑀𝐶𝑁𝑇 = 𝐺𝑜𝑢𝑡[1 +
𝜇(
𝐺𝑖𝑛
𝐺𝑜𝑢𝑡

− 1)

1 + β(1 − 𝜇)(
𝐺𝑖𝑛
𝐺𝑜𝑢𝑡

− 1)
] (4.37) 

Where α and β, are defined by Shi et al. (2004) as: 
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 𝛼 =
1 + 𝜈𝑜𝑢𝑡
3(1 − 𝜈𝑜𝑢𝑡)

 (4.38) 

and, 

 𝛽 =
2(4 − 5𝜈𝑜𝑢𝑡)

15(1 − 𝜈𝑜𝑢𝑡)
 (4.39) 

where, 

 𝜈𝑜𝑢𝑡 =
3𝐾𝑜𝑢𝑡 − 2𝐺𝑜𝑢𝑡
2(3𝐾𝑜𝑢𝑡 + 𝐺𝑜𝑢𝑡)

 (4.40) 

Once the 𝐾𝑀𝐶𝑁𝑇 and 𝐺𝑀𝐶𝑁𝑇 have been calculated the Poisson’s ratio as well as the Young’s 

modulus of the hybrid matrix can be obtained using: 

 𝜈𝑀𝐶𝑁𝑇 =
3𝐾𝑀𝐶𝑁𝑇 − 2𝐺𝑀𝐶𝑁𝑇
6𝐾𝑀𝐶𝑁𝑇 + 2𝐺𝑀𝐶𝑁𝑇

 (4.41) 

and,  

 𝐸𝑀𝐶𝑁𝑇 =
9𝐾𝑀𝐶𝑁𝑇𝐺𝑀𝐶𝑁𝑇
3𝐾𝑀𝐶𝑁𝑇 + 𝐺𝑀𝐶𝑁𝑇

 (4.42) 

4.3.2. Results 

A MATLAB R2014b script file (Appendix A.1.4.) was developed to analyse the impact of 

nanotube agglomeration on the flexural behaviour of three-phase nanocomposites reinforced 

with either carbon or glass fibres in an epoxy matrix. Figure 4-12 depicts the longitudinal 

Young’s modulus for increasing nanotube volume fraction and for varying fibre volume 

fraction. Also, nanotube reinforcement up to 𝑉𝐶𝑁𝑇 = 0.2 has little effect on the longitudinal 

modulus. Whereas both the type and amount of fibre reinforcement had a more considerable 

impact. It should also be noted that the nanotube reinforcement, although slight, had a 

greater impact on the glass fibre reinforced composites as opposed to the carbon fibre 

reinforced composites. Figure 4-13 depicts the transverse modulus for increasing nanotube 

volume fraction. Here the nanotube reinforcement has a more considerable impact on the 

modulus especially on the glass fibre reinforced composite. The increase in both the nanotube 

volume fraction and fibre volume fraction had little to no impact on the carbon fibre 

reinforced composites. 

Figure 4-14 shows the shear modulus for increasing CNT volume fraction. Here, the fibre type 

does not play a significant role but more so the nanotube volume fraction. Figure 4-15 depicts 

the Poisson’s ratio for increasing nanotube volume fraction. Here the Poisson’s ratio is seen to 
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decrease significantly until 𝑉𝐶𝑁𝑇 = 0.04 after which the increase in nanotube volume fraction 

has little to no effect.  

 

Figure 4-12: Effect of nanotube agglomeration on three-phase longitudinal modulus 
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Figure 4-13: Effect of nanotube agglomeration on three-phase transverse modulus 

 

Figure 4-14: Effect of nanotube agglomeration on three-phase shear modulus 
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Figure 4-15: Effect of nanotube agglomeration on three-phase Poisson's ratio 

4.4. Chapter summary 

The objective of the chapter was to create computational models to analyse the effects of CNT 

orientation and agglomeration on the flexural properties of CNT-reinforced epoxy 

nanocomposites. Three scenarios were analysed. Firstly, the engineering constants for three-

phase nanocomposites with straight, aligned nanotubes were analysed for glass and carbon 

fibre reinforced composites. Secondly, the same scenario was extended to straight, randomly 

orientated CNTs, and lastly the effects of nanotube agglomeration on three-phase composites 

were analysed. 

An excellent agreement can be found between the present results and those provided in 

literature as seen in Figure 4-16,Figure 4-17 and Figure 4-18 for 45% reinforced carbon fibre 

nanocomposites. Experimental data for hybrid composites has been studied extensively by 

academics such as Gholami et al. (2018). Banerjee et al. (2014) found that the RoHM can be 

used to predict the longitudinal and transverse moduli of hybrid composites. This is consistent 

with the results presented in this dissertation. However, the RoHM can only predict the 

longitudinal Young’s modulus with reasonable accuracy for low mass fraction of CNTs as seen 

in Figure 4-16. Taking into account the effect of nanotube agglomeration (Figure 4-18), a 
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stronger resemblance between the experimental data from literature and the results obtained 

in this dissertation can be observed. 

Also, for increasing nanotube volume fraction, a more pronounced impact on the flexural 

response of glass fibre reinforced composited as opposed to the carbon fibre reinforced 

composites can be observed. This is due to the outstanding material properties of carbon fibre 

thus resulting in the nanotubes having less of an influence. Furthermore, the results obtained 

from the three-phase micromechanical analysis can be utilised to model nano-structures, 

which will be undertaken in the next chapter. 

 

Figure 4-16: Conventional micromechanical approach vs experimental data 
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Figure 4-17: Modified micromechanical approach vs experimental data 

 

Figure 4-18: Effect of nanotube agglomeration vs experimental data  
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5. Three-phase composite structural application 

Recently there has been extensive research performed on the bending, buckling and vibration 

of structural components made of CNT or graphene nanoplatelet reinforced nanocomposites. 

Studies of these materials are important for the design and manufacture of a large number of 

devices and systems used in engineering. Examples of such studies for both two-phase and 

three-phase nanocomposites include investigations by Masoud et al. (2018), Ahmadi et al. 

(2017) and He et al. (2015) who performed free and forced vibration analyses on multiscale 

composite plates and beams. Thostenson et al. (2002), Bekyarova et al. (2007) as well as Green 

et al. (2009) focused on the bending and buckling characteristics of carbon nanotube-based 

nanocomposites. Emphasis was also placed on the mechanical and thermomechanical 

properties of the composite. Other studies performed by Gholami et al. (2017) and Gholami et 

al. (2018) investigated the vibration and deflection properties of functionally-graded graphene 

platelet reinforced composite plates where promising results were attained. 

Rafiee et al. (2014) and Kamarian et al. (2018) found that nanotube agglomeration affected the 

mechanical properties of nanocomposites by reducing the elastic moduli. This is due to several 

factors such as large aspect ratios, low bending rigidity and the debonding effect. 

The much sought-after strength-to-weight ratio of hybrid composites make them very suitable 

for structural applications. In addition, they exhibit other superior properties such as low heat 

conductivity, increased corrosion resistance and low thermal expansion as well as increased 

fatigue life (Collins et al. 2000). The most commonly utilised composites are those with 

continuous fibres as well as those with short fibres embedded in a matrix material. Reducing 

structural weight, whilst maintaining critical material properties such as strength and stiffness, 

is one of the key design criteria for many such studies.  

The purpose of the chapter is to analyse hybrid composite structures, and more specifically 

three-phase composite plates, to determine their effectiveness and performance in composite 

applications thus allowing for a comparison with traditional materials and composites. 

Using the micromechanical results obtained in chapters 3 and 4, the performance of composite 

plates reinforced with both CNTs and fibre in an epoxy matrix can be analysed. Both glass and 

carbon fibres will be considered. The scenario chosen under which to analyse the performance 

of the hybrid composite is a symmetrical plate element in bending. Analysis of plate elements 

is pertinent for the mechanical characterisation by flexural response and because plates are 

considered fundamental structural elements. The plate is simply supported with an evenly 
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distributed load across the surface of the plate in the transverse direction.  The measure of 

structural performance is being taken as the deflection of the plate at its centre. The results 

are then evaluated for a variety of different possibilities; including variation in reinforcement 

volume fraction, types of reinforcement used and nanotube agglomeration effects just to 

name a few. The study undergone in this chapter will allow for further analyses to be extended 

to elements such as graphene platelets in future work.  

5.1. Notation and sign convention 

Let us consider a plate placed in the X-Y plane. Plate surface slopes, Wx and Wy, gives arrows 

that point in the positive X and negative Y directions according to right hand rule. In order to 

analyse the plate elements, both rotations and surface slopes are required. Sign convention 

and subscripts are replaced as follows; θy with –Ψx and θx with Ψy as seen in Figure 5-1. 

Figure 5-1: Plate sign convention (Birman 2011) 

5.2. Plate theory 

Plates are planar structures with a small thickness when compared to its planar dimensions. 

Since the applied forces on the plate is normal to the plane of the plate, the plate twists and 

bends in two directions in order to account for the load applied. To reduce the computational 

cost of the analysis, the variance in length scale is used to simplify the full 3D system to a 2D 

one, thus allowing for a more simplified micromechanical technique to be implemented. The 

aim is to determine the deformation experienced by the plate subjected to a uniform loading 

condition. The results obtained will allow for an improved understanding of both two-phase 

and three-phase composite mechanics by applying it to a structural element such as a plate.  
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Plate analyses are typically categorised into 2 types, dependant on the breadth to thickness 

ratio of the plate, and can be categorised into either thick or thin plates. If the max deflection 

is smaller than 1/10 of the thickness and the breadth to thickness ratio of the plate is smaller 

than 1/10, then the plate is considered a thin plate (Katili 1993). Kirchhoff’s plate theory is 

used to investigate such thin plates. Conversely, Mindlin plate theory is utilised to investigate 

thick plates where the impact of shear deformation is taken into consideration (Ahmadi et al. 

2018). 

For this analysis the plate is assumed to be thin and therefore Kirchhoff plate theory is made 

use of to analyse the plate. The underlying assumption for typical Kirchhoff plate theory is that 

a straight line perpendicular to the mid-plane of the plate before bending, remains 

perpendicular even after bending occurs (Ghavanloo et al. 2019). Transverse shear 

deformation is not taken into consideration in this model. In essence, three principals are 

made use of to reduce the 3D set of elasticity equations to 2D ones as seen in Figure 5-2 and 

listed below. 

1. The line perpendicular to the neutral axis before deformation occurs remains straight

after the deformation has occurred.

2. The normal stress in thickness direction is neglected. i.e., σz = 0. This assumption

reduces the 3D set of elasticity equations to 2D ones.

3. The transverse shear strains are set to equal zero. Therefore, shear strains γxz and γyz

also equal zero. Hence, when bending, the plate thickness doesn’t vary (Ghavanloo et

al. 2019).

Figure 5-2: Kirchhoff plate bending (Saetta 1990) 

Consider a plate with thickness t and with the plate mid-surface, t/2 from each surface. As 

such the X-Y plane is located in the plate’s mid-surface (Figure 5-3), hence z = 0 represents the 

plate’s mid-surface. Furthermore, let u, v and w be the displacements at any point in the x, y 

and z directions respectively. 
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Figure 5-3: Plate notation (Saetta 1990) 

Then the variance of u and v across the thickness of the plate can be visualised in terms of w 

through the following equations: 

𝑢 = −𝑧
∂w

∂x
(5.1) 

and, 

𝑣 = −𝑧
∂w

∂y
(5.2) 

where w is the plate’s mid-plane deflection in the z-direction. Furthermore, the relationship 

between the deflection and strain can be expressed as: 

𝜀𝑥  =  
𝜕𝑢

𝜕𝑥 
=  −𝑧 

∂2𝑤

∂𝑥2
 =  𝑧 𝜒𝑥  (5.3) 

𝜀𝑦  =  
𝜕𝑣

𝜕𝑦 
=  −𝑧 

∂2𝑤

∂𝑦2
 =  𝑧 𝜒𝑦 (5.4) 

𝛾𝑥𝑦  =  
𝜕𝑢

𝜕𝑦 
+
𝜕𝑣

𝜕𝑥 
=  −2𝑧 

∂2𝑤

∂x∂y
 =  𝑧 𝜒𝑥𝑦 (5.5) 

where 𝜀 represents direct strain, 𝛾 refers to the shear strain and 𝜒 refers to the curvature 

along the respective directions. The above equations can be written in matrix form: 
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{

𝜀𝑥
𝜀𝑦
𝛾𝑥𝑦

} = −𝑧

[

∂2

∂𝑥2

∂2

∂𝑦2

∂2

∂x ∂y]

𝑤 (5.6) 

or simply as: 

𝜀 = −𝑧𝛥𝑤 (5.7) 

where, 𝜀 is the in-plane strain vector, and ∆ represents the differential operator matrix. 

Furthermore, the following equations can be determined from Hooke’s law as follows: 

𝜎 = [𝐷]𝜀 (5.8) 

where: 

[𝐷] =
𝐸

(1 − 𝜈2)
[

1 𝜈 0
𝜈 1 0

0 0
1 − 𝜈

2

] (5.9) 

In this equation, [D] is equated to the value depicted for two-dimensional elements (i.e. σz = 0). 

