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Abstract

We consider the study of symmetry analysis of difference equations. The original work done by

Lie about a century ago is known to be one of the best methods of solving differential equations.

Lie’s theory of difference equations on the contrary, was only first explored about twenty years
ago. In 1984, Maeda [42] constructed the similarity methods for difference equations. Some
work has been done in the field of symmetries of difference equations for the past years. Given
an ordinary or partial differential equation (PDE), one can apply Lie algebra techniques to
analyze the problem. It is commonly known that the number of independent variables can be
reduced after the symmetries of the equation are obtained. One can determine the optimal
system of the equation in order to get a reduction of the independent variables. In addition,
using the method, one can obtain new solutions from known ones. This feature is interesting
because some differential equations have apparently useless trivial solutions, but applying Lie

symmetries to them, more interesting solutions are obtained.

The question arises when it happens that our equation contains a discrete quantity. In other
words, we aim at investigating steps to be performed when we have a difference equation. Doing
so, we find symmetries of difference equations and use them to linearize and reduce the order
of difference equations. In this work, we analyze the work done by some researchers in the field

and apply their results to some examples.

This work will focus on the topical review of symmetries of difference equations and going

through that will enable us to make some contribution to the field in the near future.



Declaration

I declare that the contents of this dissertation are original except where due reference has been

made. It has not been submitted before for any degree to any other institution.

B F NTEUMAGNE



Acknowledgments

[ am heartily thankful to my supervisor, Professor K S Govinder, whose encouragement, guid-
ance and support from the initial to the final level enabled me to develop an understanding
of symmetries of difference equations. I am also grateful to Professor Frank Nijhoff for all the
scientific support he gave me during the accomplishment of this work. I thank my mother Mrs
Nteumagne Jaqueline for her moral and emotional support throughout my education. I am very
grateful to my brother Robert Tamba for all his fathering support throughout my education.

To my sister-in-law, Mrs Tamba Segolene, for her motherly heart, I will forever remain grateful.

Additionally, I am indebted to my elder brothers Flubert Taga Nteumagne and Flavien Gagoum

Nteumagne for their financial, emotional and moral support during the completion of this work.

I owe my deepest gratitude to the Kwouawou family for the spiritual guidance and the spiritual
leadership entrusted in me. I thank Dr S N Neossi Nguetchue for his academic and spiritual
support during the completion of this work. I am thankful to my brother Professor Wafo Soh

Celestin for his inspiration and guidance in my academic endeavors.

[ am indebted to Mrs Josiane Nteumagne and my beloved sister Edith Makam for all their moral

support. I would also like to thank my fiancee Christele Mbock for all her moral support.

Lastly but not the least, I thank the National Research Foundation (NRF) of South Africa
and the School of Mathematical Sciences at the University of KwaZulu-Natal for financial and

other support.

May the Lord be glorified for His grace upon me in my studies and ministry duties.



Declaration 1 - Plagiarism

I, Bienvenue Feugang Nteumagne, declare that

1. The research reported in this thesis, except where otherwise indicated, is my original

research.
2. This thesis has not been submitted for any degree or examination at any other university.

3. This thesis does not contain other personal data, pictures, graphs or other information,

unless specifically acknowledged as being sourced from other persons.

4. This thesis does not contain other persons’ writing, unless specifically acknowledged as
being sourced from other researchers. Where other written sources have been quoted,

then:

a. Their words have been re-written but the general information attributed to them
has been referenced
b. Where their exact words have been used, then their writing has been placed in italics

and inside quotation marks, and referenced.

5. This thesis does not contain text, graphics or tables copied and pasted from the Internet,
unless specifically acknowledged, and the source being detailed in the thesis and in the

References sections.

Signed

11



Dedication

TO MY DEAR MOTHER

Now go, write it before them in a table, and note it in a book, that it may be for the time to

come for ever and ever. Isaiah 30: 7-8

TOo (GOD BE THE GLORY



Preface

Will there ever be a complete Universe? A Universe where there will be nothing to seek? A
Universe where everything has been discovered? Will the inhabitants of the world ever rest
from exploring? Oh how we would have wished it had been the case! Unfortunately, the infinite

dimension of the Universe brings about an infinite variety of problems.

About a century ago, a Norwegian Mathematician S Lie in his research discovered an efficient
method for solving differential equations. This theory is a very popular tool and owes its
popularity to the fact that it takes complex problems and simplifies them into easier ones
through transformations in the variables involved. Once the easier problems are solved, the
inverse transformations are carried out to achieve solution of the original ones.

After a century of application of this method to differential equations, a question only arose

4

decades ago as to whether this “ powerful” method could be used to solve difference equations.

As we embark on this journey of gathering the information that is already available in this field
of study, we hope to discover new things and work towards the completion of our Scientific

Universe.
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Chapter 1

Introduction

1.1 The importance of differential equations

Differential equations (DEs) arise in many areas of science and technology. In particular they
arise whenever a deterministic relationship involving quantities that change in a uniformly or
nonuniformly continuous way and their rates of change [33, 60] in space and time is known or
formulated. This is illustrated in classical mechanics, where the motion of a body is described
by its position and velocity as time varies. Newton’s laws [12] allow one to relate the position,
velocity, acceleration and various forces acting on the body and state this relation as a differ-
ential equation for the unknown position of the body as a function of time. In some cases, this
differential equation (called an equation of motion) may be solved explicitly and is given by

the equation

mi = F(x,4,t), (1.1)

where m is the mass of the moving body, z(t) its position at each time ¢, F'(x,Z,t) represents
the sum of all external forces acting on the body and the ‘"’ represents derivative with respect

to t. Equation (1.1) is a second order ordinary differential equation (ODE).

An example of modeling a real world problem using DEs is the determination of the velocity
of a ball falling through the air, considering only gravity and air resistance. The ball’s accel-

eration towards the ground is the acceleration due to gravity minus the deceleration due to



air resistance. Gravity is constant but air resistance may be modeled as proportional to the
ball’s velocity [12]. This means the ball’s acceleration, which is the derivative of its velocity,
depends on the velocity. Finding the velocity as a function of time involves solving a differential

equation of the same form as equation (1.1) above.

Additionally, in an ecosystem constituted by rabbits and foxes for example, we have a predator-
prey interaction between the two species - the foxes feed on the rabbits. The population r and
f of theses two species rabbits and foxes respectively at any time ¢ can be modeled using the

Lotka-Volterra equations

7 = r(a—0bf)
f = f(c—dr), (1.2)

where a, b, ¢ and d are the parameters of interaction between the two species. The Lotka-

Volterra model (1.2) is a system of scalar first order nonlinear ODEs in the unknowns r and
f.

It is also possible to model the diffusion of heat in a body as follows: Let ¢ be the time it takes
for heat to diffuse to a distance x from the heat source and u(x,t) the heat at time ¢ and at the

distance x from the source. Then, one of the well known linear partial differential equations

(PDEs) is the one-dimensional heat equation given by

Up — Uyy = 0. (1.3)

Finally, let ¢, z and y be the independent variables which are the coordinates of the model and
u, v and ¢ the dependent variables, u and v are the velocity components of the flow and ¢ is
the preasure exerted on the fluid. Then the Navier-Stokes equations for two dimensional flows

are given by

Up + Uy + VU = —Op + Ugg + Uy
U+ UV VU = =Py F Uy Uy
uy +v, = 0. (1.4)



The first two are known as the Navier-Stokes equations and the latter is the continuity equation,
and all three of them form a system of nonlinear PDEs. This equation has been thoroughly

studied using Lie symmetry analysis.

DEs are mathematically studied from several different perspectives [34]. We are mostly con-
cerned with their solutions, i.e., the set of functions that satisfy the equation. Only the simplest
DEs admit solutions given by explicit formulas. However, some properties of solutions of a given
DE may be determined without finding their exact form. If an exact formula for the solution
is not available, the solution may be numerically approximated using computers. The theory
of dynamical systems puts emphasis on qualitative analysis of systems described by DEs, while
many numerical methods have been developed to determine solutions with a given degree of
accuracy. A century ago, the Norwegian scientist Sophus Lie developed a method that tackles
the problem of complexity in DEs. Given a complicated DE, his method allows us to transform
this into a simple DE, the solution of which is sometimes known, and the reverse transformation

leads to solution of the original problem.

1.2 Short historical background on Lie groups

Sophus Lie himself considered the winter of 1873 to 1874 as the birth date of his theory of
continuous groups. Hawkins, however, suggests that it was “Lie’s prodigious research activity
during the four-year period from the fall of 1869 to the fall of 1873” that led to the theory’s
creation [59]. Some of Lie’s early ideas were developed in collaboration with Felix Klein. Lie
met with Klein every day from October 1869 through 1872: in Berlin from the end of October
1869 to the end of February 1870, and in Paris, Gottingen and Erlangen in the subsequent two
years [59]. Lie stated that all of the principal results were obtained by 1884. However, during
the 1870s all his papers (except the very first note) were published in Norwegian journals,
which impeded recognition of the work throughout the rest of Europe [21]. In 1884 a young
German mathematician, Friedrich Engel, came to work with Lie on a systematic treatise to
expose his theory of continuous groups [59]. From this effort resulted the three-volume Theorie

der Transformationsgruppen, published in 1888, 1890, and 1893 [59]. Lie’s ideas did not stand



in isolation from the rest of mathematics. In fact, his interest in the geometry of DEs was first
motivated by the work of Carl Gustav Jacobi, on the theory of PDEs of first order and on the
equations of classical mechanics [4]. Much of Jacobi’s work was published posthumously in the

1860s, generating enormous interest in France and Germany [21].

Lie’s idée fizée was to develop a theory of symmetries of DEs that would accomplish for them
what Evariste Galois had done for algebraic equations: namely, to classify them in terms
of group theory [59]. Additional impetus to consider continuous groups came from ideas of
Bernhard Riemann, on the foundations of geometry, and their further development in the
hands of Klein [59]. Thus three major themes in 19th century mathematics were combined by
Lie in creating his new theory: the idea of symmetry, as exemplified by Galois through the
algebraic notion of a group; geometric theory and the explicit solutions of DEs of mechanics,
worked out by Poisson and Jacobi; and the new understanding of geometry that emerged in the
works of Pliicker, Mobius, Grassmann and others, and culminated in Riemann’s revolutionary

vision of the subject.

Although today Sophus Lie is rightfully recognized as the creator of the theory of continu-
ous groups, a major stride in the development of their structure theory, which was to have a
profound influence on subsequent development of mathematics, was made by Wilhelm Killing,
who in 1888 published the first paper in a series entitled Die Zusammensetzung der steti-
gen endlichen Transformationsgruppen (The composition of continuous finite transformation
groups) [21]. The work of Killing, later refined and generalized by Elie Cartan, led to classifi-
cation of semi-simple Lie algebras, Cartan’s theory of symmetric spaces, and Hermann Weyl’s
description of representations of compact and semi-simple Lie groups using highest weights [21].
Weyl brought the early period of the development of the theory of Lie groups to fruition, for
not only did he classify irreducible representations of semi-simple Lie groups and connect the
theory of groups with quantum mechanics, but he also put Lie’s theory itself on firmer footing
by clearly enunciating the distinction between Lie’s infinitesimal groups (i.e., Lie algebras) and
the Lie groups proper, and began investigations of topology of Lie groups [4] . The theory of
Lie groups was systematically reworked in modern mathematical language in a monograph by

Claude Chevalley [21].



Lie symmetry analysis of DEs is a systematic way of finding exact solutions of ordinary and
PDEs. It permeates many mathematical models and in particular those formulated in terms of
DEs. The mathematical discipline that embodies and synthesizes symmetries of DEs is called
Lie group theory. A symmetry is a change, a transformation that leaves an object invariant or
apparently unchanged [48]. Generally, an object needs not have only one symmetry, but many
symmetries. The collection of symmetries of an object has a beautiful internal structure, it

forms a group.

Quantification of symmetry indeed turns out to be a very important aspect of Lie groups. For
instance, we know that a square has fewer symmetries than does the circle, but more than a
triangle. The formal definition of symmetry allows for quantification.

