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Abstract

The Frobenius group is an example of a split extension. In this dissertation we study and describe
the properties and structure of the group. We also describe the properties and structure of the
kernel and complement, two non-trivial subgroups of every Frobenius group. Examples of Frobenius
groups are included and we also describe the characters of the group. Finally we construct the

Frobenius group 29% : SL(2,5) and then compute it’s Fischer matrices and character table.



Preface

The work covered in this dissertation was done by the author under the supervision of Prof. Jamshid Moori,
School of Mathematics, Statistics and Computer Science, University of Kwa-Zulu Natal, Pieter-
maritzburg (2008-2010) / School of Mathematical Sciences, University of The Northwest, Mafikeng
(2011).

The use of the work of others however has been duly acknowledged throughout the dissertation.

Signature(Supervisor) Date

ii



Acknowledgements

My sincere thanks and deepest gratitude goes to my supervisor Prof Jamshid Moori for his un-
wavering support and guidance throughout the course of this work. Prof Moori is an inspiring
academic and excellent supervisor.

I also express my gratitude to the School of Mathematics, Statistics and Computer Science of the
University of KZN for making available to me an office space and to my fellow student Ayoub
Basheer who never refused any help or assistance asked of him.

I also wish to thank The National Research Foundation (NRF) for their assistance through the

study grants and to the Durban University of Technology for their support and assistance.

iii



Table of Contents

Abstract

Preface

Acknowledgements

Table of Contents

List of Notations

1 Preliminaries

Preliminaries
1.1 Introduction. . . . .

1.2 Permutation Groups

1.3 Representation Theory and Characters of Finite Groups . . . . . . . . ... ... ..

1.3.1 The Character

Table and Orthogonality Relations . . . ... ... ... ...

1.3.2 Tensor Product of Characters . . . . . . . . . . . . . . ... ... ... ...

1.3.3 Lifting of Characters . . . . . . . . . .. .. . L

1.3.4 Induction and Restriction of Characters . . . . . . . . . . . . . . ... ....

1.3.5 The Frobenius

Reciprocity Law . . . . . . . . ... oL

1.3.6 Normal Subgroups . . . . . . . . . .

1.4 Coset Analysis . . .

1.4.1 Coset Analysis

v

ii

iii

iv

viii



TABLE OF CONTENTS v

1.5 Fischer Matrices . . . . . . . . . . e e 22

2 The Frobenius Group 23
The Frobenius Group 23
2.1 Introduction . . . . . . . . .. e 23
2.2 Definition and Preliminaries . . . . . . . . . . . .. .. e 23

3 Structure of The Frobenius Group 28
Structure of The Frobenius Group 28
3.1 Introduction . . . . . . . . . L e 28
3.2 Structure . . . ... e 28
3.3 The Center, Commutator and Frattini Subgroups of a Frobenius Group . . ... .. 43
3.3.1 TheCenter . . . . . . . . . . . e 44

3.3.2 The Commutator Subgroup . . . . . . . . . .. ... 44

3.3.3  The Frattini Subgroup . . . . . . . . . . 44

4 Examples of Frobenius Groups 46
Examples of Frobenius Groups 46
4.1 Examples . . . . . L 46
4.2 Frobenius Groups of Small Order . . . . . . . . .. .. ..o 49
4.2.1 Frobenius Groups of Order < 32 . . . . . . . . . . ... .. .. ... 49

5 Characters of Frobenius Groups 53
Characters of Frobenius Groups 53
5.1 Characters of Frobenius Groups . . . . . . . . . . . . ... 53
5.2 The Character Table of Dy, ,nodd. . . . . . . ... ... ... ... ......... 56
5.3 Coset analysis applied to the Frobenius Group . . .. ... ... ... ... ..... 61

5.4 Fischer Matrices of the Frobenius group . . . . . .. . ... ... ... .. ... .. 62



TABLE OF CONTENTS vi

6 The Frobenius Group 29%:SL(2,5) and it’s Character Table 63
The Frobenius Group 292 :SL(2,5) and it’s Character Table 63
6.1 The Group SL(2,5) . . . . . . . 63
6.2 The Character Table of 292 : SL(2,5) . . . . . . . v i it i 65
6.2.1 The Characters of G . . . . . . . . . . o i it 66

6.2.2 The Conjugacy Classes of 292 :SL(2,5) . . . . . . . i 66

6.2.3 Table of Conjugacy Classes of 292:SL(2,5) . . . . . . . . . .. .. ... ... 67

6.2.4 The Character Table of SL(2,5) . . . . . . . . . .. . ... ... ... ..... 68

6.2.5 Construction of the Character Table of 292 :SL(2,5) . . . . ... . ... ... 68

6.2.6 The Character Table of 292:SL(2,5) . . . . . . . . . . i 72

6.3 The Fischer Matrices of the Group: 292:SL(2,5) . . . . . . . . . . ... ... ... 74

7 Appendix 75
7.1 Section A . . . . L 75
7.2 Section B . . . .. 7
7.2.1 Character Valuesof X170 . . . . . . . . . . e 77

7.3 Section C . . . . . L e 80
7.3.1 The Character Valuesof x11 . . . . . . . . . . . . . 80

7.4 Section D . . .. e 83
7.4.1 Character Valuesof x12 . . . . . . . . . . 83

7.5 Section E . . . .o 86
7.5.1 Character Valuesof X713 . . . . . . . . . . . .. 86

7.6 Section F . . . . . 89
7.6.1 The Character Valuesof X14 . . . . . . . . . . . . . . . 89

7.7 Section G . . . ... e 92
7.7.1 Character Valuesof X715 . . . . . . . . . . . .. 92

7.8 Section H . . . . . . . 95

7.8.1 Character Values of X16 . . . . . . . . o . L 95



TABLE OF CONTENTS

Bibliography

vil

99



List of Notations

N natural numbers

Z integer numbers

R real numbers

C complex numbers

F a field

I multiplicative group of F

IFyq Galois field of q elements

V vector space

dim dimension of a vector space
det determinant of a matrix

tr trace of a matrix

G a finite group

e, g identity of G

|G| order of G

o(g) order of g € G

= isomorphism of groups
H<G H is a subgroup of G

[G: H] index of Hin G

NG N is a normal subgroup of G
N xH, ® direct product of groups
N:H split extension of N by H
G/N quotient group

lgl, Cq conjugacy class of g in G
Cglg) centralizer of g € G

Gy, Stabg(x) stabilizer of x € X when G acts on X
x6 orbit of x € X

[Fix(g)l number of elements in a set X fixed by g € G under the group action

Aut(G) automorphism group of G

viii



holomorph of G

commutator of x and y in G

derived or commutator subgroup of G

center of G

dihedral group consisting of 2n elements

set of Sylow p—subgroups of G

group {0,1,...,n — 1} under addition modulo n
symmetric group of n objects

alternating group of n objects

general linear group over a field F

finite general linear group over [Fq

special linear group

affine group

character of finite group

character afforded by a representation p of G
trivial character

degree of a representation or character

set of ordinary irreducible characters of G

character induced from subgroup H to G

character restricted from a group G to it’s subgroup H
induced representation from subgroup H to group G

restriction of representation p of group G to subgroup H

degree of character x

conjugate of character value x(g)
lift of character x

character of factor group G/N

X



Imd

algebra of class functions of a group G

group algebra of a finite group G over a field F
conjugate class function/character

inertia group of a character ¢

set of class functions of group H

matrix of a representation S

inner product of class functions or group generated by two elements
tensor product of representations

direct sum

action of g on x (gx or xg) when group G acts on set X
X is equivalent to y or x is conjugate to y

conjugate of H

number of conjugacy classes of group G

Frattini subgroup of a group G

group of order pq generated by p and q

cyclic group generated by x

kernel of a homomorphism ¢

image of a function ¢

greatest common divisor of a and b



1

Preliminaries

1.1 Introduction

Generally speaking, any group G which contains a given group H as a subgroup is called an extension
of H. Here we consider the case in which H is a normal subgroup of G.

A group G having a normal subgroup N can be factored into N and G/N. The study of extensions
involves the reverse question : Given N < G and G/N, to what extent can one recapture G?

Otto Schreier first considered the problem of constructing all groups G such that G will have a
given normal subgroup N and a given factor group H = G/N. There is always one such group,

since the direct product of N and H has this property.
Note 1.1.1. All groups and all sets on which there is some action in this dissertation are finite.

Definition 1.1.1. Let G be a non -simple group. Then G is an extension of N by a group H if
N <G and G/N = H.

Note 1.1.2. The group H in Definition 1.1.1 need not be a subgroup of G.

Definition 1.1.2. An extension G of a group N by a group H is said to be split (or a split extension)
if NG, H < G such that G = NH and NNH = {1g}. Thus G/N =NH/N=H/NNH=H/{1g} =
H.

Alternatively we say that N is complemented in G by H or G is the semi- direct product of N by
H.

Note 1.1.3. A split extension G of N by G will be denoted as G = N : G and a non-split extension
G of N by G will be denoted as G = N'G.

Remark 1.1.1. If G is the semi- direct product of N by H, then every g € G can be uniquely
written in the form g = nh with n € N and h € H. This representation is unique since if
g = nh = mk with n,m € N and h,k € H, then

nh=mk = m'n=kh' = mmeNandm 'meH = mmeNNH={1g} = m=n.
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Similarly we can show that h = k.

Note 1.1.4. If the subgroup H in Definition 1.1.2 is also normal in G, then G = N x H.

The Frobenius group is an example of a group which is a split extension.

Below is a brief description of the work carried out in this dissertation. In the remaining part of
this chapter we describe results about Permutation groups since we give our definition of a Frobe-
nius group as a Permutation group. This will include definitions and results about permutation
groups that we would use later on. A significant part of the chapter is devoted to the theory of
Representations and Characters which we will use in later chapters. We close the chapter by briefly

describing coset analysis and the Fischer matrices.

In Chapter Two, we define the Frobenius group and give some general properties of the group. In
Chapter Three we go into details by looking at the structure of the group. We give some important
results about the kernel and complement of a Frobenius group and also describe ways to construct

Frobenius groups.

Chapter Four contains examples of Frobenius groups. Included is a list of Frobenius groups of small

order (up to order 32 ).

In Chapter Five we describe the Characters of Frobenius groups and then use these results to con-
struct the character table of the Dihedral group Dy, when n is odd. The method of coset analysis
is applied to the Frobenius group verifying results obtained earlier. We also apply the theory of
the Fischer matrices to the Frobenius group discovering that the Fischer matrices of the group are

very simple.

Chapter Six deals with the group 29% : SL(2,5) and it’s character table. We first describe the
construction of the group and then it’s character table using the theory we described in earlier

chapters. Finally we determine the Fischer matrices for the group 29% : SL(2,5).

1.2 Permutation Groups

Much of the material covered in this chapter is from Moori [17].

Definition 1.2.1. ([16]). Let G be a group and X a set. We say that G acts on X if there is a
homomorphism p : G — Sx. Then p(g) € Sx Vg € G. The action of p(g)on X, that is p(g)(x), is
denoted by x9 for any x € X. We say that G is a permutation group on X.

Definition 1.2.2. (Orbits) Let G be a group that acts on a set X and let x € X. Then the orbit
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of x under the action of G is defined by
X8 ={x9 | ge Gl
Theorem 1.2.1. Let G be a group that acts on a set X. The set of all orbits of G on X form a

partition of X.

PROOF : Define a relation ~ on X by x ~ y if and only if x = y9 for some g € G. Then ~ is an

equivalence relation on X since
-1
wa:>x:y9:>)gg :y:>y~x.

And if

x=y9andy =29 then x =299 implies that x ~ z.
And [x] ={x9 | g € G} = xC. Hence the set of all orbits of G on X partitions X. L

Definition 1.2.3. (Stabilizer) If G is a group that acts on a set X and x € X then the stabilizer
of x in G, denoted by Gy is the set Gx ={g | x9 = x}. That is Gy is the set of elements of G that

fizes x.

Theorem 1.2.2. Let G be a group that acts on a set X. Then

1. Gy is a subgroup of G for each x € X.
2. [xS] =[G : Gyl, that is the number of elements in the orbit of x is equal to the index of Gy in

G.

PROOF: (1) Since x'¢ = x,1g € G,. Hence G, # (. Let g,h be two elements of Gy. Then
x9 =x"=x. So (x9)" ' = (x""" =x'e =x, and therefore x™ ' =x. Thus gh~' € G,.
(2) Since
X =x" = x=xM — hg™' € Gy
— (Gx)g = (Gx)h,

the map v : x® — G/Gy given by y(x9) = (G,)g is well defined and one-to-one. Obviously v is

onto. Hence there is a one-to-one correspondence between x6 and G/Gy. Thus [x6| = |G/G,|. W
Corollary 1.2.3. If G is a finite group acting on a finite set X then Vx € X, |xS| divides |G|.

PROOF: By Theorem 1.2.2, we have [x¢| = [G : Gy] = |G|/|Gy|. Hence |G| = |x®| x |Gy|. Thus |x€|
divides |G|. u

Theorem 1.2.4. 1. If G is a finite group, then ¥g € G the number of conjugates of g in G is
equal to [G : Cg(g)].
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2. If G is a finite group and H is a subgroup of G, then the number of conjugates of H in G is
equal to [G : Ng(H)].

PROOF: (1) Since G acts on itself by conjugation, using Theorem 1.2.2 we have |g¢| = [G : Ggl. But

since
g° ={g"|heG)={hgh " |he G} =g
and
Gy={heGlg"=g}={heGlhgh ' =g} ={heG|hg=gh}=Cclg),
we have
6% =1igll =[G : Gyl = [G: Cal(g)] = |C'GG('9).

(2) Let G act on the set of it’s subgroups by conjugation. Then by Theorem 1.2.2 we have [HE| =
[G:Gyl. Since HE ={HY|ge G} ={gHg ' |ge Gl =[Hl and Gy ={ge G|HI=H}={g €

G | gHg™" = H} = Ng(H), we have |[H]| = [HS| =[G : Gu] = [G : Ng(H)] = 1oy u

Theorem 1.2.5. (Cauchy — Frobenius) Let G be a finite group acting on a finite set X. Let n
denote the number of orbits of G on X. Let F(g) denote the number of elements of X fixed by g € G.

1
Thenn =5 > F(g).
geai

PROOF: Consider S = deG F(g). Let x € X. Since there are |G| elements in G that fix x, x is
counted |G| times in S. If A = x©, then Vy € A we have |A| = x6| = y¢| =[G : G,] =[G : Gyl.
Hence |Gx| = [Gyl. Thus A contributes [G : G4].|Gx| to the sum S. But [G : G].|Gx| = |G| is
independent to the choice of A and hence each orbit of G on X contributes |G| to the sum S. Since

we have n orbits, we have S = n|G]|. u

Definition 1.2.4. (Transitive Groups) Let G be a group acting on a set X. If G has only one
orbit on X, then we say that G is transitive on X, otherwise we say that G is intransitive on X.
If G is transitive on X, then x® = X Vx € X. This means that Vx,y € X,3g € G such that x9 =y.

Note 1.2.1. If G is a finite transitive group acting on a finite set X, then Theorem 1.2.2, part (2)
implies that [x6| = [X| = |G|/|Gx|. Hence |G| = |X]|.|Gy].

Definition 1.2.5. (Multiply Transitive Groups) Let G be a group that acts on a set X and let
IX|=n and 1 <k < n be a positive integer. We say that G is k — transitive on X if for every two
ordered k - tuples (X1,X2y...... yXk) and (Y1,Yzyeoe... yYk) with xi # xj and yy # y; for i #j there
exists g € G such that x? =yi fori=1,2,...... , k.

Theorem 1.2.6. If G is a k - transitive group on a set X with |X| =n, then
IGl=nn—1)(n—2)...... (n—kJrl)‘G[xm’

for every choice of k- distinct X1,X2,...... yXk € X, where G, .
g € G such that x] =x;,1 <i<k.
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PROOF:Let x; € X. Then since G is k - transitive, we have
|Gl =n x |Gy, | (1.1)

and Gy, is (k — 1) transitive on X — {x;} (see Theorem 9.7 in Rotman [23]). Choose x; € X —{x1}.
Then since Gy, is (k — 1) - transitive on X —{x1} we have |Gy,| = [X —{x1}| X [(Gx, )x,|, that is
|Gx; | = (M —1) X |G, x,)| and G, x,1 is (k —2) - transitive on X — {x1,%2}.

Now by (1.1) we get that |G| =n(n —1) x |G, x,)|- If we continue in this way, we will get

IGl=nn—-1)(n—-2)...... (n—k+1)‘G[th2, ...... ,xk]}-

Theorem 1.2.7. Let G be a group that acts transitively on a finite set X with |X| > 1. Then there
exists g € G such that g has no fived points.

PROOF: By Theorem 1.2.5 we have

1
T=n = & > Flg)

geG

- g [0+ ¥ el

geG—{lg}

- g} ¥ wol

geG—{1g}

If F(g) > 0 for all g € G, then we have

1 1

1:@[|X|+ ; F(g)} > @[IX|+|G\—1}
geG—{1g}

IX[—1

> 1.
|G

Vv

1+

Definition 1.2.6. (/21/). (Semiregular ; Regular) Let X be a nonempty set and let G be a group
that acts on X. The permutation group G is said to be semiregular if Stabg(x) = {1g} for all

x € X. The permutation group G is said to be regular if it is both transitive and semiregular.

1.3 Representation Theory and Characters of Finite Groups

There are two kinds of representations; permutation and matriz. Cayleys Theorem, which asserts
that any group G can be embedded into the Symmetric group Sg, is an example of a permutation

representation. We are interested here in matrix representations.
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Definition 1.3.1. Let G be a group. Any homomorphism p : G — GL(n,F), where GL(n,F) is the
group consisting of all n X N non-singular matrices is called a matrix representation or simply
a representation of G. IfF = C, then p is called an ordinary representation. The integer n is
called the degree of p. Two representations p and o are said to be equivalent if there exists
P € GL(n,F) such that o(g) = Pp(g)P~', Vg € G.

We will restrict our work to ordinary representations.

Definition 1.3.2. (Character) Let p : G — GL(n,C) be a representation of a group G. Then
p affords a complex valued function X, : G — C defined by x,(g) = trace(p(g)), Vg € G. The
function X, is called a character afforded by the representation p of G or simply a character of G.

The integer n is called the degree of x,. If n =1, then X, is said to be linear.

Note 1.3.1. For any group G, consider the function p: G — GL(1,C) given by p(g) =1, Vg € G.
It is clear that p is a representation of G and x,(g) =1, Vg € G. The character X, is called the

trivial character and it may also be denoted by 1.

Definition 1.3.3. (Class Function) If ¢ : G — C is a function that is constant on conjugacy
classes of a group G, that is d(g) = d(xgx™'), Vx € G, then we say that ¢ is a class function.

Proposition 1.3.1. A character is a class function.

PROOF : Immediate since similar matrices have the same trace. u

Definition 1.3.4. (F — Algebra) If F is a field and A is a vector space over F, then we say that
A is an F — Algebra if:

1. A is a ring with identity,
2. for all A € F and x,y € A, we have A(xy) = A(x)y = x(Ay).

Definition 1.3.5. (Group Algebra) Let G be a finite group and F any field. Then by F[G] we
mean the set of formal sums {deG Ag-g:Ag € F}. We define the operations on FIG] by

1. deG Agg + deG Hgg = deG(}\g + Hg)g,
2. MEgeaM9) = X gec(Mg)g, AEF,

3. (deG )\99)'(2966 Hgg) = deG [ZheG }\huh*‘g] g.

Under the above operations F[G] is an F-algebra known as the group algebra of G over F.
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Let G be a group. Now define over the set of class functions of G addition and multiplication of

two class functions {7 and V{, by

(b1 +2)(g) = Wi(g) +2(g9), Vg€ G,
P1a(g) = Pi(ghda(g), Yge G

Clearly V7 + V> and {1, are class functions of G. Also if A € C, then Ay is a class function of
G whenever  is. Therefore the set of all class functions of G forms an algebra, denoted by C(G).

The set of all characters of G forms a subalgebra of C(G).

Proposition 1.3.2. If xy and x4 are two characters of a group G, then so is Xy + X¢-

PROOF : Let 1 and ¢ be representations of G affording the characters xy, and x4 respectively. Define
Pig) O

0 ¢(9g)
G with xz =Xy + X¢- u

the function & on G by &(g) = ( > =1P(g) P d(g). Clearly & is a homomorphism of

Definition 1.3.6. Let S be a set of (n x n) matrices over F. We say that S is reducible if
Im,k € N, and there erists P € GL(n,F) such that VA € S we have

pap = B0
C D

where B is an m x m matriz, D and C are k X k and k x m matrices respectively. Here O denotes
the zero m x k matriz. If there is no such P, we say that S is irreducible. If C = 0, the
zero k X m matriz, for all A € S then we say that S is fully reducible. We say that S is
completely reducible if 3P € GL(n,F) such that

By 0 --- 0
B
PAP~! = _2 , VAeS,
0 0 --- By

where each B is irreducible.

Definition 1.3.7. Let f : G — GL(n,F) be a representation of G over F. Let S = {f(g)|lg € G}.
Then S C GL(n,F). We say that f is reducible, fully reducible or completely reducible if S

is reducible, fully reducible or completely reducible.

We state below two important results in representation theory, namely Maschke’s Theorem and

Schur’s Lemma. The proof of both these results can be found in Moori [17].

Theorem 1.3.3. (Maschke’s Theorem) Let p: G — GL(n,F) be a representation of a group G.

.
If the characteristic of F is zero or does not divide |G|, then p = EB pi, where p; are irreducible

i=1
representations of G.
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PROOF : See Moori [17]. u

Theorem 1.3.4. (Schur’s Lemma) Let p and & be two irreducible representations of degree n and
m respectively, of a group G over a field F. Assume that there exists an m X n matriz P such that
Po(g) = ¢(g)P for all g € G. Then either P = Oyxn or P is non-singular so that p(g) = P~'d(g)P

(that is p and ¢ are equivalent representations of G).

PROOF : See Moori [17]. L

Definition 1.3.8. (Inner Product) Let G be a group. Over C(G) we define an inner product

(4 )5C(6) < CG) = € by (hyo) = & 3 wlgldla),
getG

where (g) is the complex conjugate of d(g).

In the following Proposition we list some properties of characters of a group.

Proposition 1.3.5. 1. Let X, be the character afforded by an irreducible representation p of a

group G. Then (Xp,Xp) =1

2. If xp and X, are irreducible characters of two non equivalent representations of G, then
<Xp>Xp’> =0.

k k
3. Ifp= @ dipi, then x, = Z diXp; -
i=1

i=1

k
4. If p = EP dipi, then di = (Xp, Xpy)-

i=1
PROOF : See Moori [17] or James [10]. u
Proposition 1.3.6. Let x, be the character afforded by a representation p of a group G. Then p

is irreducible if and only if (Xp,Xe) = 1.

PROOF : See James [10]. u

Let Irr(G) denote the set of all ordinary irreducible characters of a group G.

Corollary 1.3.7. The set Irr(G) forms an orthonormal basis for C(G) over C.

PROOF : See James [10]. u

Note 1.3.2. Corollary 1.3.7 asserts that if 1 is a class function of a group G, then { = Z}f:] AiXi
where A\; € C and Irr(G) = {x1,X2y -+ -+ s Xkt If Ay € Z, Vi, then  is called a generalised character.
Moreover, if A; € NU {0}, then 1 is a character of G.
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The following counting result counts the number of irreducible characters of a group.

Theorem 1.3.8. The number of irreducible characters of a group G is equal to the number of

conjugacy classes of G.

PROOF: See James [10] or Moori [17]. u

Proposition 1.3.9. The number of linear characters of a group G is given by |G|/|G’|, where G’
is the derived subgroup of G.

PROOF : See Moori [16]. u

1.3.1 The Character Table and Orthogonality Relations

The irreducible characters of a finite group are class functions, and the number of them by Theo-
rem 1.3.8 is equal to the number of conjugacy classes of the group. A table recording the values of

all the irreducible characters of the group is called a character table of the group.

Definition 1.3.9. (Character Table) The character table of a group G is a square matriz whose
columns correspond to the conjugacy classes of G and whose rows correspond to the irreducible

characters of G.

The character table is a useful tool which can be used to make inferences about the group. For
example later on we will show that provided certain conditions are satisfied , we can use a given
character table of some group to determine whether the group is Frobenius (see Theorem 5.2.2).
The simplicity, normality and solvability as well as the center and commutator of the group can

also be determined from the character table.

The following Propositions contains some useful results about the values of the irreducible characters

in the character table of a group G.

Proposition 1.3.10. 1. x(1g)}|Gl, vx € Irr(G).

[Irr(G

)l
2. Y (1)’ =1Gl.

i=1

3. If x € Irr(G), then X € Irr(G), where X(g) = x(g), Vg € G.

4. x(g7 ") =x(q), Vg € G. In particular if g~' € [g], then x(g) € R, VX.

PROOF : See Moori [17]. u

The rows and columns of the character table also satisfy orthogonality relations which we state in

the next theorem.
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Theorem 1.3.11. Let Irr(G) = {x1,X2y+----- s Xkt and {g1,92y ... , gk} be a collection of repre-
sentatives for the conjugacy classes of a group G. For each 1 <1i <k let Cg(gi) be the centralizer

of gi. Then we have the following:

1. The row orthogonality relation:
For each 1 <1,j <Kk,

i xi(gr)xilgr)

) = s,
Colgn)] ~ XoXi) =8y

r=1

2. The column orthogonality relation:
For each 1 <1,j <Kk,

x:(g
= §j;.
Z |CG Y
PROOF: (1) Using Proposition 1.3.5(2) we have
k
|G| Xi(gr)Xj(gr)
Sy iy i ilgr)xilgr) =) —=—F——~—.
i) |G|ZX o) |G|Z|CG grtorxilon) = 20

1 if g € [gsl,
0 otherwise.
It is clear that 1 is a class function on G. Since Irr(G) form an orthonormal basis for C(G), there

(2) For fixed 1 < s <k, define {5 : G — C by Ps(g) =

exists A{s € C such that P = Z Atxt. Now for 1 <j < k we have
t=1

Ws(ge)xjlge) _ X(9s)
= a0 = |G|QGZG“’ h(s) Z] Colol  IColgs)l

Xj- Thus we have the required formula:

k
X)(gs)
H .=
enee e = 2 Celge

dst = s gt ZX]|thXthgs .

1.3.2 Tensor Product of Characters

We show in this section that if \p and x are characters of a group G, then the product x\ defined
by
(x¥)(g) =x(g)-w(g), Vg € G

is also a character of G. It is clear that if x and 1 are class functions on G, then so is x.
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Definition 1.3.10. (Tensor Product of Matrices — Kronecker Product)
Let P = (pij)mxm and Q = (qij)nxn be two matrices. Define the mn x mn matriz P ® Q by

pnQ pnQ - pPmQ
P©Q = (pyQ) = PZjQ Pz?Q Pzn.mQ
PmiQ PmQ -+ PmmQ

Then we have

trace(P® Q) = pinitrace(Q) + piztrace(Q) + ... + pmmtrace(Q)
= trace(P).trace(Q)

Definition 1.3.11. (Tensor Product of Representations) Let T and U be two representations

of a group G. We define the tensor product T ® U by
(T®W(g):=T(g) ® Ulg),
where @ on the RHS is defined by Definition 1.3.10.

