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Abstract

According to the needs, real systems can be modeled at various level of resolution.
It can be detailed interactions at the individual level (or at microscopic level) or a
sample of the system (or at mesoscopic level) and also by averaging over mesoscopic
(structural) states; thatis, at the level of interactions between subsystems of the original
system (or at macroscopic level).

With the microscopic study one can get a detailed information of the interaction but
at a cost of heavy computational work. Also sometimes such a detailed information is
redundant. On the other hand, macroscopic analysis, computationally less involved
and easy to verify by experiments. But the results obtained may be too crude for some
applications.

Thus, the mesoscopic level of analysis has been quite popular in recent years for
studying real systems. Here we will focus on structured population models where
we can observe various level of organization such as individual, a group of popula-
tion, or a community. Due to fast movement of the individual compare of the other
demographic processes (like death and birth), the problem is multiple-scale.

There are various methods to handle multiple-scale problem. In this work we will
follow asymptotic analysis ( or more precisely compressed Chapman-Enskog method)
to approximate the microscopic model by the averaged one at a given level of accuracy.

We also generalize our model by introducing reducible migration structure. Along
with this, considering age dependency of the migration rates and the mortality rates,
the thesis offers improvement of the existing literature.
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CHAPTER 1

Introduction

The history of mathematical studies of population modeling is quite long. In 1798,
Malthus [41] proposed a model of population dynamics, and a more realistic model
of population growth was proposed by Verhulst [61] in 1838. The models of Malthus
and Verhulst are examples of continuous or deterministic population models. For
many populations, consideration of the age distribution within the population leads
to a more realistic and useful mathematical model. One of the crucial steps in this
line is by Sharpe and Lotka [57] in 1911 and McKendrick [43] in 1926. With time
many more models came and things were getting more and more challenging due
to the complicated structures of the models. It is therefore important to investigate
systematic simplification methods for this class of models. One would like to elucidate
under which conditions the general problem can be simplified in such a way that the
essential information one would like to obtain from the model is not lost.

Here, we are interested in three natural phenomena related to population. Namely,
birth, death and migration of the population from one place to another. The model
we are going to investigate was proposed in [5], where the model was considered for
fish population. The special feature about this model is that it is a singularly perturbed
(which reflects different time scales) initial boundary valued problem of resonance type.

The idea of the time scale argument is that when one time-scale is very fast, as
compared to the other time-scale inherent in the system, one assumes that the process
on the fast time-scale is actually in equilibrium at all time (however, this equilibrium
changes slowly as the slower process change in time). This then leads to a system
of differential equations of lower dimension, capturing the essentials of the original
bigger system. The equilibrium assumption is usually called the quasi-steady-state
hypothesis. The mathematical counterpart of this intuitive notion starts by scaling

2
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the original system of differential equations in such a way that it can be rewritten as a
singular perturbation problem.

In order to start our discussion, we are going to set up an adequate work frame.
We consider two equations:

equation Ay : Lou = fy

equation A, : Lou + €Liu = fo +€f

Here Ly and L, are given operators, f; and f; are known functions, € is a small scalar
parameter ( we will consider € > 0), u is the unknown function of the independent
variable t. Equation Ay might be a simplified model of some process and then equation
A corresponds to the extended model. The terms eL,u and € f; represent perturbations.
If Ag and A, are differential equations, we must add necessary initial (and/or boundary)
conditions. These conditions might also contain a small parameter . We denote the
solution of Ay by uy(t) and the solution of A, by u.(t) for t € D, where D is some
domain. The main question of perturbation theory might be posed as follows:

does the difference u.(t) — uy(t) approach zero (in some norm space) as € — 0 ? The
answer to this question depends also on the choice of the norm.

The problem A, is called regularly perturbed in a domain D if there exists a solution
up(t) of the problem Ay such that

sup |[ue(t) — up(t))] - 0 when € — 0.
D

Otherwise, A is said to be singularly perturbed with respect to the same norm. It
follows from the definition that for a singularly perturbed problem A, uy(t) will not
be close to u. for all small € at least in some part of domain D.

Consider a function U,(t) defined in a sub domain D; of D. The function U.(t) is
called an asymptotic approximation of the solution 1, with respect to the parameter € in
the sub domain D, if

lue(t) = Ue®)l| — 0 as e — 0.

Moreover, if ||u.(t) — Uc(t)]| = O(e®) for allt € D; then we say that U, (t) is the asymptotic
approximation of u.(t) in D; to within accuracy of the order €*.

On domain D, the function U, may fail to satisfy the condition [|uc(t) — Uc()|| = O(€").
The reason is the existence of the initial layer in the vicinity of t = 0 and/or boundary
layer for a boundary value problem, extending over the interval of the order €. To
handle this, we introduce a new time variable 7 = t/e and we do series expansion
similar as before. For linear problems, the new solution becomes the sum of the original
approximate solution and this initial layer. For an initial boundary value problem, we
also add the corresponding boundary layer correction. Among different methods, in
our work we follow the compressed method which is a modified Chapman-Enskog
method. For details about this method, we refer to [11].
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1.1 Outline of the Thesis

The aim of this thesis is to do a rigorous error analysis needed due to approximation
of a mesoscopic age and space structured population model to the corresponding
aggregated one using asymptotic method. We also consider a model with reducible
mixing structure which is an improvement, from analysis point of view, of the existing
literature.

In Chapter 2, we present a brief summary of the necessary mathematical tools
that we use. Starting from vector spaces and matrices with non-negative elements, we
give an outline of calculus on Banach spaces and the necessary properties of Cy type
semigroups of linear operators. We also include a short section on the well-posedness
problem of evolution type equations.

Chapter 3 is a short overview of deterministic population models. Starting with
continuous-time model of Sharpe and Lotka, we talk next about its limitations and
development of McKendrick—Von Foerster Model. Here we find the integral solution
of this model using the method of characteristics. Specifically we look on the properties
of the characteristic equation. For long time behaviour of this model, several methods
have been used. Among these, we refer to [65] for semigroup theoretic approach. We
finish this chapter with the concept of the multiregional demography, which is one of
our main subsequent matter of study.

We introduce our main model in Chapter 4, it is basically a singularly perturbed
initial boundary valued vector equation of resonance type. Using Perron-Frobenius
Theorem, we show that the irreducible migration matrix C(a) with Kolmogorov type
has zero as a dominant eigenvalue and rest of the eigenvalues have negative real parts.
Following [28], next we shall prove the well-posedness of the model, i.e., the existence
of a Cyp-semigroup {T(t)};~o generated by S —M(a) + %C(a) using Hille-Yosida theorem.
We also analyze further spectral properties of this Cy- semigroup. Along with this, we
give an estimate of the norm of {T(f)};>o.

In Chapter 5, we first approximate our perturbed model and then we derive
formulae for the asymptotic expansion. We project the system of equations into the
subspace generated by the eigenvector corresponding to the zero eigenvalue of C(a),
usually called the ‘hydrodynamic space” and to the complementary subspace, called
the ‘kinetic space’. We first do bulk part approximation which however is not sufficient
to handle initial condition and hence we proceed towards initial layer correction by
blowing the time parameter. This introduces some problematic terms on the boundary.
To get rid of this problematic terms, we similarly do boundary layer corrections. Both
of these necessitate corner layer corrections. We postpone the detail error analysis
until Chapter 7, where we do it with integral formulation.

We generalize the perturbed model in different directions in Chapter 6. First
we take full mortality and birth matrix and show that we obtain a similar system to
that found at the beginning of Chapter 5. Later, we consider a reducible migration
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matrix along with general mortality and birth matrices. We construct proper bases for
defining projection operators. After stating necessary hypotheses, we prove necessary
liftting theorems required for the error analysis. Next we do formal asymptotic expan-
sions, similar to Chapter 5. We point out the limitations of the differential equation
presentations of the error equations and do integral formulation of the problem in
Chapter 7.

Chapter 7 deals with the integral formulation of the perturbed model and its
asymptotic analysis in integral form. This way we need less assumptions on the
model and also overcome some of the technical difficulties.

With an illustrative example, in Chapter 8, we demonstrate the application of our
compressed Enskog-Chapman method. We take a reducible migration matrix with
some simple numerical values and construct bases for the null space and the adjoint
null space of the migration matrix. We do formal asymptotic expansion and work out
the error analysis including all the layer corrections.

In Chapter 9 we summarize the results obtained in Chapters 5, 6 and 7. We discuss
further possibilities of generalizations of the model and compare our work with the
existing literature.



CHAPTER 2

Mathematical Framework

In this chapter we discuss the standard properties of linear algebra, normed vector
spaces and operator semigroups. In the text, we give precisely those results which
are necessary for our subsequent work. To incorporate all the theory in detail in the
text would be extremely oppressive and would obscure the principal lines of thought
inherent in the basic aspects of the subject. We refer to [45], [34], [29], [35], [20] and
[21] for detailed study.

2.1 Eigenvalues and Eigenvectors

For an n X n matrix A, scalars A and vectors x # 0 satisfying Ax = Ax are called
eigenvalues and right eigenvectors of A, respectively. The set of distinct eigenvalues,
denoted by o(A), is called the spectrum of A.

e A € 0(A)if and only if A — Alis singular if and only if det(A — AI) = 0.

o {x#0: x € N(A - Al)} is the set of all eigenvectors associated with A, where
N(A = Al) == {x: (A— Al)x = 0}. N(A — Al) is called an eigenspace for A.

e Non-zero row vectors y* such that y*(A — AI) = 0 are called left eigenvectors for A.

o det(A — Al) is called the characteristic polynomial for A and det(A — AI) = 0 is the
corresponding characteristic equation for A.
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e Let us consider a vector v with n components, namely (vy,...,v,). Thenv > 0
means each of vy, ..., v, is non-negative and at least one of these is non-zero.

Let A € 0(A). The algebraic multiplicity of A is the number of times it is repeated as
a root of the characteristic polynomial. When algmult,(A) = 1, is called a simple
eigenvalue. The geometric multiplicity of A is dim N(A — Al). Eigenvalues such that
algmult (1) = geomult ,(A) are called semisimple eigenvalues of A.

For every singular matrix A,,, there exists a positive integer k such that range of A*,
R(A¥) and N(A*) are complementary subspaces; that is,

R" = R(A") @ N(AY). (2.1)

The smallest positive k for which (2.1) holds is called the index of A. For nonsingular
matrices we define index(A) = 0.

Jordan Form

Following [45], for every A € C™" with distinct eigenvalues 0(A) = {A4,...,A,},
there is a non-singular matrix P such that

JA) 0 -0
PIAP=]:=| ](?2) (:)
0 0 e JA

J has one Jordan segment J(A;) for each eigenvalue A; € 0(A). Each segment J(A)) is
made up of t; = dim N(A — A;I) Jordan blocks J.(A;) as described below.

B 0 0 A1

/\. .
J(A)) = ]2(: 7 L | with L@ay= BT
0 0 A A

The largest Jordan block in J(A;) is k; X kj, where k; = index(A;). The number of i X i
Jordan blocks in J(A)) is given by

V]'(A]') = Ti_l(A]') - 21”1'(/\]‘) + 1’i+1(/\]') with ri(A]') = T’W’Zk((A - /\]I)l)

The matrix | is called the Jordan form for A. The structure of this form is unique in the
sense that the number of Jordan segments in | as well as the number of sizes of the
Jordan blocks in each segment is uniquely determined by the entries in A.
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2.2 Matrices with Non-negative Elements

Definition 2.1 [24, p. 50], We will call a matrix A with real elements
A = [ay] 1<i<m; 1<k<n)

non-negative A > 0 or positive A > 0, if all the elements of the matrix A are non-negative
(respectively positive): ay > 0 (respectively > 0).

Definition 2.2 [24, p. 50] The matrix A = [aili<ik<n 15 called reducible, if there is a
permutation of the indices which reduces it to the form

: |B O
a=|¢ |
where B and D are square matrices. Otherwise the matrix A is called irreducible.

Theorem 2.3 (Frobenius) An irreducible non-negative matrix A = [au)1 <i k<n always has
a positive simple eigenvalue A (also known as dominant eigenvalue, Perron root or Frobenius
root). The moduli of all the other eigenvalues are at most A. There is an eigenvector x with
positive coordinates that corresponds to A.

Proof. See [24, p. 53]. O

Corollary 2.4 The irreducible matrix A > 0 cannot have two linearly independent non-
negative eigenvectors corresponding to the dominant eigenvalue A.

Proof. See [24, p. 63]. O

The spectral properties of irreducible non-negative matrices described in previous
theorem are not valid for reducible matrices. For an arbitrary non-negative matrix
A = [ai]i <i k<n We have the following theorem:

Theorem 2.5 A non-negative matrix A = [ai]i <i k<n always has a non-negative eigenvalue
A such that no eigenvalue of the matrix A has modulus exceeding A. To this “dominant”
eigenvalue A there corresponds a non-negative eigenvector y:

Ay = Ay (y=0,y+0).

Proof. See [24, p. 66]. O
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2.3 Normed Vector Spaces

A wvector space X is a set of elements, called vectors, u,v,..., for which linear
operations (addition u + v of two vectors and multiplication au of a vector u by a
scalar a) are defined and obey the usual rules of such operations. For the rest of
the work, scalars are assumed to be the set of complex numbers C unless otherwise
stated. Vectorsuy, uy, ..., u, are said to be linearly independent if their linear combination
aiug+. . .+auu, = 0ifandonlyifaq = ... = a, = 0; otherwise they are linearly dependent.
The dimension of X, denoted by dimX, is the largest number of linearly vectors that
exist in X. A subset M of X is a subspace if M is itself a vector space under the same
linear operations as in X. Let X be an n-dimensional vector space and let x4, ..., x, be
a family of n linearly independent vectors. Then their span coincides with X and each
u € X can be expanded in the form

n
u= Z ;X
i=1

in a unique way. The family {x;} is called a basis of X.

A normed vector space (over C) is a vector space X together with a function on X
denoted by x — ||x|| (real valued) such that:

1. We have ||x|]| > 0 and ||x|| = 0 if and only if x = 0.
2. If a € Cand x € X, then ||ax|| = |a|||x||.

3. If x,y € X, then ”x + y“ < |lx|| + ||y”

Let {x,} be a sequence in a normed vector space X. This sequence is said to be
Cauchy if given any € (always assumed > 0) there exists N such that for all m,n > N
we have

”xm - xn” <E€.

This sequence is said to converge to an element x if given €, there exists N such that for
all n > N we have
llx = x| <e.

Let Sbeaset. Amap f : S — F of S into a normed vector space F said to be bounded if
there exists a number C > 0 such that ||f(x)|| < C for all x € S. If f is bounded, define

I, = supco

4

sup meaning the least upper bound.

Let E be the space of continuous X-valued functions on [0, 1]. For f € E define

1
£l = [ el ax.
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Then || - ||1 is a norm on E, called the L'-norm. This norm will be one of the major
objects in our subsequent work. A normed vector space X is said to be complete (or
Banach space) if every Cauchy sequence converges, i.e. has a limit in X. A continuous
(bounded) linear map between Banach spaces is called an operator. From now on by a
space we will mean a Banach space unless otherwise stated.

A complex-valued function f(u) defined on a space X is called a anti-linear form if

flau+ o) = af(u) + Bf(v)
where @ denotes the complex conjugate of a. The set of all semilinear forms on

X becomes a vector space, called the adjoint space of X and denoted by X*. It is
convenient to treat X* on the same level as X. To this end we write f(u) = (f, u).

Let {x;} be a basis of X (N-dimensional space). As in the case of linear forms, for
each scalar ay there is an f € X* such that (f, xx) = ax. In particular, it follows that for
each j, there exists a unique ¢; € X" such that

(ej,xk) = 6]'k , ],k = 1,.. .,N.

Each f € X" can be expressed in a unique way as a linear combination of the ¢;,
according to

f= Zaje]- , where a; = (f, x)).
j

Thus the N vectors e; form a basis of X", called the basis adjoint to the basis {x;} of X.
For each u € X we have

u= Zéjx]' where 5]' = (6]',1/[).
j

It follows that

(f/u) = Zaj é_] = Z(f,x]) (6]', u).
j

2.4 Projections

Let M, N be two complementary linear subspaces of X, i.e.,
X=M®oN.

Thus each u € X can be uniquely expressed in the form u = v’ + u” with u" € M and
u” € N. If we set u’ =: Pu, it follows that P is a linear operator on X. P is called the
projection operator ( or simply the projection) on M along N. (I — P) is the projection on
N along M. The following result will be used in our later chapters.

Theorem 2.6 [29, Problem 3.20] Let v # 0 and v € X (where X is finite dimensional) and
f € X" be given. Then operator P defined by Pu = (u, f)v for all u € X is a projection if
and only if (v, f) = 1. In this case PX is the one-dimensional subspace [v] spanned by v, and
(I = P) is the closed linear subspace of X consisting of all u with (u, f) = 0.
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2.5 Calculus in a Banach Space

2.5.1 Integration in One Variable

Following [34], let [a, b] be a closed interval and E a Banach space. By a step map
f :[a,b] —» E we mean a map for which there exists a partition

P:a=ay<ay<...<a,=b

and elements vy,...,v, € E such that if a; < t < 4,41, then f(t) = v;. We then say that
f is a step map with respect to P. The step maps form a subspace of the space of all
bounded maps, and we deal with the L!-norm on this space.

We define the integral of a step map f with respect to a partition P by

Ip(f) := Z(ai — ai1)0;.
i=1

This is in fact independent of P and we write simply I(f). It is then easily seen that I is
linear and that |I(f)| < (b—a)l|fll, so I is continuous, with bound b —a. We can therefore
extend I to the closure of the space of step maps by the linear extension theorem. If f
lies in this closure, we denote I(f) by
b
[r
a

and call it the integral.

2.5.2 The Derivative as a Linear Map

Let U be an open set in a Banach space E and let x € U. Let f : U — F be amap to
a Banach space F. We shall say f is differentiable at x if there exists a continuous linear
map A : E — F and a map ¢ defined for all sufficiently small / in E, with values in F,
such that
limy(h) =0,

h—0
and such that
[+ h) = fx) + AR) + Rl (h).
If f is differentiable at every point x of U then we say that f is differentiable on U. In
that case, the derivative f’ is the map

Df = f":U— L(E,F)

from U into the space of continuous linear maps L(E, F) assigning to each x € U, the
linear map f’(x) = A € L(E, F). If ' is continuous, we say that f is of class C'. Since f’
maps U into the Banach space L(E, F), we can define inductively f to be of class C? if
all derivatives D* f exist and are continuous for 1 < k < p.



CHAPTER 2. MATHEMATICAL FRAMEWORK 12

2.5.3 Properties of the Derivative

Theorem 2.7 Let E, F be Banach spaces and let U be open in E. Let f,g : U — F be maps
which are differentiable at x € U. Then f + g is differentiable at x and

(f+9'(x) = f(0)+ g ()
If c is a number, then
(cf) (x) = cf'(x).
Proof. See [34, p. 101]. O

Theorem 2.8 Let Fy, F,, G be Banach spaces and let F1 X F, — G be a continuous bilinear
map. Let U be an open set in E and let f : U — Fy and g : U — F, be maps differentiable at
x € U. Then the product map fg is differentiable at x and

(f9)'(x) = f'()9(x) + f(x)g' (x).
Proof. See [34, p. 102]. O

Theorem 2.9 Let E, F be Banach spaces. Let U be open in E and let V be open in F. Let
f:U—Vandg:V — Gbemaps. Let x € U. Assume that f is differentiable at x and g is
differentiable at f(x). Then g o f is differentiable at x and

(9o f)(x)=g'(f(x) o f'(x).
Proof. See [34, p. 103]. O

Theorem 2.10 (Map with coordinates) Let E, F4, ..., F, be Banach spaces. Let U be open
in E, let
f:U—>FX...XFy,

and let f = (f1,..., fm) be its expression in terms of coordinate maps. Then f is differentiable
at x if and only if f; is differentiable at x and if this is the case, then

1) = (f(), ..., fu(2).
Proof. See [34, p. 104]. O

Theorem 2.11 (Fundamental Theorem of Calculus) Let f be requlated (the closure of the
space of step maps will be called the space of requlated maps) on an interval [a, b] and assume
that f is continuous at a point c of [a, b]. Then the map

th><t>:=fatf

is differentiable at c and its derivative is f(c).
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Proof. See [34, p. 105]. O

Theorem 2.12 (Taylor’s formula) Let E, F be Banach spaces. Let U be open E and let
f:U— Fbeofclass CP. let x € U and let y € E be such that the segment x +ty, 0 <t <1,
is contained in U. Denote by y® the k-tuple (y, ..., y). Then

Df(x)y D f)y!
T +'“+—(p—1)!

flx+y)=f(x)+ +R,,

where

Lty
Rp = »[O‘ WD”f(x + ty)y(p) dt.

Proof. See [34, p. 115]. O

2.6 Operator Semigroups

A dynamical system may be defined as a family {T(t)};»o of mappings on a Banach
space X satisfying

(2.2)

T(t+s)=T(t)T(s) forallt,s>0,
T0) =1id,

where id is the identity operator. If T(t) is a linear operator on X then {T(t)};» is called
a (one-parameter) operator semigroup.

The standard situation in which such operator semigroups naturally appear are
so-called Abstract Cauchy Problems

u(t) = Au(t) fort >0,
u(0) = x,

where A is a linear operator on a Banach space X.

A family {T(#)};>0 of bounded operators on a Banach space X is called a strongly
continuous (one-parameter) semigroup (or Cy-semigroup) if it satisfies the functional
equation (2.2) and is strongly continuous in the following sense.

For every x € X the orbit maps

Ex it &(f) == T()x

are continuous from IR, into X for every x € X. For the sake of simplicity we use the
notation T(t) for {T(t)}>o-

Theorem 2.13 For a semigroup T(t) on a Banach space X, the following assertions are equiv-
alent.
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1. T(t) is strongly continuous.
2. limy o T(t)x = x for all x € X.

3. There exist 6 > 0, M > 1, and a dense subset D C X such that
@) IT(H)Il < M forall t € [0,0],
(b) limy o T(t)x = x forall x € D.

Proof. See [20, p. 4]. O
Theorem 2.14 For every Cy-semigroup T(t), there exist constants w € R and M > 1 such
that

ITON < Me**
forallt > 0.
Proof. See [20, p. 5]. O

For a Cy-semigroup T(t), we define its growth bound as
wo := inflw € R : AM,, such that ||T(t)|| < Mye™ forallt > 0}.

