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Abstract

There are basically two types of variables in population modelling, global and local variables.
The former describes the behavior of the entire population while the latter describes the behavior
of individuals within this population. The description of the population using local variables is
more detailed, but it is also computationally costly. In many cases to study the dynamics of
this population, it is sufficient to focus only on global variables. In applied sciences, to achieve
this, the method of aggregation of variables is used. One of methods used to mathematically
justify variables aggregation is the centre manifold theory. In this dissertation we provide detailed
proofs of basic results of the centre manifold theory and discuss some examples of applications
in population modelling.
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Introduction

When we think of studying the stability of a dynamical system, we first look at certain points
within the system where the vector field vanishes. In this work, we use terms fixed points or
equilibrium points interchangeably to denote them.

In order to understand the behavior of solutions around a fixed point of a nonlinear system, we
study an associated linear system called its linearization at the fixed point.

If the fixed point is hyperbolic i.e if none of the eigenvalues of the linearization has zero real part
then we can easily deduce, based on the study of the linearization, the stability properties of the
nonlinear system. On the other hand, if the fixed point is nonhyperbolic then the linearization
does not provide any conclusive information.

In the latter case, there is a powerful mathematical technique that allows for a substantial progress.
It is the centre manifold theory, whose main goal is to simplify the dynamical system by reducing
its dimension. Moreover, since the interesting dynamics take place on the centre manifold, one
can uniquely focus investigations on the centre manifold instead of studying the whole space.

In our work, based on Carr's monograph [1], we study and provide detailed proofs of basic results
on the centre manifold theory in finite dimension. The main goal is to fill gaps and correct some
errors in Carr's presentation. In further work we will extend the study to the theory of infinite
dimensional invariant manifolds including stable, unstable and centre manifold. Then apply them
to aggregation problems in singularly perturbed multi-structured population models.

This dissertation is divided into three chapters. In the first chapter we give definitions of manifolds,
differentiable manifolds and invariant manifolds. We state without proofs the stable and centre
manifolds theorems.

In the second chapter we present detailed proofs of the main results of the centre manifold theory
namely: the existence of the centre manifold, the reduction principle and the approximation of the
centre manifold. First a detailed proof of the existence of the centre manifold is given using the
contraction mapping principle. Next we show in the reduction principle that knowing dynamics
of the flow on the centre manifold, one can deduce the dynamics of the full system. Last we
present a result that allows us to approximate the centre manifold to any degree of accuracy by
a function of class C?. We conclude the chapter with several examples which illustrate how the
centre manifold theory may be used in order to study the behavior of nonlinear systems when
linearization fails to provide enough information. We also give some interesting properties of the
centre manifold theory.

In the third chapter we give an application of the centre manifold theory which focuses on
population modelling. The model that we present consists of prey and predators living in two
different patches. Prey can move between both patches but predators remain in their patch.
We aggregate variables so that we can concentrate on global variables which contain information
of the entire population instead of studying the behavior into individual patches. We perform
some transformations to bring the model in an appropriate form so that we can use the centre
manifold theory. We end with a system reduced to the centre manifold which consists only of
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global variables.

We note that we don’t study the dynamics of the system reduced to the centre manifold since it
requires elaborate techniques which are beyond the scope of this dissertation.



1. Preliminaries

The goal of this chapter is to introduce the notion of manifold, differentiable manifold and
invariant manifold which will be used in the sequel of our work. We are not going to develop the
theory of manifolds which can by itself be considered as the subject of a degree. Rather, we are
going to define what we need from this huge theory.

1.1 Manifold

Definition 1.1.1

Let X be a non-empty set. A metric on X is a mapping d of X x X into R that satisfies the
following conditions:

d(z,y)

d(x,y) =0if and only if z =y,

3. d(z,y) =d(y,z) for all x,y € X,

d(z,z) <d(z,y) +d(y,z) forall z,y,z € X.

A metric space is a pair (X, d) in which X is a non-empty set and d is a metric on X. A metric
is also called a distance function.

Condition (3) expresses the fact that d is symmetric in = and y. Inequality (4) is usually called
the triangle inequality and conditions (1-4) will sometimes be referred to as the metric space

axioms [2].
1/2
d(z,y) = < (z — yk)2>

for all z = (21, 9, ..., x,) and y = (y1, Y2, ..., yn) in R™. Then d is a metric on R"™ and is called
Euclidean metric.

Example

Let

3

1

The metric space (R, d) is called n-dimensional Euclidean Space [2].

Definition 1.1.2

Let n € N. An n-manifold or a manifold of dimension n is a metric space M such that for every
x € M there is a neighborhood U of x homeomorphic to an open subset of R™ [3].
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Examples

The set R™ itself is the simplest example of a manifold. For each x € R™ we can take U to be
all of R™. We may define an homeomorphism between R™ supplied with the usual metric and R"
with a metric equivalent to the usual metric [3].

The second simplest example of a manifold is an open ball in R™. In this case we can take U to
be the entire open ball since an open ball in R" is homeomorphic to R™ [3].

The next example derives directly from the second. Any open subset V' of R™ is a manifold. For
each z € V we can choose U to be some open ball with x € U C V' [3].

Remark 1.1.1

From these few manifolds we can already construct many others by noting that if M; are manifolds
of dimension n; (i = 1,2) then M; x My is an (ny X ng)-manifolds [3].

Example

The product S* x --- x St of n 1-spheres is called an n-torus while S' x S! is called the torus.
It is homeomorphic to a subset of R? which is obtained by revolving the circle

{(0,y,2) e R®: (y — 1) + 2* = 1/4}

around the z-axis. This subset is what most of the people have in mind when they speak of a
torus [3].

1.2 Differentiable Manifold

Definition 1.1.3

An n-dimensional differentiable manifold M (or a manifold of class C*) is a connected metric
space with an open covering {U,} i.e.

M:U%
such that

1. for any « in M there exists an open neighborhood U, homeomorphic to an open unit ball
B={x€R":|z| <1} inR". ie. forany « there exists a homeomorphism h,, : U, — B
of U, onto B and

2. if Uy,NUg # 0 and h, : U, — B, hg: Us — B are homeomorphisms then h,, (U, N Up)
and hg (U, N Ug) are subsets of R™ and the map

hap = ha 0 h5" < hs (Us N Up) — ha (Us N Up)

is differentiable (or of class C*), and for all z € hg (U, N Us) the Jacobian determinant
det Dh(x) # 0.

The manifold M is said to be analytic if maps has = hy © hgl are analytic [4].
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Remark 1.1.2

The pair (U,, hy,) is called a chart for the manifold M and the set of all charts is called an atlas for
M. The differentiable manifold M is called orientable if there is an atlas with det Dho,OhE1 >0
for all a,, 8 and = € hg (U, NUp) [4].

1.3 Invariant Manifold

Let

T = f(x), reR" and f:R"—R" (1.1)

be a nonlinear system. Consider the initial value problem

Definition 1.1.4

Let £ be an open subset of R” and let f € C'(E). For zy € E let I(xy) denotes the maximal
interval of existence of the solution ¢(t,x¢) of (1.2). Then for t € I(x) the set of mappings
{t}icr(n) Of E onto E defined by

Pi(0) = (1, o)
is called the flow of the differential equation (1.1) [4].

Definiton 1.1.5

Let £ be an open subset of R". Let f € C'(E) and ¢; : E — E be the flow of the nonlinear
system (1.1) defined for all ¢ € R.

A set S C E is called invariant with respect to the flow ¢, if ¢;(S) C S for all t € R. If
we restrict the time to be positive (or negative) then we refer to S as positively (or negatively)
invariant with respect to the flow ¢; [4].

Definition 1.1.6

An invariant set S C R" is said to be C* (k > 1) invariant manifold of (1.1) if S has the structure
of C* differentiable manifold [5].

We will see now how some important invariant manifolds arise by studying an orbit structure near
an equilibrium point.
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Definition 1.1.7

A point z* € R™ is called an equilibrium point or a fixed point of (1.1) if f(z*) = 0. An
equilibrium point x* is called a hyperbolic equilibrium point if each eigenvalue of Df(x*) has
nonzero real part.

Note that here and throughout the dissertation D f denotes the Jacobian of f, where f is any
differentiable function.

Let 2* be an equilibrium point of the nonlinear system (1.1). The linearization of (1.1) at 2* is
given by

T = Az, (1.3)

where A = D f(x*) is a constant n X n matrix and = € R".

A solution of (1.3) through the point zq € R™ is given by

z(t) = ey, (1.4)

where

1
eAt:]+At+§A2t2+... (1.5)

and [ is the n X n identity matrix.

It follows that R™ can be represented as a direct sum of the following subspaces: E¢, E* and E¢
known as stable, unstable and centre subspaces of the linear system (1.3) respectively, and they
are defined as follows:

E*® =Span{vy, -+ ,vs},

E" =Span{vsi1--* ,Vs4u}, (1.6)
E® = Span {US+1L+1 T >Us+u+c} )
with s + u + ¢ = n and where {vy,--- ,v,} is a basis of (generalized) eigenvectors of A cor-
responding to the eigenvalues of A having negative real parts, {vsy1--- ,vs14} is a basis of
(generalized) eigenvectors of A corresponding to the eigenvalues of A having positive real parts
and {Usiut1° ", Vstuic) is a basis of (generalized) eigenvectors of A corresponding to the eigen-

values of A having zero real parts [5].

E*, E" and E* are invariant subspaces since a solution of (1.3) with initial condition in one of
these subspaces will remain there for all time [5].

Theorem 1.1.1 (The Stable and Unstable Manifold Theorem)

Let £ be an open subset of R" containing the origin, let f € C'(E) and ¢; the flow of the
nonlinear system (1.1). Suppose that f(0) = 0 and that Df(0) has k eigenvalues with negative
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real part and n — k eigenvalues with positive real part. Then there exists a k-dimensional
differentiable stable manifold S tangent to the stable subspace E* of the linear system (1.3) at
0 such that for all t > 0 ¢,(S) C S and for all zy € S

thm ¢t<I0) = 07

and there exists an (n—k)-dimensional differentiable unstable manifold U tangent to the unstable
subspace E" of (1.3) at 0 such that for all t <0 ¢,(U) C U and for all zq € U [4]

tlim be(xo) = 0.

Furthermore, S and U are of the same dimension as E* and E“ respectively [4].
Example

Consider the nonlinear system

:tl = —I,

g 2

To = —x9 + 27, (1.7)
d 2

T3 :.CE3+331.

We determine the stable and unstable manifolds, we verify the invariance property and we check
the asymptotic behavior of solutions starting in those manifolds.

The only equilibrium point of the system (1.7) is at the origin. The linear system associated to
(1.7) is given by

T = Az, (1.8)

where
—1 00
A= 0 -1 0
0 0 1

Hence, the stable and unstable subspaces £* and E* of (1.8) are the x;xo-plane and the x3-axis
respectively.

The solution of the nonlinear system (1.7) is given by

11(t) = cre™,
To(t) = e+ (e — e ),
2

73(t) = cze’ + %(et —e ),

(1.9)

where ¢ = (cq, 2, ¢3) = x(0). Therefore the flow of (1.7) is given by
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cret

—t 2( —t
oule) = olt,0) = | T leT e
czel + (et — e )

3

—Qt)

It follows that
tlim oi(c) =0
2
if and only if ¢3 + % = 0. Thus, the stable manifold of (1.7) is given by

2
C1

S ={ceR®c; = _T}’
and for ¢ € S we have
cret
bi(c) = coet 4 C%Z(e_t — e %) cs
_ﬁefzt
3

Hence, ¢:(S) C S for all t € R so S is invariant under the flow ¢;.

Next
tlim ¢i(c) =0

if and only if ¢; = ¢; = 0. So, the unstable manifold of (1.7) is given by
U={ceR®c =c, =0}

Then for ¢ € U we have

0
Pi(c) = 0 2 cU.
csel + glet
Hence, ¢(U) C U for all t € R so U is invariant under the flow ¢; [4]. O

The aim of studying the linear system (1.3) was to get information about the behavior of solutions
around the equilibrium point x = z* of the nonlinear system (1.1). The stable manifold theorem
will provide an answer to this question [5].

We need first to do some transformation of the fixed point x = z* to the origin by the translation
y = x — x*. Then since z* is an equilibrium point f(z*) = 0 and the nonlinear system (1.1)
becomes

y=f(e"+y), yeR" (1.10)
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The Taylor expansion of (1.10) around = = z* gives

y=Df(x")y+R(y), yeR" (1.11)

where R(y) = O(|yl*).

The linear system (1.3) can be transformed into the following block diagonal form

ul AS O O Ul
Us O O A.| |us

by an appropriate linear transformation T', where T 1y = (uy,us,u3) € R® x R* x R® with
s+u+c=mn. Asis an s X s matrix having eigenvalues with negative real parts, A, isa u X u
matrix having eigenvalues with positive real parts and A. is a ¢ X ¢ matrix having eigenvalues
with zero real parts and O denotes the appropriately sized block consisting all of zero's [5].

If we take u = (uy,ug, ug) then by the same linear transformation (1.10) becomes

= Au+ G(u), (1.13)
where
A, O O
A=|10 A, O (1.14)
O O A.

and G(u) = T"'R(Tu). The linear system (1.12) has an s-dimensional invariant stable subspace,
a u-dimensional invariant unstable subspace and a c-dimensional invariant centre subspace; all
intersecting at the origin [5].