5.3. Calculation of shear forces and moments 

Let’s take a plate of thickness t and with dimensions dx by dy which is exposed to a load 

distributed evenly over the surface of the plate. For thin plates, the force of the plate can be 

equated to a load and as a result the analysis of separate body forces is not required 

(Ghavanloo et al. 2019). By combining Eq. (5.7) with Eq. (5.8) the following relationship can be 

derived: 

𝜎 = −𝑧[𝐷]𝛥𝑤 (5.10) 

From this equation we see that the transverse stress is varied linearly along the plate thickness 

as seen in Figure 5-4 and Figure 5-5; therefore the moments on the cross section can be 

calculated by means of integration as: 

𝑀 = {

𝑀𝑥

𝑀𝑦

𝑀𝑥𝑦

} = ∫ 𝜎𝑧𝑑𝑡

𝑡/2

−𝑡/2

= −

(

∫𝑧2𝑑𝑡

𝑡
2

−
𝑡
2 )

[𝐷]𝛥𝑤 = −
𝑡3

12
[𝐷]𝛥𝑤 (5.11) 
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Figure 5-4: Stresses within a plate (Vidya-mitra 2018) 

 

Figure 5-5: Forces and moments within a plate (Vidya-mitra 2018) 

By expanding Eq. (5.11) the following three expressions can be obtained: 

 𝑀𝑥 = −
𝐸𝑡3

12(1 − 𝜈2)
(
∂2𝑤

∂𝑥2
+ 𝜈

∂2𝑤

∂𝑦2
 ) = 𝐷𝑝(𝜒𝑥 + 𝜈𝜒𝑦) (5.12) 

 

 𝑀𝑦 = −
𝐸𝑡3

12(1 − 𝜈2)
(
∂2𝑤

∂𝑦2
+ 𝜈

∂2𝑤

∂𝑥2
 ) = 𝐷𝑝(𝜒𝑦 + 𝜈𝜒𝑥) (5.13) 

 

 𝑀𝑥𝑦 = 𝑀𝑦𝑥 =
𝐸𝑡3

12(1 − 𝜈2)
(
∂2𝑤

∂𝑥 ∂𝑦
) = −

𝐷𝑝(1 − 𝜈)

2
𝜒𝑥𝑦 (5.14) 

Where, 𝐷𝑝 represents the flexural rigidity of the plate and can be shown as: 
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 𝐷𝑝 =
𝐸𝑡3

12(1 − 𝜈2)
 (5.15) 

Now taking into consideration the moments, varying along the plate’s breadth and length, and 

representing it as a function of both x and y respectively. Then, if 𝑀𝑥 acts on one side then, 

𝑀𝑥 = 𝑀𝑥 + ∂𝑀𝑥 ∂x⁄  𝑑𝑥 acts on the opposing side of the plate. If the plate is in a state of 

equilibrium, then the equations of forces can be expressed as: 

 
∂𝑄𝑥
∂x

+
∂𝑄𝑦

∂y
+ 𝑃 = 0 (5.16) 

 

 
∂𝑀𝑥
∂x

+
∂𝑀𝑥𝑦

∂y
= 𝑄𝑥 (5.17) 

 

 
∂𝑀𝑥𝑦

∂x
+
∂𝑀𝑦

∂y
= 𝑄𝑦 (5.18) 

Furthermore, the following relations can be derived from the above equations as: 

 𝑄𝑥 = −𝐷𝑝
∂

∂x
(
∂2𝑤

∂𝑥2
+
∂2𝑤

∂𝑦2
) (5.19) 

 

 𝑄𝑦 = −𝐷𝑝
∂

∂y
(
∂2𝑤

∂𝑥2
+
∂2𝑤

∂𝑦2
) (5.20) 

And finally, the equilibrium equation for small displacement flat plates can be equated: 

 
∂4𝑤

∂𝑥4
+ 2

∂4𝑤

∂𝑥2 ∂𝑦2
+
∂4𝑤

∂𝑦4
= −

𝑃

𝐷𝑝
 (5.21) 

5.4. Boundary conditions 

Different boundary conditions imposed on the plate, such as the manner in which the plate is 

supported result in a change of the governing differential equations. For this analysis a simply 

supported square plate is analysed as seen in Figure 5-6. The plate is symmetrical in both the x 

and y directions. 
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Figure 5-6: Plate dimensions and notation 

Therefore, for a simply support edge (along both the x and y direction) the respective 

boundary conditions are depicted as: 

• 𝑤(𝑥, 𝑦) = 0; 

• 𝑀𝑥 = 0 for [𝑥 = 𝑐𝑜𝑛𝑠𝑡 & 0 ≤ 𝑦 ≤ 𝑏]; 

• 𝑀𝑦 = 0 for [𝑦 = 𝑐𝑜𝑛𝑠𝑡 & 0 ≤ 𝑥 ≤ 𝑏]; 

Once the displacement of the plate at various points has been calculated, the moments, 

stresses as well as the strains in the plate can be calculated and therefore the flexural response 

can be analysed. 

5.5. Plate analysis 

Using MATLAB R2014b, a script was developed to analyse the plate element in bending. 

Considering a plate which is simply supported, with dimensions a and b in the x and y 

directions respectively (Saetta 1990). The differential equation governing the deflection of the 

symmetrically laminated cross-ply plate (Figure 5-6) under a distributed load P(x,y), as 

determined by Eq. (5.21) can be given as: 

 𝐷11𝑤𝑥𝑥𝑥𝑥 + 2(𝐷12 + 2𝐷66)𝑤𝑥𝑥𝑦𝑦 + 𝐷22𝑤𝑦𝑦𝑦𝑦 = 𝑃(𝑥, 𝑦) (5.22) 

where 𝐷𝑖𝑗 are the bending stiffnesses, w(x, y) is the transverse deflection and the derivatives 

with respect to x and y are indicated by the respective subscripts. The boundary conditions, as 

stated prior, for a simply supported plate can be rewritten in script notation as: 



82 

 

 −𝐷11𝑤𝑥𝑥 − 𝐷12𝑤𝑦𝑦 = 0    𝑎𝑡 𝑥 = 0, 𝑎 (5.23) 

and, 

 −𝐷12𝑤𝑥𝑥 − 𝐷22𝑤𝑦𝑦 = 0    𝑎𝑡 𝑦 = 0, 𝑏 (5.24) 

 The load acting on the plate can be expanded in Fourier sine series as: 

 𝑃(𝑥, 𝑦) = ∑ ∑𝑃𝑚𝑛 sin𝛼𝑚𝑥 sin𝛽𝑛 𝑦

∞

𝑛=1

∞

𝑚=1

 (5.25) 

Where 𝛼𝑚 = 𝑚𝜋/𝑥 and 𝛽𝑛 = 𝑛𝜋/𝑦 with the coefficient 𝑃𝑚𝑛 given by: 

 𝑃𝑚𝑛 = (4/𝑎𝑏)∫∫𝑃(𝑥, 𝑦) sin𝛼𝑚𝑥 sin𝛽𝑛 𝑦 𝑑𝑥𝑑𝑦

𝑎

0

𝑏

0

 (5.26) 

The solution for deflection can be expressed as: 

 𝑤(𝑥, 𝑦) = ∑ ∑𝐶𝑚𝑛 sin 𝛼𝑚𝑥 sin𝛽𝑛 𝑦

∞

𝑛=1

∞

𝑚=1

 (5.27) 

which satisfies the boundary conditions stated by Eq. (5.23) and Eq. (5.24). The coefficient 𝐶𝑚𝑛 

is given as: 

 𝐶𝑚𝑛 =
𝑎4𝑃𝑚𝑛
𝜋4𝐷𝑚𝑛

 (5.28) 

where, 

 𝐷𝑚𝑛 = 𝐷11𝑚
4 + 2(𝐷12 + 2𝐷66)(𝑚𝑛𝑟)

2 + 𝐷22(𝑛𝑟)
4 (5.29) 

with 𝑟 = 𝑎/𝑏 being the aspect ratio. The stresses 𝜎𝑥𝑥
𝑘 , 𝜎𝑦𝑦

𝑘  and 𝜏𝑥𝑦
𝑘  at the k-th layer are 

computed using the below three equations: 

 𝜎𝑥𝑥
𝑘 =

𝑎2

𝜋2
𝑧 ∑ ∑

𝑃𝑚𝑛
𝐷𝑚𝑛

(𝑄̅11
𝑘 𝑚2 + 𝑄̅12

𝑘 𝑛2𝑟2) sin 𝛼𝑚𝑥 sin𝛽𝑛 𝑦

∞

𝑛=1

∞

𝑚=1

 (5.30) 

 

 𝜎𝑦𝑦
𝑘 =

𝑎2

𝜋2
𝑧 ∑ ∑

𝑃𝑚𝑛
𝐷𝑚𝑛

(𝑄̅12
𝑘 𝑚2 + 𝑄̅22

𝑘 𝑛2𝑟2) sin 𝛼𝑚𝑥 sin𝛽𝑛 𝑦

∞

𝑛=1

∞

𝑚=1

 (5.31) 
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 𝜏𝑥𝑦
𝑘 = −2

𝑎2

𝜋2
𝑟𝑄̅66

𝑘 𝑧 ∑ ∑
𝑃𝑚𝑛
𝐷𝑚𝑛

𝑚𝑛 cos𝛼𝑚 𝑥 cos𝛽𝑛𝑦

∞

𝑛=1

∞

𝑚=1

 (5.32) 

where 𝑄̅11
𝑘 , 𝑄̅12

𝑘  and 𝑄̅22
𝑘  are the reduced stiffnesses of the k-th layer. Using the above theory 

along with the appropriate micromechanical techniques, as studied in previous chapters, the 

flexural response of the plate element can be analysed for different conditions. 

5.6. Results 

A square plate, simply supported along its edges and with an evenly distributed load applied in 

the transverse direction is analysed (Figure 5-7). Commercially available software, MATLAB 

R2014b was chosen to perform the analysis (Appendix A.1.5. and A.1.6.). As seen in Figure 5-6 

and Figure 5-7 the plate is placed in the X-Y plane where ϴx and ϴy represents the rotation 

along the x-axes and y-axes respectively. The plate is considered to have thickness t and the 

mid-plane of the plate is located at t/2 (z =0, at the plate mid-surface). The length and width of 

the plate is set to a=1m and b=1m.      

 

Figure 5-7: Plate with distributed load 

The same properties as shown in Table 3-1 and Table 3-2 were used to model the two and 

three-phase composites. The deflection at the centre of the plate is analysed under a uniform 

transverse pressure. Table 5-1 summarises the plate properties used in the analyses unless 

otherwise stated. The engineering constants used are obtained from the micromechanical 

studies performed in the previous chapters. 
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Table 5-1 : Plate properties 

Plate Property Value 

Plate thickness (t) 0.1m 

Length of plate (a) 1m 

Width of plate (b) 1m 

Pressure (P) 1N 

Number of layers 8 

Layup [90/0/90/0]s 

Fibre reinforcement 45% 

 

Firstly, the effect of nanotube diameter is analysed for increasing CNT volume fraction. Here 

it’s seen that as the nanotube dimeter decreases so does the amount of deflection at the 

centre of the plate (Wc) as a function of a pure epoxy plate bending under similar conditions 

(W0). The same outcome is present in both Figure 5-8 and Figure 5-9, representing carbon and 

glass fibre reinforced composites respectively. It should be noted that for both scenarios 45% 

fibre reinforcement is considered with an aspect ratio of 1. These diameters were chosen to 

allow for comparison with two-phase data from literature. The effect of nanotube 

agglomeration is neglected in these analyses. It should also be noted from the two figures that 

the carbon fibre reinforced composite experiences less deflection compared to the glass fibre 

alternative. This is due to the impressive properties of carbon fibres.  
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Figure 5-8: Effect of nanotube diameter on the deflection at the centre of the plate (Wc) as a function of a pure 

epoxy plate in bending (W0) on carbon fibre reinforced nanocomposites for increasing nanotube volume fraction 

Figure 5-9: Effect of nanotube diameter on the deflection at the centre of the plate (Wc) as a function of a pure 

epoxy plate in bending (W0) on glass fibre reinforced nanocomposites for increasing nanotube volume fraction 
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Figure 5-10 shows the impact of fibre volume fraction on the flexural behaviour of the three-

phase composites. Here, the carbon fibre reinforced nanocomposite experienced less 

deflection. It can also be seen that for low volume fractions of nanotube reinforcement, the 

glass fibre reinforced composites experience a significant change in stiffness. The increase in 

fibre volume fraction (30% to 60%) evidently decreases the amount of deflection experienced. 

This is due to the increase in elastic moduli for increasing nanotube and fibre reinforcement as 

studied in previous chapters. 

Figure 5-11 depicts a similar analysis as performed in Figure 5-10, however the effect of 

nanotube agglomeration is taken into consideration. Similar trends can be observed between 

the two figures, but it should be noted that for low nanotube volume fraction, initially the 

deflection decreases less rapidly and displays more linear material properties. It should be 

noted that this analysis was performed for μ=0.4. 

 

Figure 5-10: Deflection ratio plotted against CNT content for various fibre contents, randomly oriented CNTs 
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Figure 5-11: Deflection ratio plotted against CNT content for various fibre contents, agglomerated CNTs 

The effect of nanotube agglomeration is studied more closely in Figure 5-12, Figure 5-13, 

Figure 5-14 and Figure 5-15. Firstly the effect of 40 and 60% nanotube agglomeration is 

studied for carbon fibre reinforced composites for increasing volume fractions (30%, 45% and 

60% fibre reinforcement) in Figure 5-12, Figure 5-13 and Figure 5-14 respectively. Here a 

similar pattern is observed for all cases where at approximately 1.2% CNT volume fraction the 

deflection is the same irrespective of the amount of agglomeration present. However, it 

should be noted that for increasing fibre volume fractions the amount of deflection present 

decreases.  

