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Abstract

This thesis proposes algorithms based on graphical models to detect signals and charac-
terise the performance of communication systems in the presence of Wiener phase noise.
The algorithms exploit properties of phase noise and consequently use graphical models
to develop low complexity approaches of signal detection. The contributions are presented
in the form of papers.

The first paper investigates the effect of message scheduling on the performance of
graphical algorithms. A serial message scheduling is proposed for Orthogonal Frequency
Division Multiplexing (OFDM) systems in the presence of carrier frequency offset and
phase noise. The algorithm is shown to have better convergence compared to non-serial
scheduling algorithms.

The second paper introduces a concept referred to as circular random variables which
is based on exploiting the properties of phase noise. An iterative algorithm is proposed
to detect Low Density Parity Check (LDPC) codes in the presence of Wiener phase noise.
The proposed algorithm is shown to have similar performance as existing algorithms with
very low complexity.

The third paper extends the concept of circular variables to detect coherent optical
OFDM signals in the presence of residual carrier frequency offset and Wiener phase noise.
The proposed iterative algorithm shows a significant improvement in complexity compared
to existing algorithms.

The fourth paper proposes two methods based on minimising the free energy function
of graphical models. The first method combines the Belief Propagation (BP) and the
Uniformly Re-weighted BP (URWBP) algorithms. The second method combines the Mean
Field (MF) and the URWBP algorithms. The proposed methods are used to detect LDPC
codes in Wiener phase noise channels. The proposed methods show good balance between
complexity and performance compared to existing methods.

The last paper proposes parameter based computation of the information bounds of
the Wiener phase noise channel. The proposed methods compute the information lower
and upper bounds using parameters of the Gaussian probability density function. The
results show that these methods achieve similar performance as existing methods with low

complexity.

il



To my parents



Acknowledgement

I would like to express my profound gratitude to my supervisor, Prof. Fambirai Takawira,
for his guidance and supervision of this project. I appreciate his ability to simplify a
complex subject matter and subsequently formulate challenging questions. This approach
to inquiry has stimulated the research work. I would like to thank Dr. Dieter Duyck for the
interesting discussions on graphical models early on in this work. I also thank Prof. Jules
Tapamo for the insightful discussions on complexity of algorithms.

I have no words that express my gratitude to all my family for the constant support
and encouragement.

I also thank all my friends and colleagues for making this work seem bearable. Many
thanks to the school administration assistant, Bennedin Mokoena, who has been helpful

with administrative matters.



Contents

List of Acronyms viii
List of Figures ix
I Introduction 1
1 Wireless Communication Systems . . . . . . . . . ... ... ... 2
2 Phase Noise . . . . . . . . . . 3
3 Orthogonal Frequency Division Multiplexing System . . . . .. .. .. ... 5
4 Graphical Models . . . . . . . . . .. 6
5 Free Energy of Graphical Models . . . . . . ... ... .. ... .. ... . 9
6 Motivation . . . . . ... 14
7 Contributions . . . . . . . . ..o 15
8 List of Publications . . . . . . . . . . . . ... 17
References . . . . . . . . 18
II Papers 24
1 Fast Detection of OFDM Systems Using Graphical Models 25
I Introduction . . . . . . . ... L 25
IT System Model . . . . . . . .. . 27
IIT  Message Construction . . . . . . . ... .. oo 28
IV Results. . . . . . o 29
V  Conclusion . . . . . . . e 32
References . . . . . . . . 33
2 Iterative Low Complexity Algorithm for LDPC Systems in the Pres-

ence of Phase Noise 35
I Introduction . . . . . . . . .. 35
I Problem Formulation . . . . . . ... ... ... ... ... .......... 36
IIT  Proposed Method . . . . . . . . . .. . . 38
IV Results. . . . . . . e 41
Vo Conclusion . . . . . . . . . e 43
Appendix . . . .. 44
References . . . . . . . . e 45

vi



3 Iterative Detection of CO-OFDM Signals with Phase Errors Using

Circular Random Variables 46
1 Introduction . . . . . . . . . 46
I System Model . . . . . . . .. . 48
IIT  Proposed Receiver . . . . . . . . . . . . . . 50
IV Results. . . . . . . e 53
V  Conclusion . . . . . . . . .. 55
References . . . . . . . . e 56

4 Graphical Algorithms for Optical LDPC Systems with Phase Noise

Errors 59
I Introduction . . . . . . . . 59
I Background . . . . . . . . .. 62
IIT  System Model . . . . . . . .. 63
IV Proposed Algorithms . . . . . . .. . .. ... 64
V  Complexity . . . . ... 69
VI Results. . . . . . . e 69
VII Conclusion . . . . . . . . . . e 72
Appendix A . . . . L 73
Appendix B . . . . .o 75
References . . . . . . . . e 77

5 Parameter Based Computation of Information Bounds for Wiener

Phase Noise Channels 80
I Introduction . . . . . . . . L 80
I Problem Formulation . . . . . . .. . ... ... ... ... .......... 82
IIT  Proposed Lower Bound . . . . ... .. ... ... .. ... ... ...... 82
IV Proposed Upper Bound . . .. ... ... ... ... ... .......... 84
Vo Results. . . . . . . e 87
VI Conclusion . . . . . . . . . . . e 89
References . . . . . . . . e 90
IIT Conclusion 92
1 Conclusion . . . . . . . . . e 93
2 Future work . . . . . . . .o 94
References . . . . . . . . e 96

vii



List of Acronyms

AMP Approximate Message Passing
AWGN  Additive White Gaussian Noise
BER Bit Error Rate

BP Belief Propagation

BPSK Binary Phase Shift Keying
CDMA Code Division Multiple Access

CFO Carrier Frequency Offset

CP Cyclic Prefix

DFT Discrete Fourier Transform

DVB Digital Video Broadcasting

EDGE Extended Data rates for GSM Evolution
EHF Extremely High Frequency

EP Expectation Propagation

FBMC Filter Bank Multi-Carrier

GAMP Generalised Approximate Message Passing

GFDM  Generalised Frequency Division Multiplexing

GPRS Generalised Packet Radio Service

GSM Global System for Mobile communication
IDFT Inverse Discrete Fourier Transform
LDPC Low Density Parity Check

MF Mean Field

MIMO Multiple Input Multiple Output

OFDM Orthogonal Frequency Division Multiplexing

PN Phase Noise

PSK Phase Shift Keying
QAM Quadrature Amplitude Modulation
QPSK Quaternary Phase Shift Keying
RF Radio Frequency

SNR Signal to Noise Ratio

UFMC Universal Filter Multi-Carrier

URWBP  Uniformly Reweighted Belief Propagation

viii



List of Figures

Introduction

Figure 1
Figure 2
Figure 3
Figure 4

Paper 1

Figure 1
Figure 2
Figure 3

Paper 2

Figure 1

Figure 2
Figure 3

Paper 3

Figure 1
Figure 2
Figure 3
Figure 4

Paper 4

Figure 1
Figure 2
Figure 3
Figure 4
Figure 5
Figure 6
Figure 7

A basic communication system. . . ... ... ... 3
Graphical model. . . . . . . ... oL 7
Factor Graph. . . . . . . . . .. .. .. 11
Region based graphical representation. . . . . . ... .. ... ... 12
Graphical model. . . . . .. ... oo 28
Convergence performance of different schedules at 30 dB. . . . . . . 31
Error rate performance versus SNR for the different schedules. . . 32

The graphical model showing the code graph and the phase noise

graph. . . . L 38
Bit error rate performance for BPSK and QPSK. . . ... ... .. 42
Bit error rate performance for 8-PSK. . . . . . .. .. ... 43
Coherent optical OFDM system model. . . . . . .. ... ... ... 49
Graphical model. . . . . . . .. .. 50
Estimation of phase errors with the graphical models. . . . . . . .. 53
Error rate performance of the proposed algorithm. . . . . . ... .. 54
Basic description of a coded system. . . . . . . . ... ... ... .. 62
Description of a code-based transmitter. . . . . . .. .. ... ... 63
Systemic description of graph-based algorithm. . . . ... ... .. 64
Graphical model of (2). . . .. ... ... .. oL 64
BER of the proposed algorithms for varying p. . . . . . .. ... .. 71
BER of the proposed algorithms. . . . . ... .. ... ... .... 71
BER as a variation of the normalised laser linewidth. . . . . . . .. 72

ix



Paper 5

Figure 1
Figure 2

Information bounds of the proposed methods 4-QAM.
Information bounds of the proposed methods 16-QAM



I

Introduction



Introduction

1 Wireless Communication Systems

The technology of wireless communication systems has shown significant advances over
the past decades. The First Generation (1G) wireless communication systems were ca-
pable of offering voice services only. The ability to transmit voice and data digitally was
possible in the Second Generation (2G) wireless communications systems which use digi-
tal modulation techniques to offer voice and limited data services. This was implemented
using technologies based on the Global System for Mobile communication (GSM) and
the Code Division Multiple Access (CDMA) system. Further advances of these technolo-
gies have been achieved using the Generalised Packet Radio Services (GPRS), Extended
Data rates for GSM Evolution (EDGE), etc. The Third Generation (3G) wireless com-
munication systems have been characterised by a significant improvement of data rates
compared to the 2G systems, and use the wide-band CDMA system as the underlying
technology. The Fourth Generation (4G) wireless communication systems have increased
the data rates using the Orthogonal Frequency Division Multiplexing (OFDM) system,
and are further evolving by including many techniques such as the multiple antennas and
carrier aggregation [1],[2]. The Fifth Generation (5G) wireless communication systems
aim to achieve very low latency, high connectivity, and very high data rates. These objec-
tives can be achieved with the use of enhanced multiple carrier techniques [3]-[5], massive
MIMO (multiple-input multiple-output) [6], millimetre wave (mmWave) frequency trans-
missions [7], and other technologies [8]. Beyond 5G wireless communication systems are
likely to be based on the non-orthogonal multiplexing access [9] and other emerging tech-
nologies that counteract the effect of the channel using smart reflecting surfaces [10],[11].

A basic wireless communication system is shown in Figure 1. The binary information
signal is encoded to counteract errors introduced by the wireless channel. The coded
information bits are then mapped using symbols selected from a predefined set. The
mapped sequences are further processed with appropriate transmitter techniques followed
by frequency up-conversion. The transmitted Radio Frequency (RF) signal encounters the
effects of a wireless channel. The received signal, which at this point includes the effects of
the Additive White Gaussian Noise (AWGN), is processed using inverse operations such
as frequency down-conversion, analogue-to-digital conversion, demapping and decoding to

recover the transmitted information bits. The received sequence is also affected by device
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Figure 1: A basic communication system.

uncertainties such as the carrier frequency offset, phase noise, etc. Hence, the received
signal has to be processed further using specialised algorithms to recover the transmitted
bits in the presence of these uncertainties. Therefore, the emphasis of this thesis is on the
design of receiver algorithms that counteract the effect of device uncertainties, particularly
that of the phase noise.

This chapter is organised as follows. Section 2 discusses the oscillator phase noise. In
Section 3, a brief description of an OFDM system is presented. In Section 4, the analysis
tools used in this thesis are discussed. In Section 5, the minimisation method of the free
energy function is presented. Section 6 presents the motivation of the methods proposed
in this work. Section 7 lists the contributions of this thesis. Finally, Section 8 presents

the list of publications.

2 Phase Noise

An ideal oscillator generates a waveform which has a stable frequency. In a practical
oscillator however, the generated waveform is not stable. This is due to the inherent
characteristics of oscillators which causes the period of oscillation to drift with time. The
time-domain waveform of an ideal oscillator can be written as y(t) = Az(wot), where
A is the amplitude and z(-) represents a periodic waveform. In contrast, the waveform
of a practical oscillator can be described as y(t) = (1 + A(t))z(wot + ¢(t)) where ¢(t)
describes the drift in time and A(t) is the amplitude variation. In oscillatory systems, the
amplitude variation is not a significant source of phase noise [12],[13] and its effect is mostly
ignored. The frequency spectrum of an ideal oscillator is modelled as an impulse signal
centred at the frequency of oscillation. The frequency spectrum of a practical oscillator
is represented by an envelop that spreads around the carrier frequency. This frequency
spectrum is commonly referred to as phase noise. The nature of this spectrum depends
on the quality of the oscillator and the quantifying parameters of oscillator phase noise

are derived from it.



There are various noise sources that affect the frequency characteristics of an oscillator.
These sources have been identified as the thermal noise, flicker noise, shot noise, substrate
and power-supply side noise etc., and their impact on the frequency spectrum of an os-
cillator has been studied extensively [12],[14]. Based on the impact of the noise sources,
a mathematical model for the phase noise can be developed. For a general application,
the phase noise has been modelled as a Wiener process, and this modelling is valid if the
oscillator is assumed to be affected by thermal noise only [15]. Wiener phase noise has
been used by many authors in the general study of communication systems [16]-[19]. For
specific applications that require more accuracy, the effect of other noise sources has to be
considered. A recent study [15] provides the use of a more accurate phase noise model in
communication systems.

It may be necessary to define metrics so that the designer may quantify and compare
practical oscillators. One such metric that is widely applied uses the ratio of the single

side-band power measured at a predefined offset from the oscillator carrier frequency to
PAf
Pcent're ’

the power of the carrier frequency [13]. This ratio may be described as L(Af) =
where A f represents the predefined frequency offset from the oscillator centre frequency.
Furthermore, Pay represents the power at the predefined offset, and Peepre is the power
of the carrier frequency. This ratio is described in units of dBc/Hz.

Another metric is obtained by analysing the time-domain dynamics of oscillators. Sim-
ilar to the drift in the frequency domain, the period of a noisy oscillator drifts as a function
of time. This implies that the period of the waveform is different for each cycle. The sta-
tistical variance of these timing variations, commonly referred to as timing jitter, is widely
used in modelling practical oscillators in time-domain. In fact, the variance can be ob-
tained by analysing the frequency spectrum of the oscillator. The reader may refer to the
work in [20],[21] for more details. The frequency characteristics of a practical oscillator
may be used to explain the mechanism by which the performance degrades as the oscillator
is used in communication systems—which uses local oscillator for the up-conversion and
down-conversion of the base-band signal.

Phase noise reduces the available signal-to-noise ratio of the communication system.
For single carrier and multi-carrier systems, it has been shown that this reduction due to
phase noise is described as 10log(1 + 0'35’)/), where 035 refers to the variance of the phase
noise and ~ refers to the signal-to-noise ratio [22]. In multi-carrier systems, the shift from
the desired oscillator frequency leads to interference from nearby carriers.

In this thesis, the phase noise of an oscillator is modelled as a Wiener process. This

requires successive phase noise samples to be computed as

o(t) = o(t —7) + Ag, (1)

where 7 is the measure of the time delay, and A¢ is a Gaussian random variable with zero



mean and variance ai. Therefore, a transmitted signal z(t) is received as

r(t) = z(t) 20 + w(t), (2)

where w(t) is an additive white Gaussian noise with zero mean and variance o2.

3 Orthogonal Frequency Division Multiplexing System

The use of multiple carriers in a communication system increases the available data rate
when compared to single-carrier systems [23]. In multi-carrier systems, the information
signals are transmitted using different frequencies and this increase the available data rate.
Furthermore, since the transmitted signal is spread across multiple frequencies, referred to
as subcarrier frequencies, the system handles the frequency-selective fading channel better
than single carrier systems. If the spacing between successive subcarrier frequencies is
selected to be smaller than the coherence bandwidth of the channel, then each subcarrier
frequency would only experience flat fading. These two properties have made multiple
carrier systems very attractive in communication systems.

In an OFDM system, the information signal a = [aj,as,...,ay] is spread across N
subcarrier frequencies. An Inverse Discrete Fourier Transform (IDFT) operation is used to
generate the transmitted signal. In order to eliminate the effect of the multipath channel
which results in successive symbols to arrive simultaneously, the output of the IDFT is
extended by appending data sequences whose length is longer than the delay spread of the
channel. The sequence appended is referred to as guard interval and is widely implemented
in two ways. In first case, the last part of the output sequence of the IDFT is appended
to the first part of the output sequence. This is called the cyclic prefix method [23]. In
the second case, an all zeros sequence is appended to the first part of the signal from the
output of the IDFT. This is referred to as zero padding method [24]. In each case, the
objective is to prevent an inter-symbol interference in the received signal. Other guard
interval methods are discussed in [25],[26] while a comparison of these methods is discussed
in [27].

The time domain waveform at the output of the IDFT is described by

N—-1
2(t) = 3 e, (3)
k=0

where a;, is the information symbol that is fed to the IDFT and T is the period of the
OFDM symbol. A cyclic prefix is then appended to z(t) to form the signal x,(t). The

received signal r(t) is described as
r(t) = wa(t) * h(t) + w(t), (4)

where h(t) is the multipath channel, * denotes the convolution operator and w(t) is the



additive White Gaussian noise. After filtering and sampling, the discrete received signal
r is fed to a Discrete Fourier Transform (DFT), which results in y = F{r}. where F is
the DFT operator with entries \/—% exp(—j2mpq/N) where p,q € [0, N — 1].