Remark 1.1.3

The stable and unstable manifolds of Theorem 1.1.2 are referred to as the local stable and
unstable manifolds of (1.1) since they are only defined in a small neighborhood of the origin. The
global stable and unstable manifolds are defined by flowing points in S backward in time and
those in U forward in time.

If ¢; is the flow of the nonlinear system (1.1) then the global stable and unstable manifolds of
(1.1) are defined as follows:

we = Jaou(s)

and
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Note that, without loss of generality, we did not consider the unstable direction in our examples
because the reduction principle may fail to work if we take that direction into account.

Another important result when studying the flow of the nonlinear system consists of establishing
the existence of an invariant centre manifold 1W¢(0) tangent to the centre subspace E° of the
linear system (1.3) at the origin [4].

Theorem 1.1.2 (The Centre Manifold Theorem)

Let f € C*(E), where E is an open subset of R™ containing the origin and k > 0. Suppose
that f(0) = 0 and that Df(0) has k eigenvalues with negative real parts, j eigenvalues with
positive real parts and m = n — k — j eigenvalues with zero real parts. Then there exists an
m-dimensional invariant centre manifold W¢(0) of class C* tangent to the centre subspace E°
of (1.3) at the origin [4].

The next chapter is devoted to the study of the centre manifold since near the origin all the
interesting dynamic takes place on the centre manifold. So, instead of studying the flow through
the whole space R”, one can reduce the study to the centre manifold [6].



2. Centre Manifold

The goal of this chapter is to present in detail, following Carr [1], some basic results on the centre
manifold theory such as the existence of the centre manifold and the reduction principle. The
latter result allows studying the flow of a nonlinear system through its restriction to the centre
manifold which reduces the dimension of the problem and it is of major importance in applications

[6].

Because in general it is impossible to solve the system for the centre manifold, we also present a
result allowing the approximation of the centre manifold to any degree of accuracy.

We note that the results we present in this work are valid in finite dimension but some extensions
to infinite dimension space are possible.

Let
&= Az + f(z,y),

y = By + g(z,y), 1)

be a nonlinear system of ordinary differential equation, where x € R and y € R™. A and B
are constant matrices such that all eigenvalues of A have zero real parts and all eigenvalues of
B have negative real parts. f(x,y) and g(z,y) are vectors functions of z and y of class C? with
f£(0,0) =0,Df(0,0) =0,9(0,0) =0, Dg(0,0) =0 [1].

Let us consider the case where f and g are identically zero. Then system (2.1) reduces to the
following linear system:

T = Az,
. (2.2)
y = By,

that we can write in the matrix form as follows:

x A 0] |z
b= 1o 5] ) e
If we analyse the above system in R? with n = 2 and m = 1 then the z;2,-plane and the 3-axis

represent the centre manifold and the stable manifold respectively or more precisely the centre
subspace and the stable subspace respectively.

In general the linear system (2.2) has two obvious invariant manifolds namely x = 0 that we refer
as the stable subspace E° and y = 0 as the centre subspace E° [1].

Definition 2.1.1

A centre manifold for (2.1) is an invariant differentiable manifold tangent to the centre subspace
E*¢ of R™ at the origin.

11
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A centre manifold for (2.1) can be represented as follows:
We(0) = {(z,y) € R* x R"|y = h(z), [x| < é,h(0) = 0, Dh(0) = 0},

for ¢ sufficiently small [5]. Here and throughout the dissertation |.| denotes the euclidean norm.
Remark 2.1.1

Conditions h(0) = 0 and Dh(0) = 0 are conditions of tangency of the centre manifold W ¢(0) to
the centre subspace £ of R" at the origin.

Remark 2.1.2

If f and g are identically zero then all solutions of (2.1) tend exponentially fast, as t — oo, to
solutions of

T = Ax. (2.4)

In other words, all solutions will rapidly decay to the centre subspace along the stable subspace.
That is, we can determine the asymptotic behavior of solutions of a nonlinear system once we
know the equation that determines the behavior of small solutions on the centre manifold [1].

Now if f and g are non-zero then there are similar results for the system (2.1) that we give in
the sequel of this chapter.

2.1 Existence of the Centre Manifold

First we give an example to illustrate the method used to prove the existence of the centre
manifold.

Example

Let us consider the following system:

jjl = T2,
iy =0, (2.5)
y - —y—l—g(l‘l,l’g),

where g is smooth and ¢(0,0) =0, Dg(0,0) = 0.

Take G(x1,22) = ¥(x1, 22)g(x1, 12), where 1) : R? — R is a C™ function with compact support
such that 1(z1, z9) = 1 for (z1, x2) sufficiently small. We show that the new system of equations

jjl = T2,
s =0, (2.6)
y = —y—l—G(l‘l,[L’Q),
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has a centre manifold y = h(zy, z2) with (21, 22) € R2. Since G(z1,13) = g(x1,22) for (z1,x2)
sufficiently small then y = h(zy, x5) with 2% 4+ 23 < § for some 4§, is a local centre manifold for
(2.5).

The first two equations in (2.6) have x;(t) = z; + 2ot and z3(t) = 25, where z;(0) = z; for
1 =1, 2, as solutions.

Assume the solution of the third equation in (2.6) be given by y(t) = h(z1(t), zo(t)). Therefore

d

Eh(zl + ZQt, 22) = —h(Zl + ZQt, 22) + G(Zl + Zglf, 22). (27)
To compute a centre manifold for (2.6) we select a special solution of (2.7). Solutions of (2.7)
have the following form:

t

h(z + 29t 20) = € "h(21, 22) + / e*'G (21 + 298, 20)ds. (2.8)
0

We see that (2.8) has a term e, Since the centre manifold should be tangent to the z; z5-plane
at the origin and the component that contains e¢ tends to the origin along the stable manifold
perpendicular to the z;z9-plane as t — oo, we must eliminate it. To do so, we include in (2.8)
the condition

lim h(z + 2t, 29)e’ = 0.

t——o0
Thus, multiplying (2.8) by e’ and solving the limit as t — —oo, we get

0
lim h(z; + 2ot, 22)e’ = tlim h(z1, z2) lim e’ G(z1 + 228, 22)ds,

t——o0 — t——oco J,

0
0= h(z,22) — / e’ G(z1 + 298, z2)ds.

—00

Hence,

0
h(z1, 22) = / e’G(z1 + 228, 22)ds. (2.9)

—0o0

For h, defined by equation (2.9), to be a centre manifold for (2.8) we must show that it is an
invariant manifold. Replacing z; by z; + 25t in equation (2.9) gives

0
h(z1 + 29t, 20) = / e’G(z1 + z2(s + 1), z9)ds. (2.10)

—00

We must show that (2.10) satisfies the third equation in (2.6). That is, we must compute its
derivative with respect to t. Let § = 23 + 22(s + t) and & = 2, therefore,
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d 0
Eh(zl —+ th, Zg) = / e’ [G‘lZg + GQO]dS

0
= / e’[G 129)ds
0 oG oG 0G
_ s |9G e 260G 211
/Ooe [85} ds (smce B 85122) (2.11)
0
= [*G (21 + z(t + 8), 2)]° o, — / e’G(z1 + z2(t + ), 22)ds

0
= G(21 + 2ot 29) — / e*G(z1 + 22(t + s), 29)ds,

—0o0

where (G 1 denotes the partial derivative of G with respect to &; and G5 the partial derivative of
G with respect to &. It follows, using (2.10), that

h(Zl + th, ZQ) == —h(Zl + th, ZQ) + G(Zl + th, 22). (212)

We have shown that the solution of equation (2.6) through (21, 22, h(21, 22)) lies on the curve
y(t) = h(z1 + z2t, z2). This shows y = h(z1, 22) is an invariant manifold for (2.6). Since G is
C*, G(0,0) = 0 and DG(0,0) = 0 it follows that h is C*°, h(0,0) = 0 and Dh(0,0) = 0.
So, h is a centre manifold for (2.6). As an example we consider G(z1,22) = z122. Then
G(Zl + th, Zg) = 22(2’1 + th) Therefore

0
h(z1, 22) = 22 /_OO e®(z1 + z28)ds (2.13)

= 2129 — Z%.

Replacing z; by z; + 2ot in equation (2.13) gives

h(Zl + th, 22) = 22(21 + ZQt) - Z;

2.14
=2'2% + 25t — 23, ( )

then

d
Eh(zl + 2ot, 25) = 25

= —z129 — 23t + 23 + 212 + 25t (2.15)
= —(2122 + th — Zg) + Z1%92 + th

= —h(Zl + 298, Zz) + G(Zl + 298, Zg).
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After this example we return to the general case.
Definition 2.1.2

Let X be a metric space with metric d. A mapping T of X into itself is said to be a contraction
mapping if and only if there is a real o with 0 < a < 1 such that

d(T(x),T(y)) < ad(z,y)
for all z,y € X. To simplify notation, we will write Tz for T'(x) [2].
Theorem 2.1.1 (Contraction Mapping Principle)

Let T be a contraction mapping of a complete metric space X into itself. Then there is a unique
point u € X such that Tu = u.

Lemma 2.1.1

Let us define a set X of Lipschitz functions h : R" — R™. With the Lipschitz constant py,
|h(z)| < p for z € R™ and h(0) = 0 for given p,p; > 0. With the metric induced by the

supremum norm ||.|| from the space C'(R",R™) of continuous functions of R” into R™, X is a
complete metric space.
Proof

Indeed, X is a subspace of C(R",R™) and we show that X is closed in C'(R™,R™) so that its
completeness follows. Let h € X, the closure of X. Then there are (h,) € X such that h,, — h
as n — 00. Hence, given an ¢ > 0. Then there is an integer N such that for n > N we have

|hn — h|| = sup {|hn(z) — h(x)| : x € R"} <e.
Hence, for any fixed o € R™ |h,(x0) — h(xg)| < € for n > N. This shows that h,(z) — h(zo)
as n — 00.

We have to show that h € X. Since h,, € X forn = 1,2, ... we have |h,(z) — h,(y)| < p1|z—y]
for z,y € R™ and |h,(z)| < p with p1,p > 0. Letting n — oo yields |h(z) — h(y)| < pi|z — ¥
for z,y € R™ and |h(x)| < p. This shows that h € X. Since h € X was arbitrary, this proves
the closedness of X in C'(R"™,R™) and so its completeness as a metric space with metric induced
from C'(R", R™). O

Next we formulate and prove the main result of this section.

Theorem 2.1.2

There exists a C? centre manifold y = h(x), |z| < ¢ for (2.1).

Proof

The proof of the existence of the centre manifold uses the contraction mapping principle.

As in the previous example, we define from (2.1) a new system

T = Ax + F(z,y),

. 2.16
y = By + G(z,y), (2.16)
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where F(z,y) = f <$¢ (%) ,y), G(z,y) = g <x@/} <%> ,y) and ¢ : R* — [0,1] is a C*

function with ¢ (f) = 0 when |z| > 2¢ and ¢ <£> < 1 when |z] < 2e.
€ €

We prove that (2.16) has a centre manifold y = h(z), € R™, for € small enough. Using the
fact that /' = f and G = g in a neighborhood of the origin, we show that there exists a local
centre manifold for (2.1) [1].

We assume that we can solve the first equation in (2.16) and substitute its solution into the
second equation to solve it to get the centre manifold. That is, for h € X and 2y € R" let
x(t, xo; h) be the solution of

&= Ax+ F(xz,h(x)), with z(0,z9;h) = x. (2.17)

The solution of (2.17) is given by

t
x(t, xo; h) = ewy + eAt/ e F(x(s, z0, h), h(z(s, z0; h)))ds, (2.18)
0

where y(t) = h(x(t,zo, h)) is the solution of the second equation in (2.17). Therefore

%h(x(t, zo; h)) = Bh(x(t, zo; h)) + G(x(t, z0; h), h(z(t, zo; h))). (2.19)

As in the example, to compute a centre manifold for (2.16) we must single out a special solution
of (2.19). Solutions of (2.19) have the following form:

t
h(z(t, zo; h)) = eP'h(xq) + eBt/ e PG (2 (s, zo, h), h(2(s, 20; h)))ds. (2.20)
0
We must eliminate the component which decays to the origin along the stable manifold since the
centre manifold should be tangent to the invariant manifold y = 0. That is, we must include the
condition lim; ., e B'h(z(t,zo; h)) = 0 in (2.20). Thus, multiplying (2.20) by e~ 5! and using
the limit as t — —o0 gives

0
0= lim e P'h(x(t,zo;h)) = lim h(x) — lim e PG (x(s, zo; h), h(x(s, z0; h)))ds.

t——00 t——o00 t——o00 ¢
Hence, .
0 = h(zo) — / B2 (a5, mo: h), h(x(s, 70: h))ds
so that

h(xo):/_ e PG (2 (s, zo; h), h(2(s, z0; h)))ds. (2.21)



Section 2.1. Existence of the Centre Manifold Page 17

We use the contraction mapping principle to show that under suitable conditions (2.21) has a
unique solution in certain subset U of R™ containing zy. That is, let define T": X — X by

(Th)(zo) :/_ e PG (2 (s, zo, h), h(x(s, 20; h)))ds, (2.22)

o0

where h € X and 2y € R™.

