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Abstract

Interest in the attracting property of de Sitter space-time has grown during the ‘infla-
tionary era’ of cosmology. In this dissertation we discuss the more important attempts
to prove the so called ‘cosmic no-hair conjecture’ ie the proposition that all expand-
ing universes with a positive cosmological constant asymptotically approach de Sitter
space-time. After reviewing briefly the standard FRW cosmology and the success of the
inflationary scenario in resolving most of the problems of standard cosmology, we care-
fully formulate the cosmic no-hair conjecture and discuss its limitations. We present a
proof of the cosmic no-hair theorem for homogeneous space-times in the context of gen-
eral relativity assuming a positive cosmological constant and discuss its generalisations.
Since, in inflationary cosmology, the universe does not have a true cosmological constant
but rather a vacuum energy density which behaves like a cosmological term, we take into
account the dynamical role of the inflaton field in the no-hair hypothesis and examine the
no-hair conjecture for the three main inflationary models, namely new inflation, chaotic
inflation and power-law inflation. A generalisation of a well-known result of Collins and
Hawking [21] in the presence of a scalar field matter source, regarding Bianchi models
which can approach isotropy is given. In the context of higher order gravity theories,
inflation emerges quite naturally without artificially imposing an inflaton field. The con-
formal equivalence theorem relating the solution space of these theories to that of general
relativity is reviewed and the applicability of the no-hair theorems in the general frame-
work of f(R) theories is developed. We present our comments and conclusions about

the present status of the cosmic no-hair theorem and suggest possible paths of future
research in the field.
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Chapter 1

Introduction

The theoretical model on which modern cosmology is based is the Friedmann-Robertson-
Walker (FRW) cosmological model or, the hot big bang model. It assumes that the
universe is perfectly homogeneous and isotropic. Einstein himself made the assumption
of homogeneity and isotropy in order to simplify the mathematical analysis. Today the
experimental observations strongly support this assumption at least for that part of the
universe we can see. The FRW model predicts the expansion of the universe, the large-
scale uniformity of the universe, the light-element abundances (with spectacular precision
in the case of *He), and possibly the age of the universe. In view of these successes the
FRW cosmology became known as the standard cosmology.

The most important cosmological discovery of the recent decades has been the detec-
tion of the cosmic background radiation (CBR). Its most striking feature is a temperature
isotropy over a wide range of angular scales on the sky. The remarkable uniformity of
the CBR indicates that at the end of the radiation-dominated period (some hundreds of
thousands years after the big bang) the universe was almost completely isotropic. One
then has a difficulty in explaining why there should be such an isotropy in the universe
for the following reason. The finite velocity of light divides the universe into causally
decoherent regions. Roughly speaking, if the age of the universe is T, then regions moving

away because of the expansion of the universe and separated by a distance greater than



cT will not have enough time to communicate with each other. How did these separated
regions come to be at the same temperature today to better than one part in ten thou-
sand? There are two possible responses to this so-called horizon problem. The first is
that the universe has always been isotropic which means that the initial conditions were
such that the universe was and has remained homogeneous and isotropic. This seems to
be statistically quite improbable. The second response is that the universe came about
in a less symmetric state and evolved through some dynamical mechanisms towards a
FRW state. Soon after the discovery of the cosmic background radiation isotropy, Misner
and others suggested that the universe started off in a chaotic state with inhomogeneities
and anisotropies of all kinds and that various dissipation processes damped out nearly
all of these, leaving only the very small amounts that we see today. This programme was
unable to show that the present state of the universe could be predicted independently of
its initial conditions. In section 2.2 we discuss in more detail the difficulty in explaining
the observed isotropy of the universe — unless one assumes that isotropy persists back to
the big bang - and some other interrelated problems of the standard cosmology.

These problems led to the invention in 1981 of the inflationary scenario which is a
modification of the standard hot big bang model. According to this scenario the very early
universe underwent a short period of exponential expansion, or inflation, during which
its radius increased by a factor of about 10°° times greater than in standard cosmology.
This inflationary phase is also known as de Sitter phase since the de Sitter universe is a
homogeneous and isotropic universe with radius growing exponentially with time. From
times later than about 1072 sec the history of the universe is described by the standard
cosmology and all the successes of the later are maintained.

To see what this picture implies for our universe, consider a region which at time
t as measured from the big bang has the size of the horizon distance at time ¢. The
horizon distance at time ¢ is approximately the distance travelled by light in time ? ie,
equals ct. This is evidently the greatest size of a causally coherent region possible. Thus

at time 107%*sec when inflation commences the size of this region is about 10~*4¢m.



After inflation, at time about 10°sec, its size has grown to approximately 10*°cm.
The observable universe at that epoch had a radius of about 10cm, a minuscule part of
the inflating region. Since the universe lay within a region which started as a causally
coherent region, it would have had time to homogenise and isotropise. Thus inflation
naturally explains the uniformity of the universe.

Today it is believed that inflation is the only way to solve most problems of the
standard cosmology. It must be emphasised that the inflationary scenario is far from
being a complete theory describing the very early universe. Several inflationary models
have been developed during the last fifteen years, mainly because there exist different
ways to generate the mechanism of inflation. These models have problems of their own.
Inflation remains an area of active research.

Most models treat inflation in the context of a flat FRW cosmology. This seems
paradoxical since one of the attractive features of the inflationary scenario is that it offers
the possibility of explaining the present state of our universe without assuming special
initial conditions. However, it is not obvious that cosmological models with non-FRW
initial conditions will ever enter an inflationary epoch nor is it obvious that, if inflation
occurs, initial inhomogeneities and anisotropies will be smoothed out. We now address
this central issue of inflation: Does it proceed from very general initial conditions? To
put it another way, does the universe forget its initial state during inflation and evolve
exponentially fast towards a homogeneous and isotopic de Sitter space? With regard
to this question it has been conjectured that all ezpanding-universe models with positive
cosmological constant asymptotically approach the de Sitter solution. This is referred to
as the cosmic no-hair conjecture. The term ‘no-hair’ denotes the loss of information
regarding initial space-time geometry caused by evolution under the field equations.

In this dissertation we study the more important attempts to prove the cosmic no-hair
conjecture (NHC). Our treatment will be purely classical, that is, we omit the relevant

works based on quantum gravity. The organization of the material is as follows:

o Chapter Two:  We begin by a brief review of the standard cosmological model



and the problems of the standard cosmology. It follows a sketch of the inflationary
scenario and its successes in the resolution of most of the problems of the standard

model. We state the cosmic no-hair conjecture and discuss some of its limitations.

Chapter Three:  We discuss the cosmic NHC in the context of General Relativity
assuming a positive cosmological constant. The first — and probably the more
_important result - is a theorem due to Wald, who succeeded in proving that the
cosmic NHC is true in the case of homogeneous space-times. We mention a slight
generalisation of Jensen and Stein-Shabes as well as the totally different approach

of Morrow-Jones and Witt.

Chapter Four:  In inflationary models the universe does not have a true cosmo-
logical constant. Rather there is a vacuum energy density which during the slow
evolution of the scalar field remains approximately constant and behaves like a
cosmological term. In this chapter we take into account the dynamics of the scalar
field in the no-hair hypothesis. We examine the NHC for three specific inflationary

models, namely new inflation, chaotic inflation and power law inflation.

Chapter Five:  Interest in generalised theories of gravity has grown during the
‘inflationary era’ of cosmology, mainly because in the context of higher-order gravity
theories inflation emerges quite naturally without the necessity of imposing an

inflaton field. In this chapter we discuss the no-hair theorems in the general frame

of f(R) theories.

Chapter Six:  We present our comments and conclusions about the cosmic NHC.

We also suggest some paths of research in this field.



Notation and conventions
In this dissertation we follow the sign conventions of Misner, Thorne and Wheeler
(MTW [59]). In particular we use the metric signature (—,+,+,+) and define the Rie-

mann tensor by

R(X,Y)Z =VxVyZ —VyVxZ ~VixnZ

so that
V. V2 — V4V, 2% = R 2"

The Ricci tensor is defined as the one-three contraction of the Riemann tensor so that
Rig = R%paq-

The Einstein tensor is defined as

1
Gab = Rab - Ega.bRa

where g is the metric tensor and R is the scalar curvature tensor. The Einstein field

equations read therefore

Gab = 87I'Tab.

Throughout most of this work, we use units where the gravitational constant, G, and
the speed of light, ¢, are set equal to one. However, from section 4.3 to the end we use
units such that ¢ = 87G = 1.

We employ the abstract index notation discussed in Wald [73]. Thus, latin indices
on a tensor merely denote the type of the tensor (they are part of the notation for the
tensor itself). Greek indices on a tensor represent its components in a given frame. In the

cases where purely spatial tensor components occur, the range of the indices is explicitly

denoted.



V., is the symbol for the covariant derivative operator. We occasionally use a semi-
colon (;) to denote covariant differentiation. The symbol 0, stands for the ordinary
derivative operator.

Here are some abbreviations most frequently used in the text.

RD Radiation dominated.

MD Matter dominated.

HE Hawking and Ellis.

FRW  Friedmann-Robertson-Walker.
CBR  Cosmic background radiation.
GR General relativity.

SEC Strong energy condition.
WEC  Weak energy condition.

DEC Dominant energy condition.
NHC No-hair conjecture.

NHT No-hair theorem.

HOG  Higher order gravity.

PPC Positive pressure criterion.

The stress-energy-momentum tensor is usually written as stress tensor or energy-momentum

tensor.



Chapter 2

The inflationary scenario and the

cosmic no-hair conjecture

Modern theoretical cosmology is based on the investigation of the structure of our universe
with the aid of general relativity. It is well known that the equations of general relativity
cannot be solved for an arbitrary space-time and an arbitrary matter distribution. Hence,
in order to simplify Finstein’s equations we make the assumption that the universe is
homogeneous and isotropic. Roughly speaking, homogeneous means that, if we were
located in a different region of our universe, the basic characteristics of our surroundings
would appear the same; and by isotropic we mean that there are no preferred directions
in space. In the next section we begin by a brief review of the standard model, that is,
the cosmological model which is constructed under the assumptions of homogeneity and

isotropy of the universe.



2.1 The standard model

The homogeneous and isotropic expanding universe is described by the Friedmann-

Robertson-Walker metric

2

r
1 — kr2

ds® = —dt* + a* (¢) [ +r? (d@z + sin® 0d¢2)] , (2.1)
where k = +1,—1 or 0 for a closed, open or flat universe and a(t) is the scale factor of

the universe.

The evolution of the scale factor is governed by the Einstein equations

. 4

a= —?ﬂ (p+3p)a (2.2)
N\ 2
a k &7

Here p is the density of the universe and p its pressure. From the last two equations

one can find the conservation equation
pa’+3(p+p)a’a=0. (2.4)

Assuming an equation of state of the form p = (v — 1)p we deduce from (2.4) that

pr~a . (2.5)
In particular for p = 0 (dust)
p~a~> matter dominated . (2.6)
and for p = 1p (radiation)
p~a~* radiation dominated. (2.7)



In either case when a is small the curvature term &/a® in (2.3) is much smaller than

the density term (87/3) p and the Friedmann equation (2.3) implies that
@~ tH. (2.8)

For a matter dominated universe

an~ti (2.9)

while for a radiation dominated universe

an~t7 (2.10)

Thus regardless of the spatial geometry (k = £1,0) the scale factor vanishes and the
density becomes infinite as ¢ goes to zero. It can be verified that the components of the
curvature tensor R%;.4 also go to infinity as ¢ — 0. So the point ¢ = 0 is referred to as
the point of the initial cosmological singularity (Big Bang).

It is uncertain at present [43] what is the spatial geometry of the universe, ie what is
the value of the scalar curvature k. It depends on the density p of the universe. In fact
we see from the Friedmann equation (2.3) that the sign of k is determined by the ratio
p/p. of the actual density p to the critical density p., defined by

3K

where H =a /a is the Hubble parameter. If the quantity = p/p,. is less than one,
the universe is open while, if it is larger than one, the universe is closed. Present day

observations [43] give the values

km
W< HLI1 _—
= H =100 (sec.Mpc) (2.12)



0.1<N<2 (2.13)

so that the universe is not far from being flat."
The existence of horizons is characteristic in a FRW space-time [35, 75]. The particle
horizon delimits the causally connected part of the universe that an observer can see at

a given time ¢. The null geodesic equation for the metric (2.1) gives

dr  T—Fkr?

e (2.14)

and the physical distance travelled by light in time ¢ (that is, the radius of the particle

horizon) is

O\%

m (t) f ad(tt,’)' (2.15)

As an example consider a matter dominated universe, a (¢) ~ t3. Equation (2.15)
gives R, = 3t = 2H! so that the radius of the observable part of the universe today
(see (2.12)) is

0.9< R, <225 (10%cm). (2.16)

The event horizon delimits that part of the universe from which we can (up to some

time tmax ) receive information about events taking place now (at time t):

tmax

dt'

(2.17)

X
@
—~~
o~
N—
I
I~
—~
-
N—
u\

As seen from (2.17), in a Minkowski space-time (a (t) = const) or in the Friedmann

matter dominated flat universe (a(¢) ~ t3) there is no event horizon: R. — oo as

IThe controversy about the exact value of the Hubble parameter still holds. Recent observations
have pushed up the lower bound of H with crucial implications for the standard cosmology. The present
day value of H is probably (but not definitely) 80 & 17km/ (sec .Mps) .
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tmax — +00. This is not the case for a de Sitter space-time as we shall see later.

2.2 Problems of the standard cosmology

The basic assumption of the Friedmann cosmology is that the universe is perfectly homo-
geneous and isotropic. Homogeneity (on the average) has been verified experimentally
[43] and isotropy is the most striking consequence of the discovery of the cosmic back-
ground radiation (CBR) in 1964. In fact the CBR is uniform to about one part in 104 in
different directions. It seems, however, very improbable that the initial state of the uni-
verse was exactly homogeneous and isotropic [21]. What is more reasonable is to assume
that its initial state was less symmetric and through some mechanisms of isotropisation
the initial nonuniformities became damped so that the universe could approach asymp-
totically its present state. However, as was shown by Collins and Hawking [21], the class
of initial conditions for which the universe tends for large ¢ to a Friedmann universe is of
measure zero among all possible initial conditions.

Despite its simplicity the standard model is very successful in its predictions of the
Hubble law, the cosmic background radiation and the abundances of the light elements
[43, 75]. Tt provides a framework in which to discuss the history of the universe from at
least as early as the time of nucleosynthesis (¢ ~ 1072 to 10? sec and T' > 10 to 0.1MeV)
until today (¢t ~ 15Gyr and T =~ 2.75K). However, if it is extrapolated backward
to times much earlier than one second after the big bang, several problems are raised.
These problems can be stated in several different but equivalent ways. We review some
of these problems below. For a more detailed exposition see [43, 49, 17].

The first problem is the horizon problem. If the universe were in causal contact at the
end of the radiation dominated epoch, it might be imagined that microphysical processes
smoothed out any temperature fluctuations thus explaining the above mentioned unifor-
mity of the CBR. However, this is impossible because regions at, say, opposite directions

in the sky were separated by many horizon distances [17] and they could not interact.
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The horizon problem is not an inconsistency in the standard model, but it rather repre-
sents a lack of predictive power. The problem is that the large-scale homogeneity of the
universe is not explained or predicted by the model, but instead must be assumed.

The second problem is the flatness problem. As we can see from Friedmann equation

(2.3)

1
= 2.18
LW =1"m (218)
5 (1) = %ioc a*(t) radiation dominated (2.19)
a?3mp a(t) matter dominated

so for the very early universe z(t) ~ t and (! was closer to unity. One can show that [49)]

Q(1sec) — 1] < O (107%°) (2.20)

[9(107% sec) - 1| <O (107). (2.21)

As Linde [49] points out, if the density of the universe was initially (at Planck time)
greater than p,, say by 107%°p,, the universe would be closed and its lifetime t, = 3M
(M is the ‘total mass’ of the universe [45]) would be so small that the universe would have
collapsed long ago. If on the other hand the density near the Planck time was 107°%p,
less than p., the present energy density in the universe would be vanishingly low and life
could not exist. The difficulty in understanding why  was so extraordinarily close to
one at these time scales is known as the flatness problem.

