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Abstract

Chebyshev type spectral methods are widely used in numerical simulations
of PDEs posed in unbounded domains. Such methods have a number of im-
portant computational advantages. In particular, they admit very efficient
practical implementation. However, the stability and convergence analysis
of these methods require deep understanding of approximation properties of
the underlying functional basis. In this project, we deal with Chebyshev
spectral and pseudo-spectral methods in unbounded domains. The first part
of the project deals with theoretical analysis of Chebyshev-type spectral pro-
jection and interpolation operators in Bessel potential spaces. In the second
part, we provide rigorous analyses of Chebyshev-type pseudo-spectral (collo-
cation) scheme applied to the nonlinear Schrodinger equation. The project

is concluded with several numerical experiments.
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Introduction

Spectral methods were first developed by Steven Orzag in 1969 through a
long series of papers. These methods belong to a class of techniques that are
used in applied mathematics and scientific computing to numerically solve
specific differential equations. To construct these methods, we first write the
solution of the differential equation as a sum of specific "basis functions.”
Then, we specifically choose the coefficients in the sum, so that they satisfy
the differential equation as well as possible.

Spectral methods can be applied to solve PDEs, ODEs and eigenvalue
problems that involve differential equations. Spectral methods are imple-
mented by using either collocation or by using a Galerkin or Tau approach
[Fun92, Boy00, Tre00, CQHZ06, HGGO07, STW11]. These methods are com-
putationally less expensive than other methods. However, they become less
accurate when problems with complex geometries and discontinuous coeffi-
cients are involved.

Pseudo-spectral methods are closely aligned to spectral methods, but
contain an additional pseudo-spectral basis. Using these methods, we can
approximate a function as a weighted sum of smooth basis functions. These
basis functions are often chosen to be Chebyshev or Legendre polynomials
[Fun92, Boy00, Tre00, CQHZ06, HGG07, SP10, STW11, JBS14].

In this thesis, we deal specifically with Chebyshev spectral and pseudo-



spectral methods in unbounded domains. Such methods have a number of
important computational advantages. In particular, they allow very efficient
practical implementation. However, the stability and convergence analysis
of these methods requires deep understanding of approximation properties
of the underlying functional basis.

The project is organized as follows: Chapter 1 contains results related to
the Fourier transform, fractional calculus and some basic theory of function
spaces. In Chapter 2, we define the algebraically mapped Chebyshev basis
and establish its connection with Laguerre functions. The main results of
our research are presented in Chapter 3. In this Chapter, we provide approx-
imation and interpolation estimates in L*(R) and H*»*(R) settings. These
results form a foundation for the theory of Chebyshev-type spectral and
pseudo-spectral (collocation) schemes. In Chapter 4, we apply Chebyshev-
type pseudo-spectral method to the classical nonlinear Schrodinger equation

and conclude this chapter by adding several numerical experiments.



Chapter 1

Preliminaries

In the thesis, we shall study Chebyshev type pseudo-spectral methods for
differential equations posed in the real line. An analysis of such methods is
based on approximative properties of the algebraically mapped Chebyshev
basis. As we shall see later, these properties are controlled by two parameters
— the regularity and decay rate at infinity of functions f(x) being approx-
imated. In the thesis, we work mainly in Hilbert space settings. In that
case, both properties can be naturally described in terms of Fourier images
of f(x). Below, we list several results related to the Fourier transform, frac-
tional calculus and some basic theory of function spaces. These results are

used extensively in Chapter 3.



1.1 The Fourier transform

The (normalized) Fourier transform and its inverse, when applied to f €

LP(R), with 1 < p < 2, are given by (see, for instance, [SS03])

FIf) = ) " = [ (1.1.12)
F @) = fla) = <= [ e fisyis (1.L.1b)

When 1 < p < 2 both integrals are understood in the principle value sense.