Theorem 1.3.12. Let T and U be two representations of a group G. Then

1. T® U is a representation of G.

2. XTeu = XT-XU-
PROOF: (1) Vg,h € G we have

(Te@U)(gh) = T(gh)® U(gh)
= (T(g).T(h)) ® (U(g).U(h))
= (T(g) ® U(g)).(T(h) ® U(h))
= (TeUW)(g).(T®U)(h) by Definition 1.3.11

(2) Vg € G

xteulg) = trace((T® U)(g))
= trace(T(g) ® U(g))
= trace(T(g)).trace(U(g))
= xr(g)xulg)
= (xrxul(g).

Hence Xteu = XT-Xu
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Definition 1.3.12. (Direct Product) Let G be a group. Let G = H x K be the direct product of
Hand K. Let T: H — GL(m,C) and U: K — GL(n,C) be representations of H and K respectively.
Define the direct product T ®@ U as follows: Let g € G. Then g can be written uniquely in the
form hk, h € H,k € K. Define

(TeU)(g) :=T(h) ® Uk)

where @ on the RHS is the tensor product given in Definition 1.3.10.

Also T ® U is a representation of degree mn of G = H x K and

(XTou)(g) = x7(h).Xu(k), where g = hk.

Theorem 1.3.13. Let G = H x K be the direct product of the groups H and K. Then the di-
rect product of any irreducible character of H and any irreducible character of K is an irreducible

character of G. Moreover, every irreducible character of G can be constructed in this way.

PROOF:Let x1 € Irr(H) and xy € Irr(K). Let X = xtou = X1-Xu- Then x is a character of G. We
claim x € Irr(G). Let g € G, then 3! h € H, k € K such that g = hk. So

S k@ = 3> [xrhxuk)]’

geG heH keK

= Y > ) xu®)?

heH kekK

= Y MY xuk))?

heH keK
= [HLK[ =Gl

Hence ‘éjZ|X(9)|2=1; so (X,x) = 1. Thus x € Irr(G). u

Remark 1.3.1. Suppose that |Irr(H)| = r and |[Irr(K)| = s, then we obtain rs irreducible characters
of G = H x K in this way. If g; = hk and g; = h'k’ are two elements in G, then g; ~ g; if and
only if h~h’ in H and k ~ k/ in K. Thus the number of conjugacy classes of G equals the number
of conjugacy classes of H times the number of conjugacy classes of K which equals rs. Hence
Irr(G)| = rs.

1.3.3 Lifting of Characters

We present here a method for constructing characters of a group G when G has a normal subgroup
N. Assuming that the irreducible characters of the factor group G/N are known, the idea here is

to construct characters of G by a process known as lifting of characters.

Definition 1.3.13. (Kernel) Let x be a character of a group G afforded by a representation p of
G. Then
Ker(p) = Ker(x) ={g € G | x(g) =x(1c)} 2 G.
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Also if N < G such that N is an intersection of the kernel of irreducible characters of G, then N <G.

Proposition 1.3.14. Let G be a group. Let N < G and X be a character of G/N. The function
X : G = C defined by x(g) = X(gN),Vg € G is a character of G with deg(x) = deg(X). Moreover,
if x € Irr(G/N), then x € Irr(G).

PROOF : Suppose that p: G/N — GL(n,C) is a representation which affords the character . Define
the function p : G — GL(n,C) by p(g) = p(gN),Vg € G. Then p defines a representation on G

since

p(gh) = p(ghN) = p(gNhN) = p(gN)p(hN) = p(g)p(h),Vg,h € G.

Hence the character x, which is afforded by p, satisfies

x(g) = trace(p(g)) = trace(p(gN)) = X(gN) Vg € G.

So x is a character of G. The degree of ¥ is
deg(x) = x(Tg) = X(16N) = X(N) = deg(x).

Let T be a transversal of N in G. Then

1

e ~ ~ —1
1=(xX = |G/N|9N§/NX(9N)X(9N)

_ |‘G| > INIR(GNIX(GN) !

gNeG/N

~ & ZINIgNR(g N
geT

— & X INIx(gix(s )

geT

= |]G| > x(g)x(g™")

geG
= (X) X)'

1.3.4 Induction and Restriction of Characters

Restriction to a Subgroup

Let G be a group, H< G. If p: G — GL(n,C) is a representation of G, then p | H: H — GL(n,C)
given by (p | H)(h) = p(h),Vh € H, is a representation of H. We say that p | H is the restriction
of p to H. If X, is the character of p, then x, | H is the character of p | H. We refer to x, | H as

the restriction of x, to H.
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Remark 1.3.2. It is clear that deg(p) = deg(p | H). However, p irreducible does not imply (in
general) that p | H is irreducible.

Theorem 1.3.15. Let G be a group, H < G. Let be a character of H. Then there is an irreducible
character X of G such that (x | H,{)y # 0.

PROOF : See Moori [17]. u

Theorem 1.3. 16 Let G be a group, H < G. Let x € Irr(G) and let Irr(H) = {1, ¥, ...... , Uy}

Thenx | H= Z dii, where d; € NU{0} and Z aZ <[G:H]. (%)

i=1 i=1
Moreover, we have equality in (x) if and only if x(g) = 0 Vg € G\H.

PROOF : We have

Zdl (x L Hyx L H)u |H|Zx h).x(h) .

heH
Since ¥ is irreducible,
1 _
1=boxle = g > x(9)x(g)
geG
1 — 1 —
= G ZX(Q)-X(9)+@ > x(9)x(9)
geH geG—H
H « o
= — -+ K
‘G| Zdl + )

where K= Y x(g)x(g). Since K= > Ix(g)f’, K>0.
G—

geG—H geG—H
Thus
H <«
— d 1—-K<1
EPA ’
i=1
SO
'
> a2 <|Gl/H| =
i=1
Also

K = 0 if and only if [x(g)* =0 Vg € G — H.

Hence K = 0 if and only if x(g) =0, Vg € G — H. u
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Induced Representations

Definition 1.3.14. (Transversal) Let G be a group. Let H < G. By a right transversal of H

in G we mean a set of representatives for the right cosets of H in G.

Theorem 1.3.17. Let G be a group. Let H < G and T be a representation of H of degree n.
Extend T to G by T°(g) = T(g) if g € H and T°(g) = Onxn if g € H. Let {x1,X2,...... ,Xr} be a
right transversal of H in G. Define T T G by

Tx19x") Tlagxy') -+ TOlxigxy!)
T(x29%") To(x29%;") -+ Tl(xagx;y")

(TTG)(g):= : : . : = (g )y > V9 E€G.
Tqagxy ") Toxegxy') -+ TO(xegx; ")

Then T T G is a representation of G of degree nr.

PROOF : See Moori [17] u

Definition 1.3.15. (Induced Representation/Character) The representation T T G defined
above is said to be induced from the representation T of H. Let & be the character afforded by T.
Then the character afforded by T T G is called the induced character from ¢ and is denoted by
$S. If we extend  to G by ¢°(g) = d(g) if g € H and $°(g) =0 if g ¢ H, then

$C(g) = trace((T T G)( Ztraee (T(xigx;! Z °(xigx;"!

i=1

Note also that $pC(1g) =nr = %.d}(]).

Proposition 1.3.18. The values of the induced character € are given by

$C(g |H‘Zq>° xgx~') ,Vg € G.

xeG

PROOF : See Moori [17]. u

Proposition 1.3.19. Let G be a group. Let H < G. Assume that ¢ is a character of H and g € G.
Let [g] denote the conjugacy class of G containing g.

1. If HN gl =0, then $¢(g) =0,

2. if HN[g] # 0, then $¢(g }Z}c
H

where X1,X2y «vv... , Xm are representatives of classes of H that fuse to [g]l. That is HN [g] breaks

up into m conjugacy classes of H with representatives X1,X2y+..... s Xm -
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PROOF : By Proposition 1.3.18 we have
|H| Z d) xgx

If HN [g] = 0, then xgx™' ¢ H for all x € G, so ¢°(xgx™") = 0 Vx € G and $%(g) = 0. Now
suppose that H N [g] # 0. As x runs over G, xgx~' covers [g] exactly |Cg(g)| times, so

$%(g) = meg 9l > )
yelgl

_1Csl9l
= > o)

B = d(x)
= |CG(9)|;CH(X1)

1.3.5 The Frobenius Reciprocity Law

Definition 1.3.16. (Induced Class Function) Let G be a group. Let H < G and ¢ be a class
function on H. Then the induced class function ¢S on G is defined by

6°(0) = 1y Y 0°(x0x),

xeG

where $° coincides with ¢ on H and is zero otherwise.

Note also that

¢Cygy™') = |H|Zd>° xygy~'x ') —HZ(DO xy)g(xy) ")

xXEG x€G

= |H|Zd>°zgz ) =¢%(g).

zeG

Thus ¢S is also a class function on G.

Note 1.3.3. Let G be group. If H < G and ¢ is a class function on G, then ¢ | H is a class
function on H.

Induction and Restriction of characters are related by the following result.

Theorem 1.3.20. (Frobenius Reciprocity) Let G be a group. Let H < G, ¢ be a class function

on H and ¥ a class function on G. Then

(&, L H)n = (0%, ¥)g.



CHAPTER 1. PRELIMINARIES 17

PROOF:

@ %)e = g LY oS

geG
1 _
- @Z(sz(xgx—‘)). (9)
= i X X ot ex ) W) (12
geG xeG

Let y = xgx~'. Then as g runs over G, xgx~' runs through G. Also since \ is a class function on
G, ¥(y) =W(xgx™') =P(g). Thus by 1.2 above we have

(%, ¥) = |G||H|Z > Py

yeG xeG

1 -
- m Z(Z d>°(y)1l)(y))
_ 0
= |G||H| 'Z")

= |H|Z¢ = (b L Hjn

yeH

1.3.6 Normal Subgroups

Definition 1.3.17. (Conjugate Class Function/Representation) Let G be a group. Let N<G.
If & is a class function on N, for each g € G define $9(n) = d(gng™'), n € N. The function
&9 is said to be conjugate to ¢ in G. Also if P is a representation of N < G, the conjugate
representation is P9 given by P9(n) = P(gng™').

Proposition 1.3.21. Let G be a group. Let N < G and ¢, class functions on N. Let x,y € G .
Then

~

. ¢ is a class function on N ;
2. ()Y = ;
5. (0% 0Y) = (d,)) ;

4. (x L N;d*) = (x L N, d) where x is a class function on G ;

&

If & is a character, then so is ¢*.

PROOF : See Moori [17] u
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Proposition 1.3.22. Let g,h € G. Then g ~ h if and only if x(g) = x(h) for all characters x of
G.

PROOF : See Moori [17]. n

Corollary 1.3.23. If Irr(G) ={xi |1 =1,2,...,7}, then N{_; Ker(x;) ={1c}-

PROOF:If g € NI_;Ker(xi), then Xi(g) = xi(lg) Vi = 1,2,...,7. Hence x(g) = x(1g) for all
characters x of G. So g ~ 1g by Proposition 1.3.22. Thus g = 1¢. u

Theorem 1.3.24. Let G be a group. Let N I G. Then there exist some irreducible characters
X1,X2y -y Xs 0f G such that N = N:_;Ker(xi).

PROOF: Let Irr(G/N) ={X1,X2,--.,Xs)- Then by Corollary 1.3.23, we have
Ni_1Ker(xi) = {Tg/n} = {NL

Let x; be the lift to G of X; (that is xi(g) = Xi(gN), for all g € G). We claim N = n?_;Ker(x;i):
Since xi(n) = xi(nN) = Xi(N) = xi(1g), we have n € Ker(xi) so N C n_;Ker(xi). Now let
g € N_;Ker(xi). Then

xi(N) =xi(16) =xi(g) =xi(gN) ,i=1,2,...,s

imply that gN € N;_;Ker(xi) ={N}. So g € N and hence N{_;Ker(x;) € N. Thus N = nJ_;Ker(xi).
|

Definition 1.3.18. Suppose that b is a character of a group G, and that x is an irreducible
character of G. We say that x is a constituent of \ if ({,x) # 0. Thus, the constituents of P are
the irreducible characters xi of G for which the integer di in the expression b = dix1 + ...+ dixk

18 NoN-zero.

Theorem 1.3.25. (Clifford Theorem) Let G be a group. Let N <G and x € Irr(G). Let ¢ be
an irreducible constituent of X | N and let &1, b2, ..., Ok (where d = d1) be the distinct conjugates
of & in G. Then

k
XxIN=e) ¢, wheree= (x| N,d)n.
i=1
PROOF:Let n € N. Then

1 _ 1 _ 1
$C(n) = NZdaO(xnx " :NZ"’("“" ") = NZd)X(n) ,
x€G x€G xeG
where we have used the fact that xnx™' € N, Vx € G. Now if € Irr(N) and p ¢ {1, b2y ..., dr),

then (Z ¢, p)n = 0 whence (($pS) | N,Pp)n = 0. Using the Frobenius Reciprocity theorem we

xeG
get

0=((¢%) L N,b)n = (¢5,9 )¢
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and
0 # (b, x L N)n = (¢, X)6-
Thus
0686 =03 so (x L N,b)n =0,
Hence

k
XIN=) (xIN,d)ndi.

i=1
Now by Proposition 1.3.21(4) we have

XINyPpi)N=XIN,dp)n=eforalli=1,2,... k.
Thus
k k
XIN=) edi=e ) ¢u
i=1 i=1
|

Definition 1.3.19. (Inertia Group) Let G be a group. Let N < G and let & € Irr(N). Then the
inertia group of ¢ is defined by
Ig(¢):={g e G|d? =}

Proposition 1.3.26. Let G be a group. Let N <G, ¢ € Irr(N). Then ¢S € Irr(G) if and only if
Ig(d) =N.

PROOF:Let g,k € G. Then ¢9 = ¢* if and only if (|)9k71 = ¢ if and only if gk™! € Ig(¢) if and only
if Ig(d).g = Ig(d).k. Soif {t1,ts,...,tm}is aright transversal for Ig(¢}) in G then ¢'1, dp'2,..., ptm

is a complete set of distinct conjugates of ¢ in G. Now for any g € G we have

“(9) |N|Zq> NZ Z«b (ytigt;'y™") , where I =TIg(¢).

x€G yel j=1

ThusVneN

1 m
(S IN)(n) = |—ZZ (ytnt; 'y ™)
yel j=1

m
= I (tnt: )
INI| |Z]q> mt
m

= [[:N] ) ¢Y(n)
j=1
(Note: We have used the fact that ytjntj_]y_] € N, Yy €I, Vtj). Hence

(G LN, p)n=[1:N] ) (Y, ¢p)n=1:N],

j=1
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since ¢Y # ¢ if j # 1 and ¢pY are irreducible (because ¢ is and by Proposition 1.3.21(3)). Now by

the Frobenius Reciprocity theorem we have

(S, %)6 = (¢ L N, dp)n = [1: NI.
So ¢€ is irreducible if and only if [I: N] = 1. Hence ¢S is irreducible if and only if N = Ig(¢p).

Proposition 1.3.27. Let G be group. Assume that G = N : H. That is G is a split extension of
N by H. Let ¢ € Irr(N). Then Ig(p) = N : Iy(Pp). Hence ¢ € Irr(G) if and only if In(Pp) = {1n).

PROOF:Since N < Ig(d) and N < G, N <Ig(p). Let g € Ig(d). Then g € G and g = nh where
n € N and h € H. So

=9 =™ = (¢M)" = "
Hence h € Ig(¢); so Ig(d) € NIy(d). Similarly we can show that NIy(¢p) C Ig(¢p). Thus
NIx(¢p) = Ig(d). Since Iy(d) CHand HNAN ={1g}, NNIy(d) ={1g}. Thus Ig(d) = N : Iy(d).

Now Ig(d) = N : Iy(d) = N if and only if Iy(d) = {Ig}. The result now follows by Proposi-
tion 1.3.26. |

1.4 Coset Analysis

The technique works for both split and non-split extensions and was developed and first used by
Moori. We use the method described in Mpono [19].

First we define a lifting.

Definition 1.4.1. (Lifting) If G is a split extension of N by G, then G = UgegNg, so G may be
regarded as a right transversal for N in G (that is, a complete set of right coset representatives of
N in G). Now suppose G is any extension of N by G, not necessarily split, then, since G/N = G,
there is an onto homomorphism A : G — G with kernel N. For g € G define a lifting of g to be an
element g € G such that A\(g) = g.

1.4.1 Coset Analysis

Let G = N.G where N is an abelian normal subgroup of G.

e For each conjugacy class [g] in G with representative g € G, we analyze the coset Ng, where

g is a lifting of g in G and G = UgegNg.
e To each class representative g € G with lifting g € G, we define
Cg = {x € G [x(Ng) = (Ng)x}.

Then Cg is the stabilizer of Ng in G under the action by conjugation of G on Ng, and hence
Cg is a subgroup of G.
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e If G =N : G then we can identify Cy with Cg ={x € G | x(Ng) = (Ng)x}, where the lifting
of g € G is g itself since G < G.

e The conjugacy classes of G will be determined by the action by conjugation of G, for each

each conjugacy class [g] of G, on the elements of Ng.

e To act G on the elements of Ng, we first act N and then act {h | h € Cg(g)} where h is a
lifting of h in G.

e We describe the action in two steps:

1. The action of N on Ng:
Let Cn(g) be the stabilizer of g in N. Then for any n € N we have

x € Cn(ng) < x(ngx' =ng,
— xnx*]x@x*1 =ng,

& xgx ' =7, (since N is abelian)
— xeCyN (g) .

Thus Cn(g) fixes every element of Ng. Now let |[Cn(g)| = k. Then under the action of N,
N{g splits into k orbits Qq, Qz,..., Qx where |Qi| = [N : Cn(g)] = @ forie{1,2,...,k}

2. The action of {h | h € Cn(g)} on Ng:
Since the elements of Ng are now in orbits Q1, Q2,..., Qx from step (1) above, we only
act {h | h € Cg(g)} on these k orbits. Suppose that under this action f; of these orbits
Q1,Q2,. .., Qx fuse together to form one orbit A; , then the fj,; obtained this way satisfy

IN|
Zf—kand |A;] = f; x w
j
Thus for x € Aj , we obtain that
IIxlgl = 1451xlldlal (1.3)
= fjx M X il
"7k T Csl(g)l
Gl
= fjX
77 XCs(g)l
Thus,
G — C
(Celx)l = ot =61 ke
|Ixl&l f; |G|
_ kiCelg)l

— (1.4)
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1.5 Fischer Matrices

Let G be an extension of N by G. Let X1,%2,...,Xt be representatives of the orbits of G on Irr(N),
and let H; = I5(xi) and Hy = H;/N. Let 1; be an extension of x; to H. Takex; = In, so H; = G and
H; = G. We consider a conjugacy class [g] of G with representative g. Let X(g) = {x1,X2,...,X¢(g)}
be representatives of G-conjugacy classes of elements of the coset Ng. Take x; = g. Let R(g) be
a set of pairs (i,y) where i € {1,...,t} such that H; contains an element of [g], and y ranges over
representatives of the conjugacy classes of H; that fuse to [g]. Corresponding to this y € Hy, let

{yi} be representatives of conjugacy classes of H; that contain liftings of y.

Definition 1.5.1. We define the Fischer matriz M(g) = (a{iy)) with columns indexed by X(g)

and rows indexed by R(g) (as described above) by

i) Z c, wl (yt,) - (1.5)

/
where Z is the sum over those k for which yy, is conjugate to x; in G.
k

Remark 1.5.1. We have kept the theory in this section brief since the Fischer matrices of the
Frobenius group are simple. However, Fischer matrices have other special properties which are

used in their computations. For a more detailed account see Whitney [25] and Moori and Mpono
[18].



2

The Frobenius Group

2.1 Introduction

In the previous chapter we described Permutation Groups. The concept of a permutation group
is not only interesting in it’s own right but can also be used to describe groups in general. In this
chapter we will use the definition of permutation groups to introduce a class of permutation groups

that are split extensions. These groups are the Frobenius groups.

2.2 Definition and Preliminaries

Definition 2.2.1. (/14]). Let G be a transitive permutation group on a set Q with |QQ| > 1. Then

G is said to be a Frobenius Group on Q if:

1. Gy Z{1g} for any a € Q.
2. GouNGp ={1g} for all x, € Q and « # B.
Note 2.2.1. G4 here is the stabilizer of x € Q.

Note 2.2.2. Although all our groups in this dissertation are finite, infinite Frobenius groups do

exist (see Collins [2]), for an example.

Remark 2.2.1. Although we have defined them as permutation groups, Frobenius groups have
numerous equivalent descriptions. The following proposition is one of several characterizations of

Frobenius groups.

Proposition 2.2.1. (/6]). A group G is a Frobenius group if and only if it has a proper subgroup
H # {15} such that HNH* ={1g} for all x € G — H.

PROOF : Assume G acts on Q. Take « € Q and let G, = H # {1g}.

Now for any x € G —H, o # « (since if & = «, then x € G4 = H which is a contradiction).

23
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Let 16 #y € H. We will show that y ¢ H*, ¥x € G — H. Since y € H, we have oY = «.
Let «* = forany x € G—H and € Q. Then B = o«* # «. Now if (o*)¥ = o* then
y € Gp contradicting part (2) of definition 2.2.1. Therefore

()Y # &* = oux ! £ole == xyx! ¢ Gy
=y &x 'Gax=x"Hx=H"' =H* forx’ € G.

So HNH* ={1g}V¥x € G—H.

Conversely, set QO = {xH : x € G} where {1g} < H < G. Then G acts transitively on Q by the
Generalised Cayley Theorem. First we show that for any o € Q, Gy # 1g. Let o = goH for some
go € G. Then

Gue = {g€G :ggoH =goH} ={g € G :g;'ggoH = H}
— {geG :g;'ggoeHl ={ge G :ge goHgy"}
= H9 #£{1g} (since H # {1g}).

So Gy # {1g} for any « € Q. Now let « = xH and f = yH for «, € Q and x,y € G such that
o # B. Then by the above argument G4 = H* and Gg = HY. We know that HOH' = {1g} Vt € G\H.
We just need to show that H* " HY = {15}. So suppose that g € H* and g € HY for g € G. Then
g = xh/x~!' = yh’y~! for h/,h” € H, which implies that h’ = x "yh"y~'x = x Tyh”(x'y)~".
Let w = x~'y. Then w € G\H since if w € H, then x"'y € H which implies that x "yH = H and
hence that yH = xH, that is o = B, which is a contradiction. Thus h’ € H and h’ € H" implies
h/ € HNHY ={1g}. Therefore, g = xh/x™' = x{1g}x™' = 1g. Hence, H* N HY = {15} u

Corollary 2.2.2. ([6]). If G is a Frobenius group and H < G is the stabilizer of a point then
Ng(H) =H.

PROOF:Let {1g} < H < G. We know that H C Ng(H) since gHg™' = HVg € H. Let g € Ng(H)
and suppose that g € H. Since g € Ng(H), gng = H Vg € G\H. But G is a Frobenius group.
Therefore HY N H = {15} Vg € G\H. This implies that HY = H = {15} Vg € G\H contradicting the
fact that H # {1g}. Therefore g € H and hence Ng(H) C H and the result follows. L

Note 2.2.3. ([6]). If G is a Frobenius group on Q and H = G4 for some o € Q then H is called
the Frobenius Complement in G. Denote by N* the set of all x € G having no fixed points
in Q and set N =N*U {1g}. Then N = (G\U {H*:x € G})U{I¢} and we call N the Frobenius
Kernel of G.

In 1901, Frobenius proved that Frobenius kernels of Frobenius groups are normal subgroups. We
will prove this later on as the Frobenius Theorem after the following two Propositions. It should
be mentioned that there is no known proof of Frobenius Theorem which does not use character
theory. However, Corradi and Horvath [3] provide a proof of the theorem when the complement H
is solvable or has even order and Knapp and Schmid [13] provide a proof that uses character theory

but is simpler and more direct.
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Proposition 2.2.3. ([6]/). Suppose that G is a Frobenius group with complement H, and suppose
that © is an element of the set of class functions ofH(G € Cf(H)) with 8(1g) = 0, then (6%)],, = 0.

PROOF : Note that eG(1G) = ﬁ B(lg) =nxr. So0%(1g) =[G:H] 0(1g) =[G:H] x0=0.1If

1g #y € H then 0% (y Z 0°(tyt™"). Now if tyt~! € H then y € t"Ht and hence
€G

y € H' = HY for t’/ € G. Soy € HNHY. But since 1g # y and G is a Frobenius group,
y € HNHY implies that t' € H. Therefore Go(t’yt’q) = G(t’yt’f]) = 0(y). Hence, 0%(y) =
iy % [HI % 8(y) = B(y) vy € H. "

Proposition 2.2.4. ([6]). Suppose G is a Frobenius group with complement H and kernel N. Then

1. IN|=[G:H]>1.

2. If K< G with KNH ={1g} then K C N.

PROOF:1. Since Ng(H) = H by Corollary 2.2.2, there are [G : H] distinct conjugates of H in G. So

JUH*:x € G}| = [G:HIx (JH—1)+1
G
- :H: x (H=1)+1
_ Gl
= |G|_H+]
= |G|—[G:H]+1.

Now since N = (G\ U {H*:x e G}) U {1g}, we have

IN| = [G|—(IG|=[G:H]+1)+1
= |G|— |G|+ [G:H—T+1
= [G:H].

Also {1g} < H < G implies [G: H] > 1.

2. Let 1g # k € K. Suppose k ¢ N. Then k € H? for some z € G\H. So k = zhz™! for some h € H.
So z 'kz =h € H and since K < G we have z 'kz € K. Therefore z 'kz € HN K = {1} and hence
k = 1g which is a contradiction. Therefore k € N and K C N. n

Theorem 2.2.5. ([6/). If G is a Frobenius group with complement H and kernel N then N is a

normal subgroup of G.

PROOF : We will show that N is the intersection of the kernels of some irreducible characters of G.
Take Iy # ¢ € Irr(H), where Iy is the principle character of H and set 6 = ¢ — $(1g)I. Then
0 is a generalized character of H. Also 0(1g) = 0 and by the Frobenius Reciprocity Theorem,
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and Proposition 2.2.3, we have that (0%,0¢) = (8,0 ],,) = (0, 0).

Now

(6,6)

(b —d(16) I, d — d(16)IH)

(b, &) — d(16) (P, In) — d(16)(Tn, d) + (d(16))* (T, In)
= 1-0-0+(¢(16))?

= 1+ (1)

Again by the Frobenius reciprocity we have that;

0°,1g) = (8,In)
= (& —d(16)IH, In)
= (¢, In) — d(16)(In, Iny)
= 0—o(1
= —¢(1g).
So (8%,1g) = (0,I) = —d(1g). Thus if we set ¢* = 0 + dp(1g)Ig then ¢* is a generalized

character of G and we have

G) X

(4% 1e) = (0°+9(lc)ls,Ic)
(06,1g) + d(16)(Ig, Ig)
—¢(16) + ¢(1c)

= 0.