Felix Klein’s Erlangen program of 1872 pronounced that Geometry (at that time) was sym-
metry [59]. Klein is reported to have said that: “Geometrical properties are characterized by
their invariance under groups of transformation.”[4]. It was Lie who discovered the theory of
transformation groups. Moreover, he introduced groups into geometry. He tackled fundamental
problems and his first paper was on geometry. Lie’s theory of transformation groups provided
a synthesis. He said: “My theory of invariants of all continuous groups embraces all theories of

invariants hitherto noted.” [59].

1.3 Difference equations and applications

Mathematical computations are frequently based on equations that allow us to compute the
value of a function recursively from a given set of values. Such an equation is called “difference
equation” (AEs) or “recurrence equation”. Problems that involve discrete variables often lead to
mathematical models involving AEs [19]. In economics for example, some financial information
(such as savings, national income, government spending, interest rate movements) are only
available on a quarterly, semi-annually, or yearly basis. Models that will best describe variations
in such variables will have to be designed in terms of AEs, since the time variable is discrete.
The study of AEs has received significant attention in the past few decades [38-42]. This is

due to their many applications in real-life problems. AEs have many areas of application such



as in mathematics, physics, chemistry, astrophysics, economics, finance and social sciences,
(see for example [45]) just to mention a few. The construction of models with discrete time
dependence appeals to AEs. Many phenomenon are well modeled by use of AEs. Population
modeling cannot receive a realistic investigation unless models are designed in terms of AEs:
When modeling the population of a species, one can only have a whole number of participants

in the population. This is one of the several applications of AEs.

In economics, the national income, is modeled by use of the expression
}/:‘, :Ct+[t+Gt7 (15)

where Y, is the amount of the gross domestic product or national income at time ¢, C; the
monetary value of the consumer expenditure on consumption goods and services, I; the mon-
etary value of the aggregate spending on long term investment and G; the monetary value of
the total government spending. Each component is modeled separately and the final model is

given by the second order non-homogeneous ordinary difference equation (OAE)
Y(t+2)-Y(t+1)+8Y(t) =1, (1.6)

where 3 is known as the marginal propensity to consume, i.e., the slope of the consumption
function [19]. The general approach used to solve this equation has always assumed that the
time variable t is continuous, which is unrealistic because in general, all the components of the
national income are recorded every quarter, or each year. The time variable must be treated

as a discrete variable if one needs to construct a model that reflects the real situation.

Additionally, consider the heat transfer in a room which is only accessible once a day. A rod
is placed in the room to measure the heat from the heat source to the door. It is obvious that
our data will give us a daily temperature ¢ (discrete) on the distance x (continuous) from the

source. This scenario can be modeled using the system
Ay — Uy, = 0, (1.7)

where
A — u(t+h]z—u(t)' (18)




Such an equation is called differential-difference equation (DAE).

In finance, the first order OAE
A1 — 1+ DA+ (k+1)R=0 (1.9)

models the amount of an annuity that pays an amount of kR after a time interval of k years at
an interest rate ¢. It is easy to show that the accumulated amount will be given by the formula
[45]

R .

where Sy,; = (H?k_l is the accumulated amount of 1 unit invested for k years at i. Furthermore,

in economics and finance, simple and compound interest are modeled by use of AEs. We are
able to determine the value an amount of money place under a fixed interest into a bank after

a period by use of AEs. The simple interest law is written in the following OAE
Dk+1 - Dk - TDO = O, (111)

where Dy, is the amount available at time k years, Dy is the initial available amount and r is the
interest rate [45]. This equation is classified as a linear first-order non-homogeneous OAE with
constant coefficients. Solutions to such can be easily found using recurrence relations. In labor
management, the dynamical equations that describe the negotiating process between labor and

management are given by
Mk+1 = Mk + Oé(Lk - Mk>

Lisi = Ly— B(Ly — M), (1.12)

where M), and Ly denote the management offer and labor demand respectively [5, 45]. This
is a system of OAEs and direct methods can be used to solve them explicitly. In biological

modeling we observe that single species populations are modeled by the OAE [45]
Nis1 = [N, (1.13)

where Ny is the population size at time k and f the reproduction rate, while a red blood cell

production model can be described by the equation [45]
Ry — (1 - f)RkH — R, =0, (1-14)
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where Ry, is the number of white blood cells produced at time k, f is the fraction of red blood
cell removed by the spleen, and v the production constant. This equation will allow us to know

how many red blood cells are produced each day.

AEs also find applications in physics. For instance, models of systems in physical sciences
provide important insight into the working of the natural world. The construction of the
associated discrete models in general relies on the discrete nature and how the various properties
of these systems are both measured and analyzed. Hence, the discrete mathematical formulation
of the problem is often an exact reflection of the actual experimental procedures used to define
the system of interest, which is that of the various time-scales that occur in the experimental
analysis and mathematical formulation of physical systems. These results are then applied to

the development of Newton’s law of cooling.

Considering a compact object, such as a glass of hot water, located in a “quiet” room. We are

interested in determining how the temperature of the object changes as time evolves.

Let:

Ty = initial temperature of the object;

Tr = temperature of the room,;

At =time between temperature increments;

T, = time-constant of the system;

T, = temperature of the body at time t;, = k(At).

Then the rate of cooling is found to be proportional to the difference between the temperature
of the object and the temperature of the room [45], i.e.,

Tipr — Ty

In mathematical physics, one may discretize the Navier-Stokes DEs to seek numerical solutions.
An example would be the consideration of the numerical calculation of time-dependent viscous
incompressible flow of fluid with free surface. The normal strategic first step to attempt to

solving this problem would be the Navier-Stokes equations. In continuous-time, this system is



given by (1.4). The method of finite-difference provides a system of AEs

um7n7p+1 B um?”?p um+17n7p - um7n7p um7n+17p B um7n7p

+u + v
At m,n,p Al‘ m,n,p Ay
_ ¢m+1,n7p — Pmnp + Um+2,n,p — 2Umt1np + Umnp
- 2
Ax (Azx)
um,n—l—?,p B 2um,n+1,p + um,n,p
(Ay)?
Um,n,p—l—l B Um,n,p + vm+17n1p - Um,n,p + v Um,n+1,p - /Um7n7p
At umvn’p Ax m,n,p Ay
JR— _¢m7n+1’p - ¢m7n7p _|_ Um+27n7p - 2Um+17n7p —|_ Um’n?p
N Ay (Az)?
+/l)m?n+27p - 2/l)m?n+17p —|_ Um’n?p
(Ay)?
Um+1,n,p — Umn, Umn+1,p — Um,n,
z £ - £ =0, (1.16)
Az Ay

which need be solved.

1.4 Outline

We wish to study Lie’s theory of extended groups applied to AEs. This method could provide
a great tool to solve nonlinear problems when applied to AEs. We will review the work done
on continuous symmetries of AEs, both ordinary and partial difference equations. Thereafter
we will apply this method to some interesting equations. We wish to illustrate the usefulness
of Lie analysis in AEs as it has proved its efficiency for DEs. After defining the key concepts in
this field, we solve some equations of interest using Lie symmetry analysis. We first deal with
the known field of Lie symmetry analysis of DEs in Chapter 2. Secondly, we investigate the
work done in continuous symmetries of OAEs in Chapter 3. Thirdly, we apply Lie’s theory to
(PAESs) in Chapter 4. In Chapter 5 we summarize our work and discuss some open problems

in the field.



Chapter 2

Symmetries of Differential Equations

2.1 Introduction

Once the symmetries of a system are obtained, one can deduce new solutions from known ones
using these symmetries. Additionally, we can classify the families of equations into equivalence
classes. This is achieved via the construction of types of equations that admit a prescribed
group of transformations. We can also linearize equations by invertible transformations. In the
case of ODEs, we can reduce the order using the admitted symmetries. Once the symmetries
of a PDE are obtained, reduction of the PDE via a combination of the number of independent
variables is possible. Finally, solutions via Lie’s theory constitutes a benchmark for testing

numerical algorithms.

Conserved quantities are very important in mathematical physics. They provide information
on the properties of the solutions of differential equations [30]. Conservation of momentum,
energy and mass play a crucial role in the analysis of solutions of PDEs and the application of

symmetries of differential equations to determine these quantities is very important.

Definition 2.1.1 An equivalence transformation of a function is a reversible transformation of
independent, dependent or both variables that preserves its form . We say that such functions are

invariants [48]. [
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Example 2.1.2 Consider the differential equation given by

/
" Yy 42
=< 4+ —y”~. 2.1
V=4 oy (2.1)

The transformation

1 y
7=, j= 2 2.2
. V= (2.2)
leaves (2.1) invariant, and so is an equivalence transformation of (2.1). The same is true of

T=azr gy = ay, (2.3)

where a s a real constant. |

Example 2.1.3 An equation of the form
Ut + a(t, x)uy + b(t, v)u, + c(t, z)u =0 (2.4)

was discovered by Laplace [31, 37] to have
h = a,+ab—c, k=0b,4+ab—c (2.5)

as invariants. These are called the Laplace invariants. They are invariant under linear homo-

geneous transformations of the dependent variable

u=o(t,x)u, o(t,z) # 0. (2.6)
The equations
Uy — Us + Uy —u =10 (2.7)
and

have the same Laplace invariant h = 0 = k. They can therefore be transformed into each other

[44]. In fact, the transformation

t = 1

r =z

u = uexp(t— 1) (2.9)
transforms (2.7) into (2.8). [ |

11



Definition 2.1.4 A symmetry s a change, a transformation, that leaves an object invariant or

apparently unchanged [48]. [

Definition 2.1.5 A family G of transformations [48]
T,: i = fiz,u,a); u® = ¢*(z,u,a), i=1,...n; a=1,...,m (2.10)

where a is a real parameter which continuously ranges in values from a neighborhood D C R of
a=0 and f', ¢* are differentiable functions, is a continuous one-parameter (local) Lie group

of transformations if the following properties are satisfied:

e Closure: If T,, T, € G, and a,b € D' C D, then

T,T,=T.€G, ¢c=¢(a,b) €D (2.11)

o Ildentity: VaeD' CcD and T, € G,3 Ty € G such that

ToT, =T, Ty =T, €G (2.12)

e Inverses: ForT,€e GiaeD' CcD, 3T, '=T, € G, a ! €D such that

T.T,' =T,'T, =T. (2.13)
The associative property follows from the first property. |
Consider the DE
EU(QJ,U,U(l),...,U(n)) :O, g = 1,...,m, (2.14)

where u;) is the jth derivative of the dependent variable u. If a family of transformations
satisfying definition 2.1.5 of a group G are symmetries of the equation (2.14), then G is called
a symmetry group of (2.14) and (2.14) is said to admit or possess G as a group [48]. According
to Lie’s theory, the construction of a one-parameter group G is equivalent to the determination

of the first order approximation of the corresponding infinitesimal transformations
it 4 all(z,u), v ~u® + an'(z, ), (2.15)

12
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~~

where the stands for the approximation due to the truncation of the Taylor expansions of

the transformations (2.10) and

_Of'(x,u,a)
N Oa ’

a=0

_ 00 (x,u,a)

o (2.16)

€' (z,u) 1% (2, u)

a=0

If X is the symbol for the infinitesimal transformations, then equation (2.15) is generated by

0

, 0
X :Sl(x>u) ouc

oxt

+ n*(z,u) (2.17)

X is known as the infinitesimal operator or generator of the group G of symmetries. In what
follows, we write the functions & and n and all the coefficients of the infinitesimal generator
without their arguments. The generator X tells us how the variables z' and u® transform.
An interest in the transformation of the derivatives of the u®’s is also of importance. This
transformation is given by the the generator of the prolonged group G™, where n is the highest

order of derivative of u® of interest. This prolongation is given by

Xt = 51% +1° aia +¢ af% +F Gy au;% (2.18)
The coefficients of the summation are calculated using the total derivative operator [29]
D,, = 0 + uj, + - (2.19)
o 0xy P ou
Hence the recursive formulas are:
o = Den™—(Dn&)ug,
b = Dl = (Du€) 0,
rawe = DaClay — (Do 850, (2.20)

and so on, where we have used the Einstein summation convention over repeated indexes.

Definition 2.1.6 A function F' is said to be invariant under the symmetry X if [48]

XF =0. (2.21)

13



Note: If ' depends on derivatives, then we need to act on F' with the nth extension of X,

where n is the highest derivative in F.

