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Abstract

Let C' be a nonempty closed convex subset of a g-uniformly smooth Banach space X which
admits a weakly sequentially continuous generalized duality mapping. In this dissertation,
we study the approximation of the zero of a strongly accretive operator A : X — X
which is also a fixed point of a k-strictly pseudo-contractive self mapping 7' of C. Also,
we introduce a U-mapping for finite family of mixed equilibrium problems involving p — «
relaxed monotone operators. We prove a strong convergence theorem for finding a common
solution of finite family of these equilibrium problems in a uniformly smooth and strictly
convex Banach space. We present some applications of this theorem and a numerical
example. Furthermore, due to the faster rate of convergence of inertial type algorithm, we
propose an inertial type iterative algorithm and prove a weak convergence theorem of the
scheme to a solution of split variational inclusion problems involving accretive operators in
Banach spaces. We give some applications and a numerical example to show the relevance
of our result. Our results in this dissertation extend and improve some recent results in
the literature.
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CHAPTER 1

Introduction

1.1 Background of Study

In mathematics, computer science and other fields of knowledge, an optimization problem
is one where the values of a function g : X — R are to be maximized or minimized over a
given nonempty set of feasible alternatives D C X. The function g is called the objective
function while the set D C X is called the constraint set. Optimization problem can
be modelled in the form of minimization problem, variational-inequality problem, equi-
librium problem, convex minimization problem, linear programming, min-max problem,
e.t.c. Some examples of optimization problem in real life include utility maximization,
profit maximization, expenditure and cost minimization, portfolio choice, electricity units
consumption minimization, replacement models among others.

Let X be a real Banach space, a point x € X is called a fixed point of a nonlinear operator
T: X — X if

r="Tuz. (1.1.1)

If T is a set-valued mapping, then z € X is called a fixed point of T if x € T'x. The theory
of fixed point is a widely researched area in nonlinear analysis, it can be considered as the
kernel of the modern nonlinear analysis for the role it plays in various mathematical models
arising from optimization problems and differential equations. There have been enormous
development of interesting and efficient techniques for computing fixed points, this has in
turn increased the usefulness of the theory of fixed points and its applications. Therefore,
the theory of fixed point is increasingly becoming a powerful, useful and effective tool in
mathematics, engineering, physics, biology, economics, computer science etc. In several
mathematical problems, the existence of solution of such problems is equivalent to the
existence of fixed point of a suitable map. One of such instances is the so called zero of



nonlinear operator in both finite and infinite dimensional spaces. The existence of fixed
point is thus important in a wide range of mathematics and other sciences.

The concept of accretive operators introduced by Browder [29] in (1967) has proved to
be very useful in partial differential equations. For example, consider an Initial Value
Problem (IVP) of the form

d
d—f + Az(t) =0, 2(0) = =y, (1.1.2)

which describes an evolutional system where A is an accretive operator from a Banach

x
space X onto itself. At equilibrium state, i 0 and a solution of

Az =0, (1.1.3)

describes the equilibrium state of the system (1.1.2).

Since A is nonlinear, there is no closed form solution of the equation (1.1.3). Rather the
closer one can get is to find an approximation. To do this, Browder [29] considered the
problem of solving the zeros of A in (1.1.3) as that of a fixed point of a certain T'=1 — A
which he referred to as being pseudo-contractive, where A is accretive and [ is an identity
map on X. He obtained therefore that a fixed point of T" represents the zero of A. Thus
finding a solution of (1.1.3) is equivalent to finding the fixed point of T" ([29, 19]).

The equilibrium problem is one of the most important topics in nonlinear analysis and
in other several applied fields [127]. The equilibrium problem has been widely studied in
the context of optimization problem, fixed point problems; variational inequality problem
whether monotone or otherwise (see [9, 12, 15]). It is also a special case of Nash equilibrium
and some other problems ([7, &, 89]).

The Equilibrium Problem (EP) is to find x € C' such that

F(x,y) >0, YyeC, (1.1.4)

where F': C' x C' — R is a bifunction and C' is a nonempty, closed and convex subset of a
Banach space X. The set of solutions of (1.1.4) will be denoted by EP(F).

The equilibrium problem was first investigated in 1961 by Ky Fan [63] in connection with
the so-called ”intersection theorems” (A result which proves that intersection of a cer-
tain family of sets is nonempty). Ky Fan considered what is called a Scalar Equilibrium
Problem (SEP). The term ”equilibrium problem” was however attributed to Oettli and
Blum [18] who many believed introduced the problem. The existence of solution of equi-
librium problem has thus been studied extensively since introduction (see [16, 13, 14, 84]).
There have also been a lot of outstanding results in approximating solutions of equilib-
rium problem. There are also several problems of interest with various applications which
generalizes the equilibrium problem, some of this problems are discussed in Chapter 2 and
one of them solved in Chapter 3.

1.2 Research Motivation

Since the introduction of accretive operators in 1967 (see Browder [29]), there have been
several attempts to find approximations of zeros of such operators in Banach spaces. Most

2



especially using the connections between the theory of accretive operators and the fixed
point theory. Xu [168], Kim and Xu [97] studied convergence of the sequence {z,} C X
generated by x; € C' for a nonempty, closed and convex subset C' of X defined iteratively
by

Tpi1 = apu+ (1 —ay)dp, xn, n>1 (1.2.1)

They proved the strong convergence of (1.2.1) to the zero of an accretive operator A on X
using the fixed point of J,, = (I +r,A)~! called the reslovent of A, in the framework of
a reflexive Banach space and uniformly smooth Banach space with a weakly sequentially
continuous duality map respectively.

Qin and Su [133], proposed a sequence {xz,} defined iteratively for an arbitrary z; € C by

{yn = Buttn + (1= Ba) .00, (12.2)

Tpi1 = QU + (1 - an)ym

where u € C' is an arbitrary but fixed element in C' and the sequences {a,} C (0,1),
{6,} C [0,1] and {r,} a sequence of nonnegative real numbers. They proved under
certain conditions on the sequences {ay,}, {f.}, and {r,} that the sequence {z,} defined
by (1.2.2) converges to zero point of A.

Very recently, Aoyoma and Toyoda [1], in their effort to approximate the zero of an m-
accretive operator A on a Banach space X studied the sequence defined by (1.2.1). They
obtained the strong convergence of the sequence {x,} to a zero of A using the resolvent
operator defined on A.

Motivated by the above results, we introduce an algorithm which is a Halpern-type three
step iterative scheme. Let {x,} be a sequence defined in the following manner: z; € C,
and

zn = (1 —ay)z, + osz;ixn,
Tpt+1 = )‘nf(wn) + (1 - )\n)ym n =1

We prove strong convergence of (1.2.3) a zero of a strongly accretive operator A which
satisfies the range condition and fixed point of k-strictly pseudocontractive mapping 7.

Let C' be a nonempty, closed and convex susbset of a real Banach space X with a topo-
logical dual space X*. The mixed equilibrium problem (see [165]) is to find z € C such
that

F(r,y) + (Az, u(y, x)) + ¢(y) — ¢(x) >0, YyeC, (1.2.4)

where F': C'x C' = R is a bifunction, A : C' — X* is a nonlinear mapping and ¢ : C xC —
RU{+00} is a proper function. There have been several iterative methods in the literature
proposed for finding the solutions of fixed point problems and mixed equilibrium problems
with relaxed monotone mappings in various settings (see [39, 67, 87, 91]). Wang et al
[165] introduced the following iterative algorithm for finding a common element of the set



of solutions of mixed equilibrium problem with relaxed monotone mapping and the set of
fixed points of nonexpansive mappings in Hilbert space:

(1131 € C,

1
F(tn,y) + (Ayn, 1(y, uy)) + A—<y — Up, U — Ty) >0, yeC,

Yn = QnTyp + (1 - an)ﬂnsxn + (1 - an)(l - Bn)uny
Cn ={2 € C:|lyn — 2[| < ||z — 2|[}, Dn = N}, 0,
\anrl = Panla n Z 1,

(1.2.5)

where A is a relaxed y —a monotone mapping and S : C' — (' is a nonexpansive mapping.
They obtained strong convergence of the scheme (1.2.5) to a common solution of mixed
equilibrium problem (1.2.4) and the fixed point of S under appropriate conditions on the
control sequences {a,},{8,} and {\,}.

Chen et al [11] introduced a new algorithm for approximating solutions of the mixed
equilibrium problem with a relaxed monotone mapping in the framework of a uniformly
convex and uniformly smooth Banach spaces and proved the existence of solutions of the
mixed equilibrium problem. In particular, they studied the following algorithm to find
a common element of the set of solutions of the mixed equilibrium and the set of fixed
points of a quasi-¢ nonexpansive mapping S : C' — C.

r1 =€ C,
Yp = J o Jx, + (1 — ) JSty),

u, € C' such that

F(tn, y) + (A, 1(y, un)) + f(y) — fun) + Ti<y — Up, JUup, — Jyn) 20, V y € C,(1.2.6)

Crn={2€C:|lyn— 2[| < |z — 2|[},
pDnmla n Z 17

\

where f : C' — R U {+oc} is a proper lower semicontinuous mapping and J is the nor-
malized duality mapping. Under certain assumptions on the parameter sequences {a,}
and {r,}, they obtained a strong convergence of (1.2.6) to a solution of the mixed equi-
librium problem which is also the fixed point of S. On the hand, Atsushiba and Takahashi
[6] introduced the following W-mapping for finite family of nonexpansive mappings. For
1 =1,2--- N, let T; : C" — C be a finite family of nonexpansive mappings such that
MY, F(T;) # 0, the W-mapping is defined as follows:

Un,l == /\n,lTl + (1 - /\n,l)Iu
Uno = M2ToUpi + (1= N2),

Uwn-1 = Mn-1In-1Usn—o+ (1 —Aon-1)],
W, = Upn = X NINUyn-1+ (1= Aon)],

where {\,;} C [0,1] fori = 1,2..., N and C is a nonempty, closed and convex subset
of a Banach space X. Takahashi and Shimoji [153] proved that if X is a strictly convex
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Banach space, then F(W,,) = NY,F(T;), where {\,;} C (0,1) fori=1,2--- , N.

Also, Kangtunyakarn and Suntai [94] introduced the K-mapping for finding a common
fixed point of a finite family of nonexpansive mappings in a real Hilbert space. The K,
mapping is defined as follows:

Un,l = )\n,lTl + (1 - )\n,l)[v
Uno M2ToUp1 + (1 — Xy 2)Un,

Uwn-1 = MnaaIn-1Upn—a+ (1 = Aonv—1)Unn-2,
Kn - Un,N - )\n,NTNUn,N—l + (1 - )\n,N)Un,N—l'

Motivated by the results in [0, 94, , ], we propose a strong convergence theorem for
finding the common solution of finite family of mixed equilibrium problems with y — «
relaxed monotone mapping in the frame work of a uniformly smooth and strictly convex
Banach space which also enjoys the Kadec-Klee property. First, we introduce the following
mapping: Let C' be a nonempty closed convex subset of a smooth and strictly convex
Banach space X. Fori=1,2,..., N, let F; : C'x C' — R be a finite family of bifunctions,
A; - C — X* be a finite family of ;1 hemicontinuous and relaxed ;1 —« monotone mappings
and ¢; : C — R U {+o0} be a finite family of proper, convex and lower semicontinuous
functions. For i =1,2,..., N and {r,} C (0,00), the resolvent operator on F; is defined
in [11] as

K (2) = {2 € X : Fi(z,9) Az, () +61(0)—6u(2) -~

Tn

(y=2,J2=Jx) > 0.V y € X}.

However it has been proved in [11] that K is single valued for each i = 1,2..., N. (See
Lemma 3.2.8). We define the mapping U,, : C' — C as

(S, =M1 KD+ (1= A1),

Sh.2 = X2 K2 Spi 4+ (1 — X\p2) S,

: (1.2.7)
SpN-1 = )\n,N—lKTN{lSn,N—z + (1 = Ao N—1)Sh N—2,

LUy = Sun = AN K Suno1 + (1= Aon)Snn-1,

where 0 < \,; <1, for ¢« = 1,2,..., N. In addition, we present the following algorithm
for finding a common solution of finite family of mixed equilibrium problems involving a
relaxed monotone operator: For arbitrary x; € C, let {x,} be generated by

Tp41 = O[nf(xn) + 5711:71 + ’ynUnxna vn > 17 (128)

where U, is as defined in (1.2.7) and f a contraction mapping from C' to C'. Furthermore,
we obtain a strong convergence theorem with our proposed algorithm under appropriate
conditions in a uniformly smooth and strictly convex Banach space which also enjoys
Kadec-Klee property.



In [113], Moudafi introduced the Split Monotone Variational Inclusion Problem (SMVIP)
: Find z* € Hy, such that

0 e {Ti(z*) + Si(z*)} (12.9)
y*=Az* € Hy: 0 € {Ta(y*) + Sa(y*)}, o
where T : H, — 28t and T, : Hy — 22 are set-valued maximal monotone mappings,
S1: Hy — Hy and S5 : Hy — Hy are two given single-valued operators and A : H; — Hy
is a bounded linear operator. The SMVIP include as special cases, the split common fixed
points problem, the split variational inequality problem, the split feasilbility problem and
the split zero problem.
In solving the SMVIP, Moudafi [!13] introduced the following iterative method:
Initialization: Let A > 0 and zy € H; be arbitrary:
Iterative step: a1 = U(xp+vyA* (T —I)Axy), k € N, where v € [0, %] with L the spectral
radius of the operator A*A, and U := J{*(I — AS;) and T := J*(I — AS;) have been
defined in the same way as can be found in the work Censor-Gibali-Reich [10].
In 2015, Takahashi [151] considered the split feasibility problem and split common null
point problem in the setting of Banach spaces. By using the hybrid methods and Halpern’s
type methods under appropriate conditions, some strong and weak convergence theorems
for such problems in the setting of one Hilbert space and one Banach space were obtained.
Tang et al [158], proved a weak convergence theorem and a strong convergence theorem
for split common fixed point problem involving a quasi-strict-pseudo contractive mapping
and an asymptotical nonexpansive mapping in the setting of two Banach spaces under
some given conditions.
In [158], Tang et al, considered the so-called Split Common Fixed Point Problem (SCFPP)
which is to find a point ¢ € F(.S) such that Aq € F(T), where S: C — Cand T : Q — Q
are two mappings, C' and () are nonempty subsets of Hilbert spaces H; and Hs respectively
and A : Hy — H, a bounded linear operator with F(S) and F(T) the set of fixed points of
S and T respectively.
In solving the SCFPP, Tang et al [158] introduced the iterative sequence defined for x; €
X1 by
{zn = an + I AT (T — 1) Az, (1.2.10)
Tpt1 = (1 —ap)zn +anS"2,, V n>1

In particular, they proved the strong convergence of (1.2.10) to the set of solutions of
the SCFPP in the framework of two Banach spaces X; which is uniformly convex and
2-uniformly smooth and a real Banach space Xs.

Very recently, Zhang and Wang [173] proposed a new iterative scheme and proved weak and
strong convergence of the scheme to a split common fixed point problem for nonexpansive
semi-groups in Banach spaces under some suitable conditions. To be more precise, they
proved the following theorem.

Theorem 1.2.1. Let Xy be a real uniformly convex and 2-uniformly smooth Banach space
satisfying Opial’s condition and with the best smoothness constant k satisfying 0 < k < \/Li’
X5 be a real Banach space, A : X1 — Xs be a bounded linear operator and A* be the adjoint



of A. Let {S(t) : X1 — Xy, t > 0} be a uniformly asymptotically reqular nonexpansive
semigroup with C := NMy>oF(S(t)) # 0 and {T(t) : Xo — X5, t > 0} be a uniformly
asymptotically regular nonexpansive semigroup with Q := Ny F(T'(t)) # 0. Let {z,} be a
sequence generated by: r1 € X,

{zn = 2 + I AT (1) — 1) Az, (1.2.11)

Tpr1 = (1 —ap)zn + @, S(ty)zn, ¥V n>1,

where {t,} is sequence of real numbers, {a,} a sequence in (0,1) and 7 is a positive
constant satisfying

(1) t, >0 and lim t, = co;
n—oo

(2) liminf o, (1 — ) > 0 and 0 < v < L
n—00 [|All

(I) T ={peC:Apec Q} #0, then {x,} converges weakly to a split common fized
point x* € T'.

(II) In addition, if I' = {p € C : Ap € Q} # 0, and there is at least one S(t) € {S(t) :
t > 0} which is semi-compact, then {x,} converges strongly to a split common fized
point x* € I'.

On the other hand Polyak [132], proposed the inertial extrapolation as an acceleration
process for solving smooth convex minimization problem. The inertial extrapolation term
is known to accelerate the rate of convergence of iterative algorithms. Because of this
increase in the speed of convergence rates of the iterative algorithms, there have been an
increasing interest in the study of inertial type iterative schemes (see [19, 21, 43]).
Alvarez and Attouch [3], applied the idea of the heavy ball method to the setting of a
general maximal monotone operator using the proximal point algorithm. They came up
with the following inertial proximal point algorithm.

(1.2.12)

Yn = Tp + O‘n(xn - xn—l)a
Tpy1 = (I"f_rnT)ilyna n>1.

They proved a weak convergence theorem using (1.2.12) to a zero of the maximal mono-
tone operator 7" with conditions that {r,} is nondecreasing and «,, € (0,1) is such that
D0 Onl|Tn — T |[? < oo

Moudafi and Oliny [115] improved on Algorithm (1.2.12) by introducing an additional
single-valued co-coercive, and Lipschitz continuous operator S into the inertial proximal
point algorithm as:

{yn =X, —+ Oén(flfn - xn—l)a (1213)

Tpy1 = (T +r, 7)Y —7,9)y,, n>1.

They obtained a weak convergence theorem for finding a zero of the sum (S +7) provided
that the conditions given on the parameters in (1.2.12) are satisfied. For more results
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involving the inertial extrapolation process see [10, 20, 58, , |. Inspired by the
research presently going on in the direction of inertial extrapolation, we consider the
following split variational inclusion problem involving accretive operators: Let X; and X,
be Banach spaces. The split variational inclusion problem for accretive operators is given
as: Find x; € X; such that

{0€X11$* € (I1 + 5), (1.2.14)

y* = Azx* EXQ:y* c (TQ+SQ),

where T} : X, — 2%, T, : Xy — 2%2 are set-valued accretive operators, S; : X; — Xj,
Sy Xy — X, are inverse strongly accretive operators and A : X; — X5 is a bounded
linear operator.

Furthermore, we introduce an inertial-type iterative scheme and prove a weak convergence
theorem of the scheme to the solution of (1.2.14).

1.3 Objectives

The main objectives of this work are to:

(i) introduce a new algorithm for approximating a zero of a strongly accretive operator
which is also a fixed point of a k-strictly pseudocontractive mapping;:

(ii) introduce a mapping for a finite family of mixed equilibrium problems involving
1 — « relaxed monotone mapping and obtain a strong convergence of an algorithm
which involves the mapping to the common solution of these finite family of mixed
equilibrium problems:

(iii) propose an inertial type algorithm and prove its weak convergence to the solution of
a split variational inclusion problem involving accretive operators in Banach spaces.

1.4 Organization of Study

This dissertation is organized as follows:

In Chapter 2, we give some preliminaries, which include basic definitions and important
results which we found useful in achieving the objectives of the study. We also give detailed
literature review on the problems considered in this disseartation from zero of accretive
operator to mixed equilibrium problems and the split variational inclusion problems.

In Chapter 3, we consider the zero of a strongly accretive operator and fixed point of a k-
strictly pseudo contractive operator. We introduce an iterative scheme for approximating
the zero of the accretive operator and fixed point of the k-strictly pseudo contractive
operator. We provide an application of the result to obtain the solution of an integral
equation of Hammerstein type.



In Chapter 4, we introduce a mapping for a finite family of mixed equilibrium problem
with p — o relaxed monotone mapping and introduce an iterative sequence for obtaining
the common solution of these problems. We proved a strong convergence theorem for
approximating these solutions in the framework of a uniformly smooth Banach space. We
present a numerical example to show the importance of the result.

In Chapter 5, we considered the split variational inclusion problem with accretive operator
in the framework of a Banach space. We study an inertial type iterative algorithm and
obtain a weak convergence theorem for approximating the solution of the problem. We
gave a numerical example and also use the Matlab version R2016a to show how the change
in initial values affect the number of iterations. The graph also show the difference in the
convergence rate of the inertial type and an unaccelerated scheme which does not include
the inertials.

In Chapter 6, we present the conclusion, contributions to knowledge and some area of
further and possible future studies.



CHAPTER 2

Literature Review

In this chapter, we provide definitions of basic terms and concepts that will be useful
throughout this work. We also present some useful results and give detailed literature
review of concepts that are relevant to the study.