Also

0° + ¢(16)Ig, 0% + ¢ (16)1g)

0,0 >+<|>(1G)<eG Ie) + d(16)(1e, 0°) + (b(16))*(Is, Ta)
0) — d(1c)d(16) — b(16)b(Te) + (P(16))?

+¢(1G) —d(16)* — d(16)* + b (16)?

(¢ 97) =

{
{
= (6
1
1

Therefore either ¢* or —¢* € Irr(G), since if ¢* = > Aix; for A € Z and x; € Irr(G) then
(d5 ") =1= ) AN=1
= M=FTorAj=0Vi#]j
= ¢ =xior —¢" =xi.
By Proposition 2.2.3 we have for y € H that;

d*(y) = 05(y)+d(16)ls(y) =0(y) + d(1g) x 1
= 0(y)+d(1g) = dly).
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So in particular ¢*(1g) = $(1g) > 0 and hence ¢p* € Irr(G). So for every non-principle ¢ € Irr(H)
we have chosen an extension ¢* € Irr(G).

Now set K =) {kerd* : I}y # ¢ € Irr(H)} < G. We want to show that K = N. Suppose y € HNK.
Then y € H and y € K. So ¢(y) = ¢*(y) = d*(1g) (since y € kerd*, VI # ¢ € Irr(H)).

But ¢*(1g) = ¢(1g) implies that y € kerd;Vd € Irr(H) and ¢ # Iiy. Since ﬂd)em(H) kerp =
{Tn} ={1¢}, (see Moori, Corollary 4.2 [17]), we have that y = 1g. Now since K<G and KNH = {1},
by Proposition 2.2.4 we have K C N. On the other hand if 1g % x € N then x ¢ H* for any z € G.
So

¢ (x) =0°%(x) + d(16)Ig(x)
=0+ ¢(1g) =" (1¢),

since 06 (x) = 0 Vx € G\H. This implies that x € kerg*. So N C K. Thus K =N < G. u

Corollary 2.2.6. If G is a Frobenius group with kernel N and complement H then G is a semi-direct
product of N by H.

PROOF : We know that N = (G\U {H*:x € G}) U {Igtand NNH ={1g}. Also N<G and H < G.

So
Nx H (G2 H) x JH]

INNH| 1
Therefore G = NH. Thus G is a semi-direct product of N by H. u

INH| = =|Gl.
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Structure of The Frobenius Group

3.1 Introduction

This chapter forms the main part of this thesis. We look here at the structure of the Frobenius
group. Some of the results provide us with alternate definitions of the Frobenius group, while
others can be used to construct Frobenius groups. We look at the structure of the kernel N and
the complement H in greater detail. Lemma 3.2.15 is a useful result and provides some insight
into the conjugacy classes of the group. We also give some results about the center, commutator
subgroup and Frattini subgroup of a Frobenius group. We end the chapter by briefly mentioning

some results about solvability of Frobenius groups.

3.2 Structure

Proposition 3.2.1. (/6]). Suppose that G is a Frobenius group with complement H and kernel N.
If 1g #x € N then Cg(x) < N.

PROOF:Since Cg(x) < G we just need to show that Cg(x) € N. First we will show that if h €
H N Cg(x) then h = 1g. So suppose that for h € H and x € Nyh € HN Cg(x). Now h € Cg(x)
implies that hxh™! = x. So h = xhx~ ! = h* € H*. Therefore h € HNH* = {15} and hence h = 1g.
Suppose now that y € Cg(x). We will show that y € N. Assume that y ¢ N, then 1g #y € H?
for some z € G. This follows from the definition of the Frobenius kernel, see Note 2.2.3. Now
y € Cg(x) implies that yxy~' = x and since y € H* we have y = zhz™! for some h € H. Therefore
z7'yz = h and hence yz_] = yz/ =h € H for some z’ € G.

28
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Now
nyi] = X
= (zhz Nx(zhz )T =x = zh(z"xz2)h 27" =x
= zh(x* Jh'z'=x = z'zh(x* W'z z=2z""xz
= h(><z_1)Pf1 =z %z = I'L(XZ_])]LF1 — x|
= he Co(x* ) = y* eCgx* ).

Therefore yf] € HN Cg(x* ). Also since x* ' € N (- N <G) and x* | #1g (.- x # 1g), by the
first part of the proof, since yf] eHN Cg(xf] ), we have that yf] = 1 and hence y = 1g which
is a contradiction. Therefore y € N and hence Cg(x) C N. L

Proposition 3.2.2. ([6]). Suppose that G is a Frobenius group with complement H and kernel N.
Then o(H)‘o(N) —1.

PROOF:Now G acts by conjugation on N. Restricting this action to H, the complement H acts by
conjugation on N. Let 1g #x € N. Then Hy ={h e H:x" =x} ={h € H: hxh! =x} = Cn(x).
Now by Proposition 3.2.1, Cg(x) < N. Since Cy(x) € Cg(x) < N, Cx(x) < N. But G is a
Frobenius group and HNN = {1g}. Therefore Cy(x) = {1g}. Now by the Orbit Stabilizer Theorem,
we have that |XH‘ =[H:H,]. So ‘XH} = % = Hﬂ = |H|. Since the H - orbits partition N, N\{1g}
is a union of H - orbits each of size |H|. Therefore [N| — 1 = o« |H| where « is the number of orbits.

This implies that [H| “N\ —1. u

Note 3.2.1. A subgroup H of a group G is called a Hall subgroup if |H| and [G : H] are relatively
prime. Thus, by Proposition 2.2.4 and the following Corollary, in a Frobenius group the order of

the complement H and the kernel N are always relatively prime.

Corollary 3.2.3. The complement H of a Frobenius group G is a Hall subgroup of G and the kernel
N is a normal Hall subgroup of G.

PROOF: By Proposition 3.2.2, we have |H| ||N| —1. So |H| x &« = [N| =1 for some « € N. So
IN| — o |H| = 1 implies that (|N| , |H|) = 1. But by Proposition 2.2.4, we have |N| = [G : H].
So ([G : H] , [H| ) = 1 and hence that H is a Hall subgroup of G. Since G = NH and |G| =

IN| x [H], % =1|H|. So [G: N] = |H|. Hence by above, (|N| , [G:N] ) = 1. This implies that N is

a normal Hall subgroup of G. L

Lemma 3.2.4. If G is a group and T(x) =x"' Vx € G, then

1. T is 1-1 from G onto G.

2. T is an automorphism & G is abelian.

PROOF : Easy and omitted. u
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Proposition 3.2.5. ([6]/). If G is a Frobenius group with complement H of even order , then the

kernel N is abelian.

PROOF : Since Z{IHI, by Cauchy’s Theorem there exists h € H such that o(h) = 2. If 16 #x € N
then x # x" € N (since x™ = x implies that h € Cg(x) < N which is a contradiction). So x" # x
and hence x"x~! # 1¢. Consider now the map ¢(x) = x"x~! ¥x € N. We will show that ¢ is an
automorphism of N which coincides with the map {(z) = z ' Vz € N, and by Lemma 3.2.4 the
result will follow.

¢ is well defined :

Let x,y € N. Then x =y implies that y~

Ix =1¢. So

)h -1

Yy )" = ylx=1g

= h(yqx)h = yilx = hy*] (hh)xh = yqx
= (hy M) =y 'x = (hyh)'(hxh) =y 'x
= YT =y = T = yhy
= ¢(x) = oly).
bisT—1:
Suppose ¢ (x) = p(y) for x,y € N, then
! = yhy ! WMt =y Tx

=
= (hyh)_1(hxh) :y_]x = (hy_1h)(hxh):y_1x

= hy '(W)xh=y 'x =
= [y ') =yx = y

hy_]xh:y_1x

]X: 1@,

since y~'x € N and h ¢ Cg(y~'x) by Proposition 3.2.1. Hence y = x.
Also ¢ is onto since N is finite. Therefore N = {x"x~1 | x € G}. Setting z = x"x !, we have that

M= (" "= h(x™h = h(hxh)x'h
= h%(xh)x'Th = x(hx"h) = x(hxh)™
_ X(Xh)i] — (thf]),] — 271.

h h

Now the map z — z" is an automorphism of N. Since z" =z, the automorphism z — z" is the
same as the map z — z~'. Since this map is an automorphism of N, by Lemma 3.2.4

N is abelian. u

Proposition 3.2.6. Suppose that G is a Frobenius group with kernel N and complement H. Let z

be an involution in H. Then x* = x~ ' ¥x € N.

PROOF: Since |H| is even, by Proposition 3.2.5 the kernel N is abelian. Note first that if x € N then

2

(xz)* = xzxz = x(zxz) € N, since N < G implies that (zxz) € N. Now

z(xz)? = z(xzxz) = [(zxz)x]z = [x(zxz)]z (since N is abelian)

= (xzxz)z = (xz)*z.
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2:

Therefore (xz)? € Cg(z) < H. Since (xz)? € N, we have (xz)? = 1g. Now since (xz) x(x%), we

must have x* = x . [ |

Note 3.2.2. If |H| is even, then H contains a unique involution z, and therefore z is central. Since,

if z/ € H is another involution, then by Proposition 3.2.6 we have

/ —
xZ — X1:XZ

1 1

= z/xz'7 = zxz”

= 2712/
Since HNN ={1g}, z "2/ =1¢ = z=2/.

Theorem 3.2.7. ([6]). A finite group G is a Frobenius group if and only if it has a non-trivial
proper normal subgroup N such that if 1g #x € N then Cg(x) < N.

PROOF:If G is A Frobenius group, then by Proposition 3.2.1, we have Cg(x) < N.

Conversely suppose now that a finite group G has a non-trivial proper normal subgroup N such
that if Tg # x € N then Cg(x) < N. First we show that N is a normal Hall subgroup of G. Suppose
that N is not a normal Hall subgroup of G. There exists a prime p such that p‘lNI and p‘[G - NJ.
Let |G| = p*q and [N| = pPq’ with « > B and (p,q) =1 = (p,q’). Let P be a Sylow p - subgroup
of N and let Q be a Sylow p - subgroup of G with {1g} <P < Q and Q # P. Then |P| = pP and
|Q| = p*. Since Q is a non-trivial p - group, the centre of Q is non-trivial.

Clearly P < QN N. Now QNN < Nand QNN < Q. Therefore Q NN is a p - subgroup of N.
Now since P is a maximal p - subgroup of N we must have that Q NN < P and hence P = Q N N.
Let x € Z(Q) with o(x) = p. Then xg = gx Vg € Q. So Q C Cg(x). Now if x € P then x € N
and Cg(x) < N implies that Q € Cg(x) € N which is a contradiction, since Q NN = P. Suppose
now x ¢ P. Then for any 1g #y € P we have y € Q (.- P < Q) and hence xy = yx. Therefore
x € Cg(y). Now 1g #y € N implies that Cg(y) < N by Proposition 3.2.1. Hence, x € N, so that
x € QNN =P, which is a contradiction. Hence, N must be a normal Hall subgroup of G.

By the Schur-Zassenhaus Theorem there is a complement H to N in G such that G = NH and
NNH={1g}. Let x € G\H and suppose that HN H* £ {1g}. Since G = NH, we can write x = nh
with x € N and h € H.

Then

H* = H™ =nh(H)(nh)™
= nh(Hh 'n' =n(hHh )n' =nHn ' = H™

So HN H™ # {15} and there exists 1g #y € HN H" such that y € H and y = nh/n™" for some
1¢ #h/ € H. So

nhineH = Mh/nHh " eH = n(h/n"Th"") e H.
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But n(h'n~"h/~") € N since h'n~"h/~' € N (" N < G).

Therefore nh'n "h’~! € NN H = {1¢} and hence nh’ = h/n. This implies that h’ € Cg(x) < N,
which is a contradiction since h/ # 1g. Therefore H N H* = {1g} Vx € G\H and by Proposition
2.2.1, G is a Frobenius group. u

Theorem 3.2.8. (/6]).

1. Suppose that |G| = mn with (m,n) = 1, that either x™ = 1g or x™ = 1g Vx € G and that
N={xeG:x"=1g}<G. Then G is a Frobenius group with kernel N.

2. Conversely, if G is a Frobenius group with kernel N and complement H, and if IN| = n
[Hl = m, then either x" =1g orx™m =1gV¥xe€ G and N ={x € G:x™ =1g}.

PROOF: (1) First we show that (IN\ ,m) = 1. So suppose that (lNI,m) # 1. Then there exists a
prime p such that p’ IN| and p‘m. But p} IN| implies that there exists x € N such that o(x) = p
and hence that p|n which contradicts the fact that (m,n) = 1. Thus (INI , m) =1.

Since [N|||G| = mn and (IN|,m) = 1, we have that [N||n. If n = p*n’ with (p,n’) = 1, then
Q € Syl,(G) implies that |Q| = p*. If 1g # x € Q then xP* = 1 and this implies that o(x)‘p"‘ and
hence o(x) ‘n. Now if x™ = 1 then o(x) ‘m and since x # 1¢ this implies that (m,n) # 1 which is a
contradiction. Thus x™ = Tg which implies that x € N. So Q € N. But Q € Syl,(G). This implies
that Q € Syl,(N). Thus for each prime p dividing n there is a Sylow p - subgroup of G in N. So
IN| = p*n” with (p,n”) = 1. Therefore n‘ IN| and hence |[N| =n. Since |G| = mn and (m,n) =1,
we have that N is a normal Hall subgroup of G. By the Schur Zassenhaus Theorem there is
a complement H to N in G. Therefore G = NH and NN H ={1g}. The order of H is m. We just
need to show that H is a Frobenius complement. Suppose now that HN H* £ {15} and x ¢ H.
So either x € N or x = kh for 1g # k € N and 1g # h € H. Assume that x € N. Then since
H N H* # {15}, choose 1g # h € HNH*. Then h = xh/x~"' for h/ € H. Now

h=xh/x!" = xThx=h' = ¥ =h/ = h¥ h '=h'h' e H.

Also h* 'h™! = (x Thx)h™' =x " (hxh™") € N (since N < G).

Therefore
W h T eHAN={1¢gl= W 'h =1 = x Thxh ™' = 1¢ = hx = xh.

Since (m,n) = 1,0(xh) = o(x) x o(h). Let o(x) =n’ and o(h) = m’, then n"n and m"m. Now
o(xh) =n/m’. Also since xh € G, either (xh)™ = 1g or (xh)™ = 15. If (xh)™ = 1g, then n’m"n
implies that n = n’m’k for k € Z. This implies that m"n. But m’|m. This contradicts the fact
that (m,n) = 1. We get a similar contradiction if (xh)™ = Tg. Assume now that x ¢ N and x = kh
for 1g #k € N and 1g # h € H. Then

H* = H" =xXhH(kh)™' = k(hHh ")k~ = kHk™' = H*.
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So HNH* # {15} implies that H N H* # {15}. Therefore there exists y € H such that y = kh/k™!
for some h” € H. Now yh/~! = k(h”k"Th”~1) € N<G. So kh”k "Th”~" € HAN = {1g}. Therefore
kh” = h”k which implies that h” € Cg(k) and hence by Proposition 3.2.1 that h” € N. But this
is a contradiction. Thus HNH* = {15} Vx € G\H which implies that H is a Frobenius complement
of N in G by Proposition 2.2.1.

(2) If 1g # x € N then since [N| = n,x™ = Tg. Also if 1g # y € H then since |[H| = m,y™ = 1g.
Suppose now x € G and x ¢ N and x ¢ H. Then x = kh for some 1g 2k € N and 1g # h € H.

Now

X" = (kh)" = (kh)(kh)(kh)"% = (khkh~"hh)(kh)" % = k(hkh~')h?(kh)" 2
= kk’h?(kh)™ ™ (for some k’ € N < G)
= k"h?(kh)™ 2 (for some k” € N)
= k"h%(kh)(kh)(kh)™* = k”"h?(khkh~"hh)(kh)™*
= k"h*kk”h*(kh)™* (for kK € N < G)
= k"h*kh?(kh)™™ (for k; € N)
= k"h(hkyh "3 (kh)™*
= k"hksh3(kh)"™* (for k3 € N<G)
= k”(hksh " )h*(kh)"
= k"ksh*(kh)™™ (for ks € N <G)
— ksh*(kh)™™* (for ks € N),......

continuing in this fashion we find that x™ = noh™ for some ny € N. Suppose now that x™ = 1g.
Then noh™ = 1g which implies that h™ = n; for some n; € N and hence that h™ = 1, since
HNN = {1g}. Therefore o(h)‘n and since o(h)‘m, this implies that (m,n) # 1 which is a
contradiction. Hence x™ # 1g. Since (m,n) = 1 and o(x)!mn and the order of x does not divide
n we must have that o(x)!m. Thus x™ = 1g. Hence, either x™ = 1g or x™ = 15 Vx € G.

By definition the Frobenius kernel is N = (G\ U{H*:x € G}) U{lg} Soif 1g # x € G is in any
conjugate of H then x™ = 1. The remaining g € G are in the kernel N. Thus N ={x € G : x" =
1k L

Proposition 3.2.9. (/6]). Suppose G is a Frobenius group with kernel N and complement H and
that {1g} # N7 < N, {1g} # H;y < H, with H; < Ng(N1). Then Gy = NyH; is a Frobenius group

with kernel N1 and complement Hj.

PROOF:Since Ny < Ng(N7) and Hy < Ng(Nj), NyH; < Ng(Nj) < G. Also N7 < Ng(Ny) and
N; < Gy = NjH; < Ng(N7) implies that N7 < G;. Clearly G; = Ny : Hj since NyNH; C NNH=
{1g}. First we show that NyH; NN = N;. Now Nj is clearly contained in the intersection since
N7 € NtH; and Ny € N. To show the reverse containment, suppose that 1g #x € NyH; NN but
x € Nj. Since x € N7H;j and x € N, x ¢ Ny implies that x = 1g.h for some h € Hj or x = n’h’ for
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some n’ € Ny and h/ € H;. If x = 1g.h then x € H (since Hy < H) which is a contradiction since
HNN ={1g}. If x = n’h/ then x € N implies that n’h/ € N and hence that h’ € N which is a
contradiction since HN'N = {1g}. Therefore, N; € N7H; NN and hence N7H; NN = Nj.

Now Nj is a non-trivial normal subgroup of G; so that all we need to show is that for 1g # x €
N1, Cg, (x) < Ny, so by Theorem 3.2.7 we can conclude that Gy is Frobenius. Since G is Frobenius,
for Tg # x € N7 < N, we have that Cg(x) < N by Proposition 3.2.1. Now G; < G implies that
Cg,(x) < Cg(x) < N. Also since Cg,(x) < Gy, we have Cg,(x) < Gi NN = N;H; NN = Nj.
Hence, by Theorem 3.2.7, G; is a Frobenius group. L

Proposition 3.2.10. ([12]). Let G be a Frobenius group with kernel N and let K be a subgroup of

G. Then one of the following must occur.

1. KCN.

2. KNN ={1g}.

3. K is a Frobenius group with kernel N N K.
PROOF: (1) Let M = NN K and assume that neither (1) nor (2) holds. Then M # {15} and M # K.
We have that M < K. Now let 1g # x € M, then x € N, so by Proposition 3.2.1, Cg(x) C N.

Also Ck(x) € Cg(x) € N and Ck(x) € K. So Ck(x) € NNnK = M. Hence, by Theorem 3.2.7, K is
Frobenius with kernel N N K. n

Proposition 3.2.11. (/12]). Let K # {1} be a subgroup of G such that K # Ng(K) and Cg(x) C
KV 1g #x € K. Then Ng(K) is a Frobenius group with Frobenius kernel K.
PROOF: It is clear that K < Ng(K). If Tg # x € K then by hypothesis Cnk)(x) € Cg(x) € K. So

by Theorem 3.2.7, Ng(K) is a Frobenius group with kernel K. L

Proposition 3.2.12. (/6]). Suppose G is a Frobenius group with kernel N and complement H, and
that K < N;K # N and K< G. Then G/K is Frobenius with kernel N/K.

PROOF : By the Correspondence Theorem since K < N and K < G,N/K < G/K. The index of N/K
in G/K is [G/K : N/K] and

[G/K:N/K] |G/K]|/|N/K|

= (I6[/[K]) < ([x|/|N])

= [Gl/IN|

— [G : N] = |H‘ by Proposition 2.2.4.
fon
K]

The order of N/K is ’N/K’ = ’N|/|K‘ = by Proposition 2.2.4. Now [G : H] and ’H| are

[G:H

relatively prime since H is a Hall subgroup of G. Let ITI] =n and [H| = m.
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Now if p is a prime and p‘m and p}n then p‘ IH| and p‘ [G : H]. But this is a contradiction because
H is a Hall subgroup. Therefore (m,n) = 1 which implies that N/K is a normal Hall subgroup
of G/K. We show now that N/K = {XK € G/K: (xK)" = 16/K}. If 1g)x # xK € G/K then
since ‘N/K‘ =n,xK € N/K implies that (xK)™ = Tgx. Let Tg,x # xK € G/K and (xK)™ = 1¢ .
Suppose now that (xK) € N/K. Then x ¢ N and since G is Frobenius either x € H or x = n’h for
some Ig #n’ € Nand 1g # h € H. If x € H then since [H| = m,x™ = 15. So x™K = K implies that
(xK)™ = 1, and hence that o(xK)}m. But this a contradiction since o(xK)‘n and (m,n) = 1.
If x = n'h then x™ = n”h"™ for some n” € N. (See the proof of Theorem 3.2.8, part(2)). Now
(xK)™ = Tg/k implies that x"K = K and hence that x™ € K < N. Since x™ € N, n”h™ € N which
implies that h™ € N. Since h # 1g, h™ = 1g implies that o(h)‘n which is a contradiction since
o(h)‘m and (m,n) = 1. Thus we must have that N/K = {xK € G/K: (xK)™ = 1G/K} and by
part(1) of Theorem 3.2.8 , G/K is Frobenius with kernel N/K. u

Proposition 3.2.13. (/6]). If G is abelian and the only characteristic subgroups in G are {1g} and

G, then G is elementary abelian.

PROOF: Let p be a prime divisor of |G|. Then H = {x eG:xP = 1g} < G. Note first that H # {1g}
since by Cauchy’s Theorem there exists x € G such that o(x) =p. Sox € G and xP = 1 implies
that x € H. Also 1g € H since 12 =1g. If a, € H then o« = P = 1g.

So

o =P = B =g = (BP(e?) = Tg

= (B 'x)? =1¢ (since G is abelian)

So p~'a € H and therefore H < G.

Let ¢ be any automorphism of G. Since H < G and ¢ is an isomorphism, ¢(H) = {d)(h) the H} is
a subgroup of G. We show that H is a characteristic subgroup of G. Let h € H. Then h? = 1. Now
$(1g) = 1 implies that ¢(hP) = 1g and hence that [p(h)]” = 1. So ¢(h) € H and $(H) < H.
Since this is true for any automorphism ¢ of G, it is true for ¢~'. So ¢~ (H) < H which implies
that (I)[(I)q(H)] < ¢(H) and hence that H < ¢(H). So ¢(H) = H Vdp € Aut(G). Therefore H is
characteristic in G. Since H # {15}, and the only characteristic subgroups of G are {1g} and G, we
have that H = G. So xP = Tg Vx € H implies that xP = 15 ¥x € G. By definition this implies that

G is an elementary abelian group. L
Note 3.2.3. A Frobenius group G is said to be minimal if no proper subgroup of G is Frobenius.

Remark 3.2.1. Let H be a Frobenius complement of a Frobenius group G. Let {1g, q1,q2,...... s Qn—1}
be a left transversal for Hin G. Then G=HUqHU...... U gn_1H where [G : H] =n. It follows
then that the conjugates of H by elements of G are {H, H9',H92,...... , H4"=1} and no two of them
coincide since if H9' = H92 then q;Hq;' = q2Hgq;' which implies that (q;'q1)H(q;'q1)™ = H
and hence that q21q1 € Ng(H) = H by Corollary 2.2.2.
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Therefore q;l q1H = H which implies that qH = qiH which is a contradiction. Also the intersec-
tion of any two distinct conjugates of H is trivial since if x € H9" MH92 then x = q1hq]_] = qzh’qz_]
for hyh/ € H. So (q;'q1)h(q;'q1)~" = h/ which implies that q;'q; € H. Therefore q;'qiH = H
which implies that q1H = q;H which is a contradiction. Hence any of the conjugates of H satis-
fies the condition to be a Frobenius complement. Therefore in a Frobenius group G replacing the

complement H by any of it’s conjugates gives us another representation of G as a Frobenius group.

Theorem 3.2.14. ([6]). If G is a minimal Frobenius group with kernel N and complement H then

N is elementary abelian and H has prime order.

PROOF:If {1g} < H; < H then H; < Ng(N) = G, so by Proposition 3.2.9, G; = NH; is a proper
Frobenius subgroup of G contradicting the minimality of G. Hence, H must be of prime or-
der. Let the order of H = q a prime. We will show that N is elementary abelian. Let P be
a Sylow p - subgroup of N and let N’ = Ng(P). Then G = NN’ by the Frattini Argument.
Since INN’| = |G] = INH| = [N|q, we have that q‘IN’I. Let Q7 € Syly(N’), then [Qq| = q and
Q1 < N’ = Ng(P). So NQj < G and [NQ| = mg11‘| — N4 — IN|q. Therefore G = NQy. Since
Qg is also a Sylow q - subgroup of G, it is conjugate to H in G. Therefore by the Remark 3.2.1,

G = NQ; is Frobenius. The minimality of G now implies that P = N. If K # {15} is a character-

istic subgroup of N, then since N < G, K < G. So applying Proposition 3.2.9 to G = NH, we have
that Gy = KH is a Frobenius group. The minimality of G now implies that K = N. In particular
Z(N) = N which implies that N is abelian. (Since for every group G it’s centre is characteristic
in G). Also Z(N) # {1g} since a p - group has a non-trivial centre. By Proposition 3.2.13 now, N

is elementary abelian. u

The following lemma contains some useful characterisations of Frobenius groups.

Lemma 3.2.15. (/9]). Let N 4G, H < G with NH = G and NNH = {1g}. Then the following

are equivalent.

