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Abstract

We extend Huppert conjecture from finite non-abelian simple groups to finite quasi-
simple groups. Let cd(G) denote the set of degrees of ordinary irreducible characters of
G. Let H be a finite quasi-simple group and G a finite group such that cd(H) = cd(G).
We conjecture that G = H o A, a central product of H and A, where A is an abelian
group.

To give some evidence, we have established the conjecture for all quasi-simple
linear groups of dimension 2 in [14]. In this dissertation, we verify the conjecture for

the family of special linear groups SL3(q) with g > 7.

Vi
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natural numbers

integer numbers

real numbers

complex numbers

trace of a matrix

field

finite group G

order of G

character of finite group
Steinberg character of group S
set of all ordinary irreducible characters of G
set of all complex irreducible character degrees of G
identity element of a finite group
symmetric group of n objects
alternating group of n objects
isomorphism of groups

H is a subgroup of G

H is a normal subgroup of G
quotient group

center of G

conjugacy class of G
automorphism group of G
commutator of h,k € G
centralizer of g € G

commutator or derived subgroup of G



G” commutator subgroup of G’

HxA direct product of groups

HoA central product of groups

[G: H] index of Hin G

(h, k) cartesian coordinate of a product of two sets
lem(a, B) lowest common multiple of a, g € Z

(a0, B) or gcd(a, B) greatest common divisor of @, f € Z

alp a is a factor or divisor of 8
SL,.(9) special linear group of dimension n
PSL,(q) projective special linear group of dimension n over the field of g4 elements

I6(9) inertia group



Introduction

A group is abelian if every pair of its elements commutes, otherwise it is nonabelian.
A group with only two normal subgroups, namely the trivial subgroup and the group
itself, is called a simple group. A finite group H is said to be quasisimple if H is perfect
and H/Z(H) is nonabelian simple. Other important algebraic structures of interest in
our study are rings, fields and modules.

We shall work with a finite group G. Let FF be a field. The elements of F[G] are
formal linear combinations of finitely many elements of G with co-efficient in IF. F[G]

is an algebra over [F with respect to multiplication defined by a rule

[Z “gg] {Z bgg] = Y @b+

geG g€G 8€G,g’eG

A group P is a central product of two normal subgroups R and S if P = RS, and
[R,S] = 1. If p : G — GL(n,F) is a group homomorphism, then ¢ is a Matrix
Representation of G of degree 1, over the field F. A representation ¢ : G — GL(n, FF)
is said to be irreducible if has only trivial representations. The function y : G — F
defined by x(g) = tr(p(g)) is called the character of ¢. The value x(1) is called the
character degree. Amap x : G — Cisaclass function if it is constant on each conjugacy
class of G. Thus, the character is also a class function.

Lemma 0.0.1. (Isaacs, [10] ) Let G be a finite group.

1. A character is irreducible if it is afforded by some irreducible representation.



2. The irreducible characters of G form a basis of the vector space of class functions.

3. Two representations of G are equivalent if and only if the corresponding characters
are equal.

Let cd(G) be the set of all complex irreducible character degrees of G. The set of
character degrees of group G can be used to determine a certain information regarding
the structure of G. For example, the result of Isaacs and Passman in [8] asserts that if
cd(G) contains only 1 and primes then G is solvable.

It is understood that the structure of a finite group is not always determined entirely
by the set of its irreducible character degrees. For example, quaternion group (Qs) is a
solvable group with the same character degree set with S;. However Qg % S; X A for
any abelian group.

In the late 1990’s, Bertram Huppert posed a conjecture which, if it true, then a
simple group can be almost identified by its character degrees. Formally, Huppert
stated his conjecture as follows:

Huppert’s Conjecture: Let G be a finite group and H a finite nonabelian simple
group such that the sets of character degrees of G and H are the same. Then G = HXA,
where A is an abelian group.

Huppert himself in [9] has proposed five-step method to prove the conjecture a
given simple group.

Let G be a finite group and H a finite nonabelian simple group.

Step 1: Show G’ = G”. Then if G’ /M is a chief factor of G, G'/M = S; X S; X - - XS,
where S; = S, a nonabelian simple group.

Step 2: Show G’'/M = H, where H is a simple group.

Step 3: If 0 € Irr(M), 6(1) = 1, then I (0) = G, hence [M,G'] = M'.

Step 4: Show M = 1.

Step 5: Show G = G’ X C5(G'). As G/G" = C5(G') is abelianand G' = H



Then the proof will be complete.

Huppert verified the conjecture by a case-by-case basis for many nonabelian simple
groups, including the Suzuki groups, many of the sporadic simple groups, and a few
of the simple groups of Lie type [9]. Except for the Suzuki groups and the family of
simple groups PSL,(q), for g > 4 prime or a power of a prime, Huppert proves the
conjecture for specific simple groups of Lie type of small, fixed rank. Huppert verified
his conjecture only for low degrees of alternating groups, specifically 5 <n < 11.

In recent years, a substantial amount of research has been done on verifying Huppert
conjecture. Wakefield verified Huppert conjecture for the simple groups of lie type of
rank two [24]. Tong-Viet, Wakefield, Nguyen and others verified Huppert conjecture
for many other groups. In particular, they verified the conjecture for alternating groups
Ay, 12 < n <13 and the family of projective simple groups PSL4(g), for g > 13 prime
or a power of a prime.

In this dissertation, we seek to extend the Huppert’s conjecture from nonabelian
simple groups to quasisimple groups.

Huppert’s Conjecture for quasisimple groups: Let G be a finite group and H a
finite nonabelian quasisimple group such that the sets of character degrees of G and
H are the same. Then G = H o A, where A is an abelian group.

In our quest to achieve these result, we shall modify the Huppert’s method to suit
the quasisimple groups. The following pattern is proposed in [14] to approach the
conjecture in setting of quasisimple groups.

Step 1: Show G’ = G”.

Step 2: Suppose that G’/M is a chief factor of G, G'/M = 51 X S5 X - - - X Sk, where
S; = S, a nonabelian simple group. Show G’'/M = H/Z(H), where H is a quasisimple
group.

Step 3: Show that G’ is isomorphic to a perfect central cover of H/Z(H).



Step 4: Show that G = G’ o C5(G’) and Cs(G’) is abelian.

Step 5: Show that the covers of H/Z(H) have distinct sets of character degrees.
Combining Step 3 and 4, we have that H = G’ and it follows that G is isomorphic to
the central product of H and the abelian group C¢(G’).

Then the proof will be complete.

To give some evidence, we have established the conjecture for all quasi-simple
linear groups of dimension 2 in [14]. This work was carried out as a joint research
before planning Master of Science work.

In this dissertation, we verify the conjecture for the family of special linear groups
SLs(g) with g > 7. SL3(g) is a proper quasisimple group. i.e. It has a nontrivial center
if and only if g = 1 modulo 3. The case when SL3(g) has a trivial center was verified by

Wakefield in [25].



Chapter 1

BACKGROUND RESULTS

In our quest to verify the Huppert conjecture, we shall invoke and use available results
to enable us to prove our main theorem.

We first introduce the result that will enable us to verify that G is quasi-perfect.
Lemma 1.0.2. [ [24], Lemma 1.4] Let N < G and x € Irr(G). If ¢ is a constituent of xy,
then x(1)/1(1) divides |G : N|. In particular,

x(1)
ged(x(1),1G : NJ)

divides (1)

Definition 1.0.1. (See [ [21], pp 359].) Let x € Irr(G). x is said to be isolated in G if
Xx(1) is divisible by no proper nontrivial character degree of G, and no proper multiple

of x(1) is a character degree of G.