If one considers a communication system in the presence of carrier frequency offset and

phase noise, the transmitted signal can be written as

N—
x(t) = eI 2mvt/T jo(t) Z ak6j27rkt/T’ (5)
k=0

[y

where v represents the carrier frequency offset normalised to the subcarrier spacing and
¢(t) is the phase noise. It has been investigated by many authors that the presence of
carrier frequency offset and phase noise seriously degrades the performance of OFDM
systems, and the estimation of these two parameters is crucial in order to realise the
advantages of the OFDM system [16], [18], [28],[29].

4 Graphical Models

The system model of a general communication system can be written in the form of
y = Ax + w where y is the received signal, A represents additional information about
the system, « is the information signal and w is the additive white Gaussian noise. The
objective may differ depending on what information is available. One objective would
be to find the transmitted signal @ assuming A is known. Another objective would be
to find A assuming the receiver has knowledge of the information signal in the form of
pilots or other known sequences. The objective could also be to jointly detect the system
information A and the information signal x. Although the objective varies, the problem
is posed as an inverse mathematical problem and many techniques can be employed to
find the unknown parameters of the system.

In this thesis, the emphasis is on the use of probabilistic approaches to solve the inverse
problem. For some problems, the global probability density function of the system can
be factorised into local probability density functions. This allows one to develop a visual
framework that reveals the interaction of the parameters within the system. This visual
framework is referred to as graphical model or factor graph. A good review of graphical
models is presented in [30], [31].

To describe a given problem using graphical models, consider a problem of N variables
with a joint probability density function f(x1,x9,...,2x). The following example de-
scribes the formulation of a graphical model from the global probability density function.
Assume the global probability density function f(x1,z9,...,2zx) can be factorised into
localised probability density functions [[; fi(x;), where x; represents all variables of the
local distribution function f;. Therefore, a model can be developed that shows a graphi-

cal relationship between the variable nodes. For example, if the joint probability density
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Figure 2: Graphical model.
function of a problem can be described as
f(z1,29,...,28) = fa(z1, 22,25, 26) fB(T2, T3, 6, x7) fo (T3, 4, X7, T8). (6)

This probability density function is described using a graph and is shown in Figure 2. In
this case, f4, fp and fo are the local probability density functions.

The variables x1,x2,...,xzy are referred to variable nodes and the local probability
density functions fa(-), fB(-) and fo(-) are referred to as factor nodes. The resulting
graphical model G can be represented mathematically as G = (V, &, F), where V represents
the set of variable nodes, £ represents the set of edges, and F represents the set of factor
nodes.

Once a given problem is represented using a graphical model, each variable node and
factor node is made to construct and propagate messages to nearby nodes. This process
is repeated for a defined number of iterations, or until the messages propagated from each
node show negligible variations. Such a method of propagating messages in a graphical
model has been proposed in [32] and thereafter has been widely used. The messages that
propagate in the graphical model are usually constructed using a method referred to as
the Belief Propagation (BP), or the sum-product algorithm.

For a given graphical model, the BP algorithm requires the computation of messages
from each variable node and the factor node. The message from a factor node a to a

variable node 7 is constructed as

Masi(zi) = > fl@a) [ mjmalz)), (7)

Ta~T; JEN (a)~i

where x, is used to denote the set of variable nodes connected to the factor node a, and
x, ~ x; represents the set of variable nodes connected to factor node a with the exception
of variable node z;. Further, N'(a) is used to denote any neighbouring nodes of factor

node a.



The message from a variable node i to a factor node a is constructed as

Misa(m) =[] meoi(zi). (8)

beN (i)~a

When all the messages are computed, the marginal belief b;(x;) of each node x; is computed

as

biw) = [ masizi). (9)

aeN (i)

There are other non-BP algorithms of constructing messages proposed in the existing
work [33]-[36]. These non-BP algorithms have their respective advantages and disadvan-
tages depending on the type of problem. For problems which are represented by discrete
variables, the belief propagation algorithm has been widely used with good performance.
For problems with continuous variables, non-BP based methods have been shown to pro-
vide good performance [36].

The principle behind the good performance of the belief propagation algorithm has
been difficult to explain until the authors in [33] showed an interesting insight when they
formulated it as a constrained optimisation problem. The objective function has been
selected as the free energy of the graphical model. In order to determine the free energy of
the graphical model, the authors used the principle used in statistical physics, where the
probability of a state varies inversely with its energy. By using this analogy, the objective
function has been optimised under some constraints. The insight derived from this method
shows that the solution to the optimisation problem is the belief propagation algorithm.
The resulting message propagation algorithm that optimises the objective function may
change depending on the structure of the graph and the set of constraints imposed on the
graph. This insight has proved to be very crucial to explain the underlying principle of
the belief propagation methods and to further develop algorithms depending on the actual
graphical model of the system.

Despite the established relationship between the free energy function and the belief
propagation algorithm, the convergence of belief propagation continues to be a challenge.
It has been widely established that belief propagation algorithm achieves good performance
when it converges. However, there is no guarantee that the belief propagation algorithm
always converges. It has also been shown that the belief propagation algorithm may
diverge, or oscillate between some values [37],[38]. In order to improve the convergence
properties of the belief propagation algorithm, message damping has been shown to reduce
message divergence or message oscillation [39]. However, the convergence of the belief

propagation algorithm still continues to be a challenge.



5 Free Energy of Graphical Models

Background

In this section, we present an overview of the formulation of the free energy function of
graphical models. We use G = (V, F, &) to refer to a graphical structure G consisting of
the set of V variable nodes, the set of F factor nodes, and the set of £ edges. The graphical
model M = (G, f) is used to refer to a graph G, whose factor nodes subscribe to a set of

functions f,, i.e., {fs : a € F}. Further notations used are described in the table below.

Table 1: Description of Symbols.
Symbol Description

7 variable node index
a factor node index
(ai) an edge connecting factor node a to variable node i
Ga a Bethe region [33]
xa, variable nodes in the graph G,
T, a set of variable nodes connected to the factor f,
V variable nodes of a graph
bi(x;) belief of variable node i
ba, (xg,) belief of the graph G,
N(7) neighbourhood of a variable node ¢
N(a) neighbourhood of factor node a
~ excluding
Free Energy

Consider the joint probability density function fx,x,. x,_, () of a multi-variable x. Using
the theoretical framework of the free energy, there can be defined an energy function for
this probability density function taking into account the average energy of the graph and
the total measure of uncertainty — entropy of the graph. The concept of free energy aims to
determine the state * = {z{, z},..., 2} _,} that minimises the total free energy content
of the graph describing the factorisation of the density function.

The energy content of a state x is defined as [33]

M
E(z) = - Zlog fa(®a). (10)
a=1

Assume a trial probability density function b(x) can be obtained for the true joint density

function p(x), then the free energy of the approximating density function is given by [33]

F(b) = U(b) — Hb), (1)



where U (b) is the average energy of the function b(x) and is given by

b) =Y b(z)E(z), (12)

and H (b) is the entropy of the function b(x) defined as
Z b(x) log b(x (13)

Region Based Free Energy

There have been recent efforts that apply the region-based free energy minimisation in
graphical models which was originally observed by [33]. The region-based free energy is a
technique where the free energy of a graph G is estimated by sub-dividing the graph into
many regions. The free energies of the sub-divided R regions are computed separately using
standard methods, and finally the individual computation of the regions are combined by
accounting for any overlap among regions.

The free energy of the sub-divided region is given by
Fr(b) = Ur(br) — Hr(br), (14)
where Ug(bgr) is the average region energy of the function br(xr) and is given by
Z br(x)Er(zR), (15)
and Hg(bg) is the region entropy of the function br(xp) defined as
Hg(br) = =) br(zr)logbr(zr). (16)

TR

An important step in this process is identifying the criteria for region selection. Al-
though regions can be selected in many ways, as are stated in [33], a particular method of
region selection called the Bethe method is presented. In the Bethe method [33], regions
are classified as small and large regions. Small regions contain single variable nodes only
while a large region contains a single factor node and all the variable nodes connected to
it.

The region based free energy of the graph G can be determined by

Fg(b) = Ug({be, }) — Hg({bc, }), (17)

where the region based average energy is given by

Ug(b) = Y ca.Uq(be,), (18)
Gacg

10
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and the region based entropy is given by

Hg(b) = > ca,Ha,(ba,), (19)
Ga€g

where cg, is the counting number of each region. For the Bethe method of small region
selection, the counting number is related to the degree of node ¢; of a variable node i as

ca, = ¢;. The large Bethe region has a counting number of cg, = 1.

Example

In this example we show a derivation of the free energy of the graphical model described
by the distribution
1 D

Py, xy(onors) = — [ fal@a) (20)
a=A

1
= EfA(xh9627964)fB(363,9647966)f0($579067xs)fD(OC%OCS),

which consist of variable nodes V = {z1,...,zg}, factor nodes F = {A, B,C, D} and
edges & = {(1A4),(24), (44),(3B),(4B), (6B), (5C), (6C), (8C),(7D),(8D)}. Further, Z
is a normalisation constant. The graphical model M of the graph G = (V, F,&) can be
denoted as M = (G, f), where G shows the graph described and f = f, : a € F. Figure 3
shows the graphical model of this distribution.

The Bethe method of region selection is shown in Figure 4, which consist of small and
large regions. The shaded regions represent the large region selection. The small regions
are represented by the respective variable nodes. The counting number of each large
region is 1. The counting numbers of the small region varies depending on the number
of overlaps. For example, the variable nodes x4, x¢ and xg have a counting number of 2.

The remaining variable nodes have a counting number of 1.

11
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The average energy Ug({bg}) of the large region is

Ugh) = Y ca,Us,(ba,) (21)
Ga€g

= —bg,(Ta,)log fa,(xa,) — bay(xap)log fop(Tay) — b (Tae)log fao (Ta.)

—bap(Tap)log fap (Tap)-

It can be seen that the counting number ¢, of each large region is 1, i.e., c¢g, = 1,VG, € G.

Similarly the entropy of the large region is determined as

Hg(b) = Y ca,Ha,(ba,) (22)
Gacg

= —ba,(za,)logbc,(xc,) — boy(Tay)logbay, (Tay) — b (Tae) logbas (Ta.)

—bap (e ) logba, (Tap)-

Finally, the entropy due to the small regions is determined as

Hv(b) = ZHz(bz)_Zcsz(bz) (23)

i€y ey
= — ZZ(CZ — 1)b;(x;) log(b; (x;).
i€V X

Since the small Bethe region only consists of one variable node, it is valid to represent
the resulting region as the set of variable nodes of the graph. It can be noted that when
accounting for the entropy of the small regions, the number of overlapping regions should

be considered and their effect removed from the total free energy. Hence, the variable nodes
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that cause redundancy are the ones with a counting number greater than 1. Therefore,

the free energy can be found by combining the previous three expressions as

D D
Fg(b) = - Z ba, (wa,)log fa,(wa,) + Y ba,(xa,)logba, (za, ) (24)
a=A
+ZZ 1 — ¢;)bi(z;) log b;(x;).
ZEV Ty

Fixed Points and Stationary Points

An iterative algorithm A reaches convergence at a point or set of points known as fized
points. At this set of fixed points, or at the state * = {z{,z],..., 23 _;}, the Kullback-
Leibler ! measure of divergence KL(b(x*)||p(z*)) is minimised. If this divergence measure
is zero, the algorithm converges and the fixed points give the exact solution. Otherwise, the
algorithm converges to an approximate solution or even diverges. Previous studies [33],[40]
have shown the relationship between the BP fixed points and stationary points of the
constrained Bethe free energy. The finding of the study is that the stationary points of
the constrained Bethe based free energy are also the belief propagation fixed point [33].
The authors in [40] further highlighted that stable fixed points of belief propagation are

the minima of the constrained Bethe free energy function.

Optimisation of the Free Energy Function

We can write the general formulation of the optimisation problem of an objective function

f(x) subject to a given set of constraints as [41]

minimise f(x), x € R"
subject to g;(x) =0, i=1,...,m
h(@) <0, G=1,....p (25)

where g;(@) is the equality constraint function, h;(a) represents the inequality constraint
function and R is the set of real numbers. This problem can generally be solved using the
Lagrangian method by minimising the function defined as a weighted sum of the objective

function and the set of constraint functions as [41]
2
L(z, X, p) ) + Z Xigi(x) + > pihi(), (26)
j=1

where )\; and p; are Lagrangian multipliers that correspond to the respective constraint

functions, and {\, p} represents the collection of such multipliers.

!The KL divergence measures the similarity between two distributions b(z) and p(x) by computing the

metric KL(b||p) = [ b(z)log 2((2)) dx.
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6 Motivation

In the previous sections, the construction of messages in the graphical model has been
discussed. Once the messages are constructed, it is necessary to define a system to prop-
agate these messages which is referred to as message scheduling. There has been various
message scheduling methods in the published work. In the context of LDPC codes, one of
the earliest is the so called flooding schedule, where the factor nodes propagate messages
to the variable nodes, and subsequently the variable nodes propagate messages to the
factor nodes [30]. Other scheduling methods serialise the propagation of messages using
either the factor nodes or the variables nodes as a reference [42]-[49]. In a broader view,
the problem of message scheduling is concerned with finding a method that activates the
edges of a graphical model in a particular sequence. In [50], a scheduling method referred
to as residual belief propagation is proposed where the nodes are activated according to
a cost function. This approach is extended to the LDPC system in [51] and is referred
to as informed dynamic scheduling. In effect, the main aspect of these approaches is to
define metrics to activate a particular factor node or variable node. A recent study sum-
marises various scheduling methods for the LDPC system [52]. It should be stated that
message scheduling is associated with the complexity of the graphical model. In contrast
to the LDPC graph, other systems may require graphical models with continuous variable
nodes. The effect of scheduling for such graphical models is not extensively studied. This
has motivated the work presented in Paper 1, where the OFDM system is considered in
the presence of carrier frequency offset and phase noise, which are continuous random
variables.

One of the problems of applying graphical models to solve communication problems is
that the belief propagation algorithm usually results in intractable integrals. In the case of
graphical models where the variables are discrete, one may compute and propagate prob-
abilities at these discrete samples. One example of this is the decoding of binary LDPC
codes where the variables constitute of two discrete samples. In fact using the logarith-
mic technique, the message at an arbitrary variable node is effectively represented using
a single probability value at each sample. However, for graphical models where the vari-
ables are continuous, the use of discrete samples to represent continuous variables leads to
high implementation complexity. There have been studies that reduce this complexity by
modelling the messages using known distributions such as Gaussian density function [53],
Tikhonov density function [19] and other parametric distributions. The use of these dis-
tribution functions have been shown to simplify the computation of the belief propagation
algorithm. This difficulty of representing messages for continuous variables has motivated
the work presented in Paper 2 which considers the detection of LDPC systems in the
presence of phase noise. The circular properties of the phase noise are exploited to rewrite
the sum-product algorithms to arrive at an efficient and low complexity algorithm for the
detection of LDPC codes in the presence of phase noise. Furthermore, the work presented

in Paper 3 considers the detection of coherent optical OFDM system in the presence of
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residual carrier frequency offset and phase noise. The circular properties of these phase
errors is exploited to derive tractable low complexity messages of the BP algorithm.

The graphical algorithms are increasingly used to model many existing and new prob-
lems in communication systems. One of the earliest uses of the belief propagation al-
gorithm in communication systems has been in the decoding of capacity-approaching
codes [54], [65]. The results obtained demonstrated that graphical models can be ap-
plied to a wide range of problems. Therefore, many authors have used graphical models to
study problems in communication systems such as channel estimation [56],[57], frequency
offset and phase noise estimation [58]-[60], cooperative localisation [61], spectrum sens-
ing [62], [63], compressed sensing [64], [65], etc. The traditional algorithm used was the
BP algorithm. However, this has advanced to include algorithms such as the Mean Field
(MF) [34], Expectation Propagation (EP) [35], Approximate Message Passing (AMP) [64],
Generalised Approximate Message Passing (GAMP) [66], Uniformly Re-weighted Belief
Propagation (URWBP) [67], etc. There have been research efforts that combine two or
more of these graphical algorithms such as the combined MF and BP [36]. This has moti-
vated the work presented in Paper 4, where two graphical algorithms have been proposed
using a combination of the BP, MF and URWBP algorithms. The performance of these
algorithms have been characterised in LDPC systems in the presence of Wiener phase
noise.

The methods of computing the mutual information bounds of communication systems
over the additive white Gaussian noise channel is widely established in the published
work. The performance bounds of this channel are also known for coded and uncoded
systems. However, computing the mutual information limits for communication systems
in the presence of phase noise, and in particular that of the Wiener phase noise, is a
challenging problem. The theoretical bounds of the Wiener phase noise channel are not as
easily computed as that of the additive white Gaussian noise channel [68],[69]. Therefore,
the work presented in Paper 5 has been motivated by efforts to develop efficient algorithms

to compute the information bounds of systems in the presence of Wiener phase noise.