Like the horizon problem, the flatness problem is not an inconsistency in the standard
model. The fact that the density of the early universe is almost equal to the critical
density cannot be explained by the model but instead must be assumed in the initial

conditions.

The third problem is the observed small-scale inhomogeneity of the universe. Al-

12



though the universe is smooth on large scales, it contains important inhomogeneities
such as stars, galaxies, clusters, and so on. In explaining such a structure, it is necessary
to assume the existence of initial inhomogeneities. For a long time, the origin of these
density perturbations remained obscure [17, 77].

The forth problem is that of the unwanted relics also known as the monopole prob-
lem. In the context of GUTs? a tremendous overproduction of magnetic monopoles
occurs during the early stages of the universe. The expected monopole density is com-
parable to the baryon density giving an energy density in the universe about 15 orders
of magnitude higher than the critical density p.. The universe would have collapsed long
ago. Besides monopoles, other structures such as domain walls can be produced follow-
ing symmetry-breaking phase transitions in the early universe. For further discussion of
these topological defects we refer to [43, 49].

There are some other problems [49] related to the four mentioned above which can
be put under the general title ‘Why is the Universe as it is?’. We do not continue this

list. In the next section we shall discuss a proposal which claims to avoid most of them.

2.3 The Inflationary Scenario
Consider a scalar field ¢ described by the Lagrangian density

1
L= ~3 0% — V (p). (2.22)

Its energy-momentum tensor Ty, = 9,000 + gqs L can be written as

1
Tap = 0290 — 5,904 [0cp0°0 + 2V ()] (2.23)

If the field ¢ is homogeneous, its spatial derivatives vanish and in an appropriate co-

ordinate system its energy-momentum tensor takes the form of the corresponding tensor

2Grand unified theories
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of a perfect fluid
Ty = diag (p,p,p,p) , (2.24)

where p = @ 4V () and p = % ¢’ —V (¢). (See also the introductory remarks in
Chapter Four).

A constant scalar field ¢ over all space-time simply represents a restructuring of the
vacuum in the sense that the vacuum energy density changes by a quantity proportional
to V (). If there were no gravitational effects, this change would be unobservable, but
in general relativity it affects the properties of space-time. In fact V () enters into the

Einstein equation in the following way:

1
Rab — §gabR = 87‘(’Tab = 87‘(’ (Tgﬁ — gabV) 3 (225)

where T, is the total energy-momentum tensor, 777 is the energy-momentum tensor of
ordinary matter and —gq; V' is the energy-momentum tensor of the vacuum (the constant
scalar field). Of course, V (¢) = V is a constant. Note that (2.25) is just the Einstein

equation with a cosmological constant A, viz.

1
Rab - igabR = 87TTab - Agab, (226)

where A is given by
A =87V (p). (2.27)

We may also view (2.25) or (2.26) in vacuum (777 = 0) as describing a perfect fluid
with p = —p = —V [35]. This large negative pressure has the effect that a homogeneous

and isotropic universe expands exponentially. In fact equations (2.1), (2.2) and (2.3)

imply that
H~' cosh Ht if k=41
a(t)=4{ HleM if k=0 (2.28)
H~'sinh Ht if k=-—1,

14



where we have set

A 8T
H= \/; = \/; (2.29)

Note that, according to (2.4), the vacuum energy density does not change as the
universe expands. The solution (2.1) and (2.28), obtained in 1917 by de Sitter, is referred
to as de Sitter space-time and its interesting geometry is well described in HE [35]. As
we shall see in the next section the de Sitter space-time plays a crucial role in inflationary
cosmology. Notice that even the flat (k = 0) de Sitter space-time has an event horizon
(cf. (2.17))

R.(t)=H™. (2.30)

An observer in an exponentially expanding universe can see only those events that take
place no farther than H".

The inflationary universe is a modification of the standard hot big bang model. The
basic idea of inflation is that the early universe underwent a short period during which
matter was in a metastable false vacuum state driving the evolution of the universe into
exponential expansion. During this period the scale factor increased by a tremendous
factor, perhaps 10°° times greater than in standard FRW cosmology.

Early constructions of inflationary models involved the notion of phase transitions
present in all grand unified theories of elementary particles. It was assumed that the
very early universe was in a hot (T > 10GeV), expanding state and the symmetry
of the fundamental interaction was manifest so that the Higgs fields had zero values.
During the expansion the temperature dropped and some small regions underwent a
phase transition with at least one of the Higgs fields acquiring a non-zero value, resulting
in a broken-symmetry state. However, for certain values of the parameters in most GUTs
the rate of cooling is very fast compared with the rate of the phase transition. This causes
the system to supercool to a negligible temperature with the Higgs field remaining at

zero, resulting in a false vacuum. The false vacuum has a constant energy density p = py,
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typically of the order of the fourth power of the characteristic mass scale of the theory,
which for GUTs is
Py (1014G6V)4 ~ 10%gem™. (2.31)

This tremendous energy density drives the universe - more precisely the region where the
phase transition takes place — to exponential expansion with a minuscule time constant

(see (2.29)). As already discussed, a homogeneous and isotropic universe with equation

of state p = —p (which is the case of the false vacuum) expands exponentially with time
constant
H! = (%“,U) " (10°GeV) T A 107% sec. (2.32)

Meanwhile quantum or thermal fluctuations cause the Higgs field to deviate from
zero. The field begins to increase with a rate similar to the speed of a ball rolling down
the potential curve. In fact the equation of motion of a scalar field with Lagrangian
density (2.22) is Op — V' (¢) = 0. For a homogeneous scalar field, this equation in the

de Sitter metric takes the form
¢ +3H ¢ +V' (p) = 0. (2.33)

This is just the equation for a ball rolling down a hill with friction.® In the beginning
the speed is very slow due to the ‘flatness’ of the potential — a feature common to
all inflationary models. The damping term 3H ¥ in (2.33) reflects the expansion of the
universe and helps also to slow down the motion towards the steeper part of the potential.
During this slow-rollover process the energy density remains very nearly equal to py and

the exponential expansion continues. More precisely the magnitude of H (cf. (2.32))

3Actually, this is the equation of particle sliding down a hill with friction; we retain however the
commonly used expression ‘slow-rollover process’ when describing the evolution of the scalar field.
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Figure 2-1: Schematic illustration of an inflationary potential. The flatness of the poten-
tial is a common feature to all inflationary models. The qualitative phases of inflation
are depicted: slow roll and coherent oscillations about the minimum of the potential.

changes very slowly so we may speak of a quasi-exponential expansion of a (flat) universe
t ! !
a(t)=aoexp [ H (') di ~ aoexp (HY) (2.34)
0

rather than a strict de Sitter regime, of (2.28). Thus the universe has enough time to
inflate.

Inflation comes to an end when H begins to decrease rapidly. This happens because
the energy density falls to zero as the scalar field approaches its true-vacuum value. In
fact, when the scalar field ¢ reaches the steep part of the potential, it falls quickly to the
minimum and oscillates about it. These oscillations are damped by extra terms in the
equation of motion which arise due to the coupling of ¢ with other fields in the theory
[43]. The oscillations are interpreted in quantum field theory as a high density of scalar
particles and the damping corresponds to the decay of these particles into lighter species.

The decay products collide with each other and perhaps decay into still lighter species

17



so that the energy rapidly thermalises. The system is reheated to a temperature about
1/3 times the phase transition temperature (as can be calculated by using conservation
of energy). All the enormous false vacuum energy is therefore transformed in a hot gas
of elementary particles in an equilibrium similar to the initial conditions assumed in the
standard model. At this point the inflationary phase joins the standard FRW cosmology
and accordingly the successes of the standard model are maintained.

To illustrate the modifications of the standard model resulting by including an in-
flationary transient stage we use the following parameters which are typical to most
inflationary models*: H™! ~ 107**sec (cf. (2.32)), time required for ¢ to evolve to its
equilibrium value At ~ 1073%sec & 100H~!. We assume that a smooth and causally
coherent region of size less than H™! ~ 1072¢m - the radius of the event horizon —
undergoes inflation. During the (quasi-) de Sitter phase the scale factor grows by the
factor Z = eflAt a0 €190 xx 3 x 1013,

We observe that the horizon problem is easily solved. Qur observable universe was
the result of inflating a very small region of space that was initially causally connected.
After inflation the size of this region was 3 x 10%cm, much larger than the radius of the
observable universe (about 10em, as is calculated taking account that the temperature
after reheating is approximately 10'*GeV'). The flatness problem is also solved: During
inflation the energy density remained almost constant ~ p; while the scale factor grew by
the factor Z ~ €'% so that the ratio z (t) = a%8_73r;; decreased by a factor ~ €29, Thus the
scale factor (‘radius of curvature’) of the universe today should still be much greater than
the present observable radius (2.15), thereby explaining the flatness of the universe. We

also see from (2.18) that € should be exponentially close to unity.® Further, the monopole

*The values of these parameters depend on the model used. In some models the factor Z takes huge
values of order ~ 1010°,

3The recent observational facts about the Hubble constant and € (see footnote on page 10) have put
forward the construction of specific inflationary models that lead to Q # 1 today and solve all standard
problems of classical cosmology (see for example [28]). Other modifications of the inflationary paradigm
allow the possibility of a universe divided into infinitely many open universes with all possible values
of © from 0 to 1. These results put theorists on the safe side because, if we find that Q = 1, it will
prove inflationary cosmology since most inflationary models predict Q@ = 1 and no other theory makes
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problem is solved in the following way: The number density of any unwanted relic is
reduced during inflation by a factor of Z°. That means, with the parameters used already,
that the enormous monopole density predicted by GUTs in the standard cosmology (equal
to the baryon density) is weakened by a factor of about 10'® in inflationary cosmology.
Lastly, resolution of the fourth problem, namely the small scale structure of the universe
is difficult to attain within the model described above. For more details see [43].

The version of inflation presented above is not the original model — usually referred
to as old inflation, proposed by Guth in 1981 [33] and which proved to be unworkable.
It is the variant proposed in 1982 by both Linde [50] and Albrecht and Steinhardt [1],
often referred to as new inflation. However, this scenario is still far from being perfect.
In order for the new inflationary universe to occur the underlying particle theory must
contain a scalar field ¢ with the following properties:

i)The potential function V (¢) must have a minimum at a non-zero value of .

i1)V (¢) must be very flat in the vicinity of ¢ = 0. This guarantees the slow evolution
of the scalar field to its equilibrium value thus permitting the universe to achieve enough
inflation.

The early papers on the new inflationary scenario assumed that some of the Higgs
fields responsible for breaking the grand unified symmetry would also play the role of the
field ¢ which drives the inflation, but it was realised that this could not be the case [49]. In
most newer models the ¢ field is an ‘inflaton field’ responsible for driving inflation. In 1983
Linde proposed a very simple and elegant model [51], the chaotic inflation. Although the
scalar field is not part of any unified theory, the model successfully implements inflation
and avoids most of the problems of the new inflation [49].

The inflationary scenario — although finality is not still achieved - is today the only
way to solve the great puzzles of the standard model. Its implications for cosmology

are manifold. For example inflation implies that the observable part of the universe is

this prediction. If on the other hand we find that Q # 1, it will not disprove inflation, since we have

models with  # 1 and no other models of isotropic universe and £ # 1 are known so far. See [52] for a
discussion.
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many orders of magnitude smaller than the Universe as a whole and it is an impermissi-
ble extrapolation to draw any conclusions about the homogeneity of the later based on
observations of such a tiny component. OQutside the regions which underwent inflation
large inhomogeneities could exist. While our immediate neighborhood and well beyond
should be smooth and flat if our broader region inflated, it could be that the universe
on the very largest scales is very irregular with regions inflating at different times and
some regions never inflating at all. Moreover, the ‘universes’ that evolve in different
inflationary regions could be quite different [49] due for example to a different breaking
of the symmetry of the unified interaction. Furthermore all that we see today arose from

‘nothing’, in the form of false vacuum energy.

2.4 The cosmic no-hair conjecture

The observable universe today seems to be remarkably homogeneous and isotropic on a
very large scale and the Friedmann cosmology is a successful cosmological model capable
of describing its large-scale properties. In principle the inflationary scenario provides
an explanation of the homogeneity and isotropy of the universe without assuming this
symmetry as part of the initial conditions. However, most investigations of inflationary
models incorporate homogeneity and isotropy from the outset. In the previous section
we analysed inflation in the context of a FRW cosmology assuming that the inflating
regions are smooth enough so that they can be regarded as de Sitter space-times.

It is not obvious that cosmological models with non-FRW initial conditions ever enter
an inflationary epoch nor is it obvious that, if inflation occurs, initial inhomogeneities and
anisotropies will be smoothed out eventually. Therefore the question of the naturalness of
the inflationary scenario is posed in the sense that we have to ask: Does the inflationary
phase in the evolution of the universe proceed from very general initial conditions?

With regard to the question of whether the universe evolves to a homogeneous and

isotropic state during an inflationary epoch, Gibbons and Hawking [31] and Hawking and
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Moss [36] have put forward the following

Conjecture 1 All ezpanding-universe models with positive cosmological constant asymp-

totically approach the de Sitter solution.

This is referred to as the cosmic no-hair conjecture.

In general relativity solutions of the Einstein equations are believed to settle toward
stationarity as the nonstationary parts dissipate in the form of gravitational radiation.
Such a proposition is very difficult to prove, even for the simplest space-times. Even
if we accept this principle, neither the final state of evolution, that is the stationary
solution nor its uniqueness is at all obvious. The uniqueness assertions are known as ‘no-
hair conjectures’, to denote the loss of information regarding initial space-time geometry,
caused by evolution under the field equations. This information either radiates out to
infinity or is hidden behind event horizons. The cosmic no-hair conjecture is an assertion
of the uniqueness of the de Sitter metric as a stationary,® no-black-hole solution of the
Einstein equation with positive cosmological constant.

A few comments about the no-hair conjecture (NHC) are necessary.

e A precise version of this conjecture is difficult to formulate, mainly because of
the vagueness associated with the terms ‘asymptotic approach’ and ‘expanding

universe’.
e There is no general proof (or disproof) of this conjecture.

¢ Some counter-examples exist of the form ‘initially expanding universe models rec-
ollapse to a singularity’ without ever becoming de Sitter type universes, the most
obvious one being the closed FRW space-time which collapses before it enters an

inflationary phase (see [13, 9]).

The stationary nature of de Sitter space-time will be discussed in section 3.3.
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e It should be possible for regions of the universe to collapse to black holes so that
the universe approaches a de Sitter solution with black holes rather than a de
Sitter solution. In addition other special behaviours should be possible such as an

asymptotic approach to an Einstein static universe.

e Although the NHC is not generally valid as it stands, the number and diversity
of the models that do obey this principle lead to the belief that perhaps a weaker

version of the conjecture must be true.”

2.5 Summary

In this introductory chapter we reviewed the elements of the FRW cosmology and pre-
sented some of the problems of the standard model. These problems exhibit our inability
to predict the present observable uniformity of the universe from general initial condi-
tions. We outlined very briefly the basic ideas of the inflationary scenario and described
the way it solves most of the problems of the standard cosmology. Finally we posed the
question of how natural is inflation and discussed the cosmic no-hair conjecture. In the
following chapters we review the most important attempts to prove the cosmic NHC. As
we will see much progress has been done towards a no-hair theorem, in the special case

of homogeneous cosmologies.

7 Alternatively it could be recast as something less than a principle against which models should be
tested.
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Chapter 3

The cosmic no-hair conjecture in

general relativity

In this chapter we discuss the cosmic NHC in the context of general relativity. By this
we mean that we do not take account of the dynamics of the inflaton field; rather we
attribute the vacuum energy which is necessary for the inflation to a large cosmological
constant. In other words we do not care about the origin of the cosmological term and
we have no mechanism to finish inflation ¢e to drive the cosmological term to zero value.