The following result is useful in the proof of Step 1. Please refer to Huppert [9]

and Tong-Viet [21].

Lemma 1.0.3. Let G/N be a solvable factor group of G, minimal with respect to being

nonabelian. Then two cases can occur.



(@) G/N is an r-group for some prime r. Hence there exists ¢ € Irr(G/N) such that
(1) = #* > 1 for some prime r. If x € Irr(G) and r 1 x(1), then xt € Irr(G) for all
T € Irr(G/N).

(b) G/N is a Frobenius group with elementary abelian Frobenius kernel F/N. Then
f=I1G:Flecd(G)and |F : N| =1, and F/N is an irreducible module for the cyclic
group G/F, hence a is the smallest integer such that r* — 1 = 0 (mod f). For every
Y € Irr(F), either |G : Fl(1) € cd(G) or |F : N| | (1) In the latter case, r divides

Y(1). Furthermore:

(1) If no proper multiple of f is in cd(G), then x(1) | f for all x € Irr(G) such that
r+ x(1), and if x € Irr(G) such that x(1) 1 f, then r* | x(1)*

(2) If x € Irr(G) such that no proper multiple of x(1) is in cd(G), then either f
divides x(1) or v divides x(1)>. Moreover if x(1) is divisible by no nontrivial

proper character degree in G, then f = x(1) or r* | x(1)*.

Proof. Statements (a) and (b) follow from [ [10], Lemma 3.12] and [ [10], Theorem
12.4]. Suppose G/N is a Frobenius group. Assume that no proper multiple of f is in
cd(G), and let x € Irr(G). Let ¢ be an irreducible constituent of xr. By [ [10], Lemma
6.8], we have that x(1) = ki(1) and by [ [10], Corollary 11.29] we obtaink | f = |G : F|.
By (b), we have that either fy(1) € cd(G) or 7 | {(1)>. Suppose r 1 x(1). Then r  ¢(1)
so that fx(1)/k € cd(G). As no proper multiple of f is a character degree of G, we
deduce that fx(1)/k = f so that x(1) | f. Now assume x(1) 1 f. Then r | x(1). Since
r ¥ f, we deduce that r 1 k, hence r | (1) so that fi(1) > f. Thus fi(1) is not a
character degree of G and so 7 | ¥(1)%. As (1) | x(1), thus (1) follows. Similarly, we



can prove (2).

Suppose that x is in Irr(G) such that no proper multiple of x(1) is in ¢d(G). Let
Y € Irr(F) be an irreducible constituent of yr. As above, we have that x(1) = ki(1),
k| f and either fy(1) € cd(G) or 7 | P(1). If the latter case holds then we are done
since (1) | x(1). Now assume fi(1) € cd(G). Observe that (1) = x(1)/k so that
fu@) = fx(1)/k € cd(G), where fip(1)/k is a multiple of x(1) since k | f. As no proper
multiple of x(1) belongs to c¢d(G), it follows that fx(1)/k = x(1), which implies that
k = f. Since k divides x(1), we deduce that f | x(1). The remaining statement is

obvious. The proof is complete. O

Definition 1.0.2. We say that 0 is extendible to G if there exists x € Irr(G) such that

the restriction (xy) of x to N is 6.

We shall need some results from Clifford theory. The next two lemmas are stated

as Lemma 2 and Lemma 3 in [9].

Lemma 1.0.4. Let N < G and x € Irr(G).

@ Ifxny=01+0,+03+ -+ +0,with 0; € Irr(N), then k divides |G : N|. In particular,

if x(1) is relatively prime to |G : N|, then xy € Irr(N).
(b) (Gallagher’s Lemma) If xy € Irr(N) then x0 € Irr(G) for every 0 € Irr(G/N).
Definition 1.0.3. Let H < G and 9 € Irr(H). Then
Ic(9) = {g € G|3¢ = I}

is the inertia group of 9 in G.



Lemma 1.0.5. Suppose N < G and 9 € Irr(N). By I = I(9) we denote the inertia

subgroup of ¥ in G.
@@ Ifd = Zle @; with @; € Irr(I), then (pic € Irr(G). In particular ¢;(1) |G : I| € cd(G).

(b) If 9 allows an extension 9, to I, then (9y1)¢ € Irr(G) for all T € Irr(I/N). In
particular 3(1)7(1) |G : I| € cd(G).

(c) If o € Irr(I) such that oy = ed, then o = Syt1¢, where 3y is a character of an
irreducible projective representation of I of degree 9(1) while 7 is the character of

an irreducible projective representation I/N of degree e.

Definition 1.0.4. The automorphism group of a finite group G, denoted by Aut(G), is

the set all the automorphisms of G under the operation of composition.

The following lemma will be used to verify Step 2 and 3.

Lemma 1.0.6. [ [1], Lemma 5] Let N be a minimal normal subgroup of G so that N
= 51X Sy X S3X %S, where S; = S, a nonabelian simple group. Let A be the
automorphism group of S. If ¢ € Irr(S) extends to A, then 6 X 6 X - - - X ¢ X ¢ € Irr(N)

extends to G.

This lemma assert that if an irreducible character y of S extends to the automor-
phism group of S, then x(1)f is a degree of G.

We shall combine the results from Lemma 1.0.6 with the next lemma to prove Step

Lemma 1.0.7. [ [19], Lemma 5.2] If S is a nonabelian simple group, then there exists a

nontrivial irreducible character 0 of S that extends to Aut(S). The following holds.



(@) IfSisan alternating group A, with n > 7, then Irr(S) contains at least five nonlinear

irreducible characters of different degrees which extend to Aut(A,). in particular,

n(n —3) (n—1)(n-2)

S has two consecutive characters of degrees > and > that both

extend to Aut(S).

(b) IfSis a sporadic simple group or the Tits group then there exist at least four dlistinct
nonlinear irreducible characters of different degrees of S which extend to Aut(S).
Moreover, if S is a sporadic simple group or the Tits group, then S has two nontrivial

irreducible characters of relatively prime degrees which both extend to Aut(S).

(c) (Schmid, [20]) If S is a simple group of Lie type then the Steinberg character Sts of
S of degree |S|, extends to Aut(S).

Definition 1.0.5. If G is a group, then we denote by Mult(G) the Schur multiplier
of G. A group H is called a covering group of G if there exists a subgroup A of
H such that A < H' N Z(H) and H/A = G. A covering group H of G is called a

universal covering group if |Z(H)| = |[Mult(G)|.

In this study, the cases for small values of g where the Schur multiplier has many
perfect covers, shall be called the exceptional cases. It follows that their Schur multiplier
will be called the exceptional Schur multipliers.

The following table provides us with the list of exceptional Schur multipliers. (See

Theorem 5.1.4 in [12])
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Table 0.1. Exceptional Schur Multiplier
L Mult(L)
PSL,(4), PSL3(2), PSL4(2), Us(2), Spe(2), G2(2), F4(2) | Z2
G2(3) Zs
PSL»(9), Spa(2)’, €27(3) Zy
PSL;(4) Zy X2y
U4(3) Zy X Zs
Us(2), *E4(2) Zy X Zs
Q;(Z), 2B,(8) Zy X 2

The following lemma will be used to verify Step 3.