A semigroup is called bounded if we can take w = 0, quasi-contractive if M, = 1 and
contractive if w = 0 and M,, = 1 is possible.
The generator A : D(A) € X — X of a Cp-semigroup T(t) on a Banach space X is the

operator
Ax :=lim T = x
110
defined for every x in its domain

T(hyx —x
h

D(A) :={x e X : lim exists}.
110

Theorem 2.15 For the generator A, D(A) of a Co-semigroup T(t), the following properties
hold.

1. A: D(A) € X — X s a linear operator.
2. If x € D(A), then T(t)x € D(A) and

%T(t)x = T(H)Ax = AT(H)x forall t > 0.

3. Foreveryt > 0and x € X, one has

f T(s)xds € D(A).
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4. For every t > 0, one has

t
Af T(s)xds, if xe€ X;

0
T(t)x —x =

t
f T(s)Axds, if x € D(A).
0

Proof. See [20, p. 37]. |

Theorem 2.16 The generator of a Co-semigroup is a closed and densely defined linear operator
that determines the semigroup uniquely.

Proof. See [20, p. 38]. O
Let (A, D(A)) be a closed operator on a Banach space X. Then we define

1. spectrum o(A) := {A € C: AI — A isnotbijective},

2. resolvent set p(A) := C\ 0(A),

3. resolvent R(A, A) := (A - A)™! at A € p(A),

4. spectral bound s(A) := sup{ReA : A € 6(A)},

5. spectral radius Sp(A) := sup {|A| : A € a(A)}.
Theorem 2.17 For the spectral bound s(A) of a generator A and for the growth bound wy of
the generated semigroup T(t), one has

—00 < s(A) < wy.

Proof. See [20, p. 168]. O

Theorem 2.18 (Hille-Yosida) Let w € R. For a linear operator (A, D(A) on a Banach space
X the following conditions are equivalent.

1. (A, D(A)) generates a Cy-semigroup T(t) satisfying
ITOHI < e fort > 0.

2. (A,D(A)) is closed, densely defined and for each A € C with ReA > w one has A € o(A)

and
1

R(A A < :
IR(, AN < o
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Proof. See [20, p. 68]. O

Theorem 2.19 (Bounded Perturbation Theorem) Let (A, D(A)) be the generator of a Co-
semigroup T(t) on a Banach space X satisfying

IT(H)|| < Me™ forall t >0
and some w € R, M > 1. If B is a bounded operator on X, then
C:= A+ B with D(C) := D(A)
generates a Cy-semigroup S(t) satisfying
IS(8)]] < Me@MIBVE £oral] t > 0.

Proof. See [20, p. 117]. O

Let us consider a Banach-space-valued linear initial value problems of the form

{u(t) = Au(),  (t>0)

AO) —x, (2.3)

where the independent variable t represents time, u(-) is a function with values in a
Banach space X, A : D(A) ¢ X — X a linear operator and x € X the initial value.
The initial value problem (2.3) is called the abstract Cauchy problem associated with
(A, D(A)) and the initial value x. A function u : R, — X is called a classical solution of
(2.3) if u is continuously differentiable, u(t) € D(A) for all t > 0 and (2.3) holds.

Theorem 2.20 Let (A, D(A)) be the generator of the Cy-semigroup T(t). Then, for every
x € D(A), the function
u:te u(t):=T()x

is the unique classical solution of (2.3).

Proof. See [20, p. 110]. |

The important point is that classical solutions exist if and only if the initial value x
belongs to D(A). A continuous function u : R, — X is called a mild solution of (2.3) if

[ u(s)ds € D(A) for all > 0 and

u(t) = Af(; u(s)ds + x.

Theorem 2.21 Let (A, D(A)) be the generator of the Cy-semigroup T(t). then for every x € X,
the orbit map
u:te u(t):=T()x

is the unique mild solution of a associated abstract Cauchy problem (2.3).
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Proof. See [20, p. 111]. O

Theorem 2.22 Let A : D(A) € X — X be a closed operator. Then for the associated abstract
Cauchy problem (2.3), the following properties are equivalent.

1. A generates a Cy-semigroup.

2. A satisfies the following condition.
For every x € D(A), there exists a unique solution u(-, x) of (2.3) and p(A) # 0.

3. Asatisfies existence and uniqueness condition 2, has dense domain and for every sequence
{Xnlen C D(A) satisfying lim,_,o x, = 0, one has lim,,_, u(t, x,) = 0 uniformly in
compact intervals [0, to].

Proof. See [20, p. 112]. O

Condition 3 of the Theorem (2.22) expresses what we expect from a “well-posed"”
problem and its solutions:

existence + uniqueness + continuous dependence on the data.



CHAPTER 3

Deterministic Population Models - An Overview

3.1 Introduction

Malthus can possibly be credited with formulating the first mathematical population
model [41] in 1798. If we denote the population size by u, time by t and the rate of
increase of the population by r, Malthus’s model is represented by the following
first-order differential equation

du

dt
The mathematical model of Lotka [37] was also based on (3.1). In fact many of the pop-
ulation models are such that asymptotically the total population grows exponentially,
and they obey equation (3.1).

rul. 3.1)

In practice, a population cannot grow exponentially for ever. If the growth rate r
is negative, it will shrink. If the growth rate r is positive, the population will become
too large for the environment to support. Population mathematicians have therefore
modified equation (3.1) to obtain the differential equation for the so-called logistic
population:

This type of population grows exponentially while it is small, but the growth rate
tapers off as the population size increases, and the population cannot exceed a certain
maximum size U (unless of course it had been made greater than U to begin with
artificially, in which case it will decrease to size U). However for human populations,
the logistic law of growth has not proved very satisfactory.

18
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3.2 The Continuous-time Model of Sharpe and Lotka

Although Malthus [41] and Lotka [37] proposed elementary mathematical models
for human populations, the paper which might be considered to be the beginning of the
subject of population dynamics is that of Sharpe and Lotka [57] in 1911. Demographers
usually find it more convenient to apply one-sex model to the female sex, and describe
the model in terms of females.

In order to derive Lotka’s model, following [7], let B(t)At is approximately the
number of females births that occur in the time interval [t,f + At). Let n(a,t) is the
density of females of age a at time ¢; that is, n(a, t)Aa is the number of females of age
[a,a + Aa). Next let [(a) denotes the fraction of newborn females surviving to age a.
Here we assume that I(a) is continuous and piecewise differentiable. Also, I must be
non-increasing and there is some maximum age of survivorship w. Lastly, assume
m(a)Aa represents the number of females born, on average, to a female of age between
a and a + Aa. Here m is assumed to be continuous and piecewise smooth and there is
a minimum age of reproduction a (menarche) and a maximum age of reproduction
(menopause). Now the births can be divided into two classes: one class attributed to
females born between time 0 and f and the other due to females which were alive at
time 0. Females that are of age a at time t were born at time ¢ were born at time t — a.
The number of females born around t — a is given by B(t — a)At. The number of them
that survive till the age a (that is, till time t) is [(a)B(t — a)At and thus the number of
births by females of around age a is I(a)B(t — a)Atm(a)Aa. Summing up, we obtain

Atf B(t — a)l(a)m(a) da.
0

To find the contribution of the females who were present at time t = 0 we begin with
taking the number of females of around age a present at t = 0; that is, n(a, 0)Aa. Now,
these females must live till the age t + 4, that is, we must take survival rate till t +a,
I(t + a) conditioned upon the females having survived till a. Since

I(a +t) = I(a) - {fraction of age a females surviving till t + a},

we see that n(a,0)l(a + t)/l(a)Aa females survived till time t. These gave birth to
m(a + t)n(a,0)l(a + t)/l(a)Aa new females. TO find the number of all births due to
females older than t we again integrate over all ages. However, no individual survives
beyond w so that the integration terminates at w — ¢ (no female older than w —t at time
t = 0 will survive till {. Combining these two formula and dropping At we obtain the
renewal equation

B(t) = [} B(t — a)l(a)m(a) da + G(t), (3.2)

where
la+1)

l(a)

G(t) := ﬁw_ m(a + t)n(a, 0) da,
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is a known function. Equation (3.2) is known as the basic Lotka one-sex deterministic
population model.

3.3 The McKendrick—Von Foerster Model

Apparently, the first formulation of a PDE for the age distribution of a population
is due to McKendrick [43]. Much later, Von Foerster [64] independently derived a
similar equation and applied it to the dynamics of blood cell population.

Following [31], if u(a, t) is the population (say of females) at age a and time ¢, the
female population of age a + Aa at time t + At is u(a + Aa, t + At). If Aa = At, the latter
includes the same individuals as were counted in u(g, t), only subject to deductions
for mortality. The equation of change involving mortality p(a), a function of age but
not time, is

u(a+ Aa, t + At) = u(a,t) — u(a)u(a, t)At.

Expanding u(a + Aa,t + At) by Taylor’s theorem for two independent variables and
canceling u(a, t) and higher order terms from both sides leaves

du(a,t) du(a,t)
T At + P A

Dividing by Aa, which is equal to At, we have

a = —u(a)u(a, t)At.

8u((9:i, t) N 8ug;, t) = —u(@u(a,b). (3.3)

Births enter as a boundary condition at age zero:

u(0,t) = I}w B(s)u(s, t)ds, (3.4)

where f(a) is the age-specific birth rate, supposed to be invariant with respect to time.
The initial condition

u(a,0) = ¢(@), (3.5)
says that the population at time t = 0 has a given age distribution ¢(a).

3.3.1 Solution of the McKendrick—Von Foerster Model

We can solve the system (3.3)—(3.5) by characteristics which are given by

da

Z=L (3.6)
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on which p
u
E = —yu. (37)

The characteristics are the straight lines

t+ay, a>t
a= 0 (3.8)
t—ty, a<t.

Here ay, t) are respectively the initial age of an individual at time ¢ = 0 in the original
population and the time of birth of an individual. Equation (3.7) which holds along
each characteristic, has a different solution according to whether a > t or a < ¢, that is,
one for the population that was present at t = 0, namely, a > t, and the other for those
born after t = 0, that is 2 < t. On integrating equation (3.7), using da/dt = 1 and (3.8),
the solutions are .
Ba —t) e bt HOB a>t
u(a,t) = (3.9)
u(0,t —a)e” b HEeds, a<t.
From (3.9) we see that if the birth rate 1(0, t) can be determined as a function of ¢, then

the density function u becomes known. Equations (3.4) and (3.9) can be used to arrive
at single equation for the birth rate 1u(0, t). Substitute (3.9) into (3.4) to obtain

u(0,t) = [) B(s)u(0,t —s)e” Jy m@do g
+ foo B(s)p(s —t)e” [ p@)do ds.

3.3.2 Characteristic Equation

The ingredients of this problem are similar to those for Lotka’s integral equation (3.2).
For Lotka’s integral equation, the population asymptotically approached exponential
growth and a stable distribution. Taking that as our clue, we may try a solution of the
form

u(a, t) = eMr(a). (3.10)
That is, the age distribution is simply changed by a factor which either grows or decays
with time according to whether A > 0 or A < 0. Substitution of (3.10) into (3.3) gives

d
= = ~[u(@) + Alr,
and so
r(a) = 7(0) e[k no#], (3.11)
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With this r(a) in (3.10), the resulting u(a, t), when inserted into the boundary condition
(3.4), gives

eMr(0) = f Ba) eMr(0) e[Aa-k ueras] g,
0
and hence, on canceling ¢! (0),
1= f Ba) e[k e as] g (3.12)
0

where r(0) # 0. Equation (3.12), which is known as the characteristic equation, was

discovered by Lotka in his model in 1922. The expression y(a) := f(a)e” b #6131y the
characteristic equation (3.12) is called the net maternity function. This characteristic
equation has some special spectral properties which we are going to discuss in the

following theorems. To prove these results, we will assume f(2) and e b B are
continuous and defined for all a > 0.

Theorem 3.1 The characteristic equation fooo e A (a)da—1 = 0 admits exactly one real root
for A.

Proof. Define W(a) := fooo e **Y(a)da. The net maternity function 1(a) can not be
negative and also e™* is real and positive. For non-trivial case {(a) > 0 on some open
subinterval of [ 0, 00), W(A) > 0 for all A € R. Also we notice that

lim W(1)=eo, lim W(1)=0.
—+o00

A——00

Now W'(A) = — fooo Ae*(a)da < 0 for all A € R. Thus W(a) is a positive, mono-
tonically decreasing function of A which implies there is exactly one real A for which
W(A) =1 and this completes the proof. m|

Theorem 3.2 All complex roots of the characteristic equation occur in conjugate pairs.

Proof. Let A = a + i be a complex root of the characteristic equation.
Then,

f e @B (a) da = 1.
0

By expansion of the left-hand side, and identification of the real and imaginary parts,
we find

fm e " cos(fa)P(a)da =1,
0

and N
f e sin(pa)y(a)da = 0.
0

Substitution of A = & —if into the characteristic equation leads to the same result. This
shows that A = a —if is also a root of the characteristic equation. m|
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Theorem 3.3 If r is the real root and « is the real part of any other complex root, then r > a.

Proof. Let A = a + i denote any complex root of the characteristic equation. Substi-
tuting A in the characteristic equation we have

foo e " cos(Ba)P(a)da — ifoo e sin(Ba) Y(a)da = 1.
0 0

Comparing real and imaginary parts from the both sides of the above equation we
have,

foo e cos(Ba)yY(a)da =1, (3.13)
0

and

foo e sin(fa) Y(a)da = 0.
0

Because cos(fa) < 1 for some pa in the range of integration for equation (3.13), so we
must have

f e *"P(a)da > 1.
0
But -
f e""Pla)yda =1,
0
giving 7% < e~** which implying r > « as required. O

3.3.3 Remark

In this model we are generally interested in the long term behaviour of the
population. If r denotes the above mentioned unique real root of the characteristic
equation then under appropriate assumptions on 8, u and the initial age distribution
¢, it can be shown [65] that every solution u(a, t) of the PDE has the property that,
uniformly in finite intervals of a,

lim |e"u(a, t) — C(¢) exp [—m - fa u(b) db] | =0,
f=o0 0

where C(¢) is a value which depends on ¢. This result is originally due to Lotka [38],
[39] and was proved rigorously by Feller [23]. A semigroup theoretic proof of the
above result is available in [65].
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3.4 Multiregional Demography

Formal demography is concerned with the mathematical description of human (or
nonhuman) populations, particularly with their structure with regard to age and sex,
and the components of change, such as births and deaths, which occur over time
to alter that structure. Accordingly, demographers have focused their attention on
population stocks and on population events. Our work is based on a model, which
deals with the extension of that focus to include the flows that interconnect and weld
several regional populations into a multiregional population system. One of the first
major contribution along this line is by Rogers [52].

Following [52] and [53], “formal multiregional demography, therefore, is concerned
with the mathematical description of the evolution of populations over time and
space. The trifold focus of such descriptions is on the stocks of population groups
at different points in time and locations in space, the vital events that occur among
these populations, and the flows of members of such populations across the spatial
borders that delineate the constituent regions of the mulitiregional population system.
A biological population may experience multiple states in two ways:

First, it may visit different states in the course of time, the whole population
experiencing the same (possibly age-specific) vital rates at any one time. For example,
a troop of baboons moves from one area to another of its range, with associated changes
in food supply and risks of predation [2]. A human population experiences fluctuating
crop yields from one year to the next, with associated effects on childbearing and
survival. These are serial changes of state of a homogeneous population.

Second, the population may be subdivided into inhomogeneous subpopulation
that experience different states in parallel. Individuals may migrate from one state to
another in the course of time. The states may corresponds to geographical regions,
work status, marital status, health status, or other classifications [54]. Individuals
within a given state at a given time are assumed to be homogeneous with respect to
their vital rates. In general multistate stable population theory is used for two reasons:

1. To explore the relation between individual life histories and population character-
istics.

2. To explore the consequences of current life histories and variations in life histories.
Stable populations are a population that experiences particular demographic regimes
(transitions) over a long period. The theory is used to magnify the effects of a current
demographic regime and to assess the consequences of small changes in demographic
behaviour (microscopic view).”

For more detailed study of multidimensional demography, we refer to [33], [53].
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Singularly Perturbed Model

41 The Model

We are going to consider a closed (with no immigration and emigration), one-
sex population model which is linear and continuously depends on age. The whole
population is additionally subdivided into several groups. We assume the population
is distributed into n patches or states which may be interpreted as geographical areas
or any other classifications with proper meaning. The basic assumptions regarding
this population model are as follows:

1. Migrations between patches occur in a discrete manner.

2. The migrations occur on a much faster time scale than the demographic events
(ageing, births and deaths).

3. The migration rates between the states, death rates and the birth rates may be
age dependent.

4. The movement process between the patches is conservative with respect to the
life dynamics of the population.

To describe the model, let u;(a, t), for 1 < i < n, be the density of a population at time
t of individuals residing in patch i and being of age a so that the number of inhabitants
in the age interval of a + da is approximately equal to u;(a, t)da and precisely

a+da

f u;(s, t) ds.

25



CHAPTER 4. SINGULARLY PERTURBED MODEL 26

Let M(a) := diag[pi(a)]i<i<n denote the mortality matrix in which p;(a) is the mortality
rate at age a in the ith patch. Let the matrix C(a) := [c;;(a)]1<; j<» describe the transfer of
individuals between patches, that is, ¢;;(a), for i # j, denote the migration rates at age a
from state j to state i and the diagonal elements c;;(a), defined as c;i(a) := — }:?:1,]-# cji(a)
indicate the net loss of population in ith state due to migration to other states. Let
B(a) := diag[fi(a)]i<i<, denote the fertility matrix in which ;(a) is the average number
of offspring of state i per unit time produced by an individual at age a. Let ¢(a) be
the initial population vector. Migration between the patches occur at a much faster
time scale than the demographic processes such as aging, and this is incorporated by
introducing a large parameter 1/e multiplying the migration matrix C(a). For all our
future work, we will assume that € > 0 is an arbitrary small number.

Denoting the population vector as u(a,t) := (u1(a,t),...,u,(a,t)) we have the
following system of equations (in vector form) with proper initial and boundary
conditions

w=-u,— Mu-+ % Cu, (4.1)
[yu] (t) := u(0,t) = [Bu] () := ‘fo B(s)u(s, t)ds, 4.2)
u(z,0) = ¢p(a), (4.3)

where subscripts t and g, respectively denote differentiation with respect to the vari-
ables t and a. To avoid technical difficulties, we have taken the upper limit of the
integral in boundary condition (4.2) as infinity. From a practical point of view, one can
always assume a finite upper limit of age (say, w) and the rest of the range of integral
(i.e., from w to infinity ) as zero. We consider (4.1)—(4.3) in the space X = L;(R;, R"),
where the norm of a non-negative element gives the size of the total population. Here
we assume R” is equipped with the I'-type norm ||x]| := Y. |x;].

41.1 The Irreducible Migration Matrix

Definition 4.1 [26] A matrix C := [cijli<i j<n will be called a Kolmogorov matrix if

n
cij > 0fori# jand c;:=— ). cj.
j=1

j#i

In terms of the above definition, our migration matrix C is a Kolmorogov matrix.
We assume that C is irreducible. Also we assume a — C(a) € C;(R,, R™). With this
irreducibility assumption and Kolmogorov matrix structure, the migration matrix
C (a) does have special spectral properties (Theorem 4.4). Results (Theorem 4.2) are
available only for irreducible non-negative matrices. Since our migration matrix C has
non-negative off-diagonal elements, we need specific results for this type of matrices
which can be obtained using Theorem 4.2 and we prove them in Corollary 4.3. Here
for the sake of completeness, Theorem 2.3 is rewritten as Theorem 4.2 below.
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Theorem 4.2 (Perron-Frobenius) An irreducible non-negative matrix always has a positive
eigenvalue A that is simple root of the characteristic equation. The moduli of all the other
eigenvalues do not exceed A. To the eigenvalue A there corresponds an eigenvector with
positive coordinates.

Proof. See [24, p. 53]. O

Corollary 4.3 [58] A matrix A with non-negative off-diagonal entries has the following
properties:

1. The spectral bound s(A) is in 0(A) and there is a vector v > 0 such that Av = s(A)v.

2. ReA < s(A) forall A € a(A) \ {s(A)}.

3. If, in addition, A is irreducible, then s(A) has algebraic multiplicity one.

Proof. A +cI > O for all large ¢ since A has non-negative off-diagonal entries. There-
fore Theorem 4.2 applies to A + cI for such c. In particular, Sp (A + cI) is positive and
it is an eigenvalue of A + cI for all large c. Moreover there exists a corresponding
non-negative eigenvector. Since adding cI to A results in o(A + cI) = ¢ + 0(A), it
follows from Theorem 4.2, that s(A + cI) = Sp (A + cI) = s(A) + ¢ and therefore s(A) is
an eigenvalue of A. Also, adding cI to A preserves the property of irreducibility in
the sense that A is irreducible if and only if A+cl is irreducible. Since s(A) satisfies the
condition of Theorem4.2, it follows that s(A) has algebraic multiplicity one. O

Using Corollary 4.3, we can now prove the following spectral properties of our mi-
gration matrix C.

Theorem 4.4 C has zero as a simple, dominant eigenvalue and the rest of the eigenvalues
have negative real parts. 1 is the left eigenvector corresponding to the zero eigenvalue of C.

Proof. The fact that C has zero as an eigenvalue follows from the fact that the sum
of the entries of its column is zero. Let k be the corresponding right eigenvector of
the zero eigenvalue. Now let us prove that zero is a dominant eigenvalue. Following
Corollary 4.3, we have

Ck =5(C) k.

Summing over this system of equations we obtain
0=s(C)ky +...+ky),

where k := (ky, - - - , k,). The reason of getting zero on the left hand side is that the sum
of the entries of each column of C is zero. Since from Corollary 4.3, k > 0, we must
have s(C) = 0. Since s(C) is defined as the largest number among the real parts of
the eigenvalues of C, zero is a dominant eigenvalue and since C is irreducible, zero is
also a simple eigenvalue. Since the sum of the elements of a column of C is zero, it
follows that 1 is a left eigenvector corresponding to the zero eigenvalue of C and this
completes the proof. m|
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4.2 Well-Posedness of the Model

To avoid technical difficulties, in this section we assume that there is a finite upper
limit of age and denote it as w. In order to write the system (4.1)—(4.3) as an abstract
Cauchy problem we introduce the operator A as

(AQ) (a) := —¢'(a) + Qa)¢(a),

where Q(a) = [4;j(a)]1<i j<n := —M(a) + 1C(a), ¢ € D(A) and the domain is defined by
D(A) = {([) € L' ([0,w], R") : ¢ is absolutely continuous, ¢(0) = f B(s)p(s) ds}.

0
For this section, we adopt the following assumptions:

A1l: The state space of age distribution functions u(, t) is L' ([0, w], R"), where w is a
real number.