Figure 5-15 takes into consideration the same conditions mentioned above however glass 

fibre, instead of carbon fibre, reinforcement is used. Here the deflection for all three cases of 

30%, 45% and 60% fibre reinforcement are significantly more than that of carbon fibre 

reinforced nanocomposites. Again, a similar trend is viewed where at approximately 1.2% CNT 

volume fraction the deflection is the same irrespective of the amount of the amount of 

agglomeration present. 
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Figure 5-12: Deflection ratio plotted against CNT content with and without agglomeration and with 30% carbon 

fibre content 

 

Figure 5-13: Deflection ratio plotted against CNT content with and without agglomeration and 45% carbon fibre 

content 
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Figure 5-14: Deflection ratio plotted against CNT content with and without agglomeration and 60% carbon fibre 

content 

 

Figure 5-15: Effect of nanotube agglomeration on glass fibre reinforced nanocomposites 
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Next the impact of fibre orientation is analysed where both aligned, and randomly orientated 

scenarios are studied for carbon and glass fibre reinforcement respectively. Comparing Figure 

5-16 to Figure 5-17 it’s seen here that the glass fibre reinforced nanocomposite is subject to 

increased deflection but for aligned CNTs the impact of nanotube orientation reduces as the 

nanotube volume fraction increases. In both cases it can also be observed that aligned 

nanotubes result in less deflection, this significant difference however, could also possibly be 

due to the difference in micromechanical methods used. It should also be noted that 45% fibre 

reinforcement is used in these analyses. 

 

Figure 5-16: Carbon fibre reinforced nanocomposites 
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Figure 5-17: Glass fibre reinforced nanocomposites 

Figure 5-18 analyses the effect of laminate layup for increasing nanotube volume fraction. 

Here for both the carbon and glass fibre scenarios, the implementation of the cross-ply 

laminate results in significantly less deflection. Again 45% fibre volume fraction is used. 
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Figure 5-18: Fibre reinforced nanocomposite with various layups 

Figure 5-19 and Figure 5-20 compare two-phase to three-phase nanocomposites for increasing 

nanotube volume fraction. Here 45% fibre reinforcement is used. In both figures, for low 

nanotube volume fractions, a significant decrease in deflection is experienced for two-phase 

nanocomposites. Figure 5-19 and Figure 5-20 depict at zero nanotube volume fraction, both 

instances have a 𝑤𝑐 𝑤𝑜⁄  equal to 0.67 for the two-phase nanocomposites compared to 0.09 

and 0.03 for glass and carbon three-phase nanocomposites respectively. It should also be 

noted that for both two-phase and three-phase reinforced glass fibre composites the amount 

of deflection is equal at 13.06% nanotube volume fraction. At 45% reinforcement the addition 

of glass fibre yields no significant results for nanotube volume fractions greater that 13.06% 

and the two-phase nanocomposite yields better results at these volumes. 
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Figure 5-19: Carbon fibre reinforced three-phase vs two-phase nanocomposite 

 

Figure 5-20: Glass fibre reinforced three-phase vs two-phase nanocomposite 

Lastly, contour pots of 𝑤𝑐 𝑤𝑜⁄  were generated for increasing nanotube (x-axis) and fibre 

volume fractions (y-axis) for both glass and carbon fibre reinforcement (Figure 5-21 and Figure 

5-24). Furthermore, the effects of agglomeration were studied for similar conditions in Figure 

5-23 and Figure 5-24. 
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Figure 5-21: Carbon fibre reinforced deflection contour for increasing reinforcement volume fraction (randomly 

orientated CNT) 

 

Figure 5-22: Glass fibre reinforced deflection contour for increasing reinforcement volume fraction (randomly 

orientated CNT) 
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Figure 5-23: Carbon fibre reinforced deflection contour for increasing reinforcement volume fraction with 

agglomeration 

 

Figure 5-24: Glass fibre reinforced deflection contour for increasing reinforcement volume fraction with 

agglomeration 
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5.7. Chapter summary 

The deflection behaviour of CNT reinforced epoxy plates was examined in the case of three-

phase laminates through the use of micromechanical equations to study the elastic behaviour 

in terms of fibre volume fraction. Various factors influencing the deflection behaviour of the 

plate element was also studied. 

Firstly, the influence of nanotube diameter on the deflection constant (𝑤𝑐 𝑤𝑜⁄ ) was examined 

and it was found that as the nanotube diameter decreases so does the degree of deflection, as 

a result of the nanotube aspect ratio. Next the impact of fibre type was analysed where both 

carbon and glass fibre reinforcement were taken into consideration. Here, due to the 

outstanding properties of carbon fibre, the subsequent composites had reduced deflection at 

the centre of the plate. It can also be concluded that the nanotube reinforcement had a more 

pertinent effect on the glass fibre reinforced composites.   

The reduction of nanotube agglomeration is an active research area as previous studies have 

found that agglomeration decreases the elastic moduli and subsequently the stiffness. As such 

the effect of nanotube agglomeration was studied for both carbon and glass fibre reinforced 

composites. Here, both 40% and 60% nanotube agglomeration scenarios were analysed, and it 

was found to be in excellent agreement with previous studies where increasing nanotube 

agglomeration decreases the material stiffness.  Next the nanotube orientation and laminate 

layups were studied. It was found that aligned CNTs possessed superior stiffness compared to 

the randomly orientated CNTs. A cross-ply laminate was seen to decrease the bending 

constant. Two-phase and three-phase nanocomposites were compared and the addition of the 

third constituent resulted in a significantly stiffer material. However, it should be noted that 

for nanotube volume fractions greater than (13.06%) the addition of glass fibre had less of an 

impact on the material stiffness compared to the two-phase counterpart. Lastly, contour plots 

of deflection were generated which analyse the effect of both fibre and nanotube volume 

fractions. These models were further extended to take into consideration the impact of CNT 

agglomeration.  

It is concluded that the numerical results given in this study provided a quantitative 

assessment of the effects of different reinforcement scenarios and the volume fractions on the 

static behaviour of laminated composites.  
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6. Discussion 

The effect of CNT orientation and agglomeration on the flexural properties of CNT reinforced 

epoxy nanocomposites were examined using micromechanical methods. Epoxy matrix 

reinforced with evenly distributed, aligned CNTs, randomly orientated CNTs and agglomerated 

CNTs were analysed respectively. The straight, aligned CNT model showed a rapid increase in 

Young's longitudinal modulus for increasing nanotube volume fraction. Though, the transverse 

modulus normal to the fibre direction only increased initially with increasing nanotube volume 

fraction as this is due to the transversely isotropic properties of nanotubes but tapered off 

significantly at VCNT=0.007. 

Using a modified Mori-Tanaka approach, significant improvements on the elastic properties of 

epoxy was observed for the addition of straight, randomly oriented CNTs. These results 

suggest the possibility of tailoring the properties of CNT based composites by controlling the 

orientation of the nanotubes. Experimental studies on nanotube-reinforced epoxy-based 

composites have shown limited ability to control the dispersion of CNTs within the matrix. The 

influence of distribution of the nanotubes within the matrix was analysed using an Eshelby's 

inclusion model, where spherical inclusions with concentrated nanotube clusters are assumed. 

The results obtained showed a significant impact on the elastic properties when nanotubes are 

concentrated in agglomerations. 

The effective elastic modulus vs carbon nanotube weight fraction was analysed and compared 

to practical results obtained by Shokrieh et al. (2017). It was found that the results obtain form 

the theoretical micromechanical analyses correlated closely to those of the practical results. 

An average difference of 0.64% was found between 0 and 1% weight fraction when comparing 

theoretical and practical results. Furthermore, an inversely linear relationship was observed 

between the longitudinal modulus and agglomeration effect. The relationship showed that as 

agglomeration decreases, the longitudinal modulus increases. 

The analysis was furthered by developing computational models to analyse the effects of 

three-phase nanocomposites. Three scenarios were analysed. Firstly, the engineering 

constants for three-phase nanocomposites with straight, aligned CNTs were analysed for both 

glass and carbon fibre reinforced composites. Secondly, the same scenario was extended to 

straight, randomly orientated CNTs, and lastly the effects of nanotube agglomeration on three-

phase composites were analysed. 
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An outstanding agreement was found between the present results obtained and those 

provided in literature for 45% reinforced carbon fibre nanocomposites. Experimental data for 

hybrid composites has been investigated extensively by academics such as Gholami et al. 

(2018). It was found that the RoHM can, with reasonable accuracy, predict the transverse and 

longitudinal moduli of hybrid composites (Banerjee et al. 2014). This is in agreement with the 

results presented in this dissertation. However, the RoHM can only predict the longitudinal 

Young’s modulus with reasonable accuracy for low mass fraction of carbon. Considering the 

effect of nanotube agglomeration, a stronger resemblance between the experimental data 

from literature and the results obtained in this dissertation can be observed. 

It was seen that for increasing volume fraction of carbon nanotubes, a noticeable impact was 

noted on the flexural response of glass fibre reinforced composited as opposed to the carbon 

fibre reinforced composites. This is as a result of the outstanding elastic properties of the 

carbon fibre constituent. Furthermore, the results obtained from the three-phase 

micromechanical analysis can be used to model composite structures. 

The deflection behaviour of CNT reinforced epoxy plates was examined in the case of three-

phase laminates by using micromechanical techniques to evaluate the elastic behaviour with 

regards to fibre volume fraction. Furthermore, the influence of factors such as nanotube 

diameter, composite layup and varying material compositions on the deflection behaviour was 

also studied. 

Firstly, the impact of nanotube diameter on the deflection constant was examined and it was 

found that as the nanotube diameter decreases so does the degree of deflection, as a result of 

the nanotube aspect ratio. Next the impact of fibre type was analysed where both carbon and 

glass fibre reinforcement were taken into consideration. Here, due to the outstanding 

properties of carbon fibre, the subsequent composites had reduced deflection at the centre of 

the plate. It can also be concluded that the nanotube reinforcement had a more pertinent 

effect on the glass fibre reinforced composites.   

The reduction of nanotube agglomeration is an active research area as previous studies have 

found that agglomeration decreases the elastic moduli and subsequently the material stiffness. 

As such the effect of nanotube agglomeration was studied for both carbon and glass fibre 

reinforced composites. Here 40% and 60% nanotube agglomeration models were analysed, 

and the results obtained agreed with previous literature where increasing nanotube 

agglomeration decreases the material stiffness. Next the effect of nanotube orientation and 
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laminate layups were studied. It was found that aligned CNTs possessed superior stiffness 

properties compared to the randomly orientated CNTs. A cross-ply laminate layup was seen to 

decrease the bending constant. Two-phase and three-phase nanocomposites were compared 

and the addition of the third constituent resulted in a significantly stiffer material. However, it 

should be noted that for nanotube volume fractions greater than 13.06%, the addition of glass 

fibre had less of an impact on the material stiffness compared to the two-phase counterpart. 

Lastly, contour plots of deflection were generated which analyse the effect of both fibre and 

nanotube volume fractions. These models were further extended to take into consideration 

the effect of nanotube agglomeration.  

Future optimisation of the analysis may include the effect of nanotube waviness (analyses of 

curved nanotubes) as research has previously shown this to impact the material properties of 

nanotube reinforced composites. Furthermore, perfect bonding between the matrix and fibre 

should not be assumed and the impact of this should be taken into consideration when 

assessing the correction factor. The replacement and comparison of CNTs with graphene 

platelets would align the dissertation with current capabilities in practical research of 

nanotechnology. The dissertation would also benefit from extending the current research to 

different material layups and loading conditions, whilst supporting the findings with concurring 

practical results. Additionally, the effects of temperature, strain rate and the variances in 

structural behaviour of different CNT arrangements will make for an interesting and in-depth 

research topic.  
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7. Conclusion 

In this dissertation the addition of nanomaterials to conventional composites as reinforcement 

resulted in a new generation of composites, namely, multiscale composites. Multiscale 

composites comprise of reinforcements from two or more different length scales such as 

macro, micro and nano (three-phase), hence the name multiscale. This dissertation detailed 

the analysis of carbon nanotube reinforced composites. The key focus areas included 

micromechanical modelling of both two and three phase nanocomposites along with their 

applications to structural elements. Furthermore, the flexural behaviour of a simply supported 

hybrid plate element subjected to a uniform transverse pressure was analysed under various 

conditions. These composites exhibit high strength and stiffness to weight ratios as compared 

to fibre composites. 

Firstly, the effects of CNT orientation and agglomeration on the flexural properties of CNT 

reinforced epoxy nanocomposites (two-phase nanocomposites) were examined using 

micromechanical methods. Epoxy matrix reinforced with evenly distributed, aligned CNTs, 

randomly orientated CNTs and agglomerated CNTs were analysed respectively. The straight, 

aligned CNT model showed a rapid increase in Young's longitudinal modulus for increasing 

nanotube volume fraction. Though, the transverse modulus normal to the fibre direction only 

increased initially with increasing nanotube volume fraction as a result of the transversely 

isotropic properties of nanotubes but tapered off significantly at 𝑉𝐶𝑁𝑇=0.7%.  

Significant improvements in the elastic properties of epoxy were demonstrated for the 

addition of straight, randomly oriented CNTs. These results suggest the possibility of tailoring 

the properties of CNT based composites by controlling the orientation of the nanotubes. 

However, assumptions such as the distribution, length and waviness need to be considered for 

a more detailed analysis.  Experimental studies on nanotube-reinforced epoxy-based 

composites have shown limited ability to control the dispersion of CNTs within the matrix. The 

influence of distribution of the nanotubes within the matrix was analysed using Eshelby's 

inclusion model. Analysis of the results reveals that the value of elastic modulus for 

agglomerated composites has a maximum value when the nanotubes are completely dispersed 

within the matrix, i.e. 𝜉=1. The value of elastic modulus then decreases rapidly with increasing 

agglomeration parameter 𝜉. 