Lemma 1.0.8. [ [9], Lemma 6] Suppose M < G" = G” and 03 = O for all g € G’ and
O € Irr(M) such that 6(1) = 1. Then M’ = [M, G’] and |M : M| divides the order of the
Schur multiplier of G’ /M.

Finally, we introduce the next two lemmas to extend the proof of Step 3 from simple

groups to quasi-simple groups. This lemmas appear in [14] as Lemma 3 and Lemma 4.

Lemma 1.0.9. If S = PSLs(g) with g > 7 and let A be an abelian group of order less
than or equal to [Mult(S)|, then |S| > |Aut(A)|.

Proof. We consider the linear groups S = PSLs(q) with g > 7. We have [Mult(S)| =
(3,9 —1) =1 or 3. Furthermore, |A] <1 or 3 and |[S| > 1 876 896. It follows that

IS| > |Aut(A)|, which imply the lemma. O

Lemma 1.0.10. Let H be SL;(q) with q > 7, G be a perfect group and M a normal
subgroup of G such that G/M = H and |[M : M| divides |Mult(PSL3(q))| . Then G/M’

is isomorphic to the cover of PSL3(q).
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Proof. As M/M'’ is abelian and normal in G/M’, we have

M M

—_ < s —
< Com (M)

G
q—.
M/
We first consider the case Cg(M/M’) = G/M’. Then M/M’ is central in G/M’ and
we deduce that G/M’ is a perfect central cover of G/M = H, which implies that G/M’
is a cover of H/Z(H), as wanted.
The lemma is proved if we can show that C¢;y(M/M’) cannot be a proper normal

subgroup of G/M’. Assume so, then

Comr(M/M')  G/M'

< =5 H
M/M’ M/M M
Therefore,
Comr (M/M")
<
MM <|Z(H)|
and hence
|Comr (M/M)| < |M/M'||Z(H)|.
Thus

G/M’ S |G/M]
Comr (M/M)1 |Z(H)|

= |[H/Z(H)|.

Since the quotient group on the left side can be embedded in Aut(M/M’) and M/M’
is abelian of order less than or equal to [Mult(H/Z(H))|, this last inequality leads to a

contradiction by Lemma 1.0.9. O



Chapter 2

VERIFYING HUPPERT’S CONJECTURE FOR SL3(q)

2.1 Results concerning the character degrees for SL;(g)

Let g = p/ for some prime p and integer f. We only need g = 1 (mod 3) and q > 7.
We consider this case only as there are many perfect covers for the group SL;(4). In
particular, the multiplier of this group has a structure Z, X Z,. Moreover, the case
when SL;(g) has a trivial center was verified by Wakefield in [25]. We postpone the
cases when g =1 (mod 3) and g < 7 to another time.

The list of irreducible character degrees of SL;(g) is obtained in [5]. cd(G) =
cd(SLs(9) = {1, 4%, 9(q+ 1), (4= D*q+ 1), 4@ +q+1), (= )@ +q+1), P +q+1,(q +
D@ +q+1), 3 -1+ 1), 3q+ 1)@ +q+1)}.

We shall examine the degrees of G and establish their properties. In particular,
we shall identify which degrees of G are nontrivial powers, consecutive degrees and
composite prime powers.

The following Lemmas are useful in the proof of step 1. All these statements but

the last appear as Lemma 3.1 and Lemma 3.2 in [25].

Lemma 2.1.1. The number g* + q + 1 cannot be written in the form y" for n > 1.

12
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Proof. As Nagell showed in [17], 4> + g + 1 = y" has no solutions unless n is 3. In
that case, as proved in [13], the only solutions are (g, y,n) = (18,7,3) and (g, y,n) =
(=19,7,3). As q is prime or a power of a prime, we see that neither of these cases is

possible. Thus ¢*> + g + 1 cannot be expressed as y" for n > 1. ]

Lemma 2.1.2. For q > 2, the degrees ¢°, q(g + 1), q(¢° + g + 1) and (g — 1)*(9 + 1)
are maximal with respect to divisibility among the degrees of SL5(g). Moreover, ¢*> and

q(q + 1) are isolated degrees of SLs(q).

Proof. The degrees ¢%, (7 —1)*(q + 1), (g + 1), q(g*> + g + 1) are maximal with respect to
divisibility among the degrees of SL3(g), since (g, (4—1)*(g+1)) = 1, (4%, (9—1)*(g+1)) =
L@g+q+) =@ +q+1)=1@G+LF+q+1)=1,@q+1)=(q+1) =1
and (4> + g+ 1,(g — 1)*(g + 1)) = 1. Examining the degrees of SL;(g), we observe that

%, (g + 1) have no nontrivial proper divisor in cd(SL3(g)) as required. m|

Lemma 2.1.3. For q > 7, the only nontrivial powers among the degrees of G are g°> and
possibly ¢ —1,(q — 1)*(g + 1) and (g — 1)*(q + 1)/3. The only degree of the form p® for

some integer b > 1is ¢°.

Proof. By Theorem 1 of [4], the product of consecutive integers g(g + 1) is never a
nontrivial power. As >+ g+ 1is notapower and (7,4> +q+1) = (g*+g+1,9+1) =1,
we have that > + g + 1, (4> + g + 1) and (g + 1)(g> + g + 1) are not nontrivial powers.

In the result of Nagell [17], the equation x* + x + 1 = 3y" has only the trivial
solution (x = y = 1) if n > 3. When n = 2, this equation has infinitely many solu-
tions. Even when x is a prime power, we have for example (x,y) = (313,181) and

(2288805793,1321442641).
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We are left to show that (g + 1)(4*> + g + 1)/3 is not a nontrivial power. Suppose
by contradiction that (g + 1)(g* + g + 1)/3 = y" for some integers n > 2 and y > 2. By
Nagell [21], we obtain that n = 2. Next, we have 3 | ¢*> + g + 1 since g = 1 (mod 3) and
g >3. Since (+1,(¢4* +q+1)/3) = 1, we deduce that > + g + 1 = 34* and g + 1 = b?
for some integer a,b > 2 with y = ab. Since b? is congruent to 0 or 1 modulo 3, we
deduce that g = b* — 1 is congruent to —1 or 0 modulo 3, contradicting our assumption
that g = 1 (mod 3).

O

Lemma 2.1.4. The pairs of consecutive integers among character degrees of G, for g > 2,
are

q(q+1)andq2+q+1

as well as

7> —1and ¢

Proof. Consider g > 2. g*> + g and g*> + g + 1 are coprime degrees of G, since for
(0,9 +g9+1)=1and (9 +1,4° + g+ 1) = 1. Hence, it follows that (4°,4* + g + 1) = 1.
As g > 2, combining the fact that (g,4° + g+ 1) = 1 and (3,9 — 1) = 1, we have

@ (@ +q+1g-1))=1 =

Definition 2.1.1. A number x is an n'" root of unity if x" —1 = 0. x is said to be a
primitive n' root of unity if n is the least integer of &« = 1,2,3, - -+, n for which x*—1 = 0.

A polynomial given by

D,(x) = H(x — &) where & are the primitive n' roots of unity in C
k=1

is called the nth cyclotomic polynomial.
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In the verification of Step 2, we shall use the classification of finite simple groups.
We shall eliminate other families of nonabelian simple groups to show that the only
possible group isomorphic to G'/M is PSL3(q). The simple groups of Lie type have
character degrees which involve cyclotomic polynomials in g as factors. We need the

following lemma to eliminate the simple groups of Lie type.

