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Abstract

We consider a model consisting of a finite number of quantum dots each of which
confines a spinless electron. We zoom in on a single quantum dot containing an
electron of interest treating it as being strongly coupled to the surrounding finite
bath of electrons. The fermionic bath is embedded in a bosonic Markovian bath.
The master equation for the fermion of interest interacting with the fermionic bath
is derived. Based on the master equation for this system, the reduced dynamics

and thermalization of the spinless electron is studied.

We start with a description of the Hamiltonian of the entire system which we
call total Hamiltonian. Because the electron of interest is strongly coupled to the
surrounding fermionic bath, we treat the Hamiltonian consisting of the electron
of interest, the fermionic bath and the interaction between them as the system
Hamiltonian. Then using techniques of linear algebra, we diagolize the system
Hamiltonian making it appear in what we are calling quasi-fermionic picture. After
this, we take the diagonalized system Hamiltonian back to the total Hamiltonian.
We then use this total Hamiltonian to switch to the interaction picture. Since
the general expression of the Markovian quantum master equation is in terms of
the interaction Hamiltonian, we now substitute our interaction Hamiltonian into

it and begin from there to derive the quantum master equation of our system.

In the next step, we solve the derived quantum master equation casting the solution
in Kraus representation. Using the explicit form of the Kraus operators and initial
conditions, the density matrix of the reduced system is obtained in the quasi-
fermionic picture. We then transform to the original fermionic picture and trace
out the fermionic bath coming out with the density matrix of the electron of

interest.

We then check the normalization of the density matrix of the electron of interest
by calculating the trace and then use it to calculate the mean number of fermions.
The mean number of fermions is then plotted against time for different coupling
strengths and varying numbers of fermions in the fermionic bath to visually check

the dynamics and thermalization of the fermion of interest.
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Chapter 1

Introduction

Recently, there has been a great deal of interest in quantum dots. A quantum
dot is a nanocrystal made of semiconductor materials [1]. These semiconductor
devices have unique properties resulting into a host of applications. Among others

three such areas of application are the following.

1. Fluorescent labelling of cellular components: this is where optical properties
of quantum dots are harnessed to label cellular components for tracking
purposes in biological research [2]. Electromagnetic radiation (bosonic bath)
is used to create excitons in the quantum dot. After some time recombination
of the electron and the hole occurs. Upon recombination light of specific
wavelength is emitted which is used to label cellular components. Labelling
with quantum dots is considered more photostable than with the traditional

organic dyes.

2. Temperature sensors: this is an application in microstructures and nanos-
tructures which also makes use of optical properties of quantum dots. It
has been studied [3, 4] that spectroscopic properties of quantum dots are
temperature dependent. Alterations in the emission spectrum are used as

indicators of changes in temperature.

3. Quantum information processing: in this area of application, a quantum dot

is a potential candidate for a qubit. Quantum computation at the level of
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an individual two-qubit gate has been demonstrated for qubit candidates
such as cavity quantum electrodynamics [5-7] and ion-traps [8]. However,
it is still uncertain whether such atomic-physics implementations could ever
be scaled up to do truly large-scale quantum computation. This has lead
to speculation that solid-state devices such as semiconductor quantum dots
would be better candidates. Several quantum dots can be entangled offering

the potential for scaling to large-scale qubit implementation [9, 10].

In particular, the spin or electric charge of an electron confined in the quan-
tum dot serves as a qubit representation. In the case of spin, the up and
down or |0) and |1) states of electron spin serve as the quantum analogue of
the classical bit. In the case of charge, the |0) and |1) states correspond to
the presence of charge in either of two quantum dots, or two states within
a single quantum dot [11, 12]. In both cases, electromagnetic radiation can
be used to manipulate the qubit for various quantum information processing
tasks [13]. The qubit is an open quantum system and its interaction with
the bath of electromagnetic radiation as it thermalizes leads to loss of quan-
tum information, a phenomenon coined decoherence. Decoherence is a well

known obstacle to a physical realization of a quantum computer [14-21].

A common feature in all these three examples above is that of dynamics
and thermalization of the electron confined in the quantum dot with the
electromagnetic radiation as the bosonic bath. Understanding this feature
is crucial to modern research and physical implementations of these devices.

This is the feature that we intend to investigate in this thesis.

1.1 Model

Our model consists of several single fermion quantum dots coupled to a bosonic
bath. The fermions confined in the quantum dots are considered to be strongly
coupled to each other since electrons strongly interact with each other. We focus
on a single fermion so that the rest of the fermions are treated as a surrounding

mesoscopic bath. Overall, our entire system can be seen as a fermion of interest
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Bosonic Bath

FIGURE 1.1: A fermion of interest (d'd) interacting with a bath of several

fermions which is also interacting with a bath of bosons. The operators df,d

are creation and annihilation operators of the fermion of interest and cg, c; are
creation and annihilation operators of the fermions.

strongly interacting with a surrounding fermionic bath which is also interacting

with a Markovian bosonic bath in which it is embedded.

As the title of this thesis depicts, we aim to investigate the dynamics and ther-

malization of this fermion of interest.

The total Hamiltonian of the entire system reads,
H=Hg¢+ Hg+ Hggp = Hy + Hgp, (1.1)

where Hg, referred to from here on simply as the system Hamiltonian, is the

Hamiltonian of the fermion of interest interacting with the fermionic bath, i.e.,

N
Hg = wd'd + Z (ec;rci + gd'e; + gcﬁd) , (1.2)

i=1

where df, d are creation and annihilation operators of the fermion of interest and
c;r, ¢; are creation and annihilation operators of the fermions in the mesoscopic bath
which are taken to be degenerate with € as the energy of each of the fermions, w is
the energy of the fermion of interest where we have set A = 1, and g is the coupling
strength for the interaction between the fermion of interest and the mesoscopic
bath of fermions. Note that we are treating the Hamiltonian of the fermion of
interest together with the fermionic bath and the interaction between them as the

system Hamiltonian, Hg, because the interaction is taken to be strong. As an

3
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approximation, this interaction is taken to be the same. Since our interest is in
the dynamics and thermalization of the electron, we regard all the electrons as
spinless in this present work, as the simplest possible case. All the operators d', cg

satisfy standard anticommutation relations,

{d,d"}, =1, [d,d=0 and [d',d'] =0, (1.3)

{ci, c}}Jr = 0;j, {¢ci,c;}4+ =0 and {cl, c}}Jr =0. (1.4)

The Hamiltonian of the bath Hp reads,
Hp = wyblbn. (1.5)

The Hamiltonian of interaction of the fermonic bath with the bosonic Markovian
environment is denoted by Hgp and in the rotating wave approximation, where the
intensity of the bosonic bath is low and near resonance with electronic transitions

so that strongly oscillating terms in the Hamiltonian are neglected [22], is given

by,
N

1 n

1=
where w, is the frequency of the n' mode of the field and bl ,b, are standard
bosonic creation and annihilation operators satisfying the commutation relations,

(b, b1 ] = S, [bp,b] =0  and  [b] bl ] =0. (1.7)

ny ¥Ym n’-’m

As a single entity, the entire system consisting of the fermion of interest, the
fermionic bath, the bosonic bath and interactions between them is a closed quan-
tum system and therefore evolves unitarily. However, the fermion of interest is an
open quantum system and its dissipative dynamics undergo non-unitary evolution
[23]. To describe this type of dynamics, we will require the general Markovian

quantum master equation which within the Born and Markov approximations
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[24-27] is given by

o= dsTrB{[HfBu), (0~ ), 50 an}, (18

where
HfB(t) = e”HOHSB(t)e_“H“ (1.9)

is the fermion-boson coupling Hamiltonian in the interaction picture,
p5(£) = e (£)e M0 — it 0 (1)t (1.10)

is the reduced density matrix in the interaction picture, with p%(¢) as the reduced
density matrix in the Schrodinger picture obtained from the total density matrix
p°(t) by taking the partial trace with respect to B, also referred to as tracing out
the degrees of freedom of the bath [28, 29],

At = Tep (0(1)), (L11)

and

e—BHE o—B Y, wnblbn

Z B Tr(e_ﬁzn wanLbn

pp = = [T (1 — ey e fenthtn, (1.12)
is the density matrix of the bosonic bath, where § = 1/kp is the inverse tem-
perature of the bosonic bath and kg is the Boltzmann constant. The Born ap-
proximation is a weak-coupling assumption in which the state of the bath remains
unaffected by the interaction because the bath is assumed to be too large to be af-
fected by the small system. The system S is coupled to the reservoir which causes
a damping that destroys the “knowledge” of the past behavior. These considera-
tions lead to the assumption that the system loses all memory of the past making

the density matrix local in time. This is known as the Markov approximation
[24-27].