Some evidence for the NHC has been discussed by Boucher and Gibbons [18], and
Barrow [3]. They studied small perturbations of de Sitter space-time and found that they
do not grow as the scale factor tends to infinity. Steigman and Turner [70] considered a
perturbed FRW model dominated by shear or negative curvature when inflation begins in
the context of new inflation. They found that the size of a causally coherent region after
inflation is only slightly smaller than the usual one in a purely FRW model. Wald [74] was
the first who succeeded in 1983 to prove that ‘all ezpanding Bianchi cosmologies with
positive cosmological constant A, except type-1X, evolve towards the de Sitter solution
exponentially fast. The behavior of type-IX models is similar provided that A is greater
than a certain bound’. Wald’s proof is the prototype for many subsequent works as we

shall see in more detail in the next chapter.
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3.1 Background from differential geometry

In this section we present the necessary geometric notions which are used in all subsequent
chapters. We derive Raychaudhuri’s equation which describes the behavior of a family
of timelike geodesics in the presence of a gravitational field. Next we discuss the energy
conditions on the matter content. As we shall see, the energy conditions, although not of
geometric nature, are reasonable inequalities satisfied by the energy-momentum tensor.
The extrinsic curvature of a hypersurface describes how the hypersurface is embedded in
the space-time. Finally we present a very brief review of spatially homogeneous space-

times.

3.1.1 Raychaudhuri’s equation

Consider a smooth congruence of timelike geodesics in a space-time (M, g). The corre-
sponding tangent vector field n is normalized to unit length, (n,n) = —1. This means
that the geodesics are parametrized by proper time t and n = 9/9t. We define the spatial
metric h by

ha.b = Gab + NgNy. (31)

Note that kh.ny = R¥;n® = 0 so that A%, = g*hey can be regarded as the projection
operator onto the subspace of the tangent space perpendicular to n. In the following we

are interested on the covariant derivative of n. Its geometric meaning will become clear

immediately before section 3.1.4.

We define the ezpansion, 8, shear, o, and rotation, w, of the congruence by

0 = h*Vin, = Vyn® (3.2)
1

Tab = V(bna.) - §0hab (33)

Wap = V[bna]. (34)
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The tensor fields o, and w,, are purely spatial in the sense that o,n° = ween® = 0 and
o is traceless. If the energy-momentum tensor of the matter fields is of the form of a
fluid, then 0, o, and w, are not the expansion, shear and the rotation of the fluid unless
the fluid happens to be moving along the geodesics.

The covariant derivative of n can be expressed as
1
Vin, = ngy = §9hab + Gab + Wab- (3.5)

This can be verified by direct substitution from the previous defining equations (3.2) -
(3.4).1
From the definition of the curvature tensor and the geodesic equation

n*V,n® = 0 we have

chchna = ncvbvcna + }zadcbndnc
= Vi (n°Veng) — (Ven©) (Veng) + Ragepnin®
—(Ven®) (Veng) + Ragsn®n®.

Taking the trace of the last equation we obtain

% =n°V, (Vdnd) = —(V4n9) (Vcnd) — Rynn®

and using (3.5) we get after some manipulation

do 1

— 0% — 6,40 + W™

_ ab a a
zi-t- = 3 — Rabn nb. (36)

This equation is known as the Raychaudhuri equation and plays an important role in the

proof of the singularity theorems of general relativity.

In HE there is a projection h,® for every index of the tensor field n,y in the definitions of the
shear and the rotation. Our definitions differ from those in HE because Ng;p 18 purely spatial, ngpn®

ngpn® = 0. This is due to the fact that n is associated with a congruence of geodesics, not merely a
congruence of timelike curves.
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3.1.2 Energy conditions

The actual form of the energy-momentum tensor of the universe is very complicated since
a large number of different matter fields contribute to form it. Therefore it is hopeless to
try to describe the precise form of the energy-momentum tensor. However, there are some
inequalities which it is physically reasonable to assume for the energy-momentum tensor.
In many circumstances these inequalities are sufficient to prove via the field equations
many important global results, for example the singularity theorems. In this section we
discuss these inequalities, usually referred to as energy conditions.

At the end of the following section we shall see that, if the right-hand side of (3.6)
is positive, the congruence expands while, if it is negative, geodesics in the congruence
converge. We pay therefore attention to the sign in front of the last term on the right-
hand side of the Raychaudhuri equation. By the Einstein equations this term can be

written as

1 1
Rn’nt = 87 (Tab — iTg,ﬂ,) n°n® = 8r (Tabn“nb + §T) : (3.7)

The quantity T,;n°n® is the energy density as measured by an observer whose 4-velocity

is n. For all known forms of matter this energy density is non-negative and therefore we

impose that

Topuu® >0 (3.8)

for all timelike vectors u. This condition is known as the weak energy condition (WEC).

An other assumption usually accepted is the strong energy condition (SEC) which states

that
1
Toon®n® > _ET (3.9)

for all unit timelike vectors n. In fact it seems reasonable that the matter stresses will

not be so large as to make the right-hand side of (3.7) negative. Finally, the dominant

energy condition states that

Tyuu® >0 (3.10)
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and T%u® is non-spacelike vector for all timelike vectors u. In particular the dominant

energy condition implies that

|Tp.u| S TOO’ (311)

where T),, are the components of Ty; in any orthonormal basis with n* as the timelike
element of this basis.

To be convinced that the above conditions are reasonable assumptions, let us see
what they imply for a diagonalisable stress-energy tensor T, = diag (p, p1,p2,ps). This
is for example the case of a perfect filuid with stress-energy tensor T}, = diag (p, p, p, p)-

It is easy to see that the energy conditions take the form

p>0and p+p; 20 (:=1,2,3) (WEC)

p+pi+pa+ps>0and pt+p; 20 (1=1,2,3) (SEC) (3.12)

p2lpl (=1,2,3) (DEC).

For further discussion see for example HE [35].

3.1.3 Extrinsic curvature

Consider now the case that the space-time (M, g) is globally hyperbolic and the congru-
ence of the timelike geodesics is normal to a spacelike hypersurface . In every point p
of & the unit normal to ¥ at p equals the (unit) tangent vector n of the geodesic passing
through p. Then the induced metric tensor h on ¥ coincides with the previously defined

‘spatial metric’ hqp = gap + nans, (3.1). For the same reason the covariant derivative of n

evaluated on ¥ coincides with the eztrinsic curvature K,; of Y, viz.

Kap = Vo, (3.13)
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Of course the tensor field K is purely spatial (see footnote on page 25). Since the
congruence is hypersurface orthogonal,? we have w,, = 0 which implies that the extrinsic
curvature tensor field is symmetric, e K, = Ki,. Hence, taking the Lie derivative of

the metric with respect to n we find

I{ab = %Lngab
= 2L (hap — o) (3.14)
= %tha.b,

where the geodesic equation was used. If a coordinate system adapted to n is used, then

the components of the extrinsic curvature in these coordinates are

1 0h,,
= —— 1
Ko 2 Ot (3.15)
The trace K of the extrinsic curvature is defined as
K=K%=hK, =0 (3.16)

so that K is equal to the mean expansion 6 of the geodesic congruence orthogonal to X.

One has the following geometric interpretation of K [68]. Assume ¥ to be a compact
submanifold with boundary (otherwise, take a compact subset of £). For every p in X
denote by 7, the geodesic passing through p, 7e, 7, : [0,e] = M is a future-directed
geodesic orthogonal to ¥ and satisfying «, (0) = p, with tangent vector field n. For all
t € [0,¢], define ¥; = {7, (¢) : p € L}, that is, &; is the set of all points of ¥ moved

along each geodesic a parametric distance t. If V' (¢) denotes the Riemannian volume of

Y then it can be shown

V' (0) = /E KQs, (3.17)

2A necessery and suficient condition that n be hypersurface orthogonal is na Vong = 0. See for
example Wald [73], appendix B, p 436.
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where Qs is the Riemannian volume element of ¥. Thus K > 0 roughly means that the
future-directed geodesics orthogonal to ¥ are, on the average, spreading out near X so

as to increase the volume of ..

3.1.4 Homogeneous cosmologies

The space-times we deal with in this work are with a few exceptions spatially homo-
geneous. A space-time (M, g) is said to be spatially homogeneous if there exists a one-
parameter family of spacelike hypersurfaces X, foliating the space-time such that for each
t and for each p,q € 3; there exists an isometry of M which takes p to ¢. Homogeneous
cosmologies have been studied intensively over the past years (for reviews see Ryan and
Shepley [66], MacCallum [54, 54]). One of the main reasons is that all possible geome-
tries of the spacelike hypersurfaces fall into one of ten classes. Another equally important
reason is that Einstein equations reduce to a system of ordinary differential equations.
In fact because of the spatial symmetry only time variations are non-trivial.

The set of all isometries of a Riemannian manifold forms a Lie group G and the set
of the Killing vector fields (that is, the set of infinitesimal generators of the isometries)
constitutes the associated Lie algebra, with product the commutator. In our case dim G =
dim ¥; = 3 provided that G acts simply transitively on each ¥, that is, for every p,q in
Y, there exists a wunique tsometry € G sending p to ¢q. The algebraic structure of the
group G can be described in terms of the Lie algebra since, if v,w are Killing vector

fields, they satisfy

[v7w]a - _Cabcvbwc’ (318)

where C%, are the structure constants of the Lie group. It follows immediately from the

definition that

Cmbc = _Cacb (319)
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and from the Jacobi identity for commutators that
Ced[a Cdbc] =0. (3.20)

These two equations lead to all three-dimensional Lie groups, or equivalently, all
possible sets of structure constants which satisfy (3.19) and (3.20). Bianchi was the first
to classify all three-dimensional Lie groups into nine types. A slightly different version of
this classification can be obtained in the following way (see Ellis and MacCallum [29]).

The tensor field C¢,; can be decomposed as
Clb = M*eqe + 6 Ay, (3.21)

where €gbc = €[qpq] 18 a three form on the Lie algebra, M = M% and A, is a ‘dual’ vector.
We can solve for M* and A,, taking Ay = C%, and M = %C(“ €. Inserting (3.21)
into the Jacobi identity (3.20) yields

M* Ay =0. (3.22)

Therefore the problem of finding all three-dimensional Lie groups is reduced to de-
termine all dual vectors A, and all symmetric tensors M satisfying (3.22). If A, = 0
(class A), there exist six Lie algebras determined by the rank and signature of M. If
Ay # 0 (class B), equation (3.22) implies that rankM cannot be greater than two. Hence,
in this case there exists four possibilities for the rank and signature of M?®. These ten
combinations are tabulated (see eg in Landau and Lifshitz [45], MacCallum [54]) and
called the Bianchi models. For example, the Bianchi type-IX model is determined by
Ay, =0, rankM = 3, signatureM = (+ 4+ +). One can find explicit formulas for C¢y
in different bases in Ryan and Shepley [66]. Useful formulas for the Ricci tensor and
Einstein equations in terms of the structure constants and the spatial metric are also

given in Ryan and Shepley [66].
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The metric of a spatially homogeneous space-time is
Gab = —NgNp + hgp, (3.23)

where h is the three-metric of the spatial slices and n = 9/0t is a unit timelike vector
field, orthogonal to the homogeneous hypersurfaces. The vector field n defines the time
coordinate of the space-time. There are many ways to put the metric in a useful form
[53]. For example the spatial coordinates can be chosen as follows. We consider one
homogeneous hypersurface ¥ and choose a basis of one-forms w!,w?, w3 which are pre-

served under the isometries, that is, have zero Lie derivative with respect to the Killing

vector fields. It follows that each one-form w' (the index : labels the one-form) satisfies

(see for example Wald [73] section 7.2)
1 1 c 1
V[awb] = _50 abWe,y (324)

with C¢; the structure constants of the Lie group of isometries of the spacelike hyper-

surfaces. Then the (invariant) spatial metric can be written
hap = hijwiwd, 4,5=1,2,3, (3.25)

where the components h;; are constant on .

To construct the full metric we consider for p € ¥y the unit normal vector np to Xg
at p (we used the symbol n to denote an arbitrary timelike vector field orthogonal to the
homogeneous hypersurfaces for reasons that will soon become clear). Denote by 7, the
geodesic determined by (p, n,) . Then +, will be orthogonal to all the spatial hypersurfaces
it intersects, because the tangent to +, remains orthogonal to all the spatial Killing vector
fields (see for example O’Neill [63], ch.9, lemma 26). We label the other hypersurfaces
by the proper time ¢ of the intersection of 7, with the hypersurface, hence, t = const on

each ¥;. Then the vector field n defined by n® = —V4¢ will be everywhere orthogonal
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to each ¥; and the integral curves of n are all geodesics since this is true along 7, and
hence is true everywhere on each ¥, by spatial homogeneity. Now we ‘Lie transport’ the

w* defined on ¥, throughout the space-time along n, te,

which implies that w:n® = 0 everywhere. We conclude that the metric (3.23) takes the
form

Gap = =Vt Vit + hij (t) wie] (3.26)

or equivalently

d82 = —dt2 + hij (t)wiwja Z’] = 1a27 3 (327)

It is now clear the property of homogeneous space-times mentioned at the beginning of
this section, namely that the Einstein equations become ordinary differential equations
with respect to time.

We note by @R the scalar curvature of the spacelike hypersurface which we think
of as a Riemannian three-manifold with metric h. In what follows we make repeated
use of a property of the scalar spatial curvature )R, namely that @R is nonpositive
in all Bianchi models except type-IX. To prove it, we write the scalar curvature )R in
terms of the structure constants C'%, of the Lie algebra of the symmetry group of the

homogeneous hypersurface (see [45] or [66])
(3) a cb 1 a cb 1 abe
R=-C"u,C°° + 50 pcCCa’ — ZC’abCC . (3.28)

All indices are lowered and raised with the spatial metric, khqp, and its inverse A%. A

rather lengthy calculation gives for ®) R (by substitution of (3.21) into (3.28) and using

(3.22))

3 1
®R = —§AbA” — ! (M“bM,,,, - 5M?) : (3.29)

where h is the determinant of A, that is, h™' = €zpc€aesh%¢h RS . From (3.29) it follows
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immediately that, if @R is positive then necessarily MM, < %Mz, but then M* must
be definite (positive or negative) as can be verified by considering a coordinate system
where the tensor M® is diagonal. In this case (3.22) implies that Ay = 0. A look at the
Bianchi classification shows that the combination A, = 0 and rankM = 3 corresponds
to the type-IX model. What we have shown is that in all Bianchi models except type-IX

the three-scalar curvature is nonpositive
®R<0. (3.30)

This ends the necessary geometric notions which will be used in the development of

this chapter.

3.2 Proof of the cosmic no-hair conjecture for

homogeneous cosmologies (Wald, 1983 )

Our starting point is a (spatially) homogeneous space-time which, according to the results
of the previous section, can be foliated by a one-parameter family of spacelike hypersur-
faces ¥; orthogonal to a congruence of timelike geodesics parametrized with proper time
t. As usual, we denote by n = 0/0t the unit tangent vector field to the geodesics. When
it happens that matter is moving along these geodesics, the expansion, shear and the
rotation of the cosmic fluid coincide with the corresponding quantities of the geodesic
congruence. However, we do not suppose that this be the case as the only property of

the matter stress-energy tensor that we use is that it satisfy the strong and dominant

energy conditions. We use the FEinstein equations

Gab + Agab = 87‘-Tab (331)
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to describe the evolution of Bianchi cosmologies. In what follows only two components

of (3.31) are necessary: the time-time component
Gan®n’ — A — 87T ynn® =0 (3.32)
and the ‘Raychaudhuri’ equation
a, b 1 a b
Ruyn®n® + A —8n [T, — égabT n®n’ = 0. (3.33)

The term R,;n®n’ permits us to transform (3.33) to its more familiar form as follows.
Firstly we decompose K, into its trace K and traceless part o4 (see (3.5) and (3.16)),
viz.