Lemma 2.1.5. The only possible divisors of the yth cyclotomic polynomial ®, are the

largest prime divisor of y (but not its square if y > 2) and numbers of the form 1 + ky.

2.2 Establishing that G is quasi-perfect when H = SL;(g)

A finite group is called quasi-perfect if G’ = G”. By way of contradiction, suppose
G’ # G”. Then there exists a normal subgroup N of G such that G/N is solvable factor
group minimal with respect to being nonabelian. By Lemma 1.0.3, G/N is an r-group

or a Frobenius group.

Case 1: G/N is an r-group for some prime r. By Lemma 1.0.3 (a), G/N has a character
degree 1* > 1. Therefore, 1 could be equal to 7. Hence, we need to consider the

case r = p and r # p separately.

Subcase 1(a): 7 = p. By Lemma 2.1.3, 4% is the only nontrivial prime power
degree of G, hence we deduce that 1** = ¢*> € cd(G/N). Let x € Irr(G)
with x(1) = g> + g+ 1. Then r { x(1). By Lemma 1.0.4 (a), xn € Irr(N).
Take 1 € Irr(G/N) with (1) = ¥ = g°. By lemma 1.0.4 (b), we obtain
nx € Irr(G), hence n(1)x(1) = 4°(4> + g + 1) € cd(G), a contradiction.

Subcase 1(b): r # p. Let x € Irr(G) with x(1) = ¢°. Then (r,x(1)) = 1 so
(IG/N|, x(1)) = 1 and thus xy € Irr(N). Take ¢ € Irr(G/N) with ¢(1) = 7.
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By Lemma 1.0.6 (b), we have ¢y € Irr(G) hence 'q® € cd(G) which is

impossible.

Case 2: G/N is a Frobenius group with elementary abelian Frobenius kernel F/N,

where |F : N| = r° for some prime r. In addition, f = |G : F| € cd(G).

Subcase 2(a): r # p. Let x € Irr(G), x(1) = ¢°. As r £ x(1) and no proper
multiples and no proper divisors of this degree are in cd(G), we deduce from
Lemma 1.0.3 that f = ¢g°. Hence r | {(1) for any C € Irr(G) with p + {(1).
Let ¢ € Irr(G) with (1) = g(g + 1) and let i € Irr(F) be an irreducible
constituent of gr. Since f = g°, by Lemma 1.0.2, we have ¢(1)/¢(1) | ¢°,
which implies that g + 1 | 1)(1). Moreover, we have fi(1) ¢ cd(G). Since
r # p by Lemma 1.0.3, we have 7° | gb(l)f?,. Asg>7and|G:F||r -1, we

have
= <r-1<y1)2-1<@+1P?=¢*+29+1<7°,
q Y p q q q q

a contradiction.

Subcase 2(b): ¥ = p. We have |G : F| = f € c¢d(G) and f # q(g3 +1). By
Lemma2.1.2, g(g+1) is anisolated degree of G and it follows by Lemma 1.0.3
that 7 | ¢°(g + 1)>. Hence r* | g>. Furthermore by Lemma 1.0.3, f | (r* = 1)
and we deduce that f < g — 1. However f < ¢> =1 < g% < g(g + 1), the
smallest nontrivial character degree of G. Thus f ¢ cd(G), leading to a

contradiction.

Therefore we have G’ = G”.
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2.3 Establishing G’/M = PSL3(q) when H = SL5(g)

Step 2 asserts that if G’/M is a chief factor of G, then G’/M = H/Z(H).
Suppose G’/M is a chief factor of G. By Step 1,

G,/M551X52X53X"'X5k,

where S; = S, a nonabelian simple group. We seek to prove that G'/M = H/Z(H) =
PSLs(q).

By Lemma 6.8 in [10] and Clifford theory, if N < K, then every degree of N must
divide some degree of K. Hence, the degrees of S must divide the degrees of G. By the
classification of the finite nonabelian simple groups, the possibilities for S include one
of 26 sporadic simple groups, the Tits group, the alternating groups A, for n > 5, the
ten families of simple groups of exceptional Lie type and six families of simple groups
of classical Lie type.

We must show that k = 1 and eliminate all possibilities except PSL3(g).

2.3.1 Eliminating the alternating, sporadic, the Tits groups when

k>1

Proposition 2.3.1. If S is isomorphic to an alternating group A, with n > 7, a sporadic

simple group, or the Tits group then k = 1.

Proof. By the isomorphisms As = PSL,(5) = PSL,(4) and A¢ = PSL,(9), the alternating
groups As, As can be considered as simple groups of Lie type. Thus, we consider
alternating groups for n > 7. By way of contradiction, suppose that k > 1 and
S is isomorphic to an alternating group for some n > 7. By Lemma 1.0.7, S has

nonlinear irreducible characters of distinct degrees 11,y,13, ¥4 and ¢5 which extend
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to Aut(S). By Lemma 1.0.6, we have ¢*,¢%,y%, ¥ and ¢f extend to G. However by
Lemma 2.1.3, there are at most four nontrivial powers among the degrees of G. Hence,
ifS=A,n>7thenk=1.

Moreover, if S is a sporadic simple group or the Tits group, then by Lemma 1.0.7,
S has at least five distinct nonlinear irreducible characters of different degrees which
extend to Aut(S). However, G has at most four possible nontrivial power degrees and

we obtain a contradiction as in the previous cases. m]

Proposition 2.3.2. The simple group S is not an alternating group A, with n > 7 for

k=1.

Proof. As n > 7, S = A, has irreducible characters 6;,1 < i

IA

3, which extend

to Aut(S) = S, of degree n —1,n(n —3)/2 and n(n —=3)/2+1 = (n - 1)(n — 2)/2,
respectively. So, n —1,n(n —3)/2 and (n — 1)(n — 2)/2 are degrees of G, where the
last two are consecutive degrees. Since n(n —3)/2 >n—-1>1andg(g+1)is a
non-trivial minimal degree of G, we deduce from Lemma 2.1.4 that n(n —3)/2 = ¢° - 1

and ¢ = (n — 1)(n — 2)/2. Since n > 7 and gcd(n — 1,n — 2) = 1, we can see that the

latter equation cannot hold. O

Proposition 2.3.3. The simple group S is not one of the 26 sporadic simple groups or

Tits group for k=1.

Proof. SLs(g) has at most 10 irreducible character degrees. For this reason, we shall
consider the following cases of sporadic simple groups with 15 or less extendible

characters of distinct degrees to argue that S cannot be one of them.

Case 1: SEM11,SEM12,SEM230I’SE]1
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For each of these sporadic simple groups, irreducible characters of consecutive
degrees extend to its automorphism group. The higher degrees of these consec-
utive degrees are not a prime power. For g > 4, the higher degrees of G are g°

and ¢°> — 1. Hence this is impossible.

Case 2: S = My

The simple group My, has irreducible characters of relatively prime degrees 45
and 154 which extend to Aut(My,). Examining the list of pair of relatively prime

degrees of G, we observe that this is impossible.

Case 3: S =? F4(2), the Tits group

This group has eight irreducible characters with nontrivial degrees which extend
to its automorphism group. 32 is the only power of a prime power which extends.
However, as g > 7, ¢° is the only character degree of G that is a power of a prime.