We have to prove that 7" is a contraction on X. Therefore if h is a fixed point of (2.22) then by
(2.21), it is the centre manifold for (2.16). To do so, we need the following auxiliary estimates:

Lemma 2.1.2

There exists a continuous function k(e) with k£(0) = 0 such that

|F'(z,y)] + |G, y)| < ek(e),
|F(z,y) = F&",y)| S k(e)llz — | + |y —y/[] (2.23)
Glz,y) = Gl ) S k(O)llz —a'| + |y —y[],

for all z,2" € R™ and y,9 € R™ with |y|,|y'| < e [1].
Proof

Given a real-valued C*-function f defined on an open convex subset U of R™. The multivariate
Taylor expansion of f at a € U is given by

fla+h) = Z Da{c( D\ Ry(h), (2.24)

r=0

where

Dyt f(€)
(k+1)!

is the k' degree remainder of f at a and ¢ is on the segment L joining a with a + h. Note that

Ry(h) =

lim Ri(h)

A T =Y

and

DEf = (hDy+ -+ h,Dy)'f
= Z ( k’_)hil...hinpgl...pinﬁ (2.25)

it Hin=k

is the iterated directional derivative with respect to h = (hy - --h,). For instance, if n = 2 and
k = 2, we have
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D; f = (hiDy + hoDs)* f

) o0\?
= (hlg + h2a—y) f (2.26)
02 f Rf 02 f
— 27 J 2 2 ]
Wit + 2hiha TRl h2 57

Using (2.24) with h = (z,y) and a = (0,0), the Taylor formula for f up to the second order at
(0,0) is given by
f((0,0) + (z,9)) = f(0,0) + Dy f(0,0) + Ru(h),

1
where Ri(h) = 5 [D3 f1(6.,0,); with 0 < |6,| < |z| and 0 < |6, ] < |y].

Since f(0,0) =0 and Df(0,0) =0 we have f(z,y) = Ry(h) with lim;_,,
Define
| R (h)|

k(e) =
|h|<e |h|

Thus, k(€) — 0 as € — 0 for || <.

Therefore Ra(h)|
|1h| <k(e) & |Ri(h)| < k(e)lh|.
Since
Y(x) <1 if |z| <2 and ¢(x)=0 if |z|>2,
we have

T\ |2 T\ |2
)< (20 i ’ = ‘ =0 i > 2e.
’mﬁ <e>‘ < (2¢)* if |z| <2 and |z9 <e) 0 if |z|>2e

()

Which implies that

2
< 4e® forall =z

and
bl = V|2 + |y,
T 2
_ - 2
—\/\w(e)\ +lyl2,

<V4e? + €2,

= V5e.

It follows that .
IF(z,y)| < k(o)



Section 2.1. Existence of the Centre Manifold Page 19

where k(e) = 2v/5k(e).
Using the same reasoning, we find the estimate of G(x,y) by |G(z,y)| < %k(e)

Hence,
|F(z,y)| + [G(z,y)| < ek(e).

Next we define

u(t)=F(te+ (1 —t)z'  ty + (1 —t)y). (2.27)

Then u(0) = F(2',y'), u(1) = F(x,y) and the Taylor's formula of u up to the first order in one
variable on the mterval 0, 1] gives

u(1) = u(0) + u(c), (2.28)
for some 0 < ¢ < 1.
Therefore we have from (2.28)
Fz,y) = F(x',y) = Fi(0s,0,) (@ — 2) + Fa(0:,0,)(y = ), (2.29)

where [o] < [0.] < [a], [y'| < |6,] < [yl,

Fl (9567 Qy) =

(5.
O ) 16:0,)] 1 cicn. 1<hem

F
(g 1) ] and  Fy(0,,0,) =
L5/ 1(02,0,) 1<i,j<n

Then

|F(z,y) = Fa',y)| < |Fa(ba,0,)l(@ — )| + [ Fa(0,0,)ll(y — ). (2.30)

Now, if |z],|2'| < 2¢ and |y|,|y| < € then |0,| < 2¢ and |6,| < e. Therefore, derivatives can be
estimated by their supremum with respect to (z,y) over balls |z| < 2¢, |y| < e.

: T / : T
Since F(x,y) = f (xz/J <€> ,y) for |x'| <10, < |z, |y | < |0,] < |y| and z = z¢ <E> we have

dfi 0, o
F 99079 = . — .
1) [(azﬂ')iwacw%ww [w(ﬁ)gﬁ ¢ (axj) 91)”1gjgn

and
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(5 o,

(5)
Wk /) (0,082 ,0,)

Let us consider the following different cases:

F2(0x7 0y> -

?

1<4,7<n and 1§k§m},

. df;
k(G) = sup (af )
|| <2¢,|y|<e %3/ (0082 60y)

so that k(e) — 0 as € — 0.

4 Qz .
Case I: [z |,|z] <e = [0, <c¥, w(—):l and (8—1/}) =0forl <j<n.
€ ) e
1)

Therefore )
F1(0:,0,) = f1(0:,0,) = |F1(6s,0,)| < k(e)

and
F2(91‘a 91/) = f.2(9xa ey) = |F2<9xa 0y>’ S k(e)a

where

£1(0,,0,) = [(é) ] and  f2(6,.0,) = [(af) ] .
77 102:0y) | 1<4 5<n Yk 102,0y) | 1<i<n, 1<k<m

Case Il: ¢ < |7'],|z] <26 = |0.] < 2¢ implies

0.0 & < 2e, a—w <K and ¥ 9_1, g-—l—& 8_1/1
€ 0x; )| ox) €) 7 € \0x;) o,

for 1 < 57 < n therefore
|F1(0z,0,)] < (1+2K)k(e)

I

and .
IFa(6,.0,)] < k(o).

Case IlI: |2'| < 2¢ and |z > 2e.

In which case we may have two different situations

(1) , )
0. >2¢ = <i> =0 and (_¢> =0
¢ 05/ |(2s)

for 1 < j <n. Therefore

F-l(gzaey) =0 = |F-1(9:c=9y)| < C'l;‘(e)
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and ~
F-2(0wa0y) = f.2(0=9y) = |F-2(0w79y)| < k:(e)

(2)We have either |6, < € which is similar to case | or ¢ < |0,| < 2¢ which is similar to case Il
above.

Case IV: ||, |z] > 2e.
In this case, we may also have two different situations:
(1) The segment joining =" to 2 does not cross the ball. This one is similar to case I11(1)

(2) The segment joining =" to 2 pass through the ball. Then we have either |f,| < ¢ we are in
case | or € < |0,| < 2¢ we are in case Il or |6, > 2¢ we are case I1I(1).

Note that |y|,|y| < € always so is |,| < € and in any case F(0,,0,), Fa(0.,0,) may be
estimated by their suprema with respect to (z,y).

Taking k(e) = Constantk(e) which approaches 0 as € — 0. We have
|[F(z,y) = F(2',y)] < k()| —a| + |y —y])-
Since G(z,y) =g (azw <£> ,y), using the same reasoning as for f, we compute the estimate of
€

G(z,y) — G(z',y') which is given by
G (z,y) = G, y)| < k(Q)llr — 2|+ |y — y'[]-

Lemma 2.1.3

If eigenvalues of B all have negative real parts then there exist positive constants (3, C' such that
for s <0and y € R™ [1]

eyl < Ce™yl. (2.31)

If eigenvalues of A all have zero real parts then for each r > 0 there is a constant M (r) with in
general M (r) — oo as r — 0, such that for z € R" and s € R [1]

leAsz| < M(r)e|z]. (2.32)
Proof
Given an m x m Jordan canonical form of a real matrix M having real eigenvalues \;, j =
1,---,k, and complex eigenvalues \; = a; +ib; and \; = a; —ib;, j=k+1,--- ,m.
By
B = ,
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where the elementary Jordan blocks B;, j =1,--- ,r are either of the form
Ao 10 0
0 A 1 0
Bj - )
0 0 A\

aj —b; 1 0 0 0 0
bi a; 0 1 0 0 0
0 0 Q; —bj 1 0 0
0 0 b a 0 1 0
Bj = s
0 aj —b; 1 0
0 bj Q; 0 1
0 Qa; —bj
L 0 bj a; |

for \; = a; + ib; one of the complex eigenvalues of M.

Using the fact that Jordan’s canonical form splits space into invariant subspaces, one may work
with each block separately and the final result is valid for the full matrix. Let us consider a real
eigenvalue \; of M. Then

_ k1 -
is —Ajs s —Ajs S —Ajs
yre N5 + syse +;y3e Ajs L4 (k:—l)'yke Aj

G2

y2€—)\js + Syge—kjs I (k — 2)|yk€—>\js
e—Bjs _ M8 Skig “Ais
y_ y?)e J+.+(k_3)|yke J
Yp—16~N5 + sype=

ykeiAjS i

Hence,



Section 2.1. Existence of the Centre Manifold Page 23

k—1 2 k—2 2
_B. _o). S S
|€ Bjsy|2:€2>\35 <y1+syg+---+(k_1>'yk) +(y2+sy3+---+myk> +-~-+y,§
2(k—1) k-1 k—2
o2Nis 5 2 S S 2
- Y 9
(i + 3 - ot gy T e gy + i)

< e yP Pygmy (s)
_ 672/\js 2ﬁj3672ﬁjs|y‘2p2(k_l)(5>
= 20|y Pe 2Bt Py (),

where Py;_1)(s) is a polynomial of degree 2(k — 1) in s and \; < —3; <0 for j =1,--- k.
Since —3; — A; > 0 and s < 0 the expression e‘Q(BJ'Hf)SPQ(k_l)(s) is bounded. It follows that

’eiBjsyl S Cjeiﬁjs‘yya j =1 7k7

and for \; = a; + ib; one of the complex eigenvalues of M we have

- m—1 ]
. s : :
€% (Yp415Inb1S — Yo cOSb;S) + -+ - + mei%s(ym—l Sin b;s — Y, cos b;s)
m—1 )
. S 5 3
e~ %% (Y41 €08 b1S + Ypposinb;s) + - - + me_ajs(?/m—l cos ;s + ym sin b s)
Bty — m !
Ym—16~ Y% sinbjs — y,,e"%° cosb;s
i Ym-16 "% cosbjs + yme ¥ sinb;s |
Hence,
—Bjs, |2 —2a; ; s i
ey = e " ((Yp+18inbjs — yso cosbys) + -+ + m(ym—l Si0Lbjs = ym €08 b;)
Smfl

+ (Yg41 €08 bjS + Ypyosinb;s) + - - - + Ym—1COS bjs + y,, sin b;s)

(m — 1)!(
+ o 4 (Y180 bjS — Yy €08 D;8) + (Y1 COS bjS + Yy sin b;5))?
82(m—1)

Yir1 T Yiyz o m(yi_l Fyn) e Y T Y)

_ 2a15(
< e 255y Py (s)
_ 6—2aj86_2/6]'8626j5|y|2P2(m—1)(S)

= 2 20kadspy (5 y[?)
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where a; < —3; < 0 and Py,—1)(s) is a polynomial of degree 2(m — 1) in s. Since —3; —a; >
0, 7=k+1,--- ;m and s < 0 the expression 6*2(5ﬂ'+aﬂ')st(m_1)(s) is bounded. It follows that

|6—Bj8y| < C«jeﬂjs|y|7 j=k+1,---,m.
Therefore for the full matrix we have

lePoy| < Ce’|y| for ReNj < =3 <0, j=1,--- ,m.

Now we estimate e“*z where A is an n x n Jordan canonical form of a real matrix M whose
eigenvalues have zero real parts and x € R™. We derive the estimate of e4*z from the estimate
of e~B%y by setting the real parts of the latter to zero. Therefore for \;, k = 1,--- ¢, one of
the eigenvalues of M we have

e a]? < [of* Pyg-1(s)
_ e2r|s|€72r\s\ \x|2P2(q_1)(3)
— 62r|s|€72r\s\P2(q_1)<8)|x|2’
where 7 > 0 and Py(,_1)(s) is a polynomial of degree 2(¢—1) in 5. The expression e~ "1/ Py, 1 (s)
is bounded by a constant M (r) depending on r such that M(r) — 0 as r — oo and vice versa.

Hence,
]eA’“Sx| < M(T)€2r|s||l".

For A\, = ap +iby, k=q+1,--- ,n we have

[ R P S Y )
_ e27‘\s|672r|s| ‘x’2p2(n_1) (8)

_ €2r\s|672r|s|P2(n_1)(8) ‘I’P,

where 7 > 0 and Py(,,—1)(s) is a polynomial of degree 2(n—1) in s. The expression e=>"1*I Py, _1)(s)
is bounded by a constant M (r) depending on r as above. Hence,

eS| < M(r)e? sl z].

It follows, for the full matrix, that we have

]eAsx] < M(T)er|sl|x].

The next lemma is of great importance in the proof of the existence of the centre manifold.
Lemma 2.1.4 (Gronwall's inequality)

Let f(¢) and g(t) be continuous nonnegative real valued functions and
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fH<C+t / £(s)g(s)ds (233)

for all t € [to,to + a, where & > 0 and C' > 0. It then follows that for all ¢ € [to, ty +

£(#) < Cexp ( /t: g(s)ds) | (2.34)

Proof

Define F(t) = C+fti f(s)g(s)ds on [to,to+a]. Then F(t) > f(t) and F(t) > 0 on [t, to+ a].
F(t) _ fet) _

Differentiating F' with respect to t we get F'(t) = f(t)g(t). Therefore

, F(t)  F(t) —
%g)(t). It follows that ?T(f)) = %log F(t) < g(t). Integrating the latter expression, we get
log F(t) ~ o Fio) < | gls)ds.
to
¢
P < Feess ([ o(o)as)
Taking C' = F(t() we obtain O
F(t) < Cexp </tt9(3)d5> :
But, since we observed f(t) < F'(t) we have
f(t) < Cexp (/tg(s)ds)
to
for all t € [to, t]. O

Now, using above results, we prove that 7" is a contraction on X. In what follows we assume
p <e.