From here on, we will be working in the interaction picture. So, for notational

simplicity we shall drop the subscript I from p? so that in the following pages the
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general expression of the Markovian quantum master equation will appear as

< pslt) = - / ) dsTrB{ [HEP(1), [HEP (t - 5), ps(t) ® pgn}. (1.13)

The remainder of this thesis involves simplifying, solving and analyzing eqn. (1.13)
specific to our model described above and the aim of this thesis. As a starting
point, it is convenient that the Hamiltonian Hgp appearing on the right hand
side of eqn. (1.13) is expressed in the basis set of orthogonal eigenstates of Hg.
So, in the next Chapter we are going to diagonalize the system Hamiltonian.
Chapter 3 involves simplifying the specific form of eqn. (1.13), the process we are
calling derivation of the quantum master equation of the reduced system. Solving
the simplied version of this Markovian quantum master equation is the subject
of Chapter 4. The results and analysis thereof are presented in Chapter 5, and
Chapter 6 concludes.



Chapter 2
Hamiltonian Diagonalization

The Hamiltonian of the system, Hg, as it appears in eqn. (1.2) is not in diagonal
form. In order to derive the quantum master equation for the reduced system, it
is convenient to diagonalize Hg [27]. In this chapter, we are going to diagonalize

Hg using a technique of linear algebra [30, 31].

We start by expressing Hg in matrix form by expressing it in quadratic form,
Hg = v Av, (2.1)

where the matrix vector v and a symmetric coefficient matrix A are to be deter-
mined from the given Hg, eqn. (1.2). Matrix A is expected to be diagonal in the

basis set of its eigenvectors, i.e. by spectral decomposition,
N
=0

In principle, diagonalizing A implies calculating,

R 'AR =D, (2.3)

where D is the diagonal matrix with the eigenvalues of A on the main diagonal and

R is a matrix with an orthonormal basis of eigenvectors of A as column vectors,
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i.e,

R' =R (2.4)

Eqn. (2.3) and eqn. (2.4) imply that,
A=RDR™ = RDR'. (2.5)
Substituting eqn. (2.5) into eqn. (2.1), we get
Hg = v'RDR'v = £' D¢, (2.6)

where

¢ =R, (2.7)

is the matrix of eigenvectors of Hg. Thus, the diagonal matrix of eigenvalues of A

is the same as the diagonal matrix of eigenvalues of Hyg.

Let us find A, D, R and v. For N =1, eqn. (1.2) can be written as

1
Hs = wd'd + Z (ecgci + ngci + gcﬁd)
i=1

= wd'd + ecicl + ngcl + gcle

a1 12 d
e () (2)
Q21 Q22 &1

= CLHde + CLQQCJ{Cl + adecl + a21cle. (28)

Comparison of the second and last line of eqn. (2.8) reveals that
ay; = W, a99 = €, and a2 = ag1 = (. (29)

Using eqn. (2.9) in the third line of eqn. (2.8) and comparing with eqn. (2.1), we

A:(w g), (2.10)
g €

get



Chapter 2. Hamiltonian Diagonalization

1/:< d ) (2.11)

which is a matrix of operators, d and c¢’s. Diagonalizing A, we obtain the matrix

and

of eigenvalues,

D <“2+6+%) |o><0|+(”2+6—%)|1><1|, (2.12)
where
Q) = /492 + (w— )%, (2.13)

and the matrix of eigenvectors,
R = [[Ao), [A)], (2.14)

where

[Ao) = + 10) +11), (2.15)

A1) =

wee Jigtw=-9’
TR 5 10) + [1). (2.16)

9

In eqns. (2.12), eqn. (2.15) and eqn. (2.16) we have used the orthonormal,

(1]j) = d;;, computational basis set in which

, and so on.  (2.17)

o O O O =
o o O = O
S = O O

Repeating the above procedure for N = 2, we obtain

y:d|0>+Zci|i>, (2.18)
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the matrix of eigenvalues becomes,

D= (54 ) oo+ (- F)mulvdel, @
where
Qy = \/8g2+ (w—€), (2.20)
and
R =[2), A1), 1A9)] (221)
where
w— € 8¢% + (w — ¢€)? 2
o = 255+ Ve 2; Loy + 31 (222)
W— € 892 + (w—¢€)? 2
A1) = % —\/g 29( >|0>+;|k>, (2.23)
|A2) = [2) —|1). (2.24)

Repeating the above procedure and extending the sum to general N, we obtain

N

v =d|0) + ) cli), (2.25)

i=1

D= (1 Y mo+ (- 1|+Ze| (2.26)

where

Oy = \JANG? + (w — . (2.27)

The matrix of eigenvectors becomes

R=1[o)s A1), [Aa)s s A, (2.28)

where each of the eigenvectors appearing in R are given by

N

o) = (455 e ) 10+ Do 18 (2:20)

29 k=1

10
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)= (S5 ) 0+ S (2.30)

X)) =1i) —11),  i=23,---,N. (2.31)

We are now going to normalize eqn. (2.29), eqn. (2.30) and eqn. (2.31). Before

we do that let us for convenience set
rT=€—w, (2.32)
so that from eqn. (2.27), we have
Q3 = 4Ng? + 2°. (2.33)

Substituting eqn. (2.32) into eqn. (2.29), we get

b = 2100+ 3 18, (234
k=1

Let us now normalize eqn. (2.34); we first calculate the inner product of |\g),

x? — 220N + Q%

— N
(Aol o) 15 +
QQN (QN — SL’)
= 4—92, (2.35)
so that the normalized vector of |\g) is
< |Ao) Oy —x 2g al
[ Xo) = = = 0) + > 1K)
\/<)\0|)\0> \/QQN (QN—JZ‘) QQN (QN—ZL’) k=1
29V N 1 /Q al
S ] 236)
QQN (QN + l‘) \/N QQN k=1
where in the last line we have used
Qn — Q 02 — 22 49> N

Qn 4+ S Qnt+r Qyta
11
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and
Q Q
NEr N (2.38)
\/QQN (QN+I‘) QQN
Similarly, substituting eqn. (2.32) into eqn. (2.30), we get
—(Qn +=x N
ny = ) 5, (2.30)
g
k=1
whose inner product is given by
(.’L‘ -+ QN)2
AMA) = —F+N
(A1]A1) Ig? +
QQN (QN + ZL‘)
= Sy (2.40)
so that the normalized vector of eqn. (2.39) becomes,
5 A1) — Oy + ) 29 -
A1) = = 0) + > 1K)
<)\1|)\1> QQN (QN—l—I‘) QQN (QN—FSL’) =1
Oy +x 29 al
= — 0) + k). 2.41
20N 0 QQN(QN—FSL’);‘ ) (2:41)
But it can be seen that
2
29V N Q
gVN NET g (2.42)
QQN (QN + l‘) QQN

we therefore make use of the trigonometric relation: sin? 6 + cos?§ = 1, by letting

Q
sin 0 = ;VQTV@“ (2.43)
and U
29V N
cosf = J : (2.44)
\/ QQN (QN + ZL’)

12
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so that eqn. (2.36) and eqn. (2.41) finally become

N
< sin
1Xo) = cos0]0) + > k), (2.45)
VNS
and v
< cos 6
A1) = —sin6]0) + > k), (2.46)
VNS
respectively.