7 Contributions

The contributions of this thesis are summarised as follows.

In Paper 1, various message scheduling methods are proposed for the detection of
an OFDM system in the presence of carrier frequency offset and Wiener phase noise
using graphical models. The proposed algorithms use serial and non-serial scheduling
methods. The finding indicates the serial message scheduling converges faster than non-
serial message scheduling methods.

In Paper 2, a low complexity algorithm is proposed to detect LDPC codes in strong
Wiener phase noise channels. This method is unique since it models the phase noise
variable nodes in the graph as circular random variables. This is shown to simplify the

computation of the messages in the graphical model. The findings show that the proposed
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algorithm has similar performance as the lowest complexity algorithm in the published
work [19] while it reduces the complexity even further.

In Paper 3, an algorithm based on circular random variables is proposed and its per-
formance is studied to detect coherent optical OFDM signals in the presence of residual
carrier frequency offset and Wiener phase noise. The findings show that the proposed
algorithm has significant improvement in performance and complexity when compared to
algorithms that consider the discrete representation of phase noise [60].

In Paper 4, the concept of free energy minimisation is used to propose two graphical
algorithms that combine the BP, MF and URWBP algorithms. The first algorithm com-
bines the BP and URWBP graphical models. The second algorithm combines the MF
and URWBP graphical models. The proposed algorithms have been applied to the LDPC
detection problem in the presence of Wiener phase noise. The proposed algorithms rep-
resent the phase noise as a circular random variable, and an optimal reweighting factor is
obtained which improves the performance of the non-optimised algorithms [70].

In Paper 5, low complexity methods are proposed to compute the mutual information
bounds for communication systems in the presence of Wiener phase noise. The methods
compute the lower and upper bounds of the mutual information using the parameters
of the Gaussian probability density function, which have been used to approximate the
phase noise distribution. The findings indicate that the proposed methods are effective for
strong phase noise and for different modulation schemes. Further, the proposed approach

has complexity advantages compared to existing algorithms [68],[69],[71].
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Paper 1

Fast Detection of OFDM Systems
Using Graphical Models

in Proceedings of IEEE Signal Processing Workshop, pp. 154-158, UT, USA, 2015.

Abstract

In this paper, we investigate the effect of four different message schedules on the perfor-
mance of an OFDM receiver with unknown carrier frequency and phase noise offsets. One
of the methods uses a serial schedule and the remaining three techniques use non-serial
message schedules. The serial schedule is shown to converge in only one iteration. The re-
sults also show that fast graphical estimators can be designed by using non-serial message
schedules with damping to approach the bit error rates of the serial schedule while reduc-
ing the computational time for convergence. In particular, the damped flooding message
schedule using four iterations reduces the computational time for convergence by more
than 30 % compared to the serial message schedule using one iteration for signal to noise

ratios lower than 20 dB.

I Introduction

Graphical models are becoming increasingly attractive as a research tool for inference
problems in communications receivers. The work by Gallager [1] to represent code bits
using graphs in the development of the Low Density Parity Check codes (LDPC) is the
first to introduce graphical models in communications systems. The use of graphical
models has since then showed significant improvement especially within the context of
decoding capacity approaching codes. The work of Forney [2], Tanner [3] and Wiberg
[4] contributed towards understanding the modelling of communication receivers using
graphical models. Kschischang in [5] presents a good review of graphical models in their
various manifestations - Markov random fields, factor graphs and Bayesian networks.

Graphical models have also gained research interest in other areas of communication
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receivers - joint channel estimation and decoding problems [6]-[9], decoding of LDPC
systems in the presence of phase noise [10],[11], joint carrier frequency offset and phase
noise estimation in Orthogonal Frequency Division Multiplexing (OFDM) systems [12],
cooperative wireless positioning problems [13] - to mention just a few.

Graphical models arise out of the factorisation of the probability density function of
the underlying problem. The estimates can theoretically be found by using maximum
likelihood detection, which may not be practical for complex problems. In graphical mod-
els, the inferred parameters are obtained in a distributed manner. The significance of
graphical models in communications problems is therefore largely due to the reduction in
computational complexity. To obtain the inferred parameters, message passing algorithms
are derived that minimise the Kullback-Liebler divergence of the underlying density func-
tion of the problem. One such message passing method is the belief propagation [14] and
its widely used implementation - the sum-product algorithm [15]. The link between the
belief propagation technique and the decoding of LDPC and turbo codes is demonstrated
n [16],[17].

Once the underlying graphical model has been developed, messages are constructed that
are then propagated in the graph using the belief propagation algorithm [15]. However,
since most graphical models contain cycles, the use of a message passing schedule is im-
portant. The first work to question whether message passing schedules affect performance
was Forney [18]. Several authors have developed different message passing schedules such
as the two-way schedule [5], the flooding schedule [5], probabilistic schedule [19], shuffled
belief propagation schedule [20], sequential schedule [21],[22]. The work in [22] showed
in particular that the sequential schedule converges in half the total number of iterations
compared to the flooding schedule. The main difference between these scheduling methods
is the order of message update between the variable and factor nodes of the graph. All of
these schedules have been developed and tested within the context of LDPC decoding.

However, unlike decoding capacity approaching codes whose graphical models are char-
acterised with minimal node density and discrete density functions, the effect of scheduling
on communication receivers with dense nodes and continuous probability density functions
has not been extensively studied.

In this paper, we show that the use of a simple schedule using belief propagation
algorithm converges in only one iteration when applied to the estimation problem of carrier
frequency offset and phase noise in an OFDM system [12]. We also show that other message
passing schedules can be constructed to optimise the convergence time. Optimising the
performance of the BP algorithm graphically in the manner described in this paper is
shown to provide some performance advantages.

The paper is organised as follows. Section II discusses the OFDM system and the re-
sulting graphical model. Section III presents the message construction techniques. Section
IV presents the simulation parameters and presents the results. Finally, conclusions are
drawn in Section V.

Notation: We use CN(0,0%) to denote a complex Gaussian distribution with zero
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2

mean and variance o2. For matrix operations, CV*M denotes a matrix of size N x M

with complex entries and (-)? denotes the Hermitian transpose of a given matrix.

IT System Model

A  OFDM System Model

We consider an OFDM system with N subcarriers. The user signal d = {dg,ds,...,dn_1}
is converted to parallel and applied to the Inverse Discrete Fourier Transform (IDFT).
After adding a cyclic prefix of Nop and appropriate filtering operations, the signal is
transmitted. The received signal at the receiver, after removal of the cyclic prefix, can be
expressed as

y =T(v,¢)F!DF . h + w, (1)

where v is the carrier frequency offset and the phase noise is
¢ = [bo,b1,...,¢n—-1]. The phase noise process is distributed according to a Gaussian

Markov process, i.e.,

¢n = (bn—l + A¢7 (2)

with ¢, denoting the phase noise at the n* subcarrier of the OFDM symbol and
A¢ ~ N(0, 0'3)), where 0'3) is the variance of the phase noise, and is computed as 0'3) =%
where ~ is the Wiener process variance [23]. Furthermore
[(v,¢) = diag(el®0,l2m/N+ior - i2mo(N=1)/N+ién—1) D = diag(dy,di,...,dn_1),
F € CV*N is the DFT operator with entries ﬁ exp(—j27pq/N) and p,q € [0, N — 1],
and Fr, € CV*F is the matrix constructed by taking the first L columns of matrix F. The
vector w represents the Additive White Gaussian Noise (AWGN) distributed according
to CN(0,0%) where o2 is the variance of the noise. The channel impulse response is
h = [ho, h1,...,hr_1] with h; representing the channel coefficients at the (" path which
are distributed according to a wide-sense stationary complex Gaussian process, i.e., h; ~

CN(0,0,2(1)), where o3(l) is the variance of path [ and L is the channel length.

B Graphical Model

The main problem is finding estimates for the a posteriori probability density function

(@&) = argmax p(v, ¢ly,d, h). (3)
Therefore
p(v, oly,d, h) o p(y|v, ¢, d, h)p(v)p(¢), (4)
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Figure 1: Graphical model.

The data and channel frequency response are assumed to be known at the receiver. There-

fore, t = FDF  h is known at the receiver. The density functions can be factorised as [12]

N—-1 N—-1
p(v, 91y, t) o< p(v)p(¢0) [] p(dnldn-1) [T Pynlv, dnstn), (5)
n=1 n=0

where p(yn|v, ¢n,tn) = CN(ejQWUn/N+j¢ntna 0-2) and p(¢n|dn-1) = N(O? 0-35) A graphical
model can then be constructed [12] for the factorised joint probability density function

given in (5) and is shown in Figure 1.

III Message Construction

For a given graph, different message passing schedules can be defined [15]. The most
commonly used is the flooding technique [5],[15] whereby all variable and factor nodes up-
date their messages at the same time. Another message passing schedule where the nodes
sequentially update their messages is described in [22]. Other message schedules can be
defined that are a combination of these two schedules. In this work, we define four differ-
ent message passing schedules and are shown in Table 1 in detail. The flooding schedule,
denoted by ‘Schedule f’, updates the messages from the factor and variable nodes simul-
taneously. The scheme denoted by ‘Schedule s’ progressively updates the messages in one
direction, and when these updates are complete, the messages in the reverse direction are
updated. We will refer to this schedule as serial schedule owing the simultaneous update

of messages in one direction. The scheme denoted by ‘Schedule ¢’ computes three sets of
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messages in parallel in each iteration before formulating a belief. Similarly, the message
scheme denoted by ‘Schedule x’ alternates between the simultaneous update of messages
from the factor to variables nodes followed by the subsequent simultaneous update of the
messages from the variable nodes to the factor nodes. Therefore ‘Schedule ¢’ and ‘Schedule
x’ can be looked at as some combination of the serial and parallel schedules. We refer to
the ‘Schedule ¢’, ‘Schedule x’ and ‘Schedule f’ as non-serial schedules.

In this work, we use message damping, where a message is updated according to a
linear combination of the messages from the current and previous iterations [24]. A damp-
ing parameter o € (0,1] is used and the messages are updated according to m® (z;) =
am® (z;) 4+ (1 — a)mY (z;) where t indicates the iteration index and the message m/(z;)
is in the logarithmic domain. All the messages shown in Figure 1 are computed using the

belief propagation algorithm [12], [15].

IV Results

The performance of the system is investigated through simulations. The number of sub-
carriers used is 256, with 31 of these set to be null subcarriers. The length of cyclic prefix
is 30. The transmitted data is modulated using QPSK. Virtual subcarriers are used at
both ends of the transmitted data in order to reduce inter-carrier interference. The chan-
nel is assumed static for the duration of the OFDM symbol and changes according to
the variance o2(I) = %e‘lm with [ =0,1,...,15. The frequency offset v is selected
from a uniform distribution in the range [—0.2,0.2] and is fixed for the duration of the
OFDM symbol. The phase noise is constructed as follows. The first phase noise sample
¢o of every symbol is selected from a uniform distribution in the range [—7/2,7/2], and
the subsequent samples are generated according to (2). The Wiener process variance - is
assumed to be 0.1. The bit-error rate (BER) is used as a performance metric at various
signal-to-noise ratios (SNR) shown in dBs. Perfect time synchronisation is considered at
the receiver. Therefore, after sampling, the received sequences are applied to the itera-
tive receiver, which has knowledge of the transmitted data and channel parameters. The
receiver creates a sampling space of the unknown parameters. The sampling space of
the frequency offset @, is in [—0.5,0.5] and that of the phase noise Q4 is in [—m,7]. In
both cases, 25 samples are used to represent the carrier frequency offset and phase noise
processes.

The max-sum implementation of the belief propagation is used in the logarithmic do-
main. Damping has been found to improve the bit error rates at high SNRs. A factor of
0.2 has been used as damping parameter for the non-serial message schedules because it
gives the lowest error rates. The serial schedule shows no improvement as a result of using
damped messages. Figure 2 compares the error rate performance of the different schedules
at SNR of 30 dB. It is interesting to note that the serial schedule converges within the first
iteration. In comparison, the error rate of ‘Schedule ¢’ stabilises after the fourth iteration,

while that of the ‘Schedule f” and ‘Schedule x’ converges at the sixth iteration. Figure 3
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Figure 2: Convergence performance of different schedules at 30 dB.

shows the BER performance for various SNR values for selected number of iterations.
The serial schedule preforms consistently for all SNR levels. This difference is due to the
use of recently updated messages as an argument to the computation of the subsequent
messages within the same iterative cycle. The serial schedule, by its sequential nature,
uses the most updated information in each iterative cycle compared to other schedules. To
illustrate further, for each iteration as shown in Table 1, five of the messages in ‘Schedule
s’ use recently updated messages. In contrast, four of the messages in ‘Schedule ¢’ use
recent updates and only two are used in ‘Schedule x’. None of the messages in the flooding
schedule use recent message updates in the same iterative cycle. The updated messages
are only used in the subsequent iterative cycle.

The differences in error rates has practical implications. The results show that the
flooding schedule using four iterations achieves similar error rates as the serial schedule
for SNR values less than 20 dB. This dynamics can be optimised to reduce the computa-
tional time as the flooding schedule using four iterations only needs four computational
time units to achieve the same error rates as the serial one, which requires six computa-
tional time units. Under this assumption of parallelism, the flooding schedule reduces the
computational time by more than 30 % compared with the serial schedule that uses one
iteration. Similarly, for SNR values larger than 20 dB, the ‘Schedule ¢’ using five iterations
achieves similar error rates as the serial schedule. However, its computational time would
be more than doubled in comparison to the serial schedule. Therefore, the serial schedule
gives the best performance in terms of the computational time and error rates for SNR

values larger than 20 dB.
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Table 1: Message Construction. F{z} represents functional dependence on the message
x. The message sequencing within each iteration is denoted with 'P’. For example, P1
indicates the time slot for executing a particular message. Two messages with P1 indicate

that the messages are computed in parallel.

Schedule ¢ Schedule f
Initialisation Initialisation
ml(,tn_l,Z,( )=1 m(t D _ =1,for all messagesx

(twl)(¢n) =1

thv;l) (¢n) =1

P mlY = F{

ey
P1: mv_ﬂ’n( )

P2 méi—ﬂ)( ) =

mE=D m(tq)

F{m(bn*)pn}
P3: m®) ($,) = F{mpzﬁ o)

Pl:m
P1:
P1:
P1:
P1:

-1)

m&%() F{%pn}
1
m) () = F{m{ %) 3
t 1
il (6n) = Fiml 1, )
m® _F{m(t 1) (t— 1)}

Fw 7?7 BW

P3: m{l), (¢n) = P1: miy, (v) = F{mj, 3
Schedule x Schedule s
Initialisation Initialisation

mi () =1
1
my 3, (6n) =1
m(t 1)(¢n) =1

FW

mg‘;l) (¢n) =1

P1: m((;) = F{m!"

P1: iy, (v) =

P2: m®) (4,) = F{m
F{m

P2: m®) (¢,) =
P2: mén_w( ) =
P2: m" (fn) =

miSh (v) =1

Pl:m
P2:
P3:
P4:
P5:
P6:

ﬁ%wn) F{mét;},l

m%v(%) Fy{ ,,3%”}
t
m¢n_>1’7n - F{mFW’ BW}

mi)_(v) = F{mw,n}

m\p (v) = F{my) .}
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Figure 3: Error rate performance versus SNR for the different schedules.

V Conclusion

In this work, we have considered the problem of joint estimation of carrier frequency offset
and phase noise in an OFDM system. We have used four different schedules using belief
propagation and found that the serial schedule converges in one iteration. The flooding
schedule is shown to converge faster than the serial schedule for signal to noise ratios lower
than 20 dB. This dynamics of message scheduling may be exploited to design efficient and

fast estimators for problems which can be represented using graphical models.
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Iterative Low Complexity
Algorithm for LDPC Systems in

the Presence of Phase Noise

IEEE Wireless Commumnications Letters, no. 6, pp. 794-797, 2017.

Abstract

In this paper, we propose a low-complexity graph based iterative receiver for LDPC coded
systems in the presence of strong phase noise. The proposed receiver exploits the inherent
circular characteristics of phase noise. The graphical messages are then constructed using
complex Gaussian density functions. We show the proposed method achieves similar bit
error rate performance as the existing lowest complexity algorithm, and achieves lower

complexity for higher modulation.

I Introduction

The error performance of recent communication systems have improved dramatically. This
improvement has been made possible largely by using capacity approaching codes such as
the low density parity check codes (LDPC) [1]. However, phase noise has been known to
severely affect the performance of communication systems. Therefore, effective algorithms
have to be designed to tackle the effect of phase noise in coded communication systems.
Several authors have proposed algorithms to detect coded data in the presence of phase
noise [2]-[4].