Let zp € R™. From (2.22), by using estimates on G and h and the inequality (2.31) we have [1]

|(T'h) (o) S/ e PG (s, w03 h), h(w (s, wo; h)))lds

— 00

g/_ Ce™ |G (x(s, o; h), h(z (s, z0; h)))|ds

0
gCek’(e)/ ePds

—0o0

= OB 'ek(e).



Section 2.1. Existence of the Centre Manifold Page 26

We choose an appropriate ¢ so that k(e) < C~!'3. Therefore

(Th) ()] < e, (2.35)

for g € R™.

Now, let zg, z; € R™. From the inequality (2.32), estimates on F and h, and the equation (2.17),
we have forr >0 and ¢t <0

0
x(t, zo; h) = e g +/ eI (x(s, moy h), h(w(s, xo; h)))ds,
t
0
:L‘(t, X1, h) = G_AtiCl +/ BA(S_t)F(x(Syxl; h)v h(l’(S,Il; h)))dS
t

Then writing X, for z(t, zo; h) and X; for x(t,z1; h) we have

X=X < e o~ [ IO BO) - GG s
< M) o = ]+ M) [ RO, A0 — FOX0 CXD) s
< MUY o = aal + KOME) [ DI~ 0+ 100) — HO) s

< M(r)e " |zy — 20| + k(€)M (r) /to e[| X — Xy| + p1|Xo — X1 |]ds

0
— M(r)e e — 20| + k(€)M (r) / =D (1 + p)| Xo — Xu|ds
t

0
= M(r)e " |z — xo| + (1 +p1)k:(e)M(r)/ e Xy — Xy |ds.
t
Using Gronwall’s inequality for ¢ < 0 we have

X0 — X1| < M(r)|z; — mo|e T HIFPOROMO,

Taking v = r + (1 + p1)k(e)M(r), and rewriting (t, zo; h) for Xy and x(t,zq; h) for X; we
obtain

|z (t, o h) — x(t, 21, h)| < M(r)|axy — zole™". (2.36)

From (2.36), the bounds on G, h and (2.22), we have
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0

|(T'h)(x0) — (Th)(1)] S/ |7 (G (Xo, h(X0)) — G(X1, h(X1))]|ds

—00

< / CeP k()| Xo — Xa| + |A(Xo) — h(X1)||ds

—00

0
= C’ki(e)/ P (14 p1)| Xo — X, |ds

—0o0

0
<(1 —I—pl)Ck(e)/ P M (r)|zy — zole "ds

= Ck(e)M(r)(1 + p) (B — 7)1 — 0],

where h is Lipschitz with Lipschitz constant p;. We choose appropriate € and r so that 3—~ > 0
and Ck(e)M(r)(1 4+ p1)(8 — )" < p1. Hence,

|(Th) (o) — (Th)(21)] < prls — wol- (2.37)

From (2.35) and (2.37) we have shown that Th : R™ — R™ is a bounded Lipschitz function with
same bounds as h. Thus, T': X — X.

Similarly, let hy,hy € X and xo € R™. Writing Hy for z(t,zo; h1) and Hy for x(t, zo; he) we
have

|hi(H1) — ha(Ha)| = [ha(H1) — ha(Ha) + hi(Hz) — hao(Ha|
< [hi(Hy) — hi(H2)| + [ (Hz2) — ho(H2)|
< pi|Hy — Ha| + [(h1 — he)(Ha)|
< pi|Hy — Ho| + [|hy — he],

where ||hy — ha|| = Sup{|hi(z0) — ha(xo)| : ©p € R"} and

=l =1 [ AU by (1)~ F ()
< [ A0 O By )) — (s
/ M) k(e) | Hy — Ha| + | (Hy) — ha(Hy) s
/M O k(E) | Hy — Hy| + pi | Hy — Ho| + [y = hol[[ds
= MO+ ) [ eI Bilds + M) KA ol [ s

0
< M(r)k(€)||hy — hallr™ + M (r)k(e)(1 +p1)/ e"Y | Hy — Hy|ds.
t
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Hence by Gronwall’s inequality,
|Hy — Hy| < M(r)k(e)r—Y|hy — h2||e—[r+(1+p1)k(e)M(r)]t‘

Rewritting z(t, xg; h1) for Hy and z(t, xg; he) for Hs, and taking v = r + (1 + p1)k(e) M (r) we
have
|z(t, 20; he) — x(t, 0; he)| < M(r)k(e)r™||hy — hal|e™ .

Therefore

0

(Thy) (o) — (Ths)(xo)| = | /_ B G(H,, hy(Hy))ds — / e~ B G(Hy, ha(Hy))ds|

—0o0

~| / e B (G(H, , ha(Hy)) — G(Hy, ha(Hy))ds|

< / e B\ G(H,  ha(Hy)) — G (Hy, ho(H))ds

—00

< / Ce”k(e)[|Hy — Ha| + |hi(Hy) — ho(H,)|]ds

0
< / Ce™k(e)[(1+ p1)|Hy — Ha| + ||k — ha||)ds

—00

0

< Ck:(e)[/ ePds + (1 +p1)M(T‘)k(e)7‘_1/ eB=13ds]||hy — ho|

—00 —0o0

= Ch(e)[B™ + (1 +p1) M(r)k(e)r= (8 — )~ ]llh1 — hal.

Hence,

(Thi) = (Tha)ll < CK(e)[B™" + (1 + p) M (r)k(e)r™" (8 — ) llha — hall, (2.38)

where [|(Thy) — (Tha)|| = sup {|(Thy)(we) — (Ths)(20)| : 70 € R™}.

If we choose p1, € small enough and r big enough then
0<Ck(B ™+ A 4+p)M@)k(er (B -1 <1

O

Hence, T is a contraction on X therefore. There exists therefore a Lipschitz centre manifold for
(2.16) and hence, there exists a local centre manifold for (2.1).

To prove that the centre manifold is C' we have to show that 7" is a contraction on a subset of
X. The details are similar to proofs given above. To prove that the centre manifold is C? we
refer to the proof of Theorem 4.2 in Coddington and Levinson [7, p333].
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2.2 Reduction Principle

In this section we show that we can restrict the study of the flow of (2.1) to the centre manifold.

The flow on the centre manifold is determined by the n-dimensional system

i = Au+ f(u, h(u)). (2.39)

Theorem 2.2.1

(a)Suppose that the zero solution of (2.39) is stable (asymptotically stable)(unstable). Then the
zero solution of (2.1) is stable (asymptotically stable)(unstable).

(b)Suppose that the zero solution of (2.39) is stable. Let (x(t),y(t)) be the solution of (2.1) with
((0),y(0)) sufficiently small. Then there exists a solution (¢ ) of (2.39) such that as t — oo

(t) +0(e™),

y(t) = hu(t)) + O(c ™), (2:40)

where v > 0 is a constant.

Let (xq,h(zo)) be on the centre manifold. Then by invariance solutions (x(t),y(t)) of (2.1)
through (¢, h(zo)) are on the centre manifold. That is y(¢) = h(z(t)). Differentiating y(t) with
respect to ¢, we get y = Dh(z)z. Replacing y and & by their values in (2.16), and y by its value
we get

Dh(x) [Ax + F(z,h(z))] = Bh(z) + G(z, h(z)), (2.41)
which, together with conditions 4(0) = 0 and Dh(0) = 0, is the system to be solved to compute
the centre manifold [1].

Before we give the proof of this theorem 2.2.1, we first prove a stability property of the centre
manifold [1].

Lemma 2.2.1

Let (z(t),y(t)) be a solution of (2.16) with |(z(0),y(0))| sufficiently small. Then there exist
positive constants (' and p such that

ly(t) — h(z(t))] < Cre™[y(0) — h(x(0))]
for all ¢ > 0.

This lemma means that a trajectory which starts close enough to the origin will decay exponentially
fast to the centre manifold.
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Proof

Let (x(t),y(t)) be a solution of (2.16) with (z(0),y(0)) sufficiently small and let z(t) = y(t) —
h(z(t)). Then

: =g — Dh(z)i
:By—i—G(m,y) ( )[A$+F(Qf,y)] (2 42)
= Blz + h(x)] + G(z, z + h(x)) = Dh(x)[Az + F(z, z + h(x))] '
= Bz + Bh(x) + G(x,z + h(z)) — Dh(x)[Ax 4+ F(x,z + h(zx))],
where y = z + h(x).
From (2.41) we have
Bh(z) = Dh(x)[Azx 4+ F(x, h(x))] — G(x, h(x)). (2.43)

Substituting equation (2.43) into (2.42) gives

%2 = Bz + Dh(z)[Azx + F(z, h(z))] — G(z, h(z)) + G(x, 2 + h(z)) — Dh(x)[Az + F(z, z + h(z))]
= Bz + Dh(z)[Ax + F(z,h(z)) — Az — F(x,z + h(x))] + G(x,z + h(x)) — G(z, h(x))
= Bz + Dh(z)[F(z, h(x)) — F(z, 2z + h(2))] + G(z, 2 + h(x)) — G(z, h(x)).

h
h

If WE define N(z,z) = Dh(x)[F(x,h(z)) — F(z,z+ h(z)))] + G(x, 2+ h(z)) — G(z, h(x)) then

2= DBz+ N(z,2z2). (2.44)

The estimate of N(x, z) is given by

IN(z, 2)| = [Dh(z)[F(x, h(x)) — F(z, 2z + h(x))] + G(z, 2 + h(2)) — Gz, h(z))]
< [Dh()[[F(z, h(z)) = F(z, 2 + h(2))| + |G (2, z + h(x)) = G(z, h(x))|
< pik()llz — 2| +[h(z) = 2 = h@)[] + k(e)[|z — 2| + |2 + h(z) = h(z)]]
= prk(e)|z] + k(e)[2]
= (1 + Dk(e)lz],

where |Dh(x)| < p;.
Taking d(¢) = (p1 + 1)k(¢), clearly 6(¢) is continuous function such that §(0) = 0. Hence,

IN(z,2)] < 6(€)]2]. (2.45)
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From (2.44) we have

Using (2.31) we obtain

(01 = 6#1200) + [ PN (), (o)l
< eP2(0)] + | /0 t ePUSIN (2(s), 2(s))ds]
< Ce0) + [ 050 (o)
< Ce M (0) + 03(0) [ ILa(s)as.

By the Gronwall inequality we have

2(t)] < Ce™)2(0)| exp(C5(e) / ds)

< Ce—,@t|z(0)|ec5(e)t
— Ce—(ﬂ—Cé(e))t|z<O)|'

Taking € small enough so that 5 — Cd(e) > 0, and Cy = C gives
|2(t)] < Cre™|z(0)],
where 1 = 3 — Cd(€). Hence,

ly(t) — h(x(t))] < Cre™'|y(0) — h(x(0))].

This complete the proof of the Lemma 2.2.1.
Lemma 2.2.2

Let A be a real matrix whose eigenvalues have zero real parts. By a change of basis A can be
put in the form A; + As, where A, is nilpotent,

e X] = |X] (2.46)

and

| A2 X[ < (B/4)1X]. (2.47)
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B is defined in (2.31).

Proof
Suppose that A has real eigenvalues \;, j =1,--- |k, and complex eigenvalues \; = a;+ib; and
Aj = a; —1ibj, 7 =k+1,---  n. Then by the Jordan canonical form theorem there exists a basis

of generalized eigenvectors or a linear transformation T" that converts A into the canonical form.
For simplicity, we consider A with one Jordan block corresponding to a multiple real eigenvalue
and one Jordan block corresponding to a multiple complex eigenvalue. This two blocks capture
all possible behavior relevant to this lemma.

0 0 0 0 O
0 0 0 0 0
1
A: 0
B I, O
O 12
0 O B

with

0 —b 0 0 10
[0 0[Py we ne[ ]

Then A may be split into

[0 0 0 0 0 0 0] [0 1 0 0 0 0 0]
0 0 0 0 0 0 0 0 0 0
0 1
A = 0 and Ay = 0 )
B O O I, O
0 O B| 0 O O]

such that A = A; + A,, where A, is a nilpotent matrix. It follows that
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X1

Tk

and
et X = [of
= [27
= [a? + -+ ] + 2], (cos® bt + sin® bt) + - - - + x2(cos® bt + sin® bt )]/
=i +as+ o altap,, ok +a2]V?
= |X].