Theorem 2.1.7 Equation (2.14) admits X as symmetry iff [48]

XME|,_ =0, (2.22)

where X™ is the n'™ prolonged operator of the generator X and n the order of the DE. W

2.2 Calculation of symmetries of differential equations

Example 2.2.1 Consider the second order ODE

/

v+ y; + exp(y) = 0. (2.23)
We work out the generator of symmetry
0 0
X =£— — 2.24
$or gy (2.24)

if any, admitted by (2.23). The second prolongation of X is

0 0 0 0
x2 = e il — o —— 2.25
£8x+n8y+cay,+< Tk (2.25)
where
Co =N+ Y0y —¥'& — Y%, (2.26)
and
Coal / = Noa + 29 Ny + Y1y — y—,+eXp(y) ny — Y€
Tx (y”:—y;—exp(y)) Tx Ty vy T y Tx
Y Y
— 2"y — Y E, +2 <; + eXp(y)> (& +&Y) — (; + eXp(@/)) Ey — Yy (2.27)
The invariance condition is
y/
X (y” + =+ exp(y)) = 0. (2.28)
v (y”——yf/—exp(y))

14



This gives

/

1
Gl + ~ o+ exp(y)n — %5 ~ 0

!
y”:—%—eXp(y)>

After expansion of the (s and replacement of y” by —y;/ —exp(y), we get

/

y
Nex + 2y/77xy + ylznyy - (; + exp(y)) Ny — y/fmc
Yy Yy
— 200y — Y38y + 2 (; + eXP(Z/)) (& +&Y) - (; + eXP(y)) &y
1 1
+- (e +y'ny — y'ny — Y& — ¥?&,) + mexp(y) — —V¢

Splitting this equation via the coefficients of powers of y' gives rise to the system

3//3 : Eyy = 0,
/12 2

y o n— 2§:cy + ;fy = 0,
, 11

y: 2nzy + Bexp(y)é“y - f:rx + ng - ﬁg = 07

1
Y" 0 Mew — exp(y)ny + 2exp(y)Ee + s exp(y)n = 0.

From this we get the coefficients of the symmetry generators
1
& =Coxlogxr — Cor + 5011:, n = —2C5logx — Cf,

where Cy and Cy are constants.

This gives rise to the two symmetry generators

1 0 0

Xy = o2 - 2L
1T 0, oy’

Xy = (zlogx —x)% - 210g£§y,

for appropriate choice of the constants.

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

Example 2.2.2 The following system may arise from the study of three interacting and co-

habiting species [14]:

, (1)
€T M = 0
TR s
\ ()
M = 0
N T O R
oy (1) L

(2.34)



This system is very unwieldy and too complicated for us to calculate the symmetries by hand. We

make use of Sym [13, 14] to obtain the following results for the coefficients of the infinitesimal

transformations
§<t7 z,y, Z) = C4 + tCE)
22C
771(1571'7?/’2) = _yCI_ZO2+ 3 >
2yC
n2<t7x7y72) = JfCl—ZC:g—i— s
22C!
772(157957% Z) = x02 +yC3 + 3 57 (235)
where
0 0 0 0
X =8+ + -+ 2.36
£at+max+nzay+ngaz (2.36)
i1s the symmetry of the system and the C;’s are arbitrary constants. |

This is not the only method for finding symmetries of differential equations. There are several
techniques that yield different types of symmetries. Among others, we distinguish the evolu-
tionary symmetry method [48].

Consider equation (2.14). For an evolutionary symmetry, we assume the form

0
Xe=0Q—, 2.37
o (2.37)
where the characteristic QQ =7 — T% — %. The nth prolongation of X, is given by
] _ yon 4
XM =Y Dip@Q Duy (2.38)

where Dj denotes the kth total derivative of the characteristic () and wuy, the kth partial
derivative of u. The overdetermined system of determining equations that allows us to find the

characteristic @) is given by imposing the symmetry condition
XME|,_ =0. (2.39)

Once the the system is solved, the characteristic () is obtained and hence the symmetries of

the equation.
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Example 2.2.3 Consider the one-dimensional heat equation given by

Ut — Ugy = 07

with evolutionary symmetry generator of the form

0
Xe — Q%

The second prolongation formula of X, is given by

X2 =D;Q

9

’
auj

with summation over the dummy index j.

We therefore get

DtQ - Dﬂleuxm:ut = 0.

After expanding, we obtain

N+ Wy — Wy + ZU?Tu — 2upT — Upls — UgW§y — 28Uy

2
— Ngz — 2ux77ua: — UgT)y — uxnuu — Ut Tyy

2 2
— 22U Uy Ty — Uy Ty — Up — UpTyy — 2Ugg Ty — 2Upp Uy Ty — Uy T

- ua:g:r:p - Qutuwgux - uxutéu - uifuu - utmé - 2ut§x - 3utux€u

Separating with respect to the powers of the derivatives

Ug Uty -

Tu

Tyl

Tt — Tgx — gz

=

17

of u, we get:

= 0

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)



Solving this overdetermined system gives us

¢ =
T =

’]’I:

a1 + asr + ast + dasat,

(a5 — aur — 2ast — asz®)u + pla, t)

(a5 — aurw — 2ast — asz®)u + p(a, t)

(2.46)
(2.47)

(2.48)

where o, B;, are arbitrary constants and p(x,t) an arbitrary solution of the heat equation. This

gives rise to the siz symmetries of the heat equation

X, = ((a5 — oyux — 205t — asx?)u + p(a,t) — (a5 — aux — 205t — asx?)uu, — pla, t)u,

0
— (g + az + ast + dasxt) uy) —

ou’

Writing this in the traditional way, we obtain

X1

Xo

0
= r— + 2t—

0 0
= dtr— + 42— — (2 + 20)u—=—

9
ox
9
ot
9
Y ou
0

ox ot
0 0

= 2t— —ru—

ox ou
0

ox ot ou

plus the infinite-dimensional symmetry

0
Xp = p(l',t)%,

(2.49)

(2.50)
(2.51)
(2.52)
(2.53)
(2.54)

(2.55)

(2.56)

which exists because the equation is linear. The commutation table of the above symmetries is

given in Table 2.1 below:
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Table 2.1: Lie bracket of the admitted symmetry algebra

(X, Xj] X4 Xo X3 Xy Xs Xe
X1 0 0 0 X4 - X3 2X5
X5 0 0 0 2X, 2X, | 4X, —2X;
X3 0 0 0 0 0 0
X, X, | —2X, 0 0 | X 2X,
Xs X3 —2X4 0 — X5 0 0
Xs —2X5 | 2X53—4X, 0 —2X5 0 0

where [X;, X;| = X;X; — X;X;, fori =1, ...,6. |

2.3 Uses of symmetries of differential equations

2.3.1 Reduction of order

The main idea is that one can apply a symmetry to the equation to reduce the order of equation
from order n, say, to order n — 1. It is well known that one can then apply the symmetries
successively to the equation to reduce the equation, hopefully from order n to n — 1, then n — 2
down to order 0, and this gives, by reversing the transformation into the original variable the
general solution of the ODE.

In general, if

9
dy

is a symmetry, then the reduction variables associated with (2.57) are obtained by solving the

0
X =t 41 (2.57)

corresponding Lagrange system

dx dy_d_y’

- ) 2.58

& N G (258)
Theorem 2.3.1 If equation (2.14) admits symmetries X, and X with

(X1, Xo] = AXG, (2.59)

then reduction via Xy will result in Xo (transformed) being a symmetry of the reduced equation

[48]. ]
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Example 2.3.2 The symmetries of (2.23) were previously calculated and given in (2.33). We
observe that

(X1, Xo] = X1 € {X1, Xo}, (2.60)

and so, we reduce the order of our ODE using Xy. The first prolongation of X, s

xWezpl o 2y (2.61)

2= =2 =_9°Z 2.62

and hence the invariants are
u = z’exp(y) (2.63)
v o= xzy. (2.64)

A second order invariant can be expressed in terms of u, v, and dv/du and our ODE (2.23)

becomes the first order ODE
dv —1

— = . 2.65
du 24w ( )
The latter equation admits
0 0
X, = (ulogu — u)% —2log g (2.66)
The solution of (2.65) can easily be found to be
L,
20 + Y +u=A, (2.67)

where A is a constant. Writing the latter equation in terms of original variables gives the

reduced first order ODE

1
2xy’ + §x2y’2 + 2%V = A, (2.68)

To simplify this equation further, one may again use z = x*e¥. We notice that

!/
-2
y =222 (2.69)
A
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Substituting y' into (2.68) gives
(z2)? = —22° + 42° + 22%A, (2.70)

which 1s of separable form. In fact, separating the variables in this equation and solving yields

V2+A—2z—V2+ A ( 1 )

- . 24 A—2>0, 2.71
‘ \/2+A—z+\/2+AeXp V4 +2A °= (271)

and
-2 z—2—-A

_ / JEz2—4 —9-A>0 2.72

x exp( 2+Aarctan 5 A ), z >0 (2.72)
[

2.3.2 First integrals of ordinary differential equations

Let the equation
E(z,y,y,y") =0 (2.73)

have the symmetry

0 d

X =£6— —. 2.74
$or Ty (2.74)
Definition 2.3.3 A first integral of E is a function I = f(z,y,y’) (where f depends on v

nontrivially) such that [48]
dl

— = 0. 2.75
= (2.75)

We can extend the definition to an nth order equation in an obvious manner.

To find a first integral of E admitting (2.74), we also invoke Definition 2.1.6:

XWf=o. (2.76)
This is equivalent to
of af af
s =L — = 2.
gax—i_nay—i_gxay’ 0, (2.77)
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where (, is defined in (2.20). In practice, we impose (2.76) and then (2.75). The associated

Lagrange system is given by

d d dy d
_x:_y:_y<:_f), (2.78)
& G 0
This system yields two characteristics namely « and p such that
I'=f(z,y.9) = g(a, p). (2.79)
The function f satisfies (2.75) if
dl
— =0, (2.80)
dr|p_,
implying that
99 , 99
"= 4+ )= =0. 2.81
90 "5, (2.81)
This admits the Lagrange system
d d d
@_P_99) (2.82)
o 74 0
We have the characteristic p and
I'= f(x,y,y) = h(p), (2.83)

where h is an arbitrary function, usually chosen to be the identity mapping.

Example 2.3.4 The first order prolongation of symmetry Xy of equation (2.23) is given by
xWeCpt o 2oy 2
1= Yo (2.84)
We impose (2.76) and obtain
! 0 (2.85)
—r—=— - == — = . .
2 O0r Oy 27 ay’

This implies that

dr  dy dy’
2— = —= =2 2.
. = = (2.86)
and gives rise to the characteristics
a = 2% exp(y), B=uxy. (2.87)
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Therefore

= f(z,9,9) = g(ov, B). (2.88)
Imposing (2.75), we have
9g dg
—= —(2 —= =0 2.89
-+ ) (2.89)
and the corresponding Lagrange system is
do 983
—_— = 2.90
I —(2+0) (2.90)
The characteristic is
1
p:a+25+§ﬁ2. (2.91)
Thus the function h is given by
1
h(p) = h(z® exp(y) + 229/ + §(xy/)2) (2.92)

Hence a first integral of (2.23) is taken to be

1
f(@,y,9) = 5(96?/)2 + 22y + 2% exp(y). (2.93)

Since these determining equations are linear and homogeneous, their solutions form a vector

field L [3, 48].

2.3.3 Transformation of equations

It is a well known established result that given an ODE, it is possible to transform this equation
into a simpler one, e.g., an equation for which the solution is known. Firstly, both equations
must admit the same Lie algebra of symmetries. Indeed the symmetries must conform to the

same realization of the admitted Lie algebra.