The iterative detection of an LDPC communication system in a phase noise channel
has been presented in [2] where the authors derive a graphical model from the posterior
probability density of the system. The messages in the graph are then constructed and
propagated using the sum product algorithm [5]. The use of graphical models in communi-

cation systems has been described in detail in [5],[6]. In most cases, for continuous random
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variables, there is no explicit analytical solution to the messages constructed by the sum
product algorithm and hence many authors resort to approximations. One such approx-
imation is discussed in [2] where the continuous phase noise messages are approximated
by collecting probabilities computed at discrete samples in the phase domain. The error
performance of the discrete message based methods generally improve with the number
of samples. There is a threshold in the number of samples used, beyond which the error
rate improves minimally [7].

The computational complexity of the discrete method increases with the number of
discrete samples. In order to reduce this complexity, the authors in [2] approximated
the continuous phase noise messages using the Tikhonov probability density function.
Hence, instead of the discrete messages, the parameters of the Tikhonov probability den-
sity function are propagated in the graph. The authors show this approach reduces the
computational complexity significantly while achieving comparable performance to the
discrete messages.

In a similar work, the authors in [8] approximate the phase messages in the graph
using multiple Tikhonov probability density functions and then reduce the number of
functions using mixture reduction techniques. They show this approach improves the
error performance compared to the method in [2] under the parameters used in their
work. This approach has slightly more computational complexity than the method in [2]
but significantly lower than the discrete messages.

Existing methods have so far modelled the phase noise random variables in the linear
domain, and have not exploited the fact that phase noise is a complex random variable
defined over the unit circle. The modelling of phase noise as a circular random variable re-
quires a new framework in constructing and propagating messages in the graphical model.
In this work, we study the iterative detection of an LDPC communication system in phase
noise channels [2]. We deviate from the existing approach of restricting the phase noise
space to the linear domain. Instead, we transform the phase noise space to the complex
domain and construct all messages in the graphical model. We show that this method
achieves error performance that is comparable to the existing low-complexity algorithm,
while reducing the complexity even further.

This paper is structured as follows. Section II presents the graphical model for coded
communication systems in the presence of phase noise. Section III presents the proposed
method and the framework used to construct messages in the graphical model. Section

IV presents the simulation results and finally conclusion is presented in Section V.

ITI Problem Formulation

We consider a communication system where information bits b, are coded and subse-

quently mapped using symbols from a set A of size M. The coded and mapped symbols
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xy are transmitted through a Wiener phase noise channel. The received signal is
Un = Tne?®" +w,, n=0,...,N—1, (1)

where the phase process is ¢, = ¢,—1 + Ay, with the phase increment A, selected from
the Gaussian density function with zero mean and variance 035, with ¢g ~ U]0,27). The

complex additive white Gaussian noise process wy, has zero mean and variance E[|w,|?] =

a2

The posterior distribution can be written as

p(b,x,¢ly) o p(b) p(x|b) p(¢) p(y|x, ) (2)
(b) I{x (b)} p(qbo) (3)

-1
H ¢n|¢n 1 H p yn|xn,¢n)
where ¢(-) is the encoding and mapping function. The indicator function Z(-) returns a
1 if a valid codeword has been found. Further, p(y,|2n,, ¢n) = —~ {—M}

Vra? P o
_ 1 |pn—¢n—1/>
and p(¢n|pn-1) = N exp { ﬁ}
A graphical model for the joint probability density function described in (2) has been

derived in [2] and is shown in Figure 1. The resulting graph is shown to be composed of
the code graph and the phase graph with messages that propagate between these graphs.
The message passing procedure has been described in detail in [2]. Here, we briefly outline
the construction of the messages shown in the graph using the sum product algorithm [5]

as follows. The phase graph first computes the message

Mpp—én ¢n Z mxn—>pn xn (yn‘xna¢n) (4)
anA

The forward message is computed as

me(Pn) :/mpn_lﬂdm—l((ﬁn—l) mey(Pn—1) (5)
X p(¢n’¢n—1) d(bn—h

while the backward message is computed as

mgy(Pn) =/mpn+1a¢>n+1(¢n+1) mey(Pni1) (6)

X p(¢n+1 |¢n) d¢n+1-

Finally, the message to the code graph is computed as
mpn—m:n(xn) — /mFW((bn) mBW(¢n) p(yn’xru (bn) d¢n (7)
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Code Graph
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p(¢n—2|¢n—3) (¢n 1|¢’ﬂ 2 ¢n |¢n 1 ¢n+1|¢n)

Figure 1: The graphical model showing the code graph and the phase noise graph.

IIT Proposed Method

We describe the proposed method as follows. The phase noise process in the linear domain
is transformed to the complex domain as X4, = eI Similarly, the modulated symbols
are transformed to the complex domain as X,, = e/“*» where Zz,, denotes the angle of
the modulated symbol. This transformation is a bijection as it preserves the properties
of the random variables in the linear domain. The resulting graphical model is similar to
Figure 1 with the exception that the phase noise variable nodes ¢, are replaced by the
circular random variables X, = eJ%n . Further, the factor nodes p(¢,|¢n_1) are replaced
by p(X4,|Xs,_,)- Since the phase noise random variables have unity magnitude, we refer
this transformation as circular random variable method. The messages are constructed as

follows using the sum product algorithm.

A Message mx, -, (Xn)

The first step in the proposed method is to rewrite the message received from the code
graph mg, . (z5,) using the framework of circular random variables. We convert the
linear domain message mg, —p, (zn) to the complex Gaussian message mx,, —p,(Xn) =

CN (74" Mx, yp. s Vx, —p, ), Where My, is the mean of the message my, ., (X,) and
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Vx,—p, is its variance. This allows the existing discrete message of symbols z, to be

represented as a continuous complex circular distribution.

B Message mpn_>x¢n(X¢n)

The message my, x, (Xg,) is constructed as

Mp,—X (X¢n) = mx,—pn (Xn) p(yn|Xna X¢n) ana (8)
on

where p(yn|Xn, Xs,) = CN (yn; TpelPn, 02) is obtained from p(yy|z,, ¢n) using the com-

plex random variables. Therefore, we can write

manXdﬁn (X¢n) = /CN(ejlxn;MXn‘)pn’VXnﬁp") (9)
xCN (ejﬂ";—yn ,02) de? 4,
eJén

where CN (yn; 2ne7%7,0%) = CN (e74%n; 22 52) has been obtained using properties (A.1)

) eJon?
and (A.2) of the Gaussian probability density function presented in the Appendix. Further,
using property (A.4) we evaluate (9) as
Mp,—Xe, (Xg,) CN (BM";Mpnﬁann’VpnﬁX%) ) (10)

. ~ (Mxpapn \ T . . -
where the mean of my,, ,x, (Xy,)isMp, ~x, = (#) and the variance is V;,,  x, =

2
%. The conjugate shown in the mean is a result of evaluating the expression
CN (z*; u, 02).

C Message mg(e’?)

The forward message mgy(Xg, ) is constructed as
me(Xs,) = [ 1, o, (o) ml(Xo, )
Using the equivalent circular random variable distributions, we can write
mFW(X¢n) :/CN(ej¢nI;Mpn1—>X¢n17Vpn1—>X¢n1)

x CN (Pt Vi)
x CN(e/B9niMp, Va,) de??nt, (12)

where p(Xy, | Xy, ,) < CN(e72¢n;Mp onsVA,) Tepresents the circular random variable
equivalent of the distribution of the phase increment process p(¢n|¢n—1), with Ma, s

used to denote the mean of the circular random variable Wiener phase process while Va,
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denotes its variance. Since the mean of the Wiener phase process is zero, we can write
p(Xg, | Xg, ) as CN (ej¢"*1;ej¢",VA¢). Using the properties of the Gaussian density

functions, we obtain

mpy(Xg, ) o< CN (em";M?w,ng) , (13)
where » o
Mpy = M5,y ) Vpu =X, ) +7(I4Fw )(Vey ™) 7 (14)
(Vpo_1—x,, )70+ (Ve )t
and
Vew = . -+ VA, (15)

(Vpuoa=Xg, ) (Vi )™

where Mg, is the mean of the forward message and Vg, is its variance.

D Message mg(e/*")

The message mpy(Xy, ) is constructed similar to the forward message. The message can

be written as

mey(Xg,) < CN (ej%%MrBLngw) ; (16)
vhere (u ) ) ()
M — P17 Xg, I\ pnr1—=Xg, 1y BW BW ’ (17)
(Vpn+1—>X¢n+1)71 + (v !
and
v = ! 4V, (18)

— 1\ —
(Vpn+1—>X¢n+1) T+ (Vg‘;}- )

where Mg, is the mean of the backward message and Vg, is its variance.

jlx
E Message m,, x,(e’7"")

The message from the phase graph to the code graph m,, _,x, (¢7“*") can be formulated
as
mpn_>Xn (ejlxn) - /qubn_)pn(ej(bn) p(yn‘Xna Xd)n) dej¢n7 (19)

Using properties (A.1) and (A.2) stated in the Appendix, we can write p(yn|X,, X4,) =

CN (ej‘b"; ejyﬁgn , 02). Further, the message mx%_,pn(ej(b") can be written as

mx,, —p, = CN <€j¢n§M?w,V?w> CN (ej%;MrBlw’ng)
x CN <ej¢n;MX¢n—>pn7VX¢n—>pn)7 (20)

where Mx,, —p, 1S the mean of the message mX%Hpn(em") and VX, —pn 1S the variance.

These are computed using property (A.3) as

— (M?w)(V?w)*l + (Mgw)(ng)il (21)

M
o (VE) T+ (V)T
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and

1
VX —Dn — e (22)
ot (VE) ™+ (V)
Therefore, using property (A.4), we evaluate (19) as
Mo, (€147 o CN (€450, Vo, ) (23)
My, pn\* 24HVX, apn
where M, ,x,, = <)%’;7np> and Vp, ,x, = o;%‘gp

We make the following remarks. The proposed algorithm may be implemented in two
ways. In the first implementation, the algorithm computes the phase noise estimates
using the parameters of the messages my, ~x, , mr(Xg,) and mpy(Xy, ). The received
data ¥, is then corrected for phase noise errors. In the second implementation, the mean
and variance of the message m,,x, are used to determine the probabilities which are

sent to the code graph.

IV Results

We characterise the performance of the proposed method using simulation. We use the
LDPC code of rate 0.5 [9]. A single pilot sequence is included in every 20 transmitted
symbols. The phase noise is modelled as Wiener process with mean zero and variance a;.
In every iteration, messages are exchanged between the phase graph and the code graph.
The bit error rate (BER) that corresponds to the bit-energy-to-noise ratio % is used as
a performance metric. For comparison, we use the Tikhonov method [2] and a receiver
where the phase noise is known. The lowest error rate is achieved using discrete messages
with large number of samples. However, as discussed in [2], the computational complexity
is high.

We also compare the computational complexity of the Tikhonov method and the pro-
posed method. For a similar comparison with existing algorithms, the computational com-
plexity is based on the exchange of symbol beliefs with the code graph. We use the total
number of elementary mathematical operations and the number of memory accesses re-
quired for each iteration as a complexity metric. The Tikhonov algorithm requires 17M+17
operations and 3M+3 memory accesses. The proposed method requires 3M+51 operations
and 2M+4 memory accesses for the first implementation, and 3M+56 operations and 2M+1
memory accesses for the second implementation. From this data, one can see that the
proposed method achieves lower complexity especially at higher modulation orders. How-
ever, it should be mentioned that the proposed algorithm has an even lower complexity if
one bases the comparison on the exchange of bit beliefs with the code graph.

Figure 2 shows the BER of the proposed method and the existing algorithms for the
severe Wiener phase noise channel with o4 = 0.1 rad/symbol. The LDPC code used is
(3,6) of length 4000. The curve labelled as "Known phase’ represents the case where phase

41



BER
BER

BN I T B B ; BN I T B S ;
0O 04 08 12 16 2 24 0O 04 08 12 16 2 24
E,/N, (dB) Ey/N, (dB)
Tikhonov messages —»— Tikhonov messages —»—
Proposed —*— Proposed —*—
Known phase —*— Known phase —*—

Figure 2: Bit error rate performance for BPSK and QPSK.

noise is known at the receiver. For the BPSK modulation, the proposed method using the
circular random variables is shown to perform very closely to the Tikhonov method. For
the QPSK modulation, the proposed method is shown to achieve similar error rates as the
Tikhonov method. Figure 3 shows the BER performance of 8-PSK modulation for a code
of length 2640 and for a phase noise channel with o4 = 0.05 rad/symbol. The proposed
algorithm is shown to effectively detect the coded data despite the higher modulation
and phase noise channel. These results show that the proposed method is a competitive

alternative for communications over severe phase noise channels.
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V Conclusion

In this paper, we considered the iterative detection of LDPC codes in the presence of
severe phase noise. We proposed a method based on the circular transformation of the
random variables and presented the construction of the messages in the graphical model.
The results show that the proposed method achieves similar performance as the existing

algorithm for severe phase noise channels while reducing the computational complexity.
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Appendix

We use properties of the normal Gaussian probability density function [10] which has been

modified for complex random variables [11].

CN (x5, 0%) = CN (; ¢, 0°) (A1)

2

CN(azx + by p,0%) = CN <x; 'MT_b J—) (A.2)

" laf?

—2 —2
+ uoo 1
CN (z; 1, 02)CN (z; o, 02) < CN <£U; H1%, 2 ) A3
( H1 1) ( H2 2) 0_1_2+0_2_2 0_1_2+0_2_2 ( )

/CN(w;ul,Uf)CN(m;uma%) dx o< CN (1 2, 07 + 03) (A4)
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Signals with Phase Errors Using

Circular Random Variables
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Abstract

We propose a low-complexity graph-based iterative algorithm for the detection of coher-
ent optical OFDM signals in the presence of residual carrier frequency offset and phase
noise. We exploit the circular properties of these phase errors to derive tractable graphical
messages using the Gaussian probability density function. The proposed algorithm shows
similar error rate performance as the existing algorithm at a much lower implementation

complexity.

I Introduction

The transmission of data with coherent optical Orthogonal Frequency Division Multiplex-
ing (CO-OFDM) has been found to be attractive for optical networks due to its tolerance
to fiber distortions such as chromatic dispersion and polarisation mode dispersion [1].
However, the longer symbol duration of the OFDM signal makes it vulnerable to phase
errors caused by carrier frequency offset and phase noise. These parameters have been
known to cause common phase error and intercarrier interference [2],[3]. If these effects
are not estimated and compensated, the performance of the system is severely affected.
Various algorithms have been proposed to detect the CO-OFDM signal in the presence
of phase errors. The existing methods can be broadly categorised as pilot based and non-
pilot based approaches. In [4], pilot sequences have been inserted in the CO-OFDM symbol
to estimate the common phase error. The performance improves with the number of pilot

sequences at the expense of the spectral efficiency. In [5], the authors improve the spectral
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efficiency using quasi-pilot sequences which can also serve as data sequences through a
systematic arrangement. In [6], a radio frequency pilot tone with amplified power is
inserted at the centre of the transmitted symbol and surrounded with null-subcarriers.
The receiver would then use low pass filters to extract the radio frequency pilot tone and
compensates for the phase errors.

There have also been other work that estimate the phase error and counteract the
resulting intercarrier interference. In [7]-]9], algorithms based on the orthogonal basis
expansion have been used. In [10],[11], linear interpolation based approaches have been
used. In [12], a time domain approach has been proposed that is based on the sub-symbol
processing. In [13], a sub-symbol based linear interpolation algorithm has been introduced.
The authors in [14] use an algorithm based on the principal component estimation and
elimination to lower the complexity of algorithms based on orthogonal basis expansion.
Extended Kalman filtering [15] has also been proposed with small number of subcarriers.
In [16],[17], algorithms based on the Gaussian basis expansion have been used which show
similar complexity compared to the orthogonal basis expansion but with better linewidth
tolerance.

Approaches that do not use pilot sequences have also been proposed in [18] based on the
maximum likelihood algorithm. In [19], a blind phase search algorithm is presented which
requires large number of test phases along with decision feedback. The work in [20], [21]
have also shown estimation approaches that do not use pilot sequences. In [22],[23], the
authors propose algorithms that estimate the phase noise based on a pre-defined cost
function and does not require decision feedback. The use of image processing approaches
have also been presented in [24]. These approaches have high implementation complexity
and this scales further with increase in the size of the system.