1
Ky = gKh“b + Ogp- (3.34)
We can then express Goyn®n® in terms of the three-geometry of the homogeneous hyper-
surface using the Gauss-Codacci equation (HE, [35])

1 1 1 1
5 ®R = SR+ Ran®n’ — 5 (K%)" + 5Ka,,K“b. (3.35)

Observe that the sum of the first two terms on the right-hand side of the Gauss-Codacci
equation equals G,pn®n’, while the last term of this equation simplifies as K, K* =

$K? + 040", Putting all these together in (3.32) we obtain

K*=3A+ gaaboab —

bO o

VR + 247 T, pnon’. (3.36)

Eliminating Rgsn®n’ from (3.6) and (3.33) we obtain the Raychaudhuri equation with

cosmological constant (compare to (3.6))

. 1 1
K=A— §K2 — Uabdab — 87 (Tab — ig"’bT) n®n’. (337)
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These last two equations are the basic tools in proving the NHT for homogeneous cos-

mologies. Our aim is to show that the metric h has the asymptotic form
hab () = exp (Ht) has (to)

by showing first that K is bounded - in fact it tends exponentially to a certain limit.
This will be done by constructing certain inequalities starting from (3.36) and (3.37) and
the energy conditions.

At the end of the previous section we proved that ()R < 0 in all Bianchi models
except type-IX. We observe that, assuming a negative spatial scalar curvature, all terms
in the right-hand side of (3.36) are positive and so we turn our attention to any Bianchi
model which is not type-1X. Using the strong energy condition (39), the dominant energy
condition (3.10) and (3.30), we obtain from (3.36) and (3.37)

. 1
K<A- §K2 <0. (3.38)

Assuming that the universe is initially expanding i¢ K > 0 at some arbitrary time ¢ = 0,
then the universe expands for ever ie K > 0 for all time since K? > 3A implies that K

cannot pass through zero. Therefore at all times we have

K > V3A. (3.39)

The first inequality of (3.38) also implies

K 1
K2 _3A < —3 (3.40)

which after integration yields

V3A A
K< ———— =4/=
~ tanh (at) ’ where a 3 (3-41)
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For convenience we write together the inequalities (3.39) and (3.41)

\/3A§K§ta 3A

ot (o0 (3.42)

We see that the expansion rate K approaches v/3A exponentially fast. Equation (3.36)
implies

(K2 ~ 3A) <A

< ab < _—.
0= 0w = = sinh? (at)

(USRI

(3.43)

We deduce that the shear approaches almost exponentially to zero and the universe
rapidly isotropises. From the same equations (3.36) and (3.41) we find that the energy

density also approaches zero in a few time-constants a~! since

A 1
Tnnb <

— . 3.44
= 87 sinh? (at) (3.44)

As a consequence of the dominant energy condition all components of the energy-momentum
tensor rapidly approach zero (see (3.11)). From (3.14) and the fact that K — 3A as

o, — 0 we see that the metric asymptotically has the form

hap (1) = exp[2a (t — to)] has (to) - (3.45)

Finally (3.36) implies that the spatial curvature ®)R also goes to zero. The scaling
property of the Ricci tensor,

® Ray (1) = exp [~2a (t — 10)] P Ras (o),

(which can be verified by direct substitution in the formula giving the Ricci tensor in
terms of the metric tensor) tells us that the universe becomes flat exponentially fast.

In conclusion, for ¢ > a~!, any initially expanding Bianchi space-time not of type-IX
becomes isotropic and flat (the shear and the spatial curvature vanish), expands at a

constant rate K = +/3A and appears to be matter free ie, becomes an empty de Sitter
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space-time. A careful analysis of the asymptotic approach to de Sitter space-time can be
found in Barrow and Gotz [11].

What happens in the case of Bianchi type-IX models? In such models the scalar
curvature ® R can be positive, but the largest value it can take for fixed determinant A

and given M is (see Wald [74])

3 (det M)*/®

(3) — =
Bpnax = 51175

(3.46)

From (3.36) and (3.37) we see that a large enough positive cosmological constant could
still cause the same behavior to a Bianchi type-IX universe. Suppose that initially we

have
3 (det M)*/®

R (3.47)

1
A>-OR =
> 2

and that the universe initially expands that is K > 0. From (3.14) it follows that
h /b = 2K. Hence h increases. We note that K remains positive by (3.36) provided
that the above inequality for A is still satisfied. This inequality can be violated only if
h becomes smaller than its initial value which is impossible. We conclude that K never
passes through zero and h continues to increase. By the same type of arguments used in
the other Bianchi models we can show that the universe approaches de Sitter space-time.
Therefore Wald’s theorem is proved.

We can show by a more physical argument why Wald’s theorem is to be expected.
For this purpose we need only the time-time component of Einstein equations (3.32) as
our analysis will be quite qualitative.

Denoting the scale factors of the three principal axes of the universe by X;, 2 = 1,2,3

and the mean scale factor by a = V%, where V = X7 X5 X3, (3.32) is written as

N 2 N\ 2
a 1
3H2 =3 (Z) = g (%) =A + 87rTabn“nb + F (Xl,Xz,X3) . (348)

The function F' depends on the Bianchi model and contains all the information about
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the anisotropic expansion of the mean scale factor. The detailed form of F' can be found
in [29]. The only property of F' that we will use is that in all Bianchi models F' decreases

at least as fast as a=2.

Equation (3.48) is the analog of the Friedmann equation for
anisotropic cosmologies. For the FRW models, X; = X; = X3 and F' = k/a?. The term
V [V in (3.48) is the expansion K in Wald’s theorem.

As the universe expands, the function F' in (3.48) decreases at least as a™? and the
term T,ynon® decreases as some power of a (for example as a™* for a radiation dominated
FRW universe). It is clear that the cosmological constant eventually dominates the
terms 87T,,n°n’® and F. This happens in about one Hubble time, Hy' = (A/3)_%, and

a ~ exp Hot. We see that the anisotropic term F' and the ordinary matter content of the

universe decay exponentially with time and the space-time rapidly approaches de Sitter.

3.3 Other approaches to the cosmic no-hair

conjecture in General Relativity

There are several attempts to generalise the no-hair theorem for homogeneous cosmologies
proven by Wald to the cases of inhomogeneous or arbitrary space-times. We describe

briefly two of these attempts. The first is due to Jensen and Stein-Shabes [41] and

consists of a slight modification of Wald’s theorem.

Theorem 1 [Jensen & Stein-Shabes|. Let (M,g) be an arbitrary synchronous space-
time of any dimension with positive cosmological constant, the energy-momentum tensor

satisfying the dominant and strong energy conditions and a scalar spatial curvature which

is always positive. Then (M, g) evolves towards a de Sitter space-time.

A few comments about the assumptions of the theorem are necessary. Synchronous
space-time is evidently a space-time that can be described by a synchronous reference sys-

tem. This is always possible provided that the space-time is globally hyperbolic. Global
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hyperbolicity is also a necessary condition for the existence of spacelike hypersurfaces
which foliate the space-time. Hence the notion of spatial curvature is meaningful.

The proof of the theorem goes exactly as in the homogeneous case and we do not
repeat it here. In fact a careful reading of Wald’s proof reveals that homogeneity is used
only to show that the scalar three-curvature is nonpositive in all homogeneous cosmologies
except for Bianchi type-IX models. In the present case the non-positivity of the spatial
curvature is imposed from the beginning as an assumption.

Despite the fact that the proof of Jensen and Stein-Shabes is almost verbatim Wald’s
proof, the physical implications of their theorem are quite interesting. Consider all pos-
sible space-times which can be foliated by spacelike hypersurfaces. Foliation by spacelike
hypersurfaces is not a severe restriction because as mentioned above, this is the case of
globally hyperbolic space-times, a very large subset of all possible space-times. In fact
Penrose [65] has conjectured that all physically reasonable space-times must be globally
hyperbolic. Fix a hypersurface which will be considered as initial hypersurface Y. It
is clear that the concept of a scalar three-curvature of a given sign is meaningless as
the curvature varies from point to point on Xo. However, it is possible that the scalar
curvature has constant sign throughout Y. It is reasonable to assume that about half of
these special initial hypersurfaces have negative curvature and the corresponding space-
times are good candidates for the validity of the NHT. It may be that the set of these
special initial hypersurfaces is of measure zero in the set of all initial hypersurfaces. In an
arbitrary initial hypersurface ¥ we can refine the argument by considering small regions
on Yo, where the three-curvature has a given sign. This is always possible because ®)R is
a continuous function of position on Y. Then the regions of negative ® R play the role
of candidates for the validity of the NHT. However, this does not necessarily mean that
these negatively curved regions will inflate. In order that the NHT be applicable, @R
must be nonpositive for all subsequent time of interest, not only at the initial hypersur-
face. The detailed evolution of )R depends on the motion of the matter and the full

set of Einstein equations must be used. A continuity argument of the time dependence
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of ® R does not guarantee that (¥ R will remain negative for a few time constants \/3/7
The above discussion though quite qualitative suggests that it is not unreasonable to
believe that the NHC may be applicable to a wide class of space-times [64].

A quite different study of the cosmic NHC is a theorem of Morrow-Jones and Witt
[58] which is formulated as follows.

Theorem 2 [Morrow-Jones & Witt]. In the absence of black holes, the only locally static
solutions to the Einstein equations in vacuum with positive cosmological constant are the

de Sitter and Nariai solutions.

An analogous result for A < 0 was obtained by Boucher, Gibbons and Horowitz [19]
who proved that anti-de Sitter space-time is the unique solution to R, = Ages which
is strictly stationary and asymptotically anti-de Sitter. In an attempt to generalise this
result for A > 0 the above authors noted that the main difficulty is the fact that de Sitter
space-time has no spatial asymptotic regions.

We recall that a space-time is said to be stationary if it admits a timelike Killing vector
field, K. Any (smooth) vector field is the generator of diffeomorphisms. The timelike
character of K guarantees that these diffeomorphisms are time translations while the
Killing property of K means that the generated diffeomorphisms are isometries. Hence
the space-time geometry does not change under the flow of the vector field. Therefore
the definition agrees with the usual notion of stationarity as time translation invariance.
Further a space-time is said to be static if it is stationary and the Killing field K = 9/9t
is orthogonal to a family of (spacelike) hypersurfaces (see HE [35]).

The hypersurfaces can be thought of as surfaces of constant time labelled by the
parameter ¢. It can be shown (see Wald [73]) that, if we choose arbitrary coordinates

z', 2%, 2° on one of the spacelike hypersurfaces, the metric components take the form

ds®* = -V? (:cl, x2,x3) dt* + h;; (:cl,:rz, :v?’) de'dz?, (3.49)

3The case A = 0 has been examined by Lichnerowicz (see for example [46]) who proved that the only
strictly static, asymptotically flat solution is Minkowski space-time.
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where V2 = —K°K, and 7,7 = 1,2,3. We see immediately that the diffeomorphism
defined by ¢t — —t is an isometry. Thus the formal definition agrees with the usual
notion of static space-time as being time-reflection invariant.

What does de Sitter space-time have to do with stationarity? How can we think of a
stationary space-time which first contracts and then expands exponentially? The answer
is that there is a coordinate system such that de Sitter space-time appears static. This is
true because in general relativity there is no specially chosen time so that what appears
dynamic with respect to one coordinate system may appear static with respect to another
system of coordinates.

de Sitter space is more easily visualized as the hyperboloid
- (x0)2 + ($1)2 + (x2)2 + (x3)2 + (x4)2 =H™? (3.50)

embedded in a five-dimensional Lorentz space. The radius of the hyperboloid is H~! =

/3/A (cf. equation (2.29)). In coordinates (¢, x, 0, ¢) defined on the hyperboloid by

z° = H~lsinh Ht

z' = H™'cosh Htcosy

2> = H~™!cosh Htsin x cos § (3.51)
z® = H~!cosh Htsin x cos

z* = H~!cosh Htsin x sin 8 sin ¢

the de Sitter metric takes the usual form of a FRW universe

ds* = —di® + H™? cosh® (Ht) [dx® + sin® x (d6? + sin® 6dg?)| (3.52)
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with topology R x S°. In coordinates (t,r,0, ¢), defined by

N

®° = (H™?—r?)>sinh Ht

b = (H?- 7"2)% cosh Ht

2?2 = rcosf (3.53)
3 = rsinfsing

z* = rsinfcos¢

the metric takes the form of a static universe with event horizon H™!
ds? = — (1= H*?) de + (1= H**)" dr® + 1 (d6° + sin? 0dg”) (3.54)

The static Killing vector field is K = 0/0¢. Since there is a coordinate singularity at
r = H!, de Sitter space is not strictly static by the definition given above. However,
it is locally static in the sense that every point of the space-time has a neighborhood
which admits a static Killing vector field. We give three examples to clarify the concept:
Minkowski space-time is static, de Sitter space-time is locally static and Schwarzschild
space-time is neither static nor locally static. In fact, in the interior of the Schwarzschild
event horizon there is no timelike Killing vector field.

The Nariai metric [44] can be written as
ds® = — (1 - Arz) dt* + (1 - Arz)_1 dr® + A71d0?, (3.55)

where d)? is the metric of a two-sphere. The spatial geometry of this space-time is that
of R x 52, the radius of S? remaining constant. The Nariai solution is very unstable
under perturbations of the S? part of the metric [67] and therefore it cannot represent
a space-time toward which others may evolve. Therefore it seems plausible to regard de
Sitter solution as the unique space-time toward which all other solutions evolve.

The proof of the theorem consists of the following steps: Locally static solutions

must have at least one static Killing vector field which is timelike on a open region

42



U c M. It follows that the solution on U is one of Petrov types I, D, O. Next it can
be shown that there are no strictly static solutions. (This is easily proved in the case
of compact spatial slices. If we assume that the spatial slices are non-compact, then the
field equations and Meyer’s theorem lead to a contradiction). Thus one can find two
different static Killing vector fields K; and K3 which are timelike on open sets U; and
U, respectively. This excludes the possibility of a Petrov type I solution on Uy, N Us.
Standard results of the theory of elliptic nonlinear partial differential equations ensure
that the metric is analytic on U; N U;. On the other hand a solution is not Petrov type |
iff a certain invariant ® formed from combinations of the Riemann tensor vanishes. Since
® is analytic and vanishes on U; N Uy, it vanishes everywhere on M. Thus the solutions
are either everywhere on M of type D or everywhere on M of type O. If the solution is
type O, the Weyl tensor is zero so the space-time has constant curvature and is therefore
de Sitter space-time. If the solution is type D, the space-time is known to have the Nariai

metric. For details of the proof see [58].

3.4 Summary

In this chapter we developed the necessary material from differential geometry which
is needed for Wald’s proof. It is also helpful in the following chapters. We presented
Wald’s proof in great detail for two reasons. Firstly it is the first attack to the cosmic
NHC and secondly, as already mentioned, it constitutes the frame of all subsequent no-
hair theorems for homogeneous space-times. We discussed a generalisation by Jensen
and Stein-Shabes and closed this chapter with the totally different approach to the NHC
of Morrow-Jones and Witt. In all of the above discussion We assumed the validity of
Einstein equations with a positive cosmological constant and ordinary matter content,
without having any inflationary model in mind. In the next chapter we examine whether

the NHT remains true in the finite period of inflation.
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Chapter 4

The cosmic no-hair conjecture in

inflationary cosmology

In the previous chapter we discussed the NHC in the context of General Relativity,
assuming a positive cosmological constant. However, in inflationary models the universe
does not have a true cosmological constant. Rather there is a vacuum energy density,
which during the slow evolution of the scalar field remains approximately constant and
behaves like a cosmological term. Therefore we are faced with the question: Does the
universe evolve towards a de Sitter type state before the potential energy of the scalar
field reaches its minimum? The object of this chapter is to take into account the dynamics
of the scalar field in the no-hair hypothesis.

In many inflationary models the particular form of the potential V () of the infla-
ton field is predicted by some particle theory. An alternative approach is to consider
very simple forms of V () such as m2p? or Ap?, not directly related to any particular
physical theory. This approach is reasonable since we do not really know which theory
of particle physics best describes the very early universe. We shall examine the NHC for
three specific inflationary models, namely new inflation, chaotic inflation and power-law
inflation. The terminology derives mainly from the form of the potential function of the

scalar field which drives the inflation.
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In all models we assume that the scalar field ¢ is minimally coupled to gravity with
a Lagrangian

1 a
L= —-2‘Va90v = V().