Definition 2.3.5 If
. 0 0
Xy =8— +nf— 2.94
1 élaxz“‘nl Juc ( )
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and

Xy = Gt (2.95)
satisfy (2.22) then their commutator is given by
(X1, Xo] = X1 X — XoXy
= (8~ XalE)) o+ (X2 005) — X))z (2.96)
and satisfies the following properties:
e Bilinearity. If X, Xy, X5 € L, then
X + 0Xs, X3] = of Xy, X3] + (] X, X3, (2.97)
where a, B are scalars.
e Skew-symmetry. If Xy, Xy € L then
(X1, Xo] = —[Xo, Xi]. (2.98)
e Jacobi Identity. If X, Xy, X3 € L, then
[X1, Xa], X5] + [[X2, X5], Xa] + [[X5, Xi], Xa] = 0. (2.99)

Hence we say that the vector space L of all solutions of the determining equations forms a Lie al-
gebra which generates a multi-parameter group admitted by (2.14). By multi-parameter or more
precisely r-parameter, we mean a group generated by transformations T, as above where a =

(a1, a9, ...,a;). [ |

Example 2.3.6 The free particle equation
Y"=0 (2.100)
has eight symmetries which form the Lie algebra st(3,R), as does the equation

y' =2y +y=0. (2.101)
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Since sl(3,R) has only one realization, these two equations belong to the same equivalence
class. Moreover, these Lie algebras have the same dimensions and their elements have a direct
correspondence. It is well known that this can be used to find a transformation of (2.101) into

(2.100). In fact, (2.101) possesses the symmetry

0 0
V=—+y— 2.102
ox + yay ( )
and (2.100) possesses
0
= —. 2.1
U 5y (2.103)
We wish to find a transformation
X=F(zy), Y=0G(@y) (2.104)
to transform (2.101) into (2.100). Operating on (2.104) with (2.102) yields
0 0 0
(F, + G“)a_X + (F, + Gy)a—y =5y (2.105)
We obtain the system of PDFEs
F,+G, =0
F,+G, =1 (2.106)
and hence the solution
F = f(yexp(—z)), G =+ g(yexp(—x)) (2.107)

for the functions F' and G. We take f(yexp(—z)) = yexp(—x) and g = 0 to obtain the simplest
transformation. This transformation takes (2.101) into (2.100).

In general, all linear second order ODEs have eight symmetries and admit the Lie algebra
sl(3,R). They can therefore be transformed into the free particle ODE by a point transfor-
mation. We can also linearize any second order ODE that has eight symmetries by point
transformations. In 1883, Lie stated a compatibility condition for the problem of linearization

map for two connected symmetries. Later in 1987 the issue was revised by Sarlet, Mahomed
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and Leach [56] and in 1989 for linearizable ODEs admitting two unconnected generators of
symmetry by Mahomed and Leach [28]. In 1990, Mahomed and Leach showed that an nth
order ODE is linearizable via a point transformation if and only if it admits an n-dimensional

Abelian Lie algebra [43].

2.3.4 Group-invariant solutions of differential equations

Definition 2.3.7 Let G be a transformation group acting on a manifold M. An invariant of

G is a real-valued function [48]

I:M— R (2.108)
which satisfies
I(g—z)=1(x) (2.109)
for all transformations g. [ |

After calculating the symmetries of the equations, one may use any linear combination of these
to reduce the number of independent or dependent variables of the equation. Consider the

system (2.14) admitting G as symmetry group. If G has a complete set of invariants
y' =n'(r,u) and w’ = (x,u), (2.110)

where the y’s are the new independent variables and the w’s the new dependent variables.
These invariants can be used to reduce the PDE by reducing the number of variables by one.

We explain the method below.

Consider the symmetry

.0 0
X = flawl + UQ% (2.111)

say, for which we compute the invariants by the method of characteristics. We have

o' _

g o

(2.112)

Then once the characteristics or invariants y* and w’ are obtained, these must satisfy the

condition that w must be a solution whenever u is. This condition gives rise to a differential
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equation in w. The later has one variable less than the original equation. We explain this in

an example.

Example 2.3.8 Consider the combination of translation operators of the heat equation (2.40)

0 0
— —. 2.11
ot * C@x (2.113)
The characteristic system is
dt dr du
at _dr_ au 2.114
1 C 0 ( )
This gives rise to the invariants
v=x—Ct, and a = u. (2.115)
Hence
u = h(z — Ct), (2.116)
where h satisfies the second order ODE
W'+ CH = 0. (2.117)
Equation (2.117) admits
h(y) = Cyexp(—Cv) 4+ Cy (2.118)

as solution. We therefore write the solution for the heat equation by inverting (2.116) to obtain
u(z,t) = Cyexp(—C(x — Ct)) + Oy, (2.119)
which is commonly known as the traveling wave solution. |

The solution (2.119) was obtained by just taking a linear combination of the symmetries of
the equation. However, one can choose a minimal combination, which yields transformations
such that any other linear combination will be isomorphic to the set of such minimal linear
combinations. Such a set is called an optimal system [47, 48]. The optimal system is obtained
by a series of adjoint maps. Since we do not utilize optimal systems in this thesis, we do not

discuss this any further.
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2.3.5 Conservation laws

There are several methods for finding conservation laws for differential equations. We investi-

gate some of these method and apply them to some well known examples.

Consider the nth order DE of k independent variables and N dependent variables (2.14) which

can be assumed to have maximum rank and can be solved locally.

Definition 2.3.9 A conserved vector of (2.14) is an n-tuple T = (T, T?,...,T™) such that
DT" =0 (2.120)
for all solution of (2.14) [48]. |

Note: i) We call local conservation laws those that are free from integral terms.
ii) There are also trivial conservation laws. The first kind is the one for which the vector T’

vanishes for all solutions of (2.14). For example, Naz et al [46] established that

T' = VCucos(vVCu)lv, — ul
T? = Csin(vVCu)lv, —u] + VCucos(vVCu)[Cau — %uwvx — v (2.121)

forms a trivial conservation law for the system

Vy = U

v, = (l) + Czxu,C >0, (2.122)

u

since T and T2 vanish for all solutions of the system. The second kind of trivial conservation
law is the one that vanishes identically for arbitrary functions, not only for solutions of the
system (2.14). For example,

Dy(ug) + Dy(uy) = 0. (2.123)

holds for all smooth functions u = g(z,t) satisfying [46]

U = 0. (2.124)

We seek non-trivial conservation laws.
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Direct method
This method consists of deriving the determining equations given by
DT |5, —0=0, (2.125)

where T' = (T, ..., T"), n being the dimension of the problem. This method is reported to
originate from Laplace in the 1790’s [46] and is able to determine all the local conservation laws

of the equation.

Example 2.3.10 We seek the conservation laws for the Maxwellian distribution, given by
Uy +u? =0 (2.126)

using the direct method. The determining equations are given by considering the condition

(DT + D, T%)

, =0, (2.127)

Utz =——U

which expands to

(T + Tyus + Ty s + Ty e + T+ Tty + T e + Tots) |, oy = 0. (2.128)
We now substitute ug, = —u® into equation (2.128). Furthermore, for simplicity, we assume
the forms
u? u?
T' = a(t,, u)?w +b(t, 2, u), T? = c(t, x,u)?t +d(t,x,u). (2.129)
Then
1 1

1 1
—Cuuuy + = auud + Zcpul 4 éatui + (by — cu®)uy + (dy — au?)uy + (dy — au?)ug + b, +d, = 0.

2 2 2
(2.130)
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Splitting this with respect to the derivatives of u leads to

uzu? : c,= 0
utui : a,= 0
ul cz= 0
u? a= 0 (2.131)
w: by —cut= 0
Up: by —au?= 0

1: bt+dw: 0

This gives rise to the conservation laws

1 1 1 1
" = ——zul+ -tu®, T? = ~tu} — —au®
2 3 2 3
1 1
T = gu?’, T° = §u§, (2.132)
Tl — 1U2 T2 _ 1u3
2" 3
Noether’s approach
In this approach, the conservation laws are computed by use of Noether’s theorem [48].
Definition 2.3.11 Euler’s operator [30] is defined as
4} 0 0
— = —+ X1 (1D ... Dy, ———, 2.133
ou ou® + 21( ) 1 s auizs ( )
where D is defined as in (2.19). [ |

Definition 2.3.12 The Noether operators associated with the Lie-Backlund operator X are

o

Su® .’

11...1s

- 5
N' =& +Wr—+ 2521(—1)5Di1...Dis(W°‘)

S i=1,..,n (2.134)

with W& = n® — £, [ |
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Definition 2.3.13 Suppose there exists a function L(z,u, uy, ..., u(s)) such that (2.14) is equiv-

alent to

oL
o a=192 . N 2.135
Sue , (Y 5 Ly eeey ( )

Then L is called a Lagrangian of equation (2.14), and (2.135) are the corresponding Euler-
Lagrange differential equations [35] . [ |

Definition 2.3.14 A Lie-Bécklund operator X is a Noether symmetry generator associated
with a given Lagrangian L of (2.135) if there is a vector B = (B, ..., B"), such that

X(L) + LD;(&") = D;y(BY) (2.136)
is satisfied [48]. [ |
Definition 2.3.15 The Noether conservation vector is given by [35]

" = B' - N'L

: . oL oL
= B'—¢L-W*—X1D; . .. (W? , 2.137
3 jua 21 Dine (W) bur ( )
which is the conserved vector for the Euler-Lagrange equation (2.135). |

In this approach, we compute L and substitute in equation (2.136) to find the Noether symmetry
generators. Thereafter, we use equation (2.137) to generate the conserved vector 7. The
characteristics W< of the symmetry generator are then the characteristics of the conservation

law.

Another variational method is the characteristic method [48]. Here we need to solve
D,T" = Q°E,, (2.138)

where Q“ are the characteristics which are also called the multipliers which make the equation
exact. This approach involves the variational derivative of (2.138):

9

S (QUE) =0, (2139)
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for arbitrary functions u(z!,z?,...,2™). All the multipliers can be calculated using (2.139) for

which the equation can be expressed as a local conservation law. In the variational approach
on space of solutions of the DE, the variational derivative of (2.138) is computed on the space

of solutions of the DE, i.e.,
)
ouP

This approach does not necessarily lead to a conservation law, but to adjoint symmetries. Given

(QEq) |Eo=0=0. (2.140)

a Lie-Backlund operator, a conservation vector 7' is obtained from the relation
X(T") + Di(€M)T" = Di(€)T* = 0. (2.141)

It is also possible to construct conserved vectors directly by using the multiplier, which is locally

expressed in a standard Cauchy-Kovalevskaya form [48].

2.4 Summary

In conclusion, Lie symmetry analysis of DEs is indeed a great tool in the hands of the scientist
seeking exact solutions for complex problems. We have reviewed the work on symmetry analysis
in DEs. The physical interpretation of the theoretical models is important when transformations
are made on equations. With conservation laws, some physical quantities such as mass, energy,
and others are taken care of while solutions are being found. We are now in a position to

investigate the use of Lie groups in AEs.
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Chapter 3

Symmetries of Differential-Difference

and Ordinary Difference Equations

3.1 Introduction

We now investigate the construction of symmetries of difference equations. By studying the
local structure of the set of solutions, we derive the method to systematically determine one-
parameter groups of symmetries in closed form. We wish to use these groups to achieve suc-
cessive reductions of order and calculate first integrals and conservation laws for difference

equations much as we achieved for differential equations.

3.2 Notation and definitions

Definition 3.2.1 A shift operator S, is any function that satisfies [19]

Seu(t) = u(t + o). (3.1)

Definition 3.2.2 Let ¢ € N. The function u is said to be g-periodic if [19]
u(t + q) = u(t) (3.2)
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for a given q € N. [ |

Definition 3.2.3 A function u, is said to be totally unit periodic on @ if [19]

Vo € Q, u(t+ o) = u(t). (3.3)

Definition 3.2.4 An equation of the form
E(l,l’i,U(l_f_j)x;n), j:0,1,2,..., m:O,l,Q,..., (34)

where [ is the discrete independent variable, x; are the continuous independent variables and
U(44)zm TEpresents the simultaneous j shifts of the dependent variable u; and its mth derwatives

with respect to the continuous variable x; is a DAFE. [

Definition 3.2.5 A functional relation that takes on the values of u : Z x Z — C at different
points of the discrete independent variable n may be written in the following form
E(n7un7un+17un+27 c ) = 07 (35)

where n is the discrete independent variable and u,,; the jth shift of the dependent variable u,

(alternatively, the value of u at point (n+ j)) and is called an OAE [40]. [ |

Note

i. We assume that all grid points are a normalized distance of one apart.
ii. For DEs and DAESs, n refers to the highest derivative. However, for purely AEs, n is the
discrete independent variable and k refers to the highest shift.