The algorithms discussed earlier assume that there is no carrier frequency offset in
the received signal. In practice however, there is some residual frequency offset error
in the system which results after the dedicated estimation algorithms [25], [26] and the
references therein. In [27], the authors have proposed an algorithm based on the orthogonal
basis expansion to estimate and compensate for the residual frequency offset and the
phase noise. The complexity of this approach is high since it involves multiple domain
transformations and matrix inversions. In [26], an algorithm has been proposed that
exploits the symmetry of the phase noise spectrum to estimate the residual frequency offset,
whereas the phase noise has been mitigated using the principal components estimation
algorithm [14]. The residual frequency offset is selected by testing multiple candidates that
minimise the cost function describing the spectrum symmetry. This is further averaged
over multiple symbols. Although the complexity is much lower than [27], the use of
multiple test samples to estimate the frequency offset impacts the complexity of this
approach. Furthermore, these algorithms require the use of pilot sequences which impact
on the spectral efficiency of the system.

In this work, we detect the signal in the presence of residual carrier frequency off-

set and phase noise using graphical models. In [28], the authors proposed an algorithm
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based on probabilistic graphical models [29] to detect the OFDM signal in the presence
of frequency offset and phase noise and showed that the resulting receiver outperforms
the algorithms in [30] when implemented in decision feedback system. However, its imple-
mentation complexity is high as it uses discrete samples to represent the messages of the
frequency offset and phase noise. Instead of using discrete messages, we use a different
approach to represent the messages in the graphical model.

The carrier frequency offset and phase noise are assumed to be continuous variables and
we define these over a unit circle and exploit the circular properties. A recent study [31]
has proposed a low complexity algorithm to detect low density parity check (LDPC) codes
using the circular properties of the phase noise. However, the system considers the phase
noise only, and the effect of the frequency offset is not shown. In this work, we use the
concept of circular random variables to jointly model the phase noise and residual carrier
frequency offset of the CO-OFDM system. We represent the graphical messages using
complex Gaussian probability density functions, and propagate the mean and variance of
the messages. We show that the proposed algorithm shows good performance and sig-
nificant improvement in complexity when compared to the existing algorithm that use
discrete messages. This approach can also be viewed as pilot based method for the first
symbol since we use pilots at the start of each CO-OFDM frame. However, for the subse-
quent symbols the proposed algorithm does not require the use of pilot sequences. To the
best of our knowledge there are no existing algorithms in the published work which jointly
model the residual frequency offset and phase noise in CO-OFDM systems with graphical
models by exploiting their circular properties.

This paper is organised as follows. Section II presents the coherent optical OFDM
system and the graphical model. In Section III, the proposed method is presented and
the messages are constructed using the circular random variables. Section IV presents the
results and conclusions are drawn in Section V.

Notation We use bold small case and upper case letters to denote vectors and matrices.
CN (x; p, 0?) denotes a complex Gaussian function with mean y and variance o2. F is the
DFT operator with entries \/—% exp(—j2mpq/N) where p,q € [0, N — 1]. The Hermitian

transpose is denoted as (-)* and the conjugate is (-)*.

II System Model

The transmission system using the coherent optical OFDM is shown in Figure 1. The
input data bits are mapped with complex modulation sets, and then sent to the OFDM
modulator which performs the inverse DFT (IDFT) operation. Thereafter, a cyclic prefix
is added to mitigate the effects of the intersymbol interference. The resulting digital signal
is converted to an analogue signal with the digital-to-analogue converter (DAC) and then
sent to the optical modulator, where the real and imaginary parts of the electrical signal
are transformed to an optical signal using laser sources. The signal is then transmitted

through the optical fibers and optical amplifiers. At the coherent receiver, the optical
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Figure 1: Coherent optical OFDM system model.

signal is converted to the electrical signal using optical demodulators, which generate the
real and imaginary parts of the electrical signal. The converted signal is digitised with
the analogue-to-digital converters (ADC). After estimation of the time and frequency with
dedicated preambles, the receiver removes the cyclic prefix, performs the DFT operation
followed by symbol demodulation to recover the transmitted data.

The received signal at time sample n can be represented as [1]

j2mnv

Yn =€ N em"[acn * | + wp, (1)

where x,, represents the OFDM signal, h,, is the composite channel and * denotes the
convolution operator. Further, v is the residual carrier frequency offset and ¢, is the
Wiener phase noise, where ¢, = ¢,_1 + A¢p, and A¢ has a Gaussian distribution with
zero mean and variance aé. Further, ag = 27w BT where f is the laser linewidth and T is the
sampling time interval [2], and w, represents the amplified spontaneous emission which
is modelled as additive white Gaussian noise with zero-mean and variance o2. In (1), the
non-linear effect of the fiber transmission has been ignored since it can be compensated [32].

The received signal after ideal time estimation can be expressed as

y=T(v,¢)F"s +w, (2)
where Yy = [y(]ayla s >yN71]> ¢ = [¢0> ¢1> s 3¢N71]7 and s = [507 51y aSNfl] is the
information data. Furthermore I' is a diagonal matrix with entries given as
(€10, ei2mo/N+idn  ei2mv(N=D/N+ion-1] and w = [wp,w1,...,wy_1] is the additive

white Gaussian noise.

The estimation problem can be formulated as

(0.0) = argmax  p(v, $ly, @), (3)
v,

where p(v, ¢ly, ) x p(y|v, d, )p(v)p(¢). Assuming the known data symbols, x = Ffs,
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Figure 2: Graphical model.

the distribution is written as [28]

N-—1
p(v, dly, @) < p(v)p(do) [ [ p(dnldn-1) (4)
n=1

N—-1

X H p(ynh)’ an, xn)’

n=0

_ |yn_ej2‘rrvn/N+j¢>nxn|2

where p(y,|v, én, ) X exp { and p(¢p|dn—1) is a Gaussian function

with zero mean and variance a;. A graphical model is constructed [28] for the factorised

o2

distribution in (4) and is shown in Figure 2.

III Proposed Receiver

The first step of the proposed receiver is to replace the linear random variables v and ¢,
with the circular random variables X, = /2™/N and X4, = eJ®n . The probability of the
phase increment p(¢,,|¢n—_1) is also described using the circular random variable equivalent
(X4, X4, ,). The existing graphical model shown in Figure 2 is then updated to include
the circular random variables and associated factor nodes. The second step is to use
the sum-product algorithm [29] to construct the graphical messages using the technique
of circular random variables. This requires one to rewrite the probability distribution

P(Yn|v, bn, xy) as a complex Gaussian distribution CA (y,; €270/ N+iong,  52),
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A Message m,, x,(X,)

The message m,,, - x,(X,) is computed as

mpn%X'u (X’U) = /p(ynh)? ¢n?xn)mx¢n‘>pn(X¢n) dX¢n? (5)

and using the properties of the Gaussian density functions [33], we obtain

mpnﬂxv (Xv) ~ CN (XU7 Mpn%X'u ’ Vpn%X'u) ) (6)

Yn
Tn

Tn

* o2
Mx, —p . o2 tVX, —pn
where M, _,x, = <% is the mean of the message and V,,, . x, = lonl®  Tén TR

is its variance.

B Message m,, x, (¢/")

The message mp, x,, (e7%7) is formulated as

Mp,—Xg, :/P(yn‘va¢namn)va—>pn(Xv) dXo, (7)

and using the properties [33], we write

mpn—)X¢n ~ CN <6J¢n; Mpn_>X¢n ) Vpn_>X¢n> ’ (8)

Tn Yn

xn

* i—i—VX
Mx, —s 2 v—Pn
where Mp,—x,, = <’§Tp"> and Vp,—X,, = len]? 22 R

C Message mpy (e/9)

The forward message mpyw (e/7) is computed as

mew(Xo,) = [y, (X ) (9)

x mew (Xg,_)p(Xag,) dXg,_;,

where p(Xa,, ) is the distribution of the phase noise circular variable Xa, = X¢nX¢:n1_1

and can be approximated as CN <ej¢n71 ; ej¢n7 0'35) [31] Hence, we evaluate (9) as

mew (Xo,) = CN (93 Mpyy Vi ) (10)
where the mean of the forward message is
Mpn1-Xp, 1) (M)
u 1" D

Vpn—lﬁX%_l)*l + (V%Y/[})il)’

Pn—17Xg

(11)

M%W:(
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and its variance is

! + o2 (12)
g .
(Vpurosxy )+ (V) t 7

n —
rw —

D Message mpy (¢/9")

The backward message is evaluated similar to the forward message. Hence, mpw (Xy, ) ~
CN (e] Pn iMpw, V BW) The mean and variance can be computed by substituting the vari-
ables M, ., x omir? Vpns1o X0 M%J{/I}, and V’é}ﬁ[}, instead of the respective variables in
(11) and (12). The details are omitted here.

E Message mx,_p, (X,)

The message mx,p, (Xy) is formulated as

mxvﬁpn H Mpp—X, (13)
k=0:k+#n
~ CN (XU? MXv"pn’ VXv%pn) ) (14)
where
V 71
MXU_)pn — Zk‘ 0]4?7&77/ pk*)X’U ( pk‘:)fv) ’ (15)
Zk 0; k;ﬁn( pk—>XU)
and
v ! (16)
Xv—=pn — —1°
Zk 0;k#n v k%XU)
F  Message mx, —p,(Xs,)
The message mx, —p,(Xg,) is formulated as
mx,, —pn(Xg,) = mew (Xg, )mpw (Xg, ) (17)
~ CN (6]¢n7 MX¢n~>pn,VX¢n~>pn) )
where Vx, ), = (V)™ + (VE) 717! and the mean is
MFE M3
MX¢n_>pn :( v + BW)(VX¢n_>pn) (18)

n n
VFW VBW
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Figure 3: Estimation of phase errors with the graphical models.

G Beliefs p(X,) and p(X,,)

The belief of the carrier frequency offset is computed as

N—1

p(XU) = H mpn_ﬁxv (19)
n=0

R CN (X Mpix, ), Vp(x,)) s (20)

where the mean is

Myix,) = = — (21)
R (Vhuox)

Similarly, the belief of the phase noise is

~CN (ej¢";Mp(X¢n)7vp(X¢n)) R (23)
where the mean is
Mpn—xg, M w MEpw
. Wonoy) T Vi) T Wi (24)
X = — n — n -1
P(Xon) (VpnﬁX%) ! +(VFW) 1+ (VBW) !

The angle of (21) and (24) is used to estimate the carrier frequency offset and phase noise.
The received signal sequences are then compensated with these phase error estimates
as §n = ype J2mn/N ¢=3%n. The transmitted bits can then be demodulated with the
compensated signal sequences. The estimation of the phase errors with the proposed

algorithm is summarised in Figure 3.

IV  Results

We consider an OFDM symbol of 256 subcarriers, with 31 null subcarriers. A cyclic
prefix of 30 samples is inserted for each symbol. The channel is assumed to be known and
compensated at the receiver. The bit-error rate (BER) is used as a performance metric. For

comparison, we present the performance of the proposed algorithm, the discrete algorithm
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Figure 4: Error rate performance of the proposed algorithm.

[28] with equally-spaced samples of the phase errors, and an ideal algorithm with prior
knowledge of the frequency offset and phase noise.

We consider two simulation cases. In the first case, the receiver has complete knowledge
of the transmitted data, the residual carrier frequency offset is uniformly distributed in
(—0.2,0.2) for each symbol, and the normalised laser linewidth (57 is 2.0 x 107, This
case represents the initialisation of a receiver using preamble data. In the second case, the
receiver operates in a decision feedback system where one known CO-OFDM symbol is
inserted at the start of every 20 transmitted symbols. The residual carrier frequency offset
is uniformly distributed in (—0.05,0.05) for each symbol. The normalised laser linewidth
is 5.0 x 1076.

Figure 4 shows the uncoded BER performance of the proposed algorithm, the discrete
algorithm and the ideal algorithm for Quaternary Phase Shift Keying (QPSK) modulation.
The number of samples required by the discrete algorithm is also shown. For Case I, the
proposed algorithm performs close to the ideal algorithm. The discrete algorithm is shown
to require large message samples to approach the performance of the proposed algorithm.
It would show similar performance as the proposed algorithm for sufficiently large samples.
However, this would require the implementation complexity to be unnecessarily large. For
Case 11, the proposed algorithm is shown to outperform the discrete algorithm, and closely
approaches the performance of the ideal algorithm. The discrete algorithm still requires
large number of samples and seems to show error floors at high signal-to-noise ratios.
These results show that the proposed algorithm is an effective algorithm in the presence
of frequency offset and phase noise.

The complexity of the proposed method scales as O(iN), where N is the DFT size

and 7 is the number of iterations. However, the complexity of the discrete algorithm
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scales as O(iNM?), where M is the number of the discrete samples that represent the
messages of the phase errors required by the algorithm. The proposed and the discrete
algorithms require about four iterations. Therefore, the proposed algorithm has very low
complexity because it only needs to compute the mean and variance of each message in
the graphical model, whereas the discrete algorithm is encumbered with processing the
messages represented by large samples of the phase errors. The number of discrete samples
required by the existing algorithm would be slightly improved with adaptive representation
of the messages [34],[35]. However, the complexity of such an approach would still be of
polynomial order. We can therefore conclude that the proposed algorithm is an attractive
low complexity algorithm for CO-OFDM systems where the unknown parameters are

circular random variables.

V Conclusion

We have presented a low-complexity iterative algorithm for the detection of coherent
optical OFDM systems in the presence of residual carrier frequency offset and phase noise.
The proposed algorithm models the carrier frequency offset and phase noise as circular
random variables, and propagates the mean and variance of the Gaussian messages. The
proposed algorithm has been shown to perform close to the ideal algorithm and it has low

complexity.
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Paper 4

Graphical Algorithms for Optical
LDPC Systems with Phase Noise
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Abstract

In this paper, we present two graphical algorithms to detect low-density parity-check
(LDPC) codes for coherent optical systems with phase noise errors. The proposed
algorithms are based on message propagation in graphical models. The messages to be
propagated have been derived by minimising the free energy function of two combined
graphical models.  First, we combine the Belief Propagation (BP) and the Uniformly
Reweighted Belief Propagation (URWBP) graphical models using the framework of free
energy minimisation and the framework of circular random variables. We implement the
algorithm using approximate and exact methods. Second, we combine the Mean Field
(MF) and the URWBP graphical models using a similar framework. The results show
the approximate implementation of the first algorithm outperforms the existing lowest
complexity algorithm, whereas the exact implementation achieves comparable performance
as the accurate and highly complex methods in the published work. Similar performance

is achieved by the second algorithm.

I Introduction

The presence of phase noise has been shown to increase the error rate of communications
systems. In optical communication systems [1], laser phase noise has been shown to be
modelled as a Wiener process [2],[3]. The effect of phase noise channels on the informa-
tion capacity has also been shown in [4]-[6]. This adverse effect on the error rate and

information capacity may be decreased, but not avoided, with high precision oscillators at
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the transmitter and receiver. This would increase the cost of the communications system.
Furthermore, the optical channel inherently introduces phase noise into the communica-
tion system. Since phase noise can not be avoided, it is necessary that effective receivers
be designed to detect data in the presence of phase noise.

The estimation of coded data in the presence of phase noise for optical systems can
be classified as graph-based, log-likelihood ratio based and code-based algorithms. The
graph-based algorithms jointly estimate the phase noise and the code with messages that
propagate between the code graph and the phase graph. The log-likelihood ratio based
algorithms modify existing metrics to include information about the phase noise [7]-[9].
These algorithms have shown improvements compared to existing approaches. The code-
based algorithms construct specialised codes to withstand the effects of the Gaussian
noise and the phase noise [10]-[13]. One category of these algorithms uses differential
encoding along with an existing code to counteract the phase noise channel. Another
category [11],[13] constructs dedicated codes that can be combined with the differential
encoding. The construction of such dedicated codes is an intensive and complex process
which requires the use of protographs and other approaches. The graph-based algorithms
are attractive over the other approaches since the construction of specialised codes is not
required. Furthermore, the graphical algorithms have low complexity compared to the
other algorithms.

There is a growing interest in the use of graphical models to estimate phase noise
in communication systems. Graphical models have been widely used in the decoding
of capacity-approaching codes. Since the work of Gallager which used graphical mod-
els to show the relationship among coded bits [14], there has been significant research
that highlighted the relationship between graphical models and probabilistic decoding.
The belief propagation (BP) algorithm [15] has been successfully used in the decoding
of capacity-approaching codes such as the Low Density Parity Check (LDPC) codes and
turbo codes [16], [17]. This success has sparked significant research interest as it has
demonstrated low-complexity decoding of capacity approaching error-correcting codes.
The belief propagation algorithm was found to give exact results in tree graphs and usu-
ally performed well in cyclic graphs [18] although strict guarantees for this performance
could not always be established. Further research effort revealed better understanding of
the behaviour of the belief propagation algorithm.