2.1 Preliminaries and Definitions

Definition 2.1.1. Let C be a nonempty, closed and convex subset of a Banach Space X.
A function f: C' — RU {400} is said to be

(i) convex, if for any z,y € X and A € [0, 1], we have
fOz 4+ (1= Ny) < Af(2) + (1 =N f(y);

(ii) lower semi-continuous on C, if and only if for A € R the set {z € C': f(z) > A}, is
open for all \.

Definition 2.1.2. Let X be a normed linear space. A mapping 7" : X — X is said to be

(i) continuous at an arbitrary point xy € X, if for each € > 0, there exists a § > 0 such
that for x € X
[l —x0|| <6 = ||Tz—Txo|| <e¢

(ii) Lipschitz with a real constant L > 0 if,
Te =Tyl < Lllx —yll, V z,y€eX,

in particular 7' is called L-Lipschitz;
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(iii) a contraction, if it is Lipschitz with a Lipschitz constant L € [0, 1);
(iv) strict contractive, if it is Lipschitz with L € (0, 1).

Definition 2.1.3. Let X be a normed linear space and 7' : X — X be a nonlinear
mapping. Then T is called

(i) monotone, if (Tx — Ty, x —y) >0, V z,y € X,
(ii) a-strongly monotone, if (Tz — Ty, —y) > allz —y||* V z,y € X and a > 0;
(iii) P-inversely strongly monotone, if there exists a constant § > 0 such that

(iv) firmly nonexpansive, if it is S-inversely strongly monotone with 5 = 1, that is

| Tz — Ty||” < (Tx — Ty, z —y).

We remark that every g-strongly monotone mapping is %—Lipschitz.

Definition 2.1.4. Let H be a Hilbert space. A multivalued mapping Q : H — 2% is
called monotone if for all z,y € H such that u € Qz and v € Qy, then

(u—v,z—y) >0.

Definition 2.1.5. Let H be a Hilbert space. A multivalued monotone mapping Q) : H —
21 is said to be maximal if the graph of @ (denoted by G(Q)) is not properly contained
in the graph of any other monotone mapping.

It is known that a multivalued mapping is maximal if and only if for (z,u) € H x H,
(u—wv,x—y) >0 for every (y,v) € G(Q) implies that u € Q.

Definition 2.1.6. [05] Let X be a Banach space and X* be its dual space. A mapping
A X — X*issaid to be arelaxed —a monotone if there exists a mapping y : X x X — X
and a function o : X — R, with «a(tz) = tPa(z) for all t > 0 and = € X such that

(Az — Ay, p(z,y)) 2 a(z —y), V z,y € X, (2.1.1)

where p > 1.

Remark 2.1.1. (i) If p(z,y) =x —y for all z,y € X, then (2.1.1) becomes
(Ar — Ay,z —y) > alx —y), Vx,y € X and A is said to be relaxed o monotone.

(i) If p(z,y) = x —y for all z,y € X and «a(z) = k||z||’, where p > 1 and k > 0 is a
constant, then (2.1.1) reduces to (Ax — Ay, x —y) > k||lz —y||P, Vz,y€ X and A
is said to be p-monotone [69, , ].

(iii) Every monotone mapping is relaxed g — « monotone with p(z,y) = x — y for all
r,y € X and a = 0.

11



Example 2.1.2. Let X = (—o0, +00), Az = —2? and

_k(xQ - y2)7 xz Z Y,
= 2.1.2
p(, y) {k(372 ) <y (2.1.2)

where k£ > 0 is a constant. Then, A is y — « relaxed monotone with

kz?, 2>0
alz) = I 2.1.3
(2) {—kzz, z < 0. ( )
Definition 2.1.7. [172] Let C' be a nonempty, closed and convex subset of a real Banach

space X with dual space X*. Let A : C' = X* and p : C' x C' = X be two mappings.
The mapping A is said to be p-hemicontinuous if, for any fixed z,y € C, the mapping
¢ :[0,1] = (—o0,+00) defined by ¢(t) = (A(z + t(y — x)), u(x,y)) is continuous at 0.

Definition 2.1.8. [65] Let C' be a nonempty, closed and convex subset of a real Banach
space X with dual space X*. Let A: C'— X* and p: C' x C' — X be two mappings and
¢ : C — RU{+00} be a proper function. A is said to be u-coercive with respect to ¢ if
there exists xy € C' such that

[(Az = Azo, p(w, 20)) + ¢(x) = ¢(0)]/|| (2, )| = o0,

whenever ||z|| — oco. If ¢ = d¢, where ¢ is the indicator function of C| then Definition
2.1.8 coincides with the definition of p-coercivity in the sense of [170].

Definition 2.1.9. [65] Let C' be a nonempty, closed and convex subset of a real Banach
space X with dual space X*. A mapping F : C — 2% is said to be a KKM mapping if, for
any {x1, 2o, , 2.} C C, co{xy, z9, -+ , 2.} C UL, F(x;), where 2% denotes the family of
all the nonempty subsets of X.

Lemma 2.1.3. [0/] Let M be a nonempty subset of a Hausdorff topological vector space
X and let F: M — 2% be a KKM mapping. If F(x) is closed in X for every x € C' and
compact for some x € C, then Nyep F(x) # 0.

Theorem 2.1.4. [05] Let C' be a nonempty, closed and convex subset of a real Banach
space X with dual space X*. Let A: C — X* be an p-hemicontinuous and relaxed pu — «
monotone mapping; let ¢ : C — RU {400} be a proper convex function.

Assume that:

(i) u(x,x) =0, forallx € C;
(ii) for any y,z € C, the mapping x — (Az, u(x,y)) is conver.
Then, the following problems

v €0, (Ar,u(y,v)) + ¢(y) — ¢(x) >0, Vye C; (2.1.4)

and

zeC, (Ay,u(y,z)) +oly) —o(x) > aly —z), VyeC; (2.1.5)

are equivalent.
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Recall that a point x € H is said to be a fixed point of a mapping T': H - H if x =Tx
and x € Tz, if T : H — 2 is a multivalued mapping. The set of fixed points of T' shall
be denoted by F(T') whether T' is single-valued or multi-valued.

Example 2.1.5. (i) If H =R and T(x) = 2> + 3z, then F(T) = {—2,0}.
(i) If H =R and T(z) = 2> + 5z + 4, then F(T) = {—2}.
iii If H=R and T'(z) = z, then F(T) =R.

1
(iv) If H=R and T'(z) = x + —, then F(T) = (.
T

2.2 Metric Projection

Definition 2.2.1. Let C' be a nonempty closed convex subset of H. The metric (or nearest point)
projection onto C' is the mapping Pr : H — C which assigns to each x € H the unique
point Pox € C such that

||z — Poz|| = inf{||z —y|| : y € C}. (2.2.1)
Example 2.2.1. [85] Let x € R and C' = [-\, A] for A > 0, we define a map Po: R — C
by
x, if el
Pox = 2.2.2
o {’\ﬁ, otherwise. ( )

Then Pc is the metric projection from R onto C. Observe that if z € C, then |z — Pox| =
0<|z—y|, V yeC.

Also, observe that if x ¢ C, then (x > X or x < —\).

For x < —\, we have

AT

:C —_— —
]

Observe that for any y € [-\, A, x — (=) > x —v.

Also, since © — (—A) < 0, we have x —y < 0. Hence, |z — (—=\)| < |z — y|, which implies

|z — Pex| < |z —y|, Vye[=-\A\.

Similarly, for > A\, we have that

|z — Pox| = = [z = (=M.

AT

xr — —

]

Hence, we obtain that |z — Pox < |z —y|, Vy € C, x € R. Thus, P¢ is the metric
projection of R onto C.

|r — Pox| = =le—AN<|z—y|l, Vye[-\A\.

Throughout the remaining sections, we shall denote the real Banach space by X, the
norm and duality pairing between elements of X and its dual space X* by [|.|| and (-, ")
respectively and C' for a nonempty, closed and convex subset of X unless otherwise stated.

13



2.3 Some Geometric Properties of Banach Space

The Hilbert space is generally known to have the simplest and easy to work with geometric
structures among all Banach spaces. Some of the geometric properties which characterize
the Hilbert spaces make problem posed in them more manageable than those in the general
Banach spaces (see [19]). These include, the availability of scalar(inner) product, the
nonexpansity property of the nearest point map defined on a real Hilbert space H onto a
closed convex subset C' of H and the following two identities which holds for all z,y € H
and A € (0,1).

llz +yl* = 2]l + 2{z, y) + |ly|*, (2.3.1)

1Az + (1= Nyl = Allz[]* + (1 = Nlyll* = AL = N[z —yll. (2.3.2)

In trying to obtain the analogue of identity (2.3.1) in Banach spaces which is more general
than the Hilbert space, one has to find a suitable and appropriate replacement for the
inner product (-, -). The duality mapping provides such replacement of the inner product,
it allows a pairing between elements of normed space X and elements of its dual space
X*. More details including the definition and properties of the duality mapping shall be
given in a later section.

2.3.1 Uniformly Convex Banach Space

Definition 2.3.1. A normed linear space X is said to be uniformly convex if for each
e € (0,2] there exists a d(¢) > 0 such that for all z,y € X with ||z|| = ||ly|]| = 1 and
||z — y|| > ¢, then

[z + yll
— <14
9 >

Equivalently, X is uniformly convex if for any ¢ € (0,2], there exists d(¢) = § > 0 such
that if z,y € X with ||z|]| <1, [ly|]| <1 and ||z — y|| > €, then

|z + yll
— <1
5 =

Example 2.3.1. [19] The L, spaces, 1 < p < oo are uniformly convex.

Definition 2.3.2. Let dim X > 2, then the modulus of convexity of a normed linear space
X is the function
5X : (072] — [07 1}7

defined by

|z +yll

Ox(€) = inf{l — Al = [lyll = L lle — yll = €} (2.3.3)

Definition 2.3.3. Let p > 1 be a real number. A normed linear space X is said to be
p-uniformly convex if there exists ¢, > 0 such that dx(e) > c,€?, for any € € (0, 2].

14



Definition 2.3.4. A normed linear space X is called strictly convex if for all x,y € X,
x # vy, ||z]| = |ly|| = 1, we have ||A\x + (1 — N)y|| < 1, for all A € (0, 1).

Theorem 2.3.2. A normed linear space X is uniformly convex if and only if dx(e) > 0,
for all € € (0,2].

2.3.2 Uniformly Smooth Banach Space

Definition 2.3.5. A normed linear space X is called smooth if for every x € X with
||z|]| = 1, there exists z* € X* such that ||z*|| =1 and (x,z*) = 1.

Definition 2.3.6. Let X be a real Banach space and Bx = {x € X : ||z|| = 1}, then the
norm of X is said to be Gateaux differentiable if

ol tyl o]
t—0 t

(2.3.4)

exists for each x,y € Bx. In this case X is said to be smooth.

Definition 2.3.7. Let X a real Banach space, the norm of X is said to be Fréchet differ-
entiable if, for each z € X, the limit (2.3.4) exists and is attained uniformly for all y such
that ||y|| = 1.

Definition 2.3.8. Let X be a real normed space with dim > 2, then the modulus of
smoothness of X is the function px : [0, 00) — [0, 00), defined by

1
px(t) = supiS(llz +yll = [lo —yll) = 1: Izl < 1, [lyl| < ¢} (2.3.5)
Definition 2.3.9. [19] A normed linear space X is uniformly smooth if and only if
t
lim 22X _ (2.3.6)
t—0
Example 2.3.3. [19] The L, spaces, 1 < p < oo are uniformly smooth.

Definition 2.3.10. For ¢ > 1, a Banach space X is said to be ¢g-uniformly smooth if there
exists ¢, > 0 such that px(t) < ¢,t? for any t > 0.

2.3.3 Reflexive Banach Space

Definition 2.3.11. Let X* and X** be the dual and the bidual of a Banach space X
respectively. Then there exists a canonical (or canonical embedding) mapping J : X —
X** defined, for each x € X by J(z) = &, € X, where ¢, : X* — R is defined by
(., f) = (f,x), for each f € X*.

Thus, (J(x), f) = (f,x) for each f € X*. If the canonical mapping J is an onto mapping,
then X is called reflexive. Thus, a reflexive Banach space is one in which the canonical

embedding is onto.
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Remark 2.3.4. [17] The canonical mapping J defined above have the following properties.

(i) J is linear.
(ii) J is an isometry, i.e ||Jz|| = ||z||, V = € X.

Remark 2.3.5. [19]

(i) Every uniformly convex space is strictly convex.

(ii) Every uniformly convex space is reflexive.

)

)
(iii) Every uniformly smooth space is smooth.
(iv) X is uniformly smooth if and only if X* is uniformly convex.
)

(v) If the dual space X* is reflexive, then X is reflexive.

Combinning Remarks 2.3.5(ii), 2.3.5(iv) and 2.3.5(v), we have the following remark.

Remark 2.3.6. Every uniformly smooth space is reflexive.

2.3.4 More Properties of Banach Space

A normed linear space (X, || - ||x) is said to have the Kadec-Klee property (also called
the Radon Riesz property or H property) if and only if sequential convergence on the unit
sphere coincides with norm convergence. This property was first studied by Radon [135]
and subsequently by Riesz [139] who showed that the classical L,-spaces 1 < p < oo have
the Kadec-Klee property. In other world, a Banach space X has the Kadec-Klee property
if for any sequence {z,} C X and x € X with z,, = z and ||z,,|| — ||z||, then ||z, —z|] — 0
as n — 0o. It is well known that if X is a uniformly convex Banach space, then X enjoys
the Kadec-Klee Banach space property. For more on the Kadec-Klee property (see [55])
and the references therein.

A Banach space X is said to satisfy Opial’s property if, for any sequence {x,} C X,
T, =2 = lim||z, —z|| <lim||z, —y||, V ye X, y+#=. (2.3.7)

Banach spaces satisfying Opial’s property includes all Hilbert spaces, and [P for 1 < p < oo,
LP fails to satisfy this property unless p = 2. This property plays an important role in
determination of weak convergence of sequences in Banach spaces. The property implies
the fixed point property for nonexpansive mappings, that is if C' is a nonempty weakly
compact convex subset of X with Opial’s property then every mapping 7" : C' — C' admits
a fixed point whenever T is nonexpansive.
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2.4 Generalized Duality Mapping

We now give the definition and properties of the duality mapping.

Let X be a real Banach space with X* its dual space, let ¢ : [0,00) — [0,00) be a
continuous strictly increasing function such that ¢(0) = 0, p(t) — oo as t — oo. The
function so defined is called a gauge function. The generalized duality mapping J, : X —
2X" associated with ¢ is defined by

Jo(w) = {z" € X7+ (. %) = ||zl (), [l2"|] = e ()}

If o(t) = t, then J, = J, where J is called the normalized duality mapping. Notice that,
in Hilbert space, the generalized duality mapping with a guage function is ¢ defined as

(see [79]);
0 if =0,
Jo(x) = {Mg; if x #£0.

el

Also, for p > 1, if ¢(t) = t?~! then the generalized duality mapping with a gauge function
¢ becomes J, = J, defined by

Jp(z) = {a" € X*: (z,2") = |2, ||2*]| = ||l=[|"~"}.
For p = 2, then J, = J, = J and is the normalized duality mapping on X.

Definition 2.4.1. The duality mapping is J, said to be weak-to-weak continuous, if
T, = = (Jpxn,y) = (Jpz,y) holds for any y € X.

We note that [, (p > 1) spaces possesses this property, but L, (p > 2) does not posses this
property. For 1 < ¢ <2 < p with i + é = 1, we have the following important remark.

Remark 2.4.1. [2] Tt is known that X is p-uniformly convex and uniformly smooth if and
only if X* is g-uniformly smooth and uniformly convex. In this case, the duality mapping
Jp is one-to-one, single valued and satisfies .J,- = J;, where J; is the duality mapping of
X*.

We recall the following properties of the normalized duality mappings in different Banach
spaces (see [155, 161]).

(i) For any x € X, J(z) is nonempty, bounded and convex.

(ii) J is a homogenous in arbitrary Banach space X, that is for any x € X and a real «,
J(ax) = aJ(z).

(iii) J is a monotone operator in arbitrary Banach space X, if for any x,y € X, u € J(z)
and v € J(y),
(u—v,x—y) >0.

(iv) If X is smooth, then J is a single-valued mapping,.
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(v) If X is reflexive, then J is a mapping of X onto X*.
(vi) If X is strictly convex, then J is one-to-one, that is x #y = J(x)N J(y) = 0.
(vii) J is a continuous operator in smooth Banach spaces.

(viii) J is the identity operator in Hilbert spaces.
)

(ix) For any z,y € X and j € J(y),
llzl* = [lyll* = 2{j(y), = — ).

The following properties of the generalized duality mapping (Remark 2.4.3, Propositions
2.4.4,2.4.52.4.6 and 2.4.7) correspond to the above properties of the normalized mapping.

Proposition 2.4.2. [7)]

J(x) if ©=0,
Jo(x) = {Limj(x) ’ if ©#0.

[[]|
Remark 2.4.3. [75] From Proposition 2.4.2; the following are easily observed:
(a) For any x € X, J,(z) is nonempty, bounded, closed and convex.
(b) If X is smooth, then .J, is single-valued mapping.
(c) If X is smooth, then J, is a continuous operator.
)

(d) If X has a uniform Gateaux differentiable norm, then J,, is norm-to-weak* uniformly
continuous on bounded subsets of X.

Proposition 2.4.4. [75] If X is reflexive, then J, is a mapping of X onto X*.

Proposition 2.4.5. [75] Let ¢ be a gauge function and oo > 0. For any x € X we have
Jo(azx) = ady(z).

Proposition 2.4.6. [75] J, is a monotone mapping in an arbitrary Banach space X.

Proposition 2.4.7. [75] Suppose that X is a smooth Banach space. Then for any x,y €
X.

1zl = Tyllellyll) = 2(J,(v), = — ).

2.4.1 Retraction Mappings
Let D be a nonempty subset of a set C. Let P : C'— D be a map, then P is said to be

(1) sunny if for each z € C' and t € (0,1), we have P(tx + (1 — t)Px) = Pu;

I

(2) a retraction, if P? = P;
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(3) a sunny nonexpansive retraction if P is sunny, nonexpansive and a retraction.

D is said to be a nonexpansive retract of C' if there exists a nonexpansive retraction from
C onto D. We refer the reader to the results established in [35, 68, |, which describes
a characterization of sunny nonexpansive retractions on a smooth Banach space. Let X
be a smooth Banach space and let C' be a nonempty subset of X. Let P : X — C be a
retraction and J be the duality mapping on X. Then the following are equivalent:

(1) P is sunny and nonexpansive;
(2) (x — Pz, J(y— Px)) <0, V z€ X, ye(,
3) [Pz — Py|]> < (z —y,j(Pr— Py)), ¥V z,y€X.

It is widely known that if X = H is a Hilbert space, then the sunny nonexpansive retraction
P is coincident with the metric projection from X to C. Let C' be a nonempty closed subset
of a smooth Banach space X, let x € X, and let xy € C. Then we have that x( = Px if
and only if (z — ¢, j(y — o)) < 0 for all y € C, where P is sunny nonexpansive retraction
from X to C. For more on nonexpansive retracts (see [99]) and the references there in.

2.5 Accretive Operators

Definition 2.5.1. Let X be a real normed space with dual X*. A mapping with domain
D(A) and range R(A) in X is called accretive if and only if for all x,y € D(A) C X, the
following inequality is satisfied

|z —y|| < |Jz — y+ s(Az — Ay)|| ¥V s> 0. (2.5.1)

Equivalently, by Lemma (1.1) of Kato ([93]), we have that A is accretive if and only if, for
each z,y € D(A), there exists j(x —y) € J(x — y) such that

However, if A is a multivalued mapping, then A is accretive if and only if
(u—wv,j(x—y)) >0, ue Az, ve Ay.

Definition 2.5.2. A multi-valued mapping A : X — 2% is said to be a-inverse strongly
accretive (a-isa) of order ¢ if, for each z,y € D(A) C X, there exists j,(x —y) € J,(z —y)
such that

(u—v,j,(r—y)) >allu—2||Y, uwe Az, ve Ay. (2.5.2)

In particular when ¢ = 2, we simply say a-isa, that is A is a-isa, if for each x,y € D(A),
there exists j(x —y) € J(x — y) such that

(u—v,j(r—1y)) >allu—2v|’, uedz, ve Ay. (2.5.3)
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Remark 2.5.1. We note that for ¢ = 2; the class of inverse strongly accretive ¢ coincides
with that of inverse strongly accretive.

Thus, in the case of ¢ # 2, 2.5.2 is not equivalent to 2.5.3. Furthermore, for ¢ < 2, inverse
strongly accretive operators of order ¢ do represent a subclass of inverse strongly accretive
operators ([116]).

We denote by N(A) the zeros of an accretive operator A (i.e N(A) = {x € D(A) : Az =
0} = A7Y(0) ).