1. Cg(n) <N Vlg#neN.

2. Cyn) ={1g} Vlg#n e N.

3. Cg(h) <H Vlg#heH.

4. Bvery x € G\N is conjugate to an element of H.

5. If 1g #h € H, then h is conjugate to every element of Nh.

6. H is a Frobenius complement in G.

PROOF : Note first that

G=NUNhUNhz...UNhp,
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and that
H :{]G)hZ)h3>---)hm}>

where the h; are distinct.
Also

Nh; = {hi,nihi, nohy, ... nihid,

and each nih; is distinct since if njhy = njh; then ny =n;.
Also note that

VgeG, (Nh)? = g(Nh)g'=gN(g'g)hig”' = (gNg ")(ghig™")
= Nh{. (3.1)

This is true for any normal subgroup of a group. Since G is a semi-direct product, if g = mh for

m € N and h € H | we have that:

(Nh)? =Nh{ = Nh™ by (3.1)
= N(mhhih"'m™") = Nm(hhsh ' )m™ = Nmh'm™" for h' = hh;h™
= Nh/m™! sincem e N
= NRh'm "h/'h'=Nh’ sinceh’'m"h’~' € N
— Nhhih ' = NRl = (NR)" by (3.1) (3.2)

Now we prove the lemma.
(6) = (1)
H is a Frobenius complement by definition implies that G is a Frobenius group so (1) then follows

by Proposition 3.2.1.

(1 = (2
Let g € Cyy(n), where 1g # n € N. Then gn = ng and this implies that g € Cg(n) < N. Hence,
g€ HNN ={15} and (2) follows.

2) = 3)
Let g € Cg(h). Then gh = hg. Assume that n # 1g. Let g =nh’ forn € N and h/ € H.
Then

h = ghg'=h = h=h""
= nh/ (W "n ' =n(h'hh""n~!
= nh/n"=h"™ where h” = h’hh/~" € H.
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So

h = h = nh/ =hn = nh”"h"' = hnh™!
= nh” = n’ whereh”h™"=h" e H, andhnh™'=n’e N

= h"” = n'ln'eN
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(3.3)

So h"”" € HN'N and this implies that h”/ = 1g and n = n’. Now hnh™! = n’ = n implies that

h € Cg(n) = 1g. This contradicts the assumption given in (2) since h # 1. Hence we must have

n = 1g and hence g = h’ € H. Thus Cg(g) < H.

3) = (4)
We have
G=NUNh;UNh3...... UNhy,.
So
GA\N =Nh UNh3 UNhy4...... UNhp,.

Since by assumption we have

Cg(hiy) CHVYi=2,...... , T,
we deduce that
Cog(hy) =Cx(hy) Vi=2,...... , 1M,
Now
[[haly| = [H: Culha],
and

[[hi] = [6: Calho)].

Hh"]c‘

Now dividing equation (3.5) by equation (3.4) gives

This now implies that
|[hil | = IN| % |[i] | Vi=2,......

I

(3.4)

(3.5)

(3.6)

Also if h; is not conjugate to h; in H then h; is not conjugate to h;j in G. From equation (3.6) we

have that:
‘ U [h]G| = ‘N‘ X ‘ U [h]H‘ (h here is a class representative in H)
1g#heH 1g#heH
= NI x (JH[—T1)
= [N|x [H —[N]
= |G| —INJ.
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By equation (3.7) now we have that

G:NU{ U Lirgs

1g#heH

This implies that if x € G\N then x € [h] ¢ for some h € H proving (4).

(4) = (5)

Since by (4) nhy is conjugate to h;j in G for some hj € H, there exists g € G with g = mh for
m € N,h € H such that (nh;)9 = h;. Now (nh;)9 € (Nh;)9 = Nhy = Nh! by equation 3.1.

So (nh;)9 = n'h! for some n’ € N implies that h; = n’h!', and hence n’ € NN H = 1. Therefore
hj = h]f and hence h; is conjugate to h;. Thus nh; is conjugate to h; and since this is true for all

n € N the result follows.

(5) = (6)

We need to show that HN HY = {1g} Vg € G\H. So suppose now that HN H9 # {1g} with
g € G,g = nh,n # 1g. So there is a 1g # h’/ € H such that h'9 € H. Let h'9 = hy for some
hy € H. Now by (5) we have that h’9 € Nh'. So h’/9 = nh’ for some n € N. Thus we have that
hy = h'9 = nh’. The uniqueness of the representation of each g € G now implies that n = 1g

which is a contradiction. This now completes the proof. L
We prove the following Lemma by using Lemma 3.2.15.

Lemma 3.2.16. Let G be a frobenius group with kernel K and complement H. Then any two

non-identity elements of H conjugate in G are already conjugate in H.

PROOF : If hy is conjugate to hy in G ;then there exists 1g # g € G with g = mh where m € N,h € H
such that h]g = hy. Thus

ghig' =h, = (mMhh(h'm)=h,

mhhh " m™' =h, = mh/m™" =h, where h’ € H
mh/m ' (h"""h')=h, = mh'mTh" Hh' =h,
m’h' =h; wherem’ = m(h/'m"h/~') e N

m’h’ = 1g.h, = m’ = 1g by the uniqueness of the representation of g € G

(T TH I

mh'm"h' =1 = mh/=h'm = meCg(h/)CH = m=1g.
Therefore g = 1g.h which implies that h? = h, and hence that hy is conjugate to h; in H. u
Lemma 3.2.17. ([24]). If G is a Frobenius group with kernel N and K <G ,then either K C N or
N C K.

PROOF : Assume that K € N. Let H be a complement of N and let x € K\N.
First we show that Cg(x) "N = {1g}. Suppose that Cg(x) "N #{1g} and let y € Cg(x) N N. Since
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y € N, by Proposition 3.2.1 Cg(x) < N. Alsoy € Cg(x) implies that xy = yx. But this implies
that x € Cg(y) < N which is a contradiction. Thus Cg(x) "N ={1g}.
Now NCg(x) < G and [NCg(x)| ‘IGI. So

ICc(x)IN]

NCc(x)| k=G| = —F~—
INCg(x)|k =G| Co) NN

k =1[G|] = IN||Cg(x)|k = [N[H]I,

for some k € N. This implies that |Cg(x)] ‘IHI.

Since |Cg(x)| ‘lHl implies that |Cg(x)| q = [H| for some q € N, and |G| = |Cg(x)||[x]|, we have that
IGlq = |Cg(x)|[x]| g = [H||[x]|. This implies that [N||H|q = [[x]||H| and hence that [N|q = |[x|.
Thus |N| }l[x}l. Since [x] C K, |N| ‘|K|.

Now let [N| = p%z, then |K| = p*kz for some k,z € N. Also since N is a normal Hall subgroup of
G, |G| =p*z’ for z’ € N. Let P € Syl,(K) then P € Syl,(G). If Q € Syl,(N) then Q is conjugate
to P in G which implies that Q = gPg~' for some g € G. So P = g7'Qg < N (since N < G). So
every Sylow p - subgroup of K such that p‘IN\ is contained in N. Hence, N C K. u

Note 3.2.4. Let G be a Frobenius group with kernel N and complement H. If K < G such that
N C K then K =N : (HNK) is a Frobenius group since, N C K, HN K # {15} by Proposition 2.2.4
and by Flavell [5] (Corollary 3.1), K = (KN N) : (HNK) is a Frobenius group which implies that
K =N : (HNK) is Frobenius.

Theorem 3.2.18. (/6]). If G is a Frobenius group with kernel N and complement H, then no

subgroup of H is Frobenius.

PROOF : Suppose the result is false. Let G be a counter example of minimal order. Then H itself
is Frobenius and minimal. (Since if H has a subgroup H; say which is Frobenius, then H will be
another counter example of order less than the order of G which is a contradiction). Hence, the
kernel K of H is elementary abelian and it’s complement Q is cyclic of prime order. We want to
show that N is an elementary abelian p - group.

Suppose that p is a prime that divides the order of N. Let P be a Sylow p - subgroup of N and
let N’ = Ng(P). Then G = NN’ by the Frattini argument. So |G| = |‘NNrml,|‘ = |H|INJ|. This implies
that [H| ||N’|. Now NN N’ <N’ and since G/N = NN’//N =N//NNN’, [G:N] =[N": NN N’
Therefore ([N’ :(NNNI]INN N’|> = 1 which implies that N NN’ is a normal Hall subgroup of
N’, since if there is a prime q such that q| [N 1N’ and q|[N’: (N N'N’)] then q| [N| and q| [G : N]
which is a contradiction since N is a normal Hall subgroup.

By the Schur Zassenhaus Theorem, N N N’ has a complement L. Therefore N’ = (NN N’)L and
since H=G/N =N'/NNN’'=L, |L| =|H| = [G:N]. Thus G = NL and L is minimal Frobenius.
Since L < N’ = Ng(P) and P < Ng(P),PL < Ng(P) < G. We show that PL is Frobenius.

First we show that if 1 # x € P, then Cp(x) < PLN N. Now Cpr(x) € PL and since x € N
(P € N), by Proposition 3.2.1, Cpr(x) € Cg(x) € N. Thus Cp(x) € PLN N. We now show that
PLNN = N, and PL is Frobenius will follow from Proposition 3.2.1. Now P C PLN N since P C PL
and P C N. Let 1g #x’ € PLNN, then x’ € PL implies x’ = zl with z € P and 1g # 1 € L. Since
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x’ € Nyzl =n for some n € N. So 1 =z""n € N. Therefore L € N and 1 € N’ (L < N’). Therefore
Le NNN’. But (NNN’/)NL ={1g} since L is the complement of (N N N’) in N’. Therefore 1 = 1g
which is a contradiction. Therefore x’ = z and hence x’ € P. So PLNN C P and PLNN = P. Now
PL is a Frobenius group follows by Proposition 3.2.1. Since PL is Frobenius and we already have
that L is minimal Frobenius, PL is another counter example of order less than the order of G. Thus

we must have that
[PL| =|G|] = |PL|=|P||L|=|N||Hl = |P|=[N|] = P=N.

Therefore N is a p group.

Furthermore by Proposition 3.2.12 no non-trivial normal subgroup of G is properly contained in N,
because if R < N,R # N and R< G, then by Proposition 3.2.12, G/R is Frobenius with kernel N/R.
Say the complement of N/R is W/R where W < G. Then by the Third Isomorphism Theorem we
have: W/R = g—% = G/N = H. Therefore W/R is Frobenius. But G is the counter example of
minimal order and G/R is another counter example and since !G / R‘ < |G|, we have a contradiction.
Therefore R = {1} which implies that no non-trivial normal subgroup of G is properly contained in
N. In particular, since N is a p - group, {1g} # Z(N) = N which implies that N is abelian and since
N has no non-trivial proper characteristic subgroups, by Proposition 3.2.13, N is an elementary
abelian p - group.

We may now view N (written additively) as a vector space over Z,. The action of H on N by
conjugation is a Zj, representation T, of H on N. First we will show that T is faithfull.

If p" is the automorphism of N which represents conjugation by h € H, then p"(«) = hah™' Y& €
N. For h € H, T(h) = p" and T(h) = 1 implies that p"(«) = « Y& € N. Hence hah™! = «
implying that ha = oh and hence h € Cg(«). Since this is true for all x € N,h € Cg(N) and
hence h = 1¢, implying that T is faithfull. The only T - invariant subspaces are 0 and N since N
has no other subgroups normal in G. Therefore T is irreducible [6].

Choose a finite extension F of Z, that is a splitting field for both H and K. (Since char(Z,) does
not divide the order of H, there is a finite extension F of Z, that is a splitting field for H). Then
T~ $PS:P...... P Si with each S; absolutely irreducible. Say that S = S; acts on the F -
subspace V of NF. Restricting the action of T to K, write V=V, PV, P...... P Vi with each
Vi an irreducible K - invariant subspace. But K is abelian, so each V; is one dimensional, and if
x € K then g(x) is a diagonal matrix (where S is the matrix representation of S). Combine the
subspaces V; so that V=W, W, P...... @ W, where §(x) restricts to a scalar matrix on each
Wi, Vx € K with different scalars for some x if i # j. Observe that if v € V and §(x)v = AV
for Ay € F and Vx € K, then v € W; for some i. Say Q = (y) and choose v € W;. For each
x € K we have §(x)§(y)v = /S\(y)g(y*]xy)v = §(y)7\xyv = Axyg(y)v. So §(y)v € W; for some j.
Thus for each i there is some j = j(i) such that §(y)Wi = W4 So Q acts as a permutation
group on the set {W;}. Now Q has no fixed points since a fixed point would be both Q - invariant
and K - invariant as a subspace, hence H - invariant, whereas S is irreducible on V. Since Q

~

is cyclic of prime order q, S(y) permutes each Q orbit in {W;} cyclically as a g cycle. Relabel if
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~

necessary so that §(y)W1 = Wz,g(y)Wz =W;i,...... yS(YW4—1 = Wy. Choose w # 0 € Wy and
set v=w+ §(y)w + §(y2)w + ... Then §(y)v =v #0, so 1 is an eigenvalue of §(y), hence of
T(y). This means that for some z € N with z # 1 we have T(y)z = zY = z. But then y € Cg(z),

contradicting Proposition 3.2.1 and proving the theorem. u

Theorem 3.2.19. ([24]). The Frobenius kernel of a Frobenius group is unique.

PROOF: Let G be a Frobenius group with Frobenius kernels N and N7 with H a complement of N. By
Lemma 3.2.17, without any loss of generality, we may assume that N C Ny. Let K=HNN; <H.
Since N C Ny and N < G,N < N;. Therefore NK < Nj. Let ny € Ny. Then n; = nh for
Ig #n € Nand 1g # h € H, (sincenj € G). So h =n""n; € Ny (since n”! € N C Ny and
ny € Nj). Soh € NyNH =K. Since h € K, n; = nh € NK which implies that N; € NK. Therefore
N; = NK. If Tg # x € K, then since Ny is a Frobenius kernel, by Proposition 3.2.1, Cg(x) < Nj.
Also x € K implies that x € H and by Lemma 3.2.15, for 1g # x € H,Cg(x) C H. So we have for
1g #x € K,Cg(x) C HNN; =K. Since Cy(x) = Cg(x) C K for 1g # x € K, we have that H is a
Frobenius group with kernel K by Theorem 3.2.7. But this contradicts Theorem 3.2.18. Hence we
have N = Nj. u

Proposition 3.2.20. (/6]). Suppose that G is Frobenius with kernel N and complement H, and
that p, q are primes in N, not necessarily distinct. If K < H and [K| = pq then K is cyclic.

PROOF : Suppose the result is false. Let G be a counter example of minimal order. So G is Frobenius
with complement H and kernel N and there exists K < H such that [K| = p? or pq and K is not
cyclic. Since K < H with |K| = p? or pq, by Proposition 3.2.9, NK is Frobenius. Since K is not
cyclic, NK is another counterexample of order less than the order of G, which is a contradiction.
Therefore G = NH = NK and hence, H = K. Therefore |H| = p? or pq.

Also, if Ny <G and Ny < N, then NyH is a Frobenius group by Proposition 3.2.9. But then N1H
is another counterexample of order less than the order of G, which is a contradiction. Thus N is a
minimal normal subgroup of G.

If [H| = pq, then since H is not cyclic, by Example 2 in the next chapter it is Frobenius. But this
contradicts Theorem 3.2.18. Hence, H is of order p? and therefore abelian. If R € Syl,(N) for
r a prime and N’ = Ng(R) then G = NN’ by the Frattini argument. So |G| = |[N|[H| = ‘lsgul,ll.
Thus [H| ‘ IN’l. Now H € Syl,(G) since |G| = [H|IN| = p?>m where (m,p) = 1. Since [H] ‘IN’I, some
conjugate of H is in N’. Without loss of generality, say H itself is in N’. Applying Proposition 3.2.9
to G = NN’, we have that RH is Frobenius. The minimality of G now implies that G = RH.

Now since R <G and R < N the minimality of N now implies that R = N. Since N is a minimal

normal 1 - group, N = N7 x Ny x N3 x ...... X Ni where the N; are isomorphic simple groups.
This implies that N =7Z; X Zy X ...... X Z,, and thus that N is an elementary abelian r - group.

As in the proof of Theorem 3.2.18, the action of H on N by conjugation determines a faithful
irreducible Z, representation T of H on N. So choose a finite extension [ of Z, that is a splitting
field for Hso T" ~ T PTLP...... P Tk, with degT; = 1 Vi. Thus for an appropriate choice of
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basis, T(x) is diagonal (where T is the matrix representation of T) Vx € H, and each diagonal entry
of Ti(x) is a pth root of unity in F (Since V1g # x € H, [T(x)]p = I (identity matrix) and T(x)
is a diagonal matrix. If T(X) = diag (€1, €2y...... €m) where m = dim N and €; € F then since
[T(x)]p =1, we have that €/ =1 implies that €;’s are pth roots of unity).

There are at most p distinct pth roots of unity in F, and since |H| = p?, there exists x,y € H,x # y
such that Ty (x) = T (y), or T (xy™') =1g. If z = xy~', then this implies that 1 is an eigenvalue of
T(z), so there is an eigenvector u € Nyu # 0 (multiplicatively u # 1), and T(z)u = u or u* = u.
Thus 1g # z € Cg(u) N H, contradicting Proposition 3.2.7 u

Lemma 3.2.21. ([6]). Suppose that |G| = p™ for some p and that G has a unique subgroup of
order p. Then G is either cyclic or generalized quaternion.
PROOF : See Grove [6] page 93. u
Proposition 3.2.22. (/6]). Suppose G is a Frobenius group with complement H. Let P € Syl,(H)
then

1. If p =2, then P is cyclic or generalized quaternion.

2. If p # 2, then P is cyclic.
PROOF : By Proposition 3.2.20, P contains no noncyclic subgroup of order p?. Since Z(P) is non-
trivial, take K < Z(P) with |[K| = p. If there is another subgroup L of P with |L| = p and L # K then
KL| = % = p?. Since KL is abelian, by the Basis Theorem KL = Ly % Lp = E,2. Therefore KL

is noncyclic since Epn is cyclic if and only if n equals one. But this contradicts Proposition 3.2.20.

Thus P has only one subgroup of order p and by Lemma 3.2.21 the result follows. u

Note 3.2.5. A finite group G is nilpotent if and only if it is the direct product of it’s Sylow

subgroups.

Proposition 3.2.23. Frobenius kernels are nilpotent.

PROOF : See Passman [20] pg 184. u

The result in Proposition 3.2.23 implies that Frobenius kernels are solvable since every finite nilpo-

tent group is solvable.

3.3 The Center, Commutator and Frattini Subgroups of a Frobenius Group

We describe here briefly the Center, Commutator and the Frattini subgroups of a Frobenius group.



CHAPTER 3. STRUCTURE OF THE FROBENIUS GROUP 44

3.3.1 The Center

Lemma 3.3.1. The center of a Frobenius group is trivial.

PROOF:Let G be a Frobenius group. Now Z(G) < Cg(x) for x € G. Since Cg(x) < N Vx €
N, Z(G) < N. Suppose now that 1g # x € Z(G), then since Z(G) < N,x ¢ H. (Since HON = {1¢}).
Since G is Frobenius, H* N H = {15} Vx € G\H. But x € Z(G) implies that H* = H which is a

contradiction. ]

3.3.2 The Commutator Subgroup

Let G be a Frobenius group with kernel N and complement H.

1. By Lemma 3.2.15, part (5), for all n € N, there exists g € G such that h9 = nh. Hence

h9 =ghg'=nh = ghg'Th''=n
= [g)hl=n = NCG'.

2. Also if the complement H has prime order (and hence abelian), then H = G/N is abelian and
N < G implies that G’ C N. So by (1) above we have that N = G'.

3.3.3 The Frattini Subgroup

Let G be a group and let
G(G) = (] M,

MeMm
where M is a maximal subgroup of G and M is the collection of all maximal subgroups of G.

Then ¢(G) is called the Frattini Subgroup of G. If G # {15} and G is finite, then G certainly has
at least one maximal subgroup. Every proper subgroup of G lies in a maximal subgroup. Since any
automorphism of G sends a maximal subgroup into a maximal subgroup, the set M is invariant by
any automorphism, and so is ¢(G). This shows that ¢(G) is a characteristic subgroup and since
characteristic subgroups are normal, we have that $(G) < G. Now if N < G with G finite, then
N < ¢(G) if and only if there is no proper subgroup H of G such that G = NH (see Rodrigues [22]).
Now if G is a Frobenius group, then since by definition the complement H is a proper subgroup of
G, the above result and the result of Lemma 3.2.17 implies that ¢(G) < N.

Note 3.3.1. 1. If G is a Frobenius group and the order of G is odd, then by the Feit Thompson

Theorem, G is solvable.

2. If the complement H of a Frobenius group G is solvable, then G is solvable. (Since, H solvable
implies that G/N is solvable. By Proposition 3.2.23, N the Frobenius kernel is solvable. Since
G/N is solvable, and N < G is solvable, G is solvable (see Theorem 4.2.3 in Moori [16])).
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3. If the complement H of a Frobenius group G has odd order, then G is solvable. This follows
from the Feit Thompson Theorem and (2) above.



4

Examples of Frobenius Groups

We list here with proof some Examples of Frobenius groups. Also we include a list of Frobenius

groups of small order (up to 32).

4.1 Examples

Example 1 : The Dihedral Group Dq where q is odd is a Frobenius group.
Let G = D24 with q odd. Then

G = (a,b:a%=b*=1g,bab=a™")

2 -1 -1
= {1g,a,a%,...... ;a7 b,ab,...... ,a97'b}.

Now o (a) = q and o (b) = 2. Let (a) = N and (b) = H ={1g,b}. Since N has index 2 in G, it is
normal in G. Now N < G,H < G, so NH < G and [NH| = |“]\\erle| = 2q. Therefore G = N : H. This
implies that H is the complement of N in G. To show that D34 is a Frobenius group, we must show
that H is a Frobenius complement in G. We just need to show that HN H* = {15} ¥x € G\H.

Now x € G implies that x = a* or x = a*b for 0 < k < q — 1. If x = a¥, then H* = {15, a*ba~*}.
But since ba* = a7*b Vk € N, H* = {15, a*(a*b)} = {15, a’*b}. Suppose now that H N H* # {15}
for some x € G\H. Then HN H* = {1g,b}. Therefore a**b = b implies that a?* = 1g. So q}Zk
and q’k. Therefore gk’ = k for some k’ € N. Hence, x = a* = a9’ = 1g which is a contradiction.
If x = a*b then H* = {1g, (a¥b)b(a*b) '} = {15, a¥ba*}. So by the argument used above we get
the contradiction x = 1g. Therefore H N H* = {15} Vx € G\H. This implies that H is a Frobenius

complement in Dyq.

Example 2 : If p and q are primes and G is a non-abelian group of order pq, then G is Frobenius.
We can assume that p and q are distinct primes, since if p = q then |G| = p? and G is abelian
contradicting the hypothesis. So let |G| = pq with p > q. If ¢ = 2 then |G| = 2p with p odd. In
this case G is either cyclic or G = Dyp. If G is cyclic then G is abelian contrary to hypothesis. If
G = Dyp then by Example 1, G is Frobenius.

So assume |G| = pq,p > q,p # 2. By Cauchy’s Theorem G has an element of order p and an

46
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element of order q. Let a € G such that o(a) = p, then (a) = P is a Sylow p - subgroup of G.
If b € G such that o (b) = q, then (b) = Q is a Sylow q - subgroup of G. If n, is the number of
Sylow p - subgroups of G, then n, = 1(mod p) and np}q. Sony, =Torn, =4q. If n, = q then
q = 1(mod p) and hence ¢ — 1 = kp for k € Z. This is not possible since p > q. Therefore n, =1
which implies that P<IG. If ng is the number of Sylow q - subgroups of G, then ng = 1(mod q) and
nq‘p. Song=1lorng=p. If ng =1, then Q<JG. Since PNQ = {lg} and PQ < G, [PQ| = pq and
hence G =P:Q. So G =P x Q =Zp X Zq = Zpq. Therefore G is abelian contrary to hypothesis.
Therefore ng = p. So there are p Sylow ¢ - subgroups each of order q in G. Now Q € Sylq(G)
implies that xQx~! € Sylq(G) ¥x € G. Let Sylq(G) ={Qi: 1 < i < p}. Since Q; N Q; < Q; for
i #j, we have that Q; N Qj = {1g}. Therefore Q N Q* = {15} Vx € G\Q. This implies that Q is a
Frobenius complement in G. So if p and q are primes and G is a non-abelian group of order pq,
then G is Frobenius. The kernel is the Sylow p - subgroup generated by the element of order p
and the complement is the Sylow q - subgroup generated by the element of order q.

Note 4.1.1. (f.p.f.automorphism) If G is a group and if 0 € Aut(G) fixes only the identity,

then o is called a fixed point free automorphism of G.

Example 3 : If H is a non-trivial fixed point free group of automorphisms of a finite group N, then
a semi-direct product of N by H is a Frobenius group.

Let H < Aut(N). Since H is a fixed point free non-trivial group of automorphisms of N, V1g #
h € Hand Vlg #n € N,n" # n. Therefore Cy(n) = {15} and so by Lemma 3.2.15, G = N : H is

Frobenius (since H is a Frobenius complement in G).

Example 4 : The semi-direct product G = Z;, : Z, 1 for p a prime is Frobenius.

Firstly the Aut(Zp) = Zp_1. Let Z, = (a). Each o € Aut(Zp) is determined by «(a). Therefore
Aut(Zyp) ={o, &2, 3, ... ... y %p—1} where we define «;(a) = atfori=1,2,...... yp—1. Let Z be
the multiplicative group of non-zero elements of Z, = Z/pZ.

Define

$: Aut(Zy) = Z5 by (o) =1

Then 1 is an automorphism so that Aut(Z,) = Z]";. Since the non-zero elements of a finite field
is a cyclic group, Aut(Zp) = Zp_1. We just need to show now that Aut(Zp)is fixed point free and
the result will then follow from Example 3 above. We have defined o : Z, — Z, by «i(a) = at
with 1 <i<p—1. Ifi =1 then oy (a) = a which implies that a;(a') = a'V 1 <i<p—1. This
implies that o1 = Tauy(z,)- So if ai(a) = al with 2 <i < p —1 then each o € Aut(Zp) maps onto
a different non-identity element of Z,. This implies that Aut(Zp) is fixed point free. Therefore
Z, 4 is a non-trivial fixed point free group of automorphisms of Z, and by Example 3, the split

extension Zy : Zp 1 is Frobenius.

Example 5 : If p is a prime, q not necessarily prime and q ‘p — 1, then we write Fp, 4 for the group

of order pq with presentation: Fp, 4 = <a,b‘ap = b9 =1,b"'ab = a%) where u is an element of



CHAPTER 4. EXAMPLES OF FROBENIUS GROUPS 48

order q in Zg. Then Fy 4 is Frobenius.

Let N = (a) and H = (b). Then |N| = p and N is cyclic. Also |H| = q and since q‘p—] , (pyq) =1.
Let N € Syl,(F, q). By Sylow’s theorem n, = 1(modp) and np|q. Son, =1+kp and nyk’ =q
for k, k" € Z. So q = k'(1 +kp). But q < p. Therefore we must have that k =0. Son, =1 and
N < Fpq. Therefore [NH| = R = |N|[H| = pq. So Fq = NH and we have that Fy, q is a split
extension of N by H. We now show that H < Aut(N) and that H is a fixed point free group of

automorphisms of N and thus by Example 3 the result will follow.

Now the action of H on N is given by the relation b-'ab = a“ where u is an element of order q
in Zp—1. Since u € Zp_1, w € Aut(Zp). If u fixes a € N then b 'ab = a or bab~! = a. The

definition of the multiplication in Fj, 4 now gives:
(ab)(a’b’) = aba’b'bb’ = a(ba’b )bb' = aa’®bb’ = (aa’)(bb’) (since a’® = a’).