The work in [19] has established a relationship between the belief propagation algorithm
and the free energy function commonly found in statistical mechanics. The Bethe free
energy is one such system of defining the energy content of a physical system [19]. It
has been demonstrated that the fixed points of the loopy belief propagation algorithm
are equivalent to the stationary points of the constrained Bethe free energy function of
the graphical structure. Other interesting properties that relate to the stationary points
of the constrained Bethe free energy function and the fixed point equations of the belief
propagation algorithm are studied in [19],[20]. Furthermore, the work of [19] also describes

a method to construct alternate message expressions using the regions of a graphical model.
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Riegler et al. [21] exploited this principle of region selection and obtained message passing
algorithms that combine the mean field (MF) [22] and belief propagation messages, and
demonstrated its use in the joint estimation of channel parameters and decoding of an
Orthogonal Frequency Division Multiplexing (OFDM) system. This combined MF/BP
algorithm has been used in diverse set of problems [23],[24], where it has been shown to
outperform the standard BP algorithm.

The authors in [25] have proposed assigning probabilistic weights to the edges of a graph
by minimising the upper bound of the log-partition function. In [26], this approach has
been simplified to use uniform weights, resulting in an algorithm denoted as Uniformly
Re-weighted Belief Propagation (URWBP), and has been shown to outperform the BP
algorithm.

In this work, we propose iterative algorithms that combine existing graphical models
using the framework of free-energy minimisation and the framework of phase noise rep-
resentation as a circular random variable. We apply the proposed algorithms to detect
LDPC signals in the presence of phase noise. Several methods have addressed this problem
where the main aspect is to represent the phase noise belief in the graphical model with
an existing function, and subsequently propagate its parameters. In [27], the phase noise
belief is represented with the Tikhonov probability density function. In [28], the phase
noise belief is represented as a cluster of Tikhonov probability density functions. In [29],
the phase noise is represented as a circular random variable and its belief is approximated
with the complex Gaussian density function. For coded systems with moderate phase
noise variance, the Tikhonov algorithm [27] shows good performance, and the circular
random variable algorithm [29] achieves comparable performance with lower complexity.
For severe phase noise variance, the Tikhonov cluster algorithm [28] and the algorithm
in [30] achieve good performance at the cost of high implementation complexity. This work
emphasises on systems with high modulation schemes and moderate phase noise variance,
which is too complex for the method in [28].

The URWBP algorithm has been used for LDPC decoding in [26] for systems with
no phase noise. For systems with phase noise, the existing graphical algorithms for
joint estimation and decoding use the standard belief propagation to construct the mes-
sages [27]-[29]. In contrast, the proposed algorithms use messages constructed from the
combination of graphical models. Therefore, the main aspect of this paper is two fold.
First, we combine the BP and the URWBP graphical models using the concept of free
energy, and implement the optimised algorithm using the framework of circular random
variables. We implement the optimised algorithms using approximate and exact methods.
The results show that these methods outperform the existing non-optimised algorithm in
the published work [29]. Second, we combine the MF and the URWBP graphical models
using a similar framework. We show that the combined MF and BP is the minimum free
energy of the combined graphical model, and achieves comparable error rates as existing
methods. The emphasis of this work is on systems with moderate phase noise variance,

which are too complex for the method in [28].
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Figure 1: Basic description of a coded system.

The paper is organised as follows. Section II presents the background. Section III
formulates the detection problem of LDPC codes in Wiener phase noise channels. Section
IV presents the message construction using the proposed algorithms. Section VI discusses
the results and Section VII presents the conclusion.

Notation. Scalar random variables are denoted using lower case letters, while bold lower
case letters denote vectors. The expression CN(z;u,0?) denotes a complex Gaussian

function with mean p and variance o2. The conjugate operator is denoted as (-)*.

II Background

This section presents the background on the several phase noise estimation approaches
for the optical LDPC systems. As stated in the introduction, these approaches can be
broadly classified as log-likelihood ratio based approaches, code-based approaches, and
graph-based approaches.

Assume a sequence of bit streams b,, has been LDPC coded and modulated to form a
complex sequence a,. The received signal is vy, = x,, + w,, where w,, represents the noise
sequence. Figure 1 represents a basic description of this system, where the p,, are factor
nodes as a function of x,, and w,, and f, is the mapping function for a 16-QAM scheme.
The block shown as the “Code Graph” governs the LDPC code structure. The symbols
qn and m,, represent the respective messages propagated to and from the code graph. The
message propagated from f,, to the code graph can be viewed as the existing log-likelihood
ratios. The existing computation of the log-likelihood ratios take into account the received
signal, the modulation symbols, and the variance of the Gaussian noise.

Now, assume that phase noise ¢, is present in the system, which would modify the
received signal as vy, = z,e/?" 4+ w,. Existing approaches would still compute the log-
likelihood ratios as described earlier. However, there have been some work that modify the
log-likelihood metric to include the statistical parameters of the phase noise. In [7], this
metric is formulated by performing numerical methods on the expectation which includes
the phase noise statistics with sufficient number of samples. In [9], the authors formulate

the log-likelihood ratio with knowledge of the distribution of the Gaussian phase noise.
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Figure 2: Description of a code-based transmitter.

In [8], similar formulation of the log-likelihood ratio is exploited for the coded optical
OFDM systems, with an LDPC code of short length. Although such approaches are
scarce in the published work, some improvement of the bit-error rate has been reported.

The code-based approaches can be categorised as methods that use an existing code
followed with a differential modulator, and methods that construct dedicated codes for
the phase noise channel [11], [13] which is also followed with a differential modulator.
The first approach would be easier to implement since it uses an existing code, whereas
the second approach would be complex to implement since it requires the construction of
specialised codes to encounter the phase noise channel. Since existing codes are commonly
constructed for the Gaussian noise channel, these specialised constructions that also take
into account the phase noise channel have shown performance improvements. Figure 2
summarises the transmission process of the code-based approaches. The transmitted bits
b are encoded with an existing code or the specially constructed code. The encoded bits
c are then sent to the differential modulator which enables better handling of the phase
noise. This results in the complex sequence  which is sent through the Gaussian and the
phase noise channels. At the receiver, the process is reversed to obtain the transmitted
bits.

The graph-based approaches exploit the structure of the statistical properties of the
phase noise. This statistical representation is captured and included in the graphical
model of the estimation process. Figure 3 shows the modification of the system with
the inclusion of the statistical graphical description of the phase noise, which we denote
as “Phase Graph”. The messages are then propagated between the code graph and the
phase graph until convergence is achieved. The messages propagated from the code graph
are depicted as my,, ., , whereas the message that propagate from the phase graph are

depicted as my, 4,. This approach is followed in this paper.

III System Model

We consider the detection of coded optical systems in the presence of phase noise. The
binary information signal b,, is encoded and modulated using symbols from a set A of size

M to form a complex symbol xz,,. The received signal is
Yn = Tn€®" 4wy, n=0...N—-1 (1)

where ¢, is a Wiener phase noise random variable generated as ¢, = ¢,_1 + A¢, where
A¢ has a Gaussian distribution with zero mean and variance ai = 2nTs. Further, g

denotes the laser linewidth and T denotes the sampling time interval. The additive white
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Figure 3: Systemic description of graph-based algorithm.
Gaussian noise w, has zero mean and variance E[|w,|?] = o

The aim is to estimate & and ¢ that minimises the joint probability distribution

p(z, ¢ly) < p(ylo, z) p(d)p(x), (2)

where p(y|o, x) Hf\;_olp(yn\xn,@b) and p(yn|Tn, dn) x exp (M) The dis-
tribution of the phase noise is p(¢) o p(¢o) Hﬁizlp(qbnwn,l), where p(¢p) is a uniform
distribution of the initial phase noise sample ¢y and p(¢y,|¢pn—1) is a Gaussian function
with zero mean and variance 0'3).

Figure 4 shows the graphical model that describes the estimation problem [27], [28]
in (2) where the phase noise samples are replaced with the circular random variables
Xg, = eJ?nand the distribution of the successive phase noise samples is represented as
(X4, X4, ,). Further, p, represents the distribution p(yn|%n, ¢n). The figure also shows

the messages that propagate in the graphical model.

IV  Proposed Algorithms

In this section, we present the proposed algorithms which are based on the minimisation
of the free energy of the graphical model and on the representation of the phase noise as
a circular random variable. For the first algorithm, we combine the belief propagation
and the uniformly reweighted belief propagation, and refer to it as the combined BP
and URWBP algorithm, For the second algorithm, we combine the mean field and the
uniformly reweighted belief propagation, and refer to it as the combined MF and URWBP
algorithm.

In Appendix A, the derivation of a generic reweighted belief propagation algorithm is
presented, where the messages are summarised using expressions (A.9), (A.11), and (A.12).
These expressions are used to formulate the messages of the combined BP and URWBP

algorithm. In Appendix B, the derivation of the combined MF and a generic reweighted
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Figure 4: Graphical model of (2).

BP algorithm is presented, where the messages are constructed using expressions (B.4),
(B.6), (B.7), (B.8), and (B.9). These expressions are used to formulate the messages of the
combined MF and BP, and the combined MF and URWBP algorithms. In the following
sections, we present the message construction of the proposed algorithms on the graph

shown in Figure 4.

A Combined BP and URWBP Algorithm

This algorithm uses the BP graph to model the factor node p(y,|z,, ¢,) and its neigh-
bouring variable nodes z, and X, , and the URWBP graph to model the factor node
P(X4,|Xg, ) and its neighbouring variable nodes X4, and X4, . The message con-
struction is based on [26], where for the BP factor nodes, a reweighting factor of p, = 1 is
used. For the URWBP factor nodes, a uniform reweighting factor of p, = p is used. The

messages are constructed as follows.

Constructing the message m;, . x, (Xg,)

The message mp, x, (Xg,) is formulated as (A.11)

Mp,—Xg, (Xp,) = /mmn—mn (xn)p(yn’$n7X¢n) dp, (3)

where mg,, _sp, (xn) = CN(2; My, —p,+ Vi, —p,) has mean M, ., and variance Vy, _,p, .
Further, we write p(y, |2y, Xp, ) = CN (zn; 2=, 0%) and evaluate (3) as [29]

eldn ?

mpnﬁX¢n (X¢n) ~ CN(ej¢n7 MpnﬁX¢n ’ ‘/p"_)thb )7 (4)

2
B Yn _ (Van—pnto®
Where Mpn‘)X¢>n - (Macn—mn> and V})n*)Xq&n o < |M90n—>17n|2 >
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Constructing the forward message mgy(Xy,)

The forward message is formulated (A.11) as

p(X¢>n—1)

1
O (X | X 0 dX, 5
mb(X¢n_1) (p( ¢n’ ¢n—l)) ¢n—1 ( )

mr(Xg,) =
where the belief p(X,, ) is formulated (A.9) as

p(X¢n—1) = Mpp_1=Xy, (X¢>n—1)
x (meu(Xg, 1)) (meu(Xe, )" (6)

We use the complex Gaussian representation of messages Mp,_ 15X, (Xopn_1), mru(Xg,_ 1),
and mgy(X, ) with respective mean and variances of My, x, Vo, 15X, s Mpt
V=t MET and Vit Further, the distribution of the phase noise increment is also rep-
resented using the complex Gaussian function as p(Xg,|Xe, ,) &~ CN(e/9n—1; ej‘b",ai).

We can then write the forward message as a Gaussian function

mew(Xp,) = CN(&/7"; Mgy, Vi), (7)
with variance
Vew =Apy + paiw (8)
where
1 P p—1 -
e = (Vpn_ﬁx%_l vt vs&ﬁ) | )

and with mean

Mgy = ((Mpnfl_ﬁx¢n71)(‘/]77171_>X¢n71)_1
+ (Mpg ) (Vey /o)™
+ (Mg (Ve /e = 17D (AR). (10)

Constructing the backward message mgy(Xs,)

The backward message is formulated using (A.11)

p(X¢n+1 )

1
mFW(X¢n+1) Dn+11<2 9 Pn+1

mei(Xg,) =
where p(Xg, . ,), mri(Xy,.,), and p(Xy, . |Xg,) represent the distributions at sample

n—+ 1. Since the derivation of backward message is similar to the forward message, we use

the complex Gaussian representation of messages my, ., -x, (X¢pi1), meu(Xg, ., ), and
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mpy(Xg,,,) With respective mean and variances of M, ., x, 1 Voni1—X, o Mﬁ,,“,
n n
Vet Mt and Vit We express the message as mgy(Xy, ) & CN (/%" Mgy, Vat) with

variance

Ve =Agy + po, (12)
where
1 P p—1 -
Agy = <V;0n+1—>X¢n+1 + e + VJ&“) : (13)
and mean

Mgy = ((Mpn+1—>X¢n+1 )(‘/pn+l_>X¢n+l )_1
+ (Mg (Ve /o)™
+ (M) (Vg™ /o = D)7 (ARy)- (14)

Constructing the phase noise belief p(Xy, )

The phase noise belief is formulated as (A.9)

P(Xg,) = myp,—x,, (Xg,) (meu(Xe, ) (meu(Xy,))”, (15)

and is computed as p(Xy, ) & CN(e/%"; My, ,Vx, ), where Vx, denotes the variance of

the phase noise and is computed as

1
Vx, = ) 16
= W)+ (Vi) T+ (Vaalp) 1o
and My, denotes the mean of the phase noise and is computed as
My, = ((Mp,x,,)Vousx,,) "+ (Mg (Vi/p) ™
+ (M) (Vau/p) ) (Vx,,)- (17)
The estimate of the phase noise is then computed from the argument ZMx, .  The

message to the code graph is obtained with standard demapping approaches which rotate

the received signal with the phase noise estimates.

B Combined MF and URWBP Algorithm

In this section, we present the message construction of the combined MF and URWBP
algorithm. The MF algorithm models the factor node p(yn|z,, X4, ) and its neighbouring
variables nodes, while the URWBP algorithm models the factor node p(Xg,, Xy, ) and
its neighbouring variable nodes. The message construction is based on [21],[26], where we
use the URWBP algorithm instead of the BP algorithm. Hence, the URWBP factor nodes
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are modelled using a uniform reweighting factor p, = p. The combined MF and BP is a

special formulation where p = 1. The messages are constructed as follows.

Constructing the message mj,;’ v, (X,)

The mean field message mgi X, (X¢,) is formulated as (B.8)

my _x, (Xg,) = exp < > p(xn)logp(yn\xn,X%))’ (18)
anA

where p(x,,) is the belief of the symbol x,,. Therefore

|y — ne?n|?
e () 5 3 sty B2 (19)
$ne./4
X CN (7% MyT s, Vi,
where MIP’/[:_)de = yE;g[’ﬂH and Vpr—m% = % E[-] denotes the expectation
operator.

Constructing the forward message mgy(Xy, )

The forward message is constructed as (B.6)

p(Xo, 1)

1
Xon | X, v dX, ) 20
ey P X)) %, (20)

mpw(Xg,) =
where we use (B.4) to write

p(X¢n71) = mgi,lﬁx%fl (X¢n—1)
x (meu(Xg, 1)) (meu(Xe, )" (21)

We then write the forward message as mgy(Xy,) ~ CN(e/%n; My, V). The mean and

variance are similar in form to (10) and (8), and are not included here to avoid repetition.

Constructing the backward message mgy(Xs,)

The backward messages are constructed in a similar method as the forward messages and
can be evaluated to give a Gaussian function mgy(Xg,) ~ CN(e/%n; Mg, Vii) with mean

and variance that are similar in form to (14) and (12).

Constructing the phase noise belief p(X;,)

The phase noise belief is formulated as

P(Xp,) = my x, (Xp,) (mea(Xp,))? (meu(Xp,))", (22)
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and is computed as p(Xy, ) & CN(e/%"; My, ,Vx, ), where Vx, denotes the variance of

the phase noise and is computed as

1
VX = — = — " 1> (23)
o T VT (Vo) (Vaalp) !
and My, denotes the mean of the phase noise and is computed as
MX¢n = ((Mg:HX¢n)(V;7n_>X¢n)il + (MFnW)(‘/F?\I/p)il
+ (Mg) (Ve /p) ") (V) (24)

The argument of the mean is used as the phase noise estimate. The message to the code

graph is computed as discussed in the previous subsection.

V  Complexity

The complexity of the proposed algorithms is presented relative to the existing circular
random variable algorithm [29], where the number of extra multiplication operators is used
as metric. Assume the variable a represents the number of extra multiplication operators
required to compute the third term of the mean of the forward and backward messages.
This requires two extra scalar-complex multiplications and six scalar-scalar multiplica-
tions. The complexity of the approximate Proposed Algorithm I with optimal p would
require about O(a) extra multiplication operations, whereas the exact Proposed Algo-
rithm I with optimal p and the Proposed Algorithm II would require about O(6M + a)
extra multiplication operations, where M is the size of the modulation scheme. The com-
plexity of the algorithm in [28] is extremely high in comparison to the proposed algorithms,

and is only used here because of its best performance.

VI Results

We characterise the performance of the proposed algorithms to detect optical LDPC sys-
tems in Wiener phase noise channels. The LDPC code is of length 2640 and rate 0.5 [31].
A single known symbol is inserted every 20 transmitted symbols to aid the estimation
process. The sampling rate is 25 GS/s and the normalised laser linewidth (575) is 0.0004.
The bit-error rate (BER) is evaluated at each optical signal-to-noise ratio (OSNR) [32].
We compare the performance of the proposed algorithms with the circular random variable
algorithm [29], the Tikhonov cluster algorithm with a divergence measure of ¢ = 15 and
unlimited components [28], and the algorithm with no phase noise.