Definition 2.5.3. Let I denote the identity operator on X. An accretive operator A on a
Banach space X is said to be "m-accretive” if R(I +AA) = X for all A € (0,00). A is said

to satisfy the range condition if D(A) C R(I + AA) for all A > 0, where D(A) denotes the
closure of the domain of A.

An m-accretive operator on X is a maximal element within the class of accretive operators
on X ordered by inclusion (see [12]).

For an "m-accretive operator” A, the "resolvent operator” Jy : R(I + AA) — D(A) of A
is defined by Jy = (I + AA)™! for all A € (0,00). Some of the properties of Jy are: (see

[155])
(1) Jy is single valued.
(2) |[Da = Iyl < llz —yll, ¥V a,y€ R(I+AA).
(3) F(Jx) =A"'(0).

2.5.1 Zeros of Accretive Operator

The accretive operators were introduced independently in 1967 by Browder [29] and Kato
[93]. The theory of this class of operators have been widely studied in nonlinear analysis.
Interest in such mappings stems mainly from their firm connection with the existence
theory for nonlinear evolutional equations in Banach spaces. It is widely known that
many physically significant problems can be modelled in terms of an initial value problem
of the form

du + Ax =0, z(0) = x, (2.5.4)
dt

where A is an accretive operator on a suitable and appropriate Banach space. Typical
examples of such evolutions are found in models involving the heat, wave or shrodinger
equations (see e.g [31]). Especially, an early fundamental results in the theory of accretive
operators, which is due to Browder [31], states that equation (2.5.4) is solvable if A is
locally Lipschitzian and accretive on the Banach space X. Utilizing the existence result
for (2.5.4), Browder [29] proved that if A is locally Lipsichitzian and accretive on X then
A is m-accretive. A clear consequence of this is that the equation x 4+ Tz = h for a given
h € X, where T'= I — A has a solution. In 1979, Ray [130] gave an elementary proof of
the result by Browder by using the fixed point theorem of Caristi [37]. Martin [1 10, 111],
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proved that (2.5.4) is solvable if A is continuous and accretive on X, utilizing this result he
further proved that if A is continuous and accretive, then A is m-accretive. Other existence
theorems for zeros of accretive operators can be found in Browder [27, 28, 30, 32]. If z(t)
is independent of ¢, then (2.5.4) reduces to Az = 0 whose solutions correspond to the
equilibrium points of system (2.5.4). Consequently, considerable research effects have been
devoted, especially within the past 40 years or so, to iterative methods for approximating
these equilibrium points.

In recent years, some iterative methods have been developed for finding zeros of accretive
operators and related fixed points problems, (see for example [39, 53, 78, 79, 90, 91, ,

, 148, 149, 175]) and the references therein.

In 1974, Bruck [34] introduced an iteration process and proved the convergence of the
process to a zero of a maximal monotone operator in the setting of Hilbert space. In
1979, Reich [135] extended this result to uniformly smooth Banach spaces provided that
the operator is m-accretive. In 2003 Benavides et al [11], inspired by the proximal point
algorithm of Rockafellar technique [110] and the iterative methods of Halpern [73], studied
the following Halpern type iterative scheme to find a zero of an m-accretive operator A in
a uniformly smooth Banach space with a weakly continuous J, with gauge function ¢ by
virtue of the resolvent J,, of A :

Tpr1 = apu+ (1 — )y, n>1. (2.5.5)

2.6 Equilibrium Problem

The so called equilibrium problems is one of the most important topics in nonlinear analysis
and in other several applied fields (see [127]). The equilibrium problem has found extensive
study in recent years (see for example [15, 11, 70, 82, 92, 98]). The equilibrium problem
has been widely studied in the context of optimization problem, fixed point problems,
variational inequality problem whether monotone or otherwise (see [9, 12, 45]). It is also
a special case of Nash equilibrium and some other problems ([7, &, 89]).

2.6.1 Existence of Results for the Equilibrium Problems

Let FF: C' x C" = R be a given bifunction, where R is the set of real numbers. The
equilibrium with respect to ' and C' in the sense of Blum and Oettli [15] is to find z € C
such that

F(z,y) >0, VyeC. (2.6.1)

As we have mentioned earlier in our introduction, the introduction of this class of problem
was done by K Fan [63], but the term ”equilibrium problem” was attributed to Blum
and Oettli [18] some 20 years after. The existence of solution to this problem has been
discussed extensively in literature (see [16, 83, 81]). Other recent existence results can be
found in ([13, 14, 125]) and the references therein.

In solving the Equlibrium Problem (EP), it is assumed that the bifunction F satisfies the
following conditions:
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(Fy) F(z,z) =0, V2 e,
(F») F is monotone in the sense that F(x,y) + F(y,z) <0, Vx,y € C,

(F3) 12%1 F(tz+ (1 —t)x,y) < F(x,y) for each x,y, z € C,

(Fy) For each z € C, the function y — F(z,y) is convex, lower semicontinuous.

2.6.2 The Variational Inequality Problems

In solving various number of mathematical problems which includes the optimization prob-
lem, equilibrium problems, boundary value problem among others, the theory of Varia-
tional Inequality Problem (VIP) is widely known to be very useful. The VIPs are known
to generalize problem like the boundary value problem, minimization problem, equilibrium
problems (see [50]).

Given a nonempty closed and convex subset C' of X, the variational inequality problem
consists of finding * € C' such that

(Az*,x —2*) >0, Yo el (2.6.2)

where A : X — X™* is a nonlinear operator.

2.6.3 Existence of Solution

The VIPs have been studied extensively in finite dimensional space or otherwise. For
the finite dimensional spaces, the work of Dafermos [50] stands out and represents a
major breakthrough in the study of VIPs. Dafermos worked with a traffic network equi-
librium which had the structure of the variational inequalities under the assumption of
monotonicity. In this work, Dafermo employed the technique of the theory of variational
inequalities to establish the existence of traffic pattern. He proposed an iterative scheme
for the construction of pattern and derived estimates on the rate of convergence of the
iterative algorithm. This work therefore became a springboard as it attracted the interest
of many other researchers. For more works in finite dimensional space (see for example
57, 61, 101, 122]).

Following the research which are finite dimensional space based on VIPs, the study was
extended to spaces of infinite dimensions. The existence and uniqueness of solutions to the
VIP in this type of space was established by Stampacchia [150] under the assumption that
A is a coercive and linear operator from a Hilbert space H to its topological space H*. The
case where A is positive or semicoercive was further considered by Lions and Stampacchia
[103]. Hartman and Stampacchia [77] worked on partial differential equations using the
VIP as a tool, with application to problems in mechanics. They proved the existence and
uniqueness theorem to the solution of the VIP in the framework of a reflexive Banach
space where the operator A is assumed to be a monotone hemicontinuous. In particular,
they obtain and prove the following result.
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Theorem 2.6.1. Let X be a Banach space and X* be its dual. Let A : X — X* be a
monotone hemicontinuous and C a bounded convexr subset of X, then there exists at least
one solution of the problem (Az*,x —x*) >0, V x € C.

Variational like inequalities with relaxed ;1 — a monotone operator
The variational like inequality problem introduced by Fang and Huang [65] is to find z € C
such that
(Az, p(y, z)) + o(y) — ¢(x) 20 Vy e (2.6.3)

where A is a p — a relaxed motone mapping from C' to X*, u: C'x C':— X is a nonlinear
mapping, a : X — R is a function and ¢ : C' — R is a proper function.

Generalized Equilibrium Problem (GEP)

In 1999, Moudafi and Thera [116] introduced the GEP which is to find € C' such that
F(z,y) + (Az,y —z) > 0,y € C, (2.6.4)
where A : C' — H is a nonlinear mapping. The set of solution of (2.6.4) is denoted by
GEP(F).
Mixed Equlibrium Problem (MEP)

This class of equilibrium problem was introduced in 2008 by Ceng and Yao [39], the
problem consists of finding = € C' such that

Fz,y) + ¢(y) — ¢(z) 20, Vy € C,
where ¢ : C — R U {400} is a nonlinear functional. The set of solutions of the MEP is
denoted by MEP(F,¢ ).
Generalized Mixed Equlibrium Problem (GMEP)

The GMEP is also another class of the equilibrium problem which was first studied by
Peng and Yao [130]. The GMEP is to find « € C such that

F(r,y) + (Azv,y — ) + ¢(y) — ¢(x) > 0, YV y € C, (2.6.5)

where A : C'— H is a nonlinear mapping and ¢ : C' — RU{+o0} is a nonlinear functional.
The set of solution of (2.6.5) is denoted by GMEP(F,A,¢ ).

We note here that the GMEP generalizes the MEP and the GEP. For instance by setting
¢ = 0, in the GMEP one obtains the GEP. Also, by setting A = 0 we obtain the MEP
from the GMEP. And we obtain the EP if we set both A and ¢ to zero in (2.6.5).

In this study, we considered a GMEP with A a © — « relaxed monotone operator defined
in the preliminaries above. This problem generalizes the GMEP introduced by Peng and
Yao [130].
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2.7 Monotone Inclusion Problem

The Monotone Inclusion Problem (MIP), like the VIP’s discussed above can be used
to model many mathematical problems such as the Optimization problem, Saddle point
problems, fixed points problems, e.t.c. The MIP has been widely studied due to its various
applications both in the finite and infinite dimensional spaces. The introduction of the
MIP can be attributed to Rockafellar [110], he defined the problem as one which consists
of finding a point x € H such that

0 € A(x), (2.7.1)

where H is a real Hilbert space and A : H — 2 is a maximal monotone operator. The
solution set of the problem (2.7.1) is denoted by A~!(0). The solution set is known to be
closed and convex, see [110].

Split Monotone Inclusion Problem

The Split Monotone Inclusion Problem (SMIP) is to find € H; such that

0en_,T;(z) (2.7.2)
and y; = Ajx € Hy with

0 € Nj_,S;(z), (2.7.3)

where T; : Hy — 21 for 1 <i<pand S;: Hy — 272 for 1 < j < r are maximal monotone
operators and A : Hy — Hy is a bounded linear operator. This class of inclusion problem
was introduced by [30], they denote the problem (2.7.2) and (2.7.3) by SCNPP(p,r) to
emphasize the multiplicity of the mappings 7; and S;. Bryne [30] observed that at p =
r = 1, then the SCNPP(p,r) structurally becomes the split variational inequality problem
introduced and studied by Censor et al [10].

Monotone Variational Inclusion Problem

The Monotone Variational Inclusion Problem is to find € H such that
0€ P(x)+ S(x), (2.7.4)

where 0 is the zero vector in H, P : H — H is a single valued mapping and S : H — 2
is a set-valued mapping. The set of solutions of the MVIP is denoted by I(P,S). The
Variational inclusion problem is a special case of the MVIP which is obtained by setting
P =0in (2.7.4). The monotone variational inclusion problem generalizes the zero problem
for nonlinear mapping and the classical variational inclusion problem. For existence of
solution and more studies on the monotone variational inclusion problem (see for example
[33, 72, 95, 88, , , , , , , ]) and the references therein.
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Split Monotone Variational Inclusion Problem

The Split Monotone Variational Inclusion Problem (SMVIP) introduced in 2011 by Moudafi
[113] is to find z* € H; such that

and
y*=Ax" € Hy:0 € [To(y*) + Sa(y")], (2.7.6)

where T : H, — 29 and T, : Hy — 22 are set-valued maximal monotone mappings,
S1:Hy — Hy and Sy : Hy — H, are single valued monotone mappings and A : H; — Hy
is a bounded linear operator. The split monotone variational inclusion problem general-
izes other optimization problem such as the split common fixed points problem, the split
variational inequality problem, the split feasibility problem among others. Since its intro-
duction in 2011, the split monotone variational inclusion problem has undergone several
studies and researchers have proposed several iterative schemes to obtaining the solutions
of the SMVIP in the Hilbert spaces and other spaces of interest.

2.8 Some Important Iterative Schemes

In this section, we will take a look at the iterative schemes that have been employed in
approximating the solutions of problems considered in this study.

2.8.1 Picard Iterative Scheme

We first give the much celebrated and widely known Banach contraction mapping principle.

Theorem 2.8.1. (Contraction Mapping Principle).
Let (X, p) be a complete metric space and T : X — X be a contraction map. Then

(a) T has a unique fizved point, say T € X,
(b) the sequence {x,}>°, in X defined by zy € X,

Tpy1=Tx,, n=012 -, (2.8.1)

converges to T € X.

Theorem 2.8.1 represents the most important theorem in the theory of fixed point. The
sequence of the recursion formula (2.8.1) is refered to as the Picard sequence.

25



2.8.2 Krasnoselskij Iterative Scheme

Suppose we replace the recursion formula in the Picard iteration by the following sequence:
For zy € C,

(I+1T)

Tpi1 = Tp, n >0, (2.8.2)

then the iterative scheme (2.8.2) converges to the unique fixed point of any self map 7" of
a set X. In general, if X is a normed linear space and 7' is a nonexpansive mapping, the
Krasnoselskij iteration is, for an initial z¢ € C,

Tpr1 = (1= Nz, + A\Tx,, >0, (2.8.3)

where A € (0,1). The recursion formula (2.8.3) generalizes (2.8.2) and has proved successful
in the approximation of a fixed point of 7" when it exists, see Schaefer [112].

Remark 2.8.2. (i) The Krasnoselskij iteration (2.8.2) is the Picard iteration of the av-
1
eraged operator Ty = (I — A\)T + AT, where [ is the identity operator and A = 3

(ii) At A =1, the Krasnoselskij iteration reduces to the Picard iteration.

2.8.3 Mann Iterative Scheme

The Mann iteration formula due to Mann [108] represents the most general iterative scheme
for approximation of fixed points of nonexpansive mapping. The algorithm is defined
iteratively for zo € C' by

Tpi1 = (1 —ap)x, + a,Txy,, n >0, (2.8.4)

where {«,} is a sequence in (0,1) satisfying:

(i) lim o, =0,
n—oo

(i) D0 o, = o0.
Remark 2.8.3. (i) It is easy to see that if oy, = A (constant), then the Mann iteration
becomes a Krasnoselkij.

(ii) Also, if o, = 1 then Mann iteration reduces to the Picard formula.

2.8.4 Ishikawa Iterative Scheme

In 1974, Ishikawa [30] offered an enlargement and improvement to the iterative scheme by
Mann. He proposed a new iterative scheme generated by zy € C and defined iteratively
by

Tonr1 = (1 —ap)x, + @, T[(1 = Bn)xn + BT, (2.8.5)

where
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(i) 0<an, < B, < 1.
(ii) lim B, = 0.
n—
(iil) > 0,51 anfBn = o0.
The scheme (2.8.5), if written in the form:

{yn = (]- - ﬁn)xn + ann

2.8.6
Tp+1 = (1 - an)wn + O-/nTyna ( )

then it is regarded as a two step Mann iteration with two different control sequences.
The Mann and Ishikawa iterative scheme have been employed by different authors in the
last three decades to approximate fixed points of various classes of nonlinear operators
in different spaces. We note, that the Mann iteration may fail to converge while the
Ishikawa iterative scheme can still converge for a Lipschitz pseudo-contractive in Hilbert
space. Additional conditions such as (compactness) may however be needed to obtain
strong convergence of the Mann iteration to a fixed point of k-strictly contractive maps.
The conditions can be placed on the operator T or the subset C.

2.8.5 Proximal Point Algorithm

Another fundamental algorithm for solving monotone inclusion problem is the proximal
point algorithm. The algorithm is based on the fact that for each x € H and A > 0
there is a unique z € H such that © — 2z € AB(z), (see Minty [112]). In other words
x € (I + AB)(2). The operator Jy : (I + AT)~! called the resolvent is a single valued and
nonexpansive map whenever 7' is accretive. The proximal point algorithm generates for
any starting point zq € X by the approximate rule

Ty = (I +2T) 2y, (2.8.7)

where A is a positive real number, (see [110]).

2.8.6 Implicit Iteration

For solving the problem of approximating a fixed point of a mapping say 7" which may
have multiple solutions, an implicit iteration becomes very useful. The problem is replaced
by a family of perturbed problems admitting a unique solution. A particular solution is
obtained as the limit of the perturbed solutions of the perturbation vanishes. For instance,
given a nonempty closed and convex C C H, T : C — C, z € C' and t € (0,1), Browder
[25] studied the approximating sequence {u;} defined by

U = tz + (1 - t)TUt,

that is wu, is the unique fixed point of the contraction tz + (1 — ¢)7T. He proved under the
framework of a Hilbert space that {u;} converges to a fixed point of T' closest to z as
t— 0.
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2.8.7 Halpern Iteration

Halpern [73] introduced the explicit iterative sequence defined for an arbitrary point ¢ € C

by
Tpr1 = apu+ (1 —a,)Tx,, n>0,
for finding a fixed point of a nonexpansive self mapping 7" of C, where u € C'is fixed and

{a,} is a sequence in (0,1).

2.8.8 Viscosity Approximation Method

Moudafi [117], presented a generalization of the results of Browder [25] and Halpern [73]
as follows:
up =tf(xy) + (1 — )Ty (2.8.8)
and
Tt = o f(zn) + (1 — ) Ty, (2.8.9)

where {a,,} C [0,1),t € (0,1), f : C — C is a contraction and 7" : C — C is a
nonexpansive mapping. He proved that if F(T) # 0, then the recursions (2.8.8) and
(2.8.9) converge strongly to the fixed point of T" which also doubles as the solution of the
variational inequality:

(I - fla*,x—a*) >0, YoeF(T),

where [ is the identity operator. Other generalization of this method can be found in
Takahashi and Takahashi [157] and Xu [169].

2.9 Inertial Iteration

In [132], Polyak introduced the so-called heavy ball method, a two-step iterative method

for minimizing a smooth convex function f. The algorithm is of the form:
= 0 — T

{yk Ty + O (T — T1), (2.9.1)

Trr1 = Yp — MV f(xg),

where 0, € [0,1) is an extrapolation factor which in conjuction with the iterates xy, x5
improves the speed of convergence and A, is another step size parameter which has to
be chosen sufficiently small. The difference compared to a standard gradient method is
found in each iteration in which the extrapolated y; is used instead of zj. Remarkably, this
minor change greatly improves the performance of the scheme. In actual fact, its efficiency
estimate [132] on strongly convex functions is equivalent to the known lower complexity
bounds of first order methods [12] and therefore the heavy-ball method can be likened to
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an optimal method. This acceleration of the inertial type scheme can be explained by the
fact that the new iterate is given by taking a step which is a combination of the direction
xp — xp_1 and the current anti gradient —V f(z). Another interpretation of the heavy-ball
method is an expilicit finite differences discretization of the dynamical system,
2

Cfl% + 91% + vaf(x, t) = 0, (292)
where 6,02 > 0 are free model parameters of the equation. Equation (2.9.2) describes
the motion of a heavy body in a potential field f and hence the system is termed the
heavy-ball with friction dynamical system.

Alvarez and Attouch [3], translated the idea of the heavy-ball method to the setting of
a general maximal monotone operator using the framework of proximal point algorithm.
They called the resulting algorithm the inertial proximal point algorithm and is written
as

(2.9.3)

Y = T + O (T — 25-1),
Trp1 = (L + MT) i

They showed that under certain conditions on the parameters 6, and )\, the algorithm
converges weakly to a zero of T In fact, the algorithm converges if {\;} is non-decreasing
and 0 € [0,1) is such that

> 0|z — x| P < o0, (2.9.4)
k

which can be achieved by choosing 6, with respect to a simple on-line rule which ensures
summability or in particular it is also true for 6, < % With the inertial type algorithm

getting more attention, Moudafi and Oliny [115] in a subsequent paper introduced an ad-
ditional single-valued and Lipschitz operator B into the inertial proximal point algorithm:
{nen = m+ 01+ M) (g — MeB(an). (2.9.5)

The algorithm was shown to converge so long A\ < %, where L is the Lipschitz constant
of B and Y O||zr — zx_1]]* < oo.
k

In other to improve the convergence rate on smooth convex functions, Nesterov [l23]
proposed a modification of the heavy-ball method. While the heavy ball method evaluates
the gradient in each iterate at the point xy, the idea of Nesterov was to use the extrapolated
point gy, also for evaluating the gradient. In addition, the extrapolation parameter 6} is
computed according to some special rule that allows to prove optimal convergence rates
of this scheme. The scheme is defined as follows:

{yk =2 + Op(x) — Tp—1),

2.9.6
Tr1 = Yk — MV (Yk), ( )

where Ay = 7. There are however several choices to define an optimal sequence {ay} (see
(10, 123, 124, 159]). Tt has been shown in [124] that the efficiency of the estimate of the
scheme above is up to some constant factor equivalent to the lower complexity bounds of
first-methods for the class of p-strongly convex functions, u > 0, with L-Lipschitz gradient.
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CHAPTER 3

lterative Approximation of Common Solution of the Zero of an
Accretive Operator and a Fixed Point of k-strictly
Pseudo-contractive Mapping

3.1 Introduction

Let C' be a nonempty, closed and convex subset of a real g-uniformly smooth Banach
space X which admits a weakly sequentially continuous generalized duality mapping j,.
In this chapter, we study the approximation of the zero of a strongly accretive operator
A : X — X which is also the fixed point of a k strictly pseudo-contractive self mapping on
C. We introduce a new algorithm and prove its strong convergence to the zero of A and
fixed point of T. The obtained result is applied to obtain solution of nonlinear integral
equation of the Hammerstein type.