A2: u(a) and g;i(a), where i # j, 1 < i,j < n are nonnegative continuous functions
and define u := inf y;(a).

A3: Bii(a) € LY(0,w;R) for 1 < i,j < nand f;j(a) = 0 fora > w,1 <i,j < n. Also
we define f3 := esssup || B(a)|| <+co.

O0<a<w
With this set up, we prove the following result.

Theorem 4.5 A generates a Cy-semigroup {T (t)}=0 such that ||T ()| < e(ﬂ _ﬂ)t.

We use the Hille-Yosida Theorem 2.18 to prove Theorem 4.5.

Before proceeding with the proof, let us introduce the survival matrix L(a), which
is the multistate analog of the survival function in a single-state population. L(a) is
defined as the solution of the matrix differential equation:

d
@ =Q@L@), LO)=1 (4.4)

where I denotes the n X n identity matrix. From the theory of ordinary differential
equations, we know that the survival matrix L(a) is uniquely determined by the system
(4.4), and the following holds [15]:

detL(a) = exp [ f Zqﬁ(s) ds). (4.5)
0 =1

From (4.5), we know that detL(a) # 0 for all a € [0, w], and the inverse matrix L™(a)
always exists for all a € [0, w]. The (i, j)th element of L(a) denotes the probability a
person born in the jth state will survive and be in the ith state at age a. Furthermore, we
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define L(b, a) as L(b)L™'(a). The (i, j)th element I;;(b, a) of L(b, a) denotes the probability
that a person in the jth state at age a will survive to age b in the ith state. We can prove
the following.

Lemma 4.6 For L(a, ), the following holds:
1. L(b, a) is nonnegative,

2. |ILb, )l < e,
where the operator norm is related to the '-type norm in R".

Proof. 1. Clearly, L(b, a) satisties

%L(b, a) = Q(b)L(b,a), L(a,a) = 1.

Let i := sup |gii(a)|. Then Q(a) + 1l is a nonnegative matrix, and we have

L L0, = [QE) + 1] Lib, ).

By Picard’s iteration method, we have the following representation
b
L(b,a)e"™™ =1+ f [Q(p) + nI] dp

b 01
+f [Q(p1) + T]I]f [Q(p2) + 1] dp2dpy +--- .

Since the right-hand side is nonnegative, we can conclude that L(b, a) is nonnegative.

2. Next, let [;j(b, a) denote the (i, j)th element of L(b,a). Then

d

lii(b,) = ; gu(D)l(b,a),  where L(a,a) = 6;;,

and summing over index i, we have

d n n n n
7 Zf 1ij(b,a) = ; Z; Gi(b)li;(b, a) = ; (~1®)) L (b, 2)
< (-p) ) li(b,a).
i=1
Thus we obtain

Z (b, a) < e,
i=1
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This shows that ||[L(b, a)|| < e **. This completes the proof. |

In the following series of lemmas, we are going to prove the second condition of
Theorem 2.18, and that will subsequently prove our main Theorem 4.5.

Lemma 4.7 A is a closed linear operator in L*(0, w; R").

Proof. Linearity of A follows immediately from linear properties of differentiation
and matrix multiplication.

Next, in order to show that A is a closed operator, we prove that if ¢, € D(A),
lim ¢ =: ¢ € ['([0,w],R") and lim A¢, =: v € [' ([0,w],R"), then ¢ € D(A) and

n—00

Ap =v.

Since p
(A9,) @ = ~—0,@) + Q9 @),
it follows that

f (A9,)(0)do = - j: %¢n(0)d0+ j: Q(0)¢, (o) do
=—¢,@) + ¢,(0)L(@) + f Q(o)¢,(0) do
or, ¢, (0)=¢ (a)+ f: (Ag,) (0)do + f: Q(a)¢, (o) do.
Then we find that

6,0 = 0,0, 1Ll < ||, = D]l + w||Ap, - A, |, + w|Qep, - Q|| -

Hence {¢, (0)},en is @ Cauchy sequence. Let lim ¢ (0) = a. If we define

w(a) := aL(a) — f v(o)L(a,0) do,
0

then we can see that w is absolutely continuous, because the right hand side is differ-
entiable almost everywhere and its derivative is integrable on [0, w] (we assumed that
Q(a) is bounded in [0, w]). Also we have

¢, (@) — w(a) = ¢, (0)L(a) - f (A9,) (0)L(a, 0) do — al(a) + f v(0)L(a, o) do,
0 0
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which shows that lim,,_, ”(l)n - a)”L1 = 0, so ¢ = w almost everywhere. Moreover,

from ¢ (0) = fow B(s)¢, (s)ds we have a = fow B(s)¢p(s) ds when n — oo. Since ¢ = w
almost everywhere, we obtain

a=w(0)= f:u B(s)w(s) ds.

Since we can identify ¢ as w (as an element of L') by modifying the values on the null
set, so we can say that ¢ € D(A) and A¢p = v. This completes the proof. |

Lemma 4.8 p(A) D {A:ReA >p —pu}.
Proof. [28] Define the characteristic matrix I : C — B(R", R") by

A := f i ['(a)e "da,
0
with
I'(a) := B(a)L(a).

Let us first prove the following result which we are going to use in this lemma.
o(A)={1:1€C, det(I-T(1))=0}. (4.6)

To prove (4.6), let A € C be such that det (I — T(A)) = 0. Then there must exist
x € R", x # 0 such that (I - f’(/\))x = 0. Define

d(0) :=x, 4.7)
¢(a) := e ML(a)p(0), a > 0. (4.8)

Then ¢ # 0 and using (I - T(A)) x = 0 we get
$(0) = f e MB(a)L(a)p(0) da
0
= f B(a)p(a)da,

0

i.e., ¢ € D(A). Differentiating (4.8) with respect to a, we get

¢’ (a) = —AeL(a)p(0) + e_M%L(a)(p(O)
= —Ae ML(a)$(0) + e~*Q(a)L(a)(0) (by (4.4))
= —Ap(a) + Q(a)p(a) (by (4.8)
or, Ap(a) = —¢'(a) + Q(@)Pp(a) = Ad(a),
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and this implies A € 0(A). Now to prove our lemma, let F(A), A € R denote the
Frobenius root of the characteristic matrix T'(1), let fz-]-(/\) be the (i, j)th element of
[(A). Let Sp(A) denote the spectral radius of the operator A. Then it can be shown
that Sp(T'(A)) < F(A) ([24], p.57). From

[T (Rer)|| < f IT@)I| e do
0
< f IB@)IIL@)| e **do
0
<p f e (R g (by Lemma 4.6 and assumption (A3))
0

B [1 B e—(ReA+E)w] ’

we obtain

F(Re/) < max Z T(ReA) = ||[F(Rer)| (4.9)

i=1

<

[1 _ e_(RE/H'ﬂ)w:I ,

ReA + u

where for the proof of the inequality in (4.9), we refer to [24, p.63]. Therefore if
Red > B — u then Sp(I'(1)) < F(ReAd) < 1. Thus det(I-T(A)) #0 for Red > — .
Hence using (4.6), we get p(A) D {1 : ReA > — u}. O

Lemma 4.9 If A € p(A) with A > B — p, then R(A, A) is given by

w -1
R(A, A)(a) = e L(a) (I - f B(b)L(b) e‘Abdb)
0

><fwB(a)L(a)e_MfeAbL_l(b)tp(b)dbda+e_A”L(a)feAbL_l(b)gb(b)db.
0 0 0

Proof. Following [65], define
A(A)x = x — f e~ B(a)L(a) x da,
0

where x € R” and ReA > E— u. Let € L'. There exists ¢ € L! satisfying (AI-A)¢p = ¢
if and only if B

Ap(a) + ¢'(a) - Q@)Pp(a) = P(a), (4.10)
$(0) = f B(a)p(a)da. (4.11)
0
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The solution of (4.10) is given by (see [42, Proposition 5.2, p. 242])
¢(a) = e L(a)p(0) + f e M0 L(a, b)y(b)db. (4.12)
0
Substituting this formula for ¢ into the boundary equation (4.11), we obtain

$(0) = fo we_MB(a)L(a)cp(O)da+ fo wB(a) [ f; e Mab) L(a,b)t,b(b)db] da.

Since A > B — 11, A ¢ o(A), so that A(A)~! exists and thus we get

w -1 w (1
(p(O):(I—f(; e‘A“B(a)L(a)da) [) B(a) lfo e‘M”_b)L(a)L_l(b)lp(b)dbl da. (4.13)

Hence, putting the expression of ¢(0) from (4.13) into the equation (4.12), we get

W -1
@) = R(A, A)p(a) = e L(a) (I— f B(b)L(b)e‘M’db)
0
) o[ L yyp(b) dbda + e WL yep(b) db.
xﬁ'mwume j:eL Oy(b) dbda + ¢ umiﬁzL<>w>

O
Lemma 4.10 D(A) = L'(0,w; C").
Proof. To prove the result, we follow [28] but we will go through the detailed calcu-
lations. If A >  — u, we can define ¢, = A(AI — A)~'4p for all ¢ € L'(0,w; C"). Since

¢, € D(A), it is sufficient to show that ¢p, — P as A — oo in L'(0, w; C"). Now using
the expression of the resolvent from Lemma 4.9 we have

w -1
0.0 =2 101- [ BOLO )
0
Xfo B(u)L(u)e‘A“L M L7 o) (v) dodu + Ae™™ L(a)f0 e L™ (0)y(v) do.

We can write qu}L - '7bHL1 < J1 + J», where

11=Af
0

-1

¢ L(a) (1 - f i B(b)L(b) et db)
0

da,

¢ —Au ‘ Av g -1
XL B(u)L(u)e [)e L™ (v)yY(v)dvdu
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o = f i Ae™ L(a) f e LN (o) (v) dv — P(a)|| da (4.14)
0 0
Now
HI— fw e " B(a)L(a) da . e " L(a)B(a) da
0
—(A+w)a .. “ —(A+wa ﬁ_
>1- ﬁf B da [ ﬁLe 2 dﬂ<m<1
w 1 A+ A+
or, H(I—f e~ ""B(a)L(a) da) s £ e S _E .
0 ~B-w+pe T A B p)
So
w w -1
—(A+u)a _ —Aa
i < /\j(: |e £ (I f) e " B(a)L(a) da)
fw ”B(u)L(u) e M| x fu et L‘l(v)lp(v)” dvdu] da
0
_ A+u w
— —()\+y —(/\+y)u /\+y)v d d d
< /\ﬁ—_ (E—y)‘ﬁ f f v)” vdu| da

e M qy dol da

A+y
o MHia
(/3 u)f [ fo
_()\+.U -(A+p(A+p)
- (B~ mjﬁ_ ‘ﬁe € IWmeJM

B 1 (1 —(A+E)w)
- /\ﬁ A+
A-G-p At
1- e—(A+p)w

- (B~ u)f\ﬂu

el

el - (4.15)

or ]1S

and hence lim [, =
A—o0
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To show lim,_, J> = 0, we notice that the expression J, in (4.14) can be written as

Jo = f @ f e L 0)h(0) do — (a)| da
0 0

< fo IL@)Il

< f . A f Ae e ML (v)(v) dv — e H'L 7 (a)y(a)|| da
0 0

= f f Ae He Mo DL (g — Pyp(a — £) dt — e H' L7 (@) p(a)
o 11Jo

= fw f AeMe M ih(a — t) dt — Pa
o 1Jo

where P(a) := e ¥'L™ (a)(a) and since

da

Ae N IL @)p(0) do — L (@)ipa)
0

(L@l < )

da (wheret :=a— )

(4.16)

[#@[| = e L@ [[p@] < e [[pia)] =

we have i € L'. Now, following [65], to prove that the expression (4.16) tends to zero
as A — oo, let t > 0 and define ¢' € L! by

a<t
lp()_{_”tq)(a ), a>t

Since

W=l = [ @ - g a
- [l [ ga-n- g a
< [l aar [~ -1)a@-n]da+ [ a0~ g a
= [l as [~ e -no@] s [ 190 pura]

(4.17)

we claim that

lim [’ - ||, = 0. (4.18)

t—0
To prove (4.18), the last term from (4.17) needs some attention and we show that

1m1(1@a+m—¢@”@:o
0

t—0

or, lim |/, - ¢||,, =0, (4.19)

t—0

where §,(z) := P(t + 2).
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Now as the continuous functions with compact support are dense in L! ([59, Theorem
2.4]), the proof of the fact (4.19) is a simple consequence of the approximation of
integrable functions by continuous functions with compact support. In fact for any
€ > 0, we can find such a function g such that [|{p — g|l;: < e. Now

P-P=(g-8)+(P-8)-@P-g),

where g;(x) := g(t+x). However, ||l])t —gilli = [P —gllx < €, while since g is continuous
and has compact support, we have

oo -l = [ e +2- gl ¢z 0ast o

Therefore, if [t| < 6, where 6 is sufficiently small, then ||g; — gll;: < €, and as a result
P, — Pl < 3€, whenever [t] < 6. This proves (4.19) and subsequently we have (4.18).

Now from (4.16), we have

0 0
_ . —At —ut g _ ” —Atg
_Lm fmAe e Ep(a—t)dt fok\e l[)(ﬁl)dt‘
- f f Ae ™M [l[)t(a)—l]J(tZ)]dt‘ da
0 0
»y by o
< fo {/\e fo 9! (@) - ¢a)| da} dt

<sup [ =9l [re a2l [ aeva
0 €

0<t<e

< sup [[g' = g, + 2], e
0<t<e

da

da (f Ae Mdt = 1)
0

Therefore, using (4.18), we find }llim J> = 0. Hence we can conclude that

lim [[p, = wll,, =0,

A—00

and this completes the proof. O

1
Lemma4.11 ||[(AI-A) || € ————.
A=B-w

Proof. From the proof of Lemma (4.10) we have

”(/\I—A)_lv,b”s%]l+f e‘A”feMIIL(a,U)II||1,l;(v)|| dvda,
0 0
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where, from (4.15), we have
1 < AP . 1_ .
A+ =G p)

J [,

and

w 1
—Aa Av L : dod < . 1+
[ foﬂe L oMo doda < 7. ol

So, we have

-
A-B-p)

-1 1 p
A=A < “Elﬁ—(ﬁ—ﬁ)ﬂ

Proof of Theorem 4.5. Considering above lemmas, we can see that (A, D(A)) satisfies
condition (2) of Hille-Yosida Theorem 2.18. Hence, the proof of Theorem 4.5 follows
immediately due to equivalence conditions (1) and (2) in theorem 2.18. O

The specific spectral properties of the migration matrix what has been discussed
in this chapter is going to be used in the asymptotic analysis of the model in next
chapter. Also the existence of the Cy-semigroup (Theorem 4.5) is one of the crucial
result needed for all of our further analysis.



CHAPTER 5

Asymptotic Analysis of the Perturbed Model

5.1 Aggregated Model

Biological heuristics suggests that no geographical structure should persist for very
large interstate migration rates; thatis, fore — 0. Here we also note that both biological
and mathematical analysis rely on A = 0 being the dominant simple eigenvalue of C(a)
for each a € R, with the corresponding positive eigenvector, denoted by k(a), and the
left eigenvector 1 = (1,1,...,1). Vector k(a) is normalized to satisfy 1-k = 1 and
k(a) = (ki(a), ..., ky(a)) is the so-called stable patch structure; that is, the asymptotic
(as t — oo and disregarding demographic processes) distribution of the population
among the patches for a given age a. Thus, in population theory, the components of k
are approximated as k; = u;/u fori =1,...,n, where

n

u:zu-l:Zui.

i=1
Adding together equations in (4.1) and using the above approximation we obtain
U = —U, — [, (5.1)

where p* := 1- Mk is the ‘aggregated” mortality. This model, supplemented with
boundary condition

u(0,t) ~ f(; ) B (a)u(a, t)da, (5.2)

38
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where * := 1- Bk is the ‘aggregated fertility’, is expected to provide an approximate
description of the averaged population. Thus, (5.1) is the macroscopic and (4.1) the
mesoscopic description of the population.

The main goal of this chapter is a rigorous validation of the above heuristics;
that is, that the true total population u can be approximated by the solution i of the
aggregated problem (5.1)—(5.2) (where ‘*" is replaced by ‘=") with an e-order error.
The analysis is involved due to the initial and boundary conditions which are not
consistent with those of the aggregated model. This makes the problem singularly
perturbed and thus necessitates a careful analysis of the boundary, corner and initial
layer phenomena.

5.2 Formal Asymptotic Expansion

In order to achieve our goal, we derive formulae for the asymptotic expansion,
which are formal in the sense that they are valid if all terms are smooth enough to allow
for applications of necessary operations. But it is not always so and a full justification
of the validity of the expansion requires using integral formulation of the problem
which is much more involved and is referred to Chapter 7. However, the results given
here serve as a guideline for the proper analysis and, once validated, are easier to use.
To start our asymptotic analysis, using the spectral properties of the migration matrix
C, first we define projection operators on the space R" and subsequently we apply
these projection operators on the perturbed system. The validity of these projections
follows from Theorem 2.6.

5.2.1 Spectral Projections

The assumptions on C(a) ensure that for each a € R,, 0 is the simple dominant
eigenvalue of C(a) with positive eigenvector k(a). The null-space of the adjoint matrix
is spanned by 1 = (1,...,1) and we will normalize k to satisfy 1-k = 1. The spectral
projections P, Q (depending on a) are defined as follows

Pu:=(u-1)k = kZui,
i=1

while the complementary projection is given by Qu := u — Pu. The ‘eigenspace’
corresponding to A = 0 (also known as hydrodynamic space) is a-dependent and is
given as V(a) := Span{k(a)} =: [k(a)]. However, the complementary space to V(a) (also
known as kinetic space) is independent of a and it is given by S := ImQ := {x : 1-x = 0}.
Hence any element u € R" can be decomposed as

u=Pu+Qu=v+w=uk+w,
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where u is a scalar defined as )., u;. For each a € R, the decomposition R" = V(1) &S
reduces C(a). Its part in V(a) is zero whereas for Cs := QCQ = C|s we have

s(Cs(a)) := max {ReA(a) : A(a) € 6(Cs(a))} < 0.
For the asymptotic analysis of the perturbed system we need

sups(Cs(a)) =: C < 0.

a€eR,

Further properties of C are mentioned in the following lemma.
Lemma 5.1 Under the above assumptions, C;' € Cy(R., R™) and k € C,(R,,R").

Proof: The first statement is obvious since the determinant of Cs(a) is twice differen-
tiable and bounded away from zero by uniform invertibility of Cg(a).

To prove the second statement, we note that the spectral projection onto the eigenspace
associated with A = 0 is defined by

_ 1 1
P@) = 5 fr (AT = Cs(a)™" dA, (5.3)

where I is the circle surrounding the eigenvalue 0 of, say radius p = —(/2. Then T is
contained in the intersection of resolvent sets of each Cg(a). Thus we can apply [29] to
claim that P(a) is as smooth as Cs. But k can be expressed as k(a) = P(a)x/(x - 1) for a
tixed vector x, so k is smooth as P. Since A € I' which is at least —(/2 away from any
eigenvalue of Cgs(a),a € R, itis clear that differentiation of (5.3) will produce bounded
derivatives and hence the required derivatives of k are bounded. ]

5.2.2 Projected System of Equations
To apply projections on (4.1)—(4.3), we will use the following lemma.

Lemma 5.2 For sufficiently reqular function a — u(a) we have
P(uk) = uk, Q(uk) =0, Q(uk,) = uk,,
P(uk,) =0, PCu =0, QCPu = 0.

Proof. Now P(u,k) = u,(1 - k)k = u,k. Next using this we have
Q(u,k) = u,k — P(u,k) = u,k — u,k = 0.

Also
P(uk,) = u(1-k,)k = 0.
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Sincel-k =1, weget1-k, =0and thus
Q(uk,) = uk, — P(uk,) = uk, —u(1-k,) k = uk, — 0 = uk,,
and

k=0,

PCu=(1-Cu)k = (Zn: Zn: CijUj

j=1 i=1

since the sum of the entries of a column of C is zero. Also
QCPu = CPu - PCPu=Cv-PCv=uCk —u(1-Ck)k =0,
as Ck = 0. We note that
1-w,=1:-Qu,=1-(u;,—Pu,)=1-u,—1-Pu, =1, -1 (ku,) =u, —u, =0,
since 1- k = 0. This shows that w, € S. O

Now, using Lemma 5.2 and operating formally with P and Q on both sides of (4.1) we
get

v; = —v, — PMv — PMw, (5.4)
and
ew; = —€uk, — ew, —eQMv — eQMw + Csw, (5.5)

where we have used the following fact
u, =v,+w, =uk, +u,k+w,.

Similarly applying projections P, Q on initial condition (4.3) and boundary condition
(4.2) we get, respectively,

v(a,0) =: vo(a), wi(a,0) =: wy(a), (5.6)
and
v(0,t) = f ) P(0)(B(s)v(s, t)) ds + f ) P(0)(B(s)w(s, t)) ds, (5.7)
0 0
0,t) = B ,Hd B ,Hds —v(0,1), 5.8
wi(0, 1) f[; (s)v(s, t)ds + fo (s)w(s,t)ds — v(0,t) (5.8)

where, for (5.8), we have used the following relation:

u(0,t) = v(0, 1) + w(0, ) = f ) B(s)v(s, ) ds + f ) B(s)w(s, t) ds.
0 0
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5.2.3 Bulk Approximation

Following the idea of the Chapman-Enskog asymptotic method as described in [11],
we put w = wy + € w; + - -+ leaving, however, v unexpanded. Thus

(v(a,t),w(a,t)) = (v(a,t),wola,t) +ewy(at)+---).

Inserting these into (5.4)—(5.8) we have

v, =—-v,— PMv-PM(wy+ewy +--+), (5.9)
EWs + €2W1s + - = —eK U — €W, — €2W1, — -+ - — eQMV
—eQM(wy+ewy +---) + Cs(wop +ewy +--+), (5.10)
v(0,t) = foo P(0)(B(s)v(s, t))ds + foo P(0)(B(s)(wo + ewy +---))ds,
' ' (5.11)
wo(0,t) +ewy(0,t) +--- = f B(s)v(s, t)ds + foo B(s)(wo + ewq +---)ds —v(0,t),
0 0
v(a,0) = vo(a), (5.12)
wo(a,0) + ewy(a,0) + - - - = wy(a).

Let v and W := W, + ew; denote the solutions (called bulk solutions) to the truncated
equations. Comparing €” order term of (5.9), we have

¥, = —v, — PMv — PMw,. (5.13)
Comparing €’ and € order terms of (5.10), we get respectively

Cswy = 0, (5.14)
and
V_V(),t = - kalx_l - Woﬂ - QM‘_/ - QMWO + Csv_Vl, (515)

where v = k.