The energy-momentum tensor of the scalar field T}, = VapVip + gap L is usually written

as

1
Tﬁ) = VGC,OV(,(,O - Egab [VCSOVC(P + 2V (‘P)] . (41)

We suppose that the energy-momentum tensor Ty, of the remaining matter satisfies
the strong and dominant energy conditions te, Tun®n® > —(1/2) T and Tnen® > 0,
where n is any unit, timelike vector field. In the previous chapter we chose n to be the
tangent vector field to a congruence of timelike geodesics orthogonal to the homogeneous
hypersurfaces. Although we do not assume that matter is moving along these geodesics,

we can formally treat the scalar field as a perfect fluid with velocity vector field

. Vi
e ————
vV—V,pVep
Furthermore, we construct the spacelike homogeneous hypersurfaces in such a way that
u® is hypersurface orthogonal. In other words we identify the vector field n with the
velocity vector field u of the fluid representing the scalar field ¢. In the following the field

¢ 1s supposed to be homogeneous so that its spatial derivatives vanish. With the above

choice of n we have n®*V, = 0/0t hence,

1
Tén®n® =p and (T:; — agabT‘p) nn® = p + 3p, (4.2)
where
1 .2 1 .2
p=5¢ +V(p) and p= ) -V {(p). (4.3)
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4.1 Cosmic no-hair conjecture in new inflation

In this section we discuss the NHT in new inflation for homogeneous space-times. The
particular form of the potential of the scalar field is of no importance provided that
it has the general properties mentioned in Chapter Two. We begin with a qualitative
discussion of a no-hair theorem in new inflation. For this purpose we need only the

time-time component of the Einstein equations
Goon®n’ = 87p + 87 T,on’n’ (4.4)
and the equation of motion of the scalar field
Op — V' (p) = 0.

Denoting the scale factors of the three principal axes of the universe by X;, 2 =1,2,3
and the mean scale factor by a = V%, where V = X; X2 X3, (4.4) reads
1

K2_3 a 2_]- V 2_ T a_ b
§ = E —g V —87Tp+87r abt N +F(X17X2aX3)' (45)

(See also (3.48) and the remarks following that equation.) The only property of F' that
we use is that, for all Bianchi models, F' decreases at least as fast as a~2. The equation

of motion of the scalar field Op — V' () = 0 becomes
¢+K @ +V'(p)=0 (4.6)

because the spatial derivatives of ¢ vanish. As usual we assume that at the beginning
of inflation the value ; of the field ¢ is far from the minimum of its potential. ¢ rolls
slowly down its potential so the term ¢ in (4.3) is negligible. Thus as long as ¢ is near
©; the universe is endowed with an almost constant vacuum energy density Vo = V (¢;)

or equivalently a cosmological term.
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It is now clear why Wald’s result should be applicable in the present case. As the
universe expands, the function F in (4.5) decreases at least as a=2. Also the term
T.sn°n® decreases with a (for example as a~* for a radiation dominated FRW universe).
However, the energy density of the scalar field, 87 p, remains a constant (=~ 87V;) and
eventually dominates the terms 87T,;n°n® and F. This happens in about one Hubble
time, Hy' = (87rV0)_%, and a ~ exp Hot. We see that the anisotropic term F' and
also the ordinary matter content of the universe decay exponentially with time and the
space-time rapidly approaches that of de Sitter.

[t remains to verify that in the time it takes the space-time to become nearly de Sitter,

¢ does not roll down to the minimum of its potential. The flatness of the potential in

the vicinity of y; permits us to neglect the acceleration term ¢ from (4.6) so that

.V
Integrating we find that
¢ do tv dt
. -, 4.8
Lv@=h % “s)

where t, is the time when the universe becomes vacuum dominated. We wish to esti-
mate the change ¢ of the scalar field before the universe becomes vacuum dominated.

Assuming that V' (p) ~ V' (¢;) and a ~ t* so that K = 3nt~! we find from (4.8) that

The matching conditions of a and a at ¢, (the time of change from power-law expansion

to exponential expansion) yield t, = nHg ' and therefore 6 can be written as

S0 E_V, (901)

Using (4.7) with K = 3H, we see that the change in ¢ during the pre-inflationary epoch
is n/2 times the change in ¢ during the first Hubble time of the de Sitter epoch. In other
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words, during the preinflationary epoch ¢ does not change more than in the first e-fold of
inflation. Thus the vacuum energy is not exhausted before the universe begins to inflate.

From the above qualitative analysis we conclude that the cosmic NHT must be true
for homogeneous cosmological models in the context of new inflation. Moreover, the
universe approaches de Sitter space-time before the inflaton field reaches the minimum
of its potential. Of course the above results cannot be stated strictly in the form of a
theorem as was the case of Wald’s theorem. The reason is that we made use only of the
general properties of the potential function V' (¢) and consequently we could not solve
exactly (4.6) (see also the comments at the end of this section).

Another question related to isotropisation during inflation is the following. Since the
period of exponential expansion is finite, it could be possible that curvature perturbations
which decrease more slowly than the energy density of the universe, that is more slowly
than ¢™* (RD) or a=® (MD), will eventually dominate over the energy density. Turner
and Widrow [72] have shown that although some homogeneous models will become again
anisotropic, inflation postpones this event to an exponentially distant time in the future
and models which inflate sufficiently to solve the horizon and flatness .problems will today
still be very isotropic. Jensen and Stein-Shabes [40, 41] arrived at similar results, namely
the anisotropies re-enter the horizon after a very long time.

Following Turner and Widrow [72] we use the spatial components of the Einstein

equations

1
he.h%, Ry = 87k, hY, (Tcd — igch) , (4.10)

where the total (ordinary matter + scalar field) stress-energy tensor T, of the universe
is that of a perfect, isotropic fluid with equation of state p = (7 — 1) p. In order that this
fluid represent appropriately the matter content of the universe which evolves from an
inflationary phase towards the matter dominated present epoch, the coefficient + is not
fixed, but varies according to the period of the evolution of the universe. Thus v = 0

corresponds to vacuum energy, v = 4/3 to a radiation dominated universe and v =1 to
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a matter dominated universe. The conservation equation V,7'% = 0 yields
p~VY (4.11)

(compare to (2.5)).

With notation as in (4.5) we denote the expansion rates in the principal directions of
the universe by b; =X, /X;. Hence, K = b; + b, + bs. For diagonalisable Bianchi models
K turns out to be the trace of the extrinsic curvature defined by (3.16). Recall that the
diagonalisable Bianchi space-times are those for which the matrix h;; of the three-metric
of the homogeneous hypersurface, h,; = hijw;wg , ¢, =1,2,3 can be put in diagonal
form (cf. also (3.26) for notation). These are all Bianchi models except type -IV and
-VII,. In the diagonal case it is not difficult to show [66] that the Einstein tensor G°,
is diagonal with eigenvectors (dt)*, (w')*, (w?)* and (w?)®. Since the energy-momentum
tensor for a perfect fluid is diagonalisable ie, has eigenvalues —p, p, p, p, corresponding
respectively to the eigenvectors (d¢)*, (w!)*, (w?)*,(w®)*, we conclude that, for all Bianchi

models except type -IV and -VII;, equations (4.10) can be written as [29]
bi +Kb; = F; (X1,X2, X3) +4n(p—p) i=1,2,3. (4.12)

The functions F; decrease at least as a=2 = V=5 (see Ellis and MacCallum [29] for the

detailed form of the F;). This is the only property of the F; that we will use. For Bianchi

types IV and VII, there is an additional term on the right-hand side of (4.12), due to

the non-diagonalisability of these models. Since this term decreases as some power of
-1

a™", every argument used in this section is applicable to these models, but for the sake of

simplicity we will not treat them separately. Taking the spatial trace of (4.10) we obtain
v

Equations (4.12) and (4.13) are reduced to the Friedmann equation in the case of 1sotropic
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cosmologies, that is, X; = X, = X3 =aand b = H =a [a. I F; =0 and v # 1,
the expansion rates become asymptotically equal and we interpret the functions F; as
measuring the degree of anisotropy.

Turner and Widrow [72] assume that the universe inflates and that F; can be treated
as perturbations in (4.12) and (4.13). Denoting by F a typical F; we write F' = ¢p where
the function € is supposed to have small initial value, say ¢; =~ 0.1. With appropriate
choices of v it is possible to solve the above equations during the following periods:
inflation, post-inflation phase, radiation dominated era and matter dominated period.

For example, during inflation we have

p=ExV(p)
v =0
%mH2=>V~exp(Ht)

b +Kbi=F+H72-

(4.14)

Since F ~ V=3 ~ exp (—%Ht) , the above equations can be easily solved giving, at the
end of inflation,

e~ eexp(—2N),

where N is the number of e-folds the universe inflates. Similarly after inflation the

corresponding equations yield
€~ (t2/,y)'v—2/3 .

The last two equations allow the estimation of the present-day value of €. We emphasise
that v depends on the period uﬁder consideration. For example v = 1 during the matter
dominated period (from T = 10eV or t = 10°sec until today, T = 2.7K). Given
that observations constrain €;44, to less than 10, the necessary value of Ny, can be
computed. It happens that Ny, has almost the same value [43] which is required to solve
the horizon and flatness problems. Anisotropy will become important again when € = 1.

This will happen in the exponentially distant future at time t ~ exp (3N — 3Npn) 10%yr
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(see [72] for the details). As Turner and Widrow point out, a finite epoch of inflation
does not smooth the universe globally. Rather it creates large smooth regions, sufficiently
large to encompass our Hubble volume at this late moment of the history of the universe.

One may feel uncomfortable with two points in the above treatment of Turner and
Widrow. The first point is that it is not proved that once the universe begins to inflate
it will evolve towards de Sitter space-time regardless of the initial conditions ie the
magnitude of the initial anisotropy. In the discussion above, the initial anisotropy is
taken to be small enough so that it can be treated as a small perturbation of a FRW
universe. The second point is that the scalar field ¢, which is part of the dynamics, is
treated phenomenologically. In fact, the device of a variable equation of state is used
to bypass the study of the evolution of ¢ through its equation of motion (4.6). Of
course we cannot solve exactly the equation (4.6) except for very special forms of the
potential (see [39] for a simple example). Since we considered only the general properties
of the potential as essential for our discussion we can only expect to find the asymptotic
behavior of the solutions. In the following sections we shall see that a more specific type

of the potential function endows a more active role to the equation of motion of the scalar

field.

4.2 Cosmic no-hair conjecture in chaotic inflation:

a quadratic model

Chaotic inflation is based on the evolution of a scalar field with a simple potential which
usually has the form V (¢) ~ ¢®", n =1,2,3,... .The exact form of the potential is of no
importance since the scalar field in this model is not part of any particle theory. In fact,
as we have already mentioned at the end of the Chapter Two, the scalar field plays no
other role than driving inflation.

Before examining the general case, we start with the simple example of a quadratic

chaotic inflationary model for homogeneous space-times. We assume a homogeneous
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scalar field with potential V (¢) = 1m?¢? which dominates the energy density of the
usual matter of the universe. The result is exponential expansion provided that the

scalar field is larger than (see [49])

i = 2 (4.15)

We proceed in a way analogous to Wald’s proof (see section 3.2). Consider the time-

time component of Einstein’s equation
Gabn“nb =8mp+ 87rTabn“nb
and the ‘Raychaudhuri’ equation

3 . 1
Rn’n® = 8r (5 802 —p) + 87 (Tab - —2—gabT> nonl.

The last two equations can be expressed in terms of the three-geometry of the homoge-

neous hypersurface as follows:

3 3
K? = 24mp + anboab ~5 GR + 247 T,ynn (4.16)
. 1 3 . 1
K= —§K2 — oo™ — 87 (5 902 —p) — 87 (Tab — igabT) n°n®. (4.17)

All quantities appearing in these equations were defined in the preliminaries of the pre-
vious chapter. The term % @’ —p 1s just (be — %gabT“’) nen?.

The equation of motion of the scalar field Op — V' (¢) = 0 becomes (see (4.6))
p=—-K®", or @+K o +V'(p)=0. (4.18)

Since we consider homogeneous cosmologies which are not of type-IX, the scalar

curvature )R is nonpositive. Combining (4.16) and (4.17) with the energy conditions
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SEC (3.9) and DEC (3.10) we take
K<O0. (4.19)

Although K decreases monotonically, it cannot pass through zero since (4.16) implies
that K2 — 24rp > 0. Thus, if the universe is initially expanding, then it will expand for
ever ie, K > 0 for all time.

Following Moss and Sahni [60], we consider the quantity

§== (K- 27p) . (4.20)

Wi

Taking the time derivative of S and using (4.17) and (4.18) we obtain

. 2 4 1
S = —gKS - gKaabor“b —8rK (Tab - Ega,bT) n°n’. (4.21)

We see immediately that

. 2 2, /3
< —= = —— —
§ <-3KS 351/25—1-247”0. (4.22)

The above inequality cannot be integrated immediately because p is a function of time
(although slowly-varying). However, during exponential expansion p is bounded below by

the potential energy V4 = 3m?e}, where ¢ is given by (4.15), hence we have 247p > 9m?.

Integration of (4.22) yields
2

o™ < S <
sinh® (mt)

(4.23)
Here the first inequality follows directly from (4.16). Inequality (4.23) shows that the
shear of the timelike congruence rapidly approaches zero. By the same type of reasoning
as in Wald’s proof we arrive at analogous results for the asymptotic behavior of the
matter energy density and the geometry of the spacelike slices. (For a formal proof see

the general case below). However, we have not yet answered the question of whether

the universe isotropises ie, whether the shear vanishes before the end of the inflationary
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era. To this end we have to study the evolution of the scalar field via equation (4.18).

Consider what happens during the time interval 0 < ¢ < m~L

If K were zero, the
solution would be g cos mt +m™! ¥g sin mt, where @ and P are the initial values of ¢
and @. The presence of damping has the effect that ¢ does not decrease as in the case

with zero damping factor that is, the solution of (4.18) satisfies
@ (t) > pocosmt +m™' @gsinmt  for t < m™t. (4.24)

From (4.23) we see that the anisotropy dies away if exponential expansion continues up
to time t = m~! that is, if ¢ > ; at t = m™'. Inequality (4.24) suggests that it suffices

to take as initial conditions
. 1
Yo > 4(,01' and “Pol < gmcpi. (425)

Note that a larger anisotropy damps more efficiently the slow rolling of the scalar field
thus producing more inflation.

The above analysis applies to all Bianchi cosmologies which are initially expanding
except type-IX. It can be slightly generalised to the case of inhomogeneous cosmologies
with negative spatial scalar curvature. In fact in the above proof we use no other prop-
erty of homogeneous space-times which are non-type-IX than the nonpositivity of ®R.
Therefore, assuming an inhomogeneous space-time with negative scalar three-curvature
of the spacelike slices, we could proceed by repeating the above reasoning in the same way
Jensen & Stein-Shabes claimed to generalise Wald’s theorem (see theorem 1 in Chapter
Three and the comments following).

In the case of Bianchi type-IX models the universe could recollapse before infla-
tion begins. This is certainly true for some highly curved models. However, if initially
Acssective =V (p) > % ®) R (compare to inequality (3.47) in Wald’s proof), then it can be

shown [42] that the universe avoids recollapse. Moreover, even in the case of a Bianchi

type-IX cosmology the anisotropy is bounded as in (4.23), provided that the universe
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expands.

There are two weak points of the above version of the cosmic no-hair theorem. Firstly
the result depends on the initial conditions (4.25) for the scalar field. However, there
is some evidence that even for large values of ikpi, the shear disappears within a fixed
interval of time. This was claimed numerically by Moss and Sahni [60] for a Bianchi type-
I model. The second weakness is more serious. As we shall see shortly, in this model
K tends to zero as t — oo. Therefore, if the shear decays more slowly than the rate of
universal expansion, this would build up a large cumulative anisotropy with increasing
time. Therefore, we must state more carefully what isotropisation of the universe means.

Collins and Hawking were the first to give a precise definition of isotropisation for
a homogeneous universe [21]. According to their definition a model is said to approach
isotropy if, as t — +o0,

i) h — +o0, where h is the determinant of the spatial metric,
hachcnb

o Tabn“nb
ii1) e 0, where 20% = 04,0

i) Thn®n®>0 and
and

iv) dgp = h~5h,y tend to some constants, d%,, with detd,, = L.