Additionally, the effects of CNT orientation and agglomeration on the flexural properties of 

CNT-reinforced epoxy nanocomposites (three-phase nanocomposites) were investigated. 

Three scenarios were analysed. Firstly, the engineering constants for three-phase 
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nanocomposites with straight, aligned nanotubes were analysed for glass and carbon fibre 

reinforced composites. Secondly, the same scenario was extended to straight, randomly 

orientated CNTs, and lastly the effects of nanotube agglomeration on three-phase composites 

were analysed. An excellent agreement can be found between the present results and those 

provided in literature with an average difference in Young’s modulus of 0.64% for 0-1 wt% 

CNT.  

Experimental data for hybrid composites has been studied extensively by academics such as 

Gholami et al. (2018) and Banerjee et al. (2014) who found that the RoHM can be used to 

predict the longitudinal and transverse moduli of hybrid composites. This is consistent with the 

results presented in this dissertation. However, it was found that the RoHM can only predict 

the longitudinal Young’s modulus with reasonable accuracy for low mass fraction of CNTs, 

typically less than 0.5% CNT weight fraction. Also, for increasing nanotube volume fraction, a 

more pronounced impact on the flexural response of glass fibre reinforced composited as 

opposed to the carbon fibre reinforced composites can be observed. This is due to the 

outstanding material properties of carbon fibre, with a Young’s modulus three times that of 

glass fibre thus resulting in the nanotubes having less of an influence on carbon fibre 

composites.  

Furthermore, the results obtained from the three-phase micromechanical analysis was then 

utilised to model nano-structures to study the deflection behaviour of CNT reinforced epoxy 

plates for three-phase laminates through the use of micromechanical equations for varying 

fibre volume fraction. Various factors influencing the deflection behaviour of the plate element 

was also studied. Firstly, the influence of nanotube diameter on the plate deflection was 

examined and it was found that as the nanotube diameter increases the degree of deflection 

decreases, with an average decrease in deflection of 66% for CNT volume fraction greater that 

10% when increasing the nanotube diameter from 2nm to 22.3nm. 

Next the impact of fibre type was analysed where both carbon and glass fibre reinforcement 

were taken into consideration. Here, due to the outstanding properties of carbon fibre, with a 

Young’s modulus 3 times that of glass fibre, the subsequent composites experienced reduced 

deflection at the centre of the plate. It can also be concluded that the nanotube reinforcement 

had a more pertinent effect on the glass fibre reinforced composites.  

The reduction of nanotube agglomeration is an active research area as previous studies have 

found that agglomeration decreases the elastic moduli and subsequently the stiffness. As such 
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the effect of nanotube agglomeration was studied for both carbon and glass fibre reinforced 

composites. Here, both 40% and 60% nanotube agglomeration scenarios were analysed, and it 

was found to be in excellent agreement with previous studies where increasing nanotube 

agglomeration decreases the material stiffness.  

Next the nanotube orientation and laminate layups were studied. It was found that aligned 

CNTs possessed superior stiffness compared to the randomly orientated CNTs. For 45% carbon 

fibre reinforced composites, aligned nanotubes resulted in a 51% reduction in deflection for a 

20% CNT volume fraction hybrid composite. Furthermore, a cross-ply laminate, 

[90°/0°/90°/0°]s, was seen to decrease the bending constant by 85% for a 10% CNT volume 

fraction hybrid composite when compared to a [45°/0°/45°/0°]s layup. Two-phase and three-

phase nanocomposites were compared and the addition of the third constituent resulted in a 

significantly stiffer material.  

Lastly, contour plots of deflection were generated which analyse the effect of both fibre and 

nanotube volume fractions. These models were further extended to take into consideration 

the impact of CNT agglomeration able to depict the deflection of both carbon and glass fibre 

reinforced hybrid plates in bending for increasing volume fraction. As expected, the plate 

deflection decreases for increasing fibre and nanotube volume fraction.  

It is concluded that the numerical results given in this study provides a quantitative analysis of 

the effects of different types of CNT parameters, fibre reinforcements and the volume 

fractions on the static behaviour of laminated composites. 
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Appendix A 

Samples of MATLAB script files used in the analyses throughout the dissertation. 

A.1.1. Reinforcement using straight, aligned carbon nanotubes on two-phase

nanocomposites 

clear all; 

% Reinforcement using straight, aligned carbon nanotubes on two-phase nanocomposites 

% Inputs 

% Carbon nanotube properties (cn): 

kr=30;  % (GPa) 
lr=10;  % (GPa) 
mr=1;   % (GPa) 
nr=450; % (GPa) 
pr=1;   % (GPa) 

% Matrix properties (m): 

Em=3.5;     % Young's modulus (GPa) 
vm=0.4;     % Poisson's ratio 

% Calculations: 

N=1000; 
t=0.2/N; 
Vcn=0:t:0.2; 

for i=1:N+1 

% Volume fraction of matrix:  
Vm(i)=1-Vcn(i); 

% Hill's elastic properties: 
k(i)=(Em*(Em*Vm(i)+2*kr*(1+vm)*(1+Vcn(i)*(1-2*vm))))/(2*(1+vm)*(Em*(1+Vcn(i)-
2*vm)+2*Vm(i)*kr*(1 -vm-2*vm^2))); 
l(i)=(Em*(Vm(i)*vm*(Em+2*kr*(1+vm))+2*Vcn(i)*lr*(1-vm^2))) / ((1+vm)*(2*Vm(i)* kr*(1-vm-
2*vm^2)+Em*(1+Vcn(i)-2*vm))); 
n(i)=(Em^2*Vm(i)*(1 +Vcn(i)-Vm(i)*vm)+2*Vm(i)*Vcn(i)*(kr*nr-lr^2)*(1 +vm)^2*(1 -2* 
vm))/((1+vm)*(2*Vm(i)*kr*(1-vm-2*vm^2)+Em*(1+Vcn(i)-2*vm)))+(Em*(2*Vm(i)^2*kr*(1-
vm)+Vcn(i)*nr*(1-2*vm+Vcn(i))-4*Vm(i)*lr*vm))/(2*Vm(i)*kr*(1-vm-2*vm^2)+Em*(1+Vcn(i)-
2*vm)); 
p(i)=(Em*(Em*Vm(i)+2*(1 +Vcn(i))*pr*(1 +vm)))/(2*(1 +vm)*(Em*(1 
+Vcn(i))+2*Vm(i)*pr*(1+vm)));
m(i)=(Em*(Em*Vm(i)+2*mr*(1+vm)*(3+Vcn(i)-4*vm)))/(2*(1+vm)*(Em*(Vm(i)+4*Vcn(i)*(1-
vm))+2*Vm(i)*mr*(3-vm-4*vm^2)));
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% Engineering constants: 
E11(i)=n(i)-(l(i)^2/k(i)); 
v12(i)=l(i)/(2*k(i)); 
E22(i)=(4*m(i)*(k(i)*n(i)-l(i)^2))/(k(i)*n(i)-l(i)^2+m(i)*n(i)); 
v21(i)=v12(i)*(E22(i)/E11(i)); 
v23(i)=(k(i)*n(i)-l(i)^2-m(i)*n(i))/(k(i)*n(i)-l(i)^2+m(i)*n(i)); 
G12(i)=-2*p(i); 
G23(i)=2*m(i); 

end 

% Outputs 

% Graph of effective E11 vs Vcn  
figure(1) 
semilogy(Vcn,E11 ,Vcn,E22,'--') 
xlabel('\it{V_{CNT}}','FontSize',12) 
ylabel('Effective elastic modulus (GPa)','FontSize',12) 
%title('Effective elastic modulus') 
legend('\it{E_{11}}','\it{E_{22}}') 
plotedit on 

% Graph of effective Poisson's ratio vs Vcn 
figure(2) 
plot(Vcn,v12) 
xlabel('\it{V_{CNT}}','FontSize',12) 
ylabel('\it{v_{12}}','FontSize',12) 
%title('Effective Poisson’s ratio') 

% Graph of effective G12 vs Vcn 
figure(3) 
plot(Vcn,G12) 
xlabel('\it{V_{CNT}}','FontSize',12) 
ylabel('\it{G_{12}} (GPa)','FontSize',12) 
%title('Effective shear modulus') 
plotedit on 

A.1.2. Effect of carbon nanotube agglomeration on two-phase

nanocomposites 

clear all 

% Effect of carbon nanotube agglomeration on two-phase nanocomposites 

% Inputs 

% Carbon nanotube properties (cn): 

E11cn=1000;     % Young's modulus (Gpa) 
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kr=30;    % (GPa) 
lr=10;   % (GPa) 
mr=1;  % (GPa) 
nr=450;   % (GPa) 
pr=1;  % (GPa) 
rhocn=1680;     % Mass density (kg/m^3) 
%Vcn=;   % Volume fraction 

% Matrix properties (m): 

Em=3.5;   % Young's modulus (GPa) 
rhom=1200;      % Mass density (kg/m^3) 
vm=0.4;      % Poisson's ratio 
Km=4.95;   % Bulk modulus (GPa) 
Gm=1.25;     % Shear modulus (GPa) 
%Vm=;        % Volume fraction 

u=0.5;      % Agglomeration parameter 
n=1;   % Agglomeration parameter 

% Preliminary calculations: 

ar=(3*(Km+Gm)+kr-lr)/(3*(Gm+kr)); 
br=(1/5)*(((4*Gm+2*kr+lr)/(3*(Gm+kr)))+((4*Gm)/(Gm+pr))+((2*(Gm*(3*Km+Gm)+Gm*(3*K
m+7*Gm))/(Gm*(3*Km+Gm)+mr*(3*Km+7*Gm))))); 
dr=(1/3)*(nr+2*lr+(((2*kr+lr)*(3*Km+2*Gm-lr))/(Gm+kr))); 
nnr=(1/5)*(((2/3)*(nr-
lr))+((8*Gm*pr)/(Gm+pr))+((8*mr*Gm*((3*Km)+(4*Gm)))/(3*Km*(mr+Gm)+Gm*(7*mr+Gm)))
+((2*(kr-lr)*(2*Gm+lr))/(3*(Gm+kr)))); 

% Calculations: 

N=1000; 
t=0.2/N; 
Vcn=0:t:0.2; 

for i=1:N+1 

% Volume fraction of matrix: 
Vm(i)=1-Vcn(i); 

Kin(i)=Km+((Vcn(i)*n*(dr-3*Km*ar)))/(3*(u-Vcn(i)*n+Vcn(i)*n*ar)); 
Kout(i)=Km+((Vcn(i)*(1-n)*(dr-3*Km*ar)))/(3*(1-u-Vcn(i)*(1-n)+Vcn(i)*(1-n)*ar)); 
Gin(i)=Gm+((Vcn(i)*n*(nnr-2*Gm*br)))/(2*(u-Vcn(i)*n+Vcn(i)*n*br)); 
Gout(i)=Gm+((Vcn(i)*(1-n)*(nnr-2*Gm*br)))/(2*(1-u-Vcn(i)*(1-n)+Vcn(i)*(1-n)*br)); 

vout(i)=((3*Kout(i)-2*Gout(i)))/(2*(3*Kout(i)+Gout(i))); 
a(i)=(1+vout(i))/(3*(1-vout(i))); 
b(i)=(2*(4-5*vout(i)))/(15*(1-vout(i))); 

K(i)=Kout(i)*(1+(u*((Kin(i)/Kout(i))-1))/(1+a(i)*(1-u)*((Kin(i)/Kout(i))-1))); 
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G(i)=Gout(i)*(1+(u*((Gin(i)/Gout(i))-1))/(1+b(i)*(1-u)*((Gin(i)/Gout(i))-1))); 

% Properties of nanocomposite (CNT & matrix): 
E(i)=(9*K(i)*G(i))/(3*K(i)+G(i)); 
v(i)=(3*K(i)-2*G(i))/(6*K(i)+2*G(i)); 
G(i)=(E(i))/(2*(1+v(i))); 

end 

% Outputs 

% Graph of effective E11 vs Vcn 
figure(1) 
plot(Vcn,E) 
xlabel('\it{V_{CNT}}','FontSize',12) 
ylabel('\it{E_{11}} (GPa)','FontSize',12) 
%legend('30% Carbon fibre','45% Carbon fibre','60% Carbon fibre','30% Glass fibre','45% Glass 
fibre','60% Glass fibre') 
%title('Effective Elastic Modulus') 
%axis([0 0.2 0 220]) 

% Graph of effective G12 vs Vcn 
figure(3) 
plot(Vcn,G) 
xlabel('\it{V_{CNT}}','FontSize',12) 
ylabel('\it{G_{12}} (GPa)','FontSize',12) 
%legend('30% Carbon fibre','45% Carbon fibre','60% Carbon fibre','30% Glass fibre','45% Glass 
fibre','60% Glass fibre') 
%title('Effective Shear Modulus') 
%axis([0 0.2 1 7]) 

% Graph of effective Poisson's ratio vs Vcn 
figure(4) 
plot(Vcn,v) 
xlabel('\it{V_{CNT}}','FontSize',12) 
ylabel('\it{v_{12}}','FontSize',12) 
%legend('30% Carbon fibre','45% Carbon fibre','60% Carbon fibre','30% Glass fibre','45% Glass 
fibre','60% Glass fibre') 
%title('Effective Poissons Ratio') 
%axis([0 0.2 0.25 0.4]) 