Using eqn. (2.45) and eqn. (2.46) in the following calculations,

o N sin?

olAg) = cos” 0 + - 9:1
ol Ao) 29 SN

2

5\1 5\1 :Sin29+NCOS 9:1
< N

o N si
(Ao|A\1) = —sichosQer:O, (2.47)

confirms that |Ag) and |)\;) are normal as well as orthogonal, i.e., orthonormal.

Let us now orthonormalize the remaining eigenvectors in R, eqn. (2.31),
Ny = i) = 11), i=2,3,--- N, (2.48)

We are going to use the Gram-Schmidt orthonormalization technique [30, 32]. We

start by normalizing eqn. (2.48),

_ \;

Ry =
VAl

R L
=5 =23 ... N. (2.49)

As a first step of the Gram-Schmidt orthonormalization technique, let us set

<

[N2) = [A2) (2.50)

13



Chapter 2. Hamiltonian Diagonalization

and
‘X/3> = CQ|)_\/2> + Cg‘j\g). (251)

We want to find ¢y and c3 subject to orthonormalization conditions,
(Na|N3) =0, (N3|Ng) = 1. (2.52)

Solving eqn. (2.52) simultaneously, we get

! d 2 (2.53)
= —— an 3= —. :
’ V3 T3
Substituting eqn. (2.53) into eqn. (2.51), we obtain
N5 = e (—J1) = [2) + 213)) (2.54)
3(2)

We repeat the above procedure for [A4), [As) and |Ag) so that overall we get

¥s) = s (1) +12),

s) = s (11 = [2)+23),

¥4) = s (1) = 2) — [3) + 314).

5) = s (1) = [2) = [3) ~ 1) + 45)).

) = o G == =) ). (5

This is clearly a pattern which allows us to generalize,

B 1 ' i—1
Ny=—— SNk + — i), i=2.3--- N. 2.56
|N3) Z.(Z._l);H - B (2.56)

Summarizing the above results for orthonormalization of the eigenvectors in R,

R =[A0)[A1)[A2) - [AN)], (2.57)

14



Chapter 2. Hamiltonian Diagonalization

we have

., N
sin ¢

|Ao) = cos0|0) + E |k)
VN o

where we have removed the bar and prime on \’s because all the eigenvectors in

R appearing hereafter are taken to be orthonormal.

Using eqn. (2.2) and eqn. (2.25) into eqn. (2.1), we get

Hs = v Av

(dWOI + Z cj@\) (Z AM)(MI) (d\0> Y ck\k>>

=Y Mg, (2.59)

where in moving from the second line to the third line, we have set

N

& = d(\i|0) + ch<)‘z|k> (2.60)

k=1

Upon substitution of eqn. (2.58) into eqn. (2.60), we obtain the eigenvectors

& = cosfd +

N
sin 6 wte Qn
—~— iz >‘ - )

0 QO

i—1 .
1 1—1
i:_ig c+H\——¢a, Ai=e 1=23---N, 2.61
. Gi—n<= """V 261

15




Chapter 2. Hamiltonian Diagonalization

written with the corresponding eigenvalues as earlier obtained in eqn. (2.26). The

coefficients Qy, cosf and sin 0 read,

Oy = \/492N + (€ —w)?,
ng

cosf = ,
V20N (On + (6 — w))
0 —
sin ) = %N“) (2.62)

We note that the fact that the linear combinations of ¢; appear in eqn. (2.61) is a

consequence of choosing all the c-levels degenerate in eqn. (1.2).

Having casted Hg in the form of eqn. (2.59), we can conclude the chapter by

stating that we have successfully diagonalized the Hamiltonian of the system.

16



Chapter 3

Quantum Master Equation

In this chapter, we are going to derive the Markovian quantum master equation.
But before we do that it is imperative that we bring the results of Chapter 2
into perspective. In Chapter 2, we diagonalized the Hamiltonian of the system
Hg, eqn. (2.59). In this form, we introduced new operators, §;, whose properties
we do not know yet. Therefore, the entire first section of this chapter is devoted
towards investigating properties of these new operators. We are also going to cast
the interaction Hamiltonian, Hgg, in terms of &’s. In Section 3.2, we will convert
the total Hamiltonian to the interaction picture followed by the derivation of the

Markovian quantum master equation in section 3.3.

3.1 Quasi-Fermionic Picture

The fact that the original system Hamiltonian, Hg, eqn. (1.2), consists entirely of
fermions, gives us a sound starting point for checking properties of the new oper-
ators, &;, into which Hg has been expressed. Fermions are subject to the standard
anticommutation relations. So, we are going to subject &; to the anticommutator

and observe what happens.

17



Chapter 3. Quantum Master Equation

For i = 0, the anticommutator, {&, &)}, gives

sin 6 sin 6
{&0, €}, = {cosbd + Zcz,cos 0d' + N Z a

=1
N sin? 6’
N
= 1. (3.1)

= cos’ 0 +

Similarly, for ¢ = 1,

) cos 0 cos 0
{glvgir}'f' = {_Sln9d+ cha SlnedT \/N Z T}+

=1
N0052 0
N
= 1. (3.2)

= sin?6 +

Combining &, and fi in the anticommutator, we obtain

sin 0 cos 6
{0, &1+ = {cosd + ZCZ, sin O + N Z o}
=1
= —sin9c059+sm9(3059

= 0. (3.3)

In a similar manner, we obtain the following results,

(6.8} =0, {&.¢ri=0, {&& =1 and {& &1 =0,
(3.4)

where i # k. Eqn. (3.1) through to eqn. (3.4) indicates that fj and &; are creation

and annihilation operators satisfying anticommutation relations,

(&Y =65,  {&&1=0 and {g, ¢} =0, (3.5)

which look exactly like the standard anticommutation relations that fermions obey.
Therefore, the new operators are fermion-like, allowing us to call them quasi-

fermions. So, the diagonalization process of Chapter 2, transformed the system

18



Chapter 3. Quantum Master Equation

Hamiltonian, Hg, from the original fermionic picture to the new quasi-fermionic

picture.

Let us now transform the interaction Hamiltonian, Hgp = Zf\il >on gnClb, +

gie;bl | into this new quasi-fermionic picture.

Multiplying eqn. (2.60) by Zﬁ\io |A\;) to the right, we get

N N N
Z&Mi):dz Y0) + ) ew > A (Ailk)
1=0

=0 k=1 1=0

= d|0) + Z culk). (3.6)
k=1

When we multiply eqn. (3.6) by (0] to the left, we obtain

A(010) + > ex(Olk) = 3 &(01A) = d. (3.7)

Upon substitution of eqn. (2.58) into eqn. (3.7), we obtain the expression for d in

terms of &, and &,

N
d = &(0|\i) = cos by — sin 6. (3.8)
=0

Multiplying the left handside of eqn. (3.6) by (i|, for i = 1,2,--- | N, and simpli-
fying, we get

N N N N
D= > (i& =) a, (3.9)
=1 k=0

i=1 k=0
where
N
ar =Y (il\). (3.10)
i=1

If we set k£ =0 in eqn. (3.10) and use |Ag) from eqn. (2.58), we obtain

ap = Z(i\)\o) = Z(\ (COSG\O sin Z ) VN sin 6. (3.11)

i=1 i=1
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Chapter 3. Quantum Master Equation

Similarly,
N N cos 6 <
o= (i|A) =) (i| | —sinf|0) + k) | = VN cos¥,

and for £k =2,3--- N, we have

o= 0 = DG <—ﬁ >l \/%w) 0

i=1 i=1
Using eqn. (3.11), eqn. (3.12) and eqn. (3.13) in eqn. (3.9), we obtain

N

N N
Z ¢ = Z aplp = @b + a1é1 + Z arép
k=0 =2

i=1

— \/N(sin 0&o + cos &) .

(3.12)

(3.13)

(3.14)

To obtain the interaction Hamiltonian, eqn. (1.6), in terms of the new operators,

&i’s, we substitute eqn. (3.14) into eqn. (1.6). This substitution gives

N
Hsp =Y > gnclby + gicib}
i=1 n

= \/NZ (gn (sin 0¢} + cos 05{) br, + g5, (sin 6&y + cos 6&;) bL) . (3.15)

The total Hamiltonian, eqn. (1.1), therefore becomes

H = Hs+ Hp + Hsp

N
= Ngf&+) wablb,
i=0 n

+\/NZ (gn (sin 0E! 4 cos 9£I> by, + g, (sin 6&y + cos 0&;) bL) . (3.16)
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Chapter 3. Quantum Master Equation

The fact that the bosonic bath couples to only two of the quasi-fermion states is
a big simplification, resulting from the fact that the c-operators in eqn. (1.2) are

all degenerate.