Since its introduction by Browder [29] in 1967, several authors (see e.g, [126, 119]) have
studied different types of iterative scheme in approximating the solutions of accretive op-
erators. Xu [168], Kim and Xu [97] studied the sequence {z,} generated by the algorithm

Tp4+1 = ARl + (1 - an)l]rnxna n 2 Oa (311>

for an arbitrary element z; € C, and proved the strong convergence of (3.1.1) in the frame
work of reflexive Banach spaces and uniformly smooth Banach spaces which has a weak
continuous duality map, respectively.

Qin and Su [133] studied the sequence {x,} defined iteratively for an arbitrary x; € C' by

{%:m%+u—mem (3.1.2)

T4l = QplUt + (1 - Odn)ym
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where u € C is an arbitrary but fixed element in C' and sequences {a,,} C (0,1), {5,} C
[0,1]. They proved under some certain conditions on the sequences {a,}, {8,}, {rn} that
{z,} defined by (3.1.2) converges to a zero point of A.

Very recently, Aoyama and Toyoda [1] in their attempt to approximate the zero of an
m-accretive operator A in a Banach space X studied the sequence defined iteratively by
(3.1.1). They obtained the strong convergence of the sequence {z,} to the zero of A using
the resolvent operator defined on A.

Motivated by the above results, we introduce an algorithm which is a Halpern-type three
step iterative scheme. Let {z,,} be a sequence defined in the following manner: z; € C,
and

zn = (1 —ay)z, + osz;ixn,
Tpt1 = )\nf(xn) + (1 - )\n)yny n Z 0.

We apply the resolvent operator to obtain the zero of a strongly accretive operator A which
satisfies the range condition and a k-strictly pseudocontractive mapping 7. We prove
under appropriate conditions on {a,}, {8,} and {\,} that the sequence (3.1.3) converges
strongly to the zero of A which is also the fixed point of 7. Our result is established in the
framework of a g-uniformly smooth Banach space with a weak continuous duality map. It
extends and compliments some existing results in literature.

3.2 Preliminaries

In this section, we give some lemmas which will be used to prove and establish our result
in this chapter. We denote the strong convergence of {x,} to x by x,, — x and the weak
convergence of {x,} to z by x, — x.

Lemma 3.2.1. [/77] A Banach space X is uniformly smooth if and only if the duality
map J is single valued and norm-to-norm uniformly continuous on bounded subsets of X .

Lemma 3.2.2. [171] Let ¢ > 1, be a given real number and X be a real normed linear
space. Then, for any given x,y € X, the following inequality holds:

x4+ y||* < ||2||? + ¢y, Jo(x + ), V jo(z +y) € Jy(z +y).

Lemma 3.2.3. [107] Let ¢ > 1 be a given real number and X be a smooth Banach space.
Then the following are equivalent.

i. X 1s q-uniformly smooth.

1. There is a constant ¢ > 0 such that for every x,y € X the following inequality holds:

[z +yll* < N2l + gy, Jo(2)) + cqllyll.
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11. There is a constant c; > 0 such that for every x,y € X the following the inequality
holds:

(* =y, Jo() = Jg(y)) < all —yl|*.
Lemma 3.2.4. [1/9] Let C' be a nonempty and closed subset of a uniformly smooth real
Banach space X. Let T : C — C be a k-strict pseudo-contraction. For € (0,1), define
Tsx = (1 — Bz + pTx. Then, for B € (0,a), a = mm{l,(%)ﬁ}, Tg : C — C s
nonexpansive and F(Tg)) = F(T).
Lemma 3.2.5. [101](Demiclosedness principle): Let C' be a non empty closed convexr sub-
set of a q-uniformly smooth Banach space X which admits a weakly sequential generalized

duality mapping j,, from X into X*. Let T : C' = C be a nonexpansive mapping. Then,
for all {z,} C C, if x,, = = and z, — Tx,, — 0, then x = Tz.

Lemma 3.2.6. [100] Let X be a uniformly smooth Banach space, C' a closed nonempty
subset of X, T : C — C a nonexpansive mapping with F(T) # 0 and f : C — C a
contraction mapping. For each t € (0,1), define uy = tf(u) + (1 — t)Tu, then {u;}
converges strongly to the unique fived point T of T ast — 0, where T = Qp) f(Z) and
Qrry : C — F(T) is the sunny nonexpansive retraction from C onto F(T').

Lemma 3.2.7. [100] Let {a,} be a sequence of nonnegative real numbers satisfying the
condition
an+1 S (1 - P)/n)an + ’)/nO'n,TL 2 07

where {vn,}o2, C (0,1) and {0,}5°, such that

i. lim 7y, =0 and Y 7 v, = 00,
n—oo

. either lim sup o, <0 or > |0, < 0.
n—oo

Then lim «, = 0.
n—oo

Lemma 3.2.8. [70] Assume that {a,} is a sequence of nonnegative real numbers such that

An41 S (1 - /Vn)an + TnTn,
and
An+1 S Qp — Tn +pn7 V’I’L Z 17

where {v,} is a sequence in (0,1) and {n,} is a sequence of nonnegative real numbers,
{m.} and {p,} are real sequences such that

By Y =00

1. lim p, =0
n—o0

110 klim M, = 0 implies klim sup np, <0, for any subsequence {n;} C {n}.
— 00 — 00

Then, lim a, = 0.
n—o0
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Lemma 3.2.9. [107] Let {T',,} be a sequence of real numbers that does not decrease at
infinity, in the sense that there exists a subsequence {I',, } of {I',,} such that

r, <TI' for all k>0.

Ng+1

Also consider the sequence of integers {T(n)} defined by
7(n) = max{k < n; Ty < Tiy1}.
Then 7(n) is a non decreasing sequence satisfying

lim 7(n) = 400,
n—oo

and, for all n > 0, the following two estimates hold

Loy S Tryn and Ty < Trgyqa (3.2.1)

3.3 Main Result

The following lemma is useful in establishing our main result.

Lemma 3.3.1. For g > 1, C be a nonempty closed convex subset of a real q-uniformly
smooth Banach X space which admits a weakly sequentially continuous generalized duality
mapping j,. Let T : C = C be a k-strictly pseudo-contractive mapping, f a contraction
mapping on C with constant v € (0,1) and A be a strongly accretive mapping on X which
satisfies the range condition with D(A) C C, and 0 := A™Y0) N F(T) # 0. Given a fized
but arbitrary element xo in C, sequences {\,},{fn},{an} C (0,1), and {r,} is a sequence
of positive real numbers, define the sequence {x,} iteratively by

z2n = (1 — )y, + O[nj;ixny
Tp+1 = )\nf(xn) + (1 - )\n>yn7 n Z 0.

Then {x,}, {yn} and {z,} are bounded.

Proof. Fix p € Q, then p = Tp and Ap = 0. From (3.3.1) we have the following estimate:

|zn —pl| = ||(1_an)xn+anj;~:xn_p||
= |I(1 = an)(@n — p) + an(Ji zn — )|
< (1= ap)lzn = pll + anl[ T 20 = pl]
< (I —ap)llzn = pl| + anlln — pl|
< &, — 1. (3.3.2)
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Also from (3.3.1), Lemma 3.2.4 and (3.3.2), we have

|zne1 = ol = [[Aaf (@) + (L= A)[(1 = Bn)zn + BuT 0] — pl|
< PAnf () + (1= An)Ts, 20 = |
< Al (@n) = pll+ (0= A)l[T3, 20 — |
= Aalllf(zn) = F(p) + F(p) = pll] + (1 = A)[| T, 20 — pl|
< Aallf(@n) = FI+ Al f(p) = Il + (1 = An)zn = pl|
< Allzn = pll+ Al () = pII + (1= An)fzn — pl]
= (L= =)lzn —pll + Al f(p) = pll
1
< max {lon = pll T 170) -1}
<
< max 1o = pll 2 117G) =il po o 2 0, (3.33)
which implies that the sequences {z,}, {z,} and {y,} are bounded. O

Theorem 3.3.2. Forq > 1, let C be a nonempty closed convex subset of a real g-uniformly
smooth Banach space X which admits a weakly sequentially continuous generalized duality
mapping jq. Let T : C — C be a k-strictly pseudo-contractive mapping, f a contraction
mapping on C with constant v € (0,1) and A be a strongly accretive mapping on X which
satisfies the range condition with D(A) C C and Q = AY0) N F(T) # 0. Given a
fized but arbitrary element xq in C, sequences {\,},{fn} and {a,} C (0,1) and {r,} is a
sequence of positive real numbers, satisfying the following conditions

i 3 A = 00, An — 0,
ii. {fn} C [0, k),
W Yo o1 — o) <00, Do | Bns1 — Bal < 00 and Y07 | Ant1 — An| < 00,
define the sequence {x,} iteratively by

Zn = (1 — )y + anJéxn,
Yn = (1 - Bn)zn + ﬁnTZm (334)
Tn1 = )\nf(mn) + (1 - /\n)ym n 2> 0.

Then {x,} converges strongly to Qqf(p) where p € Q and Qq is the sunny nonerpansive
retraction of C' onto 2.

Proof. For p € Q, from (3.3.4) and Lemma 3.2.2, we have that

|zt = pll* = [[Anf(@n) + (1 = An) T, 20 = pl[*
< PAa(f (@) = p) + (1= Aa)(Tp, 20 = D)
< (=AMl Ts, 20 = plI* + ¢Aa(f(2n) = D Jg(Tnta —p))- (33.5)
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But from Lemma 3.2.3 and (3.3.2), we have

[ Tp,2n —pl|* = [|(1 = Bn)zn + BT 2, — pl|?
= |lza =P+ Ba(T2n — 2,) |
< zn =2l + aBu(T20 — 20, Jo (20 = P)) + Bicyl | T2 — 2l |
< Alzn = pll? = gBnkllzn — Tznl||* + cyBil 120 — T2n||*
< len = pll" = Bulak — coBi |20 — Tz |
< |z = pl|* — Bulghk — Cqﬁgil)Hzn — Tz (3.3.6)

Also

g ([ (zn) = P, Jg(Tni1 — p)) A (f (@) = f(0)s Jo(Tns1r — ) + @A (f (D) — P, Jg(Tns1 — D))

< gY(zn = Dl |@ns — 2|7 4 g (f (D) — P, Jo(Tns1 — p))
1 q—1 a=1
< q)\n'Y(&Hxn - qu + Hxn-i-l - qu(qfl)) +
gl f(P) = D, Jg(Tni1 — D))
< ANy(lzn = pll? + (g = D|znsr — pl]?) +

q)\n<f<p) - p>jq<xn+1 - p)) (337)
Substituting (3.3.6) and (3.3.7) into (3.3.5), we have
Hxn-i-l - p||q < (1 - )‘n)Hxn - qu - Bn(l - )‘n)(qk - Cqﬁffl)HZn - TZan + )‘n7‘|xn - qu
FAY(@ = Dlfwnsr = pll* + @A f(P) = P, Jg(#ni1 — p))-
Therefore, it follows that

(1 =Xy (g = D)lzngr — 21" < (1= An+ Ay = 2|7 = Bl — Xa)(gk — ¢oBL )|z — Tz |
+q Ml f(P) = P, Jo(Tni1 — D))

Hence
q 1= (1= 7) y L=k =82
+Q>\n<f(p) — P, Jg(@ns1 — D)) (3.3.8)

(1—=Ay(g—1))
The rest of the proof will be divided into two cases:
Case 1. Suppose {||z,, — p||?} is monotonically nonincreasing, then{||z,, — p||?} converges
and thus

|z = Pl = [|2n41 — pl|* = 0. (3.3.9)

Observe that (3.3.8) can be written as

A1 =7) =7alg = 1)
T Y ! S 1—

w7l (= Al 1))

q/\n<f(p) - pajq(xn-i-l - p)>
(I=Xy(g—1))

B Bu(1 = A\y)(gk — Cqﬁ%_l)
(I=Av(g—1))

I

4 (3.3.10)
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Therefore from (3.3.9), (3.3.10) and the fact that A, — 0 as n — oo, we obtain
lim B,(gk — c,BY |20 — T2,]|? = 0. (3.3.11)
n—oo

Since {#,} C (0, k), thus we have

lim ||z, — Tz,]|| = 0. (3.3.12)
n—oo
Next, we claim that
lim ||z41 — 2,]| = 0. (3.3.13)
n—oo

To see this, from (3.3.4), we have

Zn T Rp—1 = (1 - an)xn + O‘nJ;i'rn - ((1 - an—l)xn—l + an—lj{ixn—l)

= (1 - O‘n)(xn - In—l) + an(J::LIn - J;ixn—l) + (an - O-/n—l)(*];ixn—l - xn—1)7
hence,

|20 = Zn-1l| (1 = an)l|@n — zpa|l + anHJ;ixn - J;ixn—lH + (an — O‘n—l)HJ;ixn—l — Ty
2 — Zna || + (a0 — an%)”‘]éxnfl — Zn1l|

l|zn — xn_1]| + (an — 1) My, (3.3.14)

IA A CIA

where My > ||J 2,1 — z,4]| VR € N.
Also from (3.3.4), we have
(]— - Bn)”zn - Zn—1|| + Bn“TZn - TZn—lH + (Bn - Bn—l)HTZn—l - Zn—1||

S (1 - Bn + 5nL)||Zn - Zn71|| + (Bn - Bn71>HTZn71 - Zn71||
S Hzn - Zn—l“ + (ﬁn — ﬂn—l>HTZn—l - Zn—1H~ (3315)

Substituting (3.3.14) into (3.3.15), we have

||yn - yn—l”

||mn - xn—l” + Ml(an - an—l) + (ﬁn - /Bn—l)HTzn—l - Zn—l”
||In — xn—l” + MQ((Oén — Oén_l) + (,Bn - Bn—l))a (3316)

where My is a constant such that My > max{||Tz,_1 — z,_1||, M1} V neN.

||yn _yn—1|| S
<

Again from (3.3.4), we have

HSCn+1 - ‘an < (1 - )‘n)Hyn - ynle + )\n||f(37n) - f(a:nfl)H + ()‘n - )\nfl)Hf(xnfl) - ynle
(A = AU (@n-1) = ynall- (3.3.17)

Substituting (3.3.16) into (3.3.17), we have

Hxn—l-l - xn” < (]- - )\n)Hmn - xn—lH + M3((an - an—l) + (Bn - Bn—l) + (>\n - /\n—1>) +
YAl Tr — Tl (3.3.18)
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where M3 > max {Mo, ||f(2n-1) — Yn-1l|} ¥V n€N.
By applying conditions (i)-(iii) of the hypothesis, we have that >~ A, = 0o, lim A, =0
n—oQ

and
o0

Z (|an - an—1|) + |)\n - )\n—l‘ + ‘571, - 5n—1| < Q.

n=1

Therefore, by applying Lemma 3.2.7 to (3.3.18), we have that lim ||z, — z,|| = 0.
n—oo

Furthermore, we have from (3.3.4) that

yn — znll = BullT2n — znl| = 0,
and
[Zns1 — zall < Aallf (@) — 2all + (1 = Aa)l[yn — 2al] = 0. (3.3.19)
Moreover
Hzn—J;ian = ||(1—an)xn+anJéxn—Jéan
= [|(1 = an) (@ — J22,) + (T, — T2,
but

len = ngall + [lenss = zall + 12w = 7 2all

[|[Zn — Trga|| + (|70 — 2al| + (1 = O‘n)HJ:lxn — ]|
n

|’Jé$n_fcn||

IAINA

Therefore from (3.3.13) and (3.3.19), we have
O‘NH‘];ixn —zl| < |z — Tl +{|Tngr — 20l = 0, n— o0

Hence,

T2 2, — 2,|] = 0. (3.3.21)

Tn

It follows from (3.3.20) that ||z, — x,|| — 0, n — oo. Noticing that,

Hyn — znll < Nyn — 2al|l + |20 — zal| — 0 as n — oc. (3.3.22)

Now, since {x,} is bounded by Lemma 3.3.1, and X is reflexive, there exists a subsequence
{zp,} of {x,} such that x,, — 2* € C. Since ||z, — z,|| — 0, @ — oo, it implies that
Zp, — 2*. By the demiclosednesss principle Lemma 3.2.5 and (3.3.12), we have z* € F(T)).
Also since ||J7 z,, — 2,|| = 0, then 2* € F(J;}). Hence 2* € Q := F(T) N A~(0).

We now show that {z,} converges strongly to Qqf(z*). Recall from (3.3.8) that

¢ A1 =7) —yAlg = 1) . GAn .
|0 —pl|" < |1- ESIrES) ||2n — Pl + (1_%7@_1))<f(p)—p,1q(ﬂfn+1—p)>
Bl = An)(gk — B0 2 — T, (3.3.23)

(1 —=Ay(g—1))
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In view of Lemma 3.2.8, we set

(1 =7) =vA(g—1)

n n q, en = 5
a |zn — pl| (I =Av(g—1))
A
571 = 47 )
Bu(1 = X)(gk — o887 T |
g n .
kn = (f() = p Jo(xni1 —p).

(1=Av(g—1))
Then

An1 S (1 - gn)an + enén and Ant1 S Apn — Gn + kn

Since {\,} € (0,1), A\, — 0 and > 7 X\, = oo, we have that 6,, € (0,1), > 7 0, = o0
and lim g, = 0. In order to show that a,, — 0, by Lemma 3.2.8, it suffices to show that
n—oo
for any subsequence {n;} C {n}, if klim Gn,, = 0 then limsup d,, < 0. To see this we show
—oo k—00
that
lim sup(p — f(p), Jo(p — Tnyt1)) < 0. (3.3.24)

k—o00

Equivalently (should ||x,, — p|| # 0), we need to show that

limsup(p — f(p),j(p — Tn,+1)) < 0. (3.3.25)

k—00

For any t € (0, 1), set uy = tf(us) + (1 — t)TsBpus. Then we have

[1f (ue) + (1 = )5, ue — @, |

(1= )2 Tp,ur = 2, |17 4 26(f (ur) = g, (e = 0,)) + 26wy — @y, (e — )
(1= 0)*(|T5,ue — Tp,n, + Tp ) + 26(f () — we, (ur — 2,)) 2t [y — 2, |
(1 = 0)2(|Tp,ue — Tpng || + 1T, 0n,20m, — Ty |1)* + 26(f (we) — g, j(wn — @n,)) +
2t||us — 1, ||?

(L= )* (e = 2, |1 + 2llwe = @n T, 2@, = Ty ||+ 1T, 2y, — 2, |?) +
20(f (ug) — ug, j(ue — 0y ) + 2t|[uy — $nk||2

(L + ) ue — @ne ]l + (1 = O [2lwe — @ay Il + T3, 20, ] T, Tn, — T, ]| +

20(f (ue) — u, j(ug — )

g
8
S
z
o
|

INIA A

IN

2t(ur — f(ur), j(ue — w,)) g — 2, || + fr, ()
1
(up — flue), j(ur — wn,)) < %Hut — T, |]? + gfnk (1), (3.3.26)

where fi, (1) = (1= 0)2(IJuts — 0, || 4 11T5, 2, — 20, D Th, 2, — 0, ]| = 0 a5 k = oo,
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Let k — oo in (3.3.26), we obtain that

—_

lim (uy — f(ue), jlur — xp,)) < =M, (3.3.27)

k—o0

[\

where M > 0 is a constant such that M > ||u; — x,,||* for all ¢ € (0,1) and n > 1. Let
t — 0in (3.3.27), we obtain

lim sup lim sup(u¢ — f(u1), j(us — xp,)) < 0. (3.3.28)

t—0 k—o00

On the other hand, we have that

(p—f),jlp—2n,)) = = f0),ilp—2n)) — - f(P),i(w — z0,))
+p = f(p), J(ue — xp,)) — (ue — f(p), 3 (we — ny))
e — f(p), 3 (v — ) — (ur — flur), j(ur — )
flue), j(ue — @)
= <p—f(p) 3 = ) = 3w — ) + (P — g, j(we — 2y)) +
— f(p), j(us 'Tnk)>+<ut_f(ut)7j(ut_l‘nk>>’

It follows that

limsup(p — f(p), j(p — Tn,) <

k—o0

limsup(p — f(p), j(p — Tn,) — J(ur — 2n,)) + ||y — pl| limsup ||z, — ]

k—o0 k—o0

+7||we — pl|limsup ||z, — wef| + limsup(ue — f(uwe), j(we — 25,)).  (3.3.29)
k—o0 k—o0

Since j is norm-to-norm continuous on every bounded subsets of C' it follows from (3.3.28)
and hm uy = p = Qper) f(p) that,

lim Sup<p - f(p)7j<p - xnk» = lim sup lim Sup<p - f(p)aj(p - xnk» <0. (3330)

k—00 t—0 k—o0

It therefore follows from Lemma 3.2.8 that ||z, — p|| — 0 as n — oc.