3.3 Determination of symmetries of differential-difference

equations

To find the symmetries of DAEs, we consider a symmetry generator of the form

. 0 0
X :fl(l,%uz)%+U(l,$i7ul)a—ul- (3.6)
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We do not consider continuous derivatives operating on the discrete variable [ and on the shifts

of u;. As for DEs the condition for (3.4) to admit a symmetry is
XME|, =0 (3.7)
and we proceed as in the case of DEs.
Example 3.3.1 Consider the Toda system [38]
Ap = gy — 1T e = (), (3.8)

In this equation, x and t are the continuous independent variables. The symmetry generator

(3.6) then becomes

0 0 0
X=1—+4+&— — 3.9
Tat + gax + "aul (3.9)
The second prolonged group generator, taking into account only those terms that do not vanish
s given by
0 0
X =y = 4, — 3.10
na’dl ¢ Oty ( )
and the invariance condition is given by
2
XPIA, =0, (3.11)

which implies

Cta; _|_ ,r, (eul—l_ul _ eul_ul+l — 0’ (312)

a0

where

Ct:r = Mz + Uit Ny + Ut Ty, + UL LTyt + U Wit Mhuyuy — Uit T
2
Ut U Ty — Wit Tee — U Ty,
2
U Wgr Ty, — WU Tugu, — ultxgaz
_ultzulxgul — Ulg (étz + ultéulm
+ultz§ul + ul:):gult + ultuleulul)

2
—UpTy — UpTuguy — ulx:cgt - ulmcultgul (313>
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which leads to

Nt + Uit Ny + Ultx Ty, + Upg Nyt
+ Ul Ut Nugu; — Uit Te — Wit Wie Ty,
2
— Uit Tee — UpTuye — UitUite Ty,
2

— Ui Up Tuguy; — ultcch - ultzul:vful
— Uy (gta: + ultfula: + ultwgul + ulazfult

+ Uy ) — UieTe — UT,
It WlaxQuyug it It uguy

- ulzxft - ulaz:z:ultful + n (QUZil_ul + eul_qu) = 0. (314)

Separating with respect to the derivatives Uy, Uiy, Wpe,Uire, Uely, U and uy gives the

over-determined system

U Uiy - §u, = 0,

Ut Ul - Ty, = 0,

Upy &= 0,
Uy - 7, = 0, (3.15)

Uz Ut - Nuyju, = 0,

Uy - Nyt = 0,

Ut Nz — T = 0,

giving

E=¢(x), T=ADt+ K1), n=Al)zw + C(l) + B(l,t,x). (3.16)

The remaining terms constitute

B (I, t,z) + (A(Dwz + C(1) + B(l,t,x))
X (eW—1TH et = () (3.17)
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Equation (3.17) is solved and we obtain the symmetry algebra

i) = [0+ Ol

Xolo) = gle)g + )y

X = kt)5-

Xi(h) = h(x)a%, (3.18)

where the functions h, f, g and k are arbitrary C* functions. This corresponds to the results in

/38]. m

3.4 Symmetry reduction of differential-difference equa-

tions

In addition to the above symmetries, DAEs also possess discrete symmetries. We determined
continuous symmetries above. They constitute the continuous subgroup of the entire group of
symmetries, which consists of the continuous and discrete symmetries. We focus here only on
continuous symmetries. However, we note that when we use a continuous symmetry to reduce
the order of DAESs, we obtain purely AEs, and when we use discrete subgroups on our DAES,

they yield purely DEs [38].

Example 3.4.1 Consider the symmetry

0 .0
X1(f)—f(t)a+fla—ul (3.19)
with the invariants u — llog f(t) and x. Therefore we have
w(x,t) = w(x) + llog f(t). (3.20)
Equation (3.8) becomes
’L_Ll_l(, l’) — I_Ll(ZL’) = I_Ll(ZL’) — 1_/44_1(1’) (321)
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with solution

w = a(x)l + b(z), (3.22)
where a and b are arbitrary functions of x [38]. Thus
u=a(x)l + b(x) + llog f(t) (3.23)

is a solution to (3.8). [ |

3.5 Determination of symmetries of ordinary difference

equations

Contrary to the case of differential equations where we could define a symmetry vector field X

as

o .0
azi oue’

our independent variable is discrete and therefore, we cannot apply the continuous derivative

X =¢

(3.24)

operator to it. We redefine our vector field as

0

ou,,

X =Q(n,uy,) (3.25)

We treat the independent variable n in the equation as a parameter for our symmetry calcu-
lation. Hydon [24] proposes a method that enables us to find symmetries using the so-called

local symmetry condition [24]. Consider an OAE of the form

ow
Un+k = w(n, Ups Un+1, - - - 7un+k—1>7 87 % 0. (326)

n

Lemma 3.5.1 Ifk € Z, the transformation generated by the kth shift S* is a trivial symmetry
of a general OAE. [ |

Note that if £ is negative, then [24]
Sk = (57" (3.27)

38



Lemma 3.5.2 FEvery order-preserving symmetry is equivalent to a vertical symmetry [24],
T:(n,o'. .. ¢"— (n,(;l,...,(;k), (3.28)

where the ¢'s represent the first integrals of the equation. |

The proof of this lemma is easy and straightforward as it is based on the fact that the unique
construction of T is

I =g mr, (3.29)

Given Lemma 3.5.2, we only consider vertical symmetries henceforth. Accordingly, we seek

symmetries I' with n = 2(n). In terms of the original variables,
Uyt Upag—1) — (M Uy e Upag—1)- (3.30)
The action of I" on u,,, is determined by its action on wu,. Suppose
Ty = g, Uy - o Ungie1) = G(n, &', ..., 0F). (3.31)
Then the set of solutions of the OAE (3.26) is
lpyr = Gn+ k@', ..., 0% = S*0,, k=1,... n. (3.32)

These conditions are similar to the prolongation formula for the so-called dynamical symmetries
of ODEs, which reflect the necessity of contact conditions to be satisfied on the set of solutions.

The symmetry condition for equation (3.26) is
Upig = w(Ny Upy o ooy Uprg—1) (3.33)

whenever (3.26) holds.
We need to linearize the symmetry condition about the identity. In doing so, we seek one

parameter (local) transformation of the form
Ty = Uy + €Q(Ny U, - . . Unsp—1) + O(€%). (3.34)

Q@ is called the characteristic of the resulting one-parameter group. From the prolongation

formula (3.32), we obtain
Tnin = Unyn +€S"Q +O(%),h =1,... k. (3.35)
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Expanding w5 to first order in € results in what is known as the Local Symmetry Condition

(LSC) [24]

SEFQ — Xw =0, (3.36)
where
0 0 0
X=Q-—+S5 R : 3.37
Q@un * Q@unﬂ L Q3Un+k—1 (3:37)
Note: When these symmetry generators X are written in terms of first integrals they exhibit
the form
D A R P pcs (3.35)
) 00 e )50 .

since each ¢' is a function of ®(¢!, ... ¢*) only. From equations (3.38) and (3.37), it is easy

to see that X and S commute as operators on functions. In fact, given any sufficiently smooth

function
gn,ty, .. Upig—1) = G(n, @), (3.39)
(3.38) implies that
S(XG) = S(F%@)%g@, <I>)> = F%@)g—;(n +1,P) = X(SG). (3.40)
Therefore,
S(Xg) = X(Syg). (3.41)

We will use (3.41) to derive symmetry reduction for OAEs.

Example 3.5.3 Consider the OAE [2/]

UpUn+1
g = — L 3.42
2 2y — Upyq ( )

This is a second order ordinary difference equation. We seek point symmetries, whose charac-

teristics are of the form QQ = Q(n,u,). The LSC becomes

0 X (u) _0 (3.43)
20Uy — Upy1
1.€.
0 0 UpUp 1
2,w) — |Q—=— = 0. 44
Qln+2,0) [Q Gu 5@ Mﬂ] <2un - uﬂﬂ) 0 (3.44)
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Sitmplifying this equation gives rise to
2us, U1

Q(n+2,w) — —"2Q(n + 1, upe1) + m

(2tn — 1) Q(n, u,) = 0. (3.45)

The problem with (3.45) lies in the fact that Q) takes three separate pairs of arguments. However,

taking u, 1 as a function of n, u, and w, we observe that

O g1 aa_w Up i1
= = 3.46
ouy, Lk 2u2 (3.46)
Un+1
We therefore apply the operator
o ul 0
I — ntl 3.47
ou, — 2u2 Oupiq ( )
to (3.45) and obtain the expression
2
Up 11 / 2Un41
— e 3 L, uy, T EE— L, up,
(2un _ Un+1)2Q (n + , U Jrl) + <2un . un+1>2 Q(n + u +1)
2 2 2
+ IO (n,uy) — il Q) = 0, (3.48)

(2uy, — Upg1)? Up (20, — Up41)?
where the' denotes the derivative with respect to the continuous variable argument. We therefore

get

—Q'(n+ 1, upy1) + Qn+ 1, up1) + Q' (n,uy,) — %Q(n,un) =0. (3.49)

Un+1

By isolating the terms in u,, we get

d

(@) U%Q(n, ) =0, (3.50)

where n is just a parameter. Integrating once yields

Q' (n,uy,) — %Q(n, un) = A(n), (3.51)

n

while a second integration gives
Q(n,u,) = A(n)u, + B(n)u?. (3.52)

When we substitute (3.52) into (3.49), the terms involving B(n) and B(n + 1) all vanish and
we are left with

Aln+1) = A(n). (3.53)
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The solution to this OAE is
A(n) = C}. (3.54)

B(n) is obtained by substituting (3.52) into (3.45). After simplification, we obtain the OAE
B(n+2)—-2B(n+1)+ B(n) =0, (3.55)

which admaits the solution

B(n) = Cyn + Cs. (3.56)

The general expression for the characteristic Q(n,u,) is thus
Q(n,u,) = Cru, + (Con + C3)u?. (3.57)

In summary, (3.42) admits the three symmetry generators

0
Xy = up—
! Y Oy,
0
Xy =
? i ouy,
2 a
|

This method is successfully used to determine the symmetries of a general form of OAEs.

3.6 Uses of symmetries of ordinary difference equations

We can use the symmetries of OAEs to compute the first integrals of the equation, reduce
its order, derive physically important solutions from known trivial ones, or linearize nonlinear

OAEs. We tackle these applications in turn.

3.6.1 First integrals of ordinary difference equations

Consider the OAE

Uptk = W(Up, Upg1y e oy Upih—1)- (3.59)
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Suppose this equation admits the symmetry generator (3.25). A first integral of (3.59) admitting
(3.25) is obtained by solving
X =0, (3.60)

where X¥ =1 represents the (k — 1)th prolonged operator and f represents a first integral of
(3.59). Unlike in the case of ODEs where we had to invoke definition 2.1.6, the discrete analogue
for OAEs is

(3.61)

In“rl = [n|un+k:w .

Solving (3.61) is no longer as easy as in the case of ODEs. We illustrate this via an example.