From standard theory [SS03] it is known that

(f,9)=(f9) andin particular | f,2@e) = [|fllz2@), (1.1.2a)
Flfl(s) = [f % gl(s) = / fs = t)g(t)t, (1.1.2b)
“fg)(@) = [f gl(x / f(z — y)g(y)dy, (1.1.20)
FIf(s) = isf(s) = isF[f)(s), (1.1.2d)
() = —ixf(x) = —izF[f)(x). (1.1.2¢)

Formula (1.1.2) (known as Parseval’s identity) indicates that the Lebesgue
space L?(R) and its Fourier image F[L?(R)] are isometrically isomorphic.
Formulas (1.1.2b)-(1.1.2e) hold for all sufficiently smooth functions and can
be obtained directly from (1.1.1), see [SS03].

1.2 Fractional integrals and derivatives

There are several possible ways of measuring regularity of functions. The
simplest one is to use classical derivatives. However, in many applications,
this approach is very limited. Below, we employ the measure of regularity

based on the use of Bessel fractional integrals. This approach is commonly



used in the theory of partial differential equations and in analysis, see [SWT1,

SKM93, AF03, Brell, Gral4] and references therein.

1.2.1 The Bessel fractional integrals

In terms of Fourier images, the left (right) Bessel fractional integrals (denoted

by Ji’g, respectively) of order o > 0, are given by

IEf1(w) = = F (£ 197" fl(), (12,0

where ¢ > 0.

Lemma 1.2.1 (see [SKM93]). The left (right) Bessel fractional integrals can

be realized as the Fourier convolution

a,l 1 a— T

T f)(x) = () [2371 e « f] (x), (1.2.2)

where
ol 7t x>0, i 0, x>0,
37+ — Tr_ =

0, x <0, (—z)* 1, <0,
are cut-off functions.
Proof. From (1.1.2¢) it follows that

a 1 _ Cn—a
JE () = [FU( +is)™) % f](x).

S Ve
We have
FHE+is))(z

) 1 / eism p
= - S,
V2o Jr (L Lis)>
where z¢ is understood in the sense of the principal value. Making the

substitution z = ¢ &+ is and using the fact that 2 is analytic everywhere

outside the region {Rez < 0,Imz = 0}, we infer:

) €¥Zx eizz
=1 —dz,
Vor )y, %

b}

FH £ is) ()




where v is a contour that goes around the line {Rez < 0,Imz = 0} in the

counterclockwise direction. Hence, making one more substitution u = +xz

to obtain
a—1_ Tl e?
F U +is) Y (x :i& —dz.
(¢ isy ™)) == [

z

Since, i analytic in the region {Rez < ¢} /{Rez < 0,Imz = 0} and since
Za

contour integrals over arcs

@7 %) U (—Z, — arctan @>

|z =l <R, argze (arctan 5 ;

vanish as R approaches infinity, we deform contour ~ into a contour ; that

goes around negative part of real axis in counterclockwise direction and apply

Hankels formula for . This gives
I'(z)
a—1_Flx z /9
F(Cxis)™)(z) =iE o | Tdp = X pomleFe
Vor o ), 2o ()
The last formula completes the proof. n

The main properties of Bessel’s fractional integrals are listed below:

Lemma 1.2.2 (see [SKM93]). The Bessel fractional integrals on the line
satisfy:

[ s32i01dz = [ gzif1gie (1.2.3a)

JSIZf) = JEH A, (1.2.3b)

provided that integrals that appear on the left and right-hand sides of each
formula exist. Identity (1.2.3a) is known as the formula of fractional integra-
tion by parts. Formula (1.2.3b) indicates that the Bessel fractional integrals

on the line satisfy the semigroup property.



Proof. To prove(1.2.3a), we change the order of integration:
d
[ 12taide = [ 1@ [ ate =y

d

= [ 1@ [t -ty
d

= [tz [ 1@ -zt
d - a

= [ [ r—aete v ~ [ g2ipgan

The semigroup property (1.2.3b) is obtained in the same way:

BRI = = o ||

1
- oy J o e e
= e [ fe = e = )
R

yi_le#ydy/ AT o —y — 2)dz
R

1.2.2 The Bessel fractional derivatives

It is not difficult to see that operators J¢, a > 0 are invertible. In terms of
Fourier images, the inverse is given by formula (1.2.1) with negative exponent
—«a. However, in some calculations, it is convenient to use the representa-
tion of JL% in terms of the original function f. The explicit construction is
provided below.