Case 2. Suppose {||z, — p||?} is not a monotonically decreasing sequence. Let 7: N — N
be a mapping for all n > n; (for some n; large enough) defined by

T(n) = mar {k e N:k <n, 7 <741}
Tk is non decreasing and
0< ||$T(n)+1 —pll|" = T2 (n) —pll*, Vn>1.
Following similar analysis as in case 1, we obtain
27y = T2rmy41]] = 0, [|Tr) — JitTe@myl| = 0 and ||zr(y41 — Trmy|| — 0 as n — oo. We

also have that
nh_{{.lo sup <p - f(p)>jQ<p - [L’T(n)+1)> <0.
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From (3.3.8), it is true that

|2y = pII (3.3.31)

7(n < )

(1=Amy(g—1)
qAr(n)

+
(1= Army(g—1

0 (f(P) = P, Jg(Trmys1 — P))-

/\T(n)(l - 7) - 7/\T(n)(q - 1)
(1 =7Arm(g — 1))

which implies

qAT(n)
L= yArmy(g — 1))

[Ty — pl|* < ( (f(p) = P, Jo(Tr(my+1 — D)),

A =yao)llzrm) —pll" < a(f(p) = P, Jo(Trm+1 — D)) (3.3.32)
Hence,
lim ||z;m) —p||? =0, asn — oo. (3.3.33)
n—oo
That completes the proof. [

The following results are obtained as a consequence of Theorem 3.3.2.
Suppose f(z,) is replaced in (3.3.4) by a fixed but arbitrary u € X, then the following is

obtained as a corollary.

Corollary 3.3.3. For g > 1, let C be a closed convez subset of a real g-uniformly smooth
Banach X space which admits a weakly sequentially continuous generalized duality mapping
Jq- Let T : C" — C be a Lipschitz, k-strictly pseudo-contractive mapping with Lipschitz
constant L € (0,1), and A be a strongly accretive mapping on X which satisfies the range
condition with D(A) C C and Q := AY0) N F(T) # 0. Given a fized but arbitrary
element x¢ in C' and sequences {\,},{fn},{an} C (0,1) and {r,} > 0 satisfying the
following conditions

By o A =00, A, = 0,
i {fn} C[0,k),
W Y o o1 — o) <00, Do | Bns1 — Bnl <00 and Y707 | A1 — An| < 00,
define the sequence {x,} iteratively by

zn = (1 —ap)z, + anJ,flxn,
Yo = (1 = Bu)zn + BTz, (3.3.34)
Tl = A\t + (1= Ay)yn, n>0.

Then {x,} converges strongly to p € Q where p = Qqu and Qq is the sunny nonerpansive
retraction of C' onto 2.
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For 8, = 0 in (3.3.4), we have the following corollary from Theorem 3.3.2.

Corollary 3.3.4. For g > 1, let C be a closed convex subset of a real g-uniformly smooth
Banach X space which admits a weakly sequentially continuous generalized duality mapping
Jq- Let A be a strongly accretive mapping on X which satisfies the range condition with
D(A) C C and A71(0) # 0, f a contraction mapping on K with constant y € (0,1). Given
a fixed but arbitrary element xo € C' sequences {a,}, {\,} C (0,1) and {r,} > 0 satisfying
the following conditions

Y A =00, A, = 0

oy gl — o <ooand D07 A1 — Anl < 00,

define the sequence {x,} iteratively by

n — 1— n)dn nJA n
{y (1= an)an +any, @ (3.3.35)

Tnt1 = M f(xn) + (1= A\p)yn, n > 0.
Then {x,} converges to x* € A~1(0).

Corollary 3.3.5. Let C' be a non empty closed convex subset of a real Hilbert space H.
Let T : C'— C be a Lipschitz, k-strictly pseudo-contractive mapping with Lipschitz con-
stant L € (0,1), f a contraction mapping on X with constant v € (0,1) and A be a
strongly monotone mapping in X which satisfies the range condition with D(A) C C
and Q = A7N0) N F(T) # 0. Given a fived but arbitrary element xy in C sequences
{3 ABn}, {an}t € (0,1) and {r,} > 0 satisfying the following conditions

oY oA =00, A, — 0,
i. {fn} C[0,k),
. Y oo |1 — anl <00, D07 1Bns1 — Bul <00 and D07 o [Ang1 — An| < 00,
define the sequence {x,} iteratively by

zn = (1 — )y, + osz,fixn,

Then {x,} converges strongly to Qqf(p) where p € Q and Qq is the metric projection of
C onto ().
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3.4 Application to Hammerstein Equation

In this section, we shall present a strong convergence theorem which applies our result
obtained in Theorem 3.3.2 to approximating the solution of a nonlinear integral equation
of the Hammerstein type. A nonlinear equation of the Hammerstein type (see e.g [71]) is
one of the form

ulx) + / K (2, 9) £ (g, u(y))dy = h(z), (3.4.1)

where dy is a o-finite measure on the measure space €2, the real kernel K is defined on
Q x Q, fis a real valued function defined on 2 x R, and is, in general nonlinear and h is
a given function on 2. If we now define a mapping K by

Kuv(z) == /QK(x,y)v(y)dy rx €,

and the so-called superpostion or Nemytskii operator by Fu(y) := f(y,u(y)), then, the
integral equation (3.4.1) can be put in the operator theoretic form as follows:

u+ KFu=0, (3.4.2)

where without loss of generality, we have taken h = 0. We note that if K is an arbitrary
accretive operator not necessarily the identity, then A := [ + KF need not be accre-
tive. Interest in (3.4.2) stems mainly from the fact that several problems that arises in
differential equations, for instance, elliptic boundary problems whose linear part admit
Green functions can, as a rule, be transformed into the form (3.4.2) (see, [128] Chapter
IV). Equations of Hammerstein type play a crucial role in the theory of feedback control
systems [59]. Several existence and uniqueness theorems have been proved for solutions of
nonlinear integral equations of Hammerstein type (see [66, 22, 23]) for instance and the
reference contained therein. In general, equations of Hammerstein type (3.4.2) are nonlin-
ear and there is no known standard method of finding solutions to them. Consequently,
methods of approximating solutions of such equations have been studied [I] and also con-
stitute a flourishing area of research in the theory of fixed points. We therefore, remark
that for the iterative approximation of solutions of the equation Ax = 0, the monotonicity
or accretivity of the operator A is crucial and that a very useful iterative scheme has
been employed. Chidume [19] defined an auxiliary operator 7" in terms of K and F' in
g-uniformly Banach space which under certain condition is (strongly) accretive whenever
K and F are. The zeroes represent the solution of (3.4.2).

Very recently Tufa et al [160], constructed a new explicit iterative scheme and prove its
strong convergence to the solution of the generalized Hammerstein type equation in a real
Hilbert space. They proved the following result

Theorem 3.4.1. Let H be a real Hilbert space. Let F, K : H — H be Lipschitz monotone
mappings with Lipschitz constants L1 and Lo, respectively. Suppose that the equation
0 = u+ KFu has a solution in H. Let u,v € H and the sequences {u,},{v,} C H be
generated from arbitrary ug,vg € H by

{um = anli+ (1 = ap)(antn + (1 = an)ty), (3.4.3)

Ups1 = @0+ (1 — ap)(apv, + (1 — ay)sy),
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where {y,} C [a,b] C (0,1), for L := v2max{\/L}+1,y/L3+1}, {a,} C (0,7] C (0,1)
and {a,} C (0,¢] C (0,1), for all n > 0 satisfies lim o, = 0 and ) a,, = co. Then the
n—oo

sequences {u,} and {v,} converge strongly to u* and v* respectively in H, where u* is the
solution of 0 = u 4+ KFu and v* = Fu®.

With t,, and s, defined as t,, = u, — Yn[ul, — Vp + Vo (Kv, + )], Sp = Un — Yulv), +
Up, — Yn(Fuy — vy)].

We first state the following results which are essential for the application of our result
in 3.3.2.

Theorem 3.4.2. [167] Let ¢ > 1 and X be a real Banach space. Then the following are
equivalent.

i X s qg-uniformly smooth;
it There exists a constant dy > 0 such that for all v,y € X,
[z +yll* < [[2]|* + q(y, jg () + dglly[%;
iti There exists a constant ¢, > 0 such that for all x,y € X and X € [0, 1],
(1 =Xz + Ay[|* = (1= V][ + [ly[] = wg(N)egllz =yl
where wy(A) == A(1 — X) + A(1 = \)<.
Lemma 3.4.3. [17/]Let X be real uniformly smooth Banach space. Let E = X x X with

the norm ||z||% = [|ull% + [|[v]|%, for arbitrary x = [u,v] € E. Let E* = X* x X* denote
the dual space of E. For z = [z, 23] € E, define the map jf E — E* by

38(2) =[5 (21), 55 ()],
so that for arbitrary x1 = [uy,v1], 2 = [ug, ve] in E, the duality pairing (-,-) is given by
(@1, g (22)) = (w1, 5 (uz)) + (v, jg' (v2)).

Then

(a) E is uniformly smooth and conver,
(b) jf is single-valued duality mapping on E.

Lemma 3.4.4. [/9] Let X be a real q-uniformly smooth Banach space. Let F, K : X — X
be maps with D(K) = R(F) = X such that the following conditions hold:

1 For each uy,us € X, there exists a > 0 such that

(Fuy — Fug, j,(u; — ug) > al|u; — usl|%
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it For each uy,us € X, there exists 5 > 0 such that

(Kuy — Kug, jo(ur —u2) > Bllur — us|%

Wi (14dy)(1+¢,) > 29, where ¢, and d, are the constants appearing in inequalities (i)
and (iii), respectively, of Theorem 3.4.2. Let E = X x X, define Az = Alu,v] =
[u+ Kv, Fu—v] Y(u,v) € E , then, for x1,xs € E, the following inequality hold:

1 (1+dy)(14¢,) —29

_ - _ > — —
(Azy — Ao, j (21 — 22)) > | q[ (1+c,)

ey — x|,

(1+dg)(1+cq)—24 ]

I— ) 1
where we assume vy = min {«, 5} > 5[ T+cq

Theorem 3.4.5. For g > 1, let C' be a closed convex subset of a real g-uniformly smooth
Banach X space which admits a weakly sequentially continuous generalized duality mapping
Jy. Let F,K : C — C be strongly accretive mappings with constants o and € (0,1)
respectively, satisfying the range condition. Let E := X X X, define A: E — FE by Ax =
[u,v] = [Fu —v,u+ Kvl], V¥ (u,v) € E. Let T be a k-strictly pseudo-contractive mapping
with Lipschitz constant L € (0,1). Assume that the equation 0 = u+ K Fu has a solution
in X. Given a fived but arbitrary element xo in C sequences {\,},{5n},{an} C (0,1) and
{rn} > 0 satisfying the following conditions

By oA =00, A, = 0,
i. {fn} C[0,k),
W Yo |01 — an) <00, Do | Brs1 — Bal <00 and Y707 | A1 — An| < 00,
define the sequence {x,} iteratively by

zZn = (1 — )y + anJéxn,
Tp4+1 = )\nf(xn) + (1 - )\n)ym n Z 0.

Then {x,} = [un,v,] converges to x* = [u*,v*], where v* = Fu* and u* is the solution of
u+ KFu=0.

As a consequence to Theorem 3.4.5, we obtain the following corollary.

Corollary 3.4.6. For g > 1, let C' be a closed convex subset of a real g-uniformly smooth
Banach X space which admits a weakly sequentially continuous generalized duality mapping
Jq. Let F,K : C" = C be accretive mappings satisfying the range condition. Let E :=
X x X, define A: E — E by Az = [u,v] = [Fu—v,u+ Kv], V (u,v) € E. Let T be a
k-strictly pseudo-contractive mapping with Lipschitz constant L € (0,1). Assume that the
equation 0 = u + K Fu has a solution in X. Given a fixed but arbitrary element xqo in C
sequences { n}, {Bn}, {an} C (0,1) and {r,} > 0 satisfying the following conditions

oY oA =00, A\, — 0,
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i. {6.} C0,k),
. Y oo |1 — ] <00, D07 1Bng1 — Bul <00 and D07 [Ang1 — An| < 00,
define the sequence {x,} iteratively by

z2n = (1 — )y, + osz;‘:Lmn,
Tpnt1 = M f(xn) + (1= X))y, n>0.

Then {x,} = [u,, v,] converges to x* = [u*,v*], where v* = Fu* and u* is the solution of
u+ KFu=0.
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CHAPTER 4

lterative Approximation of Common Solution of a Finite Family of
Mixed Equilibrium Problem with Relaxed ;1 — o Monotone Mapping

4.1 Introduction

In this chapter, we introduce a U-mapping for finite family of mixed equilibrium prob-
lems involving p — a-relaxed monotone operator. We prove a strong convergence theorem
for finding the common solution of finite family of these equilibrium problems in a uni-
formly smooth and strictly convex Banach space which also enjoys Kadec-Klee property.
Furthermore, we give some applications of our result and numerical example to show its
relevance.

Let F': C' x C' — R be a bifunction, where R is the set of real numbers. The equilibrium
problem with respect to F' and C' in the sense of Blum and Oettli(1994) is to find z € C
such that

F(z,y) > 0Vy e C. (4.1.1)

Fang and Huang [65] introduced the concept of relaxed p — o monotone mapping for
solving a mixed equilibrium problem. A mapping A : C' — X* is said to be relaxed y — «
monotone [147], if there exists a mapping p : C' x C'— X and a function a : X — R with
a(tz) = tPa(z) for all t > 0 and z € X, where p > 1 such that

(Az — Ay, p(z,y)) > alz —y).

In particular if p(z,y) =z —vy, Va,y € C and a(z) = k||z||P, where p > 1 and k > 1 are
constants, then A is called p monotone [163].

Fang and Huang [65] proved that under some appropriate conditions, the following varia-
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tional inequality is solvable; find x € C such that

(Az, u(y, ) + ¢(y) — ¢(x) > 0 Vy € C, (4.1.2)

where ¢ : C — R U {00} is a nonlinear mapping. They also proved that the following
inequality is equivalent to the variational inequality (4.1.2) : find x € C such that

(Az, p(y, ) + ¢(y) — é(z) > aly —x) Vy € C. (4.1.3)

The mixed equilibrium problem (see e.g [165]) is to find x € C such that

F(z,y) + (Az, p(y, x)) + ¢(y) — ¢(z) > 0, Vy € C. (4.1.4)

4.2 Preliminaries

In this section, we give some lemmas which will be used to prove and establish our result
in this chapter. We denote the strong convergence of {x,} to = by x, — x and the weak
convergence of {z,} to z by z, — x.

Lemma 4.2.1. [171] Let X be a real Banach space. Then for all z,y € X and j(x+y) €
J(x 4+ y), the following inequality holds:

[l +yll* < [l2l* +2{y, (= +v))- (4.2.1)

Lemma 4.2.2. [152] Let {x,} and {y,} be bounded sequences in a Banach space X such
that

Tpy1 = PpTn + (1 - 5n)yna n =0,
where {B,} is a sequence in (0,1) such that 0 < liminf 8, < limsup g, < 1. Assume that
n—oo

n—oo

Hm sup(||yn1 — Ynll = |70 — zal]) < 0.
n—oo

Lemma 4.2.3. [100] Let {a,,} be a sequence of nonnegative real numbers satisfying the
condition

an+1 S (1 - Vn)an + 7n0n7 n Z 07
where {v,} C (0,1) and {0,} is a sequence in R such that

. lim 7y, =0 and Y 7 vn = 00,
n—oo

@M. either lim sup o, <0 or > 7 |ynon| < .
n—oo

Then lim o, = 0.
n—oo
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Lemma 4.2.4. [166] Let X be a uniformly smooth Banach space and C' be a nonepmty,
closed and convexr subset of X. Let U : C — C' be a nonexpansive mapping such that
FWU) # 0 and f : C — C be a contraction mapping. For each t in (0,1), define z =
tf(ze) + (1 —t)Uz, then {z} converges strongly to the unique fixed point q of U ast — 0,
where ¢ = Pp)f(q) and Ppy : C — F(U) is the sunny nonexpansive retraction from C
to F(U).

The following result is proved by Chen et.al [11] for the resolvent operator of mixed
equilibrium problem with relaxed ;1 — o mapping.

Lemma 4.2.5. [//] Let X be a uniformly smooth, strictly convex Banach space with the
dual space X* and let C' be a nonempty, closed, convex and bounded subset of X. Let A :
C — X* be a p-hemicontinuous and relaxed . — o monotone mapping, let F : C' x C' — R
be a bifunction satisfying (F1) — (F4) and ¢ : C x C — R U {4o00}. Let r > 0 and define
a mapping K, : X — C as follows:

Kow) = {z € O Flz,) + (Az, u(y, 2)) + 0y) — () + - ly— 2, Tz~ Ja) 20 ¥ y € O)

for all x € X. Assume that

(i) p(z,y) +puly,z) =0 V z,ye€C;

(i1) for any fized u,v € C, the mapping x — (Av, u(x,u)) is convex and lower semicon-
tinuous;

(117) a: X — R is weakly lower semicontinuous; that is, for any net {xz}, {xs} converges
to x in o(X, X*) implying that o(z) < liminf a(xp);

(iv) for any x,y € C, a(z —y) + a(y —x) > 0;

(v) (Altz1+ (1 —t)22), u(y, tzr + (1 = t)22)) 2 t(Az1, puly, 21)) + (1 — ) (A2, u(y, 22)) for
any z1,z9,y € C and t € [0, 1].

Then the following hold:

(1) K, is single-valued;

(2) K, is a firmly nonexpansive type mapping; that is, for allz,y € X, (K,x—K,y, JK,x—
JK,y) < (K,xz — Ky, Jr — Jy);

(3) F(K,) = EP(F,A);
(4) EP(F,A) is closed and conver.

Let C' be a nonempty, closed and convex subset of a uniformly smooth and strictly convex
Banach space X which also enjoys the Kadec-Klee property. Let p: €' x C' — X be a
nonlinear mapping. For:=1,2,..., N, let F; : C'’xC — R be a finite family of bifunctions,
A; : €' — X* be a finite family of x4 hemicontinuous relaxed y — a monotone mappings
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and ¢; : C' x C' — RU{+o0} be a finite family of proper, convex and lower semicontinuous
functions. Let Ai, Ao, ..., Ay be real numbers such that 0 < \; <1 foralli=1,2..., N.
We define a mapping U : C' — C' as follows:

Sl - >\1K: + (1 - )\1)[,
SQ - )\2Kr251 + (1 — )\2)81,

Snor = AN KN 'Sy o+ (1= Ay_1)Sy_o,
U = Sy=MK Sy 14+ (1 - Ay)Sy_1. (4.2.2)

The mapping so defined above is called U-mapping generated by K} K? ... KY and
)\1,)\2,. . .,)\N.

4.3 Main Result

In this section, we present our main results.

Lemma 4.3.1. Let X be a uniformly smooth, strictly convexr Banach space with the dual
space X* and let C' be a nonempty, closed and convezr subset of X. Let A : C — X* be a
relazed p — o« monotone mapping, let F : C' x C — R be a bifunction satisfying (F2) and
¢:CxC — RU{+oo}. Assume that

(i) p(x,y) +puly,z) =0 V z,y€C;

(i1) for any z,y € C, a(x —y) + a(y — x) > 0.
For s >0 and r > 0, then || Ko — K,z|| < |1 - t|||z — Kz||.
Proof. Let z = K,.(z) and w = K,(z), from the definition of K,, we have
F(s9) + (A2 1y, 2)) + 0() = 9(2) + 1y = 2,72 = J2) 20 ¥ y€C.
In particular, we have
F(z,w) 4+ (Az, p(w, 2)) + ¢p(w) — ¢(2) + %(w —z,Jz— Jx) > 0. (4.3.1)
Similarly, we obtain
F(w, z) + (Aw, p(z, w)) + ¢(2) — p(w) + é(z —w, Jw — Jzx) > 0. (4.3.2)
Adding equation (4.3.1) and (4.3.2), we obtain from (i) that

1
F(z,w)+F(w,z)—|—<Az—Aw,p(w,z)>—|—;<w—z,Jz—Jx)+(z—w,Jw—Jm> > 0.
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Using condition (F'2), we have
1

T S

interchanging the roles of w and z in (4.3.3) we obtain

1 1
—(z—w,Jw—Jz)+ —(w—2z,Jz— Jz) > a(z —w).