Condition (i) says that the universe expands indefinitely. It implies also that K > 0

and so it excludes a universe that could recollapse. Condition (ii) can be written more
simply in a synchronous coordinate system: Tog > 0 and To;/Too — 0 as t — oo,
1 =1,2,3. It requires the average velocity of the matter relative to the hypersurfaces of
homogeneity to die away in time. Condition (iii) seeks to exclude those models in which
the shear decays more slowly than the universe expands. Condition (iv) implies that the
cumulative anisotropy, B = [¢ odt, must approach a constant B, [12] as t — oo.

In order to examine which homogeneous cosmologies isotropise Collins and Hawking

also made use of the dominant energy condition (DEC) and the positive pressure criterion

(PPC) which requires

3
> T 2 0. (4.26)

k=1
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The first theorem of Collins and Hawking [21] states the following,.

Theorem 3 [Collins & Hawking 1973]. If the DEC and PPC are satisfied, the universe
can approach isotropy only if it is one of the types I, V, VIIy and VII,.

The proof is based on the Einstein field equations without a cosmological constant.
We shall see that the theorem remains true in the context of the general chaotic inflation
te assuming a scalar field with a convex and positive potential having a local minimum

equal to zero.

4.3 Cosmic no-hair conjecture in chaotic inflation:
the general case

(For the rest of this dissertation, ¢ = 871G = 1). We are now moving on to the general
case. This means that we are not concerned with a particular form of the scalar field
potential. We consider an arbitrary convex, positive potential having a local minimum at
V(¢ =0) = Vo. As already mentioned, most of the potentials used in chaotic inflationary
models belong to this class.

In terms of the three-geometry of the homogeneous hypersurfaces the time-time com-

ponent of the Einstein tensor, the ‘Raychaudhuri’ equation and the spatial components

of the Ricci tensor read

1 1
a b a

Gabn n = 51{2 — §Kabl{ b (427)

Rabnanb = — ]{ —KabKab (4.28)

huh®sReg =K op +K Koy — 2Ko. K% — @Ry, (4.29)

Equations (4.27) and (4.28) take the form of the corresponding ones found in Chapter

Three provided that we decompose Kq5 into its trace and traceless part

1
Ky K® = §K2 + g0, (4.30)
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We use the abbreviations

1
Ts(n) = (Tab - igabT) n®n’ and T, (n) = Tun® n® (4.31)

so that the SEC and DEC read T,(n) > 0 and T, (r) > 0. The Einstein equations
corresponding to equations (4.27)—(4.29) become (recall that 87G = 1)

1
%Kz - %KabK"” = S OR4Ty(m) 45 (4.32)

1
~ K ~KgK® =T, (n) + 5 (p + 3p) (4.33)

Kab +KKab — 2I{acf{cb - (3)Rab
= he,h%, ( ed = 2gch) >(p—p) has,

where (4.2) and (4.3) were used. The general asymptotic properties of the solutions to

(4.34)

the above equations are summarized in the following

Lemma 1 If we assume the following:

The dominant and strong energy conditions hold

The scalar spatial curvature is nonpositive

The potential is convez and positive, hence V (o) > Vo for all ¢

The universe is initially expanding, ie K > 0 at an (arbitrary chosen) initial time
t=20.

Then we obtain the following asymptotic forms for the solutions of the Einstein system

(4-32)-(4-34):

i) K <0 and K >0 for allt >0 and

i) OR, Tun®nb, T, ¢ tend to zero and K — +/3V, ast — +oo.

Proof. i) If we had only a constant cosmological term, K < 0 would follow directly from
Raychaudhuri equation (4.33) and K > 3A > 0 from the time-time component of the

Einstein equation (4.32) (see Wald’s theorem). In the present case we can not proceed
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in the same way because the energy-momentum tensor of the inflaton field ¢ violates the
strong energy condition and the term p + 3p in the right-hand side of (4.33) could be
negative. However, addition of equations (4.32) and (4.33) yields

: 1 3
— K= (3KaK* — K?) - 5 @GR4+ T,(n)+Ts(n)+=(p+p). (4.35)

1
2 2

Using the algebraic inequality

Tr (K?) >

(TrK)?, (4.36)

Lo | =

(which can be easily verified by bringing the tensor Ko to diagonal form) and the fact
that p+p —¢*> 0 we conclude from (4.35) that K < 0. On the other hand, eliminating
KoK from (4.32) and (4.33) we have

: 1 3
K*+ g=-®R+ (Tabn“nb —~ 5T) +=(p—p) (4.37)

and, since p — p = 2V > 0, we conclude that
K*+ K> 0. (4.38)

By a Raychaudhuri-type argument we find that K > 0 for ¢t > 0.

i1) K (t) is a decreasing function, bounded below by zero. Therefore
limy— 400 K (t) > 0 and lim;_, ;o K (t) = 0. Since the right-hand side of (4.35), is a sum
of non-negative functions of time, we conclude that all these functions have zero limit as
t — +oo. Finally, (4.37) implies that K (t) — 3V, as t — +oo. B

A corollary of the above lemma is that the shear, o2, also tends to zero as t — 4o00.
In fact the term 3K, K — K? in (4.35) equals 30,,0?°.

We discuss now the possibility of isotropisation of a homogeneous universe with a
scalar field in the spirit of the Collins and Hawking criterion on page 55. Equations
(4.2) and (4.3) show that there exist time intervals where the scalar field behaves as
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ordinary matter, 7e, like a perfect fluid with nonnegative pressure and also there exist
time intervals where the PPC is violated. Therefore Theorem 3 is not directly applicable.
It turns out to be convenient to consider a suitably defined average equation of state for
the scalar field.

There are two quite different cases to consider depending on whether V4 > 0 or V5 = 0.
In the first case limy_, o0 K (t) = v/3V5 # 0so that /K — 0 ast — 400 and the universe
isotropises according to the Collins and Hawking criterion. The local minimum Vo of the
potential acts as a cosmological constant and the universe becomes de Sitter space with
Hy, = %K = \/%70. In short Wald’s theorem is applicable and the conclusions at the
end of its proof remain valid. In the second case the shear still vanishes asymptotically,
but now K also tends to zero. It is not obvious whether lim;_, ., 0/ K exists and equals
zero. This is the case of the quadratic model where as we saw vanishing of the shear
does not guarantee that the universe isotropises. This is not surprising since, according
to the theorems of Collins and Hawking [21], most homogeneous models (with ordinary
matter) do not approach isotropy. A generalisation to the scalar field case of the first
theorem of Collins and Hawking was given in 1991 by Heusler [37]. We discuss briefly
the line of proof of this result.

To begin we define a time-dependent coefficient of state for the scalar field ¢

v(t) =2 (1 — K) , (4.39)

p

so that we have an effective equation of state

p)=( (@) -1)p(). (4.40)

Since the ratio V/p takes all values between 0 (¢ = 0) and 1 (¥= 0), (1) takes all values
between 0 (cosmological constant, p = —p) and 2 (stiff matter, p = p). Therefore there

are time intervals when the scalar field does not behave like an effective cosmological

term. We encountered a similar situation in the new inflation treatment of Turner and
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Widrow [72] (see page 48) where the total matter content of the universe was modelled
by a perfect fluid with a varying equation of state. Therefore, in order to investigate
the (poésible) asymptotic isotropisation of the homogeneous models, we need a kind
of average equation of state. It turns out that it is convenient to define a new time

coordinate by

= /K(t)dt. (4.41)

Essentially we use the determinant of the spatial metric as new time parameter since
K = (ln \/ﬁ) If we exclude models which could recollapse, condition (i) of the Collins

and Hawking isotropisation criterion (see page 55) implies that 7 is an increasing function

of t and tends to +o0o as t — +o00. Heusler [37] proves the following

Lemma 2 Any homogeneous model of Bianchi type II, Vi, VIII, IV or VI, coupled to

a scalar field, can only approach isotropy ast — +o0 if
1
% iy and ph% — 4o00.

The Bianchi models mentioned in the lemma are exactly those which do not contain

an FRW solution. Under precisely the same assumptions we prove that
Vv
V>
pl — 3
where () denotes the time average with respect to = given by (4.41). From (4.18) we have
p=—2K (p—V).
Using the definition of 7 (¢) the above equation can be integrated to give
1
p(®)=p(O)exp (- [ 1K)

Substitution of the above equation into the relation phs — oo of the previous lemma
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together with the new time variable (4.41) yields
i exp (57— [1(7)4r) =+
Jim exp (57— [y (r)dr | = too.

We conclude that

and so, by (4.39), we finally obtain

<%>2§. (4.42)

The inequality (4.42) is inconsistent with isotropisation in the spirit of lemma 1. More

precisely, we have the following

Lemma 3 If V (p) is a conver, non-negative function with local minimum V (0) = 0
and K< 0 < K, K>+ K> 0 for all t > 0, then every solution of (4.18) with p(0) > 0

and p/ K* — c as t — 400, where c is a strictly positive real number, satisfies

<%>g§. (4.43)

The assumptions on K are reasonable in view of lemma 1, while p/K? — cis a
necessary condition for isotropisation by Lemma 2. The proof of this assertion consists
of taking the time average of (4.18) written in terms of the new time 7. The result is

(for details we refer again to [37])

(-9 (62

and, since limy_, o p/K? = ¢ # 0, this term can be eliminated in (4.44). On the other
hand the convexity of V () implies that Ve, oV’ (¢) > V () . Hence (4.44) yields

(-2
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that is,

)<t

The preceding result, inequality (4.43), contradicts the necessary condition for isotropi-
sation, inequality (4.42). This shows that the first theorem of Collins and Hawking (The-
orem 3) remains true in the case of a scalar field. In conclusion one has the following

result:[37]

Theorem 4 [Heusler]. Any homogeneous cosmological model coupled to a scalar field
with a convex, positive potential having a local minimum at ¢ = 0 with V (0) = 0 and
ordinary matter satisfying the DEC and SEC can approach isotropy only if it is of the
types I, V, VIIy or VII.

In [37] the Bianchi type-IX is also included in the statement of the above theorem.
This is incorrect, since the nonpositivity of ® R is a necessary condition of the byproduct
K?+ K> 0 of lemma 1, which in turn is one of the assumptions of lemma 3. The spatial
scalar curvature of Bianchi IX may be positive. In fact ®)R is positive if the three-
dimensional Ricci tensor is isotropic (see Lemma 2 and Theorem 1 in Collins & Hawking

[21]). Therefore a separate analysis is necessary if one wishes to include Bianchi IX in

the above theorem.

4.3.1 Application: An exponential potential

Consider a model with a scalar field having a potential

V (@) = Voexp (=),

where V; and A are constants. In the spirit of chaotic inflation such a field may not
come from any particular particle theory. However, exponential potentials do arise in the

effective four-dimensional theories induced by Kalusa-Klein theories. Moreover, many

62



higher order gravity theories naturally lead to inflation with an exponential potential as
we will see in more detail in the next chapter.

An homogeneous and isotropic cosmological model driven by a scalar field with an
exponential potential was studied by Halliwell [34]. He showed that there exists a solution
with power-law inflation (a (t) ~ 7, p > 1) and this solution is an attractor. Power-law
inflation will be discussed in the following section. In this section we examine the question
of isotropisation of homogeneous cosmologies based on such a scalar field. Following
Tbanez, Hoogen and Coley [38] we write down the Einstein equations (see for example

equations (4.16)-(4.18)) in the form

3 . 3
K2=302+§<,02 +3V—§(3)R

K= —%1{2 — 27— @ 4V
Y +K ¢ -2V =0,

where 20% = 0,0, With the use of new expansion variables (see [38] for the details)
and the time coordinate defined by (4.41) it can be shown that Lemma 2 implies that
¢ /K —X/3 = 0as T — +oo. As a consequence (V/p) = 1 — A?/6. In order that the
necessary condition for isotropisation, inequality (4.42), be satisfied A?> must be less than
2. Thus, if A2 > 2 and the model is not of Bianchi types I,V or VII, then it cannot
isotropise. It is worth to note that the necessary condition A\? < 2 for isotropisation is
compatible with the condition A\* < 2 which is necessary for inflation (see [34] and the
discussion at the beginning of the following section).

The above treatment of the NHC is incomplete for two reasons. Firstly ordinary
matter is not included in the model. Secondly, as the above authors themselves point out
[38], their treatment does not imply that all models with A\* < 2 can approach isotropy.
In the next section we will show precisely this, namely that for \* < 2 the isotropic

power-law inflationary FRW solution is the unique attractor for any initially expanding
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Bianchi model (except probably type 1X) with a scalar field having an exponential potential

and ordinary matter satisfying the usual energy conditions.

4.4 Cosmic no-hair conjecture in power-law inflation

A common feature of all inflationary models is that the mean scale factor a(t) of the
universe accelerates with time

i(t)>0 (4.45)

or more generally the Lie derivative of the trace of the extrinsic curvature with respect
to n is positive, L, K > 0. So far we have considered models in which the scale factor
expands exponentially a (t) o« exp (Ht). There exists another class of models satisfying

condition (4.45), the so called power-law inflationary models in which
a(t)xt™, n>1L. (4.46)

Such a dependence on time of the scale factor can arise from a scalar field with an

exponential potential, V (¢) = Voexp (—Ap), where V; and X are constants. In this case

the Friedmann equation is
N\ 2
3(2 —llsz-l—Vex (=Ap)
a 2 0ExP 4
and the equation of motion of the scalar field is
. Q.
¥ +3E Y —AVpexp (—Ap) = 0.

Barrow [4] gives an exact solution of the Einstein equations with a scalar field of this

type in a flat FRW metric. It is

a(t) ~ 1P, p=const, ¢(t) = @lnt, (4.47)
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provided that we take Vo = p(3p — 1) and A = v/2/p.

As we mentioned in the previous section, power-law inflation driven by a scalar field
with exponential potential was also studied by Halliwell [34]. He showed that the solution
(4.47) is an attractor for open (k = —1) and flat (k = 0) FRW models.

Most of the inflationary models of particle physics exhibit power-law rather than
pure exponential expansion. As we shall see in more detail in the next chapter, many
generalised theories of gravity which are conformally equivalent to.the Einstein theory
with a scalar field whose potential is of exponential type lead naturally to power-law
inflation. Therefore, it seems natural to examine the applicability of the no-hair theorem
in such inflationary models.

In the most general inhomogeneous case the problem is mathematically intractable.
However, for homogeneous cosmologies Kitada and Maeda [42] proved a no-hair theorem
in the spirit of Wald’s theorem. Below we present the most interesting points of their
work omitting the details of their proof which is similar to Wald’s proof.