Example 3.6.1 Consider the free particle OAE
Upto — 2Upy1 + Uy, = 0. (3.62)

Here, we wish to find “autonomous” first integrals only. As a result, we take f to be f(un, Uni1)

and we do not impose (3.60), but rather go directly to (3.61). This means that we now have

f(una unJrl) = f(unJrla un+2)- (363)

To avoid confusion, we will set g(upi1, Uni2) = f(Uni1, Unya) in our subsequent calculations.
We also set

Upio = 2Upi1 — Up = (3.64)

for convenience and so
f(Un, tng1) = g(Unga, ). (3.65)

Differentiating (3.65) separately with respect to u, and w1 gives

08@{; = —g—i (3.66)
and
83{“ - aj,il + zg—i (3.67)
respectively. Hence ,
% 0, (3.68)



giving
9(Uns1,@) = go(tny1) + g1 (Unt1)e
and so,

o __
aUn - gl'

Thus

f(unv un-i—l) = _gl(un—i-l)un + fO(un-i-l)'

Equation (3.67) now becomes

of dgo dg
= 2
OUp 41 dtn 41 * adun-H o
- dg dfo
— — Uu +

n .
dun-i—l dun+1

This leads to

d _
dun+1 Up+1
implying that
dg: —0
dunJrl
and so
g1 = Cl)

a constant. Integrating (3.73) now yields
fo(tni1) = 2C1upi1 + go + Co,
where Cy is an arbitrary constant and so we have
f (U, tpi1) = —Chruy, + 2C1un11 + go

and

G(Unt1, Unta) = go + Crtna,

(3.69)

(3.70)

(3.71)

(3.72)

(3.73)

(3.74)

(3.75)

(3.76)

(3.77)

(3.78)

where we have ignored the additive constant Cy. Substituting back in (3.65) and recalling that

g(un+17 un+2) = f(un—i—lv un+2) requires

gO(unJrl) = —ClUp41.
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Therefore,
f(una U’n-i—l) = Cl (un—i—l - un) (380)

We conclude that a first integral of (3.62) is
I =tup 1 — Uy, (3.81)

or any function of I. [ |

Thus one can use symmetries of OAEs to obtain first integrals much like the case of ODEs.

3.6.2 Reduction of order of ordinary difference equations
Consider the system of ¢ coupled “first-order” difference equations
ui(n+1) = F(n,u1(n),us(n),...,uq(n)), i=1,...,q. (3.82)

Theorem 3.6.2 Assume that this system is invariant under the one-parameter infinitesimal

evolutionary point transformation [50]

n = n
ui(n) = wi(n)+ev(n,u(n)), i=1,...,q (3.83)
where u = (uy, ..., uy). Then (3.82) reduces to ¢ —1 OAEs. [ |

The proof of this theorem is analogous to that of reduction of order by canonical coordinates

for ODEs. Firstly, any infinitesimal point symmetry generator

0
X, =Q;(n,u’ 4 3.84
Qi) 5 (3.5)
can be transformed into
Y=y
wi(y) = wily), i=1,...,¢—1
wi(y") = we(y) +e, (3.85)
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by introducing a canonical variable

y=n(n,u), w=C_(n,u). (3.86)

For ODEs, the above condition is sufficient to prove reduction of order (see for example [48]), as
any transformation of (3.86) takes an ODE into another ODE. An OAE however is not always
transformed into another OAE by a general transformation as given in (3.86). A sufficient

condition for this to happen is that the transformation must be of the form [4§]
y=mn, w=_(n,u). (3.87)

In other words, the symmetry needs to be a point evolutionary symmetry transformation since

(3.83) yields (3.86). We then know that in terms of n and w, (3.82) takes the form

w;(n+1) = Hi(n,wy(n),...,w,1(n)), i=1,2,...,q (3.88)

wy(n) = Hy(n,wi(n),...,we1(n)). (3.89)

Note that (3.89) is decoupled from (3.88) and can be trivially solved for w, in terms of
n,wi(n),...,we—1(n). Note that successive reduction of the number of equations by one re-

sults in the resolution of the entire system.

Corollary 3.6.3 A system that possesses one evolutionary symmetry generator possesses in-
finitely many such generators [42]. That is because (3.88) and (3.89) are invariant under the

infinite-dimensional symmetry group generated by the infinitesimal transformations

n* = n,
wi(n) = win), i=1,2,...,q—1

wr(n) = wy(n)+ eA(n), (3.90)
where X is an arbitrary unit periodic function. |

This also explains why the above reduction of order will not necessarily work for ordinary

differential-difference equations or for difference equations with incommensurate spans.
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Example 3.6.4 We found the characteristics of symmetry generators of (3.42) to be linear

combinations of

Q1 = Un, Q2 = nui? Qs = Ui (3.91)
Consider the symmetry
0
X =u,—. 3.92
Un g (3.92)
The resulting first order prolongation is
0 0
Xy, R 3.93
u o, +u H@unH (3.93)
This gives the invariant
Un+1
= . 3.94
oy = 2t 3.9
Substituting in (3.42) gives the condition for v, namely
2
il = , 3.95
Un+1 1— 20, ( )

which has order one. Therefore the order of the equation has been reduced by one. Note that

from any given starting value vy, one can find the value of vy for any k. |

3.6.3 Linearization of ordinary difference equations

Theorem 3.6.5 A nonlinear OAE is linearizable iff it admits a factorisable symmetry of the

form [9]
X = A(n)G(un)% (3.96)
[ |
We prove this result for the family of second order OAEs of the form
Uny2 = F([u]), (3.97)
where
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If X is a symmetry of (3.97), then

X unsz = F([u])) upsamr(up=0- (3.99)

We assume a symmetry generator of the form

X = A(n)G(un)a;zn (3.100)
Then (3.99) becomes
oF oF
An+2)G(F([u])) = A(n + 1)G(ups1) (lu]) + A(n)G(uy,) () (3.101)
8Un+1 aun
Assuming A # 0, we separate (3.101) into
OF ([u)) Aln+1) OF([u])  A(n+2)
= — F . .102
Gl o2 =~ Gl G S G () (3.102)
Differentiating with respect to n we obtain
An+1\ oF() [Amn+2)\
ek ShL = | == F ) 1
If A is not unit-periodic, we have
(“5) _ Glu) oP()
n Un+1 u
_ T 3.104
(A(n+1)>' G(F([u])) Ounsr b ( )
A(n)
where I'; is a separation constant. Rearranging the second equation, we obtain
OF ([un])
v 1h (3.105)

G(F([u]))  Gluns)

Hence, integrating with respect to u,., gives

F([u]) dc untl e
[ aen Gt (2100

Replacing G(unﬂ)%@ via (3.105) in (3.102), separating and integrating, we obtain (taking
(3.106)) into account)
F([“D dg Un+1 dg Un dg
—— =T —— +T — + 1, 3.107
I awn] agrd ae 10
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where I'y and I's are also constants. If we let

Y
w, = / i (3.108)

then (3.107) reduces to
Wpy2 = FlwnH + Fgwn + Fg, (3109)

which is linear.

Example 3.6.6 Equation (3.42) was shown in example 3.5.3 to possess the symmetry

(3.110)

which is factorisable with A =n and G = u?.

The homogenizing variable w s given by setting
/S 1
= o 3.111
wn= [5G = (3.111)

in (3.108). Equation (3.42) now becomes

Wpio — 2Wpy1 +w, =0 (3.112)

with solution
w, = nd,, + \,. (3.113)

Thus
1

R — 3.114
“ no, + Ay, ( )
where § and \ are unit periodic functions, is the general solution of (3.42). |

Note that for this example, some authors have used an alternate method of finding symmetries
by taking the Laurent series expansions (see for example [54]). Such a method, (repeated in
[50]) is particularly limited as it is not always obvious to recognize the pattern when we expand
the Laurent series. One could rather find all the point symmetries of the equation using the

LSC [24] and choose the evolutionary and factorisable ones to perform linearization.

We realize that linearization of OAEs is possible when we apply conditions given in the literature
[9, 50, 54]. We have also applied Lie groups to reduce the order of OAEs. It would be interesting

to investigate the applicability of this linearization technique in PAEs in detail.
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Chapter 4

Symmetries of Partial Difference

Equations

4.1 Introduction

Integrable systems are those that, although highly nontrivial and nonlinear, are amenable to
exact and rigorous techniques for their solvability. They can take many shapes or forms:
nonlinear evolution equations, PDEs and ODEs and AEs, Hamiltonian many-body systems,
quantum systems and spin models in statistical mechanics. A large number of mathematical
techniques have been developed to disentangle the rich structures behind these systems [26]. In
this chapter we confine ourselves to integrable PAEs. They have been classified in terms of the
Adler-Bobenko-Suris (ABS) series. The discrete potential Korteweg-de Vries (dKdV) equation

is a popular example of such a system. We will investigate its symmetries in detail later.
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4.2 Determination of symmetries of partial difference

equations

4.2.1 Method

Consider the equation

w(m,n, ugg, 10, Uo1, u11) = 0, (4.1)

where m and n are the independent variables, ugg is the dependent variable denoting u,,, and
the u;;’s denote the forward shifts 7 times in the m direction and j times in the n direction, i.e.,
u;; = u(m+i,n+ j) = S SIugy. We use the method of the LSC (see section 3.3) for PAEs.

We consider the symmetry in the form

0
X = Q(manaufloau0717u007u107u01>8 : (4.2)
oo
We require
XPlw| _ =0, (4.3)
with
0 0 0 0
X = Sm@Q)m— + (S0Q)=— + (SmSn : 4.4
@ + Q)aum + Q)au(n +( Q)aun (4.4)
Lie point symmetries of AEs restrict the arguments of @ to @ = Q(m,n,uw). However,

considering higher symmetries is more interesting [41]. We assume symmetries that depend

upon the values of m and n on a square centered at ugy as shown in Figure 4.1 [52].

With this representation, we can use ) as in (4.2). Such a symmetry is termed a five-point

symmetry [52]. The LSC (4.4) becomes
Qquo + SmeUlo + SanuM _I_ SmSanuH = O (45)

Let @;; be the result of solving (4.1) for u;;. Then (4.5) can be written as

Q (oo (woo, U—11, Uo1), Uoo(U1—1, Ugo, U10), W00, U105 U01)Wagy
+ Q(Uom U1—1, U10, U20, Un)wuw + Q(U—m Upo, U1, U11, U02)wu01

+ Q(uo1, 10, U11, U11 (W10, U0, Ur1), Ut (Uor, Unt, Uo2) )Wuy, = 0, (4.6)
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Uo1
@ *—
U—10 Uoo Uio
o @Uo-1 o

Figure 4.1: Form of a five-point symmetry.

where we have suppressed the m and n dependencies. As before (in section 3.5), @) has varied

arguments. To make progress we differentiate (4.6) with respect to u_q; and u;_; and obtain
82

m@(ﬂoo(uoo,u—n, Uo1), Uoo(U1—1, Uoo, U10); Uoos U10, Uo1) = 0. (4.7)

Integrating yields () as a sum of functions in a simpler form, i.e.,
— m n
Q(m,n, u_10, Uo—1, Uoo, U10, Uo1) = Q™ (M, N, u_10, Ugo, U10) + Q" (M, N, Uo_1, Uoo, Uo1),  (4.8)

where Q) is the contribution from the m direction and Q" from the n direction of the two

dimensional map. Substituting @ in (4.6) we obtain
(Qm(ﬁoo(uooa U_11, U01)7 Uoo, Ulo) + Qn(ﬂoo(uqb Upo, Um), Upo, Uo1
+ (Q™ (w0, 10, ug0) + Q"™ (w1-1, uo1, U1
+ (Q™ (u—11, wo1, u11) + Q" (ugo, Uo1, U2
+ (Q™ (uo1, U1y, Ui (U10, U0, u11)) + Q™ (Ur0, Ur1, U1 (Uor, Ury, Uoz)

Differentiating with respect to usg we obtain

Waro 5 Q™ (W00, U10, U20) + Wayy 7—— Q™ (o1, 11, U11 (10, U20, U11)) = 0. (4.10)
8u20 8u20

The arguments of Q™ are still varied. We divide (4.10) by w,,, and differentiate the resulting

equation with respect to ug; to obtain

0 <wul1 0

8u01 wuw 02@0

Qm(um,U11,U11(U107U20>U11))> =0. (4.11)
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Differentiation of (4.9) with respect to upy gives rise to the expression

0 0 _
Wags = Q" (Uoo, Uo1, Uo2) + Way, 57— Q" (U10, U11, W11 (Uo1, U11, Ug2)) = 0. (4.12)
8U20 aUOZ

We divide (4.12) by wy,, and differentiate with respect to uyo to obtain
9, (wun 0
Ou1g \ Wy, Ouig:

We need to solve (4.11) and (4.13) for @™ and Q" respectively. Note that so far, we have

Q" (w0, w11, w11 (uo1, 11, U02))) = 0. (4.13)

differentiated the determining equations (4.9) twice. This has created a hierarchy of functional-
differential equations that every five-point symmetry must satisfy. The unknown functions Q™
and Q" can be found completely by going up the hierarchy, a step at a time, to determine more
constraints. As the constraints are solved sequentially, further information is gained about these
functions. At the highest stage, the determining equation is satisfied and the only remaining

unknowns are the constants that multiply each symmetry component.