In this section, the combined BP and URWBP algorithm is referred to as “Proposed
Algorithm I” whereas the combined MF and URWBP algorithm is referred to as “Proposed
Algorithm II”. Further, we represent the message from the code graph using exact and

approximate methods. In the exact method, we compute the mean and variance of the
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message using the complete modulation symbols. In the approximate method, we use only
one symbol to compute these parameters.

Figure 5 shows the effect of the reweighting factors on the error rate of the proposed
algorithms for 16-QAM at OSNR of 10.6 dB. The error rate of the exact and approximate
methods of the Proposed Algorithm I is shown to be minimised at p &~ 0.9. This shows
that the existing BP only algorithm is not the minimum free energy point of the graphical
model, and the performance could be optimised further. The Proposed Algorithm II shows
minimum error rate at p = 1, and the error rate increases for low p. This shows that the
Proposed Algorithm II has minimum free energy at p = 1, which is the combined MF and
BP algorithm.

Figure 6 shows the BER performance of the proposed algorithms for 16-QAM. The
approximate Proposed Algorithm I with p = 0.89 is shown to outperform the circular
random variable algorithm. It has to be stated the circular random variable algorithm
is equivalent to the approximate Proposed Algorithm I with p = 1. The results also
show that the optimised approximate Proposed Algorithm I improves the performance
of the circular random variable algorithm with minimal increase in complexity. This
performance is shown to be comparable to the accurate and computationally complex
Tikhonov cluster algorithm. Furthermore, the exact Proposed Algorithm I with p = 0.9
shows close performance compared to the Tikhonov cluster algorithm. This shows there is
minimal performance gain in using the exact method for moderate phase noise variance.
The results of the Proposed Algorithm II show similar performance as the optimised
approximate Proposed Algorithm I and the exact Proposed Algorithm I. This is because
the algorithm also uses an exact method to compute the mean and variance of the messages
from the code graph.

Figure 7 shows the performance of the proposed algorithms as a variation of the nor-
malised laser linewidth (57%) for OSNR of 10.6 dB. The approximate Proposed Algorithm I
with p = 0.89 is shown to improve the performance of the non-optimised algorithm. Fur-
ther, the exact Proposed Algorithm I with p = 0.9 shows similar performance as the
Tikhonov cluster algorithm. The exact Proposed Algorithm II with p = 1.0 also shows
similar performance for moderate values of the phase noise variance. This also shows the
good balance between performance and complexity of the optimised proposed algorithm I
in comparison to the other algorithms.

In summary, the results show optimising graphical models improves performance. In
the broader sense, the proposed algorithms show alternative options of achieving compa-
rable performance to the best algorithms in the published work for moderate phase noise
channels. In view of complexity and performance, the approximate proposed algorithm
improves the performance of existing low complexity methods at a slight implementation
cost. From the point of view of free energy, the optimised BP graph has lower free energy
compared to the optimised MF graph, at least for the graphical model of the phase noise

estimation problem of coded systems.
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VII Conclusion

In this paper, we have proposed two combined graphical algorithms to detect LDPC codes
for coherent optical systems with phase noise errors. These algorithms are based on the
minimisation of the free energy of the graphical model combined with an implementation
of the phase noise as a circular random variable. The first proposed algorithm exploits
messages obtained from the combined BP and URWBP algorithms. The second proposed
algorithm exploits messages obtained from the combined URWBP and MF algorithms.
These algorithms have been implemented with the exact and approximate approaches.
The first proposed algorithm with the approximate implementation has shown improved
performance compared to an existing low complexity algorithm with slight increase in
complexity. The exact implementation has shown improved performance compared to
the non-optimised algorithm of similar complexity. Further, the use of circular random
variables have maintained the complexity advantage of existing algorithms. In general, the
results have shown the advantages of constructing messages derived from the minimised

free energy function of graphical models.
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Appendix A
Derivation of a Reweighted BP Algorithm

Notation A graphical model G is represented by the set of variable nodes V), a set of
factor nodes F and a set of edges connecting these nodes £. The mini-graph G, is the
smallest graph constructed according to [19], and consists of a single factor node and a
set of variable nodes xg,. The graph Gpp represents a graph composed entirely of BP
mini-graphs. The graph Gasr represents a graph composed entirely of MF mini-graphs.
The mini-graph G, has a reweighting factor p,, where 0 < p, < 1. A value of p, = 1
indicates a BP graph.

The free energy of a reweighted belief propagation graph can be formulated as

F=— > bg(za,)log fa,(xc,)

GaeGBP TG,

+ D pa Y ba.(xa,)logba, (xa,)

G GGBP TG,

+ Z Z bi(z;) log bi(x;)

i€V T
- Z Pazbca(wca)log H bi(;), (A1)
Ga.cGpp TG, i€eN(a)

where b, (x¢,) denotes the belief of the mini-graph G, and b;(z;) denotes the belief of

each variable node 7. The constraints are

> bi(z) -1 = 0, VieV, (A.2)
Z bGa(xGa) -1 = 0, VG, € Gpp, (A.3)
za,
> bg,(xg,) —bi(wi) = 0, VG, €Gpp, (A.4)
LGgrw;
bi(z;) > 0, (A5
bGa (xGa) Z 07 \V/Ga € GBP‘ (A'6)

The Lagrangian £ can be written as

£=F+Z)\i (Zbl(.%'l)—1>

1%
+ Z ’Ya Z bGa (mGa) - 1
Go€GBp TGy

+ Y @) | Y beu(@a,) = bilz) | (A7)

(ai)GEBp TG, ~T;
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where \;, 7, and 7,; are the respective Lagrange multipliers of the constraint functions.

The belief b;(x;) is obtained by setting the ab?(ﬁxi) =0 as

bi(x;) = exp Z Nai(x) | - (A.8)

(ai)e€pp

If we set 14;(z;) = log (me—i(x;))"*, we obtain

bi(w) = [ (masila)). (A.9)

a€N(3)

Similarly, the belief bg, (xq, ) is obtained by setting W =0 as

ba, (xa,) = (fa.(xa) ] bilas)

€N (a) Ma—i (xl)

(A.10)

The message passing rules can be obtained by using the consistency constraints b;(z;) =

Y e ~z; VGa (TG, ). Hence, we obtain

masie) = Y (eul@e Ve [ -2 (A11)

TGy ~Ti FJEN (a)~i Ma—;(25)
Further, we can set mj_,q(z;) = mbj (xd) and evaluate as
(l*)] J
mjsa(g) = (masy(@))™t T (musy(a)™. (A.12)

beN (j)~a
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Appendix B
Derivation of the Combined MF and Reweighted BP Algo-

rithm

The free energy function of the combined MF and reweighted BP graph can be formulated
as

F=- > > ba(za,)log fo,(za,)

GueGpp TG,

= > Y T bilwi)log fo,(xa,)

Go€GNMF TG, Ti€ETG,

+ > pa Y ba,(za,)loghe, (zc,)

GaEGBP TG,

i€V T
- Z paZbGa(ccGa)log H bi(x;). (B.1)
G.eGpp TG, TiETG,

The Lagrangian can be written as

1Y

+ Y | D beu(we,) — 1

GaeGpp TG,

+ > ) | Y bau(wa,) = bi) | (B.2)

(ai)Eng LTGq~Ti

where \;, 7, and 7,; are the respective Lagrangian multipliers for the variable nodes, factor

nodes and edges of the graphical model. The belief of each variable node is obtained by

oL  __
e 0 as

bi(w) =exp Y [T bite)log fo(xa,)

a€N (i) JEN (a)~i

log ma—i(x;)

+ > Nai (i) . (B.3)

a€ENpBp(7)

log(ma—i(z;))Pa

Using the definition log ma—i(i) = [[;epn(a)~i bi(%5) 108 fa, (Ta,) and log(ma—i(z;)) =
Nai(2i), the belief b;(z;) is further evaluated as

bi(w) = [ masi(@) [ loglmai(e)) . (B.4)

a€NpNF(3) a€ENpp (i)

)



oL

The belief bg, (x¢,) is similarly obtained using T o) 0 as
bi(x;)

ber (e ) =( For (aer )1/a L B.5

6. (@a.) =(Ja(@a))" [T === (B:5)

ieN(a)
Using the constraint ba, (xg,) = bi(x;), we obtain the message from the URWBP
wGaNzl’ a a

factor node, i.e., a € Ggp, as

M) = Y Uaalwa Ve [ —2l (B.6)

TGorw; JEN (a)~i Ma—j (xj)
The message from a variable node to the URWBP factor node can be evaluated as

mja(s) = (Mayj(x;))Pe"

T mese)  TI mesy(a)™. (B.7)

beN]V[F(j)NG bENBp(j)Na

In order to obtain the messages from a MF factor node, i.e., a € Gyrp, we use

masi(z) =exp | Y [ bi(x)log fa,(xa,) | - (B.8)

TG ~Ti jEN (a)~i

Similarly, we can write the expressions for a message from a variable node to a MF factor

node, i.e., a € Gy

misa(w) = [ mesilz) ] (mess(z)™. (B.9)

bENMF(j)Na bENBp(j)Na
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Paper 5

Parameter Based Computation of

Information Bounds for Wiener

Phase Noise Channels

IEEE Communications Letters (to be submitted)

Abstract

In this paper, we propose parameter based methods to compute the mutual information
bounds of the Wiener phase noise channel. The proposed methods represent the phase
noise distributions as Gaussian probability density functions of circular random variables,
and compute the information bounds using parameters of the Gaussian function. The
results are accurate at low-to-moderate signal-to-noise ratios, and closely approach the
exact mutual information at high signal-to-noise ratios. Furthermore, the complexity of
the proposed methods is significantly lower than the most accurate approach of computing

the mutual information.

I Introduction

There is a significant interest to develop methods that increase the information transferred
through an optical fiber. The general characteristics of the optical fiber have been discussed
in [1]. One aspect of the optical fiber is the presence of phase noise which results from
the inaccuracies of laser sources and other non-linear sources. It has been shown that
the effect of the laser linewidth can be modelled as a Wiener phase noise process (2], [3],
which is similar to the modelling of an oscillator phase noise in wired and wireless systems.
Since phase noise has been known to negatively affect a communication system, this has
motivated efforts that characterise the performance of the optical fiber channel in the

presence of phase noise.
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The authors in [4] propose simulation-based methods to compute the upper and lower
bounds of the mutual information. These methods have been used in subsequent works
to compute the mutual information bounds of the Wiener phase noise channel. In [5], a
method is proposed to compute the information lower bound of the Wiener phase noise
channel by taking discrete samples of the phase noise. In [6],[7], the discrete phase method
is proposed to compute the information upper bound. In [8], the information lower bound
is computed with phase noise distributions formed with particle filters. The accuracy of
these discrete phase methods improves with the number of phase noise samples, which
leads to high implementation complexity. However, there are few existing low complexity
approaches of computing the mutual information bounds. In [9], a method based on
the Kalman filter is proposed to compute the information lower bound. In [10], the
information upper bound is computed by approximating the phase noise distributions
with the Tikhonov probability density function and the exponential Fourier series. In [11],
the information lower bound is computed by approximating the phase noise distribution
with multiple Tikhonov probability density functions for systems with low phase noise
variance and large modulation sets.

In this work, we emphasise on parameter based methods to compute the informa-
tion bounds of the Wiener phase noise channel. In [12], a framework of circular random
variables is proposed for the iterative detection of coded systems in Wiener phase noise
systems. Hence, we exploit this framework and propose parameter based methods to com-
pute the mutual information bounds of the Wiener phase noise channel by approximating
the phase noise distributions as Gaussian probability density functions. The results are
shown to be accurate for practical values of the information rate. To compute the mutual
information bounds, the proposed methods only require the parameters of the Gaussian
function. Therefore, the complexity of the proposed methods is significantly lower than
the discrete phase method which has the most accurate information bounds at the cost of
very high complexity.

This paper is organised as follows. Section II formulates the problem of computing the
mutual information bounds. Section III presents the proposed parameter based method to
compute the mutual information lower bound. Section I'V presents the proposed parameter
based method to compute the mutual information upper bound. The results are presented
in Section V and the conclusion is discussed in Section VI.

Notation The probability density function of a complex Gaussian random variable x
with mean p and variance o2 is denoted as CN'(w;u,0%). The vector (z1,22,...,,)
is denoted as z¥, or simply as X. For a given probability density function p(X), its
information measure is denoted as H(X). Further, H(X) denotes an upper bound on
H(X) while H(X) denotes a lower bound.
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I Problem Formulation

The system model is described as y, = zne/? + w, for n = 1,..., M, where each input
sequence x, is selected from a constrained complex modulation set A with a uniform

distribution. The Wiener phase noise sequence is generated as 6, = 0, 1 + A, where A

is a Gaussian parameter with zero mean and variance ag. The additive white Gaussian

noise sequence w, has zero mean and variance E[|lw,|?] = ¢?. The mutual information
between the input sequences X = [z1,..., 2] and output sequences Y = [yi,...,yn] is

computed as

p(X,Y)

I(X5Y) = ZP(X7Y) log, m,

XY

(1)

where p(X,Y") denotes the joint distribution, whereas p(X) and p(Y’) denote the respective
distributions of X and Y. Since the expression in (1) could not be computed precisely , one
would have to compute its upper and lower bounds. Therefore, the problem is to establish
the mutual information bounds as I(X;Y) < I(X;Y) < I(X;Y) where I(X;Y) denotes
the mutual information lower bound and I(X;Y") denotes the upper bound. These bounds
are computed using a general framework which we briefly discuss. The lower bound can
be formulated as [4]

| a(Y1X)
I(X:Y) = Eflog, £ 5577) )
~ logya(uR o) - logs alu), Q

where E[-] denotes the expectation operator with respect to p(X,Y’), and the approxima-
tion follows from the asymptotic equipartition property [13] for sufficiently large number of
sequences. The distribution ¢(Y|X) is an auxiliary channel [4] that approximates the exact
distribution p(Y']X), and ¢(Y) = [¢(Y|X)p(X)dX is a distribution that approximates
p(Y'). The upper bound can be formulated as [4]

70XV = Ellog., PY1X)
1Y) = Ellog “ o (@
~ ~loga p(R 1) — ~ logy (o). Q

In contrast to the lower bound, the computation of the upper bound requires exact knowl-
edge of the channel model p(Y|X).

IIT Proposed Lower Bound

The mutual information lower bound is computed with the approximate distributions
of the terms shown in (2). We approximate these distributions using the framework of

circular random variables and compute their bounds.
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A Compute ¢(Y|X)
We express the distribution p(y}|z}) as
p7lat) = [ ploflat, ) aei, (6)
where
pflat ™) = [ o el o)
X p(yn’xrhej‘gn)p(ejen’ejen—l)dejen—l. (7)
Hence, we approximate with circular random variables as

ayplzh, o) ~ / CN (15 N1, Vi)

X CN (yni 2ne™, 0P )CN (71 €, o) dedn (8)

where the properties of Gaussian distributions have been exploited to obtain (9), where
— . ) 2 27 2 2
an = CN (Yn; xnMp—_1,0° + |2p|* Voot + |20 0f). (10)

The mean is computed as

2

() () ™"+ (My-1) (Va1 + o) 7!

M, — : , (11)
! (\xgjp)_l + (Va1 +07)7!
and the variance as
. 1
Vn - 2 . (12)

() + Ut + o)
Therefore, we compute the bound on ¢(y}|z}) by averaging over log, ﬁ

B Compute ¢(Y)

This is computed by approximating ¢(yf') as

ayh) ~ / Ay ) dei®, (13)
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where ¢(y}|e’?") is approximated from (8) as

T 1) = 3 plan) [ AT Ny, Vi)

TnEA
% CN(ejen—l; eje“,ag)CN(yn;xnejen,a2) dedfn—1 (14)
@ S™ @@ )CN (0 My (), V(). (15)
Tn €A

where (a) follows from the properties of Gaussian distributions [14], and
an(Tn) = p(xn)CN(ngn—Nyna o’ + ‘xn‘QVn—l + ‘.%'n’20'3) (16)
Further, M, (z,) describes the mean which is calculated as

()T (M) (Ve +03) !

M, (x,) = - , (17)
(1Z=) "+ (Va1 +03) 7!
and V,,(z,,) describes the variance computed as
Vi) 1 (18)
n\Tn) = : .
(1Z=) "+ (Va1 +03) 7!
Therefore, we compute the bound on ¢(y}') by averaging over log, ST e
Tn€ n n
IV  Proposed Upper Bound
The upper bound of the mutual information can be expressed as [6]
I(X;Y)=HO)Y,X)+ H(Y)—-HY|X,0) — H(9). (19)

In this section, we compute H(0|Y, X) and H(Y) with the framework of circular random

variables.