A.1.3. Three-phase, randomly orientated CNT micromechanical analysis

clear all 

% Three-phase, randomly orientated CNT micromechanical analysis 

% Inputs (****) 

% Carbon nanotube properties (cn): 
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lcn=8.5e-6;     % Length (m) 
dcn=8e-9;       % Outer diameter (m) 
tcn=0.8e-9;     % Thickness (m) 
E11cn=1000;     % Young's modulus (GPa) 
rhocn=1680;     % Mass density (kg/m^3) 
%Vcn=;          % Volume fraction 
%wcn=;          % Mass fraction 

% Matrix properties (m): 

Em=3.5;   % Young's modulus (GPa) 
rhom=1200;      % Mass density (kg/m^3) 
vm=0.4;  % Poisson's ratio 
%Vm=;    % Volume fraction 

% Fibre properties (cf): 

Vcf30=0.30;    % Volume fraction at 30% 
Vcf45=0.45;   % Volume fraction at 45% 
Vcf60=0.60;   % Volume fraction at 60% 
E11cf=227;   % Young's modulus (GPa) 
E22cf=8;      % Young's modulus (GPa) 
vcf=0.3;   % Poisson's ratio 
G12cf=27.3;    % Shear modulus (Gpa) 
rhocf=1740;    % Mass density (kg/m^3) 

% Glass fibre properties (gf): 

Vgf30=0.30;   % Volume fraction at 30% 
Vgf45=0.45;   % Volume fraction at 45% 
Vgf60=0.60;   % Volume fraction at 60% 
E11gf=73.5;   % Young's modulus (GPa) 
E22gf=72;    % Young's modulus (GPa) 
vgf=0.22;    % Poisson's ratio 
G12gf=33;  % Shear modulus (Gpa) 
rhogf=2570;    % Mass density (kg/m^3) 

% Matrix of nanocomposite (mnc) properties: 

%Vmnc=;   % Volume fraction 
%Emnc=;    % Young's modulus (GPa) 
%vmnc=;   % Poisson's ratio 
%Gmnc=;   % Shear modulus (GPa) 
%rhomnc=;   % Mass density (kg/m^3) 

% Preliminary calculations: 

Bdl=(((E11cn/Em)-(dcn/4*tcn))/((E11cn/Em)+(lcn/2*tcn))); 
Bdd=(((E11cn/Em)-(dcn/4*tcn))/((E11cn/Em)+(dcn/2*tcn))); 
vmnc=vm; 
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% Calculations: 

% 30% carbon fibre volume fraction 

N=1000; 
t=0.2/N; 
Vcn=0:t:0.2; 

for i=1:N+1 

% Volume fraction of carbon nanotubes based on mass fraction: 
Vm(i)=1-Vcf30-Vcn(i); 

% Properties of nanocomposite (CNT & matrix): 
Vmnc(i)=Vm(i)+Vcn(i); 
Emnc(i)=((Em/8)*(5*((1+2*Bdd*Vcn(i))/(1-Bdd*Vcn(i)))+3*((1+2*(lcn/dcn)*Bdl*Vcn(i))/(1-
Bdl*Vcn(i)))))^0.4; 
Gmnc(i)=(Emnc(i))/(2*(1+vmnc)); 

% Young's modulus: 
E1130(i)=(Vcf30*E11cf)+(Vmnc(i)*Emnc(i)); 
E2230(i)=(1)/((Vcf30/E22cf)+(Vmnc(i)/Emnc(i))-
(Vcf30*Vmnc(i))*(((((vcf^2)*Emnc(i))/(E22cf))+(((vmnc^2)*E22cf)/(Emnc(i)))-
(2*vcf*vmnc))/((Vcf30*E22cf)+(Vmnc(i)*Emnc(i))))); 

% Shear modulus: 
G1230(i)=(1)/(((Vcf30)/(G12cf))+((Vmnc(i))/(Gmnc(i)))); 

% Poison's ratio: 
v1230(i)=(Vcf30*vcf)+(Vmnc(i)*vmnc); 

% Density: 
rhomnc(i)=(Vcn(i)*rhocn)+(Vm(i)*rhom); 
rho(i)=(Vcf30*rhocf)+(Vmnc(i)*rhomnc(i)); 

end 

% 45% carbon fibre volume fraction 

N=1000; 
t=0.2/N; 
wcn=0:t:0.2; 

for i=1:N+1 

% Volume fraction of carbon nanotubes based on mass fraction: 
Vm(i)=1-Vcf45-Vcn(i); 

% Properties of nanocomposite (CNT & matrix): 
Vmnc(i)=Vm(i)+Vcn(i); 
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Emnc(i)=((Em/8)*(5*((1+2*Bdd*Vcn(i))/(1-Bdd*Vcn(i)))+3*((1+2*(lcn/dcn)*Bdl*Vcn(i))/(1-
Bdl*Vcn(i)))))^0.4; 
Gmnc(i)=(Emnc(i))/(2*(1+vmnc)); 

% Young's modulus: 
E1145(i)=(Vcf45*E11cf)+(Vmnc(i)*Emnc(i)); 
E2245(i)=(1)/((Vcf45/E22cf)+(Vmnc(i)/Emnc(i))-
(Vcf45*Vmnc(i))*(((((vcf^2)*Emnc(i))/(E22cf))+(((vmnc^2)*E22cf)/(Emnc(i)))-
(2*vcf*vmnc))/((Vcf45*E22cf)+(Vmnc(i)*Emnc(i))))); 

% Shear modulus: 
G1245(i)=(1)/(((Vcf45)/(G12cf))+((Vmnc(i))/(Gmnc(i)))); 

% Poison's ratio: 
v1245(i)=(Vcf45*vcf)+(Vmnc(i)*vmnc); 

% Density: 
rhomnc(i)=(Vcn(i)*rhocn)+(Vm(i)*rhom); 
rho(i)=(Vcf45*rhocf)+(Vmnc(i)*rhomnc(i)); 

end 

% 60% carbon fibre volume fraction 

N=1000; 
t=0.2/N; 
Vcn=0:t:0.2; 

for i=1:N+1 

% Volume fraction of carbon nanotubes based on mass fraction: 
Vm(i)=1-Vcf60-Vcn(i); 

% Properties of nanocomposite (CNT & matrix): 
Vmnc(i)=Vm(i)+Vcn(i); 
Emnc(i)=((Em/8)*(5*((1+2*Bdd*Vcn(i))/(1-Bdd*Vcn(i)))+3*((1+2*(lcn/dcn)*Bdl*Vcn(i))/(1-
Bdl*Vcn(i)))))^0.4; 
Gmnc(i)=(Emnc(i))/(2*(1+vmnc)); 

% Young's modulus: 
E1160(i)=(Vcf60*E11cf)+(Vmnc(i)*Emnc(i)); 
E2260(i)=(1)/((Vcf60/E22cf)+(Vmnc(i)/Emnc(i))-
(Vcf60*Vmnc(i))*(((((vcf^2)*Emnc(i))/(E22cf))+(((vmnc^2)*E22cf)/(Emnc(i)))-
(2*vcf*vmnc))/((Vcf60*E22cf)+(Vmnc(i)*Emnc(i))))); 

% Shear modulus: 
G1260(i)=(1)/(((Vcf60)/(G12cf))+((Vmnc(i))/(Gmnc(i)))); 

% Poison's ratio: 
v1260(i)=(Vcf60*vcf)+(Vmnc(i)*vmnc); 
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% Density: 
rhomnc(i)=(Vcn(i)*rhocn)+(Vm(i)*rhom); 
rho(i)=(Vcf60*rhocf)+(Vmnc(i)*rhomnc(i)); 

end 

% 30% carbon fibre volume fraction 

N=1000; 
t=0.2/N; 
Vcn=0:t:0.2; 

for i=1:N+1 

% Volume fraction of carbon nanotubes based on mass fraction: 
Vm(i)=1-Vgf30-Vcn(i); 

% Properties of nanocomposite (CNT & matrix): 
Vmnc(i)=Vm(i)+Vcn(i); 
Emnc(i)=((Em/8)*(5*((1+2*Bdd*Vcn(i))/(1-Bdd*Vcn(i)))+3*((1+2*(lcn/dcn)*Bdl*Vcn(i))/(1-
Bdl*Vcn(i)))))^0.4; 
Gmnc(i)=(Emnc(i))/(2*(1+vmnc)); 

% Young's modulus: 
E1130gf(i)=(Vgf30*E11gf)+(Vmnc(i)*Emnc(i)); 
E2230gf(i)=(1)/((Vgf30/E22gf)+(Vmnc(i)/Emnc(i))-
(Vgf30*Vmnc(i))*(((((vgf^2)*Emnc(i))/(E22gf))+(((vmnc^2)*E22gf)/(Emnc(i)))-
(2*vgf*vmnc))/((Vgf30*E22gf)+(Vmnc(i)*Emnc(i))))); 

% Shear modulus: 
G1230gf(i)=(1)/(((Vgf30)/(G12gf))+((Vmnc(i))/(Gmnc(i)))); 

% Poison's ratio: 
v1230gf(i)=(Vgf30*vgf)+(Vmnc(i)*vmnc); 

% Density: 
rhomnc(i)=(Vcn(i)*rhocn)+(Vm(i)*rhom); 
rho(i)=(Vgf30*rhogf)+(Vmnc(i)*rhomnc(i)); 

end 

% 45% carbon fibre volume fraction 

N=1000; 
t=0.2/N; 
wcn=0:t:0.2; 

for i=1:N+1 

% Volume fraction of carbon nanotubes based on mass fraction: 
Vm(i)=1-Vgf45-Vcn(i); 
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% Properties of nanocomposite (CNT & matrix): 
Vmnc(i)=Vm(i)+Vcn(i); 
Emnc(i)=((Em/8)*(5*((1+2*Bdd*Vcn(i))/(1-Bdd*Vcn(i)))+3*((1+2*(lcn/dcn)*Bdl*Vcn(i))/(1-
Bdl*Vcn(i)))))^0.4; 
Gmnc(i)=(Emnc(i))/(2*(1+vmnc)); 

% Young's modulus: 
E1145gf(i)=(Vgf45*E11gf)+(Vmnc(i)*Emnc(i)); 
E2245gf(i)=(1)/((Vgf45/E22gf)+(Vmnc(i)/Emnc(i))-
(Vgf45*Vmnc(i))*(((((vgf^2)*Emnc(i))/(E22gf))+(((vmnc^2)*E22gf)/(Emnc(i)))-
(2*vgf*vmnc))/((Vgf45*E22gf)+(Vmnc(i)*Emnc(i))))); 

% Shear modulus: 
G1245gf(i)=(1)/(((Vgf45)/(G12gf))+((Vmnc(i))/(Gmnc(i)))); 

% Poison's ratio: 
v1245gf(i)=(Vgf45*vgf)+(Vmnc(i)*vmnc); 

% Density: 
rhomnc(i)=(Vcn(i)*rhocn)+(Vm(i)*rhom); 
rho(i)=(Vgf45*rhogf)+(Vmnc(i)*rhomnc(i)); 

end 

% 60% carbon fibre volume fraction 

N=1000; 
t=0.2/N; 
Vcn=0:t:0.2; 

for i=1:N+1 

% Volume fraction of carbon nanotubes based on mass fraction: 
Vm(i)=1-Vgf60-Vcn(i); 

% Properties of nanocomposite (CNT & matrix): 
Vmnc(i)=Vm(i)+Vcn(i); 
Emnc(i)=((Em/8)*(5*((1+2*Bdd*Vcn(i))/(1-Bdd*Vcn(i)))+3*((1+2*(lcn/dcn)*Bdl*Vcn(i))/(1-
Bdl*Vcn(i)))))^0.4; 
Gmnc(i)=(Emnc(i))/(2*(1+vmnc)); 

% Young's modulus: 
E1160gf(i)=(Vgf60*E11gf)+(Vmnc(i)*Emnc(i)); 
E2260gf(i)=(1)/((Vgf60/E22gf)+(Vmnc(i)/Emnc(i))-
(Vgf60*Vmnc(i))*(((((vgf^2)*Emnc(i))/(E22gf))+(((vmnc^2)*E22gf)/(Emnc(i)))-
(2*vgf*vmnc))/((Vgf60*E22gf)+(Vmnc(i)*Emnc(i))))); 

% Shear modulus: 
G1260gf(i)=(1)/(((Vgf60)/(G12gf))+((Vmnc(i))/(Gmnc(i)))); 
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% Poison's ratio: 
v1260gf(i)=(Vgf60*vgf)+(Vmnc(i)*vmnc); 
  
% Density: 
rhomnc(i)=(Vcn(i)*rhocn)+(Vm(i)*rhom); 
rho(i)=(Vgf60*rhogf)+(Vmnc(i)*rhomnc(i)); 
  
end 
  
% Outputs 
  
% Graph of effective E11 vs Vcn 
figure(1) 
plot(Vcn,E1130,'-') 
hold on 
plot(Vcn,E1145,'--') 
plot(Vcn,E1160,'-.') 
plot(Vcn,E1130gf,'-') 
plot(Vcn,E1145gf,'--') 
plot(Vcn,E1160gf,'-.') 
hold off 
xlabel('\it{V_{CNT}}','FontSize',12) 
ylabel('\it{E_{11}} (GPa)','FontSize',12) 
legend('30% Carbon fibre','45% Carbon fibre','60% Carbon fibre','30% Glass fibre','45% Glass 
fibre','60% Glass fibre') 
%title('Effective Elastic Modulus') 
axis([0 0.2 0 220]) 
  