Thus, we have expressed the total Hamiltonian in terms of the new operators, &;,

a transformation into the new quasi-fermionic picture.

3.2 Transition to the Interaction Picture

The starting point for the derivation of the master equation is the general ex-
pression for the Markovian quantum master equation (1.13). The Hamiltonian
appearing in this expression is in the interaction picture. So, we are now going to

switch to the interaction picture within the quasi-fermionic picture.

Expressing the interaction term in eqn. (3.16) as

Hsp = Hsp1 + Hspa, (3.17)
where
Hgsp1 = Z VNg (sin 0, + cos 0€) bl | (3.18)
and its complex conjugate n
Hsps =Y VNg, (sin 0€! + cos 95{) b, (3.19)

and converting it to the interaction picture, we have

HfB(t) — eit(Hs+HB)HSB€7it(HS+HB) — H}SVBl + H,ISBQ (320)
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Chapter 3. Quantum Master Equation

where we have used eqn. (3.17), eqn. (3.18) and eqn. (3.19) so that

SB1 __ it(Hs+HB) 7it(Hs+HB)
Hy” =e Hgpe

= Z VNg: (sin el HsHHp) ¢ pl o= iHsTHE) | g Qeit(HS’LHB)&bL)
_ Z /Ng; sin eeitHsé-Oe—itHse—itHB bLe_itHB

+ Z VN g cos feitfls ¢ e7itHs omitHa i o=iths (3.21)

and its complex conjugate

SB2 it(Hs+HB) 7it(Hs+HB)
HI =€ HSBQG

: itHg ¢t —itHg ,—itH —itH
= E VINg,sin e 5 e " se B, e B
n

+ Z \/Ngn coS HeitHSﬂe’itHSe’“HB b, e e (3.22)

Note that in eqn. (3.21) and eqn. (3.22) we have used the fact that Hg and Hp
commute, [Hg, Hg] = 0. Using the Baker—-Campbell-Hausdorf formula [33],

e**Be ™ = B+ oA, B] + ‘;‘—‘Q[A, [A, B]] + (;—?[A, (A, [A,B]]]+---,  (3.23)
we have 2
tsgeitls — &, it &) + L [Hg [Hg &)+ (3:24)

2!

We first solve for the commutator appearing in eqn. (3.24), which gives us

N N N
[Hs, &) = Y Nl &) = =Y n{el &o}i&i = =D Aidio = —hobo. (3:25)
=0 =0 =0
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Chapter 3. Quantum Master Equation

Substituting eqn. (3.25) into eqn. (3.24), we obtain

(@) (=2)”, . ()" (=X0)’

eitHs goe~tHs — €0 4 (—ithg) & + o o + o Eo+ -
= 60{1 + (—1to) + 7(_%?0)2 + - } = Loe o, (3.26)
Again using eqn. (3.23), we have
oyl o=t — b1 | it[Hp bl + (i;)Q [Hp,[Hp,bl]] + - - (3.27)
Solving the commutator appearing in eqn. (3.27), we get
[Hpg, bl Z Wbl by, B] = Zwm — bEbf b + bF 0nn) = wibl, (3.28)

where we have made use of eqn. (1.5). Substituting eqn. (3.28) into eqn. (3.27),

we have

4 , tw,, )? itw, ) 4
¢itha pf =itz bL{l T (itwn) + & ;“’, L ‘; i } —pleitn (3.29)

Similarly,

(it)”

eitHsgle_itHS = 51 + 'lt[H5’7 gl] + 21

[Hs, [Hs, &) + - (3.30)

The commutator appearing in eqn. (3.30) can be shown to simplify as follows,

N N
[Hs, &) =Y Nlglé & = Z Mg &&= =D N&ida = —M&. (331)
=0 =0

Substituting eqn. (3.31) into eqn. (3.30), we obtain

(—ith)? N (—ithy)?
21 3!

eMsgems = 51{1 + (—ithy) + +- } = &ie "™ (3.32)
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Chapter 3. Quantum Master Equation

When we use eqn. (3.32) and eqn. (3.29) in eqn. (3.21), HyP! becomes
HISB1 = Z \/Ng; sin Ge“HS&Oe’”HSe’“HB bLe’itHB
:Z \/Ng; cos Ge“Hsfle’“Hs e s bLe’itHB.
= Zn\/ﬁg; sin 96“(”"’)‘0)5062

+ Z VN g cos fet@n=20pf (3.33)

Let us set the two terms appearing in eqn. (3.33) as
Bgt = Z V Ng; sin Heit(w"_)‘())b;,

Bl, = Z VN g cos fett@n=21)pt (3.34)

so that
H7P' = ¢,BJ, + &.BY, (3.35)

and its complex conjugate given by
HP? = ¢{Bo + €[ By, (3.36)

Therefore, if we substitute eqn. (3.35) and eqn. (3.36) into eqn. (3.20), the total

Hamiltonian in the interaction picture becomes

H]SB — HISBl +H}SB2
= &BY + & B, + & Bo + € Bu. (3.37)

This brings us to the conclusion of this section. We have transformed the total
Hamiltonian from the original fermionic picture to the new quasi-fermionic picture.

We further switched the total Hamiltonian to the interaction picture. Looking back
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Chapter 3. Quantum Master Equation

at eqn. (1.13), the general expression of the Markovian quantum master equation,
we now have everything we need from our model to start the derivation of the

Markovian quantum master equation for our reduced system.

3.3 Derivation of Quantum Master Equation

We are now set to derive the Markovian quantum master equation from the general

expression, eqn. (1.13),

ps(t) = — /OOO dsTrp[H7 P (t), [H7 P (t = s), ps(t) ® pp(0)]. (3.38)

Note that eqn. (3.38) has a commutator in another commutator in the integrand
on the right handside. This entails that it will diverge when expanded. So, we will
handle it in steps. We will first work with the integrand until it is in a convenient

form to allow us to carry out the integration.

25



Chapter 3. Quantum Master Equation

Substituting eqn. (3.37) into the commutator in the integrand of eqn. (3.38) and

taking the trace over the bath’s degrees of freedom, we obtain

TYB{[H}SB<t)7 [HP(t = 5),

= &bopsTrp(BY, Bl opp
— &opséolrp BOt sBOth
+ &1éopsTrp BltBSt sPB
— &ups&oTra(Bl,_,Blips
+ &épsTrp(BuBl_op5
— &l pséoTrp(B,_,Bups

+ EleopsTrp BuBOt <PB

- SIPSSOTYB BOt sBlth
+ &&ipsTrp(BLB_.p5
— &pséiTrp(B],_,Blos
+ &&1psTrp(BlL Bl 5
— &1ps&iTrp(By,_ 1th

— &bps&Trp(Bl,_Bups
+ &&psTrp(BuBl,_ o5
— &lps&iTrp(B],_,Bups
+ &&lpsTrp
— ops€iTrp(Bo—s Bl