Now w, € S. Restriction of Q to the subspace S becomes an identity map and all
the eigenvalues of C have negative real parts in S. Therefore C;' exists. Hence, from
(5.14), we have

V_VQ = 0,

while (5.15) gives
C5W1 = kalx_l + QM\_’ (516)

Comparing €° order terms of (5.11) we have

90, ) = fo ) P(0)(B(s)¥(s, 1)) ds. (5.17)
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Using the definition of ¥ := kil in equations of (5.13), (5.17) and (4.3), respectively, we
get

i, = —il, — ',
(0, ) = f ) B(s)i(s, ) ds, (5.18)
0
i(a,0) = ¢p(a),

where we have defined ¢(a) := }.i; ¢:(a). The system (5.18) is precisely the “aggregated
model” (5.1)—(5.2).

The error due to the approximation we made only using the bulk part is

E(a,t) := (e(a, 1), f(a,t)) = (ek, f)
= (v(f) = v(t), w(t) — w(t))
= (v(t) — v(t), w(t) — ewy(t)). (5.19)

From this definition we have the following system of error equations

e =V;—V;
= —-v, — PMv - PMw - v,
= —e, — PMe — PMf — ¥, — v, — PMV + ePMw,
= —e, — PMe — PMf — ePMw,

where we have used (5.13). Next
fi =w; —ewy,
=-k,u—w, — QMv — QMw + %Csw — EWq
= —k,u —f, — ew;, — QMe — QMV — QMf — eQMw; + éCsf + CsWp — €Wy
= —ek, — f, — eW;, — QMe — QMf — eQMw; + %Cgf — €Wy,
where we have used (5.16). The initial conditions are

e(a,0) =v(a,0)—v(a,0) =0,
and
f(a,0) = w(a, 0) — ew(a,0)
= wo(a) — €C5'(a) (k,ii(a, 0) + Q(a)M(a)¥(a, 0)) ,
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while the first boundary conditions is

e(0,1) = v(0,) — %(0, )
- f P(0)(B(s)v(s, ) ds + f P(0)(B(s)w(s, £)) ds — %(0, )
0 0

_ f T PO)(B(s)es, 1) ds + f " PO)B($)Es, £) ds
0 (o) 0 (o)
P(0)(B(s)¥(s, t)) d P(0)(B(s)w;(s, t)) ds — v(0,
+ fo O)(B()¥(s, B)ds + ¢ fo O)(B(s)W1(s, 1)) ds — (0, 1

= foo P(0)(B(s)e(s, t)) ds + f“ P(0)(B(s)f(s, t)) ds + efoo P(0)(B(s)w(s, t)) ds,
0 0 0

where we used (5.17). Further,
£(0,t) = w(0,t) — e w1(0, 1)
= f B(s)v(s, t)ds + f B(s)w(s, t)ds — v(0, t) — ew(0, t)
0 0

ZL B(s)e(s,t)ds+‘f0 B(s)\‘r(s,t)ds+‘fO B(s)f(s, t) ds

+€ f‘” B(s)W(s, t)ds — e(0,t) — ¥(0, t) — ew;(0, t).
0

From the above set of error equations, we observe that in the initial and boundary
error equations we do have some terms which are not of order €. Therefore we cannot
hope for (5.19) to be an O(e) approximation of ii. To remedy the situation we have to
introduce corrections which will take care of the transient phenomena occurring close
to t = 0 and to the boundary a = 0. They should not ‘spoil” the approximation away
from spatial and temporal boundaries and thus should rapidly decrease to zero with
increasing distance from both boundaries.

5.2.4 Initial Layer

In order to construct the initial layer corrector we blow up the neighbourhood
of t = 0 by introducing the ‘fast’ time 7 := t/e and the initial layer corrections by
ti(a, 1) = (V(a, 7), W(a, 7)). Thanks to the linearity of the problem, we approximate the
solution u as the sum of the bulk part obtained above and the initial layer which we
construct below. We insert the formal expansion

V(a, 1) = Vo(a, )+ evi(a, )+, w(a, 1) = Wo(a, ) + ewy(a, 7) +---
into (5.4) and (5.5), getting,

‘70,’[+€‘~71,I+"' = —6(‘70,01+€‘~/1,a+"')—€PM(‘~/Q+€\~71 +"')—€PM(W0+€W1 +"'),
(5.20)
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and

WQIT + €W1,T +---= —€ka1/~l — (€W0,a + €2W1’a +-- ) — GQM(VO +eVy+ - )

—eQM(Wo + ewy +--+) + Cs(Wo + €Wy + -+ +), (5.21)
where i := 1- @t. Comparing €° order terms from (5.20) and (5.21) we get respectively

Vor =0, (5.22)
WO,T = C5W0. (523)

Since ¥ is a layer term, so it should be important only in a small vicinity of the initial
point t = 0. Since from (5.22), ¥, = constant, we must take

‘70:0.

Now (5.23) gives
Wo(a, T) = e 2O, (a,0).

We define w(a, 0) := wy(a) in order to get rid of w, from the error equation of the kinetic
part, namely f(a,0). Due to the assumption that A = 0 is the dominant eigenvalue of
C uniformly in 4, the type of {exp(tCs)}:so in S is negative uniformly in 2 and thus
exp(7Cs) decays to zero exponentially fast. We also note that the initial layer is
fully determined by the initial condition wy and thus no corrections to the boundary
conditions can be made at this level; on the contrary, as we shall see, the initial layer
introduces an additional error on the boundary.

We modify the approximation made by the bulk part and take into account the initial
layer:
(V(ﬂ, t)/ W(ﬂ, t) ~ (‘_I(ﬂ, t)/ EW] (ﬂ, t) + WO(a/ t/e))

Then the new error of the approximation is given by
E@,t) == (&(a, 1), f(a, D) = @@, 1)k, Fa, 1))

= (V({Z, t) - V(a, t)/ w(al t) — €W (ll, t) - Wo(ﬁl, t/e))

= (e(al t)l f(&l, t) - Wo(ﬂ, t/e))
Again, assuming that all the terms are sufficiently smooth and using linearity of the
problem, we have the following set of error equations

& = —&, — PMé — PMf - PMw, — ePMw;,

and

~ 1 _ -
= —fa — Woﬂ — €Wy, — QMé — QMf — éka — QMWQ — €QMW1 + ECsf — €Wy,
(5.24)
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where we used (5.23) in (5.24). The initial conditions are as follows,

é(a,0) =0,
and
f(a,0) = £(a,0) — W(a,0) = —eW1(a,0),

while for the boundary conditions we have

&0,1) = e(0,1) = fo ) P(0)(B(s)&(s, 1)) ds + fo ) P0)(B()E(s, 1)) ds

+ efoo P(0)(B(s)w(s, t)) ds + foo P(0)(B(s)Wo(s, T))ds, (5.25)
0 0
and
£(0,1) = £(0,t) — W(0, 1)

:fo‘ B(s)é(s,t)ds+jo‘ B(s)f(s,t)ds+£ B(s)Wy(s, T) ds

+ j:o B(s)V(s, t)ds + ejom B(s)w(s, t)ds — &(0, t)
—¥(0,t) — ewy(0, t) — Wo(0, t/€). (5.26)

As expected, the troublesome O(1) term J:O B(s)v(s,t)ds — v(0,t) in the boundary
condition (5.26) has been unaffected by the initial layer. Also the initial layer has
introduced a new short range error at @ = 0. This necessitates introduction of the
boundary layer.

5.2.5 Boundary Layer

To eliminate O(1) term fooo B(s)v(s, t)ds — v(0, t) from (5.0206) we introduce boundary
layer corrections. We cannot eliminate the O(1) terms fo P(0) (B(s)Wy(s, 7)) ds from
(5.25) and fooo B(s)Wq(s, ) ds and wy(0, 7) from (5.26) at this level as these terms are on
a different time scale.

The boundary layer is constructed by blowing up the state variable 2 according to
a :=a/e and defining
(e, 1) = (V(a, ), W(a, 1)).

Again, the linearity allows us to approximate the solution u by the sum of the bulk
and initial layer parts, obtained above, and the boundary layer. Thus, inserting the
expansions

V(a,t) = Vo(a, t) + eVq(a, t) +--- and W(a,t) = Wo(a, t) + ewq(a, t) +---,
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as before into the projected equations (5.4), (5.5) we get respectively

€V + €+ o= —(Vou+€Via+-r)
— e(P(0)M(0) + aP’(0)M(0) + aP(0)M’(0) + - -+ )(Vo + €V + -+ +)
— e(P(0)M(0) + aP’(0)M(0) + aP(O)M'(0) + - - - )(Wo + €Wq + -+ +),
(5.27)
and
EWq + €W + -+ = —ek, 1l — (W + €W + - +)
— €(Q(0)M(0) +aQ’(0)M(0) + aQ(O)M’(0) + - )(¥o + €91 + -+ -)
— €(Q(0)M(0) +aQ'(0)M(0) + aQ(O)M’(0) + - - - )(Wo,c + €Wy + - )
+ (Cs(0) + aC5(0) +...)(Wo + €Wy +...). (5.28)

At the €° order of the hydrodynamic part (5.27) we have
Voo = 0. (5.29)

Since ¥y is a layer term, it should be important only in a small vicinity of the initial
point a = 0. Since (5.29) gives ¥, = constant, we must take ¥, = 0.

Now at the €” order in the kinetic part (5.28) we have
Woo = Cs(0)Wo,

and this gives
Wo(a, t) = e*O%, (0, t). (5.30)

At this stage we are free to choose the boundary conditions which will help to eliminate
the O(1) term [~ B(s)¥(s, t) ds — ¥(0, t) and, for this, we define

Wo(0, 1) := f ) B(s)¥(s, t) ds — ¥(0, £). (5.31)
0

Let us define the new error

A

E(a,t) := (é(a, )k, £(a, 1))
= (ek(a, 1), f(u, t) — Wo(a/e, b)),

where W is given by (5.30) and (5.31). The new error equations are as follows:

¢, = —&, —- PMé — PMf — PMw, — ePMw; — PMw,,
and

>

t = ft - WO,t
= —f, — Wy, — ew;, — QMé — QMf — QMWw, —- QMW — eQMw; — &k,

1 . 1 _ . - N
+2 (Cs(a) — Cs(0)) Wy + ECsf — €W — Wyt
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For the boundary conditions we obtain
é0,t) = jgm P(0)(B(s)é(s, t)) ds + I}m P(0)(B(s)f(s, t)) ds + I}m P(0)(B(s)Wo(s, 7)) ds
+€ f P(a) (B(s)W1(s,t)) ds + € f P(0) (B(ea)Wy(a, t)) da, (5.32)
0 0

and

£(0,1) = £(0, ) — W(0, 1)
:fo B(s)é(s, t)ds+€f(; B(ea)wy(a, t)da—é(O,t)+f(; B(s)f(s, t) ds

+ foo B(s)Wo(s, ) ds — Wy (0, T) + efoo B(s)W1(s, t) ds — ewq(0, 1), (5.33)
0 0

where we have used (5.31).
The initial conditions take the following form:
é(1,0)=0, and f(a,0) = —Wy(a/e,0) — ew(a,0).

We note that, even with the boundary layer, we still have terms depending on t/e,
namely [~ P(0)B(s)Wo(s, 7)ds in (5.32) and [~ B(s)Wo(s, 7) ds, Wo(0,7) in (5.33). This
necessitates introduction of the corner layer.

5.2.6 Corner Layer

To eliminate O(1) terms fooo P(0)B(s)Wy(s, T) ds from (5.32) and fooo B(s)Wy(s, 7) ds,
Wy (0, 7) from (5.33), we need corner layer corrections. Here we enlarge both time and
age variables as a := a/e and 7 := t/e. As before we use linearity and seek the corner
layer independently by inserting the formal expansions

V(a, 1) = Vo(a, ) + evqy(a,T) +---, and Ww(a, 1) = Wo(a, T) + ewq(a, 7) + - -

into the projected system (5.4), (5.5) we get respectively

1 1
_‘VIO,T+‘71,T+'”=_(_‘70,&-’_‘71,&4_”')
€ €

— (P(0O)M(0) + aP’(0)M(0) + +aP(0)M’(0) - - - ) (Vo + €V + - - )
— (P(O)M(0) + aP’(0)M(0) + aP(O)M'(0) + - - - )(Wrp + eViry + - --),

and

Wo, + €W+ = —€k,(0)u — (Wou + €Wy g + )
—€(Q(0)M(0) +aQ’(0)M(0) + aQ(0)M'(0) + - -+ )(Vo + €V1 + -+ -)
— €(Q(0)M(0) +aQ’(0)M(0) +aQ(O)M’(0) + - - - )(Wo + €Wy + - -+)
+(Cs(0) + aC5(0) + - -+ )(Wo + €Wy + -+ ).
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Comparing coefficients at the e’ level we have

‘70,1 + \ufora =0, (534)
WO,’[ = _WO,a + Cs(O)WO (535)

Here we have freedom of choosing both the boundary and initial conditions (in («, 7)-
variables) which will help to eliminate the problematic terms on the boundary. There-
fore we define boundary conditions

%0, 7) 1= f " PO)B()Wols, 7) ds, (5.36)
0
and

Wo(0, 7) = f ) B(s)Wo(s, 7) ds — Wo(0, T) — (0, 7). (5.37)
0

Define the new approximation
u(a, t) = (v(a, t), wia, t)) = (V(a,t) + V(a/e, t/e),
ewi(a, t) + wo(a, t/e) + W(a/e, t) + w(a/e, t/€)),
with the error of this approximation given by
E:= (& t) f@at)
= (é(a/ t) - ‘U]O(a/ T), f(a/ t) - WO((X/ T))
Taking all layers into account, we find that the final error formally satisfies

1

é = ét - —‘70,r
€
N 1
= —&, ~ PMé — PMf — PMW, — PMW, — ePMW; — —Vo,;

= —&, — PM& — PMf — PMv, — PMw, — PMw, — ePMw; — PMWw,, (5.38)

where we used (5.34). Further

= —f, — Wo, — Wy, — ilgk, — QMé — QMv, — QMf — QM — QMWw, — QMW
1 1., 1 § _ .

- eQMw; + E(Cs(‘l) — Cs(0))Wo + ngf + E(Cs(ﬂ) — Cs(0))Wo — €Wy — Wy,

(5.39)
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where we used (5.35). The boundary condition for the hydrodynamic part is
€0,t) =e(0,t) —v(0,7)
= ef P(0)(B(s)é(s, t)) ds + f P(0)(B(s)(s, t)) ds
0

0

+€ fm P0)(B(ea)Vo(w, 7)) da + € f“’ P(0)(B(ea)wy(a, 7)) da
0 0

+€ f P(0)(B(s)W1(s, 7)) ds + € f P(0)(B(ea)Wy(a, t)) da, (5.40)
0 0

where we have used (5.36). Further,
£(0,t) = £(0, 1) — Wo(0, 7)
= f B(s)é(s, t)ds + ef B(s)w(s, t)ds
0 0

+ fo B(s)f(s, t)ds + € fo B(ea)Wo(a, T) da — ew1(0, £)

+€‘f0 B(ea)\“fo(a,f)da+e‘f0 B(ea)Wy(a, t) da, (5.41)

where we have used (5.37). We introduce homogeneous initial conditions

o(a,0) = 0, ¥y(a,0) = 0. (5.42)

The error equations (5.38)—(5.42) can be written in a compact form as

9]

N .1 .
E; = -E,— ME + ECE +Y(),

EQ,t) = f ) B(s)E(s, t) ds + Z(-),
0
E(a,0) = 0.

We postpone a detailed study of the L;-norm estimates of the error E to Chapter 7,
where we deal with a more general model and provide rigorous error estimates with
the integral formulation.

We close this chapter by showing all the layer related terms appear in ¥Y(-) and Z(:)
are either of € order or decay to zero as T — oo or ¢ — . To do this we start with
the hydrodynamic terms of the corner layer and for this we have the following set of
equations:

Vo, +Voa =0,
f/o(a, 0) = 0,

vo(0,7) = f‘” P(0)B(s)Wy(s, T) ds.
0
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The solution of the above system can be represented as

” . (t—a)Cs(s) .
do(a,0) = | KO fo 1 [B(s) 0% Owy(s)| ds, 7> a;
0,

T<aq,

where © denotes the component-wise multiplications of two vectors. Now, by as-
sumption sup, ., ReA(a) = C < 0, whenever A(a) € 0(Cs(a)).

Thus
_( f
Vo ('/ _) <
€/l 0

t/e
1
<eD f et doy = eD= (eCt/ € _ 1) = O(e),
0 C

da

k(0) f B(s) © e/~ ¥CsCw(s) ds
0

where D is a positive constant. Next from (5.30) we have
e¥Cs© ( f B(s)¥(s, t) ds — ¥(0, t)) da

t
(e Bl = f
0 0

t/e , 00
< €f e (f IB(s)¥(s, H)ll ds + [I9(0, f)ll) da
0 0

t/e ,
< ePf e da = O(e),
0

where F is a positive constant. Also,

t/e ,
IWoi(, Bll < €G f e da = Oe),
0

where G is a positive constant. For the kinetic part of the initial layer term, we have

¢ t/e
'WO (-, E) = f [e/<CsOwry(s)|| ds
0

) t/e
< ea/ef lIwo(s)Il ds,
0

L1

and

3 f t/e
Woq (', E)H 1 = f HQ(S)C(S)et/eCs(s)wO(S) + et/GCS(S)WO,{Z(S)” ds
L 0

t/e t/e
< (Gyele f wo(s)ll ds + e f [wou(s)]| ds,
0 0
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where G; is a positive constant. Next we solve the following set of corner layer
equations:

Wi = —Wo, + Cs(0)Wy,
WO(a/ O) = 0/

WO(O/ T) = f B(S)WO(S/ T) ds — WO(O/ T) - ‘70(0/ T)'
0
The solution of the above system can be represented as

V() wo(0,T—a), 7>a;
0, T<a,

Wo(a, T) = {

where V(a) is the fundamental matrix solution of

%V(a):CS(O)V(a) and V(0) =L

Thus,

‘v ( t)
Wol, =
€

t
= f IV(a)Wo(0,t/e — a)ll da
1 0

t 00
< f [[V(a) f B(s)Wy(s, t/e — a)ds — W (0,t/e — a)||da
’ t/e ’ 00
< ef V() f B(s)Wo(s, t/e — a)ds — W (0,t/e — a) — Vo(0,t/€ — a)|| da
0 0
t/e 00
< €f ||V(oc)f B(s)et/c9CsOwy(s) ds|| da
0 0
t/e t/e
+ [ V@ Omoida+ [ V@0 te - o)l da
0 e 0
<ellVO [HB(S)H ||W0(5)||f et do
0
t/e t/e
+||w0(0)||f eltfe-ax da+f vo(0,t/e — a) da]
0 0
t/e »
<eH f et/ doy = O(e),
0

where H is a positive constant.



CHAPTER 6

Generalizations of the Perturbed Model

The perturbed model considered in Chapters 4 and 5 deals with irreducible
migration matrix which essentially indicates that any geographical patch is accessible
from any other. This assumption often proves too restrictive. In many cases, it is
found that some patches are either isolated or only admitting emigration (or only
immigration). As typical examples, it is found that due to economic situation, a
population may leave a region to inhibit several other regions or we can consider
fishes leaving rivers, move to sea whereas sea-fishes remain confined in sea. These
type of phenomenons can be modeled with reducible migration matrix what we are
going to discuss in this chapter. Along with this, in this chapter, we also consider full
birth and death matrices instead of diagonal structures.

6.1 Model with General Mortality and Birth Matrices

The first attempt towards generalization is to consider general mortality and birth
matrices instead of the diagonal ones. We will use the same notation, to denote these
matrices. Thus, with these changes, our new perturbed model becomes

1
w =—-u, — Mu+ —-Cu,
€

u(0,t) = foo B(s)u(s, t)ds, (6.1)
0
u(a,0) = ¢(a),

53
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where

M(a) = [pij(a)] and  B(a) = [B;(a)]

Here we assume that the matrix M has positive off-diagonal elements. The reason
for this assumption has been explained in Section 6.3.1. Also other properties of M
will be specified in Hypothesis H3, in Section 6.3.1. So, essentially M not only reflects
the mortality but some migration as well occurring, however, in a much slower scale
compared to the migration phenomena modeled by C. With an abuse of terminology,
we will still call it a mortality matrix. In matrix B, a non zero entry g;; for i # j, gives
a contribution of patch j to births in patch i.

1<i,j<n 1<ij<n’

Summing the system of equations (6.1), we get

n n

n n
Y = - z(zuzu]
i=1 i=1

i=1 i=1

Y u(0,1) = f ) (Z s 0+ -+ Y puEuts, t)] ds,
0 iz i=1

i=1
n

Y ui(a,0) = Z i(a).
i=1

i=1

Since the right Perron vector of C represents the stable patch structure, we approximate
the original system exactly as we did in Chapter 5, i.e.,
U .
ki~ ——, where i=1,---,n.

~ n
Y U
i=1

Defining as before, u(a, t) := ), u;(a, t), heuristically we have the following approxima-
i=1

Zn‘ thilki & (ZH‘ HlikiJ u=: yj(a)u,

i=1 i=1

tions:

Zn: Unilli = (Zn: pniki |1 =2y (a)u,
i=1 i=1

and on the boundary,

Z,Bliui ~ (Zn: Buiki {u =: B1(a)u,
p i=1
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iﬁm’ui ~ (Xn:‘ ﬁniki]u =: B, (a)u.
i=1 i=1

With these approximations, we have the following aggregated system:
Uy = —u, — u(au,

u(0,t) ~ f“’ B (s)u(s, t)ds,
0
u(@,0) ~ ) ¢i(a),
i=1

where, u*(a) := Yi_; ui(a) and (a) := Y., B;(a). So, essentially we found same ‘ap-
proximated system” as we got in Chapter 5.

Along with these general mortality and birth matrices, our next attempt is to weaken
the irreducibility assumption on the migration matrix C and to analyze the behaviour
with reducible C. For the rest of the work, we will again use the same notation C to
denote reducible migration matrix.

6.2 The Reducible Migration Matrix

In this section we are going to state the spectral properties of our reducible
migration matrix. Specifically, we focus on reducible Kolmogorov matrices. Theorem
6.1 below is valid for arbitrary non-negative matrices and it is different from Theorem
4.2 in the sense that the eigenvector corresponding to the dominant eigenvalue is not
necessarily a positive vector. Since our reducible migration matrix C has non-negative
off-diagonal elements, we need a specific result (Theorem 6.3) for this type of matrices,
which can be obtained using Theorem 6.1 and is cited in Corollary 6.2. Since the proofs
of the Corollary 6.2 and the Theorem 6.3 are essentially same as the corresponding
results proved in Chapter 4, we are not repeating them here.