% Graph of effective E22 vs Vcn 
figure(2) 
plot(Vcn,E2230,'-') 
hold on 
plot(Vcn,E2245,'--') 
plot(Vcn,E2260,'-.') 
plot(Vcn,E2230gf,'-') 
plot(Vcn,E2245gf,'--') 
plot(Vcn,E2260gf,'-.') 
hold off 
xlabel('\it{V_{CNT}}','FontSize',12) 
ylabel('\it{E_{22}} (GPa)','FontSize',12) 
legend('30% Carbon fibre','45% Carbon fibre','60% Carbon fibre','30% Glass fibre','45% Glass 
fibre','60% Glass fibre') 
%title('Effective Transverse Modulus') 
axis([0 0.2 0 30]) 
  
% Graph of effective G12 vs Vcn 
figure(3) 
plot(Vcn,G1230,'-') 
hold on 
plot(Vcn,G1245,'--') 
plot(Vcn,G1260,'-.') 
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plot(Vcn,G1230gf,'-') 
plot(Vcn,G1245gf,'--') 
plot(Vcn,G1260gf,'-.') 
hold off 
xlabel('\it{V_{CNT}}','FontSize',12) 
ylabel('\it{G_{12}} (GPa)','FontSize',12) 
legend('30% Carbon fibre','45% Carbon fibre','60% Carbon fibre','30% Glass fibre','45% Glass 
fibre','60% Glass fibre') 
%title('Effective Shear Modulus') 
axis([0 0.2 0 10]) 
  
% Graph of effective Poisson's ratio vs Vcn 
figure(4) 
plot(Vcn,v1230,'-') 
hold on 
plot(Vcn,v1245,'--') 
plot(Vcn,v1260,'-.') 
plot(Vcn,v1230gf,'-') 
plot(Vcn,v1245gf,'--') 
plot(Vcn,v1260gf,'-.') 
hold off 
xlabel('\it{V_{CNT}}','FontSize',12) 
ylabel('\it{v_{12}}','FontSize',12) 
legend('30% Carbon fibre','45% Carbon fibre','60% Carbon fibre','30% Glass fibre','45% Glass 
fibre','60% Glass fibre') 
%title('Effective Poissons Ratio') 
axis([0 0.2 0.28 0.42]) 
 

A.1.4. Effect of nanotube agglomeration on the mechanical properties of 

three-phase hybrid composites 

clear all 
  
% Effect of carbon nanotube agglomeration 
  
% Inputs (****) 
  
% Carbon nanotube properties (cn): 
  
E11cn=1000;     % Young's modulus (Gpa) 
kr=30;          % (GPa) 
lr=10;          % (GPa) 
mr=1;           % (GPa) 
nr=450;         % (GPa)  
pr=1;           % (GPa) 
rhocn=1680;     % Mass density (kg/m^3) 
%Vcn=;          % Volume fraction 
  
% Matrix properties (m): 
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Em=3.5;         % Young's modulus (GPa) 
rhom=1200;      % Mass density (kg/m^3) 
vm=0.4;         % Poisson's ratio 
Km=4.95;        % Bulk modulus (GPa) 
Gm=1.25;        % Shear modulus (GPa) 
%Vm=;           % Volume fraction 
  
% Fiber properties (cf): 
  
Vcf30=0.30;      % volume fraction at 30% 
Vcf45=0.45;      % volume fraction at 45% 
Vcf60=0.60;      % volume fraction at 60% 
E11cf=227;       % Young's modulus (GPa) 
E22cf=8;         % Young's modulus (GPa) 
vcf=0.3;         % Poisson's ratio 
G12cf=27.3;      % Shear modulus (GPa) 
rhocf=1740;      % Mass density (kg/m^3) 
  
% Glass fibre properties (gf): 
  
Vgf30=0.30;        % Volume fraction at 30% 
Vgf45=0.45;        % Volume fraction at 45% 
Vgf60=0.60;        % Volume fraction at 60% 
E11gf=73.5;      % Young's modulus (GPa) 
E22gf=72;        % Young's modulus (GPa) 
vgf=0.22;        % Poisson's ratio 
G12gf=33;        % Shear modulus (Gpa) 
rhogf=2570;      % Mass density (kg/m^3) 
  
% Matrix of nanocomposite (mnc) properties: 
  
%Vmnc=;         % Volume fraction 
%Emnc=;         % Young's modulus (GPa) 
%vmnc=;         % Poisson's ratio 
%Gmnc=;         % Shear modulus (GPa) 
%rhomnc=;       % Mass density (kg/m^3) 
  
u=0.5;          % Agglomeration parameter 
n=1;            % Agglomeration parameter 
  
% Preliminary calculations: 
  
ar=(3*(Km+Gm)+kr-lr)/(3*(Gm+kr)); 
br=(1/5)*(((4*Gm+2*kr+lr)/(3*(Gm+kr)))+((4*Gm)/(Gm+pr))+((2*(Gm*(3*Km+Gm)+Gm*(3*K
m+7*Gm))/(Gm*(3*Km+Gm)+mr*(3*Km+7*Gm))))); 
dr=(1/3)*(nr+2*lr+(((2*kr+lr)*(3*Km+2*Gm-lr))/(Gm+kr))); 
nnr=(1/5)*(((2/3)*(nr-
lr))+((8*Gm*pr)/(Gm+pr))+((8*mr*Gm*((3*Km)+(4*Gm)))/(3*Km*(mr+Gm)+Gm*(7*mr+Gm)))
+((2*(kr-lr)*(2*Gm+lr))/(3*(Gm+kr)))); 
  
% Calculations: 
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% 30% carbon fibre volume fraction 
  
N=1000; 
t=0.2/N; 
Vcn=0:t:0.2;  
  
for i=1:N+1 
  
% Volume fraction of matrix: 
Vm(i)=1-Vcf30-Vcn(i); 
  
Kin(i)=Km+((Vcn(i)*n*(dr-3*Km*ar)))/(3*(u-Vcn(i)*n+Vcn(i)*n*ar)); 
Kout(i)=Km+((Vcn(i)*(1-n)*(dr-3*Km*ar)))/(3*(1-u-Vcn(i)*(1-n)+Vcn(i)*(1-n)*ar)); 
Gin(i)=Gm+((Vcn(i)*n*(nnr-2*Gm*br)))/(2*(u-Vcn(i)*n+Vcn(i)*n*br)); 
Gout(i)=Gm+((Vcn(i)*(1-n)*(nnr-2*Gm*br)))/(2*(1-u-Vcn(i)*(1-n)+Vcn(i)*(1-n)*br)); 
  
vout(i)=((3*Kout(i)-2*Gout(i)))/(2*(3*Kout(i)+Gout(i))); 
a(i)=(1+vout(i))/(3*(1-vout(i))); 
b(i)=(2*(4-5*vout(i)))/(15*(1-vout(i))); 
  
Kmnc(i)=Kout(i)*(1+(u*((Kin(i)/Kout(i))-1))/(1+a(i)*(1-u)*((Kin(i)/Kout(i))-1))); 
Gmnc(i)=Gout(i)*(1+(u*((Gin(i)/Gout(i))-1))/(1+b(i)*(1-u)*((Gin(i)/Gout(i))-1))); 
  
% Properties of nanocomposite (CNT & matrix): 
Vmnc(i)=Vm(i)+Vcn(i); 
Emnc(i)=(9*Kmnc(i)*Gmnc(i))/(3*Kmnc(i)+Gmnc(i)); 
vmnc(i)=(3*Kmnc(i)-2*Gmnc(i))/(6*Kmnc(i)+2*Gmnc(i)); 
Gmnc(i)=(Emnc(i))/(2*(1+vmnc(i))); 
  
% Young's modulus: 
E1130(i)=(Vcf30*E11cf)+(Vmnc(i)*Emnc(i)); 
E2230(i)=(1)/((Vcf30/E22cf)+(Vmnc(i)/Emnc(i))-
(Vcf30*Vmnc(i))*(((((vcf^2)*Emnc(i))/(E22cf))+(((vmnc(i)^2)*E22cf)/(Emnc(i)))-
(2*vcf*vmnc(i)))/((Vcf30*E22cf)+(Vmnc(i)*Emnc(i))))); 
  
% Shear modulus: 
G1230(i)=(1)/(((Vcf30)/(G12cf))+((Vmnc(i))/(Gmnc(i)))); 
  
% Poison's ratio: 
v1230(i)=(Vcf30*vcf)+(Vmnc(i)*vmnc(i)); 
  
end 
  
% 45% carbon fibre volume fraction 
  
N=1000; 
t=0.2/N; 
Vcn=0:t:0.2;  
  
for i=1:N+1 
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% Volume fraction of matrix: 
Vm(i)=1-Vcf45-Vcn(i); 

Kin(i)=Km+((Vcn(i)*n*(dr-3*Km*ar)))/(3*(u-Vcn(i)*n+Vcn(i)*n*ar)); 
Kout(i)=Km+((Vcn(i)*(1-n)*(dr-3*Km*ar)))/(3*(1-u-Vcn(i)*(1-n)+Vcn(i)*(1-n)*ar)); 
Gin(i)=Gm+((Vcn(i)*n*(nnr-2*Gm*br)))/(2*(u-Vcn(i)*n+Vcn(i)*n*br)); 
Gout(i)=Gm+((Vcn(i)*(1-n)*(nnr-2*Gm*br)))/(2*(1-u-Vcn(i)*(1-n)+Vcn(i)*(1-n)*br)); 

vout(i)=((3*Kout(i)-2*Gout(i)))/(2*(3*Kout(i)+Gout(i))); 
a(i)=(1+vout(i))/(3*(1-vout(i))); 
b(i)=(2*(4-5*vout(i)))/(15*(1-vout(i))); 

Kmnc(i)=Kout(i)*(1+(u*((Kin(i)/Kout(i))-1))/(1+a(i)*(1-u)*((Kin(i)/Kout(i))-1))); 
Gmnc(i)=Gout(i)*(1+(u*((Gin(i)/Gout(i))-1))/(1+b(i)*(1-u)*((Gin(i)/Gout(i))-1))); 

% Properties of nanocomposite (CNT & matrix): 
Vmnc(i)=Vm(i)+Vcn(i); 
Emnc(i)=(9*Kmnc(i)*Gmnc(i))/(3*Kmnc(i)+Gmnc(i)); 
vmnc(i)=(3*Kmnc(i)-2*Gmnc(i))/(6*Kmnc(i)+2*Gmnc(i)); 
Gmnc(i)=(Emnc(i))/(2*(1+vmnc(i))); 

% Young's modulus: 
E1145(i)=(Vcf45*E11cf)+(Vmnc(i)*Emnc(i)); 
E2245(i)=(1)/((Vcf45/E22cf)+(Vmnc(i)/Emnc(i))-
(Vcf45*Vmnc(i))*(((((vcf^2)*Emnc(i))/(E22cf))+(((vmnc(i)^2)*E22cf)/(Emnc(i)))-
(2*vcf*vmnc(i)))/((Vcf45*E22cf)+(Vmnc(i)*Emnc(i))))); 

% Shear modulus: 
G1245(i)=(1)/(((Vcf45)/(G12cf))+((Vmnc(i))/(Gmnc(i)))); 

% Poison's ratio: 
v1245(i)=(Vcf45*vcf)+(Vmnc(i)*vmnc(i)); 

end 

% 60% carbon fibre volume fraction 

N=1000; 
t=0.2/N; 
Vcn=0:t:0.2; 

for i=1:N+1 

% Volume fraction of matrix: 
Vm(i)=1-Vcf60-Vcn(i); 

Kin(i)=Km+((Vcn(i)*n*(dr-3*Km*ar)))/(3*(u-Vcn(i)*n+Vcn(i)*n*ar)); 
Kout(i)=Km+((Vcn(i)*(1-n)*(dr-3*Km*ar)))/(3*(1-u-Vcn(i)*(1-n)+Vcn(i)*(1-n)*ar)); 
Gin(i)=Gm+((Vcn(i)*n*(nnr-2*Gm*br)))/(2*(u-Vcn(i)*n+Vcn(i)*n*br)); 
Gout(i)=Gm+((Vcn(i)*(1-n)*(nnr-2*Gm*br)))/(2*(1-u-Vcn(i)*(1-n)+Vcn(i)*(1-n)*br)); 
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vout(i)=((3*Kout(i)-2*Gout(i)))/(2*(3*Kout(i)+Gout(i))); 
a(i)=(1+vout(i))/(3*(1-vout(i))); 
b(i)=(2*(4-5*vout(i)))/(15*(1-vout(i))); 
  
Kmnc(i)=Kout(i)*(1+(u*((Kin(i)/Kout(i))-1))/(1+a(i)*(1-u)*((Kin(i)/Kout(i))-1))); 
Gmnc(i)=Gout(i)*(1+(u*((Gin(i)/Gout(i))-1))/(1+b(i)*(1-u)*((Gin(i)/Gout(i))-1))); 
  
% Properties of nanocomposite (CNT & matrix): 
Vmnc(i)=Vm(i)+Vcn(i); 
Emnc(i)=(9*Kmnc(i)*Gmnc(i))/(3*Kmnc(i)+Gmnc(i)); 
vmnc(i)=(3*Kmnc(i)-2*Gmnc(i))/(6*Kmnc(i)+2*Gmnc(i)); 
Gmnc(i)=(Emnc(i))/(2*(1+vmnc(i))); 
  
% Young's modulus: 
E1160(i)=(Vcf60*E11cf)+(Vmnc(i)*Emnc(i)); 
E2260(i)=(1)/((Vcf60/E22cf)+(Vmnc(i)/Emnc(i))-
(Vcf60*Vmnc(i))*(((((vcf^2)*Emnc(i))/(E22cf))+(((vmnc(i)^2)*E22cf)/(Emnc(i)))-
(2*vcf*vmnc(i)))/((Vcf60*E22cf)+(Vmnc(i)*Emnc(i))))); 
  