We assume that the inflaton field has a potential
V() = Voexp(=Ayp). (4.48)

The solution (4.47) given by Barrow indicates that power-law inflation occurs whenever
A < /2. It is surprising that this is also the condition for isotropisation according to

Heusler, as we saw in the previous section. A further restriction on ) of the form

2
0§A<J; (4.49)

is necessary for the validity of inequality (4.59) below. Firstly we consider Bianchi cos-
mologies except type-IX. As usual the strong and dominant energy conditions for the
energy-momentum tensor Tq, of the remaining matter are among our assumptions. Fur-

ther, remembering the abbreviations (4.31) and that p = 3 @ +V, equations (4.16) and
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(4.17) become

1 3 3
K*=3 (5 % +v) + Sowo® — S OR+ T, (n) (4.50)
K=—¢"+V - %1@ — 00” — Ty (n). (4.51)

Following Kitada & Maeda [42] we define a new time coordinate 7 by

dr 1
dr _ EESVAN 452
dt eXp( 2”) (4.52)

For simplicity we use again a dot to denote differentiation with respect to 7, that is, for
a function f of time we have df /dt = fe=2*%. We also introduce new, tilded variables,
A, where A = Aexp (%)\cp) . The significance of these transformations will be discussed

in the next chapter. In terms of these new variables equations (4.50) and (4.51) take the

form
72 L .2 3. ~ab 3(3]~ T
K*=3 (5 2 +Vo) + 500" ~ ) R+T,(n) (4.53)
72 2 1 772 A ~ab T
K=—¢ 4V - K" = JK ¢ —5,45" — T, (n) (4.54)

and the equation of motion of the scalar field, (4.18), becomes
D W S
i +K ¢ +AV = 0. (4.55)

We suppose that the universe is initially expanding ie, K > 0 <= K > 0, at some initial
time and define the function S (compare with (4.20))

= 1.
S=K*_3 (5 ¢’ +V0) . (4.56)

Using equations (4.54) and (4.55), and differentiating S5 with respect to 7 (compare to
(4.21)) we obtain the following inequality

A 1l~, ~ .
§< 38 (2K - 31 ¢). (4.57)
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Inequality (4.57) is similar to inequality (4.22). Further combining equations (4.53) and
(4.56) we find

K- % 2" > 3V, (4.58)

and from this inequality with 0 < A < 1/2/3 we conclude that
2K — 3\ > 3a > 0, (4.59)

where .
4 3 3

= [= ——)\2) V] . 4.60

“ [3 (1 2" )" (4.60)

With this bound, inequality (4.57) can be integrated yielding
0< S(r) < Spexp (—ar), (4.61)

where S = § (0) . Again, as in Wald’s theorem, the time-time component of the Einstein

equations, (4.53), implies that

0< %a,,&ab, _% @R T,(n) < S(r). (4.62)
Inequalities (4.61) and (4.62) show that, during one e-folding time o', the expansion
rate K of the universe is dominated by the inflaton energy density; the shear and the
three-curvature rapidly vanish ie, the spatial sections become nearly flat and isotropic
and the universe appears to be matter-free.

We note that the expansion rate K does not vanish asymptotically as is the case for
chaotic inflation studied by Moss & Sahni [60] (see the comment before the Collins &
Hawking isotropisation criterion on page 55 and the analysis after the proof of lemma 1).
Therefore this model of power-law inflation avoids the problems mentioned at the end of
the discussion of the quadratic model and satisfies the third condition of the criterion of

isotropisation of Collins and Hawking,.
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How fast does the universe isotropise with respect to the cosmic time ¢t?7 We saw that
isotropisation occurs rapidly in terms of the 7 time. In order to return to time ¢ we use

the isotropic attracting solution (4.47). Inserting ¢ in (4.52) we find
R A

where q.is a positive constant depending on X (refer to [42] ). The dependence of the

original variables on t is therefore

S, owo®, OR, T,(n) ~ t~@+),

(4.63)
K? p ~ t72

We emphasise again that the anisotropy vanishes faster than the universe expands ze, no
cumulative anisotropy develops for large t.

Wald’s results for Bianchi type-IX cosmologies may be extended to cover the case of
the power-law inflation model. Firstly we note that if, So > 0, equations (4.57)-(4.60)
imply that §§ —a8 < 0 and so S is bounded above, §(7) < max{O,g'o exp (—aT)}.
Although the three-curvature of Bianchi type-IX models may be positive, it is bounded
by @ Rpax ~ h':lT, where h is the determinant of the spatial metric (see (3.46)). At
the end of Wald’s proof we saw that in the case of a true cosmological constant, A the
universe could still evolve towards de Sitter space-time provided that A is initially large
enough, A > 2 ®R_,, (cf. condition (3.47)). In the present situation we see that, if
we define an effective cosmological ‘constant’ A.sy = V (¢), Wald’s proof is extended to
the case of the power-law inflation. In fact a careful analysis leads to the result that, if
initially we have A.s; > %(3)Rmax, then _§,§ <G R<® R_.. (0) exp (—3axT), that is,

(3) R decays to zero (see [42] again for the technical details). The new time constant ajy

1

is greater than o™ which implies that the convergence time in type-IX is longer than

that in the other Bianchi types.

So far we have seen that the power-law solution is the unique attractor for the open
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and flat FRW models as well as for almost all initially expanding Bianchi-type models,
coupled with a scalar field having exponential potential. Is there enough reason to believe
that the cosmic NHT is true in general for power-law inflation? A possible answer is
given by Miiller, Schmidt and Starobinsky [61], who constructed a generic inhomogeneous
solution in the form of an asymptotic series that locally approaches the power-law solution
(4.47) as — +o0o. However, some inhomogeneous ever-expanding cosmological models
undergoing power-law inflation do not approach homogeneity and isotropy as t — +oo.
Barrow [4] gives such counter-examples using a class of metrics found by Wainwright and

Goode (see [4] for references).

4.5 Summary

In this chapter we discussed several cosmic no-hair theorems in three large classes of
inflationary models, namely new inflation, chaotic inflation and power-law inflation. We
showed that the NHT remains true at least for homogeneous cosmologies, in the sense that
the universe has enough time to isotropise before the inflaton field reaches the minimum
of its potential. In the following chapter we shall discuss the attractor property of de
Sitter space-timein the context of another mechanism of inflation which does not relyon a

scalar field, but emerges naturally from curvature corrections to the Einstein Lagrangian.
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Chapter 5

Cosmic no-hair conjecture in

generalized theories of gravity

It is well known that the vacuum Einstein field equations can be derived from an action
principle

1
Sp = —§/LE €, (5.1)

where the Lagrangian density Lg is just the Ricci scalar R
Lg=R (5.2)

and € is the natural volume element € =/—¢ dz° A dz' A dz? A dz3. If matter fields are
included in the theory an appropriate L,qer term must be added to the Lagrangian
density (5.2).

Einstein was the first to modify his original theory in an attempt to obtain a static

cosmological model. This modified theory can be derived from a Lagrangian density
L =R - 2A, (5.3)

where A is the cosmological constant. Since then there have been numerous attempts
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to generalize the action (5.1) by considering action functionals that contain curvature
invariants of higher than first order in (5.3). These Lagrangians generally involved linear
combinations of all possible second order invariants that can be formed from the Riemann,

Ricci and scalar curvatures, namely
2 b bed ikl st
R*, RuaR™, RupaR™", €™ RyshRi,.

The reasons for considering higher order generalizations of the action (5.1) are multi-
ple. Firstly, there is no a priori physical reason, to restrict the gravitational Lagrangian
to a linear function of R. Secondly it is hoped that higher order Lagrangians would create
a first approximation to an as yet unknown theory of quantum gravity. For example a
certain combination of the above second order invariants may have better renormalisa-
tion properties than general relativity [71]. Thirdly one expects that on approach to a
space-time singularity, curvature invariants of all orders ought to play an important dy-
namical role. Far from the singularity, when higher order corrections become negligible,
one should recover general relativity. It is also hoped that these generalised theories of
gravity might exhibit better behavior near singularities.

In this chapter we consider higher order gravity (HOG) theories, wherein the La-
grangian density is an arbitrary analytic function of the scalar curvature R. This is
obviously not the most general class of HOG theories, but the inclusion of curvature
invariants other than R would greatly complicate matters [14]. There is another reason

for this choice of the Langrangian closely related to the inflationary scenario as we shall

see in the next section.
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5.1 Field equations and the conformal equivalence

theorem

We consider a Lagrangian density of the form
L=f(R), (5.4)

where f (R) is assumed to be an analytic function of the scalar curvature. By varying
L with respect to the metric tensor g, the action principle provides the vacuum field
equations [22, 14]

f Rap — %fgab — VoVif + gu0f =0, (5.5)

where O = g**V,V, and a prime (') denotes differentiation with respect to R. These are
fourth order equations ie they contain fourth order derivatives of the metric. Therefore
it is not surprising that very few solutions exist in the literature. For a discussion of
cosmological solutions and stability issues see [14, 22, 25]. Among other difficulties related
to the field equations (5.5) we mention the need for additional initial conditions in the
formulation of the Cauchy problem, besides the usual ones in general relativity.
Fortunately there is a method to overcome most of these problems. This is the
conformal equivalence theorem proved by Barrow and Cotsakis [8]: Under a suitable
conformal transformation, equations (5.5) reduce to the Einstein field equations with a

scalar field as a matter source. We can see this by considering the transformation’

g =0, (5.6)

!Strictly speaking the metrics in the transformation (5.6) are said to be conformally related, while a
conformal transformation is a diffcomorphism f : (M, g) — (M, g) such that f*g = Q2g; see eg [62] for
a discussion.
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where Q2 is a smooth strictly positive function chosen so that
Q2= f (R). (5.7)

Granted the relation between the tensors R, and R in the space-time (M,g) to the
corresponding ones Rq and R in the space-time (M,g) (see for example Wald [73],
appendix D) we may transform the field equations (5.5) in the new space-time (M, g).
Moreover, on the introduction of the scalar field ¢ by

3

o =130 (F (B) (5.8)

the conformally transformed field equations become

Ry — %ﬁabﬁ = VapVyp — %gab (VepVp) — %ﬁab (f’)_2 (Rfl - f) : (5.9)

These are the Einstein equations for a scalar field source with potential

V= () (Rf - 1). (5.10)

DO

The theorem of Barrow and Cotsakis allows one to study the dynamical properties
of higher order gravity theories by analysing them in the conformal picture, that of
Einstein’s equations with a scalar field matter content. The authors state their result in
D dimensions, but for our purposes a four-dimensional treatment is sufficient. If matter

fields with energy-momentum tensor T; (g) are present in the original space-time (M, g),

the field equations become

’ 1 ’ '
f Rab - gfgab - Va,vbf + gabDf = :g (g) . (511)

In the conformally related space-time, (M, g), the corresponding Einstein equations be-
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come

- 1. « o
Ry — §gabR =T (8)+ T, (88), (5.12)

where T, (g,g) is the right-hand side of (5.9). For a discussion on the question of the
physical reality of the two metrics involved and other interpretation issues see [22, 23].

An interesting feature of HOG theories is that inflation emerges in these theories in a
most direct way. In one of the first inflationary models, proposed in 1980 by Starobinsky
[69], inflation is due to the R? correction term in a gravitational Lagrangian L = R+ S R?
where 8 is a constant. Instead of having to rely on the existence of a scalar field,
inflation in the present context is driven by the higher order curvature terms present in
the Langrangian without assuming a scalar field at all. Here the role of the scalar field
is played by the scalar curvature of the space-time. The situation is not surprising under
the light of the conformal transformation theorem stated above.

As a concrete example consider the quadratic Lagrangian theory
L =-2A+ R+ BR?, (5.13)

where A is the cosmological constant. With the use of equations (5.7) and (5.8) the

conformal transformation (5.6) takes the form

g=(1+26R)g. (5.14)

The potential of the scalar field (see (5.10)) in the conformally equivalent picture is

V=35 [1—exp( \/_90)] . (515)

As Maeda [55] has pointed out, this potential possesses a flat plateau V () — 1/ (88)

as ¢ — 400 and leads to exponential inflation.
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5.2 Stability of homogeneous and isotropic solutions

Before proceeding to discuss in detail the inflationary scenario and the applicability of
the cosmic no-hair theorem in HOG theories we must first examine the existence of the
de Sitter solution in the context of these theories. Moreover, if such a solution exists, we
must study its stability properties.

In general relativity (GR) de Sitter space-time can be defined as the maximally sym-
metric vacuum solution of the Einstein equations (see HE [35]). To see this, recall that

the space-times of constant curvature are locally characterized by the condition

1
Rabcd = ER (gacgbd - gadgbc) (516)
which is equivalent to
1
Rab = ZRgab- (517)

The second Bianchi identities, Rapjeaie) = 0, imply that R is covariantly constant ie
R = Ry = const. (5.18)

The Einstein tensor is therefore R, — %Rgab = —iRogab. Hence, one can regard these
spaces as solutions of the vacuum Einstein equations with A = %Ro, ie the de Sitter

solution. (If Ry = 0, the solution is Minkowski space-time. The de Sitter space-time is

the only maximally symmetric curved space-time).

To see what equations (5.16)—(5.18) imply for the HOG field equations we insert the

above three constraints in (5.5) and take the following simple existence condition

Rof' (Ro) = 2f (Ro). (5.19)

Thus, given any f(R) gravity theory, if there exists a solution Ry of (5.19), then the

theory contains the GR de Sitter solution with constant curvature Ry. For example for
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the f (R) = R — 2A theory (GR) the existence condition gives Ry = 4A. For the purely
quadratic theory f (R) = R?, the condition (5.19) is identically satisfied that is, solutions
exist for any value of Rp.

The general quadratic theory (5.13) admits the de Sitter space-time as a solution
provided that Ro = 4A. This solution is stable if # < 0, but unstable if # > 0 [14]. When
A is zero, the exact de Sitter solution of GR corresponding to exponential inflation is not

a solution of the quadratic theory. However, an exact solution of the R+ R? theory can

be found (see [56, 14]), viz.

ao (t) ~ exp (Bt — At?)

with A, B constants and A = 7;—ﬂ < 0.

(5.20)

In general f(R) theories without a cosmological constant still admit a near-de Sitter
solution corresponding to a quasi-exponential expansion of the universe. These solutions
have the form a () ~ exp [H (t) t], where H (t) is no longer constant but a slowly varying
(decreasing) function of time. For example, in the quadratic case above, H (t) is linearly
decaying H (t) = B — At. Although mathematically more complicated, quasi-exponential
expansion is more realistic as a model of inflation.

Since (5.20) is not solution of GR, the cosmic NHC in the framework of higher order
gravity theories could be reformulated as follows [24]: All solutions of the HOG theories
derived from a Lagrangian L=f(R) with a metric which can be written in a synchronous
form and a stress-energy tensor satisfying the strong and dominant energy conditions,
asymptotically approach the quasi-de Sitter solution (5.20). As Cotsakis and Flessas [24]
point out, a stability analysis of the solution (5.20) is essentially equivalent to examining

the validity of the above version of the cosmic NHC for solutions of the form

a(t)= e (L4 e()),

e(t) < 1. (521

If these solutions turn out to have a stable regime in HOG, then in that regime the solution
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(5.20) will be an attractor for all solutions of the form (5.21). Thus, the cosmic NHT (in
its HOG version) for homogeneous and isotropic space-times will follow immediately.
The stability analysis carried out by the above authors shows that conditions can
always be found such that ¢(¢) — 0 as t — +oo (see [24] for the details). This means
that all solutions of HOG theories of the form (5.21) eventually settle down to the quasi-
stationary state described by (5.20). Thus the above stated form of the cosmic NHT in
HOG theories is true for homogeneous and isotropic cosmologies. The result does not
rely on the corresponding NHT in general relativity and shows that small homogeneous

and isotropic perturbations of the metric tensor tend to zero as t — +oo.

5.3 No-hair theorems for homogeneous space-times

A cosmic NHT for homogeneous cosmologies in a quadratic theory has been demonstrated
by Maeda [55] (see also Mijic & Stein-Shabes [57]). The proof is based on the conformal
equivalence theorem and thus relies on general relativity dynamics.

In the following we discuss the cosmic NHC for a quadratic Lagrangian (5.13) without
cosmological constant. For a f (R) = R+ SR’ theory the field equations (5.5) take the

form

B
~ 14+23R

1
Rab - —gabR

1
9 <2vava — 2gabDR — 59abR2) . (5.22)

With the corresponding conformal factor (5.7) we have the conformally related metric

g = (1 + 26R) g. Introducing the scalar field (see (5.8))

/3
w = §ln (14 28R) (5.23)
we can write the field equations in the conformal picture as

~ 1

~ o 1 ~ s
oy = 53R = VapVip — > Ga (Vep Vo) = GusV (5:24)
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Figure 5-1: The potential in the conformally equivalent system. The height of the plateau
is Vi, = 1/88.

DSO - Vl (‘P) = 0)

where the potential V is (see (5.15))

= fi-on (8]

As already mentioned this potential has a long and flat plateau (see figure 5-1). When ¢
is far from the minimum of the potential, V' is almost constant Vo, = limy_ 400 V (¢) =

1/(88). Thus V has the general properties for inflation to commence and V,, behaves as

a cosmological term.

Consider now homogeneous Bianchi-type space-times. According to the results of

section 3.1.4 the metric can be written (we drop the tilde ~ for simplicity) as

ds? = —dt? + hij (1) w'w! 1,7 =1,2,3.
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This fact greatly simplifies the matters because the scalar field defined by (5.23) can be
treated as homogeneous. Moreover, as we already mentioned in section 3.1.4 the Einstein
equations (5.24) become ordinary differential equations with respect to time.