In the case of the dKdV equation [1]

w = (u11 — ugo)(uro — um) + 6 — «, (4.14)

this method gives rise to the symmetries [52]:

-2
X3 = (—1)"””(9%0O
Xy = Uooa 8 ﬁ
X5 = (1)m+nU00%
1
Xo = U1o0 —1U710 a?éoo
A= o1 — Uo-1 a?éoo 5
Xs = U1 inuw Ougo  da
Xy = o o._9 (4.15)

Upr — Uog—1 Ougp 35

It is a simple matter to verify that they satisfy (4.9).
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4.3 Uses of symmetries of partial difference equations

Given a system and its symmetries, we hope to be able to use these symmetries to analyze the

equation. We state and prove the liearization theorem for PAEs.

Definition 4.3.1 A function u : C¥ — C is totally periodic on P if
Uy =u VYa€P (4.16)

Definition 4.3.2 A function F' : E — C has a mazximum rank if there is a generator X of
symmetry on E such that [48]
X(F) |p=0= 0. (4.17)

We are now in a position to state and prove the linearization theorem.

Theorem 4.3.3 Assume that an autonomous, meromorphic PAE of maximum rank is given

by
F([u])|p =0, (4.18)

where F : JL(E) — C and JX(E) is the discrete P-jet space on the manifold M(C). If (4.18)

has a factorizable evolutionary symmetry generator
X(n,u) = A(z)G(u)— (4.19)

with A € M(C) minimally P-periodic defined on the manifold M andn = (n*,n? ... n*), then

in the coordinates (m,w) given by

m(n) = n
win,u) = / —C (4.20)
’ G(¢C
the PAE is linear with constant coefficients [50]. ]
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Proof

The equation under consideration is of Pth order and so, the Pth prolongation of X is given

by

0
X =S G ua)) =—- (4.21)
= " Qugagy))
Imposing the invariance condition yields
oF
Zj]‘iglA(n + )G (u(q)) [ = 0. (4.22)
(o) F([u])=0
Assume that % # 0. (We could always choose P in such a way that this is possible
together with maximum rank.) Equation (4.22) becomes
_ OF ([u
EQ/IZOIA(TL + Oz(k‘))G(U(a(k))) B ([ ]) =0. (4.23)
Wa(k) | p([u))=0

Splitting the first term and dividing it by A(n + a(1)) # 0 makes the left hand side of (4.23)

independent of n. We have

OF ([u])
—G(u@y) Tttt

OF ([u])

An+ ok
(a(k))

=2 A(n +a

=0.  (4.24)
F([u))=0

—~
—

~—

~—

F([u)=0
The autonomy of F' allows the n/ to remain independent of u,). Thus differentiating (4.24)
with respect to any of the n’ makes F to vanish on the left hand side. Additionally, since A is
totally periodic on P, there exists at least one generator of symmetry X on C" with which we
can operate without making the right hand side zero as well. Hence, (4.23) reduces to

OF ([u])

= 0. (4.25)
(o)) F([u])=0

Skt Aapin ()G (t(agm))
It has been established (see for example [9]) that p(p) can be chosen so that
A A0, Vp< M~ 1. (4.26)

The process of dividing and differentiating can continue until we have completely separated

variables and (4.25) reduces to

M—2 OF ([u])
Aa(M—l);H(M72)<n) o G(U(O‘(M_Q)))BU(MM%)) 4.97
B B OF ([u]) ' ( )

M-2
Aa(M—Q);u(M—Q) (n) F([u])=0 G(U(Q(M—l))) Ou(a(M-1)) F([u])=0
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Therefore each side of (4.27) is equal to a constant, I"y;_1 say, commonly known as the separation

constant. The right hand side of equation (4.27) evaluates to

1 (9u (a(M—-1)) 1
=Ty . (4.28)
G (w(a(rr-1)) Oth(a(nr-2)) G (w(a(r1-2)))
Integrating (4.28) with respect to u((ar—1y) results in
Uea(M-1) (¢ /“(a(Mz» d¢
[ G e Giey + Qeunlu) (429)

where Qq1—2)([u]) is the constant of integration and hence does not depend on w(ar—2))-
Considering now that

OF ([u])
(a(ky)

=0, (4.30)
F([u))=0

Sl s A s (MG (Wamy)

we apply the separation of variables to equation (4.27) and substitute

OF ([u]) OF ([u])

FM—lG(U(a(M—l)))— = G(U(Q(M_Q)))— (431)
Ota(rr-1)) Ota(r-2))
into (4.30). This yields
b DA on () F Ay uon—y ()
M-2 — AM 3 ( )
a(M=3);u(M—3) F([u])=0
OF ([u
B G (taqr-3)) g (432)
- oF : :
G(u(a(Mfl)))au(a(M_l)) ([u]) ()0
We integrate the right hand side of (4.32) and obtain
UaM-1) (¢ UaM-3)) (¢
—— =1y —— + Qum— . 4.33
J T TR R R NN (433)

The process of differentiating and separating continues and we get at the end of the chain of

separation the sequence

Ua(M—1) dC B ua(IMfS)i
/ m = FMl/ G(<)+Qa(M—2)

Ha@=1)  d( _ te) d¢
/ G() Fl/ Ea) + Qago) ([u]), (4.34)
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where the function €2,(;), is taken as the constant of integration as it is independent of u ;)

for all j. If we define

ali) ¢
Wa(j) :/ —G(C)’ (4.35)
the above sequence yields
Wrr—1 — E,]y:BQFkHwa(k) — F(] |F:0: 0. (436)

This is a linear, constant coefficient PAE resulting from the nonlinear one originally considered.ll

Example 4.3.4 For the nonlinear PAE [9, 54]

<U20\/ 1+ uf) +un \/1 + U%o) (\/(1 +udy) (1 + ugo) + Uooum)
— (U()l\/ 1+ U%O + Upo 1/ 1+ U%O + Uoo\/l + U(2)1> (\/(1 + U%O>(1 + U%l)lLHUQ()) =0 (437)

where u;; indicates the simultaneous shifts i times in the first independent variable and j times

in the second. In this case, the set P is given by
P ={(0,0),(0,1),(1,0),(1,1),(2,0)} (4.38)

and it can be shown that equation (4.37) admits the evolutionary factoraizable symmetry

0
X(z,y,u) = (14 2%3Ysin(my) + 2% sin(mx) + 2Y)V'1 + u28—. (4.39)
U
Note that the factor
A(x) =14 2%3Ysin(my) + 2% sin(mx) + 2Y (4.40)
1s minimally P—periodic. By Theorem 4.3.3, the transformation
w(u) = —— = arcsinh(u 4.41
w-[ &5 (w) (4.41)
can be used to linearize the PAE (4.37) to the linear PAE
Wop + W11 — W1 — Wog = 0. (442)
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4.4 Conservation laws of partial difference equations

A technique for obtaining conservation laws of PAE was investigated by Hydon [26]. The
method has an important feature in that it does not use symmetries and is not based on
Noether’s approach. As such, the system under analysis does not have to admit a Lagrangian
or Hamiltonian. It is important to note that the equation need not be integrable as the con-

servation of conserved quantities must be maintained after discretization of a DE [26].

Consider a PAE of the form
E(uoo, u10, uor, u11) = 0, (4.43)

where v is the dependent variable denoting u,,, and wu;; is the denotes the forward shifts ¢
times in the m direction and j times in the n direction. That is u;; = Uy, = St SIugg. In this
work, we will rewrite (4.43) as

Ui = Z(Uom U10, U01), (4-44)

or

1o = (oo, Uo1, U11)- (4.45)
A conservation law of equation (4.43) is an expression of the form
(S —id)T* + (S, —id)T* =0 (4.46)

that is satisfied by all solutions of (4.43). T" and T? are the components of the conservation

law T" and id is the identity mapping [46].

Conservation laws that depend only on wug, ug; and uy are known as 3-point conservation laws.

In this case we have
T' =T (m,n,u, uo1), T =T?(m,n,ug, u). (4.47)
Substituting (4.47) into (4.46) yields
T (m+1,n, ug, ur1) — T (m, n, ugo, uor) + T2 (m, n+1, ugy, ur1) — T?(m, n, ugo, u1g) = 0 (4.48)
and replacing u;; by z yields
T (m + 1,1, u19, 2) — T"(m, 0, ugo, uor) + T (m,n + 1,ugy, 2) — T?*(m,n, ugo, u19) = 0. (4.49)
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In order to eliminate terms dependent on z, we apply the differential operators

0 zZuy 0O 0 zZu, 0O

Dl D2

(4.50)

= J = )
Quor  Zug, OUgo duiy  Zug, Qoo

which commute, to (4.49), where z,,, = 8‘?;. Note that z is invariant under the operators D,
and D;. We then have
D1D2(T1(m, n, Uopo, U01> + T2 (m, n, uopo, ulo)) = 0 (451)

To make progress, we first eliminate one of the components, T? for example, and obtain a
condition for 7' only. This expression is obtainable via differentiation of (4.51) several times
with respect to specific variables. This PDE in T is then separated with respect to the powers
of uy; and a system of determining equations is obtained. We get additional information on 7™

by substituting (4.45) into (4.48). This gives
Tl(m +1,n,Q,uy;) — Tl(m, n, Ugo, Uo1) + T2(m, n+ 1, ugr, u11) — T2(m, n, ugo, 1) = 0. (4.52)

To eliminate terms depending on €2 we use the differential operators

o  Q 0 o  Q, 0
Dy = — v 2Dy = - . (4.53)
Oug: Quoo Ougo Ouqy Quoo Ougo
Equation (4.52) becomes
D3D4(—T1(m, n, Uopo, uOl) —|— T2(m, n + 1, Uo1, UH)) = 0 (454)

The process follows exactly as the one we just described, and yields another expression for
T (m, n, ugo, uo1) which is typically different from the one resulting from the substitution of
(4.44) above. We are then able to determine T". Notice that if we eliminated 7" instead of
T? in (4.51), we would have obtained a differential equation in 72 (by differentiating several
times, this round, with respect to ug;). The obtained expression would then be separated with
respect to the powers of u;; and would have yielded an overdetermined system of PDEs in 72.

However, it is possible to obtain T2 directly from (4.46) after we have T using
T? = — (S, —id) ™" (S, —id) T". (4.55)
We illustrate the details in an example.
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Example 4.4.1 The dKdV equation (4.14) for  —«a = —1 can be written in either of the

forms

1
Uyl =2, 2= ————— -+ Ugo (456)
Uo1 — U10

or

1
U0 = Q, Q= — =+ Ugpq.- (457)
U1 — Uoo
As we seek 3-point conservation laws, we restrict ourselves to the T"’s defined via (4.47) and
proceed as in equations (4.48) to (4.49). To get rid of T'(m+1,n,uy, ), we apply the operator

D to (4.49) to obtain

1
TJOI(’”% v, Upo, U01)+Tu01(m7n+177ﬁ017 z)— (o1 — wr0)? (TJOO (m, n, oo, Uo1) — Tuoo (m, n, ugo, Ulo)) = 0.
(4.58)
We now eliminate the term T?(m,n + 1,ug1, 2) by applying Dy to (4.58). We obtain
Tligo + T’L?go - (u10 - UOI)Q(TQ}O()U(H - T’L?ooulo) - 2(”10 - UOI)(TUI,OO + Tioo) = 07 (459)

which is the equivalent of (4.51). Differentiating (4.59) three times with respect to ugy yields

le 3 (Ul(] — Ugl) 711 4 + 4(U10 — uol)Tl 3 = 0, (460)

Upo Uy U0 Uy UooUG

which is a functional equation that can be separated into an overdetermined system. To do so,
we notice that T is independent of uyy. Hence one could separate (4.60) with respect to the

powers of uiy to obtain the system

2 . 1 —

Uy Toput, = 0

Uy 2u01 T,y s + 4T, 8 = 0 (4.61)
L: Tz}(%oug U’OlTuloou 4u01Tu00u = 0.