Theorem 6.1 The spectral radius of a non-negative matrix A is a dominant eigenvalue of A
and there is a corresponding eigenvector k > 0.

Proof. We refer to [24, p. 66]. O

Corollary 6.2 The spectral bound of a non-negative off-diagonal matrix A is an eigenvalue
of A and there is a corresponding eigenvector k > 0.

Using Corollary 6.2, we can now prove the following spectral properties of a reducible
Kolmogorov matrix.
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Theorem 6.3 A reducible Kolmogorov matrix has zero as the dominant eigenvalue and 1 is a
left eigenvector corresponding to this dominant eigenvalue.

Due to the reducibility property, the left and right Perron vectors have a special
structures as described in the following theorems.

Theorem 6.4 An arbitrary reducible, non-negative matrix cannot have both left and right
positive eigenvectors corresponding to the dominant eigenvalue unless the matrix is block
diagonal.

Proof. See [24, p. 78]

Theorem 6.5 For a reducible Kolmogorov matrix, the right eigenvector (Perron vector) must
contain some zero elements unless the matrix is block diagonal.

Proof. The proof immediately follows from Theorems 6.3 since 1 is a left eigenvector
corresponding to the zero eigenvalue. m|

With respect to migration states, reducibility of the migration matrix C produces
different behaviour compared to Chapter 4. For our migration matrix C, we divide
the states into two sets: the states .7 from which systems can make transit to any other
states are called transient states and the set of states ¥ called closed states, where,
once the system is in, cannot transit to other states no mater how long we iterate.
Using the definition, a reducible matrix C can be represented as

C A
<4 .

where C’, T are irreducible, square matrices. C’ corresponds the set of closed states
¢ with the property that C’ has zero as dominant eigenvalue and T corresponds the
transient states .7 with o(T) := {A € C : ReA < 0}. If one of the matrices C’ or T is
reducible then it can also be represented in a form similar to (6.2) and we can carry on
the above decomposition. Finally with suitable permutations, C can be represented
in the following normal form

—Ci’ll e 0 Anlr M1 Anlfn”’ ]
0 ... C, A .. A, n
m ms M+ ms n 63
0 v 0 T”m+1r Nm+1 Tnm+1/nn ( )
| 0 . 0 0 e Tﬂn,”n -
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C, ... 0 A Ay, 0 ... 0
Define€:=| : : C |, A= : : 2, 0= = i,
o ... G, Aynn Ay, 0o ... 0
T e - X
T:= : : :
0 v Ty on,

Then the normal form of C can be represented as A], where € corresponds all the

O T
closed states and T corresponds all the transient states.

There is an interesting connection between the transient states, closed states and the
right Perron vector of a Kolmogorov matrix as described in the following result.

Theorem 6.6 For a Kolmogorov matrix in its normal form, the closed states correspond to
the non-zero elements of the right Perron vector and the transient states correspond to the zero
elements of the right Perron vector.

Proof. From the property of the normal form, all C,,, where 1 < i < m, have zero as
the dominant eigenvalue and all T, ;, where n,,,; < j < n,, have negative real parts.
Let all square matrices C,, have orders, respectively, n;, where 1 <i < m and all T};
have orders, respectively n;, where n,,.; < j < n,. Now Chas 1 as a left Perron vector
and, by Theorem 6.5, a right Perron vector of C must have some zero components.
Let k := (ky, ko, ..., k,) be a right Perron vector of C, where k; := (ky,...,k,,), ...,

ki = (kn, 41, kny) K == (K1, - knyy)s oo K = (K, 41, - - -, ki, ). Correspond-
ing to the zero eigenvalue, we have the following set of equations

C,ki+---+0+A Ky +-+ Ay 0 ki =0,

N1, Ml

My km+1 +-ee+ Anm,nnkn =0,
Ky +--+T k, =0,

0+---+C, ki + A,
0+---+0+T

Nip+1, M1 Nm+1, Mn

O+---+0+0+---+T,, ,k,=0.

Since each T;; (n,,41 < j < n,) is non-singular, it is invertible and hence k41 = --- =
k, = 0. Since each C,, is irreducible, it has positive Perron vector corresponding to the
dominant eigenvalue zero and hence each k;y, ..., k;, is non-zero. This completes the
proof. O

Remarks:

1. Since each C,, where i = 1,...,m, is an irreducible Kolmogorov matrix, by
Theorem 4.4, we find that zero is a simple dominant eigenvalue for each C,,
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where i = 1,...,m, and hence zero is a semi-simple eigenvalue of C. Each T,
where n,,,1 < j < n,, is nonsingular.

2. The matrix C has zero as a dominant eigenvalue with multiplicity m and rest of
the eigenvalues have negative real parts.

6.2.1 Spectral Projections

In this section we shall prepare the ground in order to define spectral projection
operators which are going to be applied to the perturbed system for asymptotic
analysis. We define a basis set for the null space of the migration operator C and also
construct the basis system for the adjoint null space of C. In rest of the work, we shall
assume that our migration matrix C depends on age but that its normal form remains
unchanged as a varies. By Remarks 1 and 2, the eigenspace of C corresponding to
A = 0 is m-dimensional. We denote its basis by

i kl km
e = - ,...,T,O,...,O,
Y. ki Y ki
i=1 i=1
ky k
L m—1+1 Ny
e, = 0,...,0,n—m,..., . ,0,...,0 .
Lk Lk
1=N(m-1) 1=N(m-1)

Here for defining the basis vectors ey, ..., e,, we have used Theorem 6.6 to assign 0 as
the value of all transient state components of the right Perron vector.

Since 1 is a left eigenvector corresponding to the zero eigenvalue of C, we can
construct a basis for the adjoint null space of C as follows:
Let (y,,...,y,) be a left eigenvector corresponding to the zero eigenvalue of C, where
y, has n; components, ...,y, has n,, components. If our block T has only non-zero di-
agonal elements, then we have the following explicit expressions of the corresponding
left basis. Using the normal form of C we have the following set of equations:

Y1C711 =Y

YH’Z C”m = 0/

YIAnl/an +-o-t YmAnm/”mH + Ym+lTnm+lr71m+l =Y

YlAnlrnn +--t Y}’l/lAnmrnn + YHT”nr”n = 0'
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Since all T ., Ty, n, are invertible, we get

Nm+1, M1 7 *

= DR _1
YM+1 - (Y1A”1r M1 + + ymA”mr nm+1) Tnm+1,nm+1 4

-1
YI’I == (y1A71],71,1 +-+ YmAnm/nn> Tnn,nn'

Now, for the basis vector x;, choose

— -1
Y1 =~ Y1A”1,ﬂm+1Tnm+1,nm+1 ’

Yn = _Y1A T_1

niy, My *ny,ny 7
wherey, =(1,...,1).
———

ny times

Following the same method, we get the full set of a left basis as follows:

_ -1 -1
X1 = (Y1’ 0,...,0, - Y1An1, ﬂm+1Tnm+1,nm+1/ sy _Y1An11nnTnn,nn) 7

— _ -1 _ -1
Xm = (0’ tec 0’ YH’I’ YmAnm/ ”m+1Tn,,,+1,nm+1/ crr YH’lAnm/ ﬂnTn,,,nn) 4

where, y, =(1,...,1),...,y,=(1,...,1).
~—— S~——
nq times Ny, times
For a general upper triangular form of T, the components of this basis vectors will be
denoted by the following short-hand notation:

Xy 1= (Y1/ o,...,0, fﬂ1,ﬂm+1/ e fnl'"”) !

Xy o= (O, o ir 0,5, b s - - -/fnm,nn)-

Since To ;s for m+1 < i,j < n are of negative type and A forl <i <m and

m+1 < j < nare of positive type, f;; > 0. Also we note that1 = x; +--- + X,

Also, for example,

m
f =y,A T} +ooty A T,

i, N1 _YI N, Ml ™ N1, Nypt1 Ym My M1~ N1, M1
—

1
—_ o o e _1
= (Y1An1,nm+1 +eeet ymAnm,nm+1) | P

=T T! =1,

M1, M+l = Ny, Mgl
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since C is a Kolmogorov matrix, the sum of the elements of a particular column is
zero. Therefore, it follows that

m m
Z fni/nmﬂ - Zf itln — (6'4)
i=1 i=1

Now we can split the space as follows:
=[e;]®...@[e,]®S,

where S := {x €ER":Px=0,forl1 <j< m}, where P; for 1 < j < m are projections
defined below.

Using the above basis vectors, let us now define the set of projection operators
Pi,...,P,,Q:R" — IR" as follows:

—_ R n
Piu=:vi:=(x;-u) e = ( E u; + Z - un,]el cueyq,

i= Nm+1

N Ny
P,u=:v,:=(x, -u)e, = E u; + E 1,0 Wy, |€0 =1 1""ey,,

i=ny-1+1 1=Nm+1

and
Qui=w:=[I-P;+...+P,)]u

6.3 Model with General M, B and Reducible C

Along with the reducible migration matrix C and considering general mortality M
and birth B matrices, the perturbed system becomes,

w=-u,— Mu+ 1C u, (6.5)
€
u(0,t) = f B(s)u(s, t)ds, (6.6)
0
u(a,0) = p(a). 67)

For the rest of the work, we use the following notation:

X"(a, ) : Zx (a,t) ei(a) , x"(a, ) ::ng"(a,t)ei(a), [BX](t) = fO OOB(s)x(s,t)t;ls

i=1 i=1

and for any matrix A, Ag := QA.



CHAPTER 6. GENERALIZATIONS OF THE PERTURBED MODEL 61

6.3.1 Hypotheses & Properties

We are going to work in the Banach space X := L'(R*,R"). The necessary
assumptions to be made on C(a), M(a) := [ ;j(@)]1<ij<n» and B(a) := [ Bij(a)]1<ij<n are
summarized in the next hypotheses.

H1: B;j(a) 2 0, a.e. in R™;

H2: B;; > 0 and ujj, Bij € L*(R"), that is, there exist y, € R* such that y;j(a) <
u, Bij(a) < B, all most everywhere in R*;

H3: —M(a) is a sub-Kolmogorov matrix; that is, p;; < 0 for i # j, and satisfies
— Z';:l pji(a) <0Oforanyl1 <i<nanda€R,. Alsoa + M(a) € C;(]RJr,]R”2);

H4: The migration matrix C is a reducible Kolmogorov matrix and Cs := Cl|s has
all eigenvalues with negative real parts and let

max ReA =:C<0. (6.8)
A€ o(Cs(a))

Lemma 6.7 Under the above assumptions, Cs' € Ci(IRJr,lR”Z) and e; € C,(R,,R") for
1<j<m

Proof. The first statement is obvious since the determinant of Cs(a) is twice differen-
tiable and bounded away from zero by uniform invertibility of Cs(a). To prove the
second statement, we note that e; := (0, ..., €. .,0) for 1 < j < m, where e,; are the
Perron vectors corresponding to the irreducible matrices C,; and hence differentiabil-
ity of e follows from Lemma 5.1. O

Regarding solvability of (6.5)(6.7), it follows, [65, Proposition 3.2], that @ — M + 1C
(where Su := —u,) on the domain D(S) := {u € X : u(0) = Bu} generates a Co-
semigroup, say (Ge(f))i=0, of type (1, w) where w < [|B|[+ || - M + %CH. This estimate
is not satisfactory as it depends on e. However, -M + 1C is also positive off-diagonal
and hence it generates a positive semigroup of contractions. Thus the assumptions
of the Trotter formula, [20, Corollary III 5.8], are satistied and therefore the type of
(Ge(t))s0 is the same as of the semigroup generated by (S, D(S)). Hence w < ||B]],
independently of €.

6.3.2 Lifting Theorem

While the semigroup theory, via the Duhamel formula, provides satisfactory
estimates for the problem (6.5)-(6.7), with the inhomogeneity in (6.5), it is insufficient
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to handle inhomogeneous boundary conditions u(0, t) = Bu + g where g is a vector,
possibly depending on time. There are various versions of trace theorems which
can lift the inhomogeneity from the boundary to the interior but here the problem is
complicated due to the presence of a small parameter. We provide one which gives
estimates uniform in €.

Lemma 6.8 There is a bounded solution operator L,y : RN — X of the problem
1
Au = Su—Mu + ECu, u0,t)=g, (6.9)

which satisfies L. g € D(S) and ||Lc, 2|l = 0as A — oo uniformly in € € (0, €y) for some
€ > 0.

Proof. Since © is the diagonal differentiation with respect to a4, (6.9) is just the
Cauchy problem for the system of linear non-autonomous equations u, = Q.(2)u,
where Qe(a) := —AI — M(a) + 1C(a). Since Qc(a) := [4;j(a)]1<i j<n is positive off-diagonal,
the solution u is non-negative. Indeed let us denote by L. A(a) := {I.;j(@)h<;j<n the
fundamental matrix of (6.9) corresponding to the unit vectors of R", p; = {6; j}1<j<n,
wherei =1,---,n. Let us first prove that, L, 1(a) is a non-negative matrix. To do this,
we note that L. ,(a) satisfies

T L@ = Q@Ls @), (6.10)

Let 1 := sup[gii(a)|. Then Q¢(a) + nl is a non-negative matrix, and we have

ia

d d
E {eqa Le,)\ (ﬂ)} = e’?” %LE,A (ﬂ) + nena Le,)\ (a)

= e"Qc(a)Lea(a) + ne™Le a(a) (by (6.10))
= [Qc(a) + nI] e"Le 1 (a).

Accordingly, we have the following representation

e"Lea(a) = 1+ f [Qc(s) + nI] ds + f [Qc(s1) + 1] f51 [Qc(s2) + 1] dspdsy + -+ - .
0 0 0
(6.11)

Since the right-hand side of (6.11) is non-negative, then we know that L ,(a) is non-
negative.

Now, considered for each a as the operator in R”, I' norm of L. ,(a) is ”Le, A(”)”]Rn | =
max ). leii(a). Further, forany 1 <j<mn, ’

1<j<n
;_a Zn: leij(a) = Zn: Zn: gi(@)lexj(a) < —A Zn: le,ij(a),
p)

k=1 i=1 i=1
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since —M(a) is a sub-Kolmogorov matrix for eacha. So YL I ;j(a) < e, which implies
that ||L, llx < A~! where the latter norm is the operator norm from R” into X. O

Lemma 6.9 Let B be a bounded operator between X into R". For sufficiently large A there is
a solution operator H, , : R" — X of the problem

Au=—-u, —Mu+ %Cu, u(0,t) = Bu+f, (6.12)
with ||He, || bounded independently of e.

Proof. Consider L. ,g for an unspecified, for a moment, vector g. Then our problem
will be solved if we can find g satisfying g = BL, ,g + f. Now,

|IBLe 18 < 1Bl ||Le, a8l < A7 1BI1||8

hence g := [|B||||L.,1ll < 1 provided A is large enough. Clearly, A and g can be
chosen independently of €. Then g = (I - BL,,,)"'f and, by the Neumann expansion,

||(I - %Lel;\)_ln < (1—-4)"". Hence, the solution u to (6.9) is given by

R"’/

u= 7’(€,Af = Le,/\g = Le,/\ (I - %LE/;L)_l f,
with ||7‘{€,/\

1
<< —
|x - A=)’

Remark:

In further applications, the boundary data f depends on t. Since the construction above
does not depend on t, u has the same regularity in t as f with bounds on derivatives

independent of €. Furthermore, the operation (I — BL,, ;\)_1 acts between R" and R"
and thus is a-independent. Since, u is a solution of a Cauchy problem for a differential
equation in g, it is differentiable with respect to a.

The main application of H, , is to reduce the inhomogeneous boundary problem
1
w=-u,—Mu+ ECu +h, u(0,t) =Bu+f, u@g0)=4¢,

where f is an R"-valued function differentiable with respect to ¢, to a problem which
is homogeneous on the boundary. By introducing U := u — H_ ,f, we obtain

1
Ut =u; — 7-16,/\ft =-MU - Uu + ECU + /\7‘(€/Af - 7_{€,Aft + h,

U, 1) = u(0, £) — H. ,£(0, £) = BU + BH, ,f + £ — H, ,£(0, 1), (6.13)
U@,0) = ¢ — H. ,£(a, 0).

We note that in this approach the lifting of f produces its time derivative on the right
hand side of the equation which creates some problems in the asymptotic analysis.
This necessitates a refinement of this method which will be discussed later when we
consider an integral formulation of (6.5)—(6.7).
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6.4 Formal Asymptotic Expansion

To apply the projection operators on the perturbed model (6.5)-(6.7), we are going to
use the following series of lemmas.

Lemma 6.10 For all projection operators P;, where 1 < j < m, we have P; Cu = 0.

Proof. As an example consider, P;Cu := (x; - Cu) e;. Using the above normal form of
C, Cu gives
[ Cnll'l1 +--t 0 + Anl/nn1+1un1n+1 +--t Anlznnunn ]

0+---+C,uy, +Ay, 0, U+ -+ Ay, U,
0+---+0+T 4. 4T w,, |’

Nm+1, Mn

(6.14)

Nm+1, Mm+1 u”mﬂ

0+--+0+0+---+T,, ,uy,,

where u,, == (U1, ..., Uny) e e Wy 2= Uy 41, e e e Uny,)s Wiy 2= (Unysdy v Uiy )se e o5

u,, = (U, ,41,...,Uy). Again using the normal form of C and considering the fact
that C,, is a Kolmogorov matrix, we get x; - C,;, = 0. Since x; is an eigenvector of
C, multiplication of any particular column, say (A, u,.,/-- - Anp nerr Litys, msn)s Y X1,
gives zero. Hence P;C u = 0. So, in general, for 1 < j < m, we have P;Cu = 0 and this
completes the proof. m|

Lemma 6.11 For1 < j<m,

m m

P;Mu = (Z u”'p;l) e+ (xj : Mw) e; and PBu = (Z u”iﬁjj) e + (xj : BW) e,

i=1 i=1

where u"i := (Z"f ui+ Y"1 ul-), y;i :=X; - Me; and ﬁﬂ :=X; - Be;.
Proof.

P/Mu = PM ) Piu + P,MQu
k=1

[[Z ey z] (x; - Me)) +

i=ny,+1

. +[ i u; + i lmiui] (X]' . Mem)} e+ (X]' . MW) e;

i=n,1+1 i=n,+1

. ot T 1* . .. .
.[u ppj+ et ymj]e]+(x] Mw)e]

: (Z u”f‘u;iJ e+ (x]- - Mw) e.

i=1
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Similarly, the expressions for P;Bu are obtained as follows:

P/Bu=P;B ) Pu+PBQu

k=1
= I[Z u; + Z lllul] X; - Bel)
i=ny+1
+ ( Z u; + Z lmiui] (X]‘ . Bem) e; + (X]‘ . BW) €;
i=ny,;_1+1 i=n,+1

. ny p* Nm Q* . . .
.[u 1ﬁ1j+---+u ﬁm].]e]+(x] Bw)e]

(Z U]eﬁ(x,..sw)e].. -

i=1

m
Lemma 6.12 —[};]1<i j<u is positive off-diagonal and satisfies — Y w; <0foranyl <i<m.
j=1

Proof. 1°; defined as
‘u;i = X; - Me;.

Each co-ordinate of the vectors x; and e; is non-negative for 1 < i, j < m and thus the
sign of the terms x; - Me; solely depends on the structure of M. For i # j, x; - Me; does
not contain any diagonal elements of M can be shown as follows:

For example let us prove it for j = 1,i = m.

Now
X1 = (1, 0, ceey 0, fnl,ﬂm+1' ceey fnl,nn) ’
where
1:= ( 1) fn1 Myl = (ln1,nm+1/ ey l”b”m+1) PR f”ll/nn = (lnl,nn_1+1/ ey lm,n) .
AR
ny times
and
en:=(0,...,0,&! ,,....er,0,...,0).
Therefore

x1 - Me,, := (yl,nm_ﬁl eZ“m_lﬂ + o+ Hl,nmeﬁm) + .-
+ (lunl Ny-1+1 e;n,n 1+1 oot gy, erT,,,)
(‘unm+1 Mpu_1+1 € nm 141 +---+ Unp+1, 1y e;nm) ln1,nm+1 +--
+ (xunm a1 €y o1 o F i, e%) [T R
+ (‘unm 141, 11 +1 Zm 1+1 +ee Uny, e;nm) lnl,nn,1+1 +o
+

M
Lu'nn Nyp— l"’1 Np—1+1 +eee Tt Aunnrnm el’lm)lnl,n’
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which is positive and in general since by hypothesis H3, —M is positive off-diagonal,
—[‘u;i]lsi,]-gm is positive off-diagonal.

Next consider

Z#;j(ﬂ)=2xi-M(g)ej, for1<j<m.

i=1 i=1
m m
For example, for j = 1, we have }. i}, = }. x;-Me; and terms of this sum are as follows:
i=1 i=1

X1 - Mey = (HlleT+"'+H1,n167n'1])+"'+(#n1,13T+"'+(un1,n1 e,”]l)+---

+ lu'nm'*'l 16T Tt Lunm'*'l/”] erfln ln1,nm+1 +-
1

m
((uﬂnm 1 81 M T enl) lnlrnm+1 +--
m
(lunn 1+1, 161 Tt yn11—1+1/7’l1 ei’ll) anrnn—1+1 +--
([Jnl 61 -+ ‘un np ”1) lnl,n s

Xy - Mey = (H, s1,1€) + -+ Lyt m€n ) + oo+ (1 €]+ iy €)
o (s, 1 € gt ) D +
+ (1uﬂm+1,1 e;n T F Unyam 32) lnm,nm+1 +oee
+ ([Jnn,1+1,1 e+t e e;nl) Dty g e1 + 70
+ (y,ﬂ e+t e’,fl)lnm,n.
If we look, for example, on the elements of the first column of M we have

([Jll R Lu'nmxl) eT Tt (l'l”nz+1/1 e:rln (lnlrn1n+1 +eee+ lnm/nm"'l) +--
+‘unleT (lnl,n +o+ lﬂm,")

n
= Z#ﬂ er,
=i

n

where we have used (6.4). Since — ), u; < 0, for 1 < i < m, the required result
=1

immediately follows. O
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Lemma 6.13 For 1 <1, j < m, we have the following results
1. PiP]'u = 0,
m
2. Piu, = u)e; and Z uej, €S,
j=1
3. P]'Wa = - (f;z] : W) ej/

4. Qw, = w, + Z wl[Zl ]

i=ny,+1

Proof. 1. Fori # j, we have
PiP]'ll = Pi(X]' : u)e] (X] U)(XZ e]) =0,

since x; - e; = 0 for i # .