Hence, N : H= N x H which implies that [, 4 is abelian and hence not Frobenius. Therefore each
U € Zp_1 sends each a € N to a different , non-identity element of N. Hence, each b € H induces
a fixed point free automorphism of N. Thus by Example 3 above, the semi direct product I}, 4 is

a Frobenius group.

Example 6 : The Alternating Group A4 is Frobenius.

We will show that A4 = N : H, where N = V4 and H = Z3. Let N =V, = {1g, &, 3,y} where
o= (12)(34),p = (13)(24) and y = (14)(23), and H = (a) = ((123)).

Now Vi < A4 since Vy is a union of conjugacy classes of Ay. Therefore V4((123)) < A4. Also it is
clear that V4 N (a) ={1g} so,

_ [Vl x [{(123))|

IV4((123))] = VN ((123))]

= [Val x [((123))| = |A4]

So A4 = V4 : H. The subgroup H generated by a 3-cycle in A4 is a Sylow 3 - subgroup. By Sylow’s
Theorem there are four conjugates of H in A4. That is, [A4 : Na,(H)] = 4 which implies that
Na,(H) = H. Therefore H* = H if and only if x € H which implies that H* # H Vx € G\H.
Therefore H* N H = {1g} ¥x € G\H. Hence H is a Frobenius complement in Ajy.

Example 7: If F is a field, write F* for it’s multiplicative group F\{0}. Denote by Aff(F) the
group (under function composition) of all functions Tqp : F — F where a € F¥;b € F and
Tap(x) = ax +b Vx € F So let G = Aff(F) = {1qp : a € F*,b € F}. If F is finite, say [F| = q
then |G| = q(q —1).

Suppose now that F = Fq,q > 2. Then G acts transitively on F and each T1p,b # 0 has no
fixed points, since if T1p(x) = x for some x € F, then x + b = x implies that b = 0 which
is a contradiction. If a # 1 then T4, has a unique fixed point %. The translation group
N = {t1p : b € F} 9 G. This group is isomorphic with the additive group of the field F. The
subgroup H = Stabg(0) ={7q0 : a € F*} is isomorphic with the multiplicative group of the field F.
So G is a semi-direct product of N by H.

To show that G is Frobenius, we need to show that Cg(t) < N Vig # Tt € N and the result will
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then follow from Theorem 3.2.7. Suppose 1g # T € N, € G and that ™! = 1. So m € Cg(7).

1

Let T(x) =x+a and m(x) =bx+c¢,soT '(x) =x—aand ' (x) =b ' (x —c). Now mtn ' =1

implies that 7t = trt~'. So
ni(x) =1t '(x) = m(x —a) = t(bx —ab+c¢) =bx—ab+c + a.
Thus,
bx+c=bx—ab+c+a = 0=a(l —b).

Since F has no zero divisors, a = 0 or b = 1. If a = 0 then t(x) = x and hence T = 1 contrary to
assumption. Therefore, b = 1. Thus, 7t(x) = x + ¢ and 7w € N. Hence, Cg(t) C N. The result now

follows from Theorem 3.2.7.

4.2 Frobenius Groups of Small Order

We list here the groups of order less than 32. First we make the following notes.

Note 4.2.1. 1. Cyclic groups are not Frobenius since they are abelian and abelian groups are

not Frobenius since they have a non-trivial center (see Lemma 3.3.1).
2. p groups are not Frobenius since they have a non-trivial center.

3. Sy is not Frobenius for n > 4. Since the only proper normal subgroup of S; is Ay , if Sy
wants to be Frobenius then it must equal a split extension of A, by Z; where A, is the
kernel and Z, is the complement. But since the order of the kernel and the complement are
relatively prime, S;, can be Frobenius if and only if |Ay| is odd. This can only happen if n = 2
or n = 3. Hence, S;, is not Frobenius for n > 4. Now S; ={1g} and Sy = Z,. Also S3 = Dg
which is Frobenius by Example 1 and this is the smallest Frobenius group since the group of
order six is the smallest non-abelian group (Frobenius groups are non-abelian).

If n = 4 then the normal subgroups of S; are S4q, V4, A4 and {e}. Since the kernel is a
non-trivial proper subgroup, only V4 and A4 can be kernels. However, in a Frobenius group
the order of the complement divides the order of the kernel less one (see Proposition 3.2.2).
This implies that neither A4 (21 11) nor V4 (8 t 3) can be a kernel in S4. Hence Sy is not

Frobenius.

4. Ay is Frobenius if and only if n =4. If n =2 or n = 3 then |A,| = 1 or 2 respectively and
A is not Frobenius since the smallest Frobenius group is S3. Since A, is simple if n > 5, it

can’t be Frobenius for n > 5. This leaves n =4 and Ay4 is Frobenius by Example 6.

4.2.1 Frobenius Groups of Order < 32

1. The prime integers between 1 and 32 are {2,3,5,7,11,13,17,19,23,29,31}. For each of these
primes, there is precisely one group, the cyclic group of that order. Thus by (1) in the

Note 4.2.1, there is no Frobenius group of these orders.
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10.

. There is no Frobenius group of order 4, since there are only two groups of order 4 and both

are abelian.

. There are two groups of order 6. They are S3 and Zg. Since Zg is abelian, it can’t be Frobenius

and S; we have already mentioned is the smallest Frobenius group.

. There are five groups of order 8. Three are abelian and two are non-abelian. The non-abelian

groups are Dg and Qg. Both Dg and Qg have order 23 and are therefore extra special
groups. Thus, if G = Dg then G’ = Z(Dg) and |G’| = |Z(Dg)| = 2. Similarly, if H = Qg then
H’ = Z(H) and [H’| = |Z(H)| = 2. Since both these groups have a non-trivial center, they
can’t be Frobenius (Frobenius groups have a trivial center). Hence, there are no Frobenius

groups of order 8.

. There is no Frobenius group of order 9 since there are only two groups of order 9 and both

are abelian.

. There are two groups of order 10. The abelian group is Z1o and the non-abelian group is Dqg

which is Frobenius by Example 1.

There are five groups of order 12. Three of them are non-abelian. They are T, D, and A4.
Both T and Dy, have non-trivial centers since Z(T) = Z(D12) = Z,. So neither one of them

can be Frobenius. We already know from Example 6 that A4 is Frobenius.

. There are two groups of order 14. One is abelian which is Z;4 and the other non-abelian

which is Dy4. This group is Frobenius by Example 1.

. There is only one group of order 15 and this group is cyclic and hence not Frobenius.

Of the fourteen groups of order 16, 9 of them are non-abelian. None of them, however, are
Frobenius since they have a non-trivial center. We list the nine groups or presentations of
them together with their centers (see Humpherys [8]).
e G=Dgx7Zp;and Z(G) = Z; x Z,.
G =Qg xZy and Z(G) =7, X Z;.
G =Djg and Z(G) = Z;.
G = Q¢ and Z(G) = Z;.
xy:x8=y2=1,x¥ =x3) and Z(G) = (x*).
X%y :x8 =y? =1,x¥ =%°) and Z(G) = (x?).

xy:xt =yt =1,x¥ =x3) and Z(G) = (x*,y?).

°
G)CDCDCDCD
I

= (x
(x
(x,y,z :x* =y? =22 =1, x central, z¥ = zx?) and Z(G) = (x).
(
(

x,y,z:x} =y? =22 =1, z central, x¥ = xz) and Z(G) = (x?,z).
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So there is no Frobenius group of order 16.
11. There are five groups of order 18. Three of them are non-abelian. They are:

e G = D¢ x Z3 with Z(G) = Z3, hence not Frobenius.
e D;s which is Frobenius by Example 1.

e The group E with presentation given by:

2 1

E=(xyz:xX* =y =2 =1,xy =yx,zxz ' = x%,zyz~" = y?). This group is not

Frobenius since by using GAP we can show that it has a non-trivial center, |Z(E)| = 3.
12. There are five groups of order 20. Three of them are non-abelian. The groups are:

e Dy with Z(Dyg) = Z, , hence not Frobenius.
e Qo with Z(Qy0) = Z3, hence not Frobenius.
e The group with presentation given by: (x,y:x*> =y* =1,x¥ =x?) = F54. This group

is Frobenius by Example 5.

13. There are two groups of order 21. The cyclic group Z;; and the non-abelian group with
presentation given by: (x,y : x’ = y3 = 1,xY = x2> = [F73. This group is Frobenius by
Example 5.

14. There are two groups of order 22. The non-abelian group is Dj; which is Frobenius by

Example 1. The other group is abelian.

15. There are twelve non-abelian groups of order 24. Eleven of these groups have a non-trivial
center and therefore can’t be Frobenius. The twelfth group is S4 which we know by Note 4.2.1,
part(3) is not Frobenius. We list the 12 non- abelian groups together with their centers (see
Humpherys [8]).

e G=(xy:x¥=1=y8xv =x"), Z(G) = (y?).
o G =74 x D¢, Z(G) = Zy.

o G=7;xQu, Z(G) =7y x Z.

e G=7yxDy Z(G) =7y X Z>.

G =7y x A4y Z(G) =7Z;.

o G =173 xDg, Z(G) = Zg.

G =D, Z(G) =7Z;.

G =S4, Z(G) ={1g}

G =Qu, Z(G) =17Z,.

G =SL(2,3), Z(G) = Z,.

G =73 x Qg, Z(G) = Zg.
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e T=(xyz:x*=y? =22 =1yxy ' =x"",2¢=2z71,2Y =2), Z(T) = (x?).
Thus there is no Frobenius group of order 24.
16. The two groups of order 25 are both abelian.

17. There are two groups of order 26. The non-abelian group is Djg which is Frobenius by
Example 1. The other group is Zy.

18. There are five groups of order 27. Two of them are non-abelian. They are:

e G=(xy:x =1=1y’x¥=x%
e H= <x,y,z:x3 =1 :y3 223) z central, XY = xz)

In both cases we have that G’ = Z(G) and |G'| = |Z(G)| =3, H’ = Z(H) and |H'| = |Z(H)| = 3.

So both these groups are extra special groups and hence not Frobenius.
19. There are four groups of order 28. Two of these four groups are non-abelian. They are:

e Dyg with Z(Dyg) = Z», hence not Frobenius.

e Qg with Z(Qy8) = Z4, hence not Frobenius.
Thus there is no Frobenius group of order 28.
20. There are four groups of order 30. Three of these groups are non-abelian. They are:

e G =73 x Dyy with Z(G) = Z3, hence not Frobenius.
e G =75 x Dg with Z(G) = Zs, hence not Frobenius.

e D3y which is Frobenius by Example 1.

So for order less than 32, there are exactly ten Frobenius groups. Seven of them are Dihedral
groups Dg, D19, D14, D13, D22, D¢ and D3g, one is the alternating group A4 and the remaining two
groups are Fs4 and F73.
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Characters of Frobenius Groups

In this chapter we describe the characters of the Frobenius groups. We will then use the results
here to calculate the character table of the Dihedral group Dj;,. The theory introduced here
will also be used to calculate the character table of the Frobenius group G = 292 : SL(2,5), in the
next chapter. Proposition 5.2.1 gives a necessary condition for a group H to be a complement of a
Frobenius kernel N in a Frobenius group G. We end the chapter by applying the theory of coset
analysis described in Chapter 1 to the Frobenius group and describe the theory to find the Fischer

matrices of the Frobenius group.

5.1 Characters of Frobenius Groups

Let S={1,2,...... ynjand X =S x S. Let 0 be a permutation of X and A = [a;;] an n x n matrix
over a field F. Define A° = [by;] where byj = ay with (k,1) = (i,j)°. Since A°T = (A%)" for any
other permutation T of X, any permutation action on X determines a permutation action on the

set of n X n matrices.

Proposition 5.1.1. (/6]). Suppose that G is a permutation group on X = S x S as above, F C C
and A is an invertible n x n matriz over F. Suppose further that for each o € G the matriz A° can
be obtained from A either by permuting the rows of A or by permuting the columns of A, so G can
be viewed either as a permutation group Gy on the set of rows of A or G¢ on the set of columns of

A. Then the permutation characters 0, and 0. of Gy and G. respectively, are equal.

PROOF:If 0 € G then there are permutation matrices 0(R) and o(C) for which ¢(R)A = o(A) =
Ao(C). Infact, 0 +— o(R)t and 0 — o(C) are permutation representations of G, and G, respectively.
Thus A~'o(R)A = o(C). So trace o(R)! = trace o(C) Vo € G and 0, = 0.. u

Corollary 5.1.2. In the setting of Brauer's lemma the number of orbits of G, and G. are equal.

PROOF : Since 6, = 0, we have that (0;,1g) = (0, 1g)-

53
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But
1 1
0:(9) =0c(g) Vg €G = — > 6:(g) == 6c(g).
G| Gl
geG geG
So the number of orbits of G, equals the number of orbits of G.. L

Proposition 5.1.3. (/6]). If G is a Frobenius group with kernel N and if x; # X € Irr(N) then x
has inertia group Ig(x) = N.

PROOF:If A is the character table of N then G acts on the rows of A by conjugating characters
and on the columns of A by conjugating the conjugacy classes of N. If x € G\N,x € Irr(N)
and L is a conjugacy class of N, then x*(1) = x(1*) V1 € L. Choose x € G\N and suppose L* = L
for a conjugacy class L of N. Let L = [y] where 1g #y € N. Thus y* € L, so y* = y" for some
n e N. So y“il" =y which implies that n™'x € Cg(y) and hence that x € Cg(y). But then x € N
since by Proposition 3.2.1, Cg(y) < N. This is a contradiction. Therefore y = Tg and L={1g}.
Thus 0.(x) =1 Vx € G\N, and so by Brauers Lemma 0,(x) = 1. But this implies that x* # x if
X1 # X € Irr(N). Hence, if x; # x € Irr(N), then Stabg(x) contains elements from N only. This
implies that Ig(x) = N. u

Note 5.1.1. If G is Frobenius with kernel N and complement H then G/N = H, so any character
of H can be viewed as a character of G/N, hence also as a character of G by lifting. In particular,

Irr(H) can be viewed as a subset of Irr(G) in a natural way.

Theorem 5.1.4. Suppose that G is Frobenius with complement H and kernel N.

1. If &1 # & € Irr(N), then ¢C € Irr(G).
2. If P € Irr(G), then either N C ker or\p = ¢S for some irreducible character &1 # ¢ of N.

3. Ifd € Irr(G), such that kerp N and p is the regular representation of H, then 1b|H =np
where n € N.

PROOF: (1) Let ¢7 # & € Irr(N). Then by Proposition 5.1.3, Ig(¢d) = N. But this implies that
¢S € Irr(G) (see Moori, Proposition 5.7. [17]).

(2) Let w‘N =) aid; with ¢; € Irr(N). If some a; # 0 for 1 # 1, then by the Frobenius Reciprocity
Theorem we have that <d)$,ll)> = <¢i>’~l"N> = a; # 0 and since by (1) dJiG € Irr(G), we have a; =1
and d)iG =1. If all a; =0 for i # 1 then Il,)‘N = a;Ppy, P(x) = a1 Vx € N. Hence, N C ker. So
Irr(G) = Irr(H) U {$C: b1 # d € Irr(N)}.

(3) By part (2), there is an irreducible character ¢ of N such that \p = $p. Now ¢pC(y) =0 Vy €
H\{(16} and also $S(1¢) = [G : N b(16) = p(16)db(Ta). Thus b|,,(y) = $S(y) = p(y)d(y) ¥y € H,
so that 1|)‘H =np where n = ¢(1g) is a positive integer. u

The following notes are consequences of Theorem 5.1.4
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Note 5.1.2. If G is Frobenius with kernel N and complement H then,

1. From Theorem 5.1.4(2) the irreducible characters of G are of 2 types; those with kernel

containing N and those induced from non-trivial irreducible characters of N.

2. Also from Theorem 5.1.4(3) the order of H divides the degree of the induced character ¢p© for
&1 # & € Irr(N). That is [H| |c|)G(1(;). Furthermore, if ¢1 # ¢ € Irr(N) is a linear character
then [H| = ¢C(1¢).

Theorem 5.1.5. ([6]). Suppose that G is a Frobenius group with kernel N and complement H,
and that $,0 are non-trivial irreducible characters of N. Then $¢ = 0% if and only if 0 €
Orby(d) = Agy. Furthermore, |Agl = [H|, so G has C“\{])_”_] distinct irreducible characters of the
form $C, b1 # b € Irr(N). (Here ¢(N) is the number of conjugacy classes of N).

PROOF: By Theorem 5.1.4, 0, ¢ € Irr(N) imply that 06, $C € Irr(G). Suppose that 6¢ = $C. By
Frobenius reciprocity we have that: (¢© ‘N’ 0)n = ($6,0%) = 1. So 0 is an irreducible constituent
of ¢ ‘N. So by Clifford Theorem

¢l =D 6 (5.1)

eieAcb
Also <¢G’N>¢>N = (¢S, ¢S) = 1. So ¢ is an irreducible constituent of ¢pC

Theorem

’N and by Clifford

ol = D bu (5.2)

(bieA(b
Now (5.1) and (5.2) imply that Zeie% 0; = Zd)ieAd) ¢i. Therefore some 0; = ¢;, which implies
that there exists y € G such that 0 = ¢Y. That is 0 € Ay. Note that 0 € Ay, implies that any
conjugate of 0 will also be in Ag.
So

$C(g) = “1” > ¢%(xgx )

xeG

= “1” PN

xeG

1 1
= N Z 0¥ *(g)

xeG

- N Il

z€G

1
= — ) 0°%zgz") =0(g).
N > 0%zgz ") =0%(g)
zeG
Thus 6¢ = ¢$C. By the Orbit Stabilizer Theorem we have that |Orby(d)||I(d)| = |H|. Since
$C € Irr(G), Tn(d) = 16 which implies that |Ag| = [H]. L

Corollary 5.1.6. If G is Frobenius with complement H and kernel N then ¢(G) = c(H) + %
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PROOF : This follows from Theorem 5.1.4, part(2) and Theorem 5.1.5. Since Irr(G) = Irr(H) U {¢p° :

®1 # ¢ € Irr(N} and since the number of irreducible characters equals the number of conjugacy

classes, the equation above gives ¢(G) = c(H) + C(mlf] ) u

5.2 The Character Table of D,, , n odd.

In this section we use the results of the previous section on Frobenius Characters and theory of
Frobenius groups to construct the character table of Dy,. The result is already well known but we
demonstrate here as an example the use of the results on the Frobenius characters to achieve this.

The following points are used to construct the character table of Djy,.

1. From Example 1 of Section 4.1, we know that Dy, = N : H is Frobenius with kernel N = Z,
and complement H = Z;. Here N = (a) and H = (b).

2. Now by Section 3.3.2, G’ = (Do)’ = N = Z,. So the number of linear characters of Dy,
equals [G : G'l = [Dan : (D2n)’] =2 (see Moori , Theorem 5.2.21 [17]).

3. By Theorem 5.1.4, &1 # ¢ € Irr(Zy) implies that ¢© € Irr(D,y,). Also by Theorem 5.1.4,
Irr(Dan) = Irr(Zy) U{dC : ¢ # & € Irr(Z,)). The number of characters of Dy, of the form

€ by Theorem 5.1.5 is equal to % = ”T_] Therefore |Irr(Don)| =2 + nT_] = ”T'B

4. Now by the Note 5.1.2, since ¢ € Irr(Z,) is linear, the degree of the induced character ¢©
equals [H| = 2.

5. Thus Dy, has ”74 characters of degree 2 and two characters of degree 1. This takes care of

the number of irreducible characters and their respective degrees.

6. Now the number of conjugacy classes of Dy, equals "T’%

7. By Proposition 3.2.2, the action of Z; on Z, partitions Z,\{1g} into Z, orbits each of size
|Z;| = 2. The number of orbits is o = ‘NllT_‘] = “74 So there are ”74 conjugacy classes (each
orbit represents a conjugacy class, since the action of Z; on Zy is by conjugation) produced
by the action of Z; on Z, each of size 2. Since there are “TH conjugacy classes in Djy, there
are two remaining conjugacy classes, one a singleton which is the identity conjugacy class and

the remaining conjugacy class which has size n. (Because “7_1 X24+n+1=2n).

8. Since Zn < Dy, and Dy /Zn = Z;, the two linear characters of Dy, are obtained by lifting
the irreducible characters of Dy, /Z, to Da,. These characters are given by x; and X».

9. Now x; is the identity character and x1(g) =1Vg € Da,.

10 () = 1 whenge€Z,
- X9l —1 when g ¢ Z,.
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11. Thus the value of x on each a" for 1 < r < nT_] is 1. Here a" is the representative of the
conjugacy class [a']. This follows from Theorem 5.1.4, part(2) since we have that N C keryx,.
The value of x; on b is -1. Here b is the representative of the remaining conjugacy class [b].
Note that x2(1g) + 55t x 2 x 14+x2(b) x n=0 = xp(b) = == = —1.

n

12. Now let \; = cl)iG forj=1,...... ,“74 where ¢1 # ¢ € Irr(Zy). Let a" forr=1,...... nl
be representatives of the conjugacy classes [a"]. By Proposition 3.2.6, the action of Z; on Z,

by conjugation sends an x € Z, to it’s inverse. Thus x € [a'] implies that x ' € [a"] Vr =

| , 271 Thus j(x) = $i(x ) ¥ = 1,...... , 251 and ¥x € Zn. So ¥j(x) € R since
lbj(x):lb(x) Vi=1,...... ,“7_1.
Now
n—1
d)].(ar):‘CDZn |Z|CZ :1) ...... ,72 y

where x; are class representatives of Z, which fuse to form [a"]. But by Lemma 3.2.15,
(3) = (4), |Cp,, (a")] =|Cz,(xi)]. So

n

Pila) =D b)) =dlxi) + b0 ) = b)) + dlxi) ¥ =1,...... ;

i=1

Therefore \P;j(a") = 2« where « is the real part of e

13. Finally we have that {;(b) = 0, since Z, N [b] = 0.

Using all of the above , we can now construct the character table of the Dihedral group D,y where

n is odd.

classes of Dy, | [1] [a"] [b]
(T=r=2)
‘Cg(g)‘ 2n n 2
X1 1 1 1
X2 1 —1
Wy 2 2 0
0<j<™h

Table 5.1: Character Table of Dy,

Proposition 5.2.1. Let H # {1} be a group. Then there exists a Frobenius group G with Frobenius
kernel N and G/N = H if and only if there exists an irreducible character x of H such that for
every subgroup K of H with K # {1g} we have (xlx, 1x) = 0.
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PROOF : For proof of this result see Feit’s book on Characters of Finite Groups, page 136 [4]. u

By using the result above, it is possible to give a complete classification of groups H which can

occur as the complement of a Frobenius kernel N in a Frobenius group G.

We illustrate with the following examples.

Example 1: There is no Frobenius group which has H = S3 as a complement. The character table

of Sz is:
ClassRep | 1s, (12) (123)
hy 1 3 2
X1 1 1
X2 2 0 —1
X3 1 —1 1

Table 5.2: Character Table of S3

Now the subgroups of S3 excluding the trivial subgroup and Sj; itself are:
Ko =((12)), K3 =((13)), Ks = ((23)), K5 = ((123)) = As.

All we need to do is find one subgroup K; of S3 which fails to satisfy the condition (xil,Tx,) =0
for some irreducible character x; € Irr(S3).

We need the character tables of each of the subgroups Ki for i = 2,3 and 4. So we need the
character table of Z; since each K; = Z; for i = 2,3,4. We will just use the character table of K;:

Classes | 1x, (12)
01 1 1
0, 1 -1

Table 5.3: Character Table of K;

Take x> :

X2lk, =01+ 02 = (xalk,, Tky) = (01 +02,01) = 1.

Thus for the irreducible character x», the subgroup K; fails to satisfy the condition of Proposi-
tion 5.2.1
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Now K5 = A3. The character table is that of Z3. The character table is:

ClassRep | 1o, (132) (123)
3
1

hy 1 3
0 1 1
0, 1 x ©
03 1 o x

Table 5.4: Character Table of Ks

where o0 = _“5

1S

Take x3 :

x3lk, =01 = (01,1k;) = (01,61) = 1.

For the irreducible character x3, the subgroup Ks fails to satisfy the condition of Proposition 5.2.1.
Thus there is no irreducible character of S3 satisfying the condition of the Proposition. Hence,

there is no Frobenius group which can have S3 as a complement.

Example 2: There is no Frobenius group that has H = V4 = {e, a, b, ¢} as a complement.
Now the character table of Vj is:

Classesof V4 | [e] [a] [b] I[c]
M 111
- 11 -1
X3 111
X4 1 1T -1 -1

Table 5.5: Character Table of V4

The subgroups of V4 excluding the trivial subgroup and V4 itself are:
KZ = {e) (1}, K3 = {e) b}) K4 = {6, C}-

The character table of each K; for 1 =2,3,4 is:

Classes | [e] I[g]
0, 1 1
02 1T -1

Table 5.6: Character Table of K; for i =2,3,4
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Take x> :

X2k, =02, X2lx; =02, x2lk, = 61.

Thus for the irreducible character x», the subgroup K, fails to satisfy the condition of Proposi-
tion 5.2.1

Take x3 :

X3k, =02, X3lx; =01, x3lk, = 02
For the irreducible character x3, the subgroup Kj fails to satisfy the condition of Proposition 5.2.1
Take x4 :

Xalk, =01, Xalx, =02, Xalk, = 062.

Here the subgroup K, fails to satisfy the condition of Proposition 5.2.1.
So none of the nontrivial irreducible characters of V4 satisfy the condition of Proposition 5.2.1, for

every proper subgroup of V4. Thus there is no Frobenius group which can have Vj as a complement.

The following theorem illustrates how the character table of a group can be used to determine

whether the group is Frobenius or not.

Theorem 5.2.2. Let G be a group, let t > 1 be a proper divisor of |G| and let K = Nkery, where
x ranges over all irreducible characters of G with t not dividing x(1g). Then the following are

equivalent:

1. G is a Frobenius group with Frobenius complement of order t.
2. [G:K] =t and G is a Frobenius group with kernel K.

3 [G:K]=t.

PROOF : See Karpilovsky [12]. u
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To illustrate the result in Theorem 5.2.2 consider the character table below of the group G with
presentation G = (a,b:a'* =b*=1,b""ab = a’) .

gi T|lala|a*| b | b2]|b
ICg(gi)l | 52 |13 13 |13 | 4 4 4
Xo 1 1 1 1 1
X1 1 1 1 1 i =1 -
X2 1 1 1 1T =1 1 | =1
X3 1 1 1 1T | 1] -1] 1
o} 4 | By ]| O 0
$2 4 1By || O 0
$3 4 |y |l al|B]| O 0

where e —e™ and a—e+ S+ ¥+ e2 p=e2+ 3 +e0tell, y=et+efte+é
Then applying the result of Theorem 5.2.2 to the character table above we have
(a) = K =nkery; fori=0,...,3.