Next consider A,. In the standard basis of R”
l: (:L‘h"' ,l’n)

and

Y = A X = (29, , Ty, Thy 42, - -

Let us introduce a new basis in which vector X is given by

’
€Ty = 01T,

T, = QpTp,

and Y is given by

Tgy1CO8bt — Tp osinbt
g1 8in bt 4+ x40 cos bt

T,—1 cos bt — x,, sin bt
| -1 8inbt + x,, cos bt |

, T, 0,0).

w4 22 4 (T cOSE — Tppgsinbt)? + - + (2,1 sin bt + ,, cos bt )]/

+
‘|‘"'+[EZ+£B2+1C0826t+1‘2+1sin2bt—|—"'+$iCOSth+$ZSiHth]1/2
+
+
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4 / 4 ’
Yy, = 1Y, Y = 012,
! !
Yp—1 = Op—1Yk—1, Yp—1 = Op—1Tk,
! !
Y = OpYk, Y = OpTE+2,
! / !
X = yk+1 = Op4+1Yk+1, = yk+1 = Ok 1Tka3,
! !
Yp—o = Cp_2Yn—2, Yp—o = Op_2Tn,
! !
Ypn—1 = Cn—1Yn—1, Y1 = Oa
! !
\ yn - Oényn, \ yn - O
Therefore
! 12 12 12 12 12 12 12 1/2
Y |=ly + A+ vy ¥ TV Yo Y T
1.2 2 2 2 2 2 2 2 211/2
= [agay + -+ T+ QT+ A Thys o o]
2 2 2 2 2
a2 Qp 1 2 oy, 2 (XkJrl 2 Qo 12 1/2
:[_2$2+"'+ ka+ 2 l’k+2+2—xk+3+"'+ 2xn] .
a3 Qe k+2 k+3 an
Taking
1 1 4 4k—3 4k—2
Qp = —, Qg = =, Q3 = 5, "y Qg1 = 0y Ok = =
4 ﬁ ﬂZ ﬂk 2 ﬁk’
and
gk+1 gk+2
Oék+1:04k+2:w, 0ék+3:04k+4:W"' )
4n—2 4n—1
Qp—2 = Qp—3 = W7 Qp—1 = Op = 3n
We have
! I /6 12 12 12 12 1/2
Y| = |A X | :Z[% +odry d g+,
(2.48)

IN

and still
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e X | = [a22? 4 - + adal + aFy (Tpps cosbt — Tpppsinbt)? +
+ o2 (z,_1 sin bt + x,, cos bt)2]1/2
Oél 2 ak 1 / 1
= |z +--+ 9: + T, 4 cosbt — ——ux, ,, sin bt
[041 1 o2 k k+1(04k+1 k+1 Qprg b2 )2+
/ ]_ /
c ol x, ,sinbt + —ux, cosbt)?]"/?
On—1 Qp,
o2
=[]+ +xp + ]2“ L(a),,, cosbt — ;o sin bt) >+ (2.49)
X1
S a—i(m' sin bt + ., cos bt)?]'/?
o2 n—1 n
=&y 4+ Fay + IB;:+1(COSQ bt 4 sin®bt) + - - - + x, (cos? bt + sin? bt)]'/2
- /1 2 2 2 1/2
—[le‘i‘ +£Bk‘ —l—l’k+1+ +l’n]
= ‘Xlla
since a1 = Qpao and a1 = Qy,. O

Proof of theorem 2.2.1

(a)Suppose that the zero solution of (2.39) is unstable. Let u(t) be a solution of (2.39). Then
there exists an € > 0 such that for every 0 > 0 there exists ug such that |Jug|| < ¢ and there is
ts such that ||u(ts)|| > €. Let (z(t),y(t)) be a solution of (2.1) such that z(t) = u(t,up) and
y(t) = h(u(t,ug)) for t > 0 with ug = u(0). Then given 6 > 0. We have

1 (ts), y(ts))1* = ( (ts))”

Thus, there exists an € > 0 such that for every ¢ > 0 there exists 5 such that ||(x(ts), y(ts))|| > €
whenever ||(zo, yo)|| < 0, with 2(0) = x¢ and y(0) = yp. It follows that the zero solution of (2.1)
is unstable.

(b)We assume that the zero solution of (2.39) is stable and prove that (2.40) holds where
(x(t),y(t)) is a solution of (2.16) with |(x(0),y(0))] sufficiently small. Since F' and G are equal
to f and g in a neighborhood of the origin, this holds for (2.1) and proves Theorem 2.2.1 [1].

The proof is divided into two steps. In step 1, given a solution u(t) of (2.39). We prove the
existence of a solution (z(t),y(t)) of (2.16) exponentially close to u(t).

In step 2, using the Invariance of Domain Theorm [8, 9], we show that the mapping which relate
small solutions of (2.39) to that of (2.16) is a homeomorphism and hence we show the reverse
of step 1 from which (2.40) follows.
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Step 1

~—~

Let up € R™ and zy € R™ with |(ug, 20)| sufficiently small. If u(t) is a solution of (2.39), with
u(0) = up then we have to prove the existence of a solution (z(t),y(t)) of (2.16) such that
y(0) — h(zo) = 2o, where zo = x(0), and z(t) — u(t), y(t) — h(u(t)) are exponentially small as
t — o0.

Indeed, let (z(t),y(t)) be a solution of (2.16) and u(t) a solution (2.39). Note that if u(0) is
sufficiently small then

~—~

= Au+ F(u, h(u)), (2.50)

since I is equal to f in the neighborhood of the origin. Let z(t) = y(t) — h(x(t)) and ¢(t) =
x(t) — u(t) then using the proof of Lemma 2.2.1 we have

2=Bz+ N(¢p+u,z2) (2.51)

and

6 =i
= Ax + F(x,y) — Au — F(u, h(u))
=Alp+ul+ F(¢+u,z+ h(¢p+u)) — Au — F(u, h(u))
=Ap+ Au+ F(p+u,z+ h(¢+u)) — Au — F(u, h(u))
=Ap+ F(¢p+u,z+ h(¢+u)) — F(u, h(u)),

where . = ¢+ w and y = z + h(¢ + u).
Defining R(¢,2) = F(¢ + u,z + h(¢ +u)) — F(u,h(u)), we can write

¢ = Ap + R(6, 2). (2.52)

We formulate (2.51) and (2.52) as a fixed point problem. For a > 0, K > 0 let X be the set of
continuous function ¢ : [0, 00) — R™ with |¢(¢)e™| < K for all t > 0.

If we define ||¢|| = sup {|¢(t)e™|:t > 0} then X is a complete space (the proof is similar to
that of the set of Lipschitz functions in theorem 2.1.2). Let (uq, zg) be sufficiently small and let
u(t) be the solution of (2.50) with u(0) = ug. Given ¢ € X. Let z(t) be the solution of (2.51)
with z(0) = z.

Using the fact that A can be put in the form A = A; + A,, where Ay, A, satisfy (2.46) and
(2.47) respectively, we obtain

¢ = Ap+ R(9,2)
= (A1 + A2)p + R(9, 2)
= A1+ Ayp + R(9, 2),
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so that

o(t) = (0 + et / e[ A (s) + R(S(s), 2(s))]ds (2.53)

is a solution of (2.52).

Since [p(t)e™| < K < |o(t)] < Ke ™, we have |¢(t)| — 0 as t — oco. Hence, taking the limit
as t — oo in (2.53) gives

lim ¢(t) = hm el [gzﬁ + hm e M Ay(s) + R(gb(s),z(s))]ds} :

t—o00

t—o0

0= lim ' [gzs M9 [Aad(s) + R(D(5), z(smds} ,
0= 6(0) + / —Als[A 6(s) + R(0(s), =(s)))ds,

thus,

5(0) = — / e Ay (s) + R(O(s), 2(5)]ds. (2.54)

Substituting (2.54) into (2.53) gives

o(t) = —e /OOO e[ Azg(s) + R(6(s), 2(5))]ds + e / e[ Ax0(s) + R(6(s), 2(s))]ds
— Mt /too e*AlSI:A2¢<S> + R((b(s), z(s))]ds
_ /too e M) [ Ay00(s) + R(H(s), 2(s))]ds.

Let T: X — X be defined by

(To)(t) = - / e M Agp(s) + R(6(5), 2(5)]ds. (255)
t
We solve (2.55) by means of the contraction mapping principle. If ¢ is a fixed point of T" then
x(t) = u(t) + ¢(t), y(t) = z(t) + h(x(t)) is a solution of (2.16).
By appropriately changing the neighborhood on which we operate we may fix K =1 and 2a = (8

[1].
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Lemma 2.2.3

There exist a constant C' and a continuous function d(¢), with d(¢) — 0 as € — 0, such that if
¢1, P2 € R™ with |¢;| < 1 fori=1,2and z, 20 € R™ with |2;| < € for i = 1,2 then

[N (¢1,21) = N(¢2, 22)| < Cllzaldr — ol + 6(€)|21 — 2] (2.56)
Proof
Using the bounds on F', G and h, let us consider
N(¢,z) = W(9)[2(4, 2)] + ¥(¢, 2),
where &(6,2) = F(6,h(9)) — F(6,= + h(9)) and W(9,2) = G(6,2 + h(6)) — G(6, h(®)).
Therefore for i = 1, 2, writing ®; for ®(¢;, z;) and ¥, for U(¢;, z;) we have

N(¢1,21) — N(¢2, 22) = h/(¢1)q)1 - h/(¢2)@2 + ¥ — W,
= (W (d1) = W' (¢2)) @1 + 1 (d2)[®1 — D] + U — Wy

It follows that

[N (¢1,21) = N(d2, 22)| < [W(¢1) — I (62)||@1] + W (¢2)[| D1 — Pof + Wy — Wal.
Since h is a Lipschitz function with Lipschitz constant p; and |h(¢)| < € we have
W (¢2)] < p1.

h' is of class C'. Therefore by the mean value Theorem, we have

R (¢1) — W (p2) < B'() (o1 — ¢2).

Hence, for |¢1], |¢2] < 1
W (¢1) = I (#2)] < Ci|dr — .
Where
Cy = sup [h"(€)].

1€1<1

The estimate of ®; is given by

D1 = [®(h1, 21)| = [F (1, h(h1)) — Febr, 21 + h(¢1))]
< k(€)|z1].

Let us give an alternative expression of W(¢, z).
Y d
U(o2) = [5G0t + ho)ds
0

. /0 o6, + h(d))dt,
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where G 5 is defined the same way as F'5 in (2.29). Then

1 1
‘111 — \I’Q =21 / G.Q(le, tZl + h(¢1))dt - 22/ G.Q((bQ, tZQ —+ h((ﬁg))dt
0 0

=1 /0‘ (G.2(¢1, tZl + h(¢1)) — G.2(¢2, tZQ + h(¢2))) dt + (Zl — ZQ)/O G.2(¢2, tZQ + h(¢2))dt

Hence,

1 1
| =0y < |Z1\/ \G.2(¢1,t21+h(¢1))—G.2(¢2,t22+h(¢2))]dt+\21—22’/ |G 2 (2, tzo+h(g2))|dt.
0 0

(G5 can be expanded in Taylor's formula up to one term as follows:

G 2(p1,t21+0(01)) =G 2( 2, tza+h(p2)) = G 21(C1, C2) (P1—02)+G 22(C1, C2) (Ez1+h(P1) —tza—h(p2)),

where

) _ | (26
Caltre) = [(8uka¢j)|(cl,@)] e Gmlane) Kauk@ul)'(@’@)] |

with 1 <i,5 <n, 1 <kl <mandu=tz+h(p). If |p| <1 and |u| < 2¢ then the second
derivatives may be estimated by their suprema with respect to (¢, u).

( 9*G,; )
7 Quy,0uy [(¢1,¢2)

Let

Cy = sup <882 Ga; )
2
[61<1, |u|<2e UrO@; [(¢1,¢2)

It follows that

:1§z’,j§nand1§k,l§m}.

|Ga(d1,tz1 + h(91)) — Ga(@2, t22 + h(d2))| < Cal|gr — 2| + [tz1 + h(¢1) — tzo — h(¢2)|]
< GCol[dr — @o| + [tzr — tza| + [h(¢1) — h(d2)]]
< Col|p1 — b2 + tz1 — 22| + p1]d1 — @]
< Co[(1 4 p1)|d1 — o] + |21 — 2],

since 0 < ¢ < 1 and h is Lipschitz with Lipschitz constant p;. From the proof of (2.23) and
using the fact that G is defined the same way as F', we have

|G 2(p, tze + h(g2))| < k(e).
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Hence,

Wy — Wyo| < [21|Co[(1 + p1)|or — @2 + |21 — 2] + k(€)|21 — 22
= Co(1 4 p1)|z1||or — @] + (Calz1] + k(€))]21 — 2
= Claill¢r — ¢of +d(€) |21 — 2,
where C' is some positive constant and |z1| < € and §(¢) — 0 as € — 0.

Since F' and G are defined the same way, following similar reasoning as for ¥ (¢, z) we can
estimate ®; — ®y by the same quantity as ¥; — W,. We therefore have

[Py — Po| < Clz1]|d1 — Pa| +d(€)|21 — 22

and hence,

IN(¢1, 21) = N(¢2, 22)| < W (¢1) — B (92)||W1] + [P (h2)|[ W1 — Wo| + | Wy — Wy
< Cik(e)|z1]lor — 2| + (p1 + 1)C[|z1][¢1 — d2f + () |21 — 2]
< Cflz1|[or — ¢o| +6(€)]21 — 22f].

Note that here, for the convenience, i/ denotes the Jacobian of h 0.
Lemma 2.2.4

There exists a continuous function d(¢) with 6(0) = 0 such that if ¢1, 2 € R", with |¢;| < 1 for
i=1,2 and 21,29 € R™ with |z;| < € for i = 1,2, then

|R(¢1,21) — R(¢2, 22)| < (€)[|21 — 2 + |1 — ¢2]]. (2.57)

Defining R(¢,2) = F(u+ ¢,z + h(u+ ¢)) — F(u, h(u)) we get

|R(¢,2)| = [F(u+ ¢,z + h(u+¢)) — Flu, h(u))]
< k(O[lu+ ¢ —ul+ |2+ h(u+ ¢) = h(u)]]
< k(O[lo] + |2 + [h(u + ¢) — h(u)]]
< k(Olo] + |z + prlu+ ¢ — ul]

[

[

[

= k(O)[[o] + [2] + pal¢l]
= k(e)[(1+p1)lo] + |z]]
< k(I +po)lol + (1+po)l2]
= (L+p)k(e)llel +121]

< 5(e)llg] +[=1].