Hence, we have a contradiction.

2.3.2 Eliminating the groups of Lie type when k > 1

To eliminate the groups of Lie type when k > 1, we will require the Steinberg character

of these groups.

Definition 2.3.1. A mixed degree of S is a degree of S which is divisible by g but is not

a power of 4.

If S is a simple group of Lie type and yx is the Steinberg character of S, then x(1)

is a power of the prime p, where p is the defining characteristic of the group. By
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Lemma 1.0.7, x extends to the automorphism group of S. By Lemma 1.0.6, we have
that x(1)F is a degree of G. As the only composite power of a prime among degrees of
G is g%, we must have that x(1)¥ = g°. Hence, the defining characteristic of the simple
group S must be the same as the prime divisor of 4%, which is p. Now we will show
that k = 1 for the simple groups of Lie type. Let S = S(g1) be defined over a field of ¢,
elements.

We rely upon the following Lemma [Lemma 5.6 in [22]].

Lemma 2.3.4. If S is a simple group of Lie type and S # PSL,(q:), then S possesses an

irreducible character of mixed degree.
Proposition 2.3.5. If S is a simple group of Lie type and S % PSL,(q1), then k=1.

Proof. Suppose that k > 2. The Steinberg character of S extends to Aut(S). Thus, we
have Sts(1)f = g°. Take Sts(1) = q{. Since S # PSL,(q1), by Lemma 2.3.4, S possesses

an irreducible character of mixed degree, say 1. Since by step 1,
G,/MES1XSZXS3X"'XS](,

there is an irreducible character of G’/M found by multiplying k — 1 copies of Sts with
Y. Then (St’;‘lgb)(l) is @ mixed degree of G’/M. As the degrees of G’'/M divides the
degrees of G, we must have that the degree of this irreducible character divide one of
the mixed degrees of G. The highest power of g on any mixed degree of G is 1. We
have q{k = ¢° theng = q{m. The power of g; in (St5™'¢)(1) is at least j(k — 1). We must
have j(k — 1) < jk/3, which reduces to 2k < 3. Thus k < 2, a contradiction. Hence

kzllfS-;i—PSLz(ql) O

Since an alternating, the Tits, and sporadic groups have been eliminated as possi-

bilities for S, we have that S is a simple group of Lie type. We must eliminate the case
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when k> 1and S = PSL,(q1).
Proposition 2.3.6. The simple group S is not PSL,(q:) for any k > 1.

Proof. Suppose that k = 1. The degree of the Steinberg character of PSLy(q,) is q;. If
g1 is prime, it is impossible for g; = ¢°. If g1 is composite, then g1 + 1 = ¢° + 1 divides
a degree of G, which is impossible.

Now consider the possibility that k = 2. Here g7 = ¢°. Again, if q; is prime, it is not
possible that 42 = g°. If g; is composite, then (/4% + 1)% is a degree of G’ /M, hence
must divide a degree of G. This is a contradiction.

Finally, consider the possibility that k > 2. Then ¢ = 4°. Hence g = q’IB. Consider
the irreducible character of G’/M found by multiplying k — 1 copies of the Steinberg
character with a character of S of degree g, — 1. As the degree of this character must

divide a degree of G, we find that k —1 < k/3, which implies k < 2, a contradiction. O
Proposition 2.3.7. The group S is not a simple group of exceptional Lie type.

Proof. We will examine each of the families of simple groups of exceptional Lie type.
We will rely upon the results in Table 1 of [22]. We shall argue as in [22], [24] and

[25], to verify that S is not a simple group of exceptional Lie type.
Case 1: 522 By(q3), 4> = 2*"*!, m > 1. Now
Cd(2B2(q%)) = {1/ q;l/ 5]11 + 1/ (q% - ].)ﬂ, (q% - 1)b/ (q% - 1)1/1},

for q% = p2m+1 > 8’ U= %ql, a= q% + %ql + 1, and b = q% — %q1 +1. The Iargest

degree of 2By(q7) is (42 — 1)a = (77 — 1)(¢3 + %ql +1). As the Steinberg character

of S has a degree ‘1411/ we have g7 = ¢°, so tﬁ/g’ = g . The largest degree of G is
@+ D@ +q+1) =g +2¢7 +29+1 =g} + 2477 + 27 + 1.
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Using section 13.9 in [2] and results of Malle in [15], S =* B,(47) has a unipotent
character of degree (47 —1)u which is extendible to Aut(S). Hence G has a degree
u(q3 —1). Since g = q‘ll/?’, q is even and so u(q7 — 1) is an even degree of G but not
a 2-power, so u(q; — 1) = q(q + 1) or g(4> + g + 1). Comparing the even parts, we

deduce that u = 2™ = g = 24+2/3 which is absurd.

Case 2: S = Gy(q1)

Assume that g; > 2, otherwise G,(2) is not simple. As ¢, is a unipotent character
of S, it extends to Aut(S) and thus G has a degree ¢,,(1) = q1(q1 + 1)(4; + 1)/2.
By our assumption on g1, ¢25(1) is divisible by p but not a power of p since g7 = ¢q
and g5 + 1 is prime to p. So, ¢22(1) = q(q + 1) or g(q*> + q + 1). Now if p is odd,
then by comparing the p-part, we have g; = g which is impossible as g = g7. If p

is even, then ¢,/2 = q = 47, a contradiction again.

Case 3: S =* Gy(q]), q; = 3", m > 1.

Consider the character of degree

%@ql(ql g+ D+ 1) = %ql(qf ~ 1)@ + ).

This degree is a mixed degree, so it must divide either g(g + 1) or g(g> + g + 1).
This character degree is even as g; is a power of 3. Thus it must divide g(g + 1)

since g(g* + g + 1) is odd.

The Steinberg character of S has a degree 4%, so g = q3. Hence we have

(@i - D@+ g7 +1,

a contradiction.



23

Case 4: S is isomorphic to one of the remaining simple groups of exceptional Lie type.

For the remaining simple groups of exceptional Lie type, we will utilise the same
argument. S = S(g1) is a simple group of exceptional Lie type defined over a field
of q; elements. Now, suppose that the Steinberg character of S has degree qi. By
Lemma 1.0.6, ¢°> = q{, we have g = q{/3. For each of the remaining possibilities
for S, there is a mixed degree of S whose power on ¢; is greater than j/3. As the
mixed degrees of G have power of at most j/3, we have a contradiction. Table 1
exhibits the degree of the Steinberg character of S and a character degree which

will result in a contradiction.

Table 1. Eliminating simple groups of Lie type (See [22])

S= S(ql) St(l) Char of S X(l)p
Li1(q1) qll(l+1)/2 1,1,1,..,1,2) qll(l—l)/z
U (4?) g 1,1,1,..,1,2) -1
2 01 2 - [-21-11) ,
O2141(q1) q, - - gh-2+
2 01 2 - [-21-11 .
Su(q),p=2 ¢ o L, Lgr-am
S p>2 qF 2-21+1
Ay T 1 2 =2 T
01 2 -3 1-1
Oy ™ Pt 12-314+3
v 123 - 1-2 1-1 ) h
0012 -+ [-21
Oy ~ . 23142
21~ (q1) 7, Lo go ] g
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*Da(q)) 0’ s 0
Fu(q1) 7t $o,10 q,
21:4((]%) q%4 e’ in
Es(q1) 7° (6,25 qa
“Eo(d7) a° 716 qr’
E7(q1) g7 746 q°
Es(q1) e s o1 a3

Remark 2.3.1. Char of S denotes the character of S and x(1), denotes g;-part of the

degree of S.