2. Using spectral projections P;, Q, where 1 < j < m, we can represent u as follows:

m
=ZP]-u+Qu=

j=1 j

m
u”fej + wW.
=1

Differentiating with respect to a, we get
m m
— 1 1;
= Zuu e]-+Zu '@js + W
=1 =1
Applying P;, where 1 <i < m, we have
Pu, = P;(u,'e; + u"e;,) = u'e;,
where we have used the following fact:
Pi(u"e;,) = u"(x;-ejz)e; = u"(x;-e))e; =0 [as x;- e, =1 = (x;-¢;) =0].

Here prime denotes the derivative with respect to a. Using the definition of the
subspace S and P;(u"e;,) = 0, we conclude that Z;ﬁ:l u"iej,isin S.

3. From the definition of S, if w € S, then x; - w = 0. Differentiating with respect to a,
we get (x;) - w + x; - w, = 0. Now using the definition of P;, where 1 < j < m, we have

Piw, = (x;- w,)ej = ((x]) w ( Z I w,-] ej=— (f;}, -w) e, (6.15)
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where fnj = (0, ln/,nl.ﬂ, ... ,ln].,n).
4. Using the expression of P;w, from (6.15) we get

Z Piw, =w, —

(X]' . Wa) ej

w)e;

nm+1

z(zl]

=1, +1

+

ms zms 1D

68

Now, using the above lemmas and applying projections P;, where 1 < j < m, and

Q on (6.5)-(6.7) we get respectively,

m

= —u, —Zy* "4 ~w—xj~Mw,

and

EW; = —€EW, — eZ (f;], . w) ej —eu"e, —eMsw — eMgu” + Csw,

where

m m
ue, := E u'ie;, and u” = Z uie;.

i=1 j=1

For the boundary, we have

u"i(0,t) = ‘fom (Z ,B}i(s) u"i(s, t)] ds + jom x; - B(s)w(s, t)ds,
i=1

w(0,t) = Bu" (-, t) + Bw(-, t) —u"(0,t).

and

The initial conditions are

P;u(a,0) =: v(a),..., Py, u(a,0) =: vi(a); Qu(a,0)=: wy(a).

(6.16)

(6.17)

(6.18)

(6.19)

(6.20)
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6.4.1 Bulk Approximation

Following Section 5.2.3, we put w as w = wy + ew; + - -+, leaving however, vy, ..., v,
unexpanded. Thus

u= (Vll...,Vm;W) = (V1,---/Vm;W0+€W1 +)

Inserting these into the projected system (6.16)—(6.20) we get respectively:

m

11/'_ 11]' % n; ,

u, =—u, —Zyﬁu +fnj-(w0+€w1+~--)—x]--M(w0+€w1+-~-),
i=1

(6.21)

and
m

EWq + E* Wi+ = —€EWg, — €W, + oo — GZ (f;j “(Wo+ewg + - )) e; — eMgu"
j=1
—eu"e;, —eMs(wy +ewy + )+ Cs(wop +ewy +--+),  (6.22)

with boundary conditions as

u"f(o,t)=fom(i/s;ju"f)+fomxj-3(w0+ew1+---), (6.23)
i=1

and
wo(0,t) + ewy(0,t) +--- = Bu" + B(wy + ewy +---) —u"(0, t).

For the initial conditions, we get

u"i(a,0) = x; - ¢(a), (6.24)
wo(a,0) + ewq(a,0) + - -- = wy(a),
where1 < j<m.

Let it/ and W := Wy + eW; denote the solutions to the truncated equations. Comparing
coefficients of €” order terms from (6.21) and (6.22), we have respectively,

m

w' = =i, =Y i, (6.25)
i=1

CS Wo =0. (626)

Again, from Section 5.2.3, we know that Cs is invertible and thus the last equation
(6.26) gives wy = 0.

Comparing € order terms from (6.22), we have

WO,t = —W(M - Msl_lm - ﬂ’”ea - M5W0 + Cswl ,
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and from this we get
w, = C;' [@"e, + Msi"], (6.27)

where we have used wy = 0.

On the boundary part, comparing €° order terms on the hydrodynamic subspace (i.e.,
from equation (6.23)) we have

70, 1) = fo ) [Z B (s) (s, t)) ds. (6.28)
i=1

Collecting equations (6.25), (6.28) and (6.24), we arrive at the closed system for 1"

m

o 7 * =1
i, = —i, Zyﬁu :,
i=1

i7"i(0, £) = fo ) [Z B(s) " (s, t)) ds, (6.29)

i=1

i"(a,0) = x; - Pp(a).

Now, in order to solve this system, let v := (i™,...,7""), My(a) := [‘U;i(a)]lsl'l]'gm,
¢"(a) = (x1-P),...,xy - Pa)) and B,(a) := [ﬁ;i(a)]lsiljgm. With this notation, the
closed system (6.29) for 1" is equivalent to

Vi +V, = _Mv(a)v/
(a,0) = ¢"(a), (6.30)

v(0,t) = f B,(s)¥(s, t) ds.
0
Let L,(a) be the fundamental solution to
Li(@) = -My(@)Lo(a),  L,(0)=L

We define L,(b,a) as
L(b,a) := Ly(b)L;" ().

Then solution of (6.30) is given by

(af) = L,(a)v(0,t — a), a<t
v = Ly(a,a—t)¢p"(@a—1t), a>t,

where

P(t) :=v(0,t) = j; B,(a)L,(a)(t —a)da + f°° B,(@)L,(a)L, (a — t)¢p" (a — t)da. (6.31)
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In order to write the system (6.30) as an abstract Cauchy problem we introduce the
operator A as
Ax(a) := —x'(a) + My(a)x(a),

on the domain
D(A) := {x € L1(0, w; C") : x isabsolutely continuous, x(0) = f B, (s)x(s) ds}.
0

Using the semigroup method as we did in Chapter 4, we can prove the following
result.

Theorem 6.14 A generates a strongly continuous semigroup {7 (t)}>o such that
IT (I < 2,

where b := esssup ||B,(a)|| < +o0, m :=inf wia) and pi(a) := 1 (a).
14

0<a<w

Here we also note that

iu’”-(Z -+ Z uz] [Z - Z Lt

j=1 i=1 i=n,+1 i=n,+1 i=n,+1

m

=Y Y. lekl
i=1 =ny+1
Ny n

u; + Z up  [by(6.4)]

i=1 i=ny,+1

=

u;,
i=1

which implies that the sum of the scalars of the hydrodynamic space gives the total
population.
The error due to the approximation we made in the bulk part is

= (8, h) == (gje; h) := (" e;— " ej, w—eW), (6.32)
where 1 < j < m. The error satisfies:
m m
= n _nj n; / =Ny _1j * =1
Gig=u,’ —1, ——uf+fn],-w—Zyﬁu x; - Mw + i, +Zyﬁu
i= i=1

:—g_]"a'i'f;,lj-l:l+€f;lj-Wl—Z‘u;.ig_i—xj-MB_exj.Mwll

i=1
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and

= —w, — Z (f;], . w) ej — Mgu" —u"e, — Mgw + %Csw — €Wy,
=1
=-h, —eWy, - Z (f;]_ - }_1) ej—¢ (f;]_ -Wl) ej — Mg
-1

j=1 ]

8i

-

1l
—_

1

_ 1 _
~ Msu” — "¢, ~ 7", ~ Msh — eMsWwy + ~Csh + CsWi — ewy,

m

3

= —h, —ewy, _Z(f;fﬁ) ej—¢ (f;j -v‘vl) ej_MSZgi
=1 =1 i=1
— g‘mea - Msfl — eMsw; + %CSE — €Wy,
with initial conditions
g_]'(ﬁl, 0) = 0,
and
f(a,0) = w(a, 0) — ew;(a, 0)
= wo(@) — C3'(a) [7"(a, 0)e,(a) + Ms(a)i"(a, 0)] (6.33)

The boundary conditions for the error are as follows.

7;0, t) =u"i(0,t) — i"i(0,t)
f (Zﬁ;zg_l]-i-f Xj'BB+€f X]"Bwl,
o = 0 0

w(0,t) —ewy(0,1)
= Bu" + Bw —u"(0,t) — ew;(0, 1)

and
h(0,t)

= Bi" + B Z g" + Bh + eBw,; — Z 8"(0, ) — @"(0, t) — €1 (0, £).

i=1 i=1

From the above set of error equations, we observe that in the initial and boundary
equations do have some terms which are not of order €. To remedy the situation
we need to introduce corrections which will take care of the transient phenomena
occurring close to t = 0 and to the boundary a = 0. They should not ‘spoil” the
approximation away from spatial and temporal boundaries and thus should rapidly
decrease to zero with increasing distance from both boundaries.
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6.4.2 Initial Layer

To construct the initial layer corrector we elongate the time parameter t as 7 := t/e
and do microscopic analysis near t = 0. The initial layer corrections are denoted by
@ := (ii"'e;, W). Thanks to the linearity of the problem, we approximate the solution u
as the sum of the bulk part obtained above and the initial layer we construct below.
Inserting the formal expansion

", 7) = i) (a,7) +€il, (@, 1)+, and W(a, 1) = Wo(a, ) + eWi(a,T) +

into the (6.16)—(6.20) we get respectively:

1j

€ il +eily + ) = —(ilg), + el + ) + £, - (Wo + €Wy +--)

m
—Zfl;i(ﬁgi+€ﬁT’+---)—Xj-M(W0+€W1+---), (6.34)
i=1

m
6_1(W0’7+€W],T+"') = _(WO,a+€W1,a+"')_Zf;lj '(W0+€W1 +---)e,-
=1
— (iy + €ty +---)e, — Mg(@y + et +---)

+ 1 Colfo + e+, (6.35)
ﬁgf(O, £) + eﬁ’fj(O, 4= f (Z Bii(s/ 1) (i’ (s, t) + €it}'(s, ) + - - )) ds
0 \i=1

+ f x; - B(s)(Wo(s, t) + eWq(s, t) +--+)ds,
0
wo(0,1) + ew1(0,8) +--- = B(hy + ety +---) + B(Wy + Wy +---)
— (a0, 5) + a0, 6) +---),
ii"i(a,0) =0,
WO(aI 0) + €W1(ﬂ, 0) +-- =Wy,
where, in the initial condition, we have taken into account that the exact initial condi-
tion for the hydrodynamic part is already satisfied by the bulk hydrodynamic approx-

imation but the bulk kinetic part cannot satisfy the exact initial condition. Comparing
coefficients of €°, from equation (6.34) we obtain ﬁng = 0 and with the same argument

as done in Section 5.2.4, we can take ﬁgf =0.

Next, comparing coefficients at like powers of €°, from equation (6.35) we have
Wo,. = CsWp, (6.36)
and solving (6.36), we obtain

Wo(a, ) = e*SDwy(a),
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where we defined Wy(a,0) := wy(a) in order to get rid of wy(a) from the initial error
equation of the bulk kinetic part (6.33). 0 is a dominant eigenvalue of C. Thusin S, all
the eigenvalues of Cs have negative real parts and hence W, decays to 0 exponentially
fast as expected from a layer term. At this level, we cannot do any corrections to the
boundary condition. We will also notice there is additional error on the boundary due
to initial layer.

Modifying the approximation (6.32) due to initial layer, the new error defined as:

E(@, t) = (8@ 1), h(, 1) = (§(a, D) ej, h)
= (u"e; — ii"e;, w(a, 1) — eW(a, 1) = Wo(a, t/€))
= (g](al t)/ l_'l(ﬁl, t) - WO(a/ t/e)) . (637)
Thus we have the following set of error equations:

g~j,t = _‘q]}ﬂ + f;] . fl + f;] - Wo + Gf;], - Wq

m
—Z‘Ll;igi—Xj'Mfl—X]"MWQ—GX]"MV_Vl,

i=1

=R ) (6, Re—e Y (5, e —ew,-M: ) g

]

and

=
m
s
|
|
2
]

_ 1
- g’”ea - Msh — eMgsw; + ECS

€
— By M Y & Y (€, R)e e Y (6, - w)e,
i=1 j=1 j=1
m B 1 _
- Z (f;l’ . WQ) e — g”mea - Msh — MWy — eMswy + ECsh — €Wy,
j=1
with initial conditions as
gj(ﬂ/ O) = 0/
h(a,0) = —e C5'(a) [#"(a, 0)e,(a) + Ms(a)a"(a, 0)],

and for boundary we have
%(O,t)zf (Zﬁ;z‘%)—i_‘[ X]"Bfl-i-f X]"BWO+€f Xj'BWl
o ‘= 0 0 0

h0,t) = Ba" + B Z 8" + Bh + By + eBw,
i=1

and

m

=Y 80,6~ (0, ) — ewn (0, £) — Wo(0, 7).

i=1
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We can see that O(1) terms remain in boundary error equation as expected and also
a new error term introduced in boundary due to initial layer. This suggests we need
boundary layer.

6.4.3 Boundary Layer

The boundary layer is constructed by blowing up the state variable 2 according to
a = a/e and defining
ﬁ(ll, t) = (‘A,](al t)l W(O{, t))
Expanding Vi(a, t), W(a, t), inserting the expressions into (6.16), (6.17) and comparing

the coefficients of € order we get

Al _
Uy, = 0,

and

Wola = Cs(O)Wo
Now, the new error is

E(d, t) = (g\](a/ t)ej/ l/‘\l(a/ t))
= (g](a/ t)ej/ fl(a/ t) - WO(a/el t)) .
With this new error, we have the following set of error equations:
Ao~ NG
Gir = Gjr — Uy,
m
= —Gja+ £, R+ £, o+ £, Wo+ef, Wi— Y 4
i=1
—x; - Mh - x; - MWy — x; - MW — ex; - MW,

and

1 _ 4 1
— eMsw; + ECsh — €Wy + c (Cs — Cs(0)) Wo — Wy,
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and for the boundary conditions we obtain
00 m 00 00
gj'(O,t)=f B gi +f x»-Bh+ef X; - BW
: 0 ;‘ ! o o
+f x]--BW0+ef x; - Bwy,
0 0

hi(0,6) = Ba" + B ) g + Bh + eB + By + B,

i=1

=¥ 80,6~ @(0, ) — ews (0, £) — Wo(0, 7) — Wo 0, 1.
i=1

and

Thus to eliminate the bulk term on the boundary, the boundary layer should be the
solution to
WO,a = Cs(O)Wo, WO(O, t) = %ﬁm - ﬁm(O, t)

The initial conditions for the system of above error equations take the following form:
4i(a,0) =0,

and
h(a, 0) = ~Wo(a/e, 0) - e (a,0).

We note that, even with the boundary layer, we still have terms depending on ¢/e and
this necessitates introduction of the corner layer.

6.4.4 Corner Layer

To eliminate the initial layer contribution on the boundary, we need to introduce
the corner layer by simultaneously rescaling time and space: 7 := t/e and a = a/e.
As before, inserting the series expansions of V(«a, 7) and w(a, 7) into the system (6.16),
(6.17) and comparing the coefficients of €” order we get respectively

ity = =iy, (6.38)
WO,T = _WO,(x + CS(O)WO ’ (639)

which is the unperturbed original equation in («, 7)-variable with coefficient frozen
ata = 0. Hence, here we do have freedom of choosing both the boundary and initial
conditions (in (a, 7)-variables) which will help to eliminate the problematic terms
on the boundary. To find the proper side conditions, let us assume that we have a
solution to the above equations with, for the moment, unspecified boundary condition
and define the new error approximation

u(a, t) = (v(a,t), w(a,t))
~ (V(a,t) + V(a/e, t/e), ewr(a, t) + Wo(a, t/€) + W(a/e, t) + W(a/e, t/€)),
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with the error of this approximation given by
E“(a/ t) = (q](a/ t)ejl fl(ﬂ t))
= (gi(a, t)e; - (a/e t/e)e;, (a t) — wol(a/e, t/e)).

Following the procedure described for the boundary layer, we find that to eliminate
the O(1) entries in the equation for the error on the boundary we have to impose the
following boundary conditions for (6.38) and (6.39) respectively.

i1,/(0, 7) = f X; - By,
0

Wo(o, T) = %WO — Wo(o, T) — 1”181(0, T).

and

We complement the problem for the corner layer by the homogeneous initial condi-
tions: iy'(a, 0) = 0, Wo(a,0) = 0

Taking all layers into account, we find that the final error satisfies
m
Fit = ~Gja+ £, - R+ £, Vo + £, - Wo + £, - Wo +ef, W1 = Y1} d

i=1
m

— Z ‘u}‘l UO] Xj . Mfl — X]' . MWO — xj . MWO — xj . MWO — ex]. . Mwl/ (640)

and

Et = _Eu - WO,a - €W1 a Z (f;/ ) fl) €~ - (f;/WO) ej B Z (f;] ' WO) ej

j=1 =1

m m m
i v M “m v M
—E (fnj~ (—:E SE 8 —J"e, —ilj'e, — Mgt

=1 =1 i=1

— Mg h Msw, — M5W0 - Mswy — eMgw; + (CS - Cs(O))WO

1

ecsh €W — W, + (Cs — Cs(0))wo, (6.41)

with boundary conditions,

50,6 = fo (Zﬁ;%)+ f [Zﬁ; ] fo x; - Bh
i=1
+€f x]--Bw0+ef X; - Bw0+ef x; - Bw; and
0 0 0

- Z " 4 Bh + eBWy + eBWo + eBW; — §"(0, 1) — ew:(0, £).

i=1



CHAPTER 6. GENERALIZATIONS OF THE PERTURBED MODEL 78

For the initial conditions, we have
§i@@,00=0, and  h(,0) = —W(a/e,0) — ewy(a,0).

For (6.40), (6.41) to be valid, the solution u and all terms of the asymptotic
expansion must be strongly differentiable with respect to t and belong to the domain
of the generator which implies u € W% (R4, R") and u(0) = Bu, where W% denotes the
standard Sobolev space. This is not always easy to achieve. In fact, in general an
initial condition ¢ which satisfies ¢(0) = B¢, will not satisty the condition x; - ¢ =
fooo (Z?Ll ﬁ;i(s)q)i(s)) ds, required for differentiability of the solution of the aggregated
problem.



CHAPTER 7

Integral Formulation

Considering the problem mentioned in Chapter 6, it turns out that we have to work
with mild solutions of the equations. To set the stage, let us consider our population
model (6.5)—(6.7) in a more compact form:

ug(a, ) = —u,(a, t) + Klu(, 1)],
u(a,0) = ¢(a), (7.1)
u(ol t) = %[u('/ t)]

The operators K : X — Xand B : X — R" are linear and bounded.

The system (7.1) can be reduced to an integral equation by integration along
characteristics. It turns out that the solution of this integral equation defines the
semigroup generated by the operator Au := —u, + Ku on the domain D(A) := {u €
WI(R,,R") : u(0) = Bu}.

Let us consider the integral equation obtained by integrating (7.1) along the
characteristics a — t = constant:

Pp@a—t)+ f Klu(-,s)](s +a—t)ds, a>t

0
u(a, t) = (7.2)
Blu(-,t—a)] + f Klu(-,s)|(s+a—-t)ds, a<t,

where here and afterwards the notation 4 < t and a > t is understood as the re-
spective inequality almost everywhere. Then the family of operators defined as

79
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[G(t)p](a) := u(a, t), where u(a, t) is the solution of (7.2) with ¢ € X is the semigroup on
X generated by (A, D(A)), see [65]. In the error estimates we shall need mild solutions
of the inhomogeneous problem associated with (7.1):

w(a,t) = —u,(a, t) + Klu(-, )] + £(a, t), (7.3)

with the same initial and boundary conditions as in (7.1), where t — £(t) is a function
from (0, 00) to X. However, (7.3) does not make sense if u is not differentiable which,
in turn, cannot be achieved unless ¢ € D(A) and f is an X-differentiable, or a D(A)-
continuous function. In general, we have to work with mild solutions of (7.3) defined

by
u(t) = G + fo G(t - s) £(s) ds. (7.4)

This definition is not very helpful as it views (G(t));>o somewhat globally without
noticing the structure visible in (7.2). However, we can prove the following result:

Proposition 7.1 A function u € C(R,,X) is a mild solution of (7.3) if and only if

- Klu(, -t)d f —t,0)do, ;
o P(a t)+‘f0 [u(,0)](c+a-t) a+‘f0 (c+a-to0)do a>t
uat) =

¢ ¢
EB[u(-,t—a)]+f ‘K[u(-,c)](a+a—t)da+f f(o+a—-to)do, a<t.
t—a t—a (75)

Proof. First, to shorten notation, we denote, for arbitrary numbers g, o, t,
04t :=(0+a—t,o),

and, for any a-dependent operation A and function (a, t) — u(a, t) we denote A[u(-, t)](a) =
[Au](a, t) (or[Au](t) if the output is a-independent).

It can be proved, [8], that a function u € C(IR,,X) is a mild solution to (7.3) with
f € Li(R,, X) if and only if fo u(s)ds € D(A) and

u(t) = ¢ + A fo u(s)ds + fo f(s)ds, t> 0. (7.6)

Hence, u is a mild solution to (7.3) if and only if v(¢) := fot u(s) ds € D(A) is the classical
solution to

vi(a, t) = p(a) = va(a, t) + K[v(, )](a) + F(a, 1), (7.7)
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with v(a,0) = 0 and v(0,¢) = B[v(-,t)], where F(a,t) = fot f(a,s)ds. Equation (7.7) is
satisfied pointwise and thus we can integrate them along characteristics

fo Klv(:,s)l(s +a—t)ds + fo F(s,)ds + fo P(s+a—-t)ds, a>t;

_ t ¢
viat) = Blv(-, t—a)] + f Kv(-,s)(s+a—t)ds + f F(s,;) ds (7.8)
t-a t—a
t
+ ¢(s +a—t)ds, a<t.

t—a

Then, by changing the order of integration and changing variables in respective terms,

we find
—-o)d Klu(, —s)do|d
ﬁ(,b(a o) U+f(;(f() [u(-,0)](c +a—s) 0) s
+J; (ﬁ f(Ga,s)dU) dS, tl>t;
D=3 Y 7.9
vt \L‘EB[ut(-,at—a)]da+j; (LQW[u(-,G)](U+a—s)d0) ds @9)
f a,s d d d
+j(;(£_u io,) o s+foa¢(z) ;z
+ f ( fo f(s,a)do-) ds + f: ( fo V([u(-,a)](s)da) ds, a<t,
and, using v(a,t) = fot u(a, 0) do, upon differentiation we arrive at (7.5). O

Various terms of the asymptotic expansion appear in a direct form which is incom-
patible with (7.2) and must be re-written to allow for accommodation into the integral
formulation. First, from Lemma 6.8 we know that for sufficiently large A there is a
classical solution of the stationary problem

Aw = —-w, + Kw, w(0,t) =Bw+g, (7.10)

where g may depend on t > 0. Moreover, w is differentiable with respect to a (as a
solution of a system of ODEs) and with respect to ¢, provided g(t) is differentiable.
Since equation (7.10) is satisfied point-wise, we can integrate it along characteristics
to obtain

t t t
Af w(o,)do = —f W1(0,)do + f [Kw](o,) do, a>t
0 0 0

t t t
A f w(o,)do = — f W 1(0,)do + f [Kw](0,s)do, a<t, (7.11)
t—a t—a t—a
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where w; denotes the partial derivative with respect to the i-th variable. Now

%W(O_u,t) =W 1(0qs) + Wo(04y),

and therefore, integrating with respect to o from 0 to t we obtain
t t
w(a, t) —w(a—t,0) = f w1 (0,4) do + f w) (0,4) do, a>t
Ot ° t
wi(a, t) —w(0,t—a) = f w1 (0,4) do + f w) (0,4) do, a<t.
t—a t—a
Combining these with (7.11) we obtain
w(a —t,0) +f [Kw](04) do+f W (0,4) do — )\f w(o,) do, a>t
w(a,t) ={[Bw](t —a) + g(t —a) + f [Kw](0,,) do + f W (0,) do
t_

¢
—/\f w(0,;) do, a<t.
t—a

(7.12)
It turns out that the inhomogeneous boundary data are better treated separately. By
linearity, we can consider the case with ¢ = 0 and £(t) = 0.