% Shear modulus: 
G1260(i)=(1)/(((Vcf60)/(G12cf))+((Vmnc(i))/(Gmnc(i)))); 
  
% Poison's ratio: 
v1260(i)=(Vcf60*vcf)+(Vmnc(i)*vmnc(i)); 
  
end 
  
% 30% carbon fibre volume fraction 
  
N=1000; 
t=0.2/N; 
Vcn=0:t:0.2;  
  
for i=1:N+1 
  
% Volume fraction of matrix: 
Vm(i)=1-Vgf30-Vcn(i); 
  
Kin(i)=Km+((Vcn(i)*n*(dr-3*Km*ar)))/(3*(u-Vcn(i)*n+Vcn(i)*n*ar)); 
Kout(i)=Km+((Vcn(i)*(1-n)*(dr-3*Km*ar)))/(3*(1-u-Vcn(i)*(1-n)+Vcn(i)*(1-n)*ar)); 
Gin(i)=Gm+((Vcn(i)*n*(nnr-2*Gm*br)))/(2*(u-Vcn(i)*n+Vcn(i)*n*br)); 
Gout(i)=Gm+((Vcn(i)*(1-n)*(nnr-2*Gm*br)))/(2*(1-u-Vcn(i)*(1-n)+Vcn(i)*(1-n)*br)); 
  
vout(i)=((3*Kout(i)-2*Gout(i)))/(2*(3*Kout(i)+Gout(i))); 
a(i)=(1+vout(i))/(3*(1-vout(i))); 
b(i)=(2*(4-5*vout(i)))/(15*(1-vout(i))); 
  
Kmnc(i)=Kout(i)*(1+(u*((Kin(i)/Kout(i))-1))/(1+a(i)*(1-u)*((Kin(i)/Kout(i))-1))); 
Gmnc(i)=Gout(i)*(1+(u*((Gin(i)/Gout(i))-1))/(1+b(i)*(1-u)*((Gin(i)/Gout(i))-1))); 
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% Properties of nanocomposite (CNT & matrix): 
Vmnc(i)=Vm(i)+Vcn(i); 
Emnc(i)=(9*Kmnc(i)*Gmnc(i))/(3*Kmnc(i)+Gmnc(i)); 
vmnc(i)=(3*Kmnc(i)-2*Gmnc(i))/(6*Kmnc(i)+2*Gmnc(i)); 
Gmnc(i)=(Emnc(i))/(2*(1+vmnc(i))); 

% Young's modulus: 
E1130gf(i)=(Vgf30*E11gf)+(Vmnc(i)*Emnc(i)); 
E2230gf(i)=(1)/((Vgf30/E22gf)+(Vmnc(i)/Emnc(i))-
(Vgf30*Vmnc(i))*(((((vgf^2)*Emnc(i))/(E22gf))+(((vmnc(i)^2)*E22gf)/(Emnc(i)))-
(2*vgf*vmnc(i)))/((Vgf30*E22gf)+(Vmnc(i)*Emnc(i))))); 

% Shear modulus: 
G1230gf(i)=(1)/(((Vgf30)/(G12gf))+((Vmnc(i))/(Gmnc(i)))); 

% Poison's ratio: 
v1230gf(i)=(Vgf30*vgf)+(Vmnc(i)*vmnc(i)); 

end 

% 45% carbon fibre volume fraction 

N=1000; 
t=0.2/N; 
Vcn=0:t:0.2; 

for i=1:N+1 

% Volume fraction of matrix: 
Vm(i)=1-Vgf45-Vcn(i); 

Kin(i)=Km+((Vcn(i)*n*(dr-3*Km*ar)))/(3*(u-Vcn(i)*n+Vcn(i)*n*ar)); 
Kout(i)=Km+((Vcn(i)*(1-n)*(dr-3*Km*ar)))/(3*(1-u-Vcn(i)*(1-n)+Vcn(i)*(1-n)*ar)); 
Gin(i)=Gm+((Vcn(i)*n*(nnr-2*Gm*br)))/(2*(u-Vcn(i)*n+Vcn(i)*n*br)); 
Gout(i)=Gm+((Vcn(i)*(1-n)*(nnr-2*Gm*br)))/(2*(1-u-Vcn(i)*(1-n)+Vcn(i)*(1-n)*br)); 

vout(i)=((3*Kout(i)-2*Gout(i)))/(2*(3*Kout(i)+Gout(i))); 
a(i)=(1+vout(i))/(3*(1-vout(i))); 
b(i)=(2*(4-5*vout(i)))/(15*(1-vout(i))); 

Kmnc(i)=Kout(i)*(1+(u*((Kin(i)/Kout(i))-1))/(1+a(i)*(1-u)*((Kin(i)/Kout(i))-1))); 
Gmnc(i)=Gout(i)*(1+(u*((Gin(i)/Gout(i))-1))/(1+b(i)*(1-u)*((Gin(i)/Gout(i))-1))); 

% Properties of nanocomposite (CNT & matrix): 
Vmnc(i)=Vm(i)+Vcn(i); 
Emnc(i)=(9*Kmnc(i)*Gmnc(i))/(3*Kmnc(i)+Gmnc(i)); 
vmnc(i)=(3*Kmnc(i)-2*Gmnc(i))/(6*Kmnc(i)+2*Gmnc(i)); 
Gmnc(i)=(Emnc(i))/(2*(1+vmnc(i))); 

% Young's modulus: 
E1145gf(i)=(Vgf45*E11gf)+(Vmnc(i)*Emnc(i)); 
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E2245gf(i)=(1)/((Vgf45/E22gf)+(Vmnc(i)/Emnc(i))-
(Vgf45*Vmnc(i))*(((((vgf^2)*Emnc(i))/(E22gf))+(((vmnc(i)^2)*E22gf)/(Emnc(i)))-
(2*vgf*vmnc(i)))/((Vgf45*E22gf)+(Vmnc(i)*Emnc(i))))); 
  
% Shear modulus: 
G1245gf(i)=(1)/(((Vgf45)/(G12gf))+((Vmnc(i))/(Gmnc(i)))); 
  
% Poison's ratio: 
v1245gf(i)=(Vgf45*vgf)+(Vmnc(i)*vmnc(i)); 
  
end 
  
% 60% carbon fibre volume fraction 
  
N=1000; 
t=0.2/N; 
Vcn=0:t:0.2;  
  
for i=1:N+1 
  
% Volume fraction of matrix: 
Vm(i)=1-Vgf60-Vcn(i); 
  
Kin(i)=Km+((Vcn(i)*n*(dr-3*Km*ar)))/(3*(u-Vcn(i)*n+Vcn(i)*n*ar)); 
Kout(i)=Km+((Vcn(i)*(1-n)*(dr-3*Km*ar)))/(3*(1-u-Vcn(i)*(1-n)+Vcn(i)*(1-n)*ar)); 
Gin(i)=Gm+((Vcn(i)*n*(nnr-2*Gm*br)))/(2*(u-Vcn(i)*n+Vcn(i)*n*br)); 
Gout(i)=Gm+((Vcn(i)*(1-n)*(nnr-2*Gm*br)))/(2*(1-u-Vcn(i)*(1-n)+Vcn(i)*(1-n)*br)); 
  
vout(i)=((3*Kout(i)-2*Gout(i)))/(2*(3*Kout(i)+Gout(i))); 
a(i)=(1+vout(i))/(3*(1-vout(i))); 
b(i)=(2*(4-5*vout(i)))/(15*(1-vout(i))); 
  
Kmnc(i)=Kout(i)*(1+(u*((Kin(i)/Kout(i))-1))/(1+a(i)*(1-u)*((Kin(i)/Kout(i))-1))); 
Gmnc(i)=Gout(i)*(1+(u*((Gin(i)/Gout(i))-1))/(1+b(i)*(1-u)*((Gin(i)/Gout(i))-1))); 
  
% Properties of nanocomposite (CNT & matrix): 
Vmnc(i)=Vm(i)+Vcn(i); 
Emnc(i)=(9*Kmnc(i)*Gmnc(i))/(3*Kmnc(i)+Gmnc(i)); 
vmnc(i)=(3*Kmnc(i)-2*Gmnc(i))/(6*Kmnc(i)+2*Gmnc(i)); 
Gmnc(i)=(Emnc(i))/(2*(1+vmnc(i))); 
  
% Young's modulus: 
E1160gf(i)=(Vgf60*E11gf)+(Vmnc(i)*Emnc(i)); 
E2260gf(i)=(1)/((Vgf60/E22gf)+(Vmnc(i)/Emnc(i))-
(Vgf60*Vmnc(i))*(((((vgf^2)*Emnc(i))/(E22gf))+(((vmnc(i)^2)*E22gf)/(Emnc(i)))-
(2*vgf*vmnc(i)))/((Vgf60*E22gf)+(Vmnc(i)*Emnc(i))))); 
  
% Shear modulus: 
G1260gf(i)=(1)/(((Vgf60)/(G12gf))+((Vmnc(i))/(Gmnc(i)))); 
  
% Poison's ratio: 
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v1260gf(i)=(Vgf60*vgf)+(Vmnc(i)*vmnc(i)); 
  
end 
  
% Outputs 
  
% Graph of effective E11 vs Vcn 
figure(1) 
plot(Vcn,E1130,'-') 
hold on 
plot(Vcn,E1145,'--') 
plot(Vcn,E1160,'-.') 
plot(Vcn,E1130gf,'-') 
plot(Vcn,E1145gf,'--') 
plot(Vcn,E1160gf,'-.') 
hold off 
xlabel('\it{V_{CNT}}','FontSize',12) 
ylabel('\it{E_{11}} (GPa)','FontSize',12) 
legend('30% Carbon fibre','45% Carbon fibre','60% Carbon fibre','30% Glass fibre','45% Glass 
fibre','60% Glass fibre') 
%title('Effective Elastic Modulus') 
axis([0 0.2 0 220]) 
  
% Graph of effective E22 vs Vcn 
figure(2) 
plot(Vcn,E2230,'-') 
hold on 
plot(Vcn,E2245,'--') 
plot(Vcn,E2260,'-.') 
plot(Vcn,E2230gf,'-') 
plot(Vcn,E2245gf,'--') 
plot(Vcn,E2260gf,'-.') 
hold off 
xlabel('\it{V_{CNT}}','FontSize',12) 
ylabel('\it{E_{22}} (GPa)','FontSize',12) 
legend('30% Carbon fibre','45% Carbon fibre','60% Carbon fibre','30% Glass fibre','45% Glass 
fibre','60% Glass fibre') 
%title('Effective Transverse Modulus') 
axis([0 0.2 0 20]) 
  
% Graph of effective G12 vs Vcn 
figure(3) 
plot(Vcn,G1230,'-') 
hold on 
plot(Vcn,G1245,'--') 
plot(Vcn,G1260,'-.') 
plot(Vcn,G1230gf,'-') 
plot(Vcn,G1245gf,'--') 
plot(Vcn,G1260gf,'-.') 
hold off 
xlabel('\it{V_{CNT}}','FontSize',12) 
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ylabel('\it{G_{12}} (GPa)','FontSize',12) 
legend('30% Carbon fibre','45% Carbon fibre','60% Carbon fibre','30% Glass fibre','45% Glass 
fibre','60% Glass fibre') 
%title('Effective Shear Modulus') 
axis([0 0.2 1 7]) 
  
% Graph of effective Poisson's ratio vs Vcn 
figure(4) 
plot(Vcn,v1230,'-') 
hold on 
plot(Vcn,v1245,'--') 
plot(Vcn,v1260,'-.') 
plot(Vcn,v1230gf,'-') 
plot(Vcn,v1245gf,'--') 
plot(Vcn,v1260gf,'-.') 
hold off 
xlabel('\it{V_{CNT}}','FontSize',12) 
ylabel('\it{v_{12}}','FontSize',12) 
legend('30% Carbon fibre','45% Carbon fibre','60% Carbon fibre','30% Glass fibre','45% Glass 
fibre','60% Glass fibre') 
%title('Effective Poissons Ratio') 
axis([0 0.2 0.25 0.4]) 
 

A.1.5. Fibre reinforced deflection contour for increasing reinforcement volume 

fraction (randomly orientated CNT) 

clear all 
  
% Inputs 
  
% Carbon nanotube properties (cn): 
  
lcn=8.5e-6;     % Length (m) 
dcn=8e-9;       % Outer diameter (m) 
tcn=0.8e-9;     % Thickness (m) 
E11cn=1000;     % Young's modulus (GPa) 
rhocn=1680;     % Mass density (kg/m^3) 
%Vcn=;          % Volume fraction 
%wcn=;          % Mass fraction 
  
% Matrix properties (m): 
  
Em=3.5;         % Young's modulus (GPa) 
rhom=1200;      % Mass density (kg/m^3) 
vm=0.4;         % Poisson's ratio 
%Vm=;           % Volume fraction 
  
% Fibre properties (cf): 
  
%Vcf=0.30;      % Volume fraction 
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%E11cf=227;       % Young's modulus (GPa) 
%E22cf=8;         % Young's modulus (GPa) 
%vcf=0.3;         % Poisson's ratio 
%G12cf=27.3;      % Shear modulus (Gpa) 
%rhocf=1740;      % Mass density (kg/m^3) 
  
% Glass fibre properties (gf): 
  