BOt sPB

+ &8 psTrp
- flpsngTB Boi—s 1th

BOt sPB

+ €$§SpsTrB Byt Bot—spB
— & ps&iTrp(Bo_sBups
+ ¢l psTrp(BBo—sps

( ) —
( )
( ) —
(B )
( )~
( )
( ) —
( )
(B ) —
(B )
(B ) —
(B )
+ &8 psTep(BoBl,_opp) —
( )
( ) —
( )
(By ) —
( )
(B )~
( )
( ) —
( )
( ) —
— & ps&iTrp(Bo—sBups)

ps(t) @ pBH}

ops&oTrp(BLBY,_ .5
+ pséo&oTrp(BY,_ Blps
SopséiTrp BltBSt sPB

+ ps&oi Trp(B]
ops&dTrp(BuBl,_,p5
+ ps&oé&dTrp(Bl_ Bops
opséiTrp (BB, .5

(

(
1tPB
(
ps&oéiTra( B, sBlth
(B}
(
(

Ot—s

+

1t spB

+ ps&i&oTrp(Bl,_, OtPB

)
)
)
)
)
)
)
)
)
(B )
&1pséi Trp(B,Bl,_.pp)
+ ps&&iTrp(BY,_ Blips)
flpsngl“B BOtBu PB)
+ ps&i&lTrp(B,_,Bopp)
&1pséiTrp(By Bl _opp)
+ ps&i&| Trp(Bl,_ Bups)
fopsfoTl"B(BOtBOt sPB)
+ ps&h&oTrp(Bu—s Blyps)
&0ps&i Trp (B, Bor—spp)
+ ps&i&iTr( )
fopsfoTl"B Bo:Boi—sp)
( )

)

( )

1th

(

+ ps&&iTrp(Bor—sBowps
fopsf1T1“B(B1tBOt sPB

+,OS§0€1T1"B Bo—sBiips
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Chapter 3. Quantum Master Equation

+ &&lpsTrp BOtBu PB) — Elps€oTrp BOtBu sPB
— opsEiTrg(By—sBl,ps) + pséléoTrp( By Blps

=+ §1§1PST1“B BltBlt sPB prSflTrB BltBu sPB

- 50;0551 rp(Bi— sBOtPB
+ §1f1PST1”B B1Bii—spB
- §1PS§1T1“B Bii_sBips

& ps&lTrp(ByBy—_opp

(
(
(
- flpsflTl“B B 1th +pgﬂ§1TrB(Blt s UpB
(
(
(
psé1€lTrp( B Bups), (3.39)

( ) = )
( ) )
( ) — )
( ) )
+ &0l psTrp(BuBu—spp) — & ps&iTrp(BuBi—sps)
( ) + ps&lTrp(Bie—s Bowps)
( ) = )
( )+ )

where on the right handside we have deliberately suppressed the time dependence

of pg for notational simplicity.

We now use eqn. (1.12) and eqn. (3.34) to solve the trace terms appearing on the
right handside of eqn. (3.39). Tracing over the bosonic bath’s degrees of freedom,

we obtain vanishing terms:

Trp(By B, op8) = Trp(BlBj,_.p5) = Trp(Bl_ Blips) =
= Trp(Bl,_Blips) = Trs(B,Bl,_,p5) =

(Bot—sBitps) = Trp(BiBor—spp) = Trp
= Trp(Bj,_Blps) = Trs( ) =

= 0, (3.40)

TI'B

= TI'B

Trg(BotBot—spB

and non-vanishing terms:

Trp(BuBly_uop) = Nsin?03 g e ™)+ 1) —ay(s),  (3.41)

Trp(Bl,_Bops) = Nsin® Y |gu[*e*“n=2)n = py(s), (3.42)
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Trp(BoBl,_.p5) = Nsinfcosf Z | g |2t P0 M) o mislom=A0) (1 4 1) = (8, 5),

(3.43)

Trp(Bl,_ . Byups) = Nsinfcos Z | gm| 2P0 M emism =)y — B, (¢ 5), (3.44)
Trp(ByBl,_,p5) = Ncos?6 Z |G |2 5@ (0 1 1) = ay(s), (3.45)
TrB(BLfsBlt,oB) = N cos® Z |gm|?e "5 @m=An = Ba(s), (3.46)

Trp(Bl,By—_sps) = Nsinfcosf Z | g |20 A s @m=R0)y — 3, (¢ 5) (3.47)
and

Trp(Bo—sBl,ps) = Nsinf cos Z | g |2t R0 A islem=20) (1 1 1) = (8, 5),

(3.48)
where we have employed the Bose-Einstein statistics [28] which gives the average
occupation number as

1
n=-——-—. 3.49
In the limit of a large number of bosons, we transform the summation appearing

in eqns. (3.41) through to (3.48) to the continuum [27],

> gml” — /dme(wm), (3.50)

m

where J(wy,) is the spectral density. We also note that

Trp(Bo—sBlyps) = ai(s), (3.51)
Tep (Bl Bo—spr) = Bi(s) (3.52)
TrB<Blt*SB(Jgth) = Oé;(t, 8)7 (353)
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Trp(BlBu-sps) = B3 (t, s),
Tvp(Bu-s Blipp) = aj(s),
Trp(Bl,Bu-sps) = B5(s),

Trp(Bl_sBups) = Bi(t, s),

and
Trp(BuBj,.p8) = aj(t, s).

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)

Substituting eqns. (3.40) through to (3.48) and eqns. (3.51) through to (3.58)

into eqn. (3.39), we get

TI“B{[HfB(t), [H7P(t = s), ps(t) © ,OB]]} =

+ &léopsan — Eopstl (o + o) — Elpséo (B + B)
— &ipsé] (a5 + i) — Elpséy (Bs + B3) + ps&o&lB
+ éopsal — Lopséla; — ElpséoBi + pséolBi

+ Eléipsan — Epstlan — Elps&i Bo + psa&lBo

+ El€ipsas + ps&i€lBs + &olpsBi + psEléons

+ E160psBs — Ebps€iBa — ErpsEla + pseleiay

+ &oblps B — Elps€oBs — Copstlas + pséléons

+ &€l psf + pséléras.

29
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To further simplify eqn. (3.59), we will need the following relations,

o + af
E3

Qq

aq

Ima1

g + ag

(%)

Ima2

B+ By

A
Im/,

B2+ B3
Bs

Ba
Imf,

= 2Reqy,
= Reay — itImay,

= Rea; + iImay,
op — o
20

= 2Reaqn,
= Reay — ilmay,

= Reay + iImas,
g — Q5
20

= 2R661,
= Reﬁl — iImBl,

= Ref; + ilmp;,
-8
20

= 2R6627
= Refy — ilmfy,

= Reﬁg + ’ilmﬁg,
BB
20
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where we have invoked the notation of complex numbers with Rea;, Reas, Ref;
and Ref, corresponding to the real parts of oy, as, /1 and [y, and Imay, Imas,
Imf; and Imps corresponding to the imaginary parts of oy, as, 51 and fs, respec-
tively. Similar expressions can be obtained for as, ay, 83 and [, and when used

together in eqn. (3.59), we obtain

TrB{[HfB(t), [H7P(t — s), ps(t) @ ,OB]]} =
— 2Reay (gopsfg - %{5350, P5}+>
— 9Ref; (55,0550 - %{fof&psh)
— 9Reas (&psG - %{éf&, psh)

— 2Ref3 (fi/)s& — %{&fLPSh)

+ il (Iman gl — ImPr6o&] + Imase]é — e ) . ps)
+ Reas (gléops + pséléo — Eupsel — €onst])

o€lps + pséaél — Elpss — Efpso)

léons + pstlts — €1psél — Eopse])

&183ps + pstot] — Elpsés — elpsto)

+ ilmas (€léops — pstléo + &opst] — €1pstl)

+ ilmpy (€lpséo — &oslps + pséas) — Elpséa)

+ itmay (psélés — Eups€l + Copse] — Elons )

+ ilmBy (€180ps — Elpsts + Elpsto — pstot]) (3.64

+ Reﬁg

/N

+ Reay

/N

+ Reﬁ4

RS
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Substituting eqn. (3.64) into the general expression for Markovian quantum master

equation (1.13), we have

ps= = [ dSTulHE O (H - 9).pstt) @ p(0)])

— 9 /O ~ dsReay <£ops§$ - %{ﬁéfo,psh)
+2 /0 " dsRefy (&T)psfo - %{Sof&psh)
+ 2/000 dsReas ( &1psé] — %{ﬂ&,psh)
+2 /OOO dsRefs (ffps& - %{&flpsh)
— il [ ds (tmasglén — migos] + Imaaelés ~ Impuse])
~ [ dsteas (s + psélés — €ups] — const])
- /O " dsRef, (&€lps + ps€) — Ebpsts — Elnso)
~ [ dstean (€léans + psélés — €ups] — const])
- [ asmess (6uelos -+ pstos] — €lnsts — lnsto)
.y /O " dstmas (€l6ops — ps€léo + Sopsé] — Eupst]
i / dstmg, (Elpséo — &tlps + psta) — Elpst
i / dstma, (ps€ies — Eupsth + Eopst] — Eltops