It follows that
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|R(¢1,21) — R(d2, 22)| = [F(u+ ¢, 21 + h(u+ ¢1)) — Fu+ ¢2, 22 + h(u + ¢2))|

< k()[|u+d1 —u—da| + |21 + h(u+ ¢1) — 22 — h(u+ @]
= k(e)[|o1 — 2| + |21 — 22| + |h(u + é1) — h(u + ¢2)]]

< k(e)[[¢1 — dal + |21 — 2| + prlu+ ¢1 —u — ¢2]

= k(€)[|¢1 — ga| + |21 — 22| + p1|d1 — ¢2]]

= k(e)[(1+p1)|p1 — ga| + [21 — 22]]

< E(O[(1 +p1)lor — 2 + (1 +p1)|z1 — 22]]

(1 +pOk(e)[|¢1 — @2l + |21 — 2]
5(e)[lpr — ol + |21 — 22]].

IN

O

After the proof of Lemma 2.2.4, we come back to the proof of Theorem 2.2.1. From (2.51) we
have

2(t) = ePlzy + P /t e BN (¢p(s), 2(s))ds.
0
Then

t
0] < Jeaal + [P0 N (9(5), 2(5)) s
0
t
< Czle™ + 05(6)/ e P9 2(s)|ds,
0

where we have used (2.31) and (2.56). By Gronwall’s inequality

12(t)] < Clzle™™, (2.58)

where §; = 3 — Cé(e).

The inequality (2.58) means that z(t) is exponentially small. Therefore also by Lemma 2.2.1
y(t) — h(u(t)) is exponentially small as in the second equation in (2.40).

From (2.55), if € is sufficiently small we show that 7" is a mapping of X into X. Indeed,
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To)O1< [ 1 Aa(s) + Ro(s), (5D
< [ a0l + Rlot), () s
< [ (w00 + 1R(6(). () s
< [ oolds+ [ 1RG0, 26Dl
< [ fieds [ kOl + (sl
<4 /t " easds 4 k(o) /t " et ds 4 k(o) /t " Clzoleeds

—at

(2.59)

e

< 5 +k(e)/ (€7 4 COlzole %) ds
t

e k() _a | k(e
Y\Y) —a o2 —[1t

5 + " e "+ 3, |z0]e

—at
€ + @e—at + C@|Zo|€_2at60k(e)t
2 a B
< o—at . e~ [2k(e) N 2k(e)!zo|eok(€)t .
- 2 2 a et

<

<

For sufficiently small e the expression in the bracket is less than 1. Therefore

(Te)(t)] < e (2.60)
Where we have used (2.46),(2.47),(2.56),(2.57) and (2.58). Hence 7" maps X into X. Now we

show that 7' is a contraction mapping on X.

Let ¢1, 92 € X and let 21, 25 be the corresponding solutions of (2.51) with z;(0) = 2z for i = 1, 2.
We first estimate W (t) = z1(t) — 22(%).

From (2.51) and (2.56) we have

Therefore
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W (#)] S/O [P (N (¢1(5), 21(5)) = N(da(s), 22(5)))Ids
S/O CePI[0)21(s)[¢1(s) — pa(s)] + d(€)]21(s) — 22(s)[)ds

; t
C/ e zle 1] 61 (5) — @a(s)|ds + 05(6)/ ™MW (s)|ds
0 0

IN

IN

EY / DA, — e + OF(0 / P11 (5) ds
0 0
= Clao|llg1 — ¢ /0 B i s Cd(e) /0 t e PUIW (s)|ds
= C|zo||p1 — o™ /Ot PP ds + C§(e) /Ot e P (s)|ds
— Claolllér — ol / o5, C3O g0 4 O (e) / e BT (5)]ds
0 0
= Clzolllgr — polle™™ /O RGO Cd(e) /0 t e PIW (s)|ds
= Clallr = éalle™ | s+ C3(e) / e () ds
< Clzolllgr — palle™™ /Ooo e "ds + Co(e) /t e P W (s)|ds

0

~ 1 t
= Claolligr — dalle™™ = + C’é(e)/ e W (s)|ds
€ 0

t
= Clol g, — gl + co(e) / ¢~ 117 (5)|ds
Te 0
t
— Cillbr — dalle + C(e) / 091 (s) | ds,
0

é|Zo|

Te

where C = is a constant and 7. = a — Ck(e).

Then by Gronwall's inequality

(W (@t)| = |21(t) — 22(t)] < Ci|1 — gal|e™ e
_ Gl — a5 2o
— Gyl — dalle ™.

Using (2.31) and (2.61) for € sufficiently small, we have from (2.55)

(Tor)(t) = (Tha)(t) = /t°° NI Ay(a(s) — du(5)) + R(a(s), 22(5) — R0 (), 21(s))]ds.
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Then

(600 = To0] < [ 1™ Ax(6a(6) — 0n(5) + RGals). 22(5) ~ Bo1(9). s (5D s
< [ As(oas) = n()lds + [ R(0a(s),22(5) ~ Bl6a(s). 1 (5) s
< [ flents) = on(olds + [ 5(0l1er(s) = a0 + (o) - ()]s
< Slor=aall [T esas ot ([ onto) = eatolas + W) as)
<lon—onl (G wst0 ([ emasan [T eras))

61— 6l [ S+ [ Tlee Ole—ﬁw)ds} ,

€
1 1 C
= [l¢1 — gafle™ {5 +4(e) (5 + _1€—<a—06(e>>t>] .

2
B
It follows that

(TH1)(t) — (Too)(0)]e < 161 — nl E +6(6) (1 ; %e—<a—05<e>>t)] |

1

Hence,
1T¢1r — Too|l < allpr — @2,
where
1T o1 = Tos|l = sup {|(T¢1)(t) — (Ta)(t)]e™ : t > 0}
and

a= F +d(e) (1 + ﬁé“(e)e(ac‘s(e))t) <1,

2 a 1

provided e sufficiently small.

This shows that 7" is a contraction on X. Therefore it has a fixed point. Suppose that ¢(t) is
the fixed point of T', then |p(t)] < e .

Next we have to prove the converse. That is for any (zo,yo) sufficiently small there is u(t)
solution on the centre manifold such that (2.40) holds. For this we use in step 2 the Invariance
of Domain Theorem [9] or [8].

Step 2

Let U be an open neighborhood of the origin in R™*™ and (uqg, 20) € U, where uy = u(0) and
20 = y(0) — h(x(0)). We define a mapping S of U into R"*™ by S(ug,20) = (o, 20) Where
xo = ug + ¢(0). We show that S is a homeomorphism. Repeating the above analysis, one can
show that 7": X x U — X is a continuous uniform contraction. This proves that the fixed point
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depends continuously on ug and zy. Since ¢ depends continuously on ug and zy, S is continuous
[1].

We now show that S is one-to-one, so that by Invariance of Domain Theorem [8, 9], S is an
open mapping. Hence, a homeomorphism. S(0,0) = 0 proves that S is a full neighborhood of
the origin.

Indeed, given (ug,29) and (uy,21) in U we prove that if S(ug, z0) = S(u1,21) then (ug, 29) =
(u1, 21). In other words, we have to prove that if uy + ¢o(0) = uy + ¢1(0) then uy = u; and

¢0(0) = ¢1(0).

Let ug + ¢o(0) = uy + ¢1(0). Then the initial values for x and y are the same. Using the fact
that solution (z(t),y(t)) of (2.16) is unique then wuy(t) + ¢o(t) = wy(t) + ¢1(t) for all t > 0,
where wu;(t) is the solution of (2.50) with u;(0) = wu; [1].

Hence,

Uo(t) —u (t) = ¢ (t) - ¢0(t)-

From (2.50) we have

U= Aju+ Asu + F(u, h(u)). (2.62)
Taking
u=eMy = |ul = |eMv] = |v] and @ = Aju + Mo, (2.63)
Using (2.63), (2.62) gives
0 = Ayv + e M F (e, h(eM)). (2.64)
Then
d
E(Ul — o) = Ag(vy — vg) + e M[F (e, h(evy)) — F(e™ vy, h(e*'))]
d

<$(U1—U0), v1—v0) = (Ag(v1—0p), v1—vo) (e M [F (eMuy, h(ev)))—F (e vy, h(e? )], v1—vp)

1d
2dt
1d

§E|vl—vo|2 > —|A2(vl—v0)||vl—vo|—|e_A1t[F(eAltv1, h(eAltvl))—F(eAltvo, h(eAltvo))]Hvl—vo|

{(v1—vg, v1—vg) = (As(v1—19), vl—vo>+<e_A1t[F(eA1tvl, h(eAltvl))—F(eAltvo, h(eAltvo))], V1)

1d

5@!7)1 - 00\2 > —%Ul - 00\2 — k(e)[|vr — vo| + prlvr — voll[v1 — vol
1d 15}
§E|Ul - Uo|2 > — (Z + k(e)(1 +p1)) lvg — U0|2
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1d
lvp — wo|? > — (é + 5(6)) lv1 — vol?

2t ;
s —uf 2 - (3+40)
il =l = = (§ +0(0)
T

v1(t) — vo(t)| > v — vo e (F+39)t
01 (£) — vo(t)]

E €
1 (£) — v () (T > [y — wy).

Now using the first implication in (2.63) we have

ua(t) = oDl > fuy — o]
since we assumed that u; (t) — ug(t) = ¢1(t) — ¢o(t), we have
91() = Go(1)]eTH 2 Juy — o]

It follows that ) 6
|p1(t) — do(t)]ez’ > |u; — u0|e(z*5(6))t‘

Then from (2.53), |¢:1(t) — ¢0(t)|e§t is bounded whereas |u; — u0]e<§_5(5)>t is diverging for €
small enough. Therefore we have a contraction, unless ug = uy.

2.3 Approximation of the Centre Manifold

The computation of the centre manifold requires solving the following system

Dh(z)[Az + f(x, h(z))] — Bh(z) — g(z, h(z))
h(0)
Dh(0)

0,

0, (2.65)

0.

System (2.65) is in general impossible to solve. In the next Theorem we present a method of

approximation of the centre manifold to any degree of accuracy by a function of class C?.

Given C?-functions ¢ : R™ — R™ in the neighborhood of the origin and using (2.41) we define
(M¢)(z) = Dé(x)[Az + f(z,¢(2))] — Bo(z) — g(z, ¢(2)).

Theorem 2.3.1

Suppose that ¢(0) = 0, D¢(0) = 0 and that (M¢)(z) = O(|x|?) as  — 0, where ¢ > 1. Then
asz — 0

|h(x) = ¢(x)] = O(|z|").
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Proof

Let # : R® — R™ be a continuously differentiable function with compact support such that
0(x) = ¢(x) for |x| small. Consider

N(z) = DO(z) [Ax + F(z,0(x))] — BO(z) — G(x,0(x)), (2.66)

where F' and G are defined in theorem 2.1.2. Note that N(z) = O(|z|?) as © — 0 since
0(x) = ¢(x) for |z| small.

For a given K > 0, let Yy = {z: 2+ 0 € X, |2(z)| < K|z|? for all z € R}, where X is the
set of Lipschitz functions h : R® — R™ defined in lemma 2.1.1. With the sup norm and the
same Lipschtiz constant Y is a subset of C'(R"™, R™) which is closed. Indeed, let =z € Yy, the
closure of Y. There are (z,) € Yk such that z, — z as n — oco. Hence, given an € > 0. There
is a natural number NN such that for n > N we have

|z — 2| = sup {|zn(z) — 2(z)] : 2 € R"} < €.

Now we have to show that z € Yx. Since 2z, € Y for n = 1,2,--- we have |z,(z)| < K|z|?
for z € R™ and ¢ > 1. Letting n — oo gives |z(z)| < K|x|? for z € R™ and ¢ > 1. This shows
that z € Y. Since z € Y was arbitrary, this proves that Y is closed in C'(R", R™).

Let Y be the domain of a mapping S defined by Sz = T(z +6) — 0, where T : X — X is
the contraction mapping with h as fixed point defined in theorem 2.1.2. We see that Sz + 6 =
T(z+0) € X. So it is enough to show that |Sz(z)| < K|z|?. That is, to prove theorem 2.3.1,
we have to show that Sz € Yy. In other words, we have to exhibit a positive K such that S
maps Yy into Y. We first show that S is a contraction on Y. Using the fact that 7T is a
contraction mapping on X. For xg € R", 21 and z, € Y we have

|(Sz1)(z0) — (S22)(wo)| = |T(21 + 0) (o) — (o) — T'(22 + 0)(x0) + 0(o)]
= [T(z1 4 0)(x0) — T'(22 + 0)(x0)|
< q|(21 + 0)(20) — (22 + 0) (o)
= q|z1(o) + 0(z0) — 22(x0) — 6(20)|
= q|z1(x0) — 22(0)|

< ql|z1 — 2.
Consequently
[S21 — Sz = sup {|(Sz1)(x0) — (S22)(w0)] : w0 € R"} < qf[21 — 22

Hence, S is a contraction mapping on Yx. Therefore there exists a unique point Z € Y such
that Sz = Z. It follows that T'(z +6) — 6 = Z which implies T'(z 4+ 60) = zZ+ 0. Therefore z+ 6 is
a fixed point of T". Since T has a unique fixed point 2~ on X and Z+ 60 € X we have h =z + 0.

To show the existence of a positive K such that S maps Yk into Yy, we first give another
formulation of S. For z € Yk let x(t, z() be the solution of
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&= Ax+ F(z,z(z) + 0(x)), x(0,z0) = . (2.67)
Using (2.17) and (2.22) we define
(T'(z + 0)) (o) = /_ e” 7Gx (s, w0), 2(x(5, 70)) + 0(x(s, 20))) ds.