S r

Adding (4.3.3) and (4.3.4), and using condition (ii), we have

1 1
;(w—z,Jz—Jm}—kg<z—w,Jw—Jx>ZO,

which implies that

(w—z,Jz—Jx)—(w—z,M>20.

That is,

which implies

rdJw —rJr —sJz+ sJw — sJw + sJx

(w— z, ) <0.

S

This further implies that

lw— 2> < (w—2z—"(Jz — Juw))
S
.
< 1= <[l = 2l ke - wll
That is,
.
lw — 2| < |1 = =[]z = w||.
S
Hence,

1Ko — K] < 1= —|[Je — K],
S

—(w—z,Jz— Jx) + 1(z —w,Jw — Jzr) > (Aw — Az, p(w, 2)) > a(w — z), (4.3.3)

(4.3.4)

(4.3.5)

(4.3.6)

(4.3.7)

]

Proposition 4.3.2. Let C' be a nonempty closed convexr subset of a uniformly smooth
and strictly convex Banach space X. Let p : C x C'— X be a nonlinear mapping. For
1=1,2...,N,let F; : CxC — R be a finite family of bifunctions, A; : C — X* be a finite
family of p-hemicontinuous relaxed p — o monotone mapping and ¢; : C' — R U {+o0} be

a finite family of proper convex lower semicontinuous mapping. Let Ay, A, ..

., AN be real

numbers such that 0 < \; < 1 for allt=1,2,...,N. Let U be the U-mapping defined in
(1.2.7). Then Sy, Sa,...,Sn_1 and U are nonexpansive. Also, F(U) = NN, EP(F;, A;).
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Proof. By the nonexpansivity property of K*, fori = 1,2, ..., N, it follows that S1,Ss, ..., Sy =
U are nonexpansive mappings. Since NN, F(K) = N, EP(F;, A;), then it suffices to
show that F(U) = N, F(K?). To show that F(U) = N¥,F(K?), we have to show that

NN F(K!) C F(U) and F(U) C NY,F(K!). Tt is easily observed that the first part is
obvious. Next we show that F'(U) C N, F(K?). Let a € F(U) and b € NY, F(K"). Using

the definition of U, we have

la =0l = ||Ua—b|
||)\NK,,{VSN_1CL+ (]_ - )\N)SN—la_b”

< AWK Syoaa =0l + (1= An)[[Sy-1a = b]|

< [ISn—1a —b]|,

= [Anv_1 (KN ' Sn_sa —b) + (1 — An—1)(Sn—2a — b)]|

< A | BT Snosa = bl 4 (1= Av-1)||Sn—2a — ]|

< [|Sn—2a — b

< [ISia = bl

= MK a+ (1- Aa— b

< M[Kpa =Bl + (1= A)lla = bl|

< lla—1b|. (4.3.8)

It follows that

la = bl = [[\(Kpa = b) + (1 = A1) (a — D)l
and

[la = 0|l = Af|[Kpa = bl| + (1 = Ay)la —bll,

that is ||a — b|| = ||K!a — b]|. Using the strict convexity of X, we obtain K!a = a, which
implies that a € F(K}).

Hence Sia = a. Again from (4.3.8) and the fact that Sia = a, we have

lla = bl = [A2(K7S1a = b) + (1 = X)(a — D)

and

lla = bll = Aol [KGa — b]| + (1 = Ag)lla — b},
that is ||a — b|| = ||K?a — b||. Using the strict convexity of X, we obtain K?a = a, which
implies that a € F(K?). From which we obtain Ssa = a. Proceeding the same way, we
obtain a = Kla = K?a=---= KN"'a and a = Sja = Sya = -+ = Sy_1a.

Since a € F(U) = F(Sy) and Sy_1a = a, then a = AxyKYa + (1 — Ay)a. This implies
that a = KNa. Hence F(U) C F(K}) for i = 1,2,..., N and thus F(U) Cc N, F(K?).
Therefore, F(U) = NY,F(K!) = NN, EP(F;, 4;).

The proof is complete. O
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Proposition 4.3.3. Let X be a uniformly smooth and strictly convex Banach space. For
i=1,2,...,N andn € N, let U,, be a U-mapping defined in (1.2.7). Let {x,} be a bounded
sequence in X, then the following inequality is satisfied.

N
U120 = Unnl| < ||2ng1 — 2l + My > [Ansri = Al (4.3.9)

=1

Proof. Using the fact that Kf;n and S, ; for © =1,2..., N are nonexpansive with Lemma
4.3.1, we obtain the following estimates:

||Uﬁ+1mn'_ Uhan
= ||>\n+1,NK7{Z+1Sn+17N—1xn + (1 - )\n+1,N)Sn+1,N—1$n - [)\n,NKy{ZSmN—lxn + (1 - )\n,N)Sn,N—lmn]”

= H>\n+1,N(Ky{X+1Sn+1,N—1$n - K"{\:Hrl

SnN-1Zn) + (Snt1.N-1Tn — SnN—1T7)+
(At 1.8) (Snn—1Zn — Snsrn—1%n) + (Ann — As1.n) (Snn—125)+
(>\n+1,N)(Kan+ISn,N—1xn — K Spn-1%n) + Mt n — Ao n) (KN S vo12)||

< At MY Sniiv—12n — K Snvo1n]| + (1= A i) Sn1v—12n — Snv—12n] |+
A,y — A NN Spv—12n — Spov—1Znl] + At N IKL L Spvo12n — K Sn voan|

< At N St N—1%n — Spunv—1Za|| + (1 — X1 ) [[Snt1,N—1%0 — Spn—1Zn ||+

|An+LA7_'AnJV|¢LKj:5%JV—1xn'_'5%JV—1In||+’An+JJVHl{N- SEJV—lxn'_ﬂkizshJV—lmn“

n

Tn+1
< ||Snt1,8-1%n — Sun-1Zn|| + | Ans18 — An,N|-||K£Sn,N—1xn — SpN—1Zn ||+
||A;Z+15%JV—lxn'_-K#ZS%JV—lmnH
T
f;||5%+1JV—1$n‘_' nJV—1$n||%_|An+4WN _'AnJVLHl{iXSZJV—lxn‘_' nJV—1$n||*"1‘_ ntl HSZJV—lxn’

T'n+1

1—

S H5%+JJV71$n‘_' nJV1xn"+'A41<Lkn+LN'_'AnJVL

), (4.3.10)

n

where M, is a constant such that M; > maX{HKTNnSnyN,lxn — SuN—1Zn||, [|Sn.n—12n]| }-
Furthermore,

HSn+1,N71xn_ n,NfliUnH

= \|)\n+1,1\r4KTNn;1 et 1.N—2Tn + (1 — N1 N—1)Snt1 N—2Tn—
[)\mN_leX_lSn,N_an + (1 = A v—1)SnN—2Z,]]|

= ‘|)\n+1,N—1(K£\£IESn+1,N—2xn - K}’Z:Sn,N—ﬂn) + (1 = Mg N—1)(Sng1.N—2Tn — SpN—2Tn)+
(Ang1n—1 — An,N—l)(Kr,{YL_ISn,N—an — Sy N—2%p) + >\n+1,N—1(KTNn:115n+1,N—2In - K,{Z_ISmN—ﬂn)H

< ||5n+1,N—2l’n - 5n,N—2$n|| + |)\n+1,N—1 - )\n,N—l‘-HKy{Z_lsn,N—an - 5n,N—2$n||+

‘1 — IS, o, (4.3.11)

n
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substituting (4.3.11) into (4.3.10), we obtain

HUnJrlxn - Unan

SMl(

‘)\n+1,N71 — )\n,N71|~||K1Z715n,N72$n — Sn,NfZQ:nH + ‘1 -

T'n+1
1—

+ ’)\nJrl,N - )\n,N‘) + HSTlrFl,N*Q'I.TL - n,NfonH—i_

n

rn+1

HSn,Nﬂan

n

S M2 (2‘1 . Tn41

n

+ |)\n+1,N — >\n,N| + |)\n+1,N—1 — /\n,N—1|) + HSn—&—l,N—an - n,N—2xn||7

(4.3.12)

Where M2 >maX{M1,||K nN 2Tpn — n,N— anH ||SnN ZmnH}
Proceeding the same way as above, we obtain

\mm%—wmmMN(w ﬂ Tusd

Z ’)‘nJrl T nl )
||Sn+1,1xn - n,lany (4313)

where My_1 > max{My_o,||K2 Sp12n — Sn1Znl, ||Snizal|}-
Hence,

Hmﬂ%—m%ugﬂmlgN ﬂ st

ZlAnJrlz_ > _'_HSnJrllxn_ n+11H

= |[Ant, 1K1 + (1= A, 1)$n — An,le} — (1= X))zl +

MN 1Z|)\ —i—lz_ nz

N-1

= |)\n+1,1 - An,lHKq}xn - xn” + MN—l Z |)\n+1,i - >\n,7,|
1=2
= H)\n+171K7}n+l.Z'n + (1 — >\n+1 1l'n) — )\n 1K1 Ty — (1 — )\n,l)an —+

Z|)\n+1z_ nz)
ZWH@_ n> (4.3.14)

where My > max{My_1, || K z, — z.||, ||z.]|}-

]\4]\[71 ((N 1 ’ Tn+1

Tn

But,
|Uns1Zn1 — UnZal| < ||Uns1®ngr — Unpa || + [|Una17, — U |
Tn
S Hanrl_an—i_MN(N‘l_ = Z‘)\n+1z_ nz)
Thus completing the proof. m
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Proposition 4.3.4. Let C' be a nonempty, closed and convez subset of a uniformly smooth
and strictly convex Banach space X. Let p: C' x C' — X be a nonlinear mapping. For
i =1,2...,N, let F; : C x C — R be a finite family of bifunctions, let A; : C' — X*
be a relazed p — o monotone mappings. Let ¢; : C — R U {oo} be a finite family of
proper convex lower semicontinuous mappings. For i =1,2... N, let {\,;} and {\;} be
sequences in [0,1] such that A\,; — A\; as n — oo and {r,} be a sequence in (0,00) such
that r, — r asn — oo with r > 0. Suppose U is the mapping generated by K, K?,... K~
and A1, Xz, ..., An. Forn € N, let U, be the mapping generated by K} | K? ... K} and
At An2, - -5 A n. Assuming the conditions of Lemma 4.5.1 are satisfied, then for each
x € C, we have

lim ||U,z — Uz|| = 0. (4.3.15)
n—oo

Proof. Let x € C, using Lemma 4.3.1, we have

[Spiz — Siz|] = |[AaK) z+ (1= A1)z — MEKjz — (1= \p)z]
= [Paa(KL = Kl2) + (s = M) (K — )|
Tn
< |1 22fie = all+ s = bR ol
T 1
Using the same argument as above, for each ¢ = 1,2,..., N, we obtain
HSTth — SN.IH = H)\n,NKanSmelfﬂ + (1 — )\n,N)-T — )\NK;{VSN,L%' — (1 — )\N).l'H

< >\n,N||K7]‘XSn,N—1$ — KQ{SN—L'EH + )\n,N||K7{XSN—1$ - Kfsz—ﬂH +
Mg = MY Syo1x — x|

< [|Sen_12 — Sy_12|| + '1 . T?” |EN Sy_1a — Sy_z|| +
Mg — M| EY Sy 10 — 2.
It follows that
|Upz = Uzl|| = |[|Spnz — Snz]

N
< Spaz = Sizll + > A — M| KLSiw — il

=1
(‘1 Tn
r

Since r,, — r and \,; — \; as n — 0o, then

IN

N
+ A — )\1|) 1K e =2l + ) i — Ml IKSi gz — S|,

i=1

lim ||U,z — Ux|| = 0.
n—oo
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Theorem 4.3.5. Let C be a nonempty closed and convex subset of a uniformly smooth
and strictly convex Banach space X which also enjoys the Kadec-Klee property. Let u :
C x C — X be a nonlinear mapping. For i =1,2,... N, F; : C x C — R be a finite
family of bifunctions satisfying conditions (F1) — (F4), A; : C — X* be a finite family
of u-hemicontinuous relaxed ;. — o monotone mapping and ¢; : C' — RU {oo} be a finite
family of proper convex lower semicontinuous functions. Let K} K2 ... KN be a finite
family of resolvent operators for mized equilibrium problems with relazed p — o mappings
on C such that "X, F(K!) # 0. Let f : C — C be a contraction with constant 0 € (0,1),
let An1, An2, .- Ann be real numbers satisfying 0 <, \,; <1 such that nh_}rr;() |Ani—ANi| =0
fori=1,2,....N with 0 < \; < 0. Forn € N, let U, be a U-mapping generated by
K} K2 ,...KY and Ay1, Ao, .., Ann. Suppose {ou,}, {Bn} and {7,} are sequences in

(0,1) with ay, ~|—nﬁn + v, = 1, v is a positive parameter and {r,} is a sequence in (0,00)
Assume that the conditions (i)-(v) of Lemma 4.2.5 and the following conditions are
satisfied:

(i) lim @, =0, 332, a = 003

(i7) 0 < liminf 3, <limsup S, < 1;
n—oo

n—oo

(1) rn, — T as n — oo.

(Z’U) nh—{{olo |)\n+1,i — )\n,z‘ = 0.

For a given z1 € C, let {x,} be the sequence defined iteratively by
Tpa1 = an f(2n) + Bun + VUnTpn, VYn > 1. (4.3.16)

Then {x,} converges to Prf(q) where ' = NN, EP(F;, A;) and Pr is the sunny nonexpan-
sive retraction of C onto T'.

Proof. The proof of this theorem will be divided into several steps.

Step 1: {z,} is bounded. To see this, fix ¢ € I". We have,

||xn+1 - q|| = ||anf(xn) + Bun + YaUntpn — q||

Han(f(xn) - Q> + ﬁn(xn - CI) + ’Vn<Unxn - Q)H

e (f(xn) — f(q) + f(@) — @) + Ba(xn — @) + 1 (Unzn — )|

ol f(2n) = F(@I 4 anllf(q) = qll + Bullzn = ql| + ! |Unzn — |
O ||z — ql| + aul f (@) — all + Ballzn — qll + vallzn — ]
Oc||zn — gl + (1 — an)||zn — ql| + anl[f(g) — 4]

(1 — (1 = O)]l|xn — ql] + anl|f(g) — 4|

max {2~ qll, 7211 (a) — all}

VAN VAN VAN VAN

IN

IN

1
maX{||$1—Q||7m||f(Q)—Q||}, Vn > 1. (4.3.17)
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Therefore, the sequences {z,} and {U,x,} are bounded.
Step 2: We show that

lim ||zp41 — 2,|| =0 (4.3.18)
n—o0

Putting
n f(xn) + Uns
1 - ﬁn ’

Yn =
then (4.3.16) becomes

Tpt+1 = ﬁnxn + (]- - Bn)yn

Since U, is nonexpansive, {x, } and {U,z,} are bounded, we get that {y,} is also bounded.
Now,

y —y _ an+1f($n+1) + f)/n—i-lUn—‘rlmn—i—l . O‘nf($n) + 'ynUnxn
e " 11— 571—}—1 1— 571

(ﬁ"—gjﬂ) (f(@ni1) = flan)) + <1 f‘”g;l -1 f"@)( (@) = Unn)

Oy,
+ (]- - —+1) (Un—l—lxn—&-l - Unxn)a
1- 5n+1

hence, using Proposition 4.3.3 and the fact that § € (0,1), we have

s —3all < 'ﬁ 1 () — )] + }1 U 01 = U
Hr2e - 12w - U
< fj’—g;uxnﬂ—xnuﬂl—lf”—;:ﬂ i — 2ol +
MN( _ il Z|)‘n+1z_ m)
s f’g;l 1) — U
< Ml ol + "g;l 1) — Ul +

MN (N‘l . T'n41
T'n

Z|/\n+lz_ nz)

This together with a,, — 0, 7,41 — 7, and |Apy1; — A\ni| — 0 as n — oo implies that

Hmsup(||yn41 — Ynl| = ([T — 20]]) <0
n—oo
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Hence by Lemma 4.2.2, we obtain ||y, — z,|| — 0 as n — oo.
Consequently,

lim ||z,11 — || = lm (1 = B,)||yn — za|| = 0.
n—00 n—00

Step 3: Next, we show that

lim ||z, — Ux,|| = 0. (4.3.19)
n—oo
We note that,
||In+1 - Unan - ||anf(xn) + ﬁnxn + ’YnUnxn - Unmn”
< an“f@ﬂ) - Unxn” + ﬁonn - Unxn“
S an“f(xn) - Unan + ﬁonnJrl — Tn+1 + Ty — Unan
Qi B
< 1217 (on) = Untall + T2 = il
From conditions (1),(2) and step 2, we have that lim ||z, — U,z,|| = 0.
n—oo

Also,
l|zn — Upznl|l < ||zn — @psa|| + ||Tne1 — Unznl] — 0, as n — oco. (4.3.20)
Note also that,

|20 — Unon|| + ||Upr, — Usy]|
||zn — Upy|| +sup ||Upx — Uzl]|. (4.3.21)
zeC

|2 — Uzy|| <
<

Therefore from (4.3.20) and Proposition 4.3.4, we have that

lim ||z, — Ux,|| = 0.
n—o0
Step 4: We show that
Tim (f(q) = ¢,j(q = zn)) <0. (4.3.22)

For any t € (0,1), set z; = tf(2:) + (1 — t)Uz. Then we have,

o=zl = [t (2) = z) + (1= Uz — )]
< (U= 02Uz — 2l 4+ 260 (21) = s iz — 20)
< (1= [Tz — Ul + 100 — 2all]* + 2607 (2) = 22,521 — 20)

+2t(z — @, (2 — Tn))

IAIA

(1 - t)QHZt - anQ + 9n<t> + 2t<f(2't) - Ztaj(zt - fL’n» + QtHzt - 5UnH27
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where
gn(t) = (1 = )*(2||2e — 20| + |20 — Unp|D)||Zn — Unal| = 0 as n — co. (4.3.23)

It follows that

(ze — flz), d(z — @) < %Hzt —z,|* + %gn(t). (4.3.24)

Letting n — oo in (4.3.24) and noting (4.3.23), we obtain
, [N
<Zt_f(zt>7j(zt_xn)> S §M )

t
where M* = limsup ||z, — z,|[*. Clearly §M* — 0 as t — 0 from which we obtain

n—oo

lim sup lim sup(z; — f(2¢), j(2 — x,)) < 0.

t—0 n—00

Since j is norm-to-norm continuous on bounded subset of X and by Lemma 4.2.4, z;, — ¢,
where ¢ = Prf(q), we have

17 (2t = 2n) = (g — a)|] = 0
as n — 00.

Observe that
(20 = [(20), (20 — wn)) — (a — [(20), (g — 20))

< Wz —q,(2 — w0)) + (g — f(2),5(2e — 20)) — (g — f(2),5(q — Tn))

S <Zt - xnaj(zt - xn)> + <q - f(Zt)7j(Zt - In) - ](C] - ZL‘n>>
<z = ql|-l|ze = znl| +|lg = f(2)|||J (2 — 20) — (g — 24)]| = 0, as n — oo,
therefore,
(20 = f(2), (2 — x)) = (¢ — [(a),5(q — xn)). (4.3.25)
Hence,
Tim (g — f(g),j(q = zn)) <0. (4.3.26)
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Step 5: Finally, we show that x, — ¢ as n — oco. From Lemma 5.4.1 and step 1, we have

(4.3.27)

Hxn+1 - QHQ = Hanf(mn) + ﬁnxn + ’YnUnxn - QH2
= ||an(f(xN) - Q) + ﬂN<mn - Q) + rYn(Unxn - Q)||2
< ||Bn(xn - Q) + ’7n<Unmn - Q)||2 + 205n<f(xn) - q,j(l’n+1 - Q)>
S {5TLH$71 - QH + ’Vn”xn - QH}2 + 205n<f(xn) - f(Q)vj(xn+1 - q)> +
20, (f(q) — ¢, §(Tns1 — q))
< (1= a)’||zn — ql* + 200 ([|2 — ql|-[[2ns1 — all) + 200 (F (@) = ¢ 5 (@nr1 — @)
< (1= a)lfan —ql* + o[z, — q|* + Oan||zp11 — al]” + 200 (f(0) = ¢, 5 (@0r1 — @))
(1—a,)*+ba, 5 200, ,
< _ _-n _ _
< T fa. [l = all” + 17— ean<f(Q) ¢ §(Tnt1 = q))
_1—2a, +ba, ) a? ) 200, ,
= 1= b, ||z, — ql| +m||$n ql| +m<f@ ¢, J(Tnt1 — q))
2(1 - 0)av, s 2(1—=0)a, [ M*a,
< {2 by
= { 1 — b, }Hx A+ g0, \ 20 = o)
1 .
T3 (@) =4, j(@ns — Q)>}-
Observe that the conditions of Lemma 4.2.3 are satisfied with v, = 2(11__92:" and o, =

% + 15(f(a) — ¢, j(xni1 — q)) p- By Lemma 4.2.3 and (4.3.26), it follows that

||z, — q|| = 0 as n — 0. Therefore {z,} converges strongly to ¢ = Prf(q). This completes
the proof. n

We obtain the following as consequences of Theorem 4.3.5.