(3.65)

)
)
)
— i [ dsting (s — Shpsts + €lpséa — pstuc]).

where we have again deliberately suppressed the time dependence of pg for nota-

tional simplicity.
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Let us now set

A=2 /OOO dsRea(s), B=2 /OOO dsRef(s), C=2 /OOO dsReas(s)
D = 2/00 dsReps(s), E = /00 dsReas(t, s), F = /00 dsReps(t, s),
0 0 0
G = /000 dsReay(t, s), H = OOO dsRepy(t, s), I= /OOO dsImay(t, s),
Hus = [ ds (lmangfto — Impigoe] + Tmaagl — e

J:/ dslmpsy(t, s), K:/ dslmay(t, s), L:/ dslmpy(t, s),
0 0 0

(3.66)
so that eqn. (3.65) becomes
ps = A (fopsfg - %{fgfo, Ps}+) +B (fgpsfo - %{fofgaﬂsh)
1 1
+C (&psd -5 {de, PS}+) +D (&Ips& - S lad, PS}+)
— i[Hys, ps]
— B (eftops + pstléo — €psth — &opse])
- F (&ﬁips + pSflfg - fgpsfl - fI%fO)
— G (€leops + pstles — €1pse] — &opst])
- H <§1§gps + pséofl — Elpstr — ﬂﬂsfo)
— il (&léops — pstléo + €opst] — €pse)
—iJ (ﬂpsﬁo — &élps + ps&iéd — f(T)/)s&)
—iK (psﬁgﬁ — E1psEL + Eopstl — fifops)
—iL (&élps — Elpsés + Elpsto — psoc]) (3.67)

We note that in the fifth term of eqn. (3.65) and eqn. (3.67), we have identified
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the first term in the commutator with the Lamb-Shift Hamiltonian, Hyg, by com-
parison with standard quantum master equations in the theory of open quantum

systems [27].

Solving for A,

A= 2/00O dsRea;(s)
— /OOO ds(ai(s) + ai(s)")
— / T ds / dwpnJ (Wi )N sin? fe=#@m=20) (n () + 1)

/ ds/dwm Wi )N sin? Be’*©@m=20) (n(w,.) + 1)
= 2w N sin? 0J(\g)(n(No) + 1), (3.68)

where we have used the following property of the Dirac delta function [28§],

+oo
/ dse*@m=20) = 27165 (w,, — Ao). (3.69)

—00

We will make use of the cotangent hyperbolic function,

3 2 1
coth (f) _cre +1=2n(x) + 1. (3.70)
2 ez —e 2 et —1

From eqn. (3.70), we obtain two equations,

s = oo (2 1]

n(ho) + 1 = % [coth (5) + 1} | (3.71)

Substituting eqn. (3.71) into eqn. (3.68), we obtain

A =2rNsin?0J(\g)(n(No) + 1) = 7N sin? 0.J(\o) [coth (2 ) + 1} (3.72)
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Repeating the same procedure for B, C' and D, we get
.9 ) )\0
B = 271N sin” 0J(Ag)n(Aog) = 7N sin”6J(\o) |coth e 1,
A
C = 27N cos® 0J (A1) (n(\) + 1) = 7N cos® 0T (\;) [coth (51) + 1} :

D = 27N cos® 0J(A\)n(\1) = TN cos® 0T (\;) [coth (%) - 1} : (3.73)

To get E, we carry out the following integration,

E:/ dsReas(t, s)
0

= %/000 ds(aa(t, s) + as(t, s)") (3.74)

1 [ . )
= 5/ ds/dme(wm)N sin  cos fetPo—A) g mis@n=A) (¢, ) 4 1)
0

1 [ . .
+§/0 ds/dme(wm)NsinﬁcosﬁeZt()‘oAl)ezs(“m)‘l)(n(wm) +1)

_ TN sin@c;os HJ()\l)(n()\l) +1) (eit(,\of,\l) n e*it()\of)\l))

(PNt [y, Tl 1) uneny g
2 Wy, — )\1

)

where we have used the following property of the Dirac delta function [28, 31],

/ dke*** = 7§(z) £ iP—, (3.75)
0 Xz

with P being the principal value.

For |A\g— A1]| > 1 which holds for N > 1, F vanishes and similarly F, G, H, I, J, K
and L. The Lamb-Shift Hamiltonian, Hg, will only shift the energy levels of the
quasi-fermions by a value much smaller than any value in the system Hamiltonian,
Hg, and does not affect dissipative dynamics [27]. Since we are only interested in

the dissipative dynamics, we will ignore the term with the Lamb-Shift Hamiltonian,
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Chapter 3. Quantum Master Equation

so that eqn. (3.67) now reads

ps= A (sopssé - %{séso,psh) +B <§éps§o - %{gogé,psh)

+C (&psd - %{ékl,psh) +D (éips& - %{&fipsh) - (3.76)

Substituting expressions for A, B, C, and D, eqn. (3.72) and eqns. (3.73) into eqn.

(3.76), we obtain the following quantum master equation,

1
ps = ;’Y; (fz'/)sfj - %{£J§i7p5}+> +% <£;rpS£i - %{&@Ta PS}+) . (3.77)

where the damping rates fyii are given by,

A
7§ = TN sin? 6. (\) <coth % + 1) , (3.78)
+ 2 B
v = mN cos®8J (A1) | coth 5 +1), (3.79)

where J(;) is the spectral density and § is the inverse temperature of the bosonic
Markovian bath.

We conclude this chapter by noting that eqn. (3.77) is the quantum master equa-
tion for our reduced system with the assumption that the number of fermions in
the fermionic bath is much larger than one. We note that this master equation is in
the quasi-fermionic picture with the summation running over two quasi-fermions
corresponding to & and &;. The objective of this chapter of deriving the quan-
tum master equation for our reduced system has been accomplished. In the next

chapter, we move on to solve this equation.
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Chapter 4

Solution of the Quantum Master

Equation

In the previous chapter, we obtained the Markovian quantum master equation for
the reduced system, eqn. (3.77), in quasi-fermionic picture with the summation
running over two quasi-fermions corresponding to & and &;. In this chapter, we
present the solution of this quantum master equation. From the outset, it is
emphasized that the approach we are going to take to obtain the solution is based
on a feature that is particular to our quantum master equation. This feature is
that we can rearrange the quantum master equation into two terms that commute

with each other. These two terms correspond to the two quasi-fermions, &, and

&1

4.1 Solution
The quantum master equation, eqn. (3.77), can be written as
1 ] )
Ps = Z%Jr <§ip5§;r - §{f§§@',ps}+) +7% (é‘fps& — 5{&5}, ps}+)
i=0
1
=) ailps), (4.1)
i=0
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where
ai(ps) =i (&PS&T - %{fgﬁz‘, PS}+) +7; (fg/)sfz' - %{fzfgaPSh) (4.2)

is a superoperator «; acting on pg. Substituting explicit expressions for agy and ay

into the commutator gives

[ag, ] ps = 0, (4.3)

which means that oy and a; commute. oy and «; are independent, indeed they
act on different Hilbert spaces and as a result we can deduce from eqn. (4.1) the

single quasi-fermion master equation

psi(t) = aipsi(t), (4.4)

where ¢ is either 0 or 1 corresponding to quasi-fermion &y or &;, respectively.

4.2 Solution in Kraus Representation

In this section, we are going to present the solution of eqn. (4.1) in the Kraus
representation [11, 34] which allows us to express the single quasi-fermion solution

as

psi(t) =Y Eri(t)psi(0)EL (1), (4.5)

where Ej;(t) are the corresponding Kraus operators subject to the normalization

condition

STELEb) =1, (4.6)

k=0
and the total solution as
M
ps(t) = Ej(t)Er(t)ps(0)Ef, (t) Ey(t) (4.7)
§,k=0
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Chapter 4. Solution of the Quantum Master Equation

subject to the normalization condition,

M

> EL(OEL ) Ep(t) E(t) =1, (4.8)

J,k=0

which should hold if the first normalization condition, eqn. (4.6), holds, i.e.

i EL () EL () Ejo(t) B (t ZE (ZE ) Epa(t)
= Z EL (1) (1) Er (1)

The implication of this is that we are going to obtain an explicit expression for the
total solution, eqn. (4.7), by obtaining explicit expressions for the Kraus operators

corresponding to a single quasi-fermion solution, eqn. (4.5).