Denote by Vi the fundamental solution matrix of the equation z,(a) = K(a)z(a);
that is z(a) = Vi (a)z, satisfies the above equation with z(0) = z;. We note that here
K:=Lo=-M+ %C and using same I' norm as in Lemma 6.8 with A = 0 we have

sup ||V (@)llg:; < 1. (7.13)

ae R4

Lemma 7.2 Assume that, in addition to assumption of this section, K satisfies (7.13) and let
g € C([0, 00), R"). Then wu is a continuous solution to

f Klu(:,s)](s +a—t)ds, a>t;
u(a,t) = ' (7.14)
Blu(-, t —a)] +g(t—a) + f Klu(-,s)|(s+a—-t)ds, a<t,

if and only if
u(a, t) = Vy(a)w(a,t), (7.15)

where
a>t;

0,
w(a,f) = {((1—58%() 1g)(t—a), a<t.
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Proof. For regular g we can re-write the problem as a differential equation (satisfied
in each triangle t < a and t > a) and, using invertibility of Vg, we see that w defined
by (7.15) satisties

0, a>t;
w(a,t) =
BVylw(,t—a)]+glt—a), a<t.
The solution w of this problem is given by the solution of the simple problem
0, t;
w(a,t) = “> (7.16)
P(t—-a), a<t,

provided (t) = BV [p(t — -)] + g(t). This is Volterra a equation which, considered
in C([0, T],R") for any fixed T < +oo, can be solved by using standard the Picard
iterations yielding a unique solution

() = (1 - BVa)"g] 1),

< mT
cqomrny < € Where

with [|(T - BV ||
m = sup [IBES)Va(S)lk: -

s€[0,T]

Let us take a sequence of W] function g, converging uniformly on [0, T] to a continuous
function g. Then ¢, = [(I - BV«) 'g,] converges uniformly on [0, T] to

Y =[1-B8Vy)'gl, (7.17)
as (I — BVy)™! is a continuous operator on C([0, T],IR") (in fact, on L. ([0, T],IR")).
Thus,

0, t<a<T,
wy(a,t) =
P (t—a), 0<a<t,

converges uniformly on [0, T] X [0, T] to w given by (7.16) and hence Vi (a)w,(a, t) uni-
formly converges to a continuous function on [0, t] X [0, T] and to zero on (¢, o0) X [0, T];
we denote the limit by (a,t). Clearly u(a,t) is a solution of (7.14) as all opera-
tors in (7.14) are bounded. Moreover u(g,t) treated as a function { — (., t) is in
C([0, T, Li(R.)) by

00 t t+h
f lla(a, t + h) —a(a, t)||g. da = f lla(a, t + h) —a(a, t)||g. da + f lla(a, t + h)||g. da,
0 0 ¢

and the uniform continuity of @(a,t) as a function of two variables in the triangle
[0,¢] X [0, T]. But the difference of two solutions to (7.14) satisfies its homogeneous
version (with g = 0) for which we can use the semigroup theory which ensures the
uniqueness. Hence, the only solution to (7.14) with continuous g is given by (7.15).
the converse statement follows similarly by applying Vi to the equation satisfied by
. O
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7.1 Error Analysis

84

As we noticed, in general, it is impossible to have differentiable solutions of all
problems involved in the construction of the asymptotic expansion. Thus we have
to re-write the error system (6.40), (6.41) in the form of integrated equation (7.5). For
1 < j < m, the mild solution of (6.5) in the projected form satisfy

u'i(a,t) =

and

w(a,t) =

¢](”_t)_f[ * ﬂz}(gat)dg—f [x] MW](Oat

+j; [ n ](Ua,t) do, a>t;
f"" (Zm: Bii(s)u"(s, t — ﬂ)) ds + fow x; - B(s)w(s, t —a)ds

i=1

ft [Z y* n’](ﬁat)d(j j: [x]--MW] (Oq1)do
+f [n], ](ault)da, a<t,

wo(a—t)—f [Msu™ + u"e,] (0,) do — [Msw (Oqt)do

tom
+f Z e] (Ogp)do + — L f [Csw](0,) do, a>t;
j=1 0

[Bu"|(t —a) + [Bw](t - a) — (0, £ — a)
f [Msu™ + 17, ](00) dor — f [Msw](0,7) do

f Z e](aﬂt)da + - 1 f [Csw](0,) do, a<t.
ta ‘s

t—a

In the same manner, the solution of the aggregated equations (6.29) satisties

i"i(a,t) =

Qbf(a—t)—f [Z i ”W(Ga,t)d@ a>t
f OO [ﬁﬂ(S) Z‘ Bt } ds - f [Z P;z‘f‘n"} (Our)do, a<t
1

(7.18)

(7.19)

(7.20)
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The cohort functions ¢ — #"i(n,0),n = a — t are continuously differentiable with
respect to ¢ for all 1 < 0 and almost all n > 0, with

%ﬂ”f(a +1,0) =—u(o+n)i" (o +n,0). (7.21)

In the next step we write W; = C;'[Ms(a)@” + ii"e,] in the integrated form. Using the
time derivative of the cohort function, we have

t
W 0) - wia = 1,0) = [ wia)do, a>
0

do
" d
wi(a, t) —wq(0,t —a) :f —wi(0,1)do, a<t.
t—a dG
But
L 100 = 5 M0+ — 5" (0,7) + 1"(001)ea(0 +a — B)]
do_wl Ogt) = do S s\0 U (Og,t U (0g4t)€a\0
= (0 +a—Hu"(o,), (7.22)

where the function £ is bounded, again by Lemma 6.7 and assumptions on M.
Hence

t
Cs' [Msp,, + ¢ eq| (a— 1) + f Qo +a - ta"(o,)do, a>t
0

men=y ( | ) [Z Bil) (5t~ a)) ds] e 72
0 k=1

i=1
t

+ f Lo +a—t)ya"(o,)do, a<t,

t—a

where ¢, =} die;.
i=1

Following the same strategy, we write the initial layer term Wy(a, 7) = ¢““wy(a) into
the integrated form. For this we note that (6.36) is of the same form as (7.10) if we
introduce We(a, t) := Wo(a,7) and put A = 0, K = (1/€)Cs and B = 0 (and with t and a
variables interchanged); that is,

t 1 t
wo(a — ) + f e (03)do + - f [Co#.1(02,) o, st
0 0

We(a, t) =

t t
exp (2o + [ weatopdo+ T [ (Cowm@ndo a<t
- e (7.24)
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In the same way for the boundary layer w.(a, t) := Wy(a, t) we obtain the representation
exp (2Co0)) 1B, 0) - (0,0)]

t t
v [ ICsOw o do+ [ itoide, ot
We(a,t) = ° ‘ (7.25)
[Ba"](t —a) —a™(0,t —a)

1 (" t
+= | [CsOWel(on)do+ | Wea(0g)do, a<t.

t—a t—a

where since ¢ € W} (R4, R"), the values ¢;(0) are well defined and so is @"(0,0). Also
Ba"(-,0) is well defined, indeed

B@") —» B [Z i"(a, t)ej],

=1

for t — 0* as B is bounded and @" = Y7, " (a, t)e;, 1.\, i"(a, t) being continuous in
t, X-valued solution to (7.18).

Finally, we find the integral representation of the corner layer. The corner layer
solves the equation of the same type as the original equation so there is no need
to perform any additional transformations. However, it is clear that the boundary
conditions of the corner layer correction are not compatible at @« = 7 = 0 with the
homogeneous initial conditions and thus the problem must be considered in the
integrated form.

First let us note that the equations in (6.38) and (6.39) are decoupled. The problem
for ﬁg; is of the form

izg,j’[(a/ T) = - V(r)l,ja(&/ T)/ flg/((X, 0) = O/ ﬁg’(O, T) = T(T), (726)

where (1) := f ) [x]- : B(s)eTCS(s)wo(s)] ds.
0

Hence,
0, a>T;

(@D =] (7.27)
f [x; - Bs) e Owo(s)] ds, a <.
0

The kinetic part of the corner layer, wy, satisfies
f [Cs(O)Wol(0:) do, o>
0
wo(a, 7) = (7.28)
Hi-0)+ [ [COwl @00, a<r,
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where o, . := (0 +a —7,0) and
H(7) := BW, — Wo(0, 1) — 1y (0, 7). (7.29)

We note that (7.28) can be simplified as in Lemma 7.2. In this case the fundamental
solution matrix of the equation z/(a) = Cs(0)z(a) is simply the matrix exponential:
z(a) = ¢"0). Using the fact that the initial value is 0 and B = 0, we immediately
obtain

< 0, a>T,
Wo(a, 7) = { O H(—a), a <t (7.30)

To simplify notation, let
WO,e(a/ t) = Wo(ﬂ, T)/ WO,G(aI t) = WO(OK, t)/

and
Woe(a, t) := Wo(a, T), il (a,) = iy (v, 7).

Combining the above, we arrive at the followmg equations of the error in the integral
form:
(i) for the aggregated (‘hydrodynamic’) partand a > ¢ :

5ia,t) = f [Zuﬂgl (00r) do + f [, - R)(0,) do
o [0 4 000 o
0

t t
- f [xj.Mfl](aalt) do — f [x; - M(eW; + Wy + Woe + Woe)l(0,:) do, (7.31)
0 0

where we have used the fact that ﬁgj =0fora>t

(ii) for the aggregated partanda < t:

Ggia,t) = fo (Z B;(s) g,-(s,t—a)] ds + fo (Z B;(s) agje(s,t—a)] ds
i=1 i=1

+ f X; - B(s)(eW1(s, t —a) + Wo(s, t —a) + Wo(s, t —a))ds
0
00 t m
+ x‘-B(s)fl(S,t—a)ds—f s i
L ] t—a ; lu] g
t . t y t
— f X]' . Mh] (Gu,t) dU + f I:f;/lj . h] (Ga,t) dO — f [#;Z “g’e] (Oa,i) dG
t—a - t—a t

t —
+ f f;lj . (€W1 + WO,e + Wo/e + WO,E)] (Ua,t) do
t—a

(Oa,t) dG

t -
_ f X; - M(eWy + Wo. + Wo. +Wo)] (02 do, (7.32)
t—a =
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(iii) for the complementary (‘kinetic’) partand a > ¢ :

h(a, ) = —eC5' [Ms, + ¢, e,](a— 1) — exp (‘%tcs(m)[%am(, 0) — @"(0,0)]

t m t t m
- [ MY g+ redando- [ Mshloado s [ Y IE, Rl do
0 i=1 0 0 j=1
1 t . t
v+ [ 1CsHIon) do - [ M5y + el do
0 0
1" 1~
v 2 [ He - oy dado L [ HC - Cxoyn o) do
0 0
t
- [ (e 4w+ v+ W) o
0

Fom

- [ Y (e o i) do
0
j=1

t t t
—€ f Lo +a—tya"(o,)do - f Woe1(0,)do — f We1(0,4) do, (7.33)
0 0 0

(iv) for the complementary (‘kinetic’) partand t > a:

f\(a,t)—l Zgl]t—a) ng(Ot a) + [Bh](t - a) + [Bi](t - a)

+ [B(ew; + Woe + Wo)l(t —a) — € Z (fw [Z B (s)a" (s, t)J ds) e;
0 \i=1

i=1
tom
f Z - h)e; - ft Z (£, - (w1 + Wo. + Wo + Vo) | e(04s) do
j=1 -4 =1
- f [M + e (0n) do - f [Mk](0,) do + + f [Cohl(0,)do
t
f [MSuoe + ﬁ?gea](oa,t) do — f [M5(€W1 + WO,e + WO,G + wO,e)](Oa,t) do
t—a

_e f Qo +a— HE"(0,)do + 2 f [(Cs — Cs(0))(Woe + Wol(0nr) do

f W0.1(001) o - f Woe1(04:) do. 7.34
The initial value of the error E(a,0) = (g(a,0), h(a, 0)) is thus
0
E(a,0) = , (7.35)

G| Msg, + 0. ](@) - 12,0 - 80,0
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the inhomogeneity in the equation is given by
t , _ t
X; - M([Z)W() (ﬂ, g) - fn]_(a) * Wp ((1, E)

F(a,t) = -

X; - M(a)W(a, t) — f;j(a) -wWi(a,t)

— € m
L@)a" (@, b+ ) (£@), - Wi(a,1)) ej(a) + Ms(@)W: (@, )

=1

x; - M(a)Wwq (g t) £, () Wo (g t)

| Ll (e o )

a o, (2, t) —€7(Cs(@) = Cs(0))Wo (g t)-

S () o) 0w (2

1R e+ s 5 ) o )

=1
at

v (2,2 eu@) - 2(Cst0) — CsO)wo (2,2

- Fl(a, E) + Faoa, f) + Fs (3, t) +F,4 (E, f), (7.36)
€ € € €

which is similar to (6.40) and (6.41) but for w; ; + W, , which has been replaced, thanks
to (7.22), by the term £La" which requires lower regularity from the data. Finally, the
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inhomogeneity on the boundary is given by

f (Z Bii(s)it, iy ) ds + f x; - B(s)(eW1(s, t) + Wo.(s, ) + Wo (s, t))dsq

B! + [Bew (-, t)+w06( t) + Woe(-, 1))]

M (0) Z ( f (Z BT, t)] ds] e
Sy S

Theorem 7.3 Let us assume that C, B and M satisfy assumptions introduced in Subsection
6.3.1 and u.(a, t) == [Ge()Pl(a) = X1, ug'(a, bei(a) + we(a, t) be a solution to (6.5). Then,
foreach T < oo there exists a constant C(T, M, B, C) such that for any ¢ € W%(IRJ,, R") and
uniformly on [0, T] we have

. (7.37)
—eC

§

(7.38)

ug' (-, £) — @, t)||L1(1R+) <eC(M,B,0) ”(P”

WH(R.,R") ’
and
<eC(T,M,B,0)||g||

[We(, ) = e2“Owo () (7.39)

Li(R:, R") WI(R,,R") *

Proof. We use linearity and first estimate the part of the error, denoted by E,, coming
from F and the initial condition (7.35) with g = 0 using the semigroup formula (7.4)
and then we let the initial conditions and F equal to zero and use (7.15) to estimate the
part of the error E; due to the non-zero g.

Let us recall that the semigroup (Ge(t)):>0 generated by the system (6.5)—(6.7) is equi-
bounded in €: [|G:(t)|| < ¢ with w independent of €. By [65] and (7.31)—(7.34), E;
satisfies

Ey(t) = G.(OB(,0) + fo Gt - S)E(s) ds.

Letus fix 0 < T < co. Then, for any t € [0, T],

ol + [ F6 )

In what follows, constants c; depend only on the coefficients of the problem and T but
not on the initial data. Due (6.27) and assumptions on M we have

Bl <

[ecst [Msp,, + 0]

< eci b, | -
x S€liPn W (R, RY)
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Similarly, due to (6.8) and the assumptions on B, for some 0 < 0 < —(, we have

S

a * s
exp(gcs(O))[aaﬁm(.,o)_am(o,O)]Hxgc2||cpm||w%(&w) fo o5 ds

< eczo_l ||(;bm'

WIR,RY) °

Next let us consider F; (g, t/€). First we observe that the term W ,(a, t/€) is well defined
due to the assumption that )", ¢e; € W J(Ry, R™), Lemma 6.8 (as wo = ¢ — Y1 pie).
Thus, the error estimates involving F; are all of the form f e 9cdt < e/a, where o is as
above. Hence

j; G.(t — s)Fi(s)ds Secg(T)||(p”W]1(R+,Rn). (7.40)
X

Let us consider the contribution of F, to the error. By (6.27) we immediately find that

f Ge(t —s)Fa(s)ds|| < ecu(T) |9, - (7.41)
0 X

Estimates related to F; and some other terms of the error are more involved. Before
we go on, let us mention some additional properties of the operator in (7.17). First
as in [27, Theorem 4.3], (I - BVg)™! can be extended to a continuous operator on
L1([0, T, R") with

-1 mT
”(I o %(VW) gHLl([O,T],]R") se ||g||L1([O,T],lR”) ’ (7'42)
Next, we need estimates of the derivative of ¥(0,:) = {#"/(0,)}i<j<n. The fact that

¥(0,-) € W! Lioc (R, R") follows from e.g., [27, Theorem 4.1]. Denoting 1(t) = ¥(0,t) and
using (6. 31) we find that 1) is determined from the equation

(oe]

P(t) ::fOBU(a)LU(a)gb(t—a)da+j; B,(a)L,(a)L, (a - " —t)d (7.43)

If 1 is differentiable, then using the results on differentiability of convolutions (e.g.,
[4, Proposition 1.3.6]), we get

P(t) = f B,(a)L,(a)y/'(t —a)da + q(t), (7.44)
0
where
q(t) = Bo(t)P(0) — By (t)Lo(t)™(0) — I B(a)Ly(a)(L,") (a — t)¢p"(a — t) da
- foo Bv(a)Lv(a)Lgl(a —1)(¢™) (a —t)da. (7.45)



CHAPTER 7. INTEGRAL FORMULATION 92

By (7.17),

and thus, by (7.43),

||1,l}(0)|| < esssup ||¢(t)|| < Cjess supf | B,(a)L,(a)L, (a — t)p(a — t)“ da
t€[0,T] t€[0,T] t

<G |lo", - (7.46)

Therefore

esssup [/ 0)] < Ca (I9” -+ 19" Ol + 19"l + ™Y )

<G “‘pm“w} (R4, R") * (7.47)

1 (e .
de: . fo ( fo |(Cs(@) — Cs(0))e . da) ds

t 00
< c’f (f ge E da) [Wo(0, s)llgn ds

<ecy f [[Wo(0, s)||lg: ds

To estimate F;, first consider

1 t
)

(C() = C5(0) o 5]

= ec} f 1Ba" (-, ) —@"(0,5)llgx ds
0

t
<ecy’ (f la" (-, s)llx ds
0
t
+f la™ (0, s)|lx ds)
0

<ec?llp, lIx- (7.48)

In the lastinequality we have used (7.42). The next term which requires some reflection
is Wo(a/e, t). The differentiability of t — fooo B(s)@" (s, t) ds follows by writing it as in
(7.43) and arguing in the same manner. Hence

_(a . (a *
Wo| = t)| < Wo, | =t da =
€ X 0 € Rl’l O
<e (f e da) ||Wo,t(0, t)||]Rn
0
R’

u;'(a,t) — a;'

e (@)W |, da

(7.49)

Wl R, R *
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The other two terms in F3 can be easily estimated by ce H(j)m”X Consequently

f Gt - 5)Fs(s) ds
0

< ecs(T) ||‘Pm||wi(lR+,lR”) ‘
X

Next let us move to F4. Using (7.27) and (7.30), we find

t S
fget—sﬂ )ds <e“’Tf(f F4(E,E)
0 0 € €J/lir
¢ s/€
:ee‘”Tf(f F4(0(,E)
o \Jo €

By (7.36) estimates of F; involve four type of expressions. First, by (7.27), the terms
involving i, satisfy
da) doc) ds

LU
< fo t ( fo " ( fo e o ) da) da) s

t/e 1
< €llwollx f f e dadn < towollx.  (7.51)
0 0

da) ds

doz) ds. (7.50)

RTI

Second, we have the terms involving wy. By (7.29), the first and last terms contain
Wo(a, 7) = e*“@wyq(a) and, similarly to the above, they can be estimated as

t s/€ 00
f f e?Cs0) ( f e eV @wo(a) da)
0 JO 0
f f f 7| wo(@)| |, da der ds

< €||W0||xf e""dn < eo?|lwollx (7.52)
0

dads

The second term in (7.29) is Wo(0, 7) = e"*@w,(0) which is well defined under the
assumption wy € W% (R,,IR"). Estimates related to this case are as follows

t s/e
[ [ lesodcouo), dads
0 0

t s/€
< f f e~ (E ) [lWo(0)||gs daxds < ea‘ZIIWOIIW}(KW). (7.53)
0 Jo
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The last term requiring our attention is € '(Cs(a) — Cs(0))Wo(a/€, t/€). As above we
have two cases depending on the terms in (7.29).
The first two can be estimated by the following terms

U

(€)= CoO)r [ e o) do
0 R’

t/e 1 00
<c f ( f e f U VN [ ada) dn
0 0 0

1 < ,
< EC'||W0||xf e dn = c|lwollx.  (7.54)
0

da) ds

The estimate of the term containing W(0, 7) = e*“©wy(0) is follows:

1 t s/e
ee®T - f (f
€ Jo 0

eaCS(O)(CS(a) _ CS(O))e(E—Q)Cs(O)WO(O)‘LR" dO() ds

¢ s/e
< ec'(T)f (f ||ae“’§c5(0)w0(0)||R,,, doz) ds
0 \Jo
1

t
—o5 2 2
< EC,(T) ||W0||W}(]R+,]R”)f e’esds <e C,(T) ||W0||W}(]R+,]R”) .
0

Inserting the above estimates into (7.50) we obtain

fo Gult - 9)F, (%) ds

It remains to estimates the contribution of the boundary terms. For this we use
equation (7.15) in which K(a) := —M(a) + ¢ 'C. By Lemma 7.2, V is bounded on R,
and thus

. < ecs(T) H‘l)”w} (R, R * (7.55)

B>, < o, Dl = fo [[a-Bviyg] ¢t -a)
Therefore, by (7.42),

da.
R‘l’l

||E2(t)||x < ||CO(, t)”X = C7(T) ||g||L1([0,T],]R") :

Since t — i"i(-,t) is a mild solution to (6.29), it is strongly continuous and thus the L;
norms of the terms

ef x; - B(s)Wi(s, t)ds, eBw(,1),
0

and

-1
eCy

M;(0) ; [ fo ) [k; BL(8)T"™ (s, t)] ds) e + Z [ fo ) [k; BL(8)i"™ (s, t)] ds] ea,i]

i=1
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are bounded by ecs(T)l|¢p,, |Ix, where cs(T) is related to the type of the solution ##"i. Next,
consider the corner layer terms:

f [Z ﬁ;z(s) izg/je(sl t)) dS, f X]' ' B(S)Wo,e(sz t) dsl %ﬁ(r)ﬂ’ QS‘KIO,e('I t)/
0 i1 0

and using (7.27), (7.29) and (7.30), we see that all the terms in these expressions have
the generic form

t 00 t
f Bl(s)( f Bz(o)e:_SCS(")x(a)da) ds or f Bi(s) e’ = SOx(0) ds,
0 0 0

where x € W%(]R+,]Rk), B; € Lo(Ry, Brixrt), i = 1,2, with k,I equal to either 1 or n.
Hence, the estimates of the L; norm of them are of the same type as (7.50) combined
with (7.51)—(7.53). Finally, the estimates of the boundary layer terms

f x;-B(s)Woe(s, f)ds  and  Bwo(, 1)
0

follow from (7.48) due to the boundedness of the coefficients of B.