It turns to be convenient to split the energy-momentum tensor of the scalar field (that
is, the right-hand side of (5.24)) into a term without the potential T, = VapViyp —
%(ch)2 gab plus the potential term —Vgy. It is then easily seen that the Ty, part of
the energy-momentum tensor satisfies the strong and dominant energy conditions. The
time-time component of (5.24), the Raychaudhuri equation and the equation of motion

of the scalar field are (compare to equations (3.36), (3.37) and (4.18))

3 3 3 .
K*= o040 — S OR4+ S ¢" 43V (5.25)
2 2 2
: 1 2 ab 2
K= —gK — 0o =¥ +V (5.26)
p=—K @', or $+K@+V =0. (5.27)

We are now ready, to prove the cosmic NHC following Wald’s method. It can be seen

from figure (5-1) that, as long as inflation continues, V remains less than V.. Then, the

above three equations imply

V3V < K < Voo
tanh ot

2V.
o'a.bo-ab S N ;0
sinh® ot

(5.28)

2V

~ sinh?at’

(&)

where a = /Vi./3 = /245 . The proof is analogous to the way we arrived at equations
(3.42)~(3.44) from equations (3.36) and (3.37).

Once the universe evolves on the plateau of the potential and is mitially expanding,

K is always positive by (5.25). This implies that < 0 and so, losing energy, the universe
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evolves towards the minimum of the scalar field. Equations (5.28) show that anisotropy

! and the kinetic energy ¢” of the scalar field also

dies away in one Hubble time o~
disappears within a~!. The universe reaches the potential minimum (when ¢ = 0) at
which the cosmological term automatically vanishes. Using physical arguments Maeda
claims that inflationary phase is a transient attractor. Hence inflation and consequent
isotropisation is a quite natural phenomenon in R? gravity theory [55].

We discussed inflation in the equivalent space-time (M, g), but it is not obvious that
the abO\./e attractor property is maintained in the original space-time (M,g). This is
probably an unimportant question since there is much evidence that in most cases the
rescaled metric g is the real physical metric [23]. However, since during inflation the
scalar field ¢ changes very slowly and the two metrics are related by g = exp (—%cp) g,
it is easily seen that inflation happens in the original picture also.

Berkin [16] arrived at similar results for Bianchi type-I and type-IX universes in
R + BR? theory without relying on the conformal equivalence theorem. Using the field
equations (5.5) of the theory he showed that Bianchi type-I model always isotropises. The

same is true for Bianchi type-IX universes with the exception of some positive curvature

models.

5.3.1 The D-dimensional case

It is interesting to note that in higher dimensions R? gravity theory exhibits power-law

inflation. In a D-dimensional space-time (5.8) becomes
(D —1 ) 3‘1 (R
Y= D_2 nf (R)

(see for example [22] or [8]). Then in the case of the quadratic Lagrangian the potential
(5.10) is

_ 1l = \)? D—4
V=35 (1 eXp (_V ﬁ@) exp (\/(D—n(v—z)“o) :
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The potential has a very flat plateau in the four-dimensional case, but, when D > 4 it
diverges exponentially as ¢ — 400, te,
V ~ L exp (ch) for large .
83 V(D-1)(D-2)
As discussed in Chapter Four, in the case of an exponential potential the expansion of
the mean scale factor a is power-law. Assuming a flat FRW D-dimensional space-time
the same analysis which led to the solution (4.47) now yields

()~ P, p= ﬁ_—z), o (1) = --i-;s”, (5.29)

where —\ is the coefficient in the exponent of the potential. Inflation occurs whenever
p > 1; hence |A\| must be less than 2/v/D — 2. This restricts the dimension of the space-
time to be smaller than ten. Therefore the dimension D = 10 is marginal for power-law
inflation in the context of the R + BR? gravity theory.

Once again inflation in the rescaled system guarantees (power-law) inflation in the

original system [55]. To see this we write (5.6) for a FRW metric as
ds? = (_dz? +a (D) da2) = 0 (~df* + a (1) do?). (5.30)

By (5.7) we find from the solution (5.29)

_ 1 7-m _ 2
) =exp (———(D_l)w_ncp) Xt M= e —— = (5.31)

as can be seen by inspection. Since df = Qdt, we have ¢t o« i+™, The solution in the

original system is therefore

a =071 o P+ o tHR (5.32)

with the exponent of t larger than unity whenever p > 1.

A stability analysis in power-law inflationary solutions of HOG theories with La-
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grangian L = R™ is given in Cotsakis and Saich [26]. We assume a homogeneous and
isotropic D-dimensional space-time. To find out which theories exhibit power-law infla-
tion we investigate under what conditions the potential (5.10) has the form exp (—Xp).
This leads to a Clairaut equation for f (R) which has two solutions: f (R) = R+2A, that
is, general relativity with cosmological constant and f(R) = R™, n = const. Using the
conformal equivalence theorem a similar analysis with that given for the R + BR? case
(cf. equations (5.30)—(5.32)) shows that power-law inflation occurs whenever D # 2n
and a(t) ~ t* with p = (n—1)(2n —1) /(2 — n). As the above authors show, the re-
sults do not approach general relativity in the limit B — 0, but this can be rectified
if the f(R) = R" theory is modified to be f(R) = R + BR". If we restrict ourselves
to four dimensions and write down the analogue to the Raychaudhuri equation for the
f (R) = R" theory in the FRW metric, we take a third order non-linear differential equa-
tion for the scale factor a (t) [26]. We use the exact solution aq (t) ~ ¢ P to this equation

as a background solution and consider (isotropic) perturbations of the form
a(t)=ao(t)[1+e(t)], €e(t) <l (5.33)

This is similar to the perturbation analysis (see equation (5.21)) in the quasi-exponential
inflation case. The result is e(t) ~ t“, where w depends on n. The stable solutions
correspond (for n > 0) to 0 < n < 1/2 and 5/4 < n < 2. In particular, the power-law
solution is unstable for any R™ theory with n > 2. The case n = 2 corresponds to a de

Sitter solution which is stable against homogeneous and isotropic perturbations.

5.4 Summary

In this chapter we reviewed higher order gravity theories based on a Lagrangian L =
f(R). Apart from other reasons these theories are interesting because they provide a
natural frame of inflation caused by higher order corrections to the Einstein-Hilbert

Lagrangian. Thus there is no need for the deliberate introduction of a scalar field to drive
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inflation. This fact becomes more transparent after one uses the conformal equivalence
theorem discussed on page 72. We discussed the attractor property of inflating solutions
in these theories for homogeneous and isotropic space-times. A NHT for homogeneous
space-times in the R+ S R? was proved making use of the conformal equivalence theorem.
Finally, we discussed briefly D-dimensional space-times which seem to exhibit power-law

inflation in both conformally equivalent frames.
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Chapter 6

Concluding remarks

6.1 On the assumptions of the cosmic no-hair
theorems

The property of the de Sitter space-time that it be an attractor for a large set of cos-
mological initial data has been exploited in various inflationary models. As already
discussed, there exist initial data that do not allow inflation to produce a large, locally
isotropic and homogeneous universe. One such set of initial data are those which evolve
towards short-lived universes that recollapse before inflation can occur. This problem
has been recognised implicitly in some proofs of no-hair theorems by restricting atten-
tion to models with nonpositive spatial curvature. In fact the general motif of the cosmic
no-hair theorems is the following: Given an initially expanding space-time with nonpos-
itive scalar spatial curvature and an energy-momentum tensor satisfying certain energy
conditions, prove that the solution approaches asymptotically de Sitter. However, closed

universes with positive spatial curvature need not recollapse. Consider for example the

closed (k = +1) FRW universe (2.1)

dr?

1 — kr?

ds? = —dt* + o* (1) l +r? (dl92 + sin? 0d¢2)‘|
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which has always positive spatial curvature , ®) R = 3/ (2a?) . The Raychaudhuri equation

and the time-time component of the Einstein equations become

a= —%(p+3p)a (6.1)

(%)2 + % = g. (6.2)

If the matter content is a perfect fluid with equation of state

p=(’7-—1)p, 76[0)2]a

then this universe will recollapse only if
p>0 and p+3p>0. (6.3)

For instance, if we chose v = 2/3, then a(t) ~ t and, if ¥ = 0, then a(t) ~ cosh Ht,
with H = const. Thus, when p + 3p < 0, closed FRW models do not recollapse. As
Barrow [4, 3], pointed out, the condition p+3p < 0 is identical to that required to produce
inflation. More generally inflation occurs whenever the energy-momentum tensor of the

total matter content of the universe violates the strong energy condition
1 a, b o g :
Ty — §gabT n®n’ >0, n°timelike (SEC).

This conclusion holds even in the case of anisotropic and inhomogeneous models.

Equation (6.1) generalises to (compare to (3.6))

de 1 . a 1
E = —502 — 20’2 + 2(.02 + Va n - (Tab — §gabT) nanb,

where 20? = 04,0?, 2w? = wuw® and V, 7* is the acceleration term. (Throughout this

dissertation we always assume that the integral curves of the vector field n are timelike
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geodesics and so the acceleration term vanishes.) Defining the mean expansion scale
factor a(t) by 3 a /a = 0, we can make the similarity of the above equation with the

Friedmann equation (6.1) more transparent:
. 2 2 .a 1 a b
a= |—20° + 2w +V,n" — (Tab — igabT> nn ] a. (6.4)

We see that the condition for inflation (@ > 0) is also suflicient to prevent the recollapse of
the universe. The sign of @ is determined not only by the matter term (Tab — %gabT) nn®
but also by the anisotropic terms on the right-hand side of (6.4).

We conclude that the conditions on the matter content of the universe necessary to
achieve inflation are sufficient to prevent the recollapse of closed universes. When the
SEC holds after inflation, a closed (isotropic) universe is free to recollapse. Therefore,
in the presence of matter fields violating the SEC, the restriction @R < 0 excludes a
large class of ever expanding inflationary universes. Such models are for example space-
times containing perfect fluid with hypersurface-orthogonal velocity fields (w = 0) which
possess shear o, mean expansion rate 8, and three-curvature ) R. We write again the

equation of state
p=(y—1)p, ~=constel0,2], (6.5)

the Raychaudhuri equation

o 1, ., 1
7= 30 —20+5(p+3p), (6.6)

the time-time component of the Einstein equations
0 =307~ SR 43 (6.7)
) P '
and the conservation equation

p+0(p+p)=0. (6.8)
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A class of solutions to these equations was given by Collins [20]

p o 6?

@) '-1er-20-5) &

(3)R_ 62_,-), (0->2.

2~ 3y—2\6

We see from equations (6.5)-(6.9) that models violating the SEC (3y —2 < 0) which can
drive inflation all possess ()R > 0. However, the cosmic NHT is not applicable in these
inflationary models, because /8 — constant as t — +oco. This means that anisotropy
does not die away fast enough as the universe expands and the conditions of isotropisation
of Collins & Hawking on page 55 do not hold.

Barrow [3] wrote that positive-spatial-curvature universes were excluded from the
proofs of cosmic no-hair theorems because it was believed that they do not expand
forever. This exclusion was based upon the incorrect equating of closed with recollapsing
universes. We have seen that in most no-hair theorems Bianchi type-IX model occupies
a special position among spatially homogeneous space-times. Lin and Wald have shown
that the Bianchi type-IX model without cosmological constant will recollapse at some
time provided that the matter satisfies the DEC and has nonnegative average pressure
[47, 48]. This result could be generalised in the case of HOG theories, starting with
quadratic Lagrangians. However, as we saw in Wald’s theorem, any type-IX space-time
with a positive cosmological constant approaches de Sitter space-time if initially (see

condition (3.47))
A>1OR . (6.10)

Wald’s criterion for isotropisation is unsatisfactory in discussing the generality of infla-
tion in type-IX models for the following reasons. Firstly inequality (6.10) is a sufficient

condition for inflation of the Bianchi type-IX space-time, hence there may be many in-
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flationary solutions which do not satisfy the above criterion [27]. The second reason is
that it is uncertain how probable are these universes initially satisfying inequality (6.10)
among all possible initial conditions. It is known that the Bianchi type-IX space-time
exhibits a chaotic behavior near the singularity with or without the cosmological term,
like a particle oscillating in a triangle potential well [15]. The trajectory of the particle
is inflationary if A dominates the spatial curvature, otherwise the universe recollapses.
Den and Ishihara [27] investigated the chaotic trajectories near the singularity and found
that there exists a strong mixing of inflationary and non-inflationary trajectories. In
other words it is impossible to predict which trajectory will inflate if one sets the initial
condition near the singularity. Since one expects that quantum gravitational effects play
an important role near the singularity, an approach based on quantum cosmology seems
to be more appropriate. Using a semiclassical analysis Yokoyama and Maeda [76] found
that most of the ciassical trajectories are inflationary, even though they do not satisfy
Wald’s criterion at the beginning of the classical evolution.

The strong energy condition is assumed to hold in most no-hair theorems. In many
respects SEC is an unrealistic energy condition in the context of inflation. Inflation
occurs when a matter field violates the SEC, hence it is unreasonable to expect all
the remaining matter fields to satisfy the SEC. Barrow [6] constructs simple counter-
examples to the effect that if matter satisfies the weaker DEC (or the WEC) but violates
the SEC, an initially de Sitter space-time may evolve towards the flat Friedmann universe
a(t) ~ t¥®M for large t. In conclusion, if the SEC is dropped, then the NHT is not true
because the de Sitter solution may become unstable. The same is true in the R + BR?

theory: de Sitter solution can become unstable if matter satisfies the DEC, but violates

the SEC [7].
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6.2 General review of the cosmic no-hair conjecture

How general are the cosmic no-hair theorems discussed so far? In the case of a true
cosmological constant present for all time, homogeneous space-times except possibly the
Bianchi type-1X do satisfy the cosmic NHT. From the discussion in Chapter Three one
may have the impression that the cosmic NHT holds quite generally, if we exclude the
Nariai metric as an attractor as this metric is unstable (see the theorem of Morrow-Jones
and Witt in section 3.3). However, this theorem has a serious drawback: it is a statement
about a certain asymptotic behavior of solutions to the Einstein equations in vacuum.
We anticipate that if matter is included — possibly satisfying some energy conditions —
then the theorem may not be true (cf comments immediately following Theorem 2 in
section 3.3).

The no-hair theorems in the context of general relativity are quite satisfactory from a
mathematical point of view. However, for inflation to be a natural phase in cosmological
evolution, NHTs must be proved in the context of inflationary models where the cosmo-
logical term is not constant and has a finite duration. As we discussed in Chapters Four
and Five, this problem can be consid.ered as solved at least for homogeneous space-times
in the following cases; in chaotic inflation up to certain constraints (see Heusler’s theorem
in section 4.3), in power-law inflation, in new inflation, although there is not a general
proof taking account of the dynamical evolution of the inflaton field. This is mainly
due to the fact that there ‘does not exist a generally accepted particle model to provide
an exact effective potential for the scalar field which drives inflation. The situation is
similar in the case of inflation due to the vacuum polarization changing the gravitational
Lagrangian at high values of the Ricci scalar. As we saw in Chapter Five, the attractor
property of de Sitter space-time — as is usually referred the cosmic NHT in generalised
gravity theories — has been established in many f(R) theories. A generalization or re-
formulation of the cosmic NHC is possibly necessary in some theories (see the comments
following the solution (5.20)). The applicability of the cosmic NHT in these theories is

not surprising but is due to the conformal equivalence theorem [8] discussed in section
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5.1. For a review of different inflation theories related by the conformal transformation
theorem see Gottlober et al [32].

For inhomogeneous space-times the situation is still rather obscure. Without the most
general cosmological solution to the Einstein field equations no systematic research has
been done in this direction to our knowledge. Apart from the above mentioned theorem
(theorem 2 in section 3.3) a model with a scalar field with positive exponential potential
as the only matter content has been studied and an inhomogeneous solution in the form of
an asymptotic series approaching locally the power-law solution was found [61]. Counter-
examples of inflating inhomogeneous space-times that do not approach homogeneity and

isotropy as t — oo also exist [4].
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