Since t = [G : K] =4, G is a Frobenius group with kernel K.

5.3 Coset analysis applied to the Frobenius Group

We begin by making the following note which applies in this section and the next.

Note 5.3.1. In Chapter 1 in our description of coset analysis, we used the conventional notation
for the split extension G = N : G. In our Frobenius group we have used the notation G = N : H.
To allow for easy transition between the relevant section of Chapter 1 and this section, we will use

the conventional notation.

So let G = N : G be a Frobenius group with kernel N and complement G. Since the extension is
split, a lifting of g € G is g itself since G < G. So G = UgegNg. So in a Frobenius group, for
step(1) of coset analysis we have that Cn(g) = Cn(g) = {1} by Lemma 3.2.15. So k = 1 here
and under the action of N, Ng remains intact. Since k = 1, in step(2) we now have that f; = 1
so that |Aj] = IN| and equation (1.3) now implies that: HX]E‘ = |N] .‘[g]G‘. This is the same result
we obtained in Lemma 3.2.15, (3 = 4). Also since k = fj = 1, equation (1.4) now implies that:
|C§(x)‘ = |Cg(g)|, which is the same result we obtained in the proof of Lemma 3.2.15. Note that
in the equation: ’CE(X)‘ = |Cg(g)l, the element x on the left hand side is in A; and the g on the
right hand side is in the coset Ng. Since the coset remains intact, A; = Ng and x € Ng. So we

may choose this x to be g. This will give: ‘Cg(g)‘ =|Cg(g)l.
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5.4 Fischer Matrices of the Frobenius group

Having defined and described the Fischer matrices in Chapter 1, we now describe the Fischer ma-
trices for a Frobenius group.

Let G = N : G be a Frobenius group with kernel N and complement G. By Proposition 5.1.3 we
know that Vx; # x € Irr(N), the inertia group of x is N. Since I5(x1) = G, in a Frobenius group,
the inertia factors are G and {1g} corresponding to the inertia groups G and N respectively. Let
X(g) and R(g) be as defined in section 1.5 of Chapter 1. We have defined the Fischer matrix M(g)
for g € G as a matrix whose rows are indexed by R(g) and columns by X(g). We now find X(g)

and R(g) for a Fischer matrix in a Frobenius group.

If g=1g, then X(g) is made up of the class representatives of the conjugacy classes of G that

come from N (since g = 1g implies that Ng = N). These are representatives of the (m + 1) orbits
IN|—1
1G]~

(m non-trivial orbits and the trivial orbit) of G on N, where m =
For g = 1g, the inertia factors H; for i = {1,2,...... ,t} contain [g], where t = m + 1 orbits of
G on N which is the same as the number of orbits of G on Irr(N). The conjugacy classes of the H;
that fuse to [g] is the singleton conjugacy classes containing the identity Tg. Soy = 1g. Thus R(g)
contains the t = m + 1 ordered pairs (i,1) where i € {1,2,...... ,t}. Therefore the Fischer matrix
M(1g) in a Frobenius group is an (m + 1) x (m + 1) matrix where m is the number of non-trivial
orbits of G on N. Now the entries in this matrix are given by:

M(1g) :[a{m)]: Q)F(xj), where x; € X(g) for j = 1,2,...... ,2t=m+1and P; € Irr(N) is a
representative of the t = m+ 1 orbits of G on Irr(N).

Note that the 1])ié here is the induction of a character \p; which is the extension of 0; € Irr(N) to
I[5(0;). But since I5(0;) = N VO # 0; € Irr(N), ¥; is the same as 0; for each i. So 11)? is just the

induction of \; € Irr(N) which we know from Theorem 5.1.4 is an irreducible character of G.

If g # 1g, then X(g) is made up of the representatives of G conjugacy classes of elements of Ng.
But by Lemma 3.2.15, every element of Ng is conjugate to g. So the conjugacy class of G that
contains g will contain Ng. So this entire coset is contained in the conjugacy class of G which
has g as a representative. The coset therefore contributes to only this conjugacy class of G with

representative g. Therefore X(g) = {g}.

For g # 1g, only H; = G contains an element of [g]. Soi =1 and y = g only. So R(g) =
{(1,9)} Vg # 1g. Therefore Vg # 1, the Fischer matrix M(g) is a T x 1 matrix. The entry of this
matrix is given by: M(g) = [aj“ g)] = ll)]é(g) =1

In summary then :

In a Frobenius group G = N : G, the Fischer matrix M(1g) is an (m 4+ 1) x (m + 1) matrix where
m is the number of non-trivial orbits of G on N, and M(g) Vg # 1¢ is just 1.
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The Frobenius Group 297 :SL(2,5) and it’s
Character Table

In this chapter we will construct the character table of the Frobenius Group 297 : SL(2,5) using the
theory built in the previous chapter. First we say something about the group SL(2,5) which is the
Frobenius complement. We then explain the construction of the group 29 : SL(2,5) and conclude

the chapter by constructing the character table.

6.1 The Group SL(2,5)

1. SL(2,5) is a normal subgroup of the General Linear group GL(2,5), of order 120.

2. For q odd, SL(2,q) has q + 4 conjugacy classes and hence q + 4 irreducible characters. So
SL(2,5) has 9 conjugacy classes and 9 irreducible characters (see Basheer, Section 4.4.1 [1]).

3. The Sylow 2 - subgroups of SL(2,5) are quaternion.

4. The group SL(2,5) is perfect, since for q > 5 and q a prime SL(2, q) is perfect (see Holt[7]).
Also Meierfrankenfeld [15] gives two proofs characterizing SL(2,5) as the only perfect Frobe-

nius complement.

5. The group SL(2,5) itself is not Frobenius since it has a non-trivial center, Z(SL(2,5)) =

Proposition 6.1.1. SL(2,5) is the unique non-solvable group of order 120 with quaternion Sylow
2 - subgroup. Moreover SL(2,5) = (x,y,z,: x> =y° =22 = 1,x* =x,y* =y, (xy)? = 2).

PROOF : See Passman page 122 [20]. u

Note 6.1.1. If a group G acts on a set X and N < G, then N is a regular normal subgroup if
the action of N on X is regular. That is, the action of N on X is transitive and Stabn(x) = {15}

63
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for each x € X. The action of N on X is semiregular if Stabn(x) = {1} for each x € X (see
Definition 1.2.6).

Remark 6.1.1. If G = NH is a Frobenius group with kernel N and complement H, then the kernel
N is a regular normal subgroup of G (see Note 6.1.1 and Note 2.2.3), and the complement H acts
semi-regularly on N (see Lemma 3.2.15 part (2) and Note 6.1.1).

Proposition 6.1.2. SL(2,5) is a non-solvable complement.

PROOF : From Proposition 6.1.1,we have that SL(2,5) is non-solvable and that

SL(2,5) = (xy,2:%° =y’ =22 = 1,¥* = x,y* =y, (xy)* = 2).

Let F be a finite field with char(F) ¢ {2, 3,5} and assume that v/5,v/—1 € F.

Define the matrices X, Yy, z as follows:

We can show that

Thus the map x — X, y — Y, z — z induces a homomorphism of SL(2,5) into Aut V, where V is
the 2 - dimensional vector space over F. In this way G = SL(2,5) actson V. If ve V| g € G\{1g}
and vg = v, then we show that v = 0. It suffices to assume that g has prime order p. If p = 2, then
g =z and v = 0 since char(F) # 2. If p = 3, then (g) is conjugate to (x) and hence we can assume
that g = x. This yields v = 0 since char(F) # 3. Finally if p =5 then we can assume that g =y
and this yields easily v = 0 since char(F) #5. Set L = VG and let L act on /G by permuting the
right cosets of G. Then V is a regular normal subgroup and G acts semi-regularly on V\{0}. Hence

L is a Frobenius group and G is a Frobenius complement. u

Remark 6.1.2. If G is a Frobenius group with kernel N and complement H, then the condition
that |H| ’ IN| — 1, (see Proposition 3.2.2), implies that [N| = 1 mod (|H|) . In the Frobenius group
L = VG constructed above in Proposition 6.1.2, G = SL(2,5) is the complement. Since |G| = 120
and 5‘120, the congruence relation |V| = 1 mod (|G]), is equivalent to [V| = 1(mod 5) (because
VI =1+4+k|G|=1+k x 24 x5=|V|]=1(mod 5)).

Now let F = GF(p). Since the kernel V is a vector space of dimension two over GF(p), the order
of V as an abelian group is p%. Therefore for V to be a Frobenius kernel to G = SL(2,5), we must
choose p such that p? = 1(mod 5). Therefore we must find all primes p € @ € Z/5Z such that
a’? =1, where @ is the residue class mod 5.

So we find all p such that p € T € Zs or p € 4 € Zs. We list below all p < 100 in these two residue
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classes in Zs. If p € T, then p € {11,31,41,61,71,91}. If p € 4, then p € {19,29,59,79,89}. Thus,
using the construction described in Proposition 6.1.2, for p < 100, there are 11 Frobenius groups
of this type all having SL(2,5) as a complement. The smallest such group is a direct product of
SL(2,5) by an abelian group of order 112, that is a vector space of dimension 2 over a field of 11

elements.

We will now apply Proposition 6.1.2 to construct the Frobenius group 292 : SL(2,5), that is we are
choosing p = 29 here. Consider H = SL(2,5) with the following presentation:

% yyz, ¥ =y =22 =1, =x,y* =y, (xy)* = z).

via

The matrices above satisfy the relations in the presentation given and they generate SL(2,5),
so there is a homomorphism onto SL(2,5).
Now let F = Zy. So 122 = —1,112 = 5. Our choice of F = Zy¢ stems from the fact it is the first

field of characteristic not 2, 3 or 5 in which -1 and 5 are squares.

Now define
-1 1 o 12 -1 0
X = , Y= , L= in SL(2,29).
-1 0 —-12 0 0o -1

The matrices X,Y and Z satisfies the relations in the presentation of H. It follows that H maps
isomorphically into a subgroup of SL(2,29) via x — X,y +— Y,z — Z. Thus we take the point of
view that H is that subgroup of SL(2,29).

Now set N = Zy9 Q) Zy9, so that H < Aut(N), and finally let G be the resulting semi-direct product
of N by H. By Proposition 6.1.2, now G = 29%: SL(2,5) is a Frobenius group.

6.2 The Character Table of 29%: SL(2,5)

Note 6.2.1. For this section we will use the conventional notation of representing the complement
by G and the split extension by G. So G =N:G = 292:SL(2,5).
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6.2.1 The Characters of G

1. The number of conjugacy classes of 292 : SL(2,5) equals the number of irreducible characters
of 29%: SL(2,5).

2. By Corollary 5.1.6, the number of conjugacy classes and hence irreducible characters of
292 :SL(2,5) equals :

c(29?)—1 _, 840

SL2.5)  T120 6.

c (292 : suz,5)) — ¢ (SL(2,5)) +
3. By the Note 5.1.2, the sixteen irreducible characters are split into two types; those containing

the kernel N = 292 and those induced from non-trivial irreducible characters of 292.

4. Also by Theorem 5.1.5, the number of distinct irreducible characters of G of the form
bS , b1 # & € Irr(N) is given by:

c(N)—1 _ 840 _
ISL(2,5)] 120

5. The remaining nine irreducible characters of G come from G. These nine characters have
degrees: 1,2,2,3,3,4,4,5 and 6.

6. Since all the irreducible characters of 292 are linear, by the Note 5.1.2, we have that d)aﬂ G) =
|G| = 120 for ¢q # ¢ € Irr(292).

7. So in the character table of 29% : SL(2,5) there are sixteen irreducible characters, the first
nine are the irreducible characters of SL(2,5) with degrees: 1,2,2,3,3,4,4,5 and 6.

The remaining seven characters each of degree 120 are induced from N = 292.

6.2.2 The Conjugacy Classes of 29?: SL(2,5)

1. By Proposition 3.2.2, SL(2,5) acts on N = 29% partitioning N\{1g} into « = lNllTT = 7 orbits
each of size |G| = 120. Therefore in G, N\{1g} splits into seven conjugacy classes each of size

120.

2. Since 29% : SL(2,5) has sixteen conjugacy classes, the remaining nine conjugacy classes come
from SL(2,5) by Corollary 5.1.6. But SL(2,5) has nine conjugacy classes. Thus each conjugacy
class of SL(2,5) gives a conjugacy class of 292 : SL(2,5).

3. If1g #9g € G is a representative of [glg, then by Lemma 3.2.15, g is conjugate to every
element of Ng. Also g is conjugate to g’ in G implies that Ng’ C [glg by Lemma 3.2.15.
So [glg = UNg’ where g’ is conjugate to g in G and hence

lglg| = |lglg| < INJ.
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Therefore each conjugacy class [glg produces a bigger conjugacy class [glg of size given by

the equation above.

6.2.3 Table of Conjugacy Classes of 297 : SL(2,5)

The following table lists the sixteen conjugacy classes of 292 : SL(2,5) together with a representative,

the size of each class, the order of each representative and the order of the centralizer of this

representative.
Table 6.1: Conjugacy Classes of G
Class|[g] (1] [l | 2l | n3] | a4l | Ins] | el | n7]
I[g]| 1 120 | 120 | 120 | 120 | 120 | 120 | 120
o(9g) 1 29 | 29 | 29 | 29 | 29 | 29 | 29
‘CC (g)\ 292120 | 292 | 292 | 292 | 292 | 29% | 29% | 297
Table 6.1 (continued)
Class[g] | [g1] (9] | [g5] | [gal (gs] [9¢] [97] [gs]
gl 29212 | 29212 | 29% | 29212 | 29212 | 292.20 | 292.20 | 29%.30
o (g) 10 10 2 5 5 3 6 4
\Ca(g)\ 10 10 120 10 10 6 6 4
Note 6.2.2. 1. By Lemma 3.2.15 we have that:
lloJg| = [lgla] > NJ.
Therefore
G| |Gl x IN| Gl
Ci . — — = == C 1 .
Ca o0l = TigueT = Tigdal x NI~ Tigaal ¢ (9
2. Also
ICg ()| = G| Vi=1,...... 7
¢ |[ni]] ’ ’
BBl
120 |G| '
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6.2.4 The Character Table of SL(2,5)

We reproduce here the character table of the complement SL(2,5). This character table forms a
block of the character table of 292 : SL(2,5). In the character table we display a representative of

each of the nine conjugacy classes and the nine irreducible characters of SL(2,5).

Table 6.2: Character Table of SL(2,5)

(0] | [g1] | [g2] | [g3] | [gal | [gs] | [gel | lg7] | [gsl
x| 1 1 1 1 1 1 1 1 1
X2 | 2 A | A | =2 | —A | A" | —1 1 0
sl 2 | A* | A | =2 | —A* | —A* | =1 | 1 0
xal 3| A A 3 | A | A | 0| 0|1
s 3| AlA*| 3| A | A 0| 0|1
X | 4 | =1 | —1 4 —1 —1 1 1 0
X7 | 4 1 —4 | -1 —1 1 —1 0
xs| 5] 0| 0| 5 0 0 [ —1] =11
xo| 6 | =1 ] —=1| —6 1 0 0 0

\/5.

where A = % and A* = &

N‘

6.2.5 Construction of the Character Table of 29 : SL(2,5)
We will show here how the character table of 29%;SL(2,5) is completed.

1. If X is a character of G/N = G, then by lifting of characters we have that x (g) =X (gN) for
g € G. So forn € N,

xi () =% (0N) =5 (N) =% (Tgyn) Fi=2,00000,9,

2. Now x;i (g) = xi (gN) for g € G. But by Lemma 3.2.15 gN C [g] for g € G. So Xi (gN) =
Xi(g)=xi(g) Vi=2,...... , 9. Therefore the column under each [gi] in the character table of
292 : SL(2,5) will be the same as the column under each [g;] in the character table of SL(2,5).

3. Also xi(gi) =0 for i = 10,...... , 16 and Vg; € G since by Proposition 4.2.4 in Moori [17],
we have that N N [gilg = 0.

4. By Proposition 4.2.4 in Moori [17], since N N nylg # 0,

N e v ()
X(n]) = ‘CG(nJ)‘ ; |CN (Xi)‘) (61)




CHAPTER 6. THE FROBENIUS GROUP 29%:SL(2,5) AND IT’S CHARACTER TABLE 69

where X1,X2,...... yXm are class representatives of classes of N that fuse to [njlg, ny for
=1y, ,7 are representatives of the conjugacy classes [nq],...... ,[n7] and x = ¢€ for

$1 # ¢ € Irr (N).

5. First we construct the character ¢ € Irr(N) using the direct product of characters.
Taking the identity character 1 of Zjy¢ and the character \; of Zjy¢, and using the direct
product of characters, we construct the character ¢ = 1., of N = 292, where ¢ (g) =
P (n) Py (n') and g =nn' for n,n’ € Zyo and g € Z9 Q) Zys.

6. Since 7 is the identity character of Zye, ¢ (g) =12 (n’) and since Zjo has order 29, 1, (n')
is a 29th root of unity Vn’ € Zjo.

7. Now N has 29% conjugacy classes which we denote as :

(Ta, 1d] 1a,29a] --- [la,29ab]
29a,1a] [29a,29a] --- [29a,29ab]
[29ab,1a] [29ab,29a] --- [29ab,2%ab]

The notation here is consistent with that of GAP. Thus the values of X, appears in the
character table of N = 292 as 29 cycles of the 29th roots of unity as follows:

1 x2(29a) x2(29b) ------ x2(29ab)
T x2(29a) x2(290) ------ x2(29ab)
T x2(29a) x2(29b) ------ x2(29ab)
8. Let ny fori=1,...... ,7 be representatives of the conjugacy classes [ng], [nal,...... , 7],
Then x € [ny] implies that x' € My Vi = 1,2,...... y7. Thus x;(x) = X; (x Vx; where
j=10,...... ,16. Soxj(x)ERsincer(x):x]-(x_]):xj(x) for j =10,...... ,16.

9. Now by (6.1) above ,

G\ _ o = o (x)
2 = 1G] 2 ie G

where the x; are class representatives of the conjugacy classes of N which fuse to give [nj],

where ny] fori=1,...... , 7 are class representatives of the classes [nq], [nyl,...... , [n7] and
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10.

11.

12.

¢ € Irr(N) is as constructed in (5) above. Consider now the conjugacy class [n]
(note that ny # 1n).

The character xjo is one of 7 irreducible characters of the form c])6 for ¢ € Irr(N). So let
b1 = P71 -, be as constructed in (5) above. Then P19 = (1)1a = (U -ﬂ)z)G . By (6.1) above

we have that:

120

> b(x)
i=1

120

= ) (Wr-2) ()
i1
120

= Z U5 (Xi) ’
i=1

where the x; are the 120 elements(vectors) of N which fuse to form [n].

X10 (M)

Since there are 120 elements in each conjugacy class and each element in the conjugacy class
containing n; has it’s inverse also in the class, we can group these 120 elements into 60
pairs. Now 1, (x;') =12 (xi) s0 P2 (xi) + 2 (% ') = 2r where a = 1 + si is a 29th root of
unity. Using the character table of Zj¢ we can now find the value of the character {19 on the

conjugacy class [n4].

Listed below are the 120 elements paired with their inverses of the conjugacy class [n;]. The
remaining six conjugacy classes are shown in Section A of the Appendix.

] ={(0,1)&(0,28);(28,0)&(1,0);(17,23)&(12,6);(1,28)&(28,1);(0,12)&(0, 17);
(23,17)&(6,12); (14, 6)&(15,23); (12,11)&(17,18);(17,0)&(12,0); (1, 15)&(28, 14);
(23,23)&(6,6);(21,14)&(8,15); (15, 28)&(14,1);(23,12)&(6,17); (13,9)&(16, 20);
(12,17)&(17,12); (15, 1)&(14, 28); (23, 14)&(6, 15); (14, 22)&(15,7); (6, 21)&(23, 8);
(16,15)&(13,14);(11,23)&(18,6); (7,13)&(22,16); (8, 14)&(21,15); (28, 16)&(1,13);
(15,15)&(14,14); (20, 23)&(9,6); (26,10)&(3,19); (9, 24)&(20,5); (14, 20)&(15, 9);
(9,7)&(20,22);(22,8)&(7,21); (11,21)&(18, 8); (23, 3) &(6, 26); (7, 26)&(22, 3);
(25,9)&(4,20);(2,22)&(27,7);(21,27)&(8, 2); (3,21)&(26, 8); (26, 11)&(3, 18);
(9,23)&(20,6);(22,4)&(7,25);(10,7)&(19,22); (24, 25)&(5,4); (9, 2)&(20, 27);
(10,21)&(19, 8); (24, 3)&(5, 26); (9, 26)&(20, 3); (21,26)&(8, 3); (3, 9)&(26, 20);
(26,22)&(3,7);(3,17)&(26,12);(22,9)&(7,20);(27,10)&(2,19); (21, 24)&(8,5);
(12,9)&(17,20); (4,26)&(25, 3);(28,21)&(1, 8); (7, 1)&(22, 28); (21,22)&(8,7)}

\_/\_/\_/\_/

)
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Now evaluating 1\, at the second member of each of these ordered pairs, we get :

120

Xio(m) = Y by(xi) wherex; € [n]
= 411:—:- 10w + 4wy + 12w3 + 4wy + 4ws
+ 12wg+ 12w7 + 12wg + 12we + 4wip
+ 4w+ 10w + 4wz + 12w = a,
where wy = cos (2}—9”) fork=1,2,...... , 14,

Similarly, for the remaining 6 conjugacy classes we get:

X10 (n2)

X10 (n3)

X10 (n4)

X10 (ns)

X10 (Ne)

X10 (n7)

+
+

+ o+

+ 4+ o4 + +

+ o+

44+ 12w1 4+ 10w; + 4wz + 4wy + 10ws
12wg + 4wz + dwg + 4w + 4wrg
12w17 + 12w12 + 12w13 + 12w14 = b

4+ 12w + 12w, + 12w3 + 10wy + 12ws
dwe + 12w7 + 4wg + 4woe + 10w1o
dwir + 12w + 4wz + 4wy = c.

444w+ 12w + 4wz + 12w4 + 12ws5
12we + 4wy + 10wg + 10w + 12w1g
dwi +4wi2 + 4wz + 12wq4 = d.

4+ 12w + 4wy + 4wz + 12wy, + 4ws
dwg +4w7 + 12ws + 12w9 4+ 12w10
10w11 + 12w1 + 10w13 + 4wig = e.

4+ 4wq + 12w7 + 10w3 + 4wy + 12ws
4weg + 10w7 + 12wz + 12w + 4wrp
12w11 +4wq2 + 12w13 +4wig = 1.

4+4wr +4wy + 12w3 + 12wy + 4ws
10wg + 12w7 +4wg + 4wo + 12w1g
12w + 4wz + 12wz + 10wy = g.

71
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13. So for the character x19 we have the following;:

Table 6.3: The Values of the Character x1o

Class|[g] (1] [l | 2l | n3] | 4l | ns] | el | n7]
I[g]| 1 120 | 120 | 120 | 120 | 120 | 120 | 120
o(9g) 1 29 | 29 | 29 | 29 | 29 | 29 | 29

‘ Cs (9) ‘ 292,120 | 292 | 292 | 29% | 297 | 29% | 292 | 29?
X10 120 a b c d e f g

Table 6.3 (continued)

Class[g] | [g1] (g2] | [g3] | [g4] (g5] [ge] [g7] (gs]
gl | 29212 | 29212 | 292 | 29212 | 29212 | 292.20 | 292.20 | 292.30
o (g) 10 10 2 5 5 3 6 4
ICs(@)| | 10 10 |120] 10 10 6 6 4
X10 0 0 0 0 0 0 0 0

14. We can now complete the character table of 29% : SL(2,5) by completing the values of the
irreducible characters x; for i =11,...... , 16 by repeating the process described in (5) - (12)
above. Each of these irreducible characters are constructed by taking the direct product of
irreducible characters of Zj9. We list these characters below and then put their values on the
conjugacy classes of our group (the computations for each of these characters are shown in

Sections C - H of the Appendix) thus completing the character table of the group.

o xi11 = 65 = (1 - 3)°
o x12= 6§ = (U pg)C
o x13 = 65 = (b1 - 5)°
o x10 = &S = (b -97)®
® Xi5 = q;g: (1 - ho)®

o x16 = S = (U P1)®

6.2.6 The Character Table of 29?: SL(2,5)
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0 0 0 0 0 0 0 0 P d Q | D 6 } 2 071 X
0 0 0 0 0 0 0 0 B qQ | o b ! 2 p 071 stX
0 0 0 0 0 0 0 0 } 2 13 o Q | D b 07l X
0 0 0 0 0 0 0 0 Q | o b 4 2 p 2 071 X
0 0 0 0 0 0 0 0 2 P Bl Q | D b } 071 aux
0 0 0 0 0 0 0 0 D b J 2 p 8] q 0zl X
0 0 0 0 0 0 0 0 b 4 2 p 2 qQ | D 07l otX
0 0 0 L [ 99— | - [— 9 9 9 9 9 9 9 9 6X
L [— |— 0 0 S 0 0 S g S S S G G G 8X
0 [— [ [— [— | ¥— [ | 4 ¥ 4 ¥ 14 ¥ ¥ ¥ X
0 [ [ |— [— 14 [— |- 14 1% 14 1% 14 1% 1% 14 X
|- 0 0 .Y 1% ¢ +Y Y ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ 8X
|— 0 0 Y <Y ¢ 1% +Y ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ X
0 [ |— Y= | Y= | T 1% .Y 14 14 14 14 14 14 14 14 X
0 [ l— N e R i I A 1’4 4 14 4 z 4 14 4 4 28
L [ [ L [ L [ L [ L [ [ L [ L L LX
¥ 9 9 ol oL |ozL| oL OL | 267 | 6T | 6T | 16T | 26T | 26T | 76T | 0T1'267 | |(6) 2D
14 9 ¢ g g 4 0l 0l 6T | 6T | 6T | 6T | 6T | 6T | 6T (L] (6)o
0€'26T | 0T 26T | 0T 76T | TL'76T | TW'26T | 26T | TL'26T | TL'z6T | OTL | 0TL | OTL | 0Tl | 0TL | 0TL | 0Tl [L] (6]
[86] [£6] [°6] [<6] [*6] | [¥6] | [%6] [L6] | [Au] | [Pu] | [Su] | [Pu] | [E] | [u] | [ty (L] [6]sserd

(GT)1S : 267 = D JO d[qRY, I0joRIeY)) ' SR,
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For values of a,b,c,d,e,f and g see 6.2.5 (12).

6.3 The Fischer Matrices of the Group: 29%:SL(2,5)

We construct here the Fischer Matrices for our group 292 : SL(2,5). As we described in Section 5.4,
the Fischer matrices for a Frobenius group comprise of one (m + 1) x (m + 1) matrix where m is
the number of non-trivial orbits of the action of G on N, and the remaining Fischer matrices are

just 1 x 1 matrices with the sole entry being 1. So we have: V1g # g € G, M(g) = [1].