Now, using the spectral decomposition of u., we have
n
j
u =) u'ej+w

j=1
n

— i _ =znj _ 5" Q. - % A <

= u/ — " — i) ej + (We — eWy — Wy — Wo — W)
j=1

n
+ Z (a”f + agf)e]- + (eW; + Wo + Wy + W),
=1
and thus, using all estimates done above, we have proved that for any T < co there is
a constant C = C (T, M, B, C) such that

n

—1: 1 — ~ A o
ue—Z<uJ+u0)e]-—(€w1+wo+w0+w0)

=1

X
= Z (u:j - - ﬁg’)e] + (We — €EWq — VV() — Wo — Wo)
j=1 X

<eC(T,M,B,C) b1z, - (7:56)

However

n; t ! © t—=a
2 < [ mveeomins]
L1(R,) 0 0 RY

t
R ece |lw.
< ece [f e_“(%)] da |[wolly < ——2X | OHX,
0 o
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and

t
—ol
S C7 ||WO||W%(]R+,]R”)f e (% dﬂ
0

Wol,—
€

X

—oz €Cy
< €Cy ||w0||W%(]R+,]R") IZI;H%X ze < Ge_ ”WO”W%(]RH]R") .
+

Also, we note that

llewr (-, B)llx < ecs(T) ||¢p]], -

Combining the above estimates, we can move ew; as well as the boundary and corner
layer terms to the right-hand side and re-write (7.56) as

n

u. — Z i"ej — Wy

j=1

<eCi(T,M,B,C) |9 (7.57)

X

W(R,RY)

uniformly in ¢ € [0, T].



CHAPTER 8

An Illustrative Example

In this chapter we are going to apply the asymptotic analysis method to the
McKendrick models with 5 patches with migrations between them described by a
reducible, Kolmogorov matrix. To simplify calculations, we assume that the migration
matrix C, mortality matrix M and the birth matrix B are all age independent and also
take simple numerical values of C. Let the reducible migration matrix be

-1'1 0 0 O
1 -1 0 0 1
c=(0 0 -1 1 O
0O 0 1 -1 1
o 0 0 0 -2

This matrix C has zero as the dominant eigenvalue with multiplicity two and the null
space is also two dimensional. The rest of the eigenvalues have negative real parts.
Let k := (ky, ko, ks, ks, ks) be a right eigenvector corresponding to the zero eigenvalue of
C. Then k has the following structure:

ki =ky = a (say), ks = ks = o’ (say) and ks = 0.

We can choose the corresponding right basis (normalized) vectors for the two dimen-
sional null space of C as follows:

11 11
e := (E' E’O’ 0, 0) and e = (0/ 0, 5 5/0)-
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Let x := (x1, x2, X3, x4, x5) be a left eigenvector corresponding to the zero eigenvalue of
C. Then x has the following structure:

1
X1 =X =p (say), x3=x4=p (say) and X5 = E(p + 7).

The adjoint basis vectors of the two dimensional adjoint null space of C can be repre-
sented as follows:

1

1
V1= (1, 1,0,0, E) and Y2 = (O/ 0,1,1, E)

Let the population vector be denoted by u := (uy, us, us, us, us). Following the same
method as in Chapter 6, the projection operators P;, where 1 < j < 2, are defined as
follows:

Pu:= (y]- ~ u) ej =ule;,

where
1 1 2 1
U = U+ Uy + §u5 and U” = Uz + Uy + El/l5.
The complementary projection is given by Qu := u — Pu and the corresponding

subspace of image of Q is given by
S:=3Q:= {ue]R5 : P1u=0,P2u:O}.
Therefore whole space R® can be split as
R® = [e;] @ [e;] @ S.

The subspace S is 3 dimensional and the corresponding basis vectors can be chosen as

1 1
f;:=(1,-1,0,0,0), £,:=(0,0,1,-1,0), and f;:= (O,—E,O,—E,l).

So, in terms of the basis vectors, Qu can be represented as follows:
Qu :=w = u'f; + uf, + uf;,

where

1 1 1 1 1 1
1/[‘71 = Eul - Euz - ZM‘S’ u‘ﬂ = Eu?’ — §u4 — ZuS’ and uqS = Us.
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We observe that the fractional contributions of hydrodynamic and kinetic parts in
terms of the original variables are as follows:

1
U = Eul +u,

1 1
— 1 q1 q3
Uy = —ul —u™ — Zu
2 27
1
us = —u” +uP,
2
1 1
— 2 q2 q3
Uy = —u?> —u” - -y
2 27
us = u®

and adding these equations we get
Uy + Uy + Uz + Uy + Us = U + u?.
Now, using the basis vectors, u can be represented as
u = Pyu+ Pyu + Qu = u'e; + u’e, + ulf; + u”f, + ufs.
Define the mortality matrix M and the birth matrix B as
M :=[uijli<ij<s and B:=[Bili<ij<s5.

Therefore, using above structures of u, C, M and B, our perturbed model becomes

w=u,—Mu+ %Cu, (8.1)

u(0,t) = f i B(s)u(s, t)ds, (8.2)
0

u(a,0) = ¢(a), (8.3)

where ¢(a) := (¢1(a), P2(a), p3(a), Pa(a), (]55(a)), describes the initial population distri-
bution.

Applying projections P;, where 1 < j < 2, and Q on (8.1), we get respectively
ute; = —u'e; — PyM (Pyu + Pu) — P;MQu, (8.4)

u’e, = —u’e; — P,M (Pu + Pou) — P,MQu, (8.5)
and

w; = —w, — QM (P,u + P,u) — QMQu + %QCQu, (8.6)
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where we have used Lemma 5.2 and Lemma 6.13. Now, let us find the explicit
expressions of the terms involved in the projected equations (8.4), (8.5) and (8.6). First
consider

P:M (P;u + Pou) = (y1 ‘M (ulel + u2e2)) e = (y;ul + ‘u;uz) e, (8.7)
where
. 1 1 1
Uy = > (Hn + H12 + Ho1 + t2o + §M51 + EHSZ);
and
. 1 1 1
Uy = > (#13 + H1a + Uz + Uog + §H53 + §H54)-
Similarly
P,M(Pyu + Pou) = (piu' + wju’)es, (8.8)
where
. 1 1 1
s = 5 (Hal + U3z2 + Ha1 + oo + §M51 + §M52),
and

1 1 1
Uy = 2 ([J33 + Uzq + Ug3 + Hag + §H53 + §H54)-

Next, we take

P;MQu = (y1 : MQu) e; = ([ujqu”ﬂ + U™ + ygquq3) er, (8.9)
where
. 1 1
tg = ([Jn — Hi2+ 21 — o2+ §H51 - EHSZ)/
i 1 1
U, = (/J13 — Mgt U2z — log F k53— §H54),
and

*-—(_1 _1 + _1 _1 + _1 _1 +1 )
Hag = 2#12 2#14 His 2#22 2[124 Uas 4‘1152 4#54 2,1155 .

Similarly, we have

P,MQu = (‘lequql + ygqu”ﬂ + ,ugqu‘ﬁ) e, (8.10)
where
. 1 1
Hyg = (#31 — Uz t+ Ha1 — U4 + §H51 - E[vlsz),
. 1 1
s, = <H33 — H3g Tt a3 — Hag F §H53 - §H54),
and

. ._( 1 1 N 1 1 N 1 1 +1 )
Heqg = 2}132 2}134 Usas 2#42 2‘U44 Uas 4[152 4[154 2,1155-
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Next, considering terms from equation (8.6), we have

QM(Plu + qu) = Mllfl + ulzfz + M13f3 , (811)
where , , . ,
u' = (5 (11 + ph2) = 5#?)111 + (5 (415 + ) = 5#2) w?,
1 1 1 1
u'? = (E (Ha1 + pa2) = E#Q)ul + (5 (33 + phaa) — EHZ)UZI
and , ,
1/[13 = (E ([.151 + VSZ)) Ml + (E ([.153 + [,l54))1/12.
Similarly
OMOQu = QMw = v, + u2f, + u1f,, (8.12)
where

1 1 1 1 1
u™ = (Hn — H12 — E‘Uiq) ut + (M13 — H1a — E‘u;q) u” + (—Eulz - E[JM + U5 — E‘U;q) u®,
1 1 1 1 1
Ut = (Hsl — Uiz — EHZq)”ql + (M33 — li3a — EHEq)“qz + (‘5#32 ~ bt s — E#Zq)”qar
and
1 1
uts .= (M51 - #52) u™ + (#53 - H54) u” + (—5#52 - §H54)Mq3-

Further . ,
OCw = (_Ml _ Eu»ﬁ)fl + (-2Lﬂ2 - ELﬂ?’)f2 — QuP)s. (8.13)

Now, using the expressions from (8.7) and (8.9), the projected equation (8.4) on the
hydrodynamic space can be written as follows:

up = =y — (ut + pyu’) = (i + s u” + ). (8.14)

Similarly, with the use of expressions (8.8) and (8.10), the equation (8.5) becomes

u? = uz — (usu' + wu’) — (pzquql + ygquqz + ygqu3‘7). (8.15)

For the projected equation (8.6) on the kinetic part, the expressions (8.11), (8.12) and
(8.13) will be used.

Using projections Pj, where 1 < j < 2, and Q, we can derive the corresponding
expressions of the boundary equations on the hydrodynamic space as

u'(0,t) := ulzf “ul + Biu? +f a4 B uT + Bt
Y . (1 B2 ) . (ﬁlq B2y [ )
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and . .
w(0,t) := yu® = f) ( S+ [)’ZuZ) + ‘fo (5unq1 + ﬁgqu”’z + ‘nguw).
The projected initial conditions on the hydrodynamic space are as follows:
1'(a,0) =: ¢;(a),
u*(a,0) =: ¢3(a).

On the kinetic space, the respective boundary and the initial conditions are

w(0,t) = fo ) QB(s) (Pyu(s, t) + Pyu(s, t)) ds + ﬁ ) QB(s)w(s, t) ds,

and
wi(a,0) =: wy.

Bulk approximation

Following Section 6.4.1, first we want to find the expression of the term w;. To do
this, let
Wi = ﬁ;’lfl + ﬁollzfz + Ix_lzafy, .
Now, inserting the series expansion w = wy + ew; + - - -, keeping the hydrodynamic

part as it is, into the projected system (8.6) and comparing terms at the € order level,
we get

QCWl = QM (ﬁlel + 12292)

1
or, (‘212‘171 _ ﬂ‘f’)fl + (—21,_[[1]2 — Ix_lza) £, + (_21/_[?3) f3 _ ﬁllfl N a12f2 N 1/—[13f3 /

2

N~

where
1

=

1 1 A 1 1 A
.- (E (pha1 + p2) — Exul)u " (E (p13 + pha) = §H2) i,

1

1 1 1 1
' = (E (a1 + pa2) = 5#5)5‘ + (5 (ua3 + aa) = Eui)ﬁz,

and , .
1/_113 = (E ([J51 + H52)) l/_ll + (E (‘Ll53 + [J54))122.

. gl 2 g3
Solving for !, a’°, a”” we get
RACTAC
a1 1 1._ o 1 1._ B 1._
A= s o igll g gl g2 ang P = il
178 2 Log 2 b2

Therefore
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Similarly to the system (6.29), we have the following set of equations for it/, where
1<j<2
[u}- [u;] l‘ul ﬂ [ull
I 5 O T
a'(0,t) foo B, B[ i'(a,0)] [¢;(@)
@0,n] 0 gy Bille? w*@,0)] ¢
This system can be written in matrix form as follows:
u; =—-u, —uu
u(0,t) = f pu,
0

u(a,0) = ¢'(a).

Let L(a) be the fundamental solution to

d
%L(a) = —uL(a), L) =L
Define
L(a,b) := L(a)L™}(b).

Then the solution of the above system can be represented as

_ _ | L(@)u(0,t —a), a<t
ula 1) = {L(a,a -Hpa—t), a>t,

where

P(t) =u(0,t) = fo P@)L(a)yp(t — a)da + I ,B(a)L(a)L_l(a —t)p*(a —t)da.

Initial Layer

For the initial layer, considering the €° order kinetic equation (6.36), as done in Chapter
6, we have
Wo, = QCWo,

and in component form,
I f 4+ 1P 6+ 0P 6 = (20" — 1P £, + (=207 - Lo + (—2uP)f
Uot1 U ho Tl A3 =72ty = S |1 o = 5lp L2 Uy )3 -
Comparing components and solving, we have

~q1
0

q3
0

-27,..43

-27,,92 —
=e ZUO ,

e dl 2 s
=e?w!, @ =e¢*w), and @
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where
Qu(g,0) := wglfl + wngz + wng;;.
Therefore
Wo(a, 7) = e 2wl (@)f; + e Xl (@)f, + e X w (a)fs.
Boundary Layer

Similarly, following the €° kinetic equation for the boundary layer we have

Wi, = QCWy,

which yields
a7 = e Ww(0,1), aY =e@30,H), and 0} = e W0, 1)
where
Wo(0, £) = (@5(0, 1), @3(0, £), B3(0, 1)),
and ,
Wo(0, ) := f B(S)Zu(s He; ds — Z ‘0, t)e;.

=1

Therefore

Wo(D(, t) =e —2a Al(O t)fl +e —2a AZ(O t)f2 +e —2a AS(O t)fg

Corner Layer

For the corner layer we have the following system of equations as found in Chapter 6:

o1 o1
iy, +ily, = 0,
ily(a, 0) =

10, 7) = f (v, - Bw)
e fo (81, + B, + B ),

which upon solving, gives

0, T<q;

e'z(T'“)f (ﬁlqw +ﬁ2qw + B3, ) T>a.
0

ily(a, ) =

Similarly, for 13, the solution can be represented as

0, T<aq;

U@, 1) =1 oew [
e 2 “)L ([)’4qw +,85qw + BogWo ) T> .
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For the kinetic part we have the following system of equations:

Wy = —Wo o, + QCWy,
Wo(OK, 0) = O,

00 2
00,0 = [ Bwo—w0,0- ) (0,0,
0

i=1

which upon solving, yields

y 0, T<a;
wol(a, 7) =49

e “'Wo(0,T—a), T>a.
where
Wo(0, 7) = w(0, T)f; + Wy(0, T)f; + w50, )fy,
with
7 —27 1_ T -
00,0 = e (w @) -0 0) - 3¢ [ (gl + ol + B,
0
Y. -27 1 —27 ~
W0, 1) = €2 (wgz(a) - wgz(O)) - 5e 2 f (ﬁ4qw +ﬁ5qw + Beg 0y )
0
and

W0, 7) = e (w] (a) — w} (0)).

Error estimates

105

Let us work out the error estimates of the layer terms which subsequently will help

us to use the final form (7.57) of the error as done in Chapter 7.
1.

t
IWo(-, T)lly < f e @l (5)f1 + e > Wl (s)f2 + e W] (5)Es|| ds
0

t
<e 2Tf Iwo(s)ll ds.
0
ol Dl < € f

SeroTe_z"‘da = EeG(l—e_ZT),

where, G is a positive constant.

2

B(S)Zu (s,t)e;ids — Z (0, t)e;

i=

do
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3.

it Oy = [
< ["([ Ukolkgols

! —2(1—« € —4T
< eD (f e >da)||w0|| = 5D(1=e™)Iwoll.
0

where, D is a positive constant.

da

e_Z(T_a)f(; (51qw +ﬁ2qw +53q )

Ol Il o) i) e

4. Similarly

5, O, = SE(L ) Il

where, E is a positive constant.

5.
t
IWo(:, 7)ll < f e Wro(0, T — a)|| da
0
< (—:f He_z"‘ wo(0, 7 — a)“ da
0

<e€F ( f g2, 72T da) |[wol|
0

=¢F (f e d(x) lIwoll
0

< eF||wo| (maxze ) < —||w0||.
zeR 2e

where, F is a positive constant.

Finally in order to apply (7.57) for the error estimates, we write u. — Z?:l ii"ie; — Wy
into components as

Uuq 1/2 0 1 0 0

Uy 1/2 0 -1 0 -1/2
us|—at| 0 [=a?|1/2|- e_Zngl 0]- (3_2%022 1|- e‘szgs 0 |.
Uy 0 1/2 0 -1 -1/2
Us 0 0 0 0 1
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Now, using (7.57), we have the following set of error estimates:

1
i = il = e_Zngl < O(e),

1 11 50 43
ty = S+ e w! + 5¢ W < O(e),

1
Uy — Eﬁz - e‘Zng2 < O(e),

1 1 3
Uy — 5122 +e 2qu + 5e Wl < Ofe),

|1/l5 —2t,,13 | < O(e).

This completes our error analysis with the illustrative example.



CHAPTER 9

Conclusion

The main aim of this work was to extend the exiting results on multidimensional
singularly perturbed age-structured population model and this has been achieved in
various ways.

After reviewing the necessary mathematical framework in Chapter 2, we gave
an overview of the deterministic population models in Chapter 3. For long time
behaviour of the classical McKendrick-Von Foerster model, we referred to [65]. We
included an introduction to the multiregional demography which was an essential
part of our perturbed model.

In Chapter 4, we introduced our singularly perturbed population model.
We discussed in details the spectral properties of our irreducible migration matrix.
Following [28] and using Hille-Yosida theorem, we proved the well-posedness of the
perturbed problem.

We showed how application of classical techniques of asymptotic analysis and, in
particular, of the Chapman-Enskog procedure, can yield the aggregation of variables
in more systematic way and deliver a simpler approximation formula than the ad
hoc method of [5], [16]. We explicitly calculated layer correction terms namely, initial,
boundary and corner layers. The solution of the perturbed problem and all terms of the
asymptotic expansion must be strongly differentiable with respect to t and belong to
the domain of the generator which, as mentioned, equals {fu € Wi(R,,R") : u(0) = Bu}.
This is not always easy to achieve in practice. We deferred the work with mild solution
to Chapter 7, where we did rigorous error analysis using the integral formulation.

In literature, most of the works on multipatch population models have been done
with the assumption of irreducibility of the migration matrix. The advantage with

108
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this assumptions is the existence of unique (up to scalar multiple) positive eigenvector
corresponding to the dominant eigenvalue of the migration matrix. But in practice,
it is quite reasonable to consider reducible migration structure. Chapter 6 dealt with
formal asymptotic calculations with reducible migration matrix. We also note that
typically in linear models the matrix M is diagonal which reflects the fact that death is
an intra-patch phenomenon. However, linear models with general matrix M, with off-
diagonal positive entries, not only reflect the mortality but also migration occurring on
a slower time scale. On the other hand, births in a particular patch can easily depend
on the population density in other patches (e.g. females could move to a safer patch
just to give birth) and thus considering full matrix B is perfectly reasonable. This
made our analysis more general than that in [5, 16, 36], where only diagonal matrices
M and B are considered.

Aggregation for our singularly perturbed model has been studied quite extensively
in [5, 6, 16] and in [36]. The results of the former are similar to our final error estimates
described in Theorem 7.3. However, to get estimates valid up to t = 0, the authors
used the solution of the full problem restricted to the subspace complementary to right
Perron vector k(a) so that in practice finding the approximation presents difficulties
comparable to solving the original problem. In our approach the asymptotic analysis
provides the necessary correction in a systematic way as an explicit solution of a
linear autonomous system of differential equations so that using this approximation
is computationally viable. Moreover, there are some gaps in the argument of [5],
one of them being that the projected boundary conditions in [5] are correct only if
k is independent of age. Moreover, classical solutions of the perturbed system and
the aggregated system exist only with initial data satisfying nonlocal compatibility
conditions and, unless additional necessary constraints are imposed on the initial
data, both problems should be considered in their mild form, as discussed in Chapter
7. This approach, though computationally more involved, allows to remove several
technical assumptions imposed in [5].

The essential difference between the reducible and irreducible structure of our
migration matrix is that the reducible structure yields multidimensional null space of
the migration matrix and the basis vector corresponding to the adjoint null space is age
dependent, which contributes a substantial changes in asymptotic analysis in Chapter
6 and Chapter 7 compare to Chapter 5. Physical significance of multidimensional
hydrodynamic space occurred in reducible case is still not well understood.

It may seem strange that the constructed elaborate hierarchy of layers is only used
in intermediate steps of the analysis but, apart from the initial layer, does not appear
in the final approximation. In our opinion this is one of the advantage of the method
which, while providing all potentially significant terms of the expansion, allows for
discarding all these which are not absolutely necessary. In our case the absence of
the boundary and the corner layers in the final approximation is due to the choice of
the state space Li(R;, R"). The norm of L;(IR,, R") averages the terms of layers which
decay exponentially fast in a/€ and thus makes them negligible. It can be shown [10]
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that these terms would be essential to get uniform approximation if the L.(R,,R")
norm was used.

From realistic point of view this model still may be oversimplified. Various
generalizations are possible. For instance, instead of linear model one can consider
nonlinearity and analyze the situation. The migration matrix can be considered irre-
ducible for up to certain age limit and after that it can be reduced into groups which
is also a quite natural assumption.
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