Now recall that we have been working in the interaction picture. We will need the
solution to be in the Schrodinger picture. Switching from the interaction picture
to the Schrodinger picture using eqn. (1.10), the single quasi-fermion solution,

eqn. (4.5), becomes,

Phalt) = €5ty (1)t

=Y EL(p%(0)EY(®), (4.10)
k=0

and the total solution, eqn. (4.7), becomes,

L) = e M5 pg (1)t

= Y B () (6)5(0) B (1) B (1), (4.11)

J,k=0
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Chapter 4. Solution of the Quantum Master Equation

where the superscript 0 corresponds to the Schrodinger picture.

4.3 Kraus operators

This section is aimed at obtaining the explicit expressions for the Kraus operators
in the Schrodinger picture. We do have the freedom of choice for the Kraus

operators. However, the normalization condition,

M
Y EaEL =1, (4.12)
k=0
has to be satisfied. Because the dynamics of a fermion can be mapped to a two-
level system, we will use as parameterization of our Kraus operators the Kraus

representation of amplitude channel for the two-level system [11], i.e.

B (1) = w (agles + pef)

EY(t) = Wag;a

B (1) = @ (pefe + atie])

B, (1) = 066, (4.13)

where «, 8,0,w and §2 are to be determined. Checking our choice of the Kraus

operators for the normalization condition,

i Ex () B (t) = Eo) (D Eg; (1) + Byl (D EY () + Eyf () B3 (t) + E5f (6) E5i(1)

= o (agléi+ peel) +wtieg] + 07 (Pele + ate])
+Q25%ele,
=1, (4.14)
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Chapter 4. Solution of the Quantum Master Equation

we observe that it is satisfied. So, the four chosen Kraus operators fix M in eqn.

(4.10) which can now be written as

Pailt) =D BL()p% (0B (1). (4.15)

All we need to do now is to determine the coefficients «, 3, d,w and 2. To do that
we are going to use the quantum master equation for a single quasi-fermion in its

original form, eqn. (3.77),

psi =i <§z‘ﬂ$§3 - %{ski,psh) +7 (sipssi - Si&l PS}+) - (416)

We expect the solution of this master equation to be of the form [27],

= o0(t)]0) (0] + co1 (£)[0) (1] 4 c10(£)[1) (0] + e () [1)(L], (4.17)

where the coefficients c;x(t) are to be determined. Substituting eqn. (4.17) on
both sides of eqn. (4.16) and equating coefficients, we get

coo(t) = v;rern(t) — 5 coo(t),
B

con(t) = —%001@),
B
¢io(t) = —%Clo(t),
en(t) = = en(t) + 5 coo(t), (4.18)
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which upon solving yields,

+ — —tr? +
i tvie™ i —tn?
Coo(t) = %COQ(O) + :Yy_ﬁ <1 — e alt ) 011(0),

Co1 (t) = (o1 (0)672t y

Clo(t) = Clo(O)G_t s

NERENEY

A — Caet
Cll(t) = 7—6 (1 — € % ) CO()(O) + %CH(O), (419)
Vi i

where fyf =~} + ;. Switching from the interaction picture to the Schrodinger

picture using eqn. (2.59), eqn. (4.17) and eqn. (4.19) we have

ph(t) = e st pg()eitst

= coo(H)]0){0] + cg (B)0) (L] + o (O)I1){0] + ety (L)1), (4.20)

where the coeflicients are

+ E— +
i + ie i i 4B
co(t) = %000(0) + 17 (1 —e ) c11(0),

s
(1) = cor(0)e L,

0 —tﬁ—m-t
cio(t) = c1o(0)e 2 7

. B
(1) = 25 (1= e eao(0) +

7+ tett
Yi ;

Vi

011(0). (421)

Let us now use the Kraus operators, eqn. (4.13), in the single fermion solution,
eqn. (4.15). Substituting eqn. (4.20) on both sides of eqn. (4.15) and equating
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the coefficients, we obtain

o(t) = (W?B% + Qa?) gy (0) + Q2*6%¢Y,(0),
con(t) = (w* + Q%) aBcg, (0),
clo(t) = (w* + Q%) aBciy(0),
A1) = w8y (0) + (W + Q°6%) 1, (0)

A comparison of eqn. (4.22) with eqn. (4.21) reveals that

+

QQ — %’ w? — LB?
i i
a? = 1, a = 1,

t B i / B
/B = e 27 _2A1t7 5 = 1 — e_t'Yi .

When we substitute eqn. (4.23) into eqn. (4.13), we obtain

ER(1) = cosas (&l6 + filnee])
EY(t) = cos aigi(t)&],
Eg;(t) = sin oy (fz‘f} + f?(ﬂ&f&) :
E:(s)z'(t) = sin o, g; (1),

as the Kraus operators, where

_ i 1 _
COS ¢&¢; = ?_ 1+6ﬁ)\i _\/1727

+
. N . 1 _
S o, = 7_5 = 1 1 T eﬁAi — 1 Di,

B
£,(t) = exp <-%@'t _ M,t) and  g,(t) = /1 — | (D).
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Chapter 4. Solution of the Quantum Master Equation

In the remainder of this thesis, we will be working in the Schrodinger picture.
Therefore, for notational simplicity, we are going to suppress the superscript 0
corresponding to the Schrodinger picture so that the total solution of the quantum
master equation, eqn. (4.11), will appear as
3
() = " Eiolt) By (H)ps(0) Efy (1) Ely 1) (4.28)
ps 70 k1\l)ps k1 jONY)s :

7,k=0

where the Kraus operators are given as

Ei(t) = cos (EZ& + fi(t)fid) ;

Eqi(t) = cos aigi(t)],

Eui(t) = sinaq (&€ + f1(0Ef6:)

Es;i(t) = sin ayg;(t)&;. (4.29)

To conclude this chapter, we state that we have solved the quantum master equa-
tion for the reduced sytem which we derived in Chapter 3. We switched from the
interaction picture to the Schrédinger picture expressing the solution in the Kraus
representation. We showed that the Kraus operators obey the normalization con-
dition. This implies that the trace [11] of the solution is 1; which must be the case
for any correct probability preserving density matrix [11, 27]. Setting ¢ = 0 in the
solution reduces it to ps(0) as expected. We can therefore be confident that eqn.

(4.28) is the correct solution.
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Chapter 5

Results and Discussion

In the previous chapter, we solved the derived quantum master equation for the
reduced system consisting of the fermion of interest, the fermionic bath and the
interaction between them. However, the subject of this thesis is the fermion of
interest. Therefore, the first section of this chapter is devoted to a calculation of
the density matrix of the fermion of interest from the solution, eqn. (4.28), which
we obtained in the previous chapter. We will then use this calculated density
matrix of the fermion of interest to calculate the mean number of fermions. This
will be followed by a plot of the mean number of fermions against time to observe
the dynamics of the fermion of interest. We will finally investigate thermalization

in Section 5.2.

5.1 Dynamics of the Fermion of Interest

In this section we endeavor to obtain the reduced density matrix of the fermion of
interest in the original fermionic picture. We consider that initially we only have

a single fermion of interest and no fermions in the mesoscopic bath i.e.,

ps(0) = |ta) (Yal ® |the) (| = d10){0]d,
(5.1)
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where we have used the state vector |1p4) = dT|0) for the electron of interest and

|1,y = |0) for the mesoscopic bath.