%Vgf=0.30;        % Volume fraction at 30% 
E11cf=73.5;      % Young's modulus (GPa) 
E22cf=72;        % Young's modulus (GPa) 
vcf=0.22;        % Poisson's ratio 
G12cf=33;        % Shear modulus (Gpa) 
rhocf=2570;      % Mass density (kg/m^3) 
  
% Matrix of nanocomposite (mnc) properties: 
  
%Vmnc=;         % Volume fraction 
%Emnc=;         % Young's modulus (GPa) 
%vmnc=;         % Poisson's ratio 
%Gmnc=;         % Shear modulus (GPa) 
%rhomnc=;       % Mass density (kg/m^3) 
  
% Laminate properties: 
  
M=8; % no of layers 
  
orient=[pi/2 0 pi/2 0 pi/2 0 pi/2 0]; % orientation 
  
h=[-0.5 -0.375 -0.25 -0.125 0 0.125 0.25 0.375 0.5]; % thickness 
  
% Beam properties: 
  
P=1;        %force[N] 
L=1;        %length [mm] 
bredth=1;   %bredth [mm] 
r=L/bredth; 
  
% Preliminary calculations: 
  
Bdl=(((E11cn/Em)-(dcn/4*tcn))/((E11cn/Em)+(lcn/2*tcn))); 
Bdd=(((E11cn/Em)-(dcn/4*tcn))/((E11cn/Em)+(dcn/2*tcn))); 
vmnc=vm; 
  
% Calculations 
  
N=1000; 
t=0.2/N; 
Vcn=0:t:0.2; 
  
for i=1:N+1 
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N=1000; 
t=0.6/N; 
Vcf=0:t:0.6; 
  
for k=1:N+1 
  
% Volume fraction of matrix: 
Vm(k,i)=1-Vcf(k)-Vcn(i); 
  
% Properties of nanocomposite (CNT & matrix): 
Vmnc(k,i)=Vm(k,i)+Vcn(i); 
Emnc(k,i)=((Em/8)*(5*((1+2*Bdd*Vcn(i))/(1-Bdd*Vcn(i)))+3*((1+2*(lcn/dcn)*Bdl*Vcn(i))/(1-
Bdl*Vcn(i)))))^0.4; 
Gmnc(k,i)=(Emnc(k,i))/(2*(1+vmnc)); 
  
% Young's modulus: 
E11(k,i)=(Vcf(k)*E11cf)+(Vmnc(k,i)*Emnc(k,i)); 
E22(k,i)=(1)/((Vcf(k)/E22cf)+(Vmnc(k,i)/Emnc(k,i))-
(Vcf(k)*Vmnc(k,i))*(((((vcf^2)*Emnc(k,i))/(E22cf))+(((vmnc^2)*E22cf)/(Emnc(k,i)))-
(2*vcf*vmnc))/((Vcf(k)*E22cf)+(Vmnc(k,i)*Emnc(k,i))))); 
  
% Shear modulus: 
G12(k,i)=(1)/(((Vcf(k))/(G12cf))+((Vmnc(k,i))/(Gmnc(k,i)))); 
  
% Poison's ratio: 
v12(k,i)=(Vcf(k)*vcf)+(Vmnc(k,i)*vmnc); 
v21(k,i)=(v12(k,i))*(E22(k,i)/E11(k,i)); 
  
% Laminate calculations: 
Q11=E11(k,i)/(1-(v12(k,i)*v21(k,i))); 
Q22=E22(k,i)/(1-(v12(k,i)*v21(k,i))); 
Q12=v21(k,i)*E11(k,i)/(1-(v12(k,i)*v21(k,i))); 
Q33=G12(k,i); 
Qtheta0=[Q11 Q12 0; Q12 Q22 0; 0 0 Q33]; 
  
for j=1:M 
     
theta=orient(j); 
m=cos(theta); 
n=sin(theta); 
  
T=[m^2 n^2 2*m*n; n^2 m^2 -2*m*n; -m*n m*n m^2-n^2];R=[1 0 0;0 1 0;0 0 2]; 
Qthetal=(T^-1)*Qtheta0*R*T*(R^-1); 
  
d11(j)=(Qthetal(1,1))*(h(j+1)^3-h(j)^3); 
d12(j)=(Qthetal(1,2))*(h(j+1)^3-h(j)^3); 
d13(j)=(Qthetal(1,3))*(h(j+1)^3-h(j)^3); 
d21(j)=(Qthetal(2,1))*(h(j+1)^3-h(j)^3); 
d22(j)=(Qthetal(2,2))*(h(j+1)^3-h(j)^3); 
d23(j)=(Qthetal(2,3))*(h(j+1)^3-h(j)^3); 
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d31(j)=(Qthetal(3,1))*(h(j+1)^3-h(j)^3); 
d32(j)=(Qthetal(3,2))*(h(j+1)^3-h(j)^3); 
d33(j)=(Qthetal(3,3))*(h(j+1)^3-h(j)^3); 
end 

D(1,1)=sum(d11)/3; 
D(1,2)=sum(d12)/3; 
D(1,3)=sum(d13)/3; 
D(2,1)=sum(d21)/3; 
D(2,2)=sum(d22)/3; 
D(2,3)=sum(d23)/3; 
D(3,1)=sum(d31)/3; 
D(3,2)=sum(d32)/3; 
D(3,3)=sum(d33)/3; 
Dstar(1,1)=D(1,1)*M^4+2*(D(1,2)+2*D(3,3))*(M*N*r)^2+D(2,2)*(N*r)^4; 

% Plate deflection: 

wc(k,i)=P*L^4/(pi^4*Dstar(1,1)); 
wcc(k,i)=wc(k,i)/(7.114e-14); 
wwcc(k,i)=wcc(k,i); 
Vcnn(k,i)=Vcn(i); 
Vcff(k,i)=Vcf(k); 

end 
end 

% Display 
figure(1) 
v=[0.025 0.03 0.04 0.05 0.06 0.08 0.1 0.15 0.2]; 
[C,h] = contour(Vcnn,Vcff,wwcc,v) 
clabel(C,h,'manual') 
xlabel('\it{V_{CNT}}') 
ylabel('\it{V_{F}}') 
legend('\it{w_{c} / w_{0}}') 
%title('Graph of deflection for increasing glass reinforcement') 
plotedit on 

A.1.6. Effect of nanotube diameter on the mechanical properties of a

reinforced structural element 

clear all 

% Inputs 

% Carbon nanotube properties (cn): 

lcn=8.5e-6;     % Length (m) 
%dcn=8e-9;   % Outer diameter (m) 
tcn=0.8e-9;     % Thickness (m) 
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E11cn=1000;     % Young's modulus (GPa) 
rhocn=1680;     % Mass density (kg/m^3) 
%Vcn=;          % Volume fraction 
%wcn=;          % Mass fraction 
  
% Matrix properties (m): 
  
Em=3.5;         % Young's modulus (GPa) 
rhom=1200;      % Mass density (kg/m^3) 
vm=0.4;         % Poisson's ratio 
%Vm=;           % Volume fraction 
  
% Fibre properties (cf): 
  
%Vcf=0.45;      % Volume fraction at 30% 
%E11cf=227;       % Young's modulus (GPa) 
%E22cf=8;         % Young's modulus (GPa) 
%vcf=0.3;         % Poisson's ratio 
%G12cf=27.3;      % Shear modulus (Gpa) 
%rhocf=1740;      % Mass density (kg/m^3) 
  
% Glass fibre properties (gf): 
  
Vcf=0.45;        % Volume fraction at 30% 
E11cf=73.5;      % Young's modulus (GPa) 
E22cf=72;        % Young's modulus (GPa) 
vcf=0.22;        % Poisson's ratio 
G12cf=33;        % Shear modulus (Gpa) 
rhocf=2570;      % Mass density (kg/m^3) 
  
% Matrix of nanocomposite (mnc) properties: 
  
%Vmnc=;         % Volume fraction 
%Emnc=;         % Young's modulus (GPa) 
%vmnc=;         % Poisson's ratio 
%Gmnc=;         % Shear modulus (GPa) 
%rhomnc=;       % Mass density (kg/m^3) 
  
% Laminate properties: 
  
M=8; % no of layers 
  
orientt=[pi/2 0 pi/2 0 pi/2 0 pi/2 0]; % orientation 
  
h=[-0.5 -0.375 -0.25 -0.125 0 0.125 0.25 0.375 0.5]; % thickness 
  
dcn=[2.0e-9; 6.1e-9; 10.1e-9; 14.0e-9; 18.2e-9; 22.3e-9]; % nanotube diameter 
  
% Beam properties: 
  
P=1;        %force[N] 
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L=1;        %length [mm] 
bredth=1;   %bredth [mm] 
r=L/bredth; 

% Preliminary calculations: 

vmnc=vm; 

% Calculations 

N=1000; 
t=0.2/N; 
Vcn=0:t:0.2; 

for k=1:6 

dcnn=dcn(k,:); 

for i=1:N+1 

% Volume fraction of matrix: 
Vm(i)=1-Vcf-Vcn(i); 

% Variable calculations: 
Bdl=(((E11cn/Em)-(dcnn/4*tcn))/((E11cn/Em)+(lcn/2*tcn))); 
Bdd=(((E11cn/Em)-(dcnn/4*tcn))/((E11cn/Em)+(dcnn/2*tcn))); 

% Properties of nanocomposite (CNT & matrix): 
Vmnc(i)=Vm(i)+Vcn(i); 
Emnc(i)=((Em/8)*(5*((1+2*Bdd*Vcn(i))/(1-Bdd*Vcn(i)))+3*((1+2*(lcn/dcnn)*Bdl*Vcn(i))/(1-
Bdl*Vcn(i)))))^0.4; 
Gmnc(i)=(Emnc(i))/(2*(1+vmnc)); 

% Young's modulus: 
E11(i)=(Vcf*E11cf)+(Vmnc(i)*Emnc(i)); 
E22(i)=(1)/((Vcf/E22cf)+(Vmnc(i)/Emnc(i))-
(Vcf*Vmnc(i))*(((((vcf^2)*Emnc(i))/(E22cf))+(((vmnc^2)*E22cf)/(Emnc(i)))-
(2*vcf*vmnc))/((Vcf*E22cf)+(Vmnc(i)*Emnc(i))))); 

% Shear modulus: 
G12(i)=(1)/(((Vcf)/(G12cf))+((Vmnc(i))/(Gmnc(i)))); 

% Poison's ratio: 
v12(i)=(Vcf*vcf)+(Vmnc(i)*vmnc); 
v21(i)=(v12(i))*(E22(i)/E11(i)); 

% Laminate calculations: 
Q11=E11(i)/(1-(v12(i)*v21(i))); 
Q22=E22(i)/(1-(v12(i)*v21(i))); 
Q12=v21(i)*E11(i)/(1-(v12(i)*v21(i))); 
Q33=G12(i); 
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Qtheta0=[Q11 Q12 0; Q12 Q22 0; 0 0 Q33]; 

for j=1:M 

theta=orientt(j); 
m=cos(theta); 
n=sin(theta); 

T=[m^2 n^2 2*m*n; n^2 m^2 -2*m*n; -m*n m*n m^2-n^2];R=[1 0 0;0 1 0;0 0 2]; 
Qthetal=(T^-1)*Qtheta0*R*T*(R^-1); 

d11(j)=(Qthetal(1,1))*(h(j+1)^3-h(j)^3); 
d12(j)=(Qthetal(1,2))*(h(j+1)^3-h(j)^3); 
d13(j)=(Qthetal(1,3))*(h(j+1)^3-h(j)^3); 
d21(j)=(Qthetal(2,1))*(h(j+1)^3-h(j)^3); 
d22(j)=(Qthetal(2,2))*(h(j+1)^3-h(j)^3); 
d23(j)=(Qthetal(2,3))*(h(j+1)^3-h(j)^3); 
d31(j)=(Qthetal(3,1))*(h(j+1)^3-h(j)^3); 
d32(j)=(Qthetal(3,2))*(h(j+1)^3-h(j)^3); 
d33(j)=(Qthetal(3,3))*(h(j+1)^3-h(j)^3); 
end 

D(1,1)=sum(d11)/3; 
D(1,2)=sum(d12)/3; 
D(1,3)=sum(d13)/3; 
D(2,1)=sum(d21)/3; 
D(2,2)=sum(d22)/3; 
D(2,3)=sum(d23)/3; 
D(3,1)=sum(d31)/3; 
D(3,2)=sum(d32)/3; 
D(3,3)=sum(d33)/3; 
Dstar(1,1)=D(1,1)*M^4+2*(D(1,2)+2*D(3,3))*(M*N*r)^2+D(2,2)*(N*r)^4; 

% Plate deflection: 

wc(i)=P*L^4/(pi^4*Dstar(1,1)); 
wcc(i)=wc(i)/(7.114e-14); 
wwcc(k,i)=wcc(i); 
%Vcnn(i)=Vcn(i); 

end 
end 

dc=dcn(k,:); 

% Display 
figure(1) 
%v=[0.001 0.01 0.1 0.5 1 10]; 
plot(Vcn,wwcc(1,:),'-') 
hold on 
plot(Vcn,wwcc(2,:),'--') 
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plot(Vcn,wwcc(3,:),':') 
plot(Vcn,wwcc(4,:),'-.') 
plot(Vcn,wwcc(5,:),'--') 
plot(Vcn,wwcc(6,:),'-') 
hold off 
xlabel('\it{V_{CNT}}','FontSize',12) 
ylabel('\it{w_{c} / w_{0}}','FontSize',12) 
%title('Effect of nanotube diameter on glass fibre composite') 
legend('2.0nm', '6.1nm', '10.1nm', '14.0nm', '18.2nm', '22.3nm') 
plotedit on 