To begin, we assume that 0 < o < 1. For sufficiently regular functions,

the left (right) Bessel fractional derivatives on the real line are defined as



follows:

TE () = €7 [ T ] o)

e:FEx L(y—2x)

(1.2.4)

We observe that J %, with 0 < o < 1, is the left inverse of J¢ for smooth

functions f. Furthermore, formula (1.2.4) can be rewritten in the equivalent

form [SKM93]:

Tl = [ 2@ = mert]zeay

(1 —-a) Jpdx
-+ €¥€$Oé h(:l: ) d [f( _ ) :Ff(y—a:)i| o —1—ad d
—F(l ~ o) Y . r—1ye : Zy zdy
et a 1- Fy—a)
1 —a) / / dx ye } yaz

eﬂ:”a

=0
= :l:— —l-a — :Fg(y_a:) Y d
P(l . Oé) /RZ:I: [f(x y>€ i|yz 2,

where h(y) = T/—Jrl is the Heaviside function. Using the notation A} [f](x) =
)
f(x) = f(x — h), the last formula reads

eFlrgy
I = A Al @ e (2
We note that (1.2.5) makes sense for a wider class of functions as compared to
(1.2.4). Formula (1.2.5) is known as the Bessel-Marchaud fractional deriva-
tive in the real line, see [SKM93].
In the remainder of this section, we show that formula (1.2.5) can be
extended to all o > 0. For this, we employ the notion of finite differences of

order n. Let f be analytic at x, then

Flotmy =3 (h ) @) = & fo),

nz

at least formally. The finite difference of order n is given by the identity

Ap[fl(z) = (1 - e—h%)”f(x) = Z (”) (—=1)™f(z — mh). (1.2.6)



Using (1.2.6) we define

Tif)(x) = £ / Al ftt @yt oy, (127)

where |a] denotes the largest positive integer that is smaller than or equal

e:Ffw

k()

to a. We show below that the normalization coefficient x(«) can be chosen

so that J{*J¢[f] = f for all smooth functions f.

Lemma 1.2.3 (see [SKM93]). For continuous functions with compact sup-

port, the operator JL* is the left inverse of J¢, provided that

K(a) = ﬁ /0 T Al ey (1.2.8)

o+

Proof. Let us evaluate the composition J“J¢[f]. For this, we introduce the

truncated operator

Jeclfl(x) = £

ei&v

k()

/ Al e (2)yz o dy.
ly|>¢
Then

eFlz la]+1 o
TEIENE) =+ /| »> (1) cestemy

/ flz —my — 2)25 e =y Ydady

m=0

[ £ =21 = m ey

Ry o, 7= T B sy
y|>e
f e:FZez/ ALaJ—Hz y—a—ldydz
o LG A
/f e$£€z / AZL/aJJrl[ ](:I:l) —a— 1dydz
ly[>1/]2]
Y / Flagea)e = [FAP )
- e ) faEe Al R e S

9



Since

AP [ oG s
z Oz~ led=2) 2 — o0,
we have
e d
/ A9 S < o0
0 Z

This fact together with the assumption that f is continuous and has a com-

pact support implies that

f(:)j) /OO la]+1 dz

li = A (z)—

El)Igl+ ‘]:I: sj:t[f]( ) F(a + 1)%((1) 0 1 [ZJr](Z) P )
uniformly in €. This completes the proof. n

Two most commonly used properties of Bessel fractional derivatives are

listed below.