Suppose A; = 0, in Theorem 4.3.5, the mixed equilibrium problem with ;1 — o monotone
mapping reduces to the following classical mixed equilibrium problem:

Fi(z,y) + oi(y) — ¢i(2) = 0.
We thus obtain the following result:

Corollary 4.3.6. Let C' be a nonempty closed and convex subset of a uniformly smooth and
strictly convex Banach space X which also enjoys the Kadec-Klee property. Let p: CxC —
X be a nonlinear mapping. Fori=1,2,... N, let F; : C x C' — R be a finite family of
bifunctions satisfying conditions (F'1) — (F4), and let ¢; : C — RU{oo} be a finite family
of proper convex lower semicontinuous functions. Let K}, K2 ... K~ be a finite family
of resolvent operators for mized equilibrium problems on C such that NN, F(K!) # 0.
Let f : C — C be a contraction with constant 6 € (0,1), let Ap1, A\n2y ..., Aoy be real
numbers satisfying 0 <, \,; < 1 such that nlglg(} Ani — Xl =0 foralli=1,2,...,N. For

all n € N, let U, be a U-mapping generated by Kﬂn, Kfn, . Kﬁ and A1, An2s- - AnN-
Suppose {an}, {Bn} and {v.} are sequences in (0,1) with o, + B, + v = 1, r is a positive
parameter and {r,} is a sequence in (0,00). Assume that the conditions of Lemma 3.2.8
and the following conditions are satisfied:
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) Jm o =0, 5 0= o0

(11) 0 < hmlnfﬂn < limsup 3, < 1;

n—oo
(i1i) ry, — T as n — oo;

(Z’U) nll_)r{.lo ’>\n+1,i — )\n,z‘ = 0.

For a given z1 € C, let {x,} be the sequence defined iteratively by
Tpa1 = an f(2n) + Bun + VUnTpn, VYn > 1. (4.3.28)

Then {x,} converges to Prf(q) where T' = N, EPF; and Pr is the sunny nonexpansive
retraction of C' onto I

For F;(z,y) = 0, in Theorem 4.3.5, the mixed equilibrium problem reduces to the following
variational inequality

(Aiz, u(y, 2)) + ¢i(y) — di(z) > 0

We obtain a result which solves the finite family of variational inequalities as follows:

Corollary 4.3.7. Let C' be a nonempty closed and convex subset of a uniformly smooth
and strictly convexr Banach space X which also enjoys the Kadec-Klee property. Let yu :
C x C' — R be a nonlinear mapping. Fori = 1,2,...,N, let A; : C — X* be a finite
family of p-hemicontinuous relazed p—a monotone mapping and let ¢; : C' — R be a finite
family of proper convex lower semicontinuous functions. Let K} K2, ..., KN be a finite
family of resolvent operators for variational inequalities with relaxed p — o mappings on
C such that N F(K!) # 0. Let f : C — C be a contraction with constant 0 € (0,1), let
Anis A2, -+, A N be Teal numbers satisfying 0 <, \,,; < 1 such that lim |Ani—Ni| =0 for

alli =1,2,...,N. For alln € N, let U,, be a U-mapping generated by Kl K2 .. .KN and
An1y An2s - /\n N Suppose {an} {B,} and {v,} are sequences in (0, 1) wzth an+ﬁn+7n =
1, 7 is a positive parameter and {r,} is a sequence in (0,00). Assume that the conditions
of Lemma 4.2.5 and the following conditions are satisfied:

(i) nh_)rgo a, =0, > a, = o0;

(11) 0 < hmmfﬂn < limsup g, < 1;

n—oo
(iii) rp, — 1 as n — oo;

(Z’U) lim |/\n+1,i - )\n,z| = 0.
n—oo
For a given z1 € C, let {x,} be the sequence defined iteratively by

Tni1 = o f(2n) + Bnn + YUnxn, Yn > 1. (4.3.29)

Then {x,} converges to Prf(q) where T' = N VIA; and Pr is the sunny nonexpansive
retraction of C' onto .
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4.4 Numerical Example

Let X = R xR and C = [-1,1] x [-1,1]. Define a mapping A : ¢ — R x R by
A(z1,m9) = (21, 12) for all (x1,25) € C, a: R xR — R by a((z1,22)) = 323 + 322 for all
(x1,29) € X and p: C x C' — R x R by u((z1,22), (Y1, y2)) = (2(z1 — y1), 2(xa — y2)) for
all (z1,22) X (y1,y2) € C x C.

Then the mapping A is a relaxed 1 —a monotone mapping. Indeed, for all x = (21, x3),y =
(y1,92) € C, we have

(Az — Ay, w(z,y)) = ((x1 — 1), (22 — y2)), (2(21 — 1), 2(22 — ¥2))
Al(x1r —31)? + (22 — 12)7]
3[(x1 — 1) + (22 — 12)°]
= alzx —vy). (4.4.1)

v

Hence A is a relaxed u — o monotone mapping.
Let z = (z1,29), ¥ = (y1,¥2) and T = (x1, x3). Define

Fi(z,7) = —3iz> + 2z +iy?, Ai(Z) =iz, and ¢;(%) = iz%
Lemma 4.2.5 ensures that there exist Z € R? such that
o o _ _ r, _
F(z.9) + (Aiz, pn(@,2)) + () — 0i(2) + —(§—2,2—2) >0 V jeR’

n

1
—3iz% + 2izyg +ig? +iz2(2(g — 2)) + (ig?) — (iZ2) + —(§—2) x (2—2) >0
Tn
- 1
—3i2% + 20z + i? + 20z — 2i22 + (i%) — (i2%) + —(yz — gz — 2>+ 22) > 0
—3ir, 22 4 2rniZY 4 irn§® + 2rpiGz — 2rniz? 4+ il — rpiZt + 9 —gT — 22+ 22 >0
2ir,y° + (dir,z + 2 — B)§ + 2T — 2° — 6ir,z° > 0.

e

Let H(y) = 2ir,y* + (4ir,z+ 2z — T)y + 2% — 2° — 6ir, 2%, then H(y) is a quadratic equation
in 4.

With a = 2ir,, b = 4ir,z + z — % and ¢ = —6ir, 2% — 2% + zZ.

We obtain the discriminant A of H(y) as follows:

A = b —dac
= (dir,z + 2 — 7)* — 4(2ir,)(—6ir,z° — 2* + z1)
— 224 64i%22% + 16ir,z + 2% — 16ir,1% — 252
= 7%+ (8irpz + 2)* — 222 — 16ir,22
= 7° —28ir,z + 2)T + (8ir,z + 2)°
= (- (8rpz+2))>0.

Hence,

Y
I

m. (4.4.2)
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This implies

_ T To
z =
Sir, +1'8ir+n—1

and thus

P €1 1)
Ki (%) = . 4.4.3
m(7) (8irn 1 8ir, + 1) (4.4.3)

Assume that A, ; =

and S,,0Z = Z. Using (1.2.7) and (4.4.3), we have

mn + 2
1 1 m+ 1
il = - X — Sy i1 T+ - S,ia@, for i=1,2...,100, (4.4.4
% m+2 8r,+1 7 1x+m+2 A1 ot ( )
and U, = S,100. Choosing «,, = n%l, B, = %, Vo = 8n126f7_n7_1 and r, = 2’:;11. Let

f(z) = 55z, then our iterative algorithm (4.3.28) becomes

Tn n 8Tp, n 16n -7 U 2 v >
nxTLJ n - .
10(n+1) 8n—1 8n?2+Tn-—1

jn—&-l -
We make different choices of our initial value as follow:
(1) z1 =025, (2) z1=-0.5 and (3) z; =0.05.

We also vary the stopping criterion as:

g) Eott = Znl o6 g ) Bnnt =Tl g
Ty — 71| Ty — T4

Matlab version 2014a is used to obtain the graphs of errors against the number of iterations.
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Graph of ||xn+ 1-xn|| |, with x,=0.25

1 0-7 1 1 1 1 ! ! !
200 400 600 800 1000 1200 1400

Number of iterations

Figure 4.1: Errors vs number of iterations for initial value 1.

Graph of ||xn+ 1—xn||2 with x,=0.5
T T T

10 T

107 | I | | | | |
200 400 600 800 1000 1200 1400

Number of iterations

Figure 4.2: Errors vs number of iterations for initial value 2.

63



n+1

Graph of |[x —x"||2 with x,=0.05
T T T

10° T

108 1 1 ! ! ! ! |
200 400 600 800 1000 1200 1400

Number of iterations

Figure 4.3: Errors vs number of iterations for initial value 3.
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CHAPTER b

lterative Approximation of Solution of a Split Variational Inclusion
Problem Involving Accretive Operators in Banach Spaces

5.1 Introduction

In recent years, inertial type algorithm has gained a lot more attention due to its speedy
rate of convergence. Most especially several works have been done in the Hilbert spaces
and few in Banach spaces. To this end, we propose an inertial type iterative algorithm
and prove a weak convergence theorem of the scheme to the solution of a split variational
inclusion problem involving accrective operators in a Banach space. We present some
applications and a numerical example to show the relevance of our result.

Splitting Method for Sum of Accretive Mappings

Splitting method have received more attention recently due to the fact that many nonlinear
problems arising in applied areas such as image recovery, machine learning and signal
processing can be mathematically modelled as a nonlinear operator equation, which in
turn can be further decomposed into the sum of possibly simpler nonlinear operators.
Splitting method for linear equations were introduced by Peaceman and Rachford [129]
and Douglas and Rachford [60]. Extension to Hilbert spaces were carried out by Kellog
[96], Lions and Mercier [102]. The defining problem is to iteratively find a zero of the
sum of two monotone operators 77 and 75 in Hilbert space H, that is the solution to the
inclusion problem
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Many problems in real life can be formulated as (5.1.1). A prominent example is the
stationary solution to the initial value problem of the evolution

ou
E—FFUBO, u(0) = uo,

where the governing maximal monotone F' is of the form T} + T5. This problem models
the optimization problem

gél;}{f((l?) +gT(x)}, (5.1.2)

where f, g are proper lower semicontinuous functions from H to the extended real line
R = {—o00,+00} and T is a bounded linear operator on H. The minimization problem
(5.1.2) is widely used in image recovery, machine learning and signal processing. A splitting
method for solving (5.1.1) involves an iterative algorithm for which each iteration involves
only with the individual operators T} and T5, but not the sum 7T} + T, concurrently. To
solve (5.1.1), Lions and Mercier [102] introduced the nonlinear Peaceman-Rachford and
Douglas-Rachford which generate a sequence {x,} by the recursion formula z,,; = (2J§1 —
1)(2J)> — Iz, and a sequence {x,,} generated by x, 1 = J{*(2J7* — D, + (I — J )z,

where J{* denotes the resolvent of the monotone operator T;. Of the two recursion
formula, the Douglas-Rachford algorithm always converges in the weak topology to a point
y* and y* = J}?x is a solution of (5.1.1), since the generating operator J)" (2J3> —I)+ (I —
JATQ) for this algorithm is firmly nonexpansive. The Peaceman-Rachford algorithm however
fails to converge even in the weak topology in the infinite dimensional settings. There have
been several iterative methods since Douglas-Rachford, introduced their scheme for solving
sum of monotone inclusions albeit in Hilbert spaces. In recent years, most of these works
are being extended in Banach spaces which are more general than the Hilbert spaces; (see

[146]).

Split Monotone Variational Inclusion

In 2011, Moudafi [113] introduced the split monotone variational inclusion problem: Find
x* € Hy, such that
0 € (Th(z*) + Si(x*)) (5.1.3)
y' = Az* € Hy: 0 € (Ta(y") + S2(y7)),

where T : H, — 28t and T, : Hy — 22 are set-valued maximal monotone mappings,
S1: Hy — Hy and S, : Hy — H, are single valued monotone operators and A : H; — Hy
is a bounded linear operator. In [113], Moudafi obtained a weak convergence theorem of
the split monotone variational inclusion problem in the framework of Hilbert spaces.

The split monotone variational inclusion problem includes as special cases; the split com-
mon fixed points problem, the split variational inequality problem, the split feasibility
problem and the split zero problem. All of which have been extensively studied in litera-
ture; (see [154]). Since its introduction in 2011, there has been various iterative method
devised to obtaining the solution of the split monotone variational inclusion problem and
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related problem in Hilbert spaces and spaces more general.

In 2015, Takahashi [154] considered the split feasibility problem and split common null
point problem in the setting of Banach spaces. By using the hybrid methods and Hapern’s
type methods under appropriate conditions, some strong and weak convergence theorems
for such problems in the setting of one Hilbert space and one Banach space were obtained.
Tang et al [158], proved a weak convergence theorem and a strong convergence theorem
for split common fixed point problem involving a quasi strict pseudo contractive mapping
and an asymptotical nonexpansive mapping in the setting of two Banach spaces under
some given conditions.

Very recently, Zhang and Wang [173] proposed a new iterative scheme and proved that the
scheme converges weakly and strongly to a split common fixed point problem for nonex-
pansive semi groups in Banach spaces under some suitable conditions. To be more precise
they proved the following theorem.

Theorem 5.1.1. [175] Let X, be a real uniformly convex and 2-uniformly smooth Banach
space satisfying Opial’s condition and with the best smoothness constant k satisfying 0 <
k < \%, X5 be a real Banach space, A : X1 — X5 be a bounded linear operator, and A*
be the adjoint of A. Let {S(t) : t > 0} : X; — X; be a uniformly asymptotically reqular
nonexpansive semigroup with C := Ny>oF(S(t)) # 0 and {T(t) : t > 0} : Xo — X5 be a
uniformly asymptotically regular nonexpansive semigroup with Q := Mo F(T'(t)) # 0. Let

{z,} be a sequence generated by: x1 € X

(5.1.4)

Zn = Tp + I A T (T (t,) — 1) Ay,
Tnt1 = (1 — an)zn + anS(tn)zn, ¥V n 21,

where {t,} is sequence of real numbers, {a,} a sequence in (0,1) and v is a positive
constant satisfying

(1) t, >0 and lim t, = oco;
n—oo

1—2k2
[[A[]2

(2) liminf a,,(1 — ) >0 and 0 <y <
n—oo

(I) IfT ={pe C:Ap e Q} #0, then {x,} converges weakly to a split common fized
point x* € I'.

(II) In addition, if T = {p € C : Ap € Q} # 0, and there is at least one S(t) € {S(t) :
t > 0} which is semi-compact, then {x,} converges strongly to a split common fized
point x* € I

We consider the following split variational inclusion problem involving accretive operators:

Let X; and X, be Banach spaces. The split variational inclusion problem for accretive
operators is given as: Find x; € X; such that

{OEXlzx*e(Tl—i—Sl), (515)

Yyt =Ax* € Xy iyt € (Th + S9),
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where T} @ X7 — 2% T, : Xy — 2%2 are set-valued accretive operators, S; : X; — X,
Sy : X9 — X, are inverse strongly accretive operators and A : X; — X, is a bounded
linear operator.

Furthermore, we introduce an inertial-type iterative scheme and prove a weak convergence
theorem of the scheme to the solution of (5.1.5).

5.2 Preliminaries

In the section, we shall give some lemmas and restate some definitions which we find useful
to obtain our result. We denote the strong convergence of {z,} to x by z, — x and the
weak convergence of {z,} to x by z,, — =.

Lemma 5.2.1. [100] Let {¢,} C [0,00) and {d,} C [0,00) satisfying:

(1) gbn—i—l — ¢n < 8n(¢n - an—l) + 57“

(2) >0, < o0,

(3) 6, C [0,0], where § € [0,1).
Then ¢y, is a convergent sequence and Y [dni1 — Pn]+ < 00, where [t]; = max{t,0} for
any t € R.

Lemma 5.2.2. [107] Given a number r > 0. A real Banach space X is uniformly convex

if and only if there exists a continuous strictly increasing function g : [0,00) — [0, 00) with
g(0) = 0 such that

1Az + (1= Nyll* < All]]* + (1 = Myl = A1 = Ng(llz = yl]).
forall x,y € X, X € [0,1], with ||z|| <r and ||y|| <.

Recall that a Banach space X is said to satisfy the Opial’s condition, if whenever {z,} is
a sequence in X which converges weakly to z as n — oo, then

limsup ||z, — z|| < imsup ||z, —y||, V y€ X, y# . (5.2.1)

n—oo n—oo

Lemma 5.2.3. [71] Let X be a uniformly convex Banach space, let C' be a nonempty
closed convex subset of X and let T : X — X be a nonezxpansive mapping. Then (I —T')
18 demiclosed at zero.

Lemma 5.2.4. [5/] Let X be a real Banach space with Fréchet differentiable norm. For
x € X, let 5* be defined for t € (0,00) by

. x+ ty|]* — ||z]|?
)= L=

t
Then, lim G*(t) =0 and

t—0t

2<y,j<x>>\ wlt=1}.

[l + hI[* < {l2l|* + 2(h, j(x)) + ||]1 B[R] (5.2.2)
for all h € X —{0}.
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Remark 5.2.5. In Lemma 5.2.4 we will assume *(t) < ct, t > 0 for some ¢ > 1. It is easy
therefore to obtain the following estimate

2(h, j(@)) < ||=[1* + ¢l|R]]* = [Jz = hl]%, (5.2.3)
by replacing h in (5.2.2) by —h.

Lemma 5.2.6. [/(/] Let X be a real Banach space. Let Ty : X — 2% be an m-accretive
operator and Sy : X — X be an a-inverse strongly accretive mapping on X. Then we have

(i) for X >0,F(Qx) = (T + 51)7(0),
(it) for 0 <A< pand xz € X, ||z — Qrz|| < 2|z — Qx|

where Qx = JiH (I — ASy) = (I +XT1) (I — \Sy).

Lemma 5.2.7. [107] Let X be a 2-uniformly smooth Banach space with the best of smooth-
ness constants k > 0. Then the following inequality holds:

llz +ylI” < ll=l]” + 2{j(2), ) + 287 [yl*. ¥V 2,y € X. (5.2.4)

In this sequel we shall use the following notations P\, := J/\Tj([ — MS2) = (I +
ATo)HI = ApSe) and Qy, i= J{H(I — AuS1) = (I + M\Th) Y = ASh), where T1, 5y, T
and Sy are as defined in (5.1.5).

5.3 Main Result

In this section, we give our main results.

Lemma 5.3.1. Let X; be real uniformly convexr and 2-uniformly smooth Banach space,
X5 a real Banach space with Fréchet differentiable norm, A : X1 — X5 a bounded linear
operator and A* the adjoint of A. Let Ty : X1 — 2%, Ty + Xy — 2%2 be set-valued accretive

operators and Sy : X1 — X1,9 : Xo — Xy be a-inverse strongly accretive operators.
Assume I :={q € (Ty + S1)71(0) : Ag € (To + S3) "1 (0)} # 0. Let {\,} be a sequence of

non-negative real numbers, for xy € Xy, let {x,} be a sequence given by
Up = Tp + 9n<xn - xnfl)a

Yn = Up + I, TA Ty (Py, — 1) Au,, (5.3.1)
Tpt1l = QpYp + (1 - O‘n)anym vV on > 17

where {ay,} is a sequence in (0,1), v is a positive constant and 6,, C [0,0] where 6 € [0,1)
satisfying the following conditions:
(1) 3nz0Onlltn — 2na|[* < 00;

(2) 0 <vy< %, where k is the smoothness constant satisfying 0 < k?* < %;
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(3) Mu€(0,22), ¥V n>1, ¢>1.
Then {x,} is bounded.

Proof. For each n > 1, let Qi = JQ(I — A\51) and fix ¢ € T, then ¢ € (T} + S1) and
Aq € (Ty + Ss). For all z,y € X, using the nonexpansivity of J,, and Lemma 5.2.4, we
have

T3 = AuSt)a = Ty (T = XSyl

|z =y — Aa(S12 = Siy)||?

|z — y|| — 2M.(S1z — S1y, j(x — y)) + cA2||S1z — Sy |?

[l =yl = Ma(20 = e)|[S12 — Sayl[?

|z =yl (5.3.2)
Thus, @), is nonexpansive for all n > 1. Similarly, P, is nonexpansive.