To obtain further information on T', we now substitute (4.57) into (4.48). We obtain
T (m +1,n,Q,u11) — T (m, n, uo, o) + T2 (m,n + 1, ugr, u11) — T%(m, n, ugy, ) = 0. (4.62)
Differentiating with respect to ugy and uiy keeping € fized gives

Tl Tjgl - (UH - UQ())Q(T + T2

U01 UoouU01 up1U1l

) — Z(Ull—uoo)(Tl —TQ) 0, (4.63)

U0 uo1
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with T? = T?*(m,n + 1, ugy, u11). To eliminate T? and its derivatives, we differentiate (4.63)

three times with respect to ug, to obtain

Tls 2 (U11 — U00>2T14 + 4(u11 — U()())T13 = 0. (464)

UooUo1 UppUo1 UppUo1

Equation (4.64) separates with respect to the powers of uy; into

iy Ty = 0
Upg - 2UOOT1}€§0UOI + 4TT}80U01 = 0 (465)
.ol 2 il 1 _
1: Tugou(z)l - uUOTugoum — 41{,00Tu30u01 = 0.
We solve this system together with (4.61) to obtain
Tl = C1UgoUp1 + CQU%OUOI + CgUOOU(QH + C4U§OU(2H + f1 + f2, (466)
with the arbitrary functions
¢; = ¢i(m,n) (4.67)
and
fi = film,n,uer),  fa= fa(m,n, ugo). (4.68)

We now focus on determining T?. Substituting (4.66) into (4.59) and differentiating twice with

respect to ugy yields

C1 + CoUugo + 203U10 + C4(2 + 4C4UO0U10) + T2 =0. (469)

UpoU10
Solving this equation gives
T2 = —<Cl + 204)UO0U10 — C2U80U10 — CgUOOU%O — C4U30U%0 + 51 -+ ga, (470)

where g1 = g1(m,n,u10), g2 = ga(m,n,ug). It remains to determine the functions ¢;, f; and
g;j. They can be found completely by going up the hierarchy, a step at a time, to determine

more constraints. Without loss of generality, the trivial conservation law

TO1 = (Sn - id)fQ
T2 = (S, — id) fy (4.71)
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can be added to T and T? respectively to remove the term fa(m,n,ugo) [26]. The same thing

can be done to remove the term ga(m,n, ug).
This implies that
T2 = —(e1 + 2¢4)ugour — 62u(2)0u10 — c;;uooufo - c4u30u%0 + g1, (4.72)
and
T = crugouor + coudgtior + cstooud, + caudoud, + fi. (4.73)

Substituting (4.72) and (4.73) into (4.58) gives

cr(m + 1, n)uigury + ca(m + 1, n)ufqurr + es(m + 1, n)uoud; + ca(m + 1,n)uiui,
+ fi(m 4 1,1, u11) — c1(m, n)ugotior — co(m, n)ugsuor — c3(m, n)ugou,
— ca(m,n)udoud, — fr(m,n,ue) — (cr(m,n 4+ 1) + 2c4(m, n + 1))ugrus
— co(m,n + Dug,uiy — cs(m,n + Dugiuiy, — ca(m,n + Dud,udy + gi(m,n+ 1, uy;)

+ (cr1(m, m) + 2c4(m, n) )ugouro + c2(m, n)udyuio + c3(m, n)ugui, + ca(m, n)udyul, — gi(m, n, uy)

Differentiating (4.74) 3 times with respect to uy1 and solving the resulting equation, we obtain
film 4+ 1,n,upq) = —g1(m,n + Lugg) + fs(m,n)uy + fa(m,n). (4.75)

We substitute the expression of fi into Ty and back into (4.74), taking (4.56) into account, then

we solve this equation by separation of variables and obtain

= 2¢4(m,n+1)
ci(m,n) = 2cq(m,n)

+ci(m,n
=0
+c

(m,n)
c1(m,n)
+ ca(m,n)
4(m, )
co(m+1,n) —ca(myn+1) = 0
ca(m,n)
cs(m,n+1) —cs(m+1,n)

)

cs(myn+1)—c3(mn—1) = 0, (4.76)
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with solution

es(m, m) = (—1)"1(Cy(—1)0) 4 (—1) /2 D). (4.77)
ca(m,n) = (=1)""C,. (4.78)

Note that we also have
co(m,n) = —cz(m,n —1). (4.79)

Hence we have

ci(m,n) = 2(=1)" (=1 - (=1)")Cy + (1),

ca(m,n —1)™(Co(—1)m M=l g (—1)lnmm=D/2 D)

)
)
gi(m,n,u0) =
fs(m,n)

)

f4(m,n -1 m+nF4. (480)

This process leads us to the conserved vectors

Ty = 2(=1)" (=1 —(=1)") Cy + (—=1)""Crugoue; + (—1)""Cyudyud,
+H(=1)™(Co(=1) =D 4 (=)D Dyyugyuon
+H(=1)™(Cs(=1)" ™+ (=1)"""™/2 Dg)uggug,
H(=1)™"Fy + (= 1)™ " Fyugy + (1) Ghug + Gs

Ty, = —=2(=1)" (=1~ (=1)") Cyugotirp — (—1)"T"Crugouro — (—1)™ " Chugous,
(DO o (1D

—(=1)" N (C(=1)"™ 4 (=) Dg)ugoud,. (4.81)

With specific choices of the constants C;, Ds, F; and G;, one may write the components of the
conserved quantities. We may therefore have the following: For Cy = Cy = D3 = Fy = G =
Gy =0,Cy=—F3=—C5 =1, we have

1 2 2
T° = wugoug — UgyUor + Ugo — Uot,

T2 = ugoulo—umu%o. (482)
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FOT’Ol:F4:GlzG2:O,OQZC3:F3:1,

T = (-1ym (Uoougl + uggUor — gy — u01) )

T = (=1)"™" (ugyuro + ueotyy) - (4.83)
FOT’Ol == —203 == —4F4 == —2,02 :C4ZF3 :G1 :GQ :0,

1
Tl = (—1)m+n+1 (UO()U(QH — 2U00U01 + §> ,

T = (=1)™" (ugouiy — 2uotioo) - (4.84)
For Oy = =2F; =1,y =C3=Cy1=F3=G1 =Gy =0,

1
Tl — (_1)m+n+1 (UO()UOl . 5) ’

T? = (=1)™" (ugouro) - (4.85)
These correspond to the ones given in [51]. |

The method illustrated above is called the three-point conservation law method because the
functions 1" are restricted to depend on m, n, ug, ug1 and uiy only. Relaxing this condition to
allow T to depend on variables m,n, u_11, U_10, Ugo, Uo—1 and T2 on m,n, u_iq, Uoo, Uo—1, U1—1
gives rise to five-point conservation laws [51]. The method uses the same technique, but involves
more lengthy calculations. However, it has been shown [51] that the five-point conservation laws
approach yields three additional conservation laws. One can find even more conservation laws
by considering seven-point or nine-point conservation laws. However, the calculations become
too complex. Gardner method allows us to systematically construct additional conservation
laws using the symmetries of the equation. It has also been proved that the symmetry method
yields infinitely many conservation laws for the dKdV equation. This method seams to be more
interesting than the direct method. However, since we are interested in the understanding of
finding conservation laws of difference equations, we prefer to build on the basic and simple

method first and the more involving ones will constitute our future work.

As a final comment, we observe that Hydon [25] discussed multisymplectic conservation laws.
This approach was applied to complex valued differential equations and differential-difference

equations.
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Chapter 5

Conclusion

5.1 Summary

We introduced the topic of differential equations in Chapter 1. Some examples of models de-
scribed in terms of DEs were briefly discussed. Thereafter, we motivated our interest in discrete
systems by giving some applications of AEs. A short background history of Lie symmetries

was also provided in this Chapter.

In Chapter 2, we introduced the concept of Lie symmetry analysis of DEs by defining some key
concepts. Thereafter, we gave the general algorithm for finding symmetries of DEs (ordinary
and partial). Additionally, the uses of symmetries of DEs were discussed: Reduction of order
was illustrated via an example. We also calculated first integrals and discussed the concept of
transformation of equations and illustrated the processes by use of examples. For PDEs, we
were able to find group-invariant solutions and introduced the concept of optimal systems. We
reviewed the work on conservation laws, and an explanatory example was given to illustrate

one of the methods. Other methods were also listed.

In Chapter 3, we introduced the application of Lie symmetry analysis to DAEs and defined
some key concepts. Thereafter, we showed that the method for finding symmetries of DAEs is
similar to that of DEs. As an example, we constructed the solutions of the Toda system using

its symmetries. For OAEs, we realized that the method for finding symmetries of DEs could not
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just be simply extrapolated to the purely discrete case. In this case, we only consider continuous
transformations of the dependent variable. The uses of symmetries of OAEs were discussed.
We introduced first integrals of OAEs and we were able to reduce the order of an OAE. We

also linearized OAEs using a special type of symmetries — the factorizable symmetries.

In Chapter 4, we applied symmetry analysis to PAEs. We outlined the method and verified the
results for the dKdV equation. The uses of symmetries of PAEs were discussed and we linearized
a highly nonlinear PAE using its factorizable symmetry. We also studied the conservation laws

of PAEs and illustrated the direct method via a special case of the discrete KdV equation.

5.2 Observations

A comparative study shows that just like in the case of differential equations, in difference
equations we can transform solutions into solutions or reduce difficult problems to simple ones.
However, we have seen that the point symmetry methods used in differential equations need to
be modified in difference equations. Given the fact that the independent variable is now discrete,
we are no longer able to apply the continuous differential operator to it in the symmetry vector

field (This excludes differential-difference as some independent variables are continuous [26].).

For differential equations, either the equations are already known and group theory is used to
solve them, or the symmetries of the problem at hand are known and are used to build the
theoretical model - the symmetries precede the equations. This is also applicable for difference
equations, but we note some challenges: The physical process described may be discrete and the
lattices involved may be real physical objects. In linear theories such as quantum mechanics, or
quantum field theory on a lattice, generalized point symmetries are most appropriate. This is
also true for nonlinear problems on given fixed lattices [24]. They may mainly be used for the
same motive as in the continuous case - to identify integrable systems on lattices. This method
can also be used to generate more interesting solutions from known trivial ones. One of the
interesting features of point symmetries of differential equations is that dilations particularly
appear as generalized symmetries of difference equations [16].

For nonlinear difference equations in physics, we have in mind the situation when the processes
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are actually continuous and are described in terms of differential equations. The problem is
then discretized so that it can be solved (see for example [17]). Since we then have to choose
the lattice, we can do so to preserve symmetry. Difference equations and lattices form parts
of the difference scheme and the lattice is just part of the solution of the scheme. Therefore
we can restrict to point transformations, but this will act the same time on the lattice and the

solutions.

5.3 Open problems

The concept of symmetry adopted lattices [15, 16, 39] and the use of Lie point symmetry for
linearization condition for difference equations (see for example [9, 54]) still need attention.
Numerical methods for differential equations have also been left out so far - making use of their

symmetry properties or the treatment of asymptotic symmetries for difference equations.

The use of Umbral calculus constitutes interest for further studies in the field of symmetries of
difference equations. Furthermore, in calculating the symmetries of difference equations (during
the process of linearization) in Chapter 3, we faced the difficulty of not being able to recognize
the pattern easily for the Laurent series approximations. The development of some computer
algebra (see for example Sym [13, 14], Lie [22], etc) would help bypass the complexity issue in
the calculation of symmetries and reduction of order. They may help create new packages for

discrete systems.

Moreover, while the classification of admitted symmetries has received exhaustive attention in
DEs, this aspect has not received much attention so far in the discrete case. For example, it
is unclear what is the symmetry group of linear second order OAEs. Indeed, it is unknown

whether all linear second order OAEs belong to the same equivalent class. The same issues

apply for PAEs.

Finally, we note that the work on conservation laws has focused on equations with only two
independent variables. Although Hydon [26] states in his conclusion that the method can be

used for n independent variables, no practical work has thus far been carried out to the best of
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our knowledge. The extension of this theory and its generalization may be of interest for further
research. Additionally, there are several methods for finding conservation laws of DEs which
could be modified to find those of AEs. Kara and Mahomed discovered a method for finding
conservation laws via symmetries and Lagrangian [35]. The quest for a discrete analogue of

these methods and the development of new ones intrinsic to AEs is the subject for future work.
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