2.3.3 Eliminating the Classical groups of Lie type when k=1
Proposition 2.3.8. The simple group S = PSL;(q)

Proof. S = S(q1) is a simple group of Classical Lie Type defined over a field of 4,
elements. The Steinberg character of S has a degree q{ for some j. To eliminate most
of simple groups of classical Lie type, we rely upon the same reasoning as Case 4 of
proposition 2.3.7. Now, suppose that the Steinberg character of S has degree q{. By
Lemma 1.0.6, ¢° = ¢/, so g = ¢//*.

For most of the possibilities for S, we can find a mixed degree of S whose power
on g, is greater than j/3. As the mixed degrees of G have power at most j/3 on q;, we
have a contradiction.

Table 1 exhibits the degree of the Steinberg character of S and the symbol corre-
sponding to an irreducible character of S of appropriate degree which will result in a
contradiction.

We shall use the same arguments as in [22], [23], [24], [25] and use the same
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notation as adopted in section 13.8 of [2]. We will proceed by examining each family of
the simple groups of classical Lie type separately. For S = PSU,1(43) or S = PSLy41(q1),
soifk =1, we musthave [(I-1)/2 < [(I+1)/6, which is not satisfied for [ > 2. Thus[ < 2
if S = PSU1+1(q%) or S = PSL;41(g1). Now, we will examine each of these possibilities
for [ separately.

Case 1: S = PSU,(q3) or S = PSL(q1)

This case was handled in Proposition 2.3.6.

Case 2(a): S = PSLs(q1)

In this case, we have ¢; = ¢, such that we have g = g, and the divisibility condition
is satisfied as the degrees of G are the degrees of SL3(q) which are different from the
degrees of S = PSL;(q).

Case 2(b): S = PSU;(q3)

Suppose the Steinberg character of S has a degree q{. It follows from Lemma 1.0.6

j3

1. For [ <2, there is a mixed degree of S = PSU},1(q7)

that q] = ¢°, such that g = g
which does not divide a degree of G.

Table 2 exhibits the degree of the Steinberg character of S and the symbol corre-
sponding to an irreducible character of S of appropriate degree which will result in a
contradiction.

Case 3: S = PQy *(q1), where | > 4. The degree of the steinberg character of
S = PQy *(q1) is 4"7'. As shown in Table 1, there is a mixed degree of S whose power
on qp is I* — 31 + 2. Using the same argument as in Case 4 of proposition 2.3.7, we
must have that

12—31+2sl(l;1),

which is not satisfied for [ > 1.
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Case 4: S = Oy,1(q1) or S = PSp,,(q1).
The degree of the steinberg character of S = O,,1(q1) or S = PSp,,(q1) is q’z. As
shown in Table 1, there is a mixed degree of S whose power on g is I> — 2] + 1. Using

the same argument as in Case 4 of proposition 2.3.7, we must have

12—21+1<E
<3

which is not satisfied for [ > 3. If g; is even, then the exponent on ¢; in the degree is
at least
P-21+1-(1-1).

But

2 P
P-2+1-(-1)<3

is not satisfied for [ > 4. Suppose that | = 2. For g1 # 3, the degree of the Steinberg
character is 3*, which cannot possibly extend to ¢°. S possesses a unipotent character
of degree ¢1(q7 + 1)/2 and g1(q1 — 1)*/2. The degree of the Steinberg character of S is

q;. Thus we must have that g = q‘lm. But these degrees cannot divide q‘f”(q‘l% +1) and

so they must divide q(3” +q +1) = 3¢ + 47

+1). Both these degrees must divide
q(q> + g +1). Hence g*> + g + 1 has factors q; — 1 and g + 1. This implies 4> + g + 1 has
a divisor congruent —1 modulo 3, in contradiction to Lemma 2.1.5.

From Section 13.8 of [2], we have that S = Oy,1(q1) or S = PSp,,(41) possess a

unipotent character corresponding to the symbol

M Ay Az o A
o=

H1 U2 .. Up
where0 < A3 <Ay < -+ <Azand 0 < g < pp < -+ <y, a—bis odd and positive,

A1, 4y are not both 0.
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Now suppose that [ = 3. In particular, from Section 13.8 of [2], we see that S has

a unipotent character x* of degree

1
X1 = 56731(671 + D@ - m+ 1)

corresponding to the symbol

When [ = 3, the degree of the Steinberg character of S is 47, so we must have that
q = q;. Hence x*(1) divides no degree of G.
Thus, this complete the proof, we have eliminated all possibilities of S except when

S is PSL3(q) as required.

Table 2. Eliminating PSL;.1(q1) and PSUy1(4?), 2 < 1 < 3 (See [23])

S=5(q1) St(1) CharofS x(1),
PSLy(q1) 4  Xpweny 1@
PSUs(7}) 47 Xpw-ny  §1P
PSLy(q1) 45  x®? q7Ps
PSUy(q) g7 X" g

Remark 2.3.2. Char of S denotes the character of S and x(1), denotes g;-part of the

degree of S.

2.4 Establishingthat G’ is isomorphic to a cover of PSL3(q)

We shall introduce lemmas that we are required to establish that G’ is isomorphic to

a cover of H/Z(H) = PSL3(q) when H = SL;(g).
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The two Lemmas below appear in [23] as Lemma 5 and Lemma 6 respectively.

Lemma 2.4.1. If q is a prime power with g > 5 and q # 9, then the Schur multiplier of
SLx(q) is trivial. The Schur multiplier of SL,(4) and SL,(9) are cyclic of order 2 and 3,

respectively.

Lemma 2.4.2. Assume that q is a prime power with q > 3. If K is a maximal subgroup

of SL,(q) whose index divides g + 1 or g, then one of the following cases holds.

1. If g > 13, q odd or q > 4, q even then K is the Borel subgroup of index g + 1.

Moreover g + 1 is the smallest index of a maximal subgroup of SL,(g).

2. If g € {3,5,7,11} then either K is the Borel subgroup of index g + 1 or K is the

nonabelian factor group of index g.

3. If g =9, then K is the Borel subgroup of index 10 and 6 is the smallest index of a

maximal subgroup of SL,(9).

Definition 2.4.1. Suppose N <G and 9 € Irr(N). Then the induction of 3 from N to G

is denoted by 9¢ and the set of irreducible constituents of 3¢ is denoted by Irr(G|9).

Lemma 2.4.3. Suppose Y < L is such that L/Y = SLy(q) and let 6 € Irr(Y). If x(1)

divides q or g + 1 for any x € Irr(L | 0), then 6 is L-invariant.

Proof. Let 6 be not L-invariant and V' = I(6). Express
oV = Z 1;, where n; € Irr(V | 9).

It follows that for each i, n* € Irr(L | 6) and 1} = |L : V|n(1) divides g and g + 1. Let M
be a subgroup of L such that V < M and M/Y is maximal in L/Y. We have the index

IL : M| divides g + 1 or g, thus we have the following cases.
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Case g = 7,11 and |L : M| = q. We have that M/Y is a nonabelian factor group of
index g. It follows that T]Z.L(l) =|L:M|-|M:V[ni(1) =gq-|M:V|ni(1) divides g which
forces M = V and all n;(1) = 1. Hence V/Y = M/Y is abelian as 6 extends to V and
all irreducible characters of V/Y are linear. However, this leads to a contradiction as
M/Y is nonabelian.