From the definition of N (x) we draw 8(z) = Bf(z) + G(z, (x)). Then, arguing as in (2.21) we
have

0(x0) = /_ P3G a(s, wo), (2 (s, 7o) )ds

_ /_ B BO(w(s, 10)) — diie(x<s,xo))]ds.

From (2.66) and (2.67), writing x for z(s, z,) we have

Bl(x) — %9(3:) = BO(z) — DO(x)x
= BO(x) — DO(x)[Ax + F(x, z(x) + 6(x))]
= Dl(z)[Ax + F(z,0(z))] — N(z) — G(z,0(x)) — DO(x)[Ax + F(z, z(z) + 0(z))]

Hence,

(52)(x0) = T(z + 0)(20) — 0(x0)

= /_ e B {G(x, 240)— N(z)— G(x,0) + 0 (2)[F(z,0(x)) — F(x, 2(x) + G(x))]} ds.

Taking Q(z,2) = G(2,2 +0) — N(z) — G(x,0) + 0 (2)[F(x,0(z)) — F(z, 2(x) + 6(x))] and
writing (s, zo) for z we have

(S2) (o) = /_ B Q2 (s, 29), 2(2(5, 7)) )ds,

where z(t, z¢) is the solution of (2.67).
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We now show the existence of K > 0 such that S maps Yy into Yx. We assume that 6 was
chosen so that |0(z)| < € for all z € R™. Since N(x) = O(|z|?) as x — 0 there exists a constant
C > 0 such that

|IN(z)| < Cy|z|?, z € R" (2.68)

and

Q(z, 2)]

’Q(l‘, 0) + Q(mv Z) - Q(JJ, O)l
< 1Q(z,0)] +|Q(xz, z) — Q(x,0)] (2.69)
= [N ()] +1Q(z, 2) — Q(x,0)].

The estimate of |Q(z, z) — Q(z,0)|, using (2.23), is given by

Q(z,2) — Q(z,0)| = |G(z,2 + 0) — G(x,0) + DO(x)[F(z,0(x)) — F(z, 2(x) + 0(x))]]
|G(z,z+0) — G(z,0)] + |DO(2)||F(x,0(x)) — F(z, z(z) + 0(x))|
k(€)|z| + pik(e)|z|

(14 po)k(e)]z] = d(e)l=].

IAIA A

(2.70)
Using (2.68), (2.69) and (2.70) for z € Y and = € R™ we have

|Q(z, 2)| < Cila]? + 0(e)|2(x)]
< Chlz|"+ Kd(e)|z|? (2.71)
= (Cy + Ké(e))|z|".

Using (2.31) and (2.71) for z € Y we have

1(52)(zo)| = | / e B Q(a(s, o), 2(x(s, 20)))ds
< / €7B5]|Q(x(s, o), 2(x(s, 20))) ds

0
S/ CeP*(Cy + Ko(e))|x(s, x0)|%ds

< C(Cy + K68(6)) / 95 (M (1) )]o |7~ dis
= C(Cy + K8(6)) (M(r)) || / (A3 g

—00

= C(Cy + K8(e))(M (1) (8 — qv) ol
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where x(t, zo) is the solution of (2.67), v = r+2M (r)k(e) and |x(t, xo)| < M (r)|xole . M(r)
was defined in (2.32).

It follows that

[(S2)(xo)| < C(Ch + 2K k(€)) (M (r))*(8 — 7)o, (2.72)

provided e and r are small enough so that 3 — ¢y > 0 [1].

We choose K large enough and € small enough so that C(Cy +2Kk(e))(M(r)4(8—qy) ' < K.
Therefore
|(52)(z0)| < Klao|*.

This shows that Sz € Y and since Sz + 6 = T(z + 0) € X we have |h(z) — 6(z)| = O(|z|?).

Since 0(x) = ¢(x) for |x| small we have |h(z) — ¢(x)| = O(|x|?) as |x| — 0, and this completes
the proof of the Theorem. O

2.4 Examples

In this section we give few examples to illustrate how the above theorems may be applied to non
linear systems.

Lemma 2.4.1

Let us consider the following equation

g = ay® + o(|y|?), (2.73)

where y € R, a € Nand ¢ > a. If a < 0 and « is odd then (2.73) is asymptotically stable.
Proof

Let y = y*(a + o(|1]). As a < 0 there exists a neighborhood N, of the origin such that
a+o(1) < 0. Let yo € Ny be an initial condition of (2.73).

If yo > 0 then y(t,y0) < 0 = y(t,y0) — 0 as t — oo and if yy < 0 then y(¢,y0) > 0 =
y(t,yo) — 0 as t — oo.

Hence in any case, y(t,y0) — 0 as t — oc. O
Example 2.4.1

Let us consider the following system:

i =zy +ax® + bylr = f(x,y)

2.74
y=—y+cx’+da’y = g(z,y). (274)
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We first put (2.74) in an appropriate form for the application of the theorems. The linearization
of (2.74) about the origin is given by

@] [0 0 ry + axd + bry?
gy | |0 —1 cx? + dzy

Since the eigenalues of the linear part are 0 and —1 then by Theorem 2.1.2, (2.74) has a local
centre manifold y = h(z). To approximate the centre manifold we take

h(z) = a12® + aga® + o(a?).
We set
(Mh)(xz) =0 & I'(z)[zh(x) + ax® + bah*(z)] + h(x) — ca® — da*h(x) = 0.
Hence,
(2a12+3a02 +- - - ) [ay 2 Fagr* +ar® +balx® +basa” +2a, asbr®|+a w2+ aga® —ca® —day vt —daga® = 0,

so that
(ay — ) + aga® + o(x*) =0 & a; =c, and ay = 0.
Hence,
h(z) = cx? + o(z?).

By theorem 2.2.1, the equation which determines the stability of the zero solution of (2.74) is
given by

u = uh(u) + au® + buh®(u)
= u(cu® + o(u')) + au® + bu(cu® + o(u*))?
= cu® + au® + bu® + - - -
= (a + c)u® + o(u®).

Thus, the zero solution of (2.74) is asymptotically stable if a + ¢ < 0 and unstable if a + ¢ > 0.
We cannot say anything about the stability when a + ¢ = 0. In this case we have to obtain a
better approximation of the centre manifold.

Suppose a + ¢ = 0 and let h(x) = cx?® + (), where ¥(x) = o(x*). Therefore

(Mh)(z) =0 & (2ca+y/(z))[x9)(2)+bc? 2 +2bca ) (x) +brp? (2)| 4+ (v) —edr* —dxy(z) = 0.
Let ¢(x) = wa?. Then

(Mh)(z) =0 & (2cr+4wz®+- - )[wa® + b’ 4+ 2bcwz” + bw?ax®] +war* — edz* — dwa® = 0,

(w — cd)z* +o(z%) =0 & ®(x) — edz* = o(xY).
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Hence, ¢ (z) = cdz* + o(z®), and then
h(x) = ca® + cdx® + o(2°).
By theorem 2.2.1, the equation which determines the stability of the zero solution of (2.74) is

given by

i = uh(u) + au® + buh®(u)
= u(cu® + cdu® + o(u®)) 4 au® + bu(cu® + cdu* 4 o(u®))?
= (cd + bc*)u’® + o(u”).

Hence, in the case a + ¢ = 0, the zero solution of (2.74) is asymptotically stable if cd + bc? < 0
and unstable if c¢d + bc? > 0. We cannot conclude anything about stability when cd + bc? = 0.
Therefore we should still get a better approximation of the centre manifold. That is, suppose

a+c=cd+bc* =0 and let h(x) = cx? + cdx* + §(x) where 6(z) = o(2°) then (Mh)(z) =0
which is equivalent to

(2cx + 4eda® + §'(x))[x0(x) + 2bc*dx” + bPd?x® + 2bedz®6(x) + 2bea®S(z) + bxd?(x)]
+ () — ed®x® + dx*5(x) = 0.
Let 6(z) = gz°. Then we have
(2cz+4edr®+6qz°+- - - ) [qx" +2bcrdr” +bcPd? 2 +2bedqatt +-2bcqa® +bg* 2P 4-qa® —cd* 2% +dgz® = 0.

It follows that
(q—cd®)2® +0(z®) =0 & 6(x) — cd*a® = o).

Hence, 6(z) = cd*z% + o(z®) and then
h(z) = cx® + cdx® + cd*z® + o(a®).
By theorem 2.2.1, the equation which determines the stability of the zero solution of (2.74) when
a+c=cd+bc*=0is given by
i = uh(u) + au® + buh?®(u)

= cd®u” + 2bc*du’” + o(u?).

Since bc? = —cd we have
i = —cd’u” + o(u?).

Hence, the zero solution of (2.74) is asymptotically stable if ¢ > 0 and unstable if ¢ < 0.
Example 2.4.2

Let us consider the following system:
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i=ey—2°+ay=f(z,y)

. (2.75)
j=-—y+y —a'=g(zy)
where € is a real parameter. We study the zero solution of (2.75) for € sufficiently small.

The linearization of (2.75) about the origin is given by

Bl _fe Offa] [2- z3
gyl |0 =1 x y? —a? |
The linear part has € and —1 as eigenvalues. Therefore the results from the centre manifold

theory cannot directly be applied at this level. System (2.75) can be rewritten in the following
equivalent form

i =ex—2°+xy= f(z,y,¢€)
y=—y+y’ —a?=g(z,y.e) (2.76)
¢ =0=h(x,y,e).

The linearization of (2.76) about the origin is given by

T 0 00 x ex — a3 + xy
y|=10 -10 y | + y? — a?
€ 0 00 € 0

Since the eigenvalues of the linear part are 0, —1 and 0 then by theorem 2.1.2, (2.76) has a two
dimenional centre manifold y = h(x, €) where x and € are sufficiently small. To approximate the
centre manifold we take

h(z,€) = a12® + agxe + aze® + o(v),

where v denotes a cubic in x, €, and we set

(MR)(x,€) =0 & hy(x,¢)[ex — 2° + xh(x,€)] + he(w, €)é + h(x, €) — h*(x,€) + 2° = 0.

Hence,
(217 + age + - - )[ex — 2 + a12° + agx’e + azxe®] + a1x? + awe + aze’
—a?rt — akr’? — aie* — ajay0’e — ayasri — agaszwe® +1* =0,
so that

(a1 + 1)2® + (2a;1 + az)ze + aze> + o(c(x,€)) =0 & ay = —1, ag =2, az = 0.

Hence,
h(x,€) = —a® + 2xe + o(v(z, €)).
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By Theorem 2.2.1, the equation which determines the stability of small solutions of (2.75) is
given by

U= eu — 2u® + uh(u,€)

= eu — 2u® + u(—u® + 2ue + o(v(u, €)))

2.77
= eu — 3u® + o(v(u, €)) (277)
¢ =0.
Neglecting the highest term in the first equation reduces (2.77) to
0= eu— 3u® = f(u). (2.78)

If € < 0 then the solution u = 0 of (2.78) is asymtotically stable. Then by Theorem 2.2.1, the
zero solution of (2.75) is asymptotically stable [1].

If € > 0 then (2.78) has two fixed points namely v = 0 and u = £,/%, and f'(u) = € — 9u®.
Then f'(0) = € and f'(£,/%) = —2¢ show that u = 0 is an unstable fixed point and u = £,/%
are stable fixed points. The zero solution of (2.75) is a saddle.

Example 2.4.3 (Singular pertubation-the linear case)

Let us consider the following system:

T = ax + by,

2.79
€y = cx + dy. ( )
Taking t = e changes equation (2.79) to
/ — + b 7
x/ eax + eby (2.80)
Yy = cx + dy,

where ' denotes the derivative with respect to 7, while - denotes the derivative with respect to ¢.

To apply the results from the centre manifold theory we have to rewrite (2.80) in the following
equivalent form:

7 = eaxw + eby,
Y = cx+dy, (2.81)
¢ = 0.

Hence, the linearization of (2.81) about the origin gives

h
I
oo o
o a o
oo o
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which is not in canonical form. To have L in canonical form, we change variables as follows:
c c
taking v =y + 57 = y=v-— pid (2.81) changes into
, c
' = eaxr + ebv — eba:c,

2

c c
v =dv + ca—x + ebav — ebﬁx,

(2.82)
€ =0.

Then the linear part of (2.82) about the origin is given by

Li =

o O O
O QO
o O O

The eigenvalues of Li are 0, d and 0. Hence (2.82) has a two dimensional centre manifold
v = h(z,€). To approximate the centre manifold we take

h(z,€) = a12* + aswe + ase® + o(v).

We set (Mh)(z,€) = 0 which is equivalent to

2

hy(x,€)[eax + ebh(z,€) — eng] + he(x,€)e’ — dh(z,€) — eaém - ebcglh(x, €) + eb%x = 0.

Hence,

(2012 + age + - - - )[aex + arbex® + azbe’x + azbe® — bCElex] — aydz? — aydex — azde® — agez

2
_albc_ciex2 — agbgezx — a3b263 + bc—ex =0,

d d?
so that

2

c c ¢/, C
arda® + (asd + as = bﬁ)xe + asde® + o(|e]* + c(x,€)) & a; =0, ay = 2 <b;l - a) , a3 =0.

Hence,

h(z,e) = % (bg — a) ve + of|e]* + v(z,€))

is the centre subspace for (2.82). The equation that determines the stability of small solutions
of (2.82) is given by

u =€ (a — bg) u + o(e?).