A Compute H(0]Y, X)

This upper bound is computed using the chain property of the information measure and

the asymptotic equipartition property as [6]

M
HOY, X))~ — log 7 (20)
an:l ? q(an‘x?ay?aan—i—l)
where ¢(+) is a distribution that approximates p(-), which is computed as
Py a7 ) = Ap( 7y Jp(eT ), (21)
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where A, is a constant factor such that the result is a probability density function. The
details of computing p(e’? |y}, z}) is deferred to the end of this subsection. It suffices to
state here that we approximate it as q(e/% |y}, z7) ~ CN (e%; M,,, V;,), and evaluate (21)

as
p(e?r |yl 2, &) ~ CN (% My, Vi), (22)

where the mean is

L)) () (o2)!
e (A

and the variance is

N 1
N AR 2

Hence, we compute the upper bound of H(6|X,Y’) using (22) in (20).
The details of computing (e’ |y7, 27) is presented next. The distribution p(e/? |27, y7)

is formulated as

n—1 _n—1

p(e? |y, a) o< p(e?® |yt 2 p(yn| T, €0 )p(an), (25)

where p(e7% |y71, 27 1) is formulated as

ple™ et = [ (e o)

x p(el?n|effn=1) dedfn-1, (26)
Hence

q(ej9"|y’f, x}) o< C./\/'(ejen; My, Vi) )CN (yn; Tpelfn, 02)p(xn), (27)

n—1 _n—1

where q(e/%|y? ! 277) = CN(e9%; M,,, V,,). Further, we use the properties of Gaussian
functions [14] to write g(e/? |y}, x7) ~ CN (e/%; M,,, V;,), where the mean is

v 7 \—1 Yn\(_ o2 \—1
M- (Mn)(f/n) + (;an)(—wz) | (28)
(Vo)™ + (12)

and the variance is

1
ARy .

[zn]2

Further, we can approximate (26) as q(ej9"|y?_1, x’ll_l) ~ CN (7% M,,,V;,), where M,, =
M, and V,, = V,,_1 + 03.

85



B Compute ¢(Y)

Here, we compute ¢(Y") based on the distribution [10] which we write with the framework
of circular variables as
(& |y~ p(ynle™)

p(e |yp) = — ! ' — (30)
Y p(ed |y Np(y,eifn) dedt

where the denominator is evaluated as q(y, |y '). Further,

Pl ) = [ Bl g plel ) deit, ()

n—1

and p(yn|elf) = zxneAp(xn)p(yn\xn,ejG"). We approximate p(e/%-1[y77) in (31) as
CN (e7%~1; M,,_1,V,_1), and then compute p(ej9”|y?71) as

a( Oy ) ~ / CN (%5 N1, V1)

X CN (e/=1; e 52) ded¥—1 (32)
~ CN (2% M, V), (33)

where M,, = M,,_1 and V,, = V,_1 + O'g. The distribution in (30) is computed as

a(y1) oc CN (€ My, Vi) D p(a)p(ynln, &) (34)
Tn€A
ST (@) CN (€% N (20), Vi (20)), (35)
Tn€A

where (a) follows from the properties of Gaussian distributions [14], and
an(@n) = p(@n)CN (Yn; 2o My, 0% + ‘xn‘zvn)- (36)

Further, M, (z,) describes the mean which is calculated as

2

() ()™t + (M) (V)™

. 2
Mo (20) = o] : (37)
(1)~ + (Vo)
and Vn(mn) describes the variance computed as
. 1
Vol(zn) = — . (38)

() + V)

The distribution shown in (35) is composed of multiple Gaussian functions and we use the
clustering method [15] and approximate it as q(e/|y?") ~ CN(e/%; M,,,V;,) with mean
M, = BLn DA o () M, (2,,) and variance V,, = Bin DA o (x0) (Vi () + (M (22,) —

M,)?). Further, 8, = >, 4 an(2,) is the normalising factor. Therefore, we compute
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upper bound as H (y}!) ~ ﬁ 22/121 log, =

n€A a"(m") ’

C Compute H(Y|X,0) and H ()

The H(Y|X,6) is due to the Gaussian noise and hence is computed as log,(meo?). Simi-

larly, we compute H () as logy(meo3).

V Results

The performance of the proposed methods is obtained with simulations. The informa-
tion bounds are computed at each signal-to-noise ratio (SNR) using sequences of size 10°.
The transmitted sequences are selected from uniformly distributed Quadrature Amplitude
Modulated (QAM) sets. The Wiener phase noise varies as oy = 0.125. For comparison,
we use the discrete phase method [5], the Tikhonov-Fourier method [10], and the Kalman
method [9]. Furthermore, we include the mutual information of the additive white Gaus-
sian noise channel for constrained and Gaussian inputs. The constrained input refers to
the mutual information obtained with discrete input sequences of the modulation format,
whereas the Gaussian input refers to sequences which have Gaussian distribution.

Figure 1 shows the performance of the proposed methods for 4-QAM. The proposed
parametric lower and upper bounds are denoted as ‘Proposed LB’ and ‘Proposed UB’
accordingly. The proposed lower and upper bounds show similar results as the discrete
phase method, which serves as an exact information bound of the channel. The proposed
lower bound also shows similar result as the method based on the Kalman filter. Fur-
thermore, the proposed upper bound is shown to be accurate compared to the discrete
phase method and the Tikhonov-Fourier method. Figure 2 shows the performance of the
proposed methods for 16-QAM. The lower and upper bounds of the proposed methods are
shown to be accurate at low-to-moderate SNR, compared to the discrete phase method.
The accuracy of the upper bound at high SNRs is slightly lower compared to the accuracy
at low-to-moderate values of SNR. The upper bound has been approximated based on
multiple Gaussian functions which are clustered into one distribution. This clustering of
distributions causes the upper bound to be slightly higher than the exact bounds. This
would improve with clustering the multiple Gaussian functions in two or more distribu-
tions.

In summary, the proposed parameter based methods have shown accurate informa-
tion bounds at low-to-moderate SNR, whereas very close information bounds have been
obtained at high SNR. However, for codes which are commonly used in practice, the pro-
posed algorithms have shown accurate bounds. Since the information bounds only require
the mean and variance of the Gaussian function, the proposed methods have significantly
lower complexity than the discrete based method. The computation of the information
rates for higher modulation formats, such as the 32-QAM and 64-QAM, follows a similar

approach as the one presented in this work. The discrete method would require more
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sampled values than the 16-QAM. The proposed lower bound would compute the infor-
mation rates at much lower complexity than the discrete method. The upper bound would
require two or more clusters of Gaussian functions to achieve good accuracy. In general,
the complexity of this process is much lower than the discrete method. This makes the
proposed methods an attractive choice to characterise the performance of communication

systems based on Wiener phase noise channels.

VI Conclusion

In this paper, we have proposed parameter based methods to compute the information
bounds of the Wiener phase noise channel. The methods represent the phase noise as
a circular random variable and compute the information bounds based on parameters
of the Gaussian distribution. Accurate results have been obtained at low-to-moderate
signal-to-noise ratios, whereas very close information bounds have been shown at high

signal-to-noise ratios.
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Conclusion and Future work

1 Conclusion

In this thesis, various graphical algorithms have been proposed to detect signals in the
presence of device uncertainties such as carrier frequency offset and Wiener phase noise.

In Paper 1, the effect of message scheduling has been studied in the detection of OFDM
signals affected by carrier frequency offset and Wiener phase noise. The proposed schedul-
ing algorithm has been shown to converge faster than the existing scheduling methods.

In Paper 2, the circular characteristics of phase noise has been exploited to propose
an algorithm that computes the belief propagation algorithm using approximate closed-
form expressions based on parametric message representation. The proposed algorithm
has been used to detect LDPC signals in the presence of Wiener phase noise. The results
show that the proposed algorithm achieves similar performance as the existing algorithm
with the lowest complexity. Further, the proposed algorithm has improved the complexity
of the existing algorithm.

In Paper 3, an algorithm based on the circular random variables has been proposed
to detect OFDM signals in the presence of frequency offset and Wiener phase noise. The
proposed algorithm has shown bit-error rate performance close to the ideal algorithm.
Further, the complexity the proposed algorithm has been shown to be significantly lower
than the existing algorithm.

In Paper 4, algorithms based on minimising the free-energy function have been proposed
to detect LDPC codes in the presence of Wiener phase noise. The free energy function
of the proposed algorithms have been formulated using the combined BP and URWBP
algorithm, and the combined MF and URWBP algorithm. The finding highlights the
importance of combining two or more graphical algorithms to outperform the performance
of existing algorithms.

In Paper 5, efficient low complexity methods have been proposed to compute the lower
and upper mutual information bounds of the Wiener phase noise channel. The proposed
methods have exploited the phase noise distributions to be expressed with the circular
random variables. The lower and upper mutual information bounds have been obtained
using parameters of the Gaussian density functions. The results have shown similar per-
formance as the existing high complexity methods at a significantly low implementation

complexity.
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2 Future work

The proposed algorithm using circular random variables has very low complexity, and this
advantage over existing algorithms has a direct impact on the Digital Video Broadcasting
(DVB) standards for satellite communications [1]-[3]. The proposed algorithm can be
extended to use the system setup described in these standards such as higher modulation
formats and longer length of the LDPC codes.

The algorithms based on the free energy function and the circular random variables
can also be extended to other problems in communication systems such as the cooperative
wireless localisation problem [4]. The algorithm can model the wireless nodes depending
on the degree of connectivity to neighbouring nodes. The combined BP and URWBP
algorithm can be used to solve this problem where the BP would be used for low-degree
nodes and the URWBP can be used for high-degree nodes. Another aspect could model the
position information using the circular random variables instead of existing approaches.
The algorithms that minimise the energy functions could also be used for this purpose.
The aim will be to establish whether these approaches improve the complexity of existing
algorithms [4]-[7].

The applications envisioned for next generation wireless communication systems require
very short latency, better spectral efficiency, and extremely high data rates compared
with the existing systems [8]. The connection of many interconnected devices, and their
potential applications, creates a need for new functionality in communication systems [9].
These requirements could not be met using the existing technologies in their present
form. Therefore, these factors are motivating many researchers to experiment with new
modulation methods that increase the data rates significantly, lower the latency, support
many interconnected devices, and improve spectral efficiency [10], [11].

There have been various approaches to achieve these requirements. Some of these
approaches improve upon the existing communication systems based on the OFDM system,
which has disadvantages such as longer symbol duration, strong out-of-band frequency
spectrum and low spectral efficiency due to the cyclic prefix. These disadvantages have
been counteracted using techniques such as the Filter Bank Multi-Carrier (FBMC) [12],
Generalised Frequency Division Multiplexing (GFDM) [13], [14], Universal Filter Multi-
Carrier (UFMC) [15], etc. Each of these techniques has been shown to improve the
weaknesses of existing OFDM systems and are considered to be candidates for future
generation wireless communication systems.

To satisfy the requirements of significantly high data rates, there have been proposals
to use the Extremely High Frequency (EHF) band, also referred to as the mm-Wave
band [16]. The use of this frequency band for communication systems has gained research
attention and modulation techniques are being developed. Further, the use of large number
of antennas at the base station has been proposed to increase the available data rates [17].
There is an increasing research interest on non-orthogonal multiple access techniques where

the radio resource is shared among many users [18]-[20].
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These advances bring new type of system models which are still affected by carrier
frequency offset and phase noise. In fact, the high frequency band makes the effect of
frequency offset and phase noise more significant compared to the existing systems, and
there are very few studies that have proposed algorithms for these systems. Hence, the
graphical algorithms developed in this thesis could be modified to the system model of

future communications systems.

95



References

1]

[10]

E. Casini, R. D. Gaudenzi, and A. Ginesi, “DVB-S2 modem algorithms design and
performance over typical satellite channels,” International Journal of Satellite Com-

munications and Networking, vol. 22, no. 3, pp. 281-318, 2004.

“ETSI EN 302 307-1 V1.4.1: Digital Video Broadcasting (DVB); Second generation
framing structure, channel coding and modulation systems for broadcasting, inter-
active services, news gathering and other broadband satellite applications; part I:
DVB-52,” 2014.

“ETSI EN 302 307-2 V1.4.1: Digital Video Broadcasting (DVB); Second generation
framing structure, channel coding and modulation systems for broadcasting, inter-
active services, news gathering and other broadband satellite applications; part II:
DVB-S2X.,” 2015.

H. Wymeersch, J. Lien, and M. Z. Win, “Cooperative localization in wireless net-
works,” Proceedings of the IEEFE, vol. 97, no. 2, pp. 427-450, 2009.

J. Shen, A. F. Molisch, and J. Salmi, “Accurate passive location estimation using TOA
measurements,” IEEFE Transactions on Wireless Communications, vol. 11, no. 6, pp.
21822192, 2012.

W. Yuan, N. Wu, Q. Guo, X. Huang, Y. Li, and L. Hanzo, “TOA-based passive
localization constructed over factor graphs: A unified framework,” IEEE Transactions
on Communications, vol. 67, no. 10, pp. 6952-6965, 2019.

W. Yuan, N. Wu, B. Etzlinger, Y. Li, C. Yan, and L. Hanzo, “Expectation—
maximization-based passive localization relying on asynchronous receivers: Central-
ized versus distributed implementations,” IEEE Transactions on Communications,
vol. 67, no. 1, pp. 668-681, 2018.

J. G. Andrews, S. Buzzi, W. Choi, S. V. Hanly, A. Lozano, A. C. Soong, and J. C.
Zhang, “What will 5G be?” IEEE Journal on Selected Areas in Communications,
vol. 32, no. 6, pp. 1065-1082, 2014.

Y. Niu, Y. Li, D. Jin, L. Su, and A. V. Vasilakos, “A survey of millimeter wave com-
munications (mmWave) for 5G: opportunities and challenges,” Wireless Networks,
vol. 21, no. 8, pp. 2657-2676, 2015.

P. Banelli, S. Buzzi, G. Colavolpe, A. Modenini, F. Rusek, and A. Ugolini, “Modula-
tion formats and waveforms for 5G networks: Who will be the heir of OFDM?: An
overview of alternative modulation schemes for improved spectral efficiency,” IEEFE

Signal Processing Magazine, vol. 31, no. 6, pp. 80-93, 2014.

96



[11]

[12]

[13]

[14]

[18]

S. Buzzi, C. D’Andrea, T. Foggi, A. Ugolini, and G. Colavolpe, “Spectral efficiency
of MIMO millimeter-wave links with single-carrier modulation for 5G networks,” in
Proceedings of the 20th International ITG Workshop on Smart Antennas (WSA),
2016, pp. 1-8.

B. Farhang-Boroujeny, “Filter bank spectrum sensing for cognitive radios,” IFEE

Transactions on Signal Processing, vol. 56, no. 5, pp. 1801-1811, 2008.

G. Fettweis, M. Krondorf, and S. Bittner, “GFDM-generalized frequency division
multiplexing,” in IEEE Vehicular Technology Conference, 2009, pp. 1-4.

N. Michailow, M. Matthé, I. S. Gaspar, A. N. Caldevilla, L. L. Mendes, A. Festag, and
G. Fettweis, “Generalized frequency division multiplexing for 5th generation cellular
networks,” IEEE Transactions on Communications, vol. 62, no. 9, pp. 3045-3061,
2014.

V. Vakilian, T. Wild, F. Schaich, S. ten Brink, and J.-F. Frigon, “Universal-filtered
multi-carrier technique for wireless systems beyond lte,” in IEEE Globecom Workshop,
2013, pp. 223-228.

T. S. Rappaport, S. Sun, R. Mayzus, H. Zhao, Y. Azar, K. Wang, G. N. Wong, J. K.
Schulz, M. Samimi, and F. Gutierrez, “Millimeter wave mobile communications for
5G cellular: It will work!” IEEE Access, vol. 1, pp. 335349, 2013.

E. G. Larsson, O. Edfors, F. Tufvesson, and T. L. Marzetta, “Massive MIMO for
next generation wireless systems,” IEEE Communications Magazine, vol. 52, no. 2,
pp- 186-195, 2014.

Y. Saito, Y. Kishiyama, A. Benjebbour, T. Nakamura, A. Li, and K. Higuchi, “Non-
orthogonal multiple access (NOMA) for cellular future radio access,” in 2013 IEEE
77th vehicular technology conference (VTC Spring), 2013, pp. 1-5.

M. Vaezi, Z. Ding, and H. V. Poor, Multiple access techniques for 5G wireless networks
and beyond. Springer, 2019.

L. Dai, B. Wang, Y. Yuan, S. Han, I. Chih-Lin, and Z. Wang, “Non-orthogonal mul-
tiple access for 5G: solutions, challenges, opportunities, and future research trends,”
IEEE Communications Magazine, vol. 53, no. 9, pp. 74-81, 2015.

97