The Fischer matrix corresponding to the identity element of G = 29% : SL(2,5) is a 8 x 8 matrix

given by:

1 111111 1]
120 a b ¢ d e f g
120 b ¢ d e f g a
120 f a b c d e

M(16)= )

120 c d e f g a b
120 g a b ¢ d e f
120 d e f g a b ¢

| 120 e f g a b c d |




7
Appendix

7.1 Section A

The remaining six conjugacy classes [y] i =2,...,7 of the group 292 : SL(2,5).

mal = {(0,27)&(0,2); (2,0)&(27,0); (24, 12)&(5, 17); (27, 2)&(2, 27); (0, 5)&(0, 24);
(12,24)&(17,5); (1,17)&(28, 12); (5, 7)&(24, 22): (24, 0)&(5, 0); (27, 28)&(2, 1);
(12,12)&(17,17); (16, 1)&(13, 28); (28, 2)&(1,27): (12,5)&(17, 24); (3, 11)&(26, 18);
(5,24)&(24,5); (28,27)&(1,2); (12, 1)&(17, 28): (1, 14)&(28, 15); (17, 16)&(12, 13);
(26,28)&(3,1); (7,12)&(22,17); (15,3)&(14, 26): (13, 1)&(16, 28); (2, 26)&(27, 3);
(28,28)&(1,1); (18,12)&(11,17); (6,9)&(23,20); (11,10)&(18,19); (1, 18)&(28, 11);
(11,15)&(18, 14); (14, 13)&(15, 16): (7, 16)&(22, 13); (12, 23)&(17, 6); (15, 6)&(14, 23);
(8, 11)&(21,18); (25, 14)&(4, 15); (16, 4)&(13, 25): (23, 16)&(6, 13)&(6, 7)&(23, 22);
(11,12)&(18,17); (14, 21)&(15, 8): (9, 15)&(20, 14); (10, 8)&(19, 21); (11, 25)&(18, 4);
(9,16)&(20,13); (10,23)&(19, 6); (11, 6)&(18,23): (16, 6)&(13,23); (23, 11)&(6, 18);
(6,14)&(23,15); (23,24)&(6,5); (14, 11)&(15, 18); (4, 9)&(25, 20): (16, 10)&(13, 19);
(5,11)&(24, 18); (21,6)&(8, 23); (2, 16)&(27, 13): (16, 14)&(13, 15); (14, 2)&(15, 27)}.

n3] ={(0,4)&(0,25); (4,25)&(25,4);(10,5)&(19,24); (0, 19)&(0, 10); (4, 0) &(25, 0);
,10)&(24,19);(27,24)&(2,5); (19,15)&(10,14); (10,0)&(19,0); (4, 2)&(25, 27);
,5)&(24,24);(26,27)&(3,2);(2,25)&(27,4); (5,19)&(24,10); (23, 7) &(6, 22);
10)&(10,19); (2,4)&(27,25);(5,27)&(24,2); (27,1)&(2, 28); (24, 26) &(5, 3);
)&(23,27);(15,5)&(14, 24); (28, 23)&(1,6); (3, 27)&(26, 2); (25, 6) &(4, 23);
1&(27,27);(22,5)&(7,24); (17,11)&(12,18); (7, 9)&(22, 20); (27,22)&(2,7);
8)&(22,1);(1,3)&(28,26); (15,26)&(14,3); (5,12)&(24,17);(28,17)&(1, 12);
3,7)&(16,22);(8,1)&(21,28); (26, 21 8);(12,26)&(17,3);(17,15)&(12, 14);
5)&(22,24);(1,16)&(28,13); (11,28
1,26)&(18,3);(9,12)&(20,17); (7,17
17,1)&(12,28); (1,7)&(28,22); (21,11

19,
)2
2)&

b

&(3,
&(18,1); (9, 13)&(20, 16): (7, 8)&(22, 21);
&(22,12);(26,17)&(3,12); (12,7)&(17,22):
&(8,18); (26, 9)&(3,20); (19, 7)&(10,22);

(5
(5
(
(6
2
(7,2
(1
(7,

(1
(

\_/u\_/\_/
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(16,17)&(13,12); (25, 26)&(4, 3); (17, 19)&(12, 10); (3, 28)&(26, 1; (28, 4)&(1, 25)}.

4l = {(0,21)&(0, 8): (8,0)&(21,0); (9, 19)&(20, 10); (21, 8)&(8, 21); (0, 20)&(0, 9);
(19,9)&(10, 20); (4, 10)&(25, 19); (20, 28)&(9, 1): (9, 0)&(20, 0); (21, 25)&(8, 4);
(19,19)&(10, 10); (6, 4)&(23, 25); (25, 8)&(4, 21): (19, 20)&(10,9); (12, 15)&(17, 14);
(20,9)&(9, 20); (25, 21)&(4, 8); (19,4)&(10, 25): (4, 27)&(25,2); (10, 6)&(19, 23);
(17,25)&(12,4); (28, 19)&(1,10); (2, 12)&(27, 17); (23,4)&(6, 25); (8, 17)&(21, 12);
(25,25)&(4,4): (14, 19)&(15, 10); (24, 7)&(5, 22); (15, 11)&(14, 18): (4, 14)&(25, 15);
(15,2)&(14, 27); (27,23)&(2, 6); (28, 6)&(1,23): (19,5)&(10, 24); (2, 24)&(27,5);
(3,15)&(26, 14); (13,27)&(16, 2); (6, 16)&(23, 13): (5, 6)&(24, 23); (24, 28)&(5, 1);
(15,19)&(14, 10); (27, 26)&(2, 3); (7, 2)&(22, 27): (11, 3)&(18, 26); (15, 13)&(14, 16);
(7,6)&(22,23); (11,5)&(18, 24); (15, 24)&(14, 5): (6, 24)&(23,5); (5, 15)&(24, 14);
(24,27)&(5,2); (5, 9)&(24, 20); (27, 15)&(2, 14); (16, 7)&(13, 22); (6, 11)&(23, 18);
(20,15)&(9, 14); (26, 24)&(3,5); (8, 6)&(21, 23): (23, 2)&(6, 27); (2, 21)&(27, 8)}.

ns] = {(0, 16)&(0, 13); (13,0)&(16,0); (11,20)&(18, 9); (16, 13)&(13, 16); (0, 18)&(0, 11);
(20, 11)&(9, 18); (21,9)&(8, 20); (18, 2)&(11,27): (11,0)&(18,0); (16, 8)&(13, 21);
(20 20)&(9,9): (17,21)&(12,8); (8, 13)&(21, 16); (20, 18)&(9, 11): (5, 28)&(24, 1);
(18, 11)&(11,18); (8, 16)&(21, 13); (20, 21)&(9, 8); (21,4)&(8, 25); (9, 17)&(20, 12):
(24, 8)&(5,21); (2,20)&(27, 9); (25,5)&(4, 24); (12,21)&(17,8); (13, 24)&(16,5);
(8,8)&(21,21); (1,20)&(28,9); (10, 15)&(19, 14): (28, 7)&(1,22); (21, 1)&(8, 28);
(28,25)&(1,4); (4,12)&(25,17); (2,17)&(27, 12): (20, 19)&(9, 10); (25, 10)&(4, 19);
(23,28)&(6,1); (3,4)&(26, 25); (17,26)&(12,3): (19, 17)&(10, 12); (10, 2)&(19, 27);
(28,20)&(1,9); (4, 6)&(25, 23); (15, 25)&(14,4): (7, 23)&(22,6); (28, 3)&(1, 26);
(15,17)&(14,12); (7, 19)&(22, 10); (28, 10)&(1,19); (17, 10)&(12, 19); (19, 28)&(10, 1);
(10,4)&(19,25); (19, 11)&(10, 18); (4, 28)&(25, 1): (26, 15)&(3, 14); (17, 7)&(12, 22);
(18,28)&(11,1);(6,10)&(23,19); (13,17)&(16,12); (17,4)&(12, 25); (25, 16)&(4, 13)}.

el = {(0,26)&(0,3): (3,0)&(26,0); (7, 18)&(22, 11); (0, 22)&(0, 7); (26, 3)&(3, 26);
(18,7)&(11,22); (16, 11)&(13, 18); (22, 25)&(7,4); (7,0)&(22, 0); (26, 13)&(3, 16);
(18,18)&(11,11);(24,16)&(5,13); (13,3)&(16,26); (18,22)&(11,7); (19, 2)&(10, 27);
(22,7)&(7,22); (13,26)&(16,3); ((18,16)&(11,13); (16, 21)&(13, 8); (11, 24)&(18, 5);
(10,13)&(19,16); (25, 18)&(4, 11); (8, 19)&(21,10); (5, 16)&(24, 13); (3, 10)&(26, 19);
(13,13)&(16,16); (27,18)&(2, 11); (9, 28)&(20, 1); (2, 15)&(27, 14); (16, 27)&(13, 2);
(2,8)&(27,21); (21,5)&(8, 24); (25, 24)&(4, 5); (18, 20)&(11,9); (8, 9)&(21, 20);
(17,27)&(12,2); (6, 8)&(23, 21); (5, 23)&(24, 6): (9, 5)&(20, 24); (20, 4)&(9, 25);
(27,11)&(2,18); (8, 12)&(21,17); (1,21)&(28, 8); (14, 17)&(15, 12): (27, 6)&(2, 23):
(1,5)&(28,24); (14, 9)&(15, 20); (27, 20)&(2, 9): (5, 20)&(24, 9); (9, 27)&(20, 2);
(20, 8)&(9,21); (9, 22)&(20,7); (21, 2)&(8, 27); (6, 28)&(23, 1); (24, 15)&(5, 14);
(22,2)&(7,27); (17,9)&(12, 20); (3, 24)&(26, 5): (5, 8)&(24, 21); (8, 26)&(21, 3)).
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ny]l ={(0,6)&(0,23);(23,0)&(6,0);(15,22)&(14,7); (6,23)&(23, 6); (0, 14)&(0, 15);
(15,21);(15,0)&(14,0); (6, 3)&(23, 26);
(26,6);(22,14)&(7,15);(20,25)&(9,4);

(

26,7)&(3,22): (22,15)&(7,

)&(7,7);(10,26)&(19
)&-(26

zz 22
14,15)&(15, 14); (3,
3)&(20,26); (8,22)&
3)&(26,26); (4,22)&

25

(
14)
y3);

2
21,7);
»7);

;(14,8)&
(3,23)&

3):(22,26)&(7,3); (26, 16)&(3,13): (7,10)&(22, 19);
(13,20)&(16,9); (19, 26)&(10, 3); (23, 9)&(6, 20);
(11,2)&(18,27); (25, 28)&(4, 1); (26,4)&(3, 25);

,25)&(24,4); (12,16)&(17,13); (10, 17)&(19, 12); (18,10)&(11,19); (11, 8)&(18, 21);

5
25,22)&(4,

7);(16,24)&(13,5);(2,13)&(27,16); (28,5)&(1, 24); (25, 12)&(4,17);

2,10)&(27,19): (28, 18)&(1,11); (25, 11)&(4, 18); (10, 11)&(19, 18); (18, 25)&(11,4);
11,16)&(18,13); (18,15)&(11, 14); (16, 25)&(13,4): (17, 2)&(12,27); (10, 28)&(19, 1);
14,25)&(15,4); (24, 11)&(5, 18); (23, 10)&(6, 19): (19, 13)&(10, 16); (13, 6)&(16, 23)}.

(26
(
(
(9,
(3,
(25,13)&(4,16); (16,19)&(13,10); (8,10)&(21,19); (22, 18)&(7,11); (13,11)&(16, 18);
(
(
(
(
(

7

7.2 Section B

7.2.1 Character Values of X

Computing the character values for the character xjo for the conjugacy classes [ni], [ny],...
120

Now x10 = ¢S = (P1.2). Also x10(ns)

) [Tl7] .

Ztl)z xi) where the x; are the 120 vectors which fuse

i=

1

to form the conjugacy class [ni] (n; a representative of the class).

Now (x;) where x; € {0, 1,...,

make up the conjugacy class [ni]. These are the values in the character table of Zs.

Tabulated below are the values of \,(g) for g € Zyo.

Table 7.1: The Values of the Character 1,

g |0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
Yo |1 | wy | wy| w3 | wsg|ws|ws|ws|wg|w|wp|wy|w:2|ws| wys
Table 7.1 (continued)

g 15116 | 17 | 18 | 19 | 20 | 21 | 22 | 23 24 25 26 27 28
Py | W7 | W | W3 | Wy | W5 | W | W7 | Wg | Wy | Wy | W1 | W12 | W13 | W14

2k7ti . .
where w; = e 22 and w; is the complex conjugate of wj.

X10(m1)

28} equals 1, evaluated at the second entry of the 120 vectors that
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120

Since X109 = le)z(xi), to compute the value xjo(ny), run through the conjugacy class [n;] and
i=1

count the number of pairs with 0,1,2,...,14 in the second entry position. Count these digits only

once in each pair. Then find the value of {,(y) where y € Zyo in the table 7.1. Each of these values
must then be multiplied by two (except for y=0). For [n] there are two pairs with 0, 2, 4, 5, 10,
11 and 13; five pairs with 1 and 12 and six pairs with 3, 6, 7, 8, 9 and 14.

Hence,

Xioni) = 2X242X5X W) +2X2Xwr+2X6Xw3+2x2xXws+2x2xX ws
F2XOX Wg+2XO6X W7+2X6Xwg+2X6Xwe+2xX2xXwi
F2X2X W +H2X5X Wy +2Xx2Xwiz+2X6X wiy.

So

X10(ny) = 4+ 10wy +4w;y + 12w3 + 4wy +4ws + 12wg + 12w7
+12wg + 12we + 4wig + 4wi1 + 10w +4wiz + 12wy = a.

x10(n2) :
For [n,], there are two pairs with 0, 3, 4, 7, 8, 9 and 10; five pairs with 2 and 5 and six pairs with
1,6, 11, 12, 13 and 14.

Hence,

XioMy) = 2X242X6X W) +2X5XwWy+2X2Xxw3+2X2xws+2x5xws
F2XOEX Wg+2X2XW7+2X2XWg+2X2XwWo+2xX2X wi
F2XO6X W +H2X6X Wiy +2X6X wiz+2X6X wiy.

So

X10(n2) = 4+ 12w + 10wy +4ws + 4wy + 10ws + 12we + 4wy
+4wg + dwo + 4wy + 12w17 + 12w12 + 12w13 + 12w14 = b.

X10(n3) :
For [n3], there are two pairs with 0, 6, 8, 9, 11, 13 and 14; five pairs with 4 and 10 and six pairs
with 1, 2, 3, 5, 7 and 12.

Hence,

XioMmz)= 2X242Xx12x w1 +2X12Xx wy+2x12xw3+2x10x wg+2x12x ws
F2XAX Wg+2 X 12X w7+2x4x wg+2 x4 X we+2x10x wig
F2XAX W +2X 12X W +2 x4 X wiz+2x4 X wig.



CHAPTER 7. APPENDIX 79

So

x1o(n3) = 44+12w7 + 12w + 12w3 + 10wy + 12ws + dwg + 12w7
+4wg + dwo + 10w19 + 4wy + 12wy + 4wz +4wis =c.

X10(n4) :
For [n4], there are two pairs with 0, 1, 3, 7, 11, 12 and 14; five pairs with 8 and 9 and six pairs
with 2, 4, 5, 6, 10 and 14.

Hence,

XioMg) = 2X242x4 X W1 +2X12xwr+2x4xw3+2x12x ws+2x12x ws
F2X 12X wg+2 x4 X w7 +2x10Xx wg+2x 10X we+2 x 12 x wip
F2XAX W +2x4 X wp+2x4xwiz+2x12 X wiy.

So

X10(ng) = 4+4wq + 12wy + 4wz + 12w4 + 12ws + 12we + 4w7
+10wg + 10wo + 12w1g + 4w1y + 4wy + 4wz + 12w14 = d.

X10(ns) :
For [ns], there are two pairs with 0, 2, 3, 5, 6, 7 and 14; five pairs with 11 and 13 and six pairs
with 2, 4, 8,9, 10 and 12.

Hence,

XioMs) = 2X242X12xwi+2x4xwr+2x4x w3+2x12X ws+2x%x4x ws
F2 X4 X Wg+2X4dX W7 +2x12x wg+2x12x wo+2x12 % wig
F2XT0OX w1 +2x 12 x wip+2x 10X wiz+2 x4 X wig.

So

X1o0(ns) = 4 +12w1 + 4wy +4ws + 12w4 + 4ws + 4w + 4wy
+12wg + 12we + 12w10 + 10w17 + 12w12 + 10wi3 +4wig4 = e.

Xio(ne) :
For [ng], there are two pairs with 0, 1, 4, 6, 10, 12 and 14; five pairs with 3 and 7 and six pairs
with 2, 5, 8,9, 11 and 13.

Hence,

Xiong) = 2X242X4Xxw;+2Xx12xwr+2x10Xx w3+2x4xws+2x12x ws
A2 X4 X wWg+2 X 10X w7 +2 X 12X wg+2X 12X w9+ 2 x4 X wig
F2X 12X w1 +2Xx4dXx wp+2x12Xx wiz+2 x4 X wy.
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So

X10(ng) = 44+ 4wr + 12w + 10wz + 4wy + 12ws + 4we + 10w7
+12wg + 12w9 +4w1ip + 12w17 +4wipy + 12w13 +4wqg = 1.

x10(n7) :
For [ns], there are two pairs with 0, 1, 2, 5, 8, 9 and 12; five pairs with 6 and 14 and six pairs with
3,4, 7,10, 11 and 13.
Hence,
Xiom7) = 2X242X4X W1 +2X4Xx wr+2Xx12x w3 +2x 12X wys+2 x4 x ws
F2X 10X wg+2X 12X w7 +2x4x wg+2x4x wo+2x12x wig
F2X 12X w1 +2 x4 Xx wip+2x12x wiz+2x10 X wig.

So

X10(ny) = 4+ 4w+ 4wy + 12w3 + 12w4 + 4ws + 10wg + 12w7
+4wg + dwo + 12wq9 + 12w171 +4wi2 + 12w13 + 10w4 = g.

7.3 Section C

7.3.1 The Character Values of x;

120
Now x11 = d)f = (P1.P3) and x11(ny) = le)3(xi). To find the values x11(ny), we need the values
i=1

P3(g) for g € Zye. They are tabulated below:

Table 7.2: The Values of the Character 13

g 0] 1 2| 3| 4 5 6 7 8 2 |10 11| 12|13 | 14

Y3 [ 1| wy| ws | we| wg | wip| W | wy| W3 | W®g | Oy | W7 | W5 | W3 | d

Table 7.2 (continued)

g | 15|16 |17 [ 18 | 19 | 20 | 21 22 | 23 | 24 | 25| 26 | 27 | 28

V3 | Wy | w3 | w5 | w7 | we | Wiy | W3 | Wiy | Wiz | Wy | Wg | We | Wy | W2

2k7ti . .
where w; = e 29 and w; is the complex conjugate of wj.

xi1 () :
For [n;] there are two pairs with 0, 2, 4, 5, 10, 11 and 13; five pairs with 1 and 12 and six pairs
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with 3, 6, 7, 8, 9 and 14.

Hence,

X11(ni) = 2X242X5Xwr+2X2Xws+2Xx6Xwg+2x2xwg+2xX2xX wip
F2XO6X W2 +2XO6X Wig+2X6XWi3+2X6XwWir+2X2X wo
F2X2X W7+ 2X5 X w54+2x2xw3+2xX6Xw.

So

xi11(ng) = 4+ 12w + 10wy +4ws + 4wy + 10ws + 12we + 4wy
+4wg +4dwo +4wig + 12w + 12w12 + 12w13 + 12w14 = b

xi(ng):
For [n,], there are two pairs with 0, 3, 4, 7, 8, 9 and 10; five pairs with 2 and 5 and six pairs with
1,6, 11, 12, 13 and 14.

Hence,

X11(n2) = 2X24+2X6Xwr+2X5Xxws+2x2Xxwg+2x2xwg+2x5x%X wip
F2XOX W+ 2X2X Wi +2X2XwWwi3+2XxX2Xxwip+2Xx2Xwo
F2XO6X W7 +2X6X ws+2X6X%Xw3+2X6Xw.

So

x1(n2) = 4+ 12w + 12w, + 12w3 + 10wy + 12ws + 4we + 1207
+4wg + 4wo + 10w1g + 4wy + 12wy + 4wz +4wis =c.

xi(ns):
For [n3], there are two pairs with 0, 6, 8, 9, 11, 13 and 14; five pairs with 4 and 10 and six pairs
with 1, 2, 3, 5, 7 and 12.

Hence,

x11(n3)= 2x24+2x12Xx wr+2x12x ws+2x12x wg+2x10x wg+2x 12 x wio
A2X A X W +2X 12X Wi +2x4 %X W3 +2%x4xwip+2x10X we
2 X4 X W7 +2x12x ws+2x4x w3+2x4x w.

So

x11(n3) = 44+ 4wq + 12w7 + 4wz + 12w4 + 12ws + 12w¢ + 4w>
+10wg + 10wo + 12w1g + 4wy + 4wy + 4wz + 12w14 = d.
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x11(ng) :
For [n4], there are two pairs with 0, 1, 3, 7, 11, 12 and 14; five pairs with 8 and 9 and six pairs
with 2, 4, 5, 6, 10 and 14.

Hence,

X11(Mg) = 2X242x4 X Wy +2Xx12xws+2x4xwg+2x12x wg+2x12x wip
A2 X 12X W2+ 2 X4 X Wi +2x 10X w3 +2x 10X w1 +2 %12 X we
42 X4 X w7 +2 x4 X ws+2x4xws+2x12x wi.

So

x11(ng) = 4 +12w7 + 4wy +4ws + 12w4 + 4ws + 4w + 4wy
+12wg + 12wo + 12w19 + 10w11 + 12w12 + 10w 13 + 4w = e.

xi1(ns) :
For [ns], there are two pairs with 0, 2, 3, 5, 6, 7 and 14; five pairs with 11 and 13 and six pairs
with 2, 4, 8, 9, 10 and 12.

Hence,

X11(ns) = 2Xx242X 12X wr+2x4d X ws+2%x4 X wg+2x12xwg+2x4x wip
A2 XA X W+ 2 X4 X W14 +2 X 12X W13 +2Xx 12X Wi +2 X 12X we
A2 X 10X w7 +2x12x ws+2x10x w3 +2 x4 x ws.

So

x11(ns) = 44+ 4wr + 12w + 10wz + 4wy + 12ws + 4we + 10w7
+12wg + 12w9 + 4wy + 12w17 +4wiy + 12w13 +4wqg = 1.

x11(ne)
For [ng], there are two pairs with 0, 1, 4, 6, 10, 12 and 14; five pairs with 3 and 7 and six pairs
with 2, 5, 8,9, 11 and 13.

Hence,

X11Mg) = 2X242x4 X Wy +2X12Xxws+2x10X wg+2x4x wg+2x12x wip
F2XAX W +2XT0X Wi +2 X 12X wi3+2Xx 12X w1 +2 X4 X we
F2X 12X w7+2 x4 x ws+2x12x w3z +2x4x ws.

So

x11(ng) = 4+ 4wy +4w; + 12w3 + 12w4 + 4ws + 10w + 12w7
+4wg + dwo + 12wq9 + 12w17 +4w12 + 12w13 + 10w14 = g.
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xi(nz):
For [n;], there are two pairs with 0, 1, 2, 5, 8, 9 and 12; five pairs with 6 and 14 and six pairs with

3,4,7,10, 11 and 13.

Hence,

x11n7) = 2x242Xx4Xxwy+2x4x ws+2x12x wg+2x12x wg+2x4x wip
A2X 10X W2 +2X 12X wip+2 x4 X wiz+2x4x wip+2x12X we
A2 X 12X w7 +2 x4 X ws+2x12x w3 +2x10x ws.

So

x11(ny) = 4+ 10wt + 4wy + 12w3 + 4wy +4ws + 12wg + 12w7
+12wg + 12w9 + 4wip + 4w + 10w + 4wz + 12w14 = a.

7.4 Section D

7.4.1 Character Values of xi;

120
Now x12 = d)? = (P1.4) and x12(ny) = Z UP4(x;). To find the values x12(ni), we need the values

i=1
Py4(g) for g € Zy9. They are tabulated below:

Table 7.3: The Values of the Character 4

g 0] 1 2 3 4 5 6 7 1 8 2 1011|1213 | 14

Py | 1| w3 | we | we | wpp| Wiy | W | W | Ws | W2 | wy | wy | w7 | wyo | W3

Table 7.3 (continued)

g | 15|16 |17 |18 | 19 |20 | 21 | 22 | 23 | 24 | 25 | 26 | 27 | 28

Wy | W3 | Wyp | W7 | Wy | W7 | Wy | W5 | Wg | Wy | Wiy | D12 | Wy | We | W3

2kmi . .
where w; = e 29 and w;j is the complex conjugate of w;.

xi2(m)
For [n4] there are two pairs with 0, 2, 4, 5, 10, 11 and 13; five pairs with 1 and 12 and six pairs

with 3, 6, 7, 8, 9 and 14.
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Hence,

X12(M) = 2X242X5X W3 +2X2XWg+2X6XWe+2X2xXwin+2X2Xwy
F2XO6X W F+2XO6XWg+2XO6XW5+2X6XwWy+2xX2X W
F2X2X W +2X5X W7 +2X2X Wip+2 X6 X wis.

So

X12(ny) = 4+4wr + 12wy + 10w3 + 4wy + 12ws 4+ 4wg + 10wy
+12wg + 12we +4wig + 12w + 4wy + 12w13 + 4wy = f.

xi2(ng) :
For [n,], there are two pairs with 0, 3, 4, 7, 8, 9 and 10; five pairs with 2 and 5 and six pairs with
1,6, 11, 12, 13 and 14.

Hence,

Xi2(na) = 2X242X6XW3+2X5XwWg+2X2Xwe+2x2Xxwpn+2x5x%xwy
F2XO6X W +2X2XWg+2X2XWs+2X2XwWwy+2x2x w;
F2XO6X Ws+2X6X W7+2X6XwWi+2X6Xwis.

So

X12(ny) = 444wy +4wy + 12wz + 12w4 + 4ws + 10wg + 12w7
+Awg +4wo + 12w + 12w17 + 4wz + 12w13 + 10wy = g.

xi2(ns) :
For [n3], there are two pairs with 0, 6, 8, 9, 11, 13 and 14; five pairs with 4 and 10 and six pairs
with 1, 2, 3, 5, 7 and 12.

Hence,

X12(n3) = 2X242Xx 12X w3 +2Xx 12X wg+2X 12X wo+2x10x wiy+2x 12X wig
F2XAX W +2Xx 12X wg+2 x4 X ws5+2%x4xwy+2x10xw
F2 XA X W +2X 12X w7 +2 x4 X wip+2 x4 X ws.

So
x12(n3) = 4+ 10wy +4w;y + 12w3 + 4wy +4ws + 12wg + 12w7

+12wg + 12w9 +4wip +4wi1 + 10w + 4wz + 12w14 = a.

x12(n4) :
For [n4], there are two pairs with 0, 1, 3, 7, 11, 12 and 14; five pairs with 8 and 9 and six pairs
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with 2, 4, 5, 6, 10 and 14.