So, it follows from (5.3.1) and Lemma 5.2.2, that

1@,z — Qx,y||”

VAN VAN VAR VAN

|znts —all* = llan(yn —p) + (1 = ) (@x, 90 — @I
< anllyn — I’ + (1= a)|Qrtn — I — (1 — @) g(|[yn — Qrnl])
< anlyn — gl + (1= a)lyn — qlI — an(1 = an)g(llyn — Q. ¥nl])
< My — I’ = an(1 = an)g(llyn — Qr,ynl])- (5.3.3)

Again, from (5.3.1) and Lemma 5.2.7, we have
[y —all® = [[(un — @) + I A o (Py,, — 1) Aul|?
< W AT TPy, — I Aug||? + 2y(u, — q, A" Jo(Py, — I)Au,) + 22| |u, — g||?
< PNAIPI(Py, — D) Aun||? + 2v(uy — g, A" Jo(Py, — I) Auy) + 25| [un, — ql[*
< PVNAIPI(P, = D) Aug|[? + 27(Au, — Ap, Jo(Pa, — I)Aup) + 2k°(|uy, — gl
= VAP, — I)Aun||* + 27v(Au, — Py, Au,, + Py, Au,, — Ap, Jo(Py, — I)Au,)+
2k2||uy, — gl
= Y||A|P||(Py, — I)Aun||* + 2v( Py, Au,, — Py, Ap, Jo(Py, — I)Au,)—
29[| Aup — Py, Aug|[? + 2K [[up — gl
<PNAIPI(P, = D Au|[? = 29[| Auy — Py, Aug|[? + y[]| P, Aup — Py, Ap|[*+
1(Pr, = 1) Aun|[*] + 257 [uy, — g
<YNAIPI(Py, = D) Aun|[? = 3| A — Py, Aunl[* + 2k%| |t — gl + 7| | P, Aup — Py, Ap|[?
< YNAIPI(P, = D) Au|[? = || Auy — Py, Aun|[* + 25| [uy, — gl + 71| All[un — gl
< Y(AIP = DII(Py, — D Aug|* + (V[[AI]* + 25%)|[uy, — gl

Furthermore, from (5.3.1), Lemma 5.2.4 and Remark 5.2.5, we have

lun —all? = [[(zn = q) + Onan — 20 — 1|
< lzn — Q||2 + 20, (T — Tno1, j(T0 — q)) + Cginn - In—1||2
< lwn = alPP + Onll|zn — gl ? + cllzn — zpa|® = 201 — gl P] + e |20 — 0a|?
< e = alP? + Oalllzn — all® = Nlan1 — gl P] + 2¢0, |20 — 2] (5.3.4)
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which together with (?7), implies
lyn —all* < (VAP + 26 [llzn — al* + On(llza — all* = llzno — all*) + 2600 |2 — z0a|*] -
Y@ = AMAIPDIP, — ) Aua|*. (5.3.5)
Thus, from (5.3.3), we obtain
< (AP + 269 [llzn — all* + Onlllzn — all* = o — all*) + 2¢0n]|2n — zaa "] —
Y@ =AAIPNAIP, = D Aua|[*) = (1 = an)g(|lyn — Qx, yal])- (5.3.6)
Since 0 < v||A||* + 2k% < 1, we obtain

1201 — qll®

lzne —all* < Nlan = gll* + Oalllzn — al* = [lon-1 — qll’] + 260n]|2n — 2nall* -
V(@ =AAIPINAIP, — D Aua|]* -
an(1 = an)g(l[yn = Qx,nl)- (5.3.7)
That is,
lznes —all* < lwn = gll” + On(llzn — all* = [lzn—s — qll*) +
200, | |20 — Tp1 || (5.3.8)
Since Y, - Onllzn — 2n 1] < 00, and 6, C [0,6], [ € (0,1), we obtain from Lemma 5.2.1

that the sequence {||z,, — ¢||} is convergent, hence bounded. Consequently, the sequence
{Ilyn — ¢l||} is bounded. -

Theorem 5.3.2. Let X, be a real uniformly convex Banach space and 2-uniformly smooth
satisfying Opial’s condition, Xy a real Banach space with Fréchet differentiable norm,
A X, — X5 a bounded linear operator and A* the adjoint of A. Let Ty : X; — 2%, T} :
Xy — 2%2 be set-valued accretive operators and Sy : X1 — X1, S : Xo — Xy be a-inverse
strongly accretive operators. Assume ' := {q € (Ty +S51)71(0) : Aq € (Ty+ S2)~1(0)} # 0.
Let {\,} be a sequence of non-negative real numbers, for r1 € Xy, {x,} be the sequence
given by (5.3.1) where oy, is a sequence in (0,1), v is a positive constant and 6,, C [0,6)
where 0 € [0,1) satisfying the following conditions:

(1) 3 ps0 Onlln — 2| |* < 00
(2) liminf a,,(1 — o) > 0;
n—oo
(3) 0 <y < %, where k is the smoothness constant satisfying 0 < k* < %;
(4) 0<A<A, <b<2 Vn>1, c¢>1
Then {x,} converges weakly to x* € T.

Proof. Let ¢ € T, then by Lemma 5.2.1 and (5.3.8), we obtain Y, - [l[zn — q||* = [|zn—1 —
q||!]+ < oo, also from (5.3.7), we have

Y1 =AAI(Pr, = DAu|* + cn(1 = )g([lyn = @runll) < Nwngs — al* = [z — ql]* +
Oulllzn — gl = |z — g’
+2c0,| |2 — 2o q|]?. (5.3.9)
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Hence, we obtain

> @ = AAPIP, = D AP + an(l = an)g([[yn — Qr,9al)] < 00(5.3.10)

n>0

This implies that
nanQO ||(Py, — I)Au,|| = 0. (5.3.11)
Also, condition (2) and the property of the function ¢ in Lemma 5.2.2, we obtain
Tim {[yn — @x,ynl| = 0. (5.3.12)

From Condition (4) we have A, > 0, V n > 1 therefore, there exists ¢ > 0 such that
Ap, > € for all n > 1. Then, by Lemma 5.2.6,

lim ||Qecry, — 2n]| <2 lim ||Qy, 2 — x4]| = 0. (5.3.13)
n—00 n—00

Since, Q. is nonexpansive, we have F(Q.) = (T} + S;)~1(0) # 0.

Same argument holds for P., hence, P, is nonexpansive and F(P,) = (Ty + S2)~1(0) # 0.

From condition (1), we have Y - 0n||z, —zn1|[> < 0o, which implies 0,,[|2, — 25 1]] — 0
as n — 00.

Observe that

||un - xn” = ||(xn - xn) + en(xn - mn—l)H — 0.
Hence,
nh_}rglo ||y, — x,|| = 0. (5.3.14)
Also,
yn — 2l = [|(un — 20) + 7 I A (P, — 1) Auy||
< Nun — | + [y I AT Jo (P, — 1) Auy||. (5.3.15)

Using (5.3.11) and (5.3.14), we obtain

By Lemma 5.3.1, {z,} is bounded and by the reflexivity of the Banach space X, there
exists a subsequence {x,,} of {,} which converges weakly to z*. Using (5.3.14), we have
{tn, } of {u,} converges weakly to x*. (5.3.16), also implies that {y,,} of {y,} converges
weakly to z*. From (5.3.12), we have that ||y, — Q,\njynjH — 0, as j — oo. Since @), is
nonexpansive, then by Lemma 5.2.3 and Lemma 5.2.6(i) we have that z* € (Ty +51)7(0).

Furthermore, since the operator A is linear and bounded, we know that { Az, } converges
weakly to Az*. It follows from (5.3.11) and the fact that P\, is demiclosed at zero that
Az* € (Ty + S2)7*(0). Hence, z* belongs to I

Now, suppose there exists another subsequence {z,,} of {z,,} which converges to y* € X1,
we know by (5.3.15) and previous analysis that y* € (T5 + S2)~1(0). Applying the Opial’s
condition on the space X, we conclude that {z,} converges weakly to z*. [
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The following results are easily obtained as corollaries to our main result.

Corollary 5.3.3. Let H; and Hs be real Hilbert spaces with Hy satisfying the Opial’s
condition, and A : Hy — Hy a bounded linear operator A* the adjoint of A. Let Ty : Hy —
20 Ty« Hy — 2H2 be set-valued monotone operators and Sy : Hy — Hy, Sy : Hy — Hy be
a-inverse strongly monotone. Assumel := {q € (T1+S1)71(0) : Aq € (To+5S2)71(0)} # 0.
Let {\,} be a sequence of non-negative real numbers, for x1 € Hy, let {x,} be a sequence
given by

Up = Ty + 671(1:71 - xn—l)u
Yn = Uy +YA*(Py, — I)Auy, (5.3.17)
Tpt1 = QpYp + (1 - an)Q)\nym vV on> 17

where ay, s a sequence in (0,1), v is a positive constant and 0,, C [0,6), where 6 € [0,1)
satisfying the following conditions:

(1) 3z Onlln — 2na [ < o0;

(2) liminf a,,(1 — o) > 0;
n— o0

1 .
(3) 0 <7 < s

(4) 0< A<\ <b< 2 VYn>1, c>1.

Then {x,} converges weakly to x* € T.

Suppose 51 = 0 and Sy = 0in (5.1.5), then the split accretive variational inclusion problem
(5.1.5) reduces to split variational inclusion problem: Find z* € X; such that

0eTi(z*
€ Ti(z") (5.3.18)

Therefore, we obtain the following corollary.

Corollary 5.3.4. Let X; be a real uniformly convex Banach space and 2-uniformly smooth
satisfying Opial’s condition, Xs a real Banach space with Féchet differentiable norm, A :
X, — X, a bounded linear operator and A* the adjoint of A. Let Ty : X1 — 2% and
Ty : Xy — 2%2 multi-valued mazimal accretive operators. Assume T := {q € T, (0) :
Aq € T, H(0)} # 0. Let {\,} be a sequence of non-negative real numbers, for v, € Xy, let
{z,} be a sequence given by

Uy = Tp + ‘gn(xn - xn—1)7
Yn = tUp + 7y PA* T (J)2 — 1) Auy, (5.3.19)
T = Ay + (1= @) Ly, ¥V 0> 1,

where oy, is a sequence in (0,1), v is a positive constant and 6,, C [0,0) where 6 € [0,1)
satisfying the following conditions:
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(1) 350 Onll2n — Tn-1][? < o0
(2) liminf a,, (1 — av,) > 0;
n— o0

(8) 0 <vy< %, where k is the smoothness constant satisfying 0 < k? < %

Then {x,} converges weakly to x* € T.

5.4 Application and Numerical Example.

5.4.1 Application

Recall that the concept of accretivity in Banach space coincides with the concept of mono-
tonicity in Hilbert space. Thus, we apply our result to solve convex minimization problem
which is an example of optimization problem. Suppose H is a Hilbert space with inner
product (-,-) and its induced norm |[.||.

Let M : H — (—o00,+00]| be a proper convex and lower semi-continuous function and
N : H — R be convex and continuously differentiable function . Then the subdifferential
of M denoted OM is maximal monotone and the gradient VN of N is monotone and
continuous (see [111]). Moreover ,

M(x*) + N(a*) = min[M () + N()] <= 0 € 9(M(x") + VN(a")). (5.4.1)

We consider the following Split Convex Minimization Problem (SCMP): Find z* € Hy,
such that

Mi(z*) + Ni(2") = min[Mi(z) + Ni(z)],

y* = Az* € Hy : Msy(y*) + No(y*) = 52}2[%(@/) + Na(y)], (5.4.2)

where A : H; — H, is a bounded linear operator M;, M, are proper convex lower semi-
continuous functions and N;, N, are convex and differentiable functions. Suppose the
solution set of (5.4.2), is denoted by I'. By setting S; = dNy,Se = ON;, Ty = VM; and
Ty = VM, in Corollary 5.3.3, we obtain the following result for solving SCMP (5.4.2):
Theorem 5.4.1. Let H, and H, be real Hilbert spaces with Hy and A : Hy — Hy a bounded
linear operator A* the adjoint of A. Let My : Hy — (—00,400], My : Hy(—00,+00] be
proper convex and continuously differentiable function and Ny : Hi — R, Ny : Hy — R be
convex and continuously differentiable function such that V.N; is é-Lz’pschz’tz fori=1,2.
Assume T #£ 0, for let {\,} be a sequence of non-negative real numbers, for x1 € Hy, let
{z,} be a sequence given by

Up = Tp + en('rn - xn—l);
Yn = Up + YA (I + X\, 0M) (I — N\, VNy) — ) Au,, (5.4.3)
Tn4+1 = AplYn + (1 - an)(l + )\naMl)il(I - )\nVNl)yna v n Z 17

where oy, is a sequence in (0,1), v is a positive constant and 6,, C [0,0) where 6 € [0,1)
satisfying the following conditions:
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(1) 350 Onll2n — Tn-1][? < o0

(2) liminf a,,(1 — av,) > 0;
n—oo

1 .
(3) 0 <7 < s

(1) 0<A<A\, <b<2 ¥Vn>1, c>1

Then {x,} converges weakly to x* € T.

Let A, M, and M, be defined as above, we define the Convex Minimization Problem
(CMP) as follows: Find z* € H; such that

M, (x*) = min M, (z),
veth (5.4.4)
y* = Az* € Hy : min Ms(y).

yeH2

Suppose that the solution set of the (CMP) (5.4.4) is denoted by I'. By setting 77 = oM,
and Ty = OM; in Theorem 5.3.2, with S; = Sy = 0, we obtain the following result:

Corollary 5.4.2. Let H, and Hy be real Hilbert spaces with Hy and A : Hy — Hs a bounded
linear operator, A* the adjoint of A. Let My : Hy — (—o00,+00|, My : Hy(—00,+00] be
proper convex and continuously differentiable function. Assume T' # 0, let {\,} be a
sequence of non-negative real numbers, for xy € Hy, let {z,} be a sequence given by

Up = Tp + en(mn - $n71)7
Yp = Up + ’yA*(inw2 — 1) Au,, (5.4.5)
a1 = Qi + (L= ) Ny, ¥ o> L

where ay, s a sequence in (0,1), v is a positive constant and 6,, C [0,0), where 6 € [0,1)
satisfying the following conditions:

(1) 3z Onlln — 2na [ < 00;

(2) liminf a,,(1 — av,) > 0;
n—oo

1
(8) 0 <vy< TATE -

Then {x,} converges weakly to z* € T\

5.4.2 Numerical Example

Here we present a numerical example in (R?,|].||2) to our result Theorem 5.3.2.
Let X; = X5 = R?) we define A(z) : R* — R? by

t= (4 ) (2) wen - (1 9) (=)
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Let T} : R? — R? and T3 : R? — R? be defined by T1(Z) = (—x1 — 22,21 + 22) and
T5(%) = (w1, 22).
We obtain the resolvent mappings associated with 77 and T3 as follows:

e = [ )] )
() ()

- (1 Ain )(2)
(14 A)1 + Anzizy (1= Ap)ag — Apay) ).

Similarly, we obtain
L 10 A 0] (2
e = (1) (5 0] ()

1 1
g T i .
TN, V14,2

Let S; : R? — R? respectively Sy : R? — R? be defined by S1(z) = (2x1, —2x5) and
Sa(z) = (21, —x2).

Let a,, = 5, r = 1‘;‘4‘1‘322, k= 35. Then, A\, = 10’7‘;170. Hence, our Algorithm 5.3.1 becomes:

Up = Ty + en(xn - xnfl)y

%—&-in 0 —7
0 1

o v (A =2)0) A1 —2),)
woit = () + (350 ( M2h = 1) (1= A1 — 2)\n)) O

Yp = Up + ’nylA*JQ Au, n >0,

(5.4.6)

\

Case I: 7o = (0.1, 0.01)T, 7, = (1, 2)T and 0, = =

Case I1: 7o = (1, 2)7, z; = (0.1, 0.01)” and 6,, = TP
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Table 5.1: Showing numerical results for Case I.

No. of iterations

Accelerated Algorithm 3.1

Unaccelerated Algorithm

[

2 0.0021 0.4435
3 0.0025 0.0120
4 0.0029 0.0100
5 0.0032 0.0110
6 0.0034 0.0119
7 0.0036 0.0125
8 0.0038 0.0131
9 0.0039 0.0136
10 0.0041 0.0140
11 0.0041 0.0143
12 0.0042 0.0145
13 0.0043 0.0147
14 0.0043 0.0149
15 0.0044 0.0150
16 0.0044 0.0151
17 0.0044 0.0151
18 0.0044 0.0152
19 0.0044 0.0152
20 0.0044 0.0152
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Table 5.2: Showing numerical results for Case II.

No. of iterations

Accelerated Algorithm 3.1

Unaccelerated Algorithm

[

2 0.0236 0.7576
3 0.0283 0.1216
4 0.0323 0.0515
5 0.0356 0.0516
6 0.0383 0.0548
7 0.0405 0.0577
8 0.0423 0.0601
9 0.0438 0.0621
10 0.0451 0.0637
11 0.0461 0.0651
12 0.0469 0.0662
13 0.0476 0.0671
14 0.0481 0.0677
15 0.0485 0.0682
16 0.0487 0.0686
17 0.0489 0.0688
18 0.0490 0.0689
19 0.0490 0.0690
20 0.0490 0.0689
21 0.0489 0.0687
22 0.0685
0.0487
23 0.0485 0.0682
24 0.0483 0.0679
25 0.0480 0.0675
26 0.0477 0.0670
27 0.0473 0.0665
28 0.0470 0.0660
29 0.0466 0.0655
30 0.0462 0.0649
31 0.0458 0.0643
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CHAPTER 6

Conclusion, Contribution to knowledge and Future Research.

6.1 Conclusion

In summary, we gave a little but explicit introduction to the content of this work in
Chapter 1, we gave a definition of Optimization problem and also some introduction to
the various problems under consideration in the study.

In Chapter 2, we reviewed some basic definitions and some important results as necessary
and important in establishing our main results in the study. We also gave a review of
some iterative scheme required in the study, we make remarks and give examples where

necessary.
Our result in Theorem 3.3.2 improves other previous results in existence in the literature.
For instance the iterative sequence in [133] by Qin and Su which was used to obtain the

solution of an accretive operator. The result offers an improvement to the result of Aoyoma
and Toyoda [1] which proves the strong convergence result for approximating the zero of
an accretive operator. Theorem 3.3.2 also solves the fixed point of a k-strictly pseudo
contractive operator.

In Chapter 4, we proposed a new mapping and an iterative algorithm for approximating
the solution of a finite family of generalized mixed equilibrium problems with u— a relaxed
monotone mapping in a Banach space. The result we obtained in Theorem 4.3.5 generalizes
and extends previous results in the same direction in the literature. It extends the result
of Wang et al [165] from a Hilbert space to a more general Banach space. It also extends
the work of Chen et al [11] from a single mapping to a finite family of mappings.

We proposed an inertial type algorithm and prove a weak convergence due to this algorithm
to a solution of a split variational inclusion problem in the framework of Banach spaces.
Our result in Theorem 5.3.2 improves the result due to Tang et al [I58] | Zhang and
Wang [173] due to the introduction of an inertial extrapolation which improves the rate
of convergence of our proposed algorithm.
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6.2 Contribution to Knowledge

The following represents the authors original contribution to knowledge:

(1)
(2)

We gave an example of a 1 — a relaxed monotone mapping in Chapter 2.

Our Theorem 3.3.2 further shows the relationship between the theory of accretive
operators and fixed point theory. We make use of a three step algorithm which
improves other algorithms for approximating the zeros of accretive operator. The
result also generalizes other results in literature.

In Chapter 4, we introduce a mapping for a finite family of mixed equilibrium prob-
lem with p — o relaxed monotone mapping. Making use of the nonexpansivity
property of the resolvent mappings of these problems. The mapping thus offers a
generalization to other mappings of its type for instance (see [0, 91]). Also, the result
extend the result of [165] and [11] and many other results in many ways.

Our result in Chapter 5 is based on the inertial type iterative algorithm, and it is
new as there are few result of this type in Banach spaces in literature. Though, we
obtained a weak convergence theorem, the result improve and extend many other
which exist in literature. For instance, the problem we considered in this Chapter
involves accretive operators which generalizes the Hilbert space as studied by [113]
who introduced the problem.

The following are research articles submitted for publication from this work.

(1)

0.K. Oyewole, L.O. Jolaoso, M.O. Aibinu and O.T. Mewomo, Strong convergence
theorem for approximating zero of accretive operators and application to Hammer-
stein equation.

0.K. Oyewole, L.O. Jolaoso, C. Izuchukwu and O.T. Mewomo, On approximation
of common solution of finite family of mixed equilibrium problems involving u — «
relaxed monotone mapping in a Banach space.

0.K. Oyewole, C. Izuchukwu, C.C. Okeke and O.T. Mewomo, Inertial approximation
method for split variational inclusion problem in Banach spaces.

6.3 Future Research

In Chapter 3, we obtained our result in a g-uniformly smooth Banach space, we will like
to extend the study to a more general space. We obtained a weak convergence result
in Chapter 5 to a solution of split variational inclusion problem with an inertial type
algorithm. We will like to obtain a strong convergence to the solution of this problem in
the future.
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