Caseq>7,9# 7 and g # 11. By Lemma 2.4.2, we have M/Y isomorphic to a
Borel Subgroup and |L : M| = g + 1 such that |M : V|7;(1) divides g or g + 1.

Hence, we must have
nr) =|L: M| M : V(1) = (g + 1) - M : VIni(1)

divides g + 1 and we deduce that |M : V|n;(1) = 1. This implies that M = V and all
ni(1l) = 1. M/Y = V/Y is isomorphic to the Borel subgroup of SL,(g) of index g + 1
and that all constituents of 6" are linear. By Lemma 1.0.4, we deduce that the Borel
subgroup M/Y is abelian, leading to a contradiction as g > 7. It follows that 6 is
L-invariant as required.

O

Lemma 2.4.4. Let g = 1 (mod 3). Let X be a perfect group and M < X such that X/M
is a cover of PSL3(q) and every character degree of X divides a degree of SLs(g). Then

every linear character of M is stable under X.

Proof. Suppose d € Irr(M) with 9(1) = 1. If 3 is not stable under X, we have Ix(9) < X.
Hence Ix(9) is contained in a maximal subgroup of X and the index of Ix(J) in X must
divide a degree of G.

We will prove that there are no such maximal subgroups containing Ix(9). Let
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Ix(9) =1 < X for some 9 € Irr(M). Let P be maximal such thatI < P < X. If

o = Z @i, for @; € Irr(I),

then by Lemma 1.0.5, ¢;(1) |X : I| is a degree of X and divide some degree of SL;(q).
Thus, we will need to find indices of maximal subgroups of PSL3(q) which divide
some character degrees of SL3(g). From a list of maximal subgroups of PSL,(g) and

PSL3(q) in [11]and [19], we have Tables 3 and 4 respectively. Let g = p/.

Table 3. Maximal subgroups of PSL,(q) (see [11] and [19])

Subgroup Condition Index
D1y g > 13,0dd 19D,
D1y g even 19D,
D1 q#7,9,0dd 190,
Dag+1) g even 19D
Borel subgroup ®,
PSL2(q0) - (2,0) g =45

S, g=p=+1mod 8

g=p*3<p=+3mod 10
Ay g=p=+3mod8,q>3
As g=p=+xlmod 10

g =p*p=+3mod 10




31

Table 4. Maximal subgroups of PSL3(q) (see [5], [11] and [19])

Subgroup Condition

g1 - GLa(q)

MZy1)*- S3 g>5

"piger 3 q+4

PSL(g0)- ((9-1,3),6) q = q., b prime

32 - SL,(3) g=p=1mod9

32-Qs g=p=4,7mod9
SOs(9) g odd

PSUs(qo) q=1

Ag p=1,24,78,13 mod 15
PSL,(7) 2<g=p=124mod7

Remark 2.4.1. The symbol * means we are giving the structure of the preimage in
special linear or symplectic groups. "[¢*] denotes an unspecified group of order g2,
A : B denotes a split extension, A o B denotes a central product, and A - B denotes a

non-split extension.

We now eliminate the possible cases, by examining Tables 3 and 4.

Case P/M is isomorphic to the image in PSLs(g) of [¢%] : GLa(g). i.e. P/M = [¢*] :
SL,(q) - (g — 1)/3. Then |X: P| = ¢* + g + 1 and for every i, |P : I|p;(1) divides g and
q+1

Let S, R and T be subgroups of P such that S/M = [4°], R/M = SL,(g) and
T =SRAP. If xy €lrr(T | 9), then x(1) divides g and g + 1.
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Subcase 1(a): S <I < P. We have T/S = SL,(g). Express

k
9 = Z 0i, where 0; € Irr(S | 9).

i=1
We have to show that S/Ker ¥ is abelian. This is equivalent to show that §" < Ker 6;

for all i, and

S’ < Nk Ker §; = Ker 9°
Suppose S/Ker § is nonabelian. This is equivalent to showing that S" £ Ker 6;, for
some j, hencel = 9(1) < 6,(1)andp | 5;(1). AsIrr(T | 6;) € Irx(T | 9), by Lemma 2.4.3,
we obtain that 6; is T-invariant.

As g = 1 (mod 3), we observe that g # 9 so the Schur multiplier of T/S = SL,(q)
is trivial. Then we have by Theorem 11.7 (Isaacs, [10]), 6; extends to 6y € Irr(T) and
hence by Lemma 1.0.4, 6o7 are all the irreducible constituents of 6 where 11 € Irr(T/S).
Take 1 € Irr(T/S) with n(1) = g>. We have 6(1)1(1) = 4°6,(1) must divide g and g + 1,
which is impossible. Hence S/Ker 9 is abelian. By Lemma 2.4.3, each linear 6; is

T-invariant. Therefore
[T,S] < ﬂleKer 6; <Ker 9° <M

which is a contradiction as T acts nontrivially on S/M = [4*]. Hence S £ I < P.
Subcase 1(b): S £I < P. SinceINS < S, one can find 6 € Irr(S | 9) with p | 6(1).
Since Irr(T16) C Irr(T|9), for every x € Irr(T|5), we have x(1) divides g or g + 1 and
hence by Lemma 2.4.3, 6 is T-invariant. Now since g > 7,9 # 9, the Schur multiplier
of T/S = SL,(g) is trivial and by Theorem 11.7 in [10] 6 extends to 6y € Irr(T|3). Hence
by Lemma 1.0.4, 607 are all the irreducible constituents of 6" where 1) € Irr(T/S). Take
n € Irr(T/S) with (1) = g%. We have 6,(1)1(1) = 4*6;(1) must divide g and g+ 1, which

is impossible. ]
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By combining Steps 1 and 2, we have established that G'/M = PSL;(gq). As every
degree of G’ divides a degree of G, Lemma 2.4.4 implies that every linear character of
M is stable under G'. It follows by Lemma 1.0.8 that |M : M’| divides |[Mult(G’/M)| =
IMult(PSL3(g))|. Using Lemma 1.0.10, we deduce that G’/M’ is isomorphic to a cover
of PSL;s(q).

Repeating the above arguments by using Lemmas 2.4.4and 1.0.10 and [9, Lemma 6],
we have G'/M® is isomorphic to a cover of PSL;(g) for every i > 0. Therefore, if M is
solvable then G’ is isomorphic to a cover of PSL;(g), as wanted.

We will eliminate the case when M is nonsolvable. Assume so, then there is an
integer i such that

MD = MED > 1,

Let N < M® be a normal subgroup of G’ so that M®/N = T* for some non-abelian
simple group T. By [16, Lemma 4.2], T has a non-principal irreducible character ¢
that extends to Aut(T). Now [1, Lemma 5] implies that ¢ extends to @ € Irr(G/N).
Therefore, by Gallagher’s Theorem, ®x € Irr(G’/N) for every x € Irr(G'/M?). In
particular,

(p(l)k)((l) € cd(G’/N) C cd(G").

However, we have that G'/M" is isomorphic to a cover of PSLs(g). Taking x to be the
Steinberg character of degree ¢° of G’/M", we deduce that g°¢*(1) is a degree of G’
and therefore it divides a degree of G. As c¢d(G) = cd(H), 4°¢*(1) divides a degree of
H. This is impossible by inspecting the character degree set of SL3(g).