Hence,

X120ng) = 2X242X4AXwW3+2X12X wWg+2X4X Wo+2x 12X wip+2x12x wig
F2X 12X W1 +2 x4 X wg+2x 10X ws+2x 10X wy+2x12x w
F2 XA X Wws4+2x4 X wr+2 x4 X wi+2x12x wis.

So

X12(ng) = 4+ 12w + 10wy +4ws + 4wy + 10ws + 12we + 4wy
+4wg +4dwo +4wig + 12w + 12w12 + 12w13 + 12wq4 = b

x12(ns)
For [ns], there are two pairs with 0, 2, 3, 5, 6, 7 and 14; five pairs with 11 and 13 and six pairs
with 2, 4, 8, 9, 10 and 12.

Hence,

X12(ns) = 2X 242X 12X w3 +2 X4 X wg+2X4X wWo+2x12xX wip+2xX4 X wiy
A2 XA X W +H2 X4 X wg+2X 12X ws+2Xx 12X wy+2x12x w;
A2XT0X wgs +2x 12X w7 +2x 10X wig+2 x4 x wi3.

So

x12(ns) = 44+ 12w7 + 12w7 + 12w3 + 10w4 + 12ws + 4wg + 12w7
+4wg + 4wo + 10w1g + 4wy + 12w + 4wz +4wis =c.

X12(ne)
For [ng], there are two pairs with 0, 1, 4, 6, 10, 12 and 14; five pairs with 3 and 7 and six pairs
with 2, 5, 8,9, 11 and 13.

Hence,

Xi2ing) = 2X242x4X w3 +2X 12X wg+2x10X wo+2x4x wip+2x%x12 X wig
F2 X4 X W11 +2Xx10X wg+2Xx12x ws+2x12 X wy+2x4x w
F2Xx 12X wg+2x4x w7 +2x12 X wig+2xX4x wis.

So

X12(ng) = 44+ 4w1 + 12w7 +4ws3 + 12w4 + 12ws + 12w¢ + 4w>
+10wg + 10wo + 12w1g + 4wy + 4wy + 4wz + 12w14 = d.
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x12(n7) :
For [n;], there are two pairs with 0, 1, 2, 5, 8, 9 and 12; five pairs with 6 and 14 and six pairs with

3,4,7,10, 11 and 13.

Hence,

X12(n7) = 2X242X4X w3 +2X4X wg+2X12X wWo+2x12X wiy+2 X4 X wiy
A2 X 10X w1 +2X 12X wg+2 x4 X ws+2x4xwy+2x12x w;
F2XI2 X ws+2x4x w7+2x12x wig+2x10 x wi3.

So

x12(n7) = 4 +12w1 + 4wy +4ws + 12w4 + 4ws + 4w + 4wy
+12wg + 12we + 12w10 + 10w17 + 12w12 + 10wi3 +4wig4 = e.

7.5 Section E

7.5.1 Character Values of X3

120
Now x13 = d)? = (P1.Ps5) and xy3(ny) = le)5(xi). To find the values x13(ny), we need the values

i=1
P5(g) for g € Zye. They are tabulated below:

Table 7.4: The Values of the Character 5

g 0] 1 2 3 4 5 6 7 8 9 10 | 11 12 113 | 14

Ps | 1| wg | wg | wpp |3 | Dy | Ws | W) | w3 | w7 | wy | Wiy | Wyp | We | W3

Table 7.4 (continued)

g |15 16| 17 | 18 | 19 | 20 | 21 | 22 | 23 | 24 | 25 | 26 | 27 | 28

Ps5 | wy | wg | wio | Wig | W11 | W7 | W3 | Wy | W5 | Wy | i3 | W12 | Wy | Wy

where w; = e5% and w; is the complex conjugate of w;.

xi3(n):

For [n4] there are two pairs with 0, 2, 4, 5, 10, 11 and 13; five pairs with 1 and 12 and six pairs
with 3, 6, 7, 8, 9 and 14.
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Hence,

X13(n1)= 2X242X5XwWs+2X2Xwg+2X6XwWip+2X2Xwiz+2X2xX we
F2XOX W5 +2X6X W) +2X6XW3+2X6Xw;+2X2X W
42X 2X Wi +2X5 X wip+2X2X weg+2X6X ws.

So

xi3(m) = 4+ 12w7 + 12w, + 12w3 + 10w4 + 12ws + dwe + 12w7
+4wg +4wo + 10w19 + 4wy + 12w12 + 4wz + 4wy =c.

xi3(n2) :
For [ny], there are two pairs with 0, 3, 4, 7, 8, 9 and 10; five pairs with 2 and 5 and six pairs with
1,6, 11, 12, 13 and 14.

Hence,

X13(M2) = 2X242X6XWs+2X5Xwg+2X2Xwpn+2X2xwiz+2X5x we
F2XO6X W5+ 2 X2X W +2X2XW3+2X2XwWr+2X2X W
F2XO6X W +2X6X Wip+2X6X wg+2X6X w,.

So

x13(ny) = 4+4wi + 12wy + 4wz + 12w4 + 12ws + 12w + 4w7
+10wg 4+ 10wo + 12w1g + 4wy + 4wy + 4wz + 12w14 = d.

xi3(n3):
For [n3], there are two pairs with 0, 6, 8, 9, 11, 13 and 14; five pairs with 4 and 10 and six pairs
with 1, 2, 3, 5, 7 and 12.
Hence,
Xi3(M3)= 2X242x12Xx wg+2Xx12Xxwg+2x12Xx wi2+2xT0x wiz+2x 12X we
F2XAdX W5 +2X 12X w1 +2x4xw3+2x4xws;7+2x10x wn
F2 XA X W14 +2X 12X wip+2 x4 X wg+2 x4 x w,.

So
x13(n3) = 4+ 12w1 + 4wy +4w3 + 12wy + 4ws + 4wg + 4wy

+12wg + 12wo + 12w19 + 10w17 + 12w12 + 10w 13 + 4wi4 = e.

x13(n4) :
For [n4], there are two pairs with 0, 1, 3, 7, 11, 12 and 14; five pairs with 8 and 9 and six pairs
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with 2, 4, 5, 6, 10 and 14.

Hence,

X13(ng) = 2X242X4Xws+2X12Xxwg+2x4X wip+2x12xwi3+2x12x we
F2X 12X w5 +2 X4 X w1 +2Xx 10X w3 +2x10x wy+2x 12 X wny
F2XAX Wi +2 x4 X wp+2 x4 X wg+2x12x w,.

So

x13(ng) = 444w+ 12w + 10wsz + 4wy + 12ws + dwg + 10w
+12wg + 12we + 4wig + 12w +4wqy + 12w13 + 4wy = f.

x13(ns)
For [ns], there are two pairs with 0, 2, 3, 5, 6, 7 and 14; five pairs with 11 and 13 and six pairs
with 2, 4, 8, 9, 10 and 12.

Hence,

X13(ns) = 2X24+2X 12X ws+2x4dXxwg+2x4x wi3+2x12xXwiz3+2x4 X we
A2 XA X W5+ 2 X4 X Wy +2X 12X w3 +2x12x w7 +2x 12X wiy
F2XT0OX w14 +2x 12 x wig+2x 10 X wg+2 x4 x w,.

So

x13(ns) = 4+ 4w+ 4wy + 12w3 + 12w4 + 4ws + 10wg + 12w7
+4wg + dwo + 12wq9 + 12w171 +4wiz + 12w13 + 10w14 = g.

xi3(ne) :
For [ng], there are two pairs with 0, 1, 4, 6, 10, 12 and 14; five pairs with 3 and 7 and six pairs
with 2, 5, 8,9, 11 and 13.

Hence,

Xi3(Mg) = 2X242 x4 X ws+2x12xwg+2x10X wip+2%x4 X wiz+2x12x we
F2X4X W5 +2Xx 10X W1 +2Xx12x w3 +2x12Xx w7+2x4x wi
2 X 12X wip+2Xx4 X wip+2x12x wg+2x4x ws.

So

x13(ng) = 4+ 10w +4w;r + 12w3 + 4wy +4ws + 12wg + 12w7
+12wg + 12w9 +4wig +4wir + 10w + 4wz + 12w = a.
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xi3(n7) :
For [n;], there are two pairs with 0, 1, 2, 5, 8, 9 and 12; five pairs with 6 and 14 and six pairs with

3,4,7,10, 11 and 13.

Hence,

X13(n7) = 2X242Xx4Xws+2x4Xx wg+2x12Xx w12 +2x12X wi3+2 x4 X we
A2 XT0X ws+2X 12X w1 +2x4Xx w3 +2x4dXxw;+2x12%x wy
F2X 12X Wi +2 x4 X wio+2x 12X wg+2x 10 x w;.

So

x13(ny) = 4+ 12w + 10wy +4ws + 4wy + 10ws + 12we + 4wy
+4wg +4wo +4wio + 12w171 + 12w12 + 12w13 + 12w14 = 1.

7.6 Section F

7.6.1 The Character Values of x4

120
Now x14 = d)? = (P1.7) and x14(ny) = Z UP7(x;). To find the values x14(ni), we need the values

i=1
Py7(g) for g € Zy9. They are tabulated below:

Table 7.5: The Values of the Character 17

g 0] 1 2 3 4 5 6 7 8 o 10|11} 12|13 | 14

Y7 | 1| we | wi | @ | W5 | wy | w7 | wiz | Wy | Wy | Wy | wg | wig | Wy | W3

Table 7.5 (continued)

g | 15|16 | 17 |18 | 19 | 20 | 21 22 123 124 |25 | 26 | 27 | 28

Y7 | w3 | we | Wig | Wg | Wy | wy | Wi | W13 | W7 | W7 | ws | Wiy | W72 | We

where w; = e5% and w; is the complex conjugate of w;.

xia(n):

For [n4] there are two pairs with 0, 2, 4, 5, 10, 11 and 13; five pairs with 1 and 12 and six pairs
with 3, 6, 7, 8, 9 and 14.
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Hence,

X14(M) = 2X242X5XWg+2X2X W +2X6Xwip+2X2Xws+2x2xXw
F2XOX W7 +H2X6X W13+2X6X Wip+2X6Xws+2X2Xwy
42X 2X wg+2X5X Wi +2%xX2X we+2xX6X ws.

So

X14(ny) = 444w +4wr + 12w3 + 12w4 4+ 4ws + 10weg + 12w7
+4wg +4wo + 12w19 + 12w11 + 4wy + 12w13 + 10w14 = g.

X1a(n2) :
For [ny], there are two pairs with 0, 3, 4, 7, 8, 9 and 10; five pairs with 2 and 5 and six pairs with
1,6, 11, 12, 13 and 14.

Hence,

X1u(My) = 2X242X6XWg+2X5X W +2X2xwii+2x2xws+2x5x w;
F2XOEX W7+ 2X2X W3 +2X2XWp+2X2Xws+2XxX2Xw;
F2XO6X Wg+2XO6X Wip+2X6XwWe+2xX6X w;s.

So

x1s4(ny) = 44+ 10w7 +4wr + 12w3 + 4wy + 4ws + 12we + 12w7
+12wg + 12w9 + 4wip + 4w + 10w + 4wz + 12w14 = a.

xia(ns) :
For [n3], there are two pairs with 0, 6, 8, 9, 11, 13 and 14; five pairs with 4 and 10 and six pairs
with 1, 2, 3, 5, 7 and 12.
Hence,
X1aMz)= 2X242Xx 12X wg+2Xx 12X w12+2x12x w1 +2x10x ws+2x 12X w
A2 XA X W7 +2 X 12X W3 +2 x4 X wp+2x4dxws+2x10x wy
F2 X4 X wg+2Xx 12X Wiy +2x4 X wo+2 x4 x ws.

So
X14(n3) = 44+ 12w1 + 10wy + 4wz + 4wy + 10ws + 12w + 4wy

+H4wg +4we +4wig + 12w11 + 12w12 + 12w13 + 12w14 = b.

X14(ng) :
For [n4], there are two pairs with 0, 1, 3, 7, 11, 12 and 14; five pairs with 8 and 9 and six pairs
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with 2, 4, 5, 6, 10 and 14.

Hence,

X14(ng) = 2X 242 X4 X wWg+2X 12X Wi +2x4x win+2x12x ws+2x12x w;
F2X 12X W7 4+2 X4 X w3 +2XT0X wip+2x10x ws+2x12 %X wsy
F2 X4 X wg+2 x4 X wis+2x4x we+2x12x ws.

So

x1a(ng) =  44+12w1 + 12wr + 12w3 + 10w4 + 12ws + 4dwg + 12w7
+4wg + dwo + 10w1g + 4wy + 12wy + 4wz +4wis =c.

X1a(ns)
For [ns], there are two pairs with 0, 2, 3, 5, 6, 7 and 14; five pairs with 11 and 13 and six pairs
with 2, 4, 8, 9, 10 and 12.

Hence,

X1a(ns) = 2X24+2X 12X wWg+2 x4 X Wi +2x4 X w1 +2x12x ws+2x4x w;
F2XAX W7 +2 x4 X W13 +2X 12X Wi p+2X 12X ws+2x12x w
F2Xx 10X wg+2x 12X w4 +2x 10X we +2 x4 x w;.

So

X14(ns) = 4+4wi + 12wy + 4wz + 12w4 + 12ws + 12we + 4w
+10wg + 10wo + 12w1g + 4wy + 4wy + 4wz + 12w14 = d.

X14(1e)
For [ng], there are two pairs with 0, 1, 4, 6, 10, 12 and 14; five pairs with 3 and 7 and six pairs
with 2, 5, 8,9, 11 and 13.

Hence,

X1amg) = 2X242X4dX wg+2X12Xxwi+2x10X wyg+2%x4 X ws+2x12x w
F2X4 X W7 +2Xx 10X W3 +2Xx 12X wip+2x 12X ws+2x4x w;
+2x 12 x wg+2 x4 x wiy+2x12%x wo+2 x4 x ws.

So

X14(ng) = 44 12w1 + 4wy +4ws + 12w, + 4ws + 4w + 4wy
+12wg + 12wo + 12w19 + 10w11 + 12w12 + 10w 13 + 4w = e.
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x14(n7) :
For [n;], there are two pairs with 0, 1, 2, 5, 8, 9 and 12; five pairs with 6 and 14 and six pairs with

3,4,7,10, 11 and 13.

Hence,

X1un7) = 2X24+2X4X wg+2 x4 X W2 +2x12Xx w1 +2x12x ws+2x4x w;
F2XT0X w7 +2 X 12X w3 +2 x4 X wjo+2 x4 x ws+2x12x w;
A2 X 12X wg+2 x4 X wip+2x 12X we+2x 10 x ws.

So

X14(ny) = 44+ 4wq + 12w7 + 10w3 + 4wy + 12ws + dwg + 10w
+12wg 4+ 12w9 +4wip + 12w17 + 4wy + 12w13 + 4wy = f.

7.7 Section G

7.7.1 Character Values of x5

120
Now x15 = d)? = (P1.9) and xi5(ny) = Z VPo(x;). To find the values x15(n;), we need the values

i=1
Po(g) for g € Zy9. They are tabulated below:

Table 7.6: The Values of the Character 9

g 0] 1 2 3| 4 5 6 7 1 8 9 10011 (12] 13 | 14

Yo | 1| wg | W3 | @5 | w3 | wyy | Wy | W2 | We | Wiy | W7 | Wy | we | W2 | Wy

Table 7.6 (continued)

g |15 16 |17 [ 18 |19 | 20 | 21 | 22 | 23 | 24 | 25 | 26 | 27 | 28

Yo | wg | wip | Wy | W7 | w7 | Wiy | We | wy | Wi | W17 | W3 | w5 | w3 | g

where w; = e5% and w; is the complex conjugate of w;.

xis(n)

For [n4] there are two pairs with 0, 2, 4, 5, 10, 11 and 13; five pairs with 1 and 12 and six pairs
with 3, 6, 7, 8, 9 and 14.
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Hence,

X15(N1) = 2X242X5XwWg+2X2XwWi3+2X6Xws+2Xx2xXw3+2x2xXwi
F2XO6X Wy +2X6XWr+2X6XWg+2X6Xwiy+2X2xXws
F2X2X W +H2X5X Wwog+2X2X wi2+2X6X ws.

So

xi5(m) = 4+ 4wy + 1207 + 4wz + 12w4 + 12ws + 12we + 4w;
+10wg + 10we + 12w1qp + 4w + 4wy + 4wz + 12wq4 = d.

xi5(n2) :
For [ny], there are two pairs with 0, 3, 4, 7, 8, 9 and 10; five pairs with 2 and 5 and six pairs with
1,6, 11, 12, 13 and 14.

Hence,

Xi5(My) = 2X24+2X6XwWg+2X5XwWi3+2X2Xxws+2x2xw3+2x5x wi
F2XOEX W +2X2XWr+2X2XWg+2X2XWwip+2Xx2Xwy
F2X6X W +2X6XWo+2X6Xwiy+2X6X wy.

So

Xi5(n2) = 44+ 12w7 + 4wy + 4wz + 12w4 + 4ws + dwg + 4wy
+12wg + 12we + 12w10 + 10w17 + 12w12 + 10wi3 +4wig4 = e.

xi5(n3) :
For [n3], there are two pairs with 0, 6, 8, 9, 11, 13 and 14; five pairs with 4 and 10 and six pairs
with 1, 2, 3, 5, 7 and 12.
Hence,
Xis(M3)= 2X242x12Xxwg+2Xx12Xxwi3+2x12Xx ws5+2x10x w3 +2x12x wyy
F2 X4 X W1+ 2 X 12X Wy +2 x4 X wg+2x4xwiy+2x10x wy
A2X A X W1 +2X 12X Wwo+2x4 X wip+2xX4 X ws.

So
X15(n3) = 44+ 4wr + 12wy + 10wz + 4wy + 12ws + 4w + 10w7

+12wg + 12we +4wig + 12w +4wi + 12w13 + 4wig = .

x15(n4) :
For [n4], there are two pairs with 0, 1, 3, 7, 11, 12 and 14; five pairs with 8 and 9 and six pairs
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with 2, 4, 5, 6, 10 and 14.

Hence,

X15(ng) = 2X242Xx4Xwg+2X12Xxwi3+2x4x ws+2x12x w3+2x12x w1y
F2X 12X W1o+2 X4 X Wy +2X 10X wg+2Xx 10X wyg+2%x 12 X wy
42 X4 X W1 +2 X4 X Wwe+2x4 X wip+2x12 X wg.

So

X15(ng) = 444w +4wr + 12w3 + 12w4 + 4ws + 10wg + 12w7
+4wg + 4w + 12w10 + 12w11 + 4wz + 12w13 + 10w14 = g.

X15(ns)
For [ns], there are two pairs with 0, 2, 3, 5, 6, 7 and 14; five pairs with 11 and 13 and six pairs
with 2, 4, 8, 9, 10 and 12.

Hence,

Xi5(Ns) = 2Xx24+2X 12X wg+2 x4 X wi3+2x4Xxws+2x12x w3+2x4x wrg
F2XAX W1+ 2 XA X Wy +2X 12X wg+2x 12X wiy+2x12%x wy
F2X 10X w1 +2 X 12X we+2x 10X wip+2 x4 X ws.

So

X15(ns) = 4+ 10wt +4w;y + 12w3 + 4wy +4ws + 12wg + 12w7
+12wg + 12w9 + 4wip + 4w + 10w + 4wz + 12w14 = a.

X15(1e)
For [ng], there are two pairs with 0, 1, 4, 6, 10, 12 and 14; five pairs with 3 and 7 and six pairs
with 2, 5, 8,9, 11 and 13.

Hence,

Xis(Mg) = 2X24+2Xx4Xx wg+2Xx12Xxwi3+2x10X ws+2x4x w3+2x12x wr;
A2 X4 X Wi +2XxT0X Wy +2Xx 12X wg+2x12X wig+2x4x ws
F2X 12X w1 +2xX4 X wo+2x12x wiy+2 x4 x w;.

So

X15(ng) = 4+ 12w + 10w7 +4ws + 4wy + 10ws + 12we + 4wy
+4wg + dwo + 4wig + 12w17 + 12w12 + 12w13 + 12w14 = b.
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xi5(n7) :
For [n;], there are two pairs with 0, 1, 2, 5, 8, 9 and 12; five pairs with 6 and 14 and six pairs with

3,4,7,10, 11 and 13.

Hence,

Xi5(N7) = 2X24+2Xx4Xxwg+2x4Xx wWi3+2x12Xxws+2x12x w3+2x4x wrg
F2XTOX Wi+ 2XI2X Wy +2 X4 X wg+2X4X wiy+2x12x%x wy
A2 X 12X W1 +2 x4 X we+2x 12X wiz2+2x 10 X wy.

So

xi5(M7) = 44+ 12w7 + 12w, + 12w3 + 10w4 + 12w5 + 4we + 12w7
+4wg + 4wg + 10wi + 4w11 + 12w1; + 4wz + 4wy =c.

7.8 Section H

7.8.1 Character Values of xi¢

120
Now X16 = cb1G = (P1.h12) and x16(ny) = Z P12(x;). To find the values x16(ni), we need the values

i=1
P12(g) for g € Zye. They are tabulated below:

Table 7.7: The Values of the Character 1\,

g |0 1 2 3 4 5 6 7 8 9 1001112 13| 14

Yo | T ]| wy | W7 | wg | g | W3 | wg | Wjp | Wy | w2 | Wg | w5 | W13 | W2 | we

Table 7.7 (continued)

g |15 |16 | 17 |18 [ 19| 20 |21 | 22 | 23 | 24 | 25 | 26 | 27 | 28

P12 | Wo | Wy | w3 | W5 | we | Wy | W7 | wig | g | W3 | Wig | Wy | w7 | W1

where w; = e5% and w; is the complex conjugate of w;.
Xie(n1) :
For [n4] there are two pairs with 0, 2, 4, 5, 10, 11 and 13; five pairs with 1 and 12 and six pairs

with 3, 6, 7, 8, 9 and 14.
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Hence,

X16(M1) = 2X242X5X W11 +2X2XW7+2X6XwWs+2X2Xwiy+2X2xws
F2XO6X Wg+2X6X Wjp+2X6X W +2X6Xw;2+2xX2xXwg
42X 2X w5 +2X5Xx wiz+2x2Xw;+2x6X wo.

So

xis(m) = 4+ 12w + 4wz +4ws + 12w4 + 4ws + 4we + 4wy
+12wg + 12w + 12w10 + 10w11 + 12w12 + 10w13 + 4wy = e.

Xi6(n2) :
For [ny], there are two pairs with 0, 3, 4, 7, 8, 9 and 10; five pairs with 2 and 5 and six pairs with
1,6, 11, 12, 13 and 14.

Hence,

Xie(My) = 2X242X6X W1 +2XIXW7+2X2XwWws+2X2xwiy+2%X5xw;
F2XO6X Wg+2X2X W o+2X2XW+2X2Xwp+2X2X wg
F2X6X W5+2X6X Wi3+2X6XwWy+2xX6X wo.

So

X16(n2) = 4+4wr + 12wy + 10w3 + 4wy + 12ws + 4wg + 10w7
+12wg 4+ 12w9 +4wip + 12w17 + 4wy + 12w13 + 4wy = f.

Xi6(n3) :
For [n3], there are two pairs with 0, 6, 8, 9, 11, 13 and 14; five pairs with 4 and 10 and six pairs
with 1, 2, 3, 5, 7 and 12.
Hence,
XieM3z)= 2X242X 12X wn+2X12xw7+2x12Xx ws+2xT0x wig+2x12x w3
A2 X4 X wg+2Xx 12X wip+2x4dXxwi+2x4xwip+2x10 X wg
F2XAX W5 +2X 12X w3 +2x4 X wy+2x4x ws.

So
X16(n3) = 444w +4wr + 12wz 4+ 12w4 + 4ws + 10wg + 12w7

+4wg +4wo + 12w19 + 12w11 + 4wz + 12w13 + 10wy = g.

X16(n4) :
For [n4], there are two pairs with 0, 1, 3, 7, 11, 12 and 14; five pairs with 8 and 9 and six pairs
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with 2, 4, 5, 6, 10 and 14.

Hence,

X16(Mg) = 2X242X4AX W1 +2X 12X w7+2x4 X ws+2x12X wis+2x12x w;s
F2X 12X wg+2 X4 X wip+2XT0Xx w1 +2x 10X wip+2x 12X wg
42 X4 X w5 +2 x4 X wi3+2x4xwy+2x12x we.

So

X16(ng) = 44+ 10wy +4wr + 12wz + 4wy + 4ws + 12w + 12w7
+12wg + 12we + 4wig + 4wi1 + 10w + 4wz + 12wy = a.

Xi6(ns)
For [ns], there are two pairs with 0, 2, 3, 5, 6, 7 and 14; five pairs with 11 and 13 and six pairs
with 2, 4, 8, 9, 10 and 12.

Hence,

Xi6(Ns) = 2X24+2XI2X W1 +2 X4 X w7 +2 x4 X ws+2x12 X wig+2x4x w3
A2 X4 X wg+2 x4 X wyp+2Xx12Xx w1 +2x12x wip+2x12 X wg
42X 10X ws+2x12x w3 +2x 10X wy+2 x4 x wo.

So

Xi6(ns) = 4+ 12w + 10wy +4ws + 4wy + 10ws + 12we + 4wy
+4wg +4wo +4wio + 12w171 + 12w12 + 12w13 + 12w14 = 1.

X16(1e)
For [ng], there are two pairs with 0, 1, 4, 6, 10, 12 and 14; five pairs with 3 and 7 and six pairs
with 2, 5, 8,9, 11 and 13.

Hence,

XieMg) = 2 X242 Xx4X W +2X12Xx w7 +2x 10X wg+2 x4 X wig+2x12x w;
A2 X4 X Wwg+2x 10X Wip+2x12x w1 +2x12x wyy+2 x4 x wg
+2Xx 12X ws+2x4x wi3+2x12x wy+2x4x woe.

So

x16(Mg) = 4+ 12w + 12w; + 12w3 + 10w, + 12ws + 4w + 12w7
+4wsg +4we + 10w1g + w11 + 12w12 +4wis + 4wy = c.
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xi6(n7) :
For [n], there are two pairs with 0, 1, 2, 5, 8, 9 and 12; five pairs with 6 and 14 and six pairs with

3,4,7,10, 11 and 13.

Hence,

Xi6(n7) = 2X24+2X4X w1 +2X4X W7 +2x12X ws+2x12x wig+2%x4x w3
A2 X 10X wg+2 X 12X wig+2 x4 X w;+2x4x wpp+2x12x wg
A2 X 12X ws+2 x4 X wiz3+2x12x wy+2x10 X wo.

So

Xie(ny) = 4+4wi + 12wy + 4wz + 12w4 + 12ws + 12w + 4w
+10wg + 10wo + 12w1g + 4wy + 4wy + 4wz + 12w14 = d.
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