In the original time scale we have

i = (a - bg) u+ ofe). (2.83)
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Therefore by the second part of Theorem 2.2.1, for ¢ and (z(0),v(0)) sufficiently small there
exists solution u(t) of (2.83) such that for ;1 > 0 we have

z(t) =u o(eH/e
()= ulD) +ofer) -
v(t) = h(u(t),€) + ole /).
Replacing v(t) and h(u,€) by their respective values in (2.84) gives
2(t) = u(t) + o(e /)
(2.85)

y(t) = <—§Z + 0(6)) u(t) + o(e /<) and t > 0.

We have shown that using the centre manifold theory for € sufficiently small solutions of (2.79)
are close to solutions of

c
y:_c_lx
xz(a—b(—ci)x,

computed by setting € = 0 in (2.79).
Example 2.4.4

Let us consider the following system:

y=—-y+(y+c)z

2.86
e2=y—(y+1)z, (2:86)
where € > 0 is small and 0 < ¢ < 1.
Letting e = 0 we have
Y
z=—. 2.87
y+1 ( )
Inserting (2.87) into the first equation of (2.86) gives
—A
y=—2 (2.88)
y+1

where A = 1 — ¢. Using the centre manifold theory, we show that solutions of (2.86) are indeed
close to solutions of (2.87) and (2.88) for € small enough.

Considering a new time scale t = e7 in (2.86) gives
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y'=—ey+e(y+o)z

Y —y— (y+ 1)z (2.89)

where ' denotes the derivative with respect to 7 while - denotes the derivative with respect to t.
The linear part of (2.89) is given by
—€ €
= { ¢« } .

Therefore the centre manifold theory results can not be applied at this level directly. We need
some transformations. That is, we write (2.89) in the following equivalent form

Yy =—ey+ely+c)z

Z=y—(y+1)z (2.90)
€ =0
The linear part of (2.90) is given by
0O 00
li=1]1 -1 0
0 00

which is not in canonical form. Taking w = y — z into (2.90) yields

Y = =y + ey? — eyw — cew
w = —w — Ay +y* — yw + ey — eyw — cew (2.91)
€ =0

whose linear part

is indeed in canonical form.

Since the eigenvalues of L are 0, —1 and 0 we can apply the results from the centre manifold
theory. It follows, by Theorem 2.1.2, that (2.91) has a two dimensional centre manifold

w = h(y,e€).
To approximate the centre manifold we take

h(y,€) = biy® + baye + bze* + o(v),
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and we set
(Mh)(y,e) =0

which is equivalent to
hy(y, €)[—Aey + ey® — eyh — ceh] + h(y, €)€ + h + Aey — v* + yh — ey* + eyh + ceh = 0.
Hence,
(2b1y + boe + - - )[=Aey + ey® — brey® — bae*y® — b’y — bicey® — bace’y — bace?]
+b11y % +boey b+ Ney—1y 2 +b1y> +boey +bse’y— ey’ +by ey +-boe®y? +bse3y+by cey® +boce’y+-byce® = 0,
where we have written h for h(y,€). Then

(by — 1)y? + (by — Nye +bse? +0(c) =0 by =1, by = —\, by = 0.

Hence,
h(y,€) = y* — Aye + o(v).
By Theorem 2.2.1, the equation which determines the stability of small solutions of (2.91) is
given by
U = —eu + Aeu® — eu® + Ae?u? + Aee’u (2.92)

Then in the original time scale we have

U= —Mu+ M+ o(|ul® + |eul). (2.93)

Hence, since A is positive small solutions of (2.86) are asymptotically stable. Therefore by the
second part of Theorem 2.2.1, for € and (y(0), z(0)) sufficiently small there exists solution u(t)
of (2.93) such that for a constant v > 0 we have

y@)ZUU%+“ewk{t : (2.94)
w(t) = h(y(t),e) + o(e ")
Replacing w(t) by y(t) — z(t) system (2.94) becomes
O =) +oe ) 295)
2(t) = y(t) — h(y(t),€) + o(e ).

Consider the Taylor expansion

SR R
14+y Y '
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We have from (2.88)
==y + M\

which is approximately close to (2.93).

Replacing h(y(t), €) by its value in the second equation of (2.95) gives

2(t) >~ y(t) — (1),
and from (2.87) using the above Taylor expansion we have

2y — ot

Therefore (2.87) is approximately correct [1].

2.5 Properties of the Centre Manifold

In this section we give few properties of the centre manifolds.

(1)The centre manifold for (2.1) is not unique. We can see this by considering the following
system

(2.96)

where (z,y) € R% z = 0 is an invariant stable manifold for (2.96) and y = 0 is an invariant
centre manifold for (2.96). But, we can find other centre manifolds for (2.96). That is, eliminating
the independent variable ¢ in (2.96) gives

dy y

and solving (2.97) we get for x # 0
L
y(x) = C’exp(—éx ),

where C'is any real constant. Hence, (2.96) has one parameter family of centre manifolds of
(z,y) = (0,0) given by

1
Wg = {(:c,y) c Ry = C’exp(—ix’Q) forz #£0, y=0forx = 0},

where (z,y) = (0,0) is a fixed point of (2.96).

If hy and hy are two centre manifolds of a given fixed point of (2.1) then by Theorem 2.3.1 we
have |hi(z) — hao(z)] = O(|z|?) as x — 0 where ¢ > 1 [1].
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(2)If f and g are C*, k > 2 then h is C*. If f and g are analytic then in general (2.1) does not
have an analytic centre manifold. For example consider the following system

3 , (2.98)

The linear part of (2.98) is given by

- [8 2)

By Theorem 2.1.2, (2.98) has a local centre manifold y = h(z). Suppose that A is analytic at

x =0. Then -
h(z) = Z apx"

n=2

for small . To approximate h we set
(Mh)(z) =0 & h'(x)t—y=0

which is equivalent to

(Z na,z" ) (—z*) + Z apt" —1* =0,
n=2 n=2

o0 o0
— E na,z"? + E apz” — 2% =0.

Using one-to-one correspondence we have

(ag — 1)z* + azx® + Z(amg —na,)z"? =0,

n=2

and this is equivalent to ay = 1, a3 = 0 and na, = a, for all n. Since a3 = 0 we have
aony1 = 0 for all n and na,, = a,,o forn=2,46---

As we can notice, coefficients a,, of h(x) are increasing as 2" !(n — 1)! so that its radius of
convergence approaches zero. Therefore it is not analytic. Hence, (2.98) does not have an
analytic centre manifold.



3. An application in Mathematical
Biology

In this chapter we show how the centre manifold theory can be used to study the dynamic that
governs systems in a prey-predator model. We consider a model in which prey and predators are
living in two different patches but, prey can move between both patches while predators remain
on patch 1. The patch 2 is a refuge for prey [10].

The model we are investigating is due to Poggiale and Auger [10], and it is given by

dn

d_tl = R(mang — miny) +ny(r1 — ap),

d

% = R(miny — mang) + nory, (31)
d
_dlt) = p(bnl - d)7

where for i = 1,2 n; denotes prey density in patch i, m; denote proportions of prey populations
leaving patch ¢ per unit time, r; is the prey population growth rate on patch i, d is the predator
population death rate, a is the predator rate on patch 1, p denotes predator density, and bn; is
the per capita predator growth rate [10].

Expressions on the right hand side of equation (3.1) are divided into two terms. The first one,
which contains R, is called the faster term and the second one the slower term.

1
Taking R = — and t = e7 in (3.1) gives the following corresponding system in new coordinates

€
with another time scale

dm i ( )
— = M9oNyg — M1N eny(ry —a
ar 212 1M1 1("1 P),
d’I’LQ
— = MM1N1 — MaNy + €NaT9,
dr (3.2)
D _ eplony — d)
— =€ J—
dT p 1 )
de _0
dr

System (3.2) can be written in the following standard form:

d

- = Br+ef(z,y),

d

= Ay + egla,y). (33)
de

="
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where = (ny,ny) € R, y=p € R and € € R.

B = l _zi —gz } , A=0, f(z,y) = f(n1,n2,p) = [ ni(ry — ap) ] |

naTo
g(x,y) = g(n1,n2,p) = p(bny — d).

First, we shall put matrix B into canonical form. The eigenvalues of B are 0, —(my + my), with
eigenvectors

with inverse

uy 0 0 0 Uy (ri — 1o — ap)us + (rym + ro — apm)uy
ul 0 —(my+mg) O ug | +eU | (r1+ram —ap)ug + m(ry — ra — ap)uy
e 0 0 0 P pbus + pbmuy — pd
/
€ =0,
(3.4)
where U = m

and m = 2. By Theorem 2.1.2, (3.4) has a local centre manifold
my + Mo my

We(0) = {(u1,u2, p,e) € R*: up = h(ug, p,€), h(0) = 0, Dh(0) = 0}

for uy, p and e sufficiently small. Next we use Theorem 4 of [1] which states that 2 = O(¢)
uniformly in other variables so that we can write

uy = h(ur,p, €) = ews (ur,p) + €ws(ur,p) + .. .. (3.5)

Inserting this into the second equation of (3.4) we get

dU2

= = —e(my + mo)w (ur,p) + (1 — U)(ry — ro — ap)uy + O(€?). (3.6)
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dp d
p & are bounded as e — 0

On the other hand, differentiating (3.5) and using the fact that gl

we get

duy Oowy dp  Ow; duy o Oowydp 0w duy B 9
dT—e(ﬁpdT—i_@uldT)—i_”'_E 3pdt+8u1 dt o= 0. (37)

Hence, comparing (3.7) and (3.6) we get

e 9)

It follows that

dn _ n(r — alp) +enU(1 —U)(ry —ry —ap)(ry —re — ap) +O(&),
dt my + Mo (39)
@_ U(l—U)(Tl—T’Q—CLp)

D (bln — d) + epbn +0(é),

dt N mi + mo
where t = e7, a' = a(1 —U), b' = b(1 —U), n = ny +ny, nU = uy. System (3.9) is the
reduction to the centre manifold of system (3.4).

By numerical simulation, it is shown in [10] that the solutions to (3.1) decay to zero as t —
0o0. However, the zero order approximation to (3.1), which is the Lotka-Voltera system (¢ =
0in (3.9)), has periodic solutions and it cannot provide satisfactory approximation to the original
system. This necessitates introduction of € order correction in (3.9) to understand the dynamics
of the global variables.



Conclusion

In this dissertation we have studied the centre manifold theory in finite dimension based on the
monograph of Carr. The main goal of the work was to acquire a working understanding of the
theory and to fill several gaps in the proofs of Carr [1] as well as to correct mistakes.

We have provided proofs of several technical results, which were skipped in [1], such as inequalities
(2.3.5),(2.3.6), (2.3.7), (2.3.8) on p. 18, inequalities (2.4.3), (2.4.4) on pp. 20 and 21. We have
noticed that the first inequality in (2.4.10) was incorrect and we provided a correct version proving
that it is sufficient to carry out the proofs. Also the statement ||u;(t) — ug(t)||e® — oo ast — 0
in [1, p25] is imprecise. We gave a precise version of it which was shown to be sufficient to
complete the proof of the relevant theorem.

Furthermore, we have provided several examples in order to make the use of the centre manifold
theory easier to understand.

In the main example of application in Chapter 3, contrary to the examples in paragraph 2.4, we
were limited to verify the existence of the centre manifold and to reduce the system to it. This
reduced the dimension of the system. However, since the dimension of the centre manifold in this
case is bigger than 1, further analytic study was impossible and one has to resort to numerical
techniques. This is a subject of further studies which will consists in performing numerical
simulations and compare phase portraits of the original system and that of the system reduced
to the centre manifold.

Our further work will also consist of studying the theory for infinite dimensional problems and
investigate techniques which allow us to study the dynamics of the system reduced to the centre
manifold.

64



Bibliography

[1] Jack Carr. Applications of Centre Manifold Theory. 1980.

[2] A.L.Brown and A.Page. Elements of Functional Analysis. 1970.

[3] Michael Spivak. A comprehensive Introduction to Differential Geometry. 1999.

[4] Lawrence Perko. Differential Equations and Dynamical Systems. 1993.

[5] Stephen Wiggins. Introduction to Applied Nonlinear Dynamical Systems and Chaos. 1980.
[6] Alberto Bressan-S.I.S.S.A. Trieste Italy. A tutorial on the center manifold theorem.

[7] Earl A.Coddington and Norman Levinson. Theory of Ordinary Differential Equations. 1955.
[8] Jacob T.Schwartz. Non-Linear Functional Analysis. 1969.

[9] Melvyn S.Berger. Nonlinearity and Functional Analysis. 1977.

[10] Pierre Magal and Shigui Ruan. Structured Population Models in Biology and Epidemiology.
2008.

[11] Morris W.Hirsch, Stephen Smale, and Robert L.Devaney. Differential Equations, Dynamical
Systems and an introduction to Chaos. 2004.

[12] Tosio Kato. Perturbation Theory for Linear Operators. 1966.

[13] J.Banasiak School of Mathematical Sciences UKZN Durban South Africa. Mathematical
modelling and partial differential equations.

[14] Jr. C.H.Edwards. Advanced Calculus of Several Variables. 1994.
[15] Erwin Kreyszig. Introductory Functional Analysis with Applications. 1978.
[16] J.C.Poggiale. Application des Variétés Invariantes A La Dynamique Des Populations. 1994.

[17] Lamberto Cesari. Asymptotic Behavior and Stability Problems in Ordinary Differential Equa-
tion. 1971.

65