Therefore, we have that G'/M = PSL;(g) with g > 7 and deduce that |M| = 1 or
M = Z; according to whether G” = PSL3(q) or SL3(g), the covers of PSL3(g).
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2.5 Establishingthat G = G’'oC;(G’) and Cg(G) is abelian

Since G’ is quasisimple, we have that G/C¢(G’) is an almost simple group with PSL;(g)<
G/Cg(G") < Out(PSLs(g)). As g >7 and g =1 (mod 3), by Theorem 2.5.12 in [7], we
have Out(PSL;(g)) = (d) : ({o) X (1)), where 7 is a graph automorphism of order 2, ¢
is a field automorphism of order f with g = p/ and d is a diagonal automorphism of
order 3.

We claim that G’'C5(G’) = G’ o C5(G’) = G’ o C, where C := Cg(G’). Let Z := Z(G').
As G’ is quasisimple, G’ /Z = PSL;(g) with g > 7, we know that |Z| = 1 or 3 according
to whether G' = PSL;(g) or SL3(g). We firsthave that CNG’ = Z = Z(G’) and [G/,C] =
[C, G'] £ Z. Itfollows that [G’,C,G'] < [Z,G'] =1and [C,G',G'] £ [Z,G'] =1 s0 by
Three Subgroup Lemma, (see [6]), we have 1 = [G’,G’,C] = [G/,C] as [G,G'] = G.
Thus G'C = G’ o C as required.

Next, we have to show that C := C5(G’) is abelian. Since Z = Z(G’), and G’ < G,
we see that Z is normal in G, so G'/Z X C/Z<G/Z. Firstly, C/Z is abelian as otherwise,
we can choose A € Irr(C/Z) with A(1) > 1 and let u € Irr(G'/Z) with u(1) = 4°, we
know that u x A € Irr(G'/Z x C/Z) and so (u X A)(1) = °A(1) > ¢> must divide some
degree of SL3(q) which is impossible.

If |Z] = 1then G’ = PSLs(q), C/Z = Cis abelian and we are done. Now assume that
|Z| = 3. Then G’ = SL3(g). Let 1 # v € Irr(Z). It follows from Frame and Simpson [5]
that SL3(g) has an irreducible faithful character of degree g(g* + g + 1). So, there exists
X € Irr(G'|v) with x(1) = g(4*> + ¢ + 1). Now if C is nonabelian, then we can choose
A € Irr(Clv) such that A(1) > 1. However, if C' = Z then C is nonabelian. It follows
from Theorem 3.7.1 and 3.7.2 in [6] that u := x - A € Irr(G’ o C) by the theory of
representations of central products. So G’ o C has a degree A(1)g(3*> + g + 1) and thus

this degree must divide some degree of G, which is impossible as g(g*+4+1) is maximal
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with respect to divisibility among the degrees of SL3(g). Therefore, C is always abelian.
In particular, by Theorem 3.7.1 and 3.7.2 in [6], we know that cd(G’ o C) = c¢d(G’).

We claim that if A € Irr(C) then A is G—invariant. Suppose that A € Irr(C) is not
G—invariant. If Z lies in the kernel of A then x = Stg/;z X A is an irreducible character
of G’C/Z and is not G—invariant, so G has a degree which is a proper multiple of ¢°,
a contradiction. Now suppose that Z does not lie in the kernel of A. Suppose that
A € Irr(Clv) where 1 # v € Irr(Z). We know that G’ = SL;(g) has a faithful character
p of degree (g — 1)*(g + 1) and is G-invariant. So, x = uA is an irreducible character
of G’C which is not G-invariant and thus G has a degree which is a proper multiple of
(g — 1)*(q + 1) which is impossible.

If G/Cc(G’) induces non-trivial automorphism, say a, we shall apply the same argu-
ment as in the proof of Theorem 6.1 in [19] to show that cd(G/Cs(G’)) € cd(SL3(g))-

(i) Assume a = d’t. From Frame and Simpson [5], SL3(g) has a semi-simple non-
real valued irreducible character A of degree (9 — 1)*(9 + 1). So, A is invariant under all
diagonal automorphisms but not T—invariant. So G possesses an irreducible character
whose degree is a multiple of 2(g — 1)?(q + 1), which is impossible.

(i) Assume a = d*0%1°, where 0 <b < f,0<a<(3—-1,3)and0<c<1. Bya
classical result of Zsigmondy in [26], we can choose w € F of order which is a primitive
prime divisor of p¥ — 1 = ¢° — 1, that is a prime divisor of p>/ — 1 that does not divide
Hzl—l(p"—l). We then choose a semisimple element s € SL;(g) with eigenvalues w, v
and w?. The image of s under the canonical projection GL3(q) — PGLs(g) is a
semisimple element of PGL;(g). Abusing the notation, we denote it by s. Since s,s™,
and 7(s) are all conjugates in PGL;3(g), the semisimple character x, € SLs(g) of degree

(9 — 1)*(9 + 1) is real by [4, Lemma 2.5] and hence

(XS)T = Xos) = Xt = Z = Xs
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by Corollary 2.5 of [18]. In other words, x; is invariant under 7. Since PGL;3(g) has no
degree which is a proper multiple of (7 —1)?(7 + 1), we obtain that yx; is also d-invariant.
By checking the multiplicities of character degrees of SL;(g) and PGL3(g), we see that
there exists an s as above so that x; € Irr(PSL;(g)). Using Lemma 2.5 of [3] again, we
have yx; is not o’—invariant, since |s| = |w| does not divide [PSL3(p")|. We have shown
that ), is not a—invariant. Therefore G has a degree which is a proper multiple of
xs(1) = (g — 1)*(g + 1), a contradiction.

(i) Finally, assume o = d* with 0 < a < 3. Then G/C = PGL;3(g). From [5] again,
SL;s(q) has a faithful irreducible character x of degree (g — 1)*(g + 1)/3 which is not a-
invariant. Let ¢ € Irr(G’ o C) be an irreducible constituent of the restriction x to G’ o C.
As|G:G'C| =3,and x(1) > 3,1 < ¢(1) < x(1). Since cd(G'oC) = cd(G") € cd(SL3(g)),
G’ oC has no irreducible character whose degree is nontrivial proper divisor of x(1), this
forces ¢(1) = x(1) and hence ¢ extends to G. However, we know that u = ¢¢ € Irr(G’)
so u extends to x € Irr(G). This is a contradiction as 1 is not a-invariant but ¢¢c = ¢(1)A
with A € Irr(C) is G-invariant so that ¢ = ¢¢ - A is not G-invariant. We conclude that
G = G’ o C where C is abelian and G" = PSL;(g) or SL3(q).

2.6 Establishing that covers of H/Z(H) have distinct sets

of character degrees

We have seen from Section 2.5 that C5(G’) is abelian and G = G’ oC where C := C5(G’)
is abelian and G” = SL;(g) or PSL3(g). We need to show that G’ = SL3(g).

It suffices to show that G’ cannot be PSL;(g). Suppose by contradiction that
G’ = PSLs(q). Then G = G’ X C since Z = Z(G') = 1. So cd(G) = cd(G’) which
means that cd(SLs(9)) = cd(PSLs(g)) which is impossible, since (g — 1)*(g + 1)/3 €



cd(SLs(g)) \ cd(PSLs(q))-

This completes the proof.
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