Substituting eqn. (5.1) into eqn. (4.28), we have

3

ps(t) =Y Ejo(t)Er(t)d'0)(0|dE}, (£) Elo(t). (5.2)

Next, we transform from the quasi-fermionic picture to the original fermionic pic-
ture by substituting into the Kraus operators, eqn. (4.29), the transformation

equations

N
sin
&y = cosfd + Zci,
VN 3

N

0
= —sinbd+ = > e, (5.3)
i=1

VN &

which we obtained earlier on in Chapter 2, eqn. (2.61). We then trace out the
degrees of freedom of the mesoscopic bath, ¢’s, from the reduced density matrix,
eqn. (5.2). Thus,

pe(t) = Tr.[ps(t)]

= Z <0|(CN)iN .. (02)i2 (Cl)hps(t)(cbh (C;)m . (C;V)ZN|O>

11,82, ,in=0

= K(t)d"0){0]d + (1 — £(t))]0){0], (5.4)
where
K(t) = pocos® O + pysin® 0 + w(t)
+[fo(t)|? cos® @ (cos 0 (1 — pop1) — po)
+|f1(t)|? sin* @ (sin® 0 (1 — pop1) — p1) , (5.5)
and
w(t) = 2Re(fo(t)f(t))sin® § cos® 6. (5.6)
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FIGURE 5.1: Time dependence of the mean number of the fermion of interest,

k(t), as a function of time, ¢, for different values of the coupling strength, g, to

the mesoscopic bath. The rest of the parameters are chosen to be the same for
all three curves: e =1, w = 1.3, N = 30, J(A\g)=J(A1)=0.01 and § = 0.1.

Calculating the trace of p.(t), we obtain

Tr[p(t)] = #(t)(0]dd"0) + (1 — x(t)){0[0) = 1, (5.7)
which confirms that p.(t) preserves probability as expected for a correct density
matrix [27].

To investigate the dynamics of the fermion of interest, let us calculate the mean
number of the fermion of interest. Using eqn. (5.4), the mean number of the

fermion of interest is obtained to be

(d'd) = Tr[d'dp.(t)]
— k() Te[d'd (d1]0)(0]d)] + (1 — w(t)) Txld"d (10) (o))
= k(t). (5.8)
Fig. 5.1 and Fig. 5.2 show our investigation of the behaviour of the mean number
of the fermion of interest, x(t), with time, ¢, for different values of the number

of fermions, N, in the mesoscopic bath and for different values of the coupling

strength, g, to the mesoscopic bath.
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FIGURE 5.2: Time dependence of the mean number of the fermion of interest,

k(t), as a function of time, ¢, for different values of the number of fermions, N,

in the mesoscopic bath. The rest of the parameters are chosen to be the same
for all three curves: e =1, w =13, g = 3, J(A\g)=J(A1)=0.01 and 8 = 1.

In Fig. 5.1 and Fig. 5.2 the dynamics of the mean number of the fermion of
interest decay exponentially with time and approaches equilibrium as time goes
to infinity. This indicates that thermalization is achieved as time goes to infinity
in agreement with literature [35]. In Fig. 5.1 we analyze different regimes of the
interaction between the fermion of interest and meso-reservoir of fermions. It is
clear that in the weak coupling case (Fig. 5.1: red curve) Markovian dissipation
[27] is observed. However, increasing the interaction strength (g), the process
of thermalization shows strong oscillations, a sign of strong interactions which is
typical of non-Markovian behaviour [25] (Fig. 5.1: black and blue curves). We note
that the original master equation, eqn. (1.13), for the total system was derived
by assuming Markovian dynamics, but we see emergence of this non-Markovian
behaviour for the reduced system consisting of the fermion of interest and the
mesocopic bath. In Fig. 5.2 we analyze the influence of the number of fermions in
the mesoscopic bath on the dynamics of the fermion. It is clear from Fig. 5.2 that
increasing the number of fermions strongly influences the frequency of oscillations:
as the number of fermions in the fermionic bath increases, interactions increase

which in turn increases the frequency of oscillations.

48



Chapter 5. Results and Discussion

5.2 Thermalization of the Fermion of Interest

Both Fig. 5.1 and Fig. 5.2 show signs of thermalization as time approaches infinity.
In this section, we are going to show that thermalization is indeed achieved as time

approaches infinity.

Using the well known thermal equilibrium state [11, 27],

eiﬁHS
Prs = 7 (59)

where Z = Tr[e##5] is the normalizing partition function, the mean number of

the fermion of interest in thermal equilibrium is

Tr[dide PHs]

RTs — <de> = Tr[depTg] = W

(5.10)

Substituting the system Hamiltonian, eqn. (2.59), into eqn. (5.10), we obtain

Tr[dt de—#Co&ornele)| Tyre—8 i Aelé]
TI' [e_ﬁ(A0§$§0+)\1§I§1)]Tr [676 Zfiz )\zgjgz]

RTs =

Tl"[dee*ﬁ()\OﬁgioJr)\lEkl)]

- ) 5.11
Tr[e—ﬁ(Aoagﬁongkl)] (5.11)
so that upon using
d = cos0&y — sin 0&;
from eqn. (3.8) and simplifying, we get
g — e P20 cos? § + e FPotM) 4 e=Bligin? g (5.12)

(1 + e*ﬁko)(l + e*ﬁAl)

Multiplying both the numerator and denominator of eqn. (5.12) by e®(o+A) we

get
eBPM cos? 0 4+ 1 + eProsin?f

(1 + eﬁko)(l + eﬁ)\l)

(5.13)

RTs =

When we replace 1 on the numerator in eqn. (5.13) by cos® § +sin? § and simplify,
we obtain

Krg = Pocos® 6 + py sin? 6, (5.14)
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where py and p; are given by eqn. (4.25). Eqn. (5.14) is the expected mean

number of the fermion of interest in thermal equilibrium.

Let us now see if thermalization is achieved as time approaches infinity from the
reduced dynamics which we have derived in this present work. We set ¢ = oo in

eqn. (5.8) and eqn. (5.5). This gives us,
K(00) = po cos® § + p; sin” 6, (5.15)

which is exactly the same as the actual thermal equilibrium mean number, eqn.
(5.14). This indicates that thermalization is indeed achieved as time approaches
infinity. The equality of the derived thermal equilibrium mean number and the
actual thermal equilibrium mean number also gives us confidence in the detailed

derivations conducted in this thesis.
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Conclusion

In conclusion, we derived and solved analytically the quantum master equation for
the spinless electron interacting with a mesosopic bath of spinless electrons with
restrictions on the system-bath interaction. We considered the fermion of interest
to be strongly coupled to the surrounding mesosopic bath of electrons which is
weakly coupled to the Markovian bosonic bath. The coupling strength between
the electron of interest and the rest of the electrons in the fermionic bath was
taken to be the same. By tracing out the degrees of freedom of the mesosopic
bath of fermions from the solution of the quantum master equation, we calculated
the density matrix of the fermion of interest. This density matrix of the fermion
of interest was then used to calculate the mean number of the fermion of interest
which we used in our analysis of the dynamics and thermalization of the fermion

of interest.

We plotted graphs of the mean number of the fermion of interest against time for
different values of the number of fermions in the mesoscopic bath and for different

values of the coupling strength to the mesoscopic bath.

In the weak coupling case Markovian dissipation was observed and in the strong
coupling regime non-Markovian behaviour was observed [25, 27]. Increasing the
number of fermions strongly influenced the frequency of oscillations: as the number
of fermions in the fermionic bath increased, interactions increased which in turn

increased the frequency of oscillations.
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Chapter 6. Conclusion

We observed that as time approached infinity the fermion of interest was ther-
malized by the Markovian bosonic bath through its weak interaction with the
fermionic bath as expected from literature [11, 27, 35]. To verify thermalization,
we conducted two calculations. Firstly, we calculated the mean number of the
fermion of interest in thermal equilibrium state from the derived density matrix of
the fermion of interest. Secondly, we calculated the mean number of the fermion
of interest in thermal equilibrium state from the well known [11, 27] expression
for the density matrix of the thermal equilibrium state. A comparison of these
two results revealed an exact match confirming that thermalization was indeed

achieved as time approached infinity.

In the future, we plan to take into account spin-spin interactions and consider

more general initial conditions and more general fermion-fermion interactions.
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