Lemma 1.2.4 (see [SKM93|). The Bessel fractional derivatives on the line

satisfy:
/fJi‘[g]de = / Je(flgdz, f,J2[f] € LP(R), g,J¢[g] € L”(R), (1.2.9a)
R R
JL%JE =1 in the sense of LP(R), with 1 < p < oc. (1.2.9b)

Proof. Formula (1.2.9a) is obtained by changing the order of integration ex-
actly as in the proof of (1.2.3a). To prove (1.2.9b), we observe (see proof of
Lemma 1.2.3) that for any ¢ > 0 and any f € LP(R)

JZJ2 ) ) = / K2(2)f(a + e2)e™dz,

where

K¢(z) = A e ]j:x /K“ Ydx =1, /\Ko‘(a:)]dx:c < 00.
* ol (o + 1)k( R “

Using these facts, we write
(JegJE = DIfI(x) = /R[f(ff +e2)e™ — f(2)]K§ (2)dz.

10



Taking LP(R) norm of both sides of the last identity and applying integral

Minkowski’s inequality, we infer

(T2 = Dfllzr@ < /R\Ki(Z)\ AIFC+e2)e™ = FO)llrede.

Since || f(- +£2)eT — ()| zrr) — 0 as e — 0, it follows that Jy*J¢[f] = f
in LP(R). O

1.3 Weighted Bessel potential spaces in R

As mentioned in the introduction, the approximative properties of the al-
gebraically mapped Chebyshev basis are naturally described on the scale of
weighted Bessel potential spaces. There are two equivalent ways to define
such spaces. The classical approach consists in using the A. Calderon com-
plex interpolation method and can be found in [BL76, AF03|. Alternatively,
one can define the spaces by using the Fourier transform [SKM93]. We follow
the latter approach specialized to the geometry of R.

Let w be locally integrable function (a weight) in R. We define two

functional classes:
HE(R) = {f € D'[[|wJ= [l 2wy < oo},
HywF(R) = {f € DT [wf]llz2m) < 00},

where operators JL“*[f] are understood as the strong L? limits of the trun-

cated operators J;Z[f] as e — 0F.

Remark 1.3.1. We note that Hy,"(R) = Hy; (R). The identity follows
immediately from the definition of the Bessel fractional integroderivatives.
In the sequel, we deal with the power weights only. For such weights, the
identity Hii(R) = Hi:oi (R) is the consequence of formula (1.3.2) below.

11



This allow us to omit the sign 4+ in the above definition and use the right

Bessel fractional integroderivatives only.

The functional classes Hy*(R) and HY,(R), equipped with

(f,9) gz = / WP JZ 1T [gld, (f, g)my, = / T w f1T5* Twglda,
R R

are Hilbert spaces. We denote their induced norms by symbols || - ||zp and
Il 2, respectively. In the sequel, we deal with the power weights only, i.e.

we use
wg = ({ £iz)?, BER.

For such weights we abbreviate H2%(R) = HE’O‘(R), Hy (R) = Hy,(R)

and H2*(R) = Hy3(R) = H**(R). The meaning of symbols a and § are

straightforward. The parameter o controls the regularity of functions, while

parameter 3 describes the growth/decay rate of functions at infinity.

The basic connections between the two Hilbert scales HE’O‘(R) and Hg +(R)

are given by the identities
FIHE"(R)] = H5o(R),  FIH;,(R)] = H2’(R), )
FUHG(R)] = H55(R), F'[Hp,(R)] = HZ'(R),

which follow directly from the definition of Bessel’s fractional integroderiva-

tives (1.2.1), (1.2.7) and Lemmas 1.2.2 and 1.2.4. In what follows, we show
that in fact

HE’O‘(R) = Hy5(R), a>0, 8€R, with equivalent norms. (1.3.2)
The proof is lengthy and is based on a sequence of Lemmas.

Lemma 1.3.1. Let 0 < a < 1, B € R and f,g be two smooth functions. If

\g| is bounded away from zero and e~ *|f|(x) < oo with some ¢ < {, then

T gf)@) = 97 @) + Kl ) @), (1.33a)

12



where

K‘M / fly O‘g (z,y)dy, (1.3.3b)
0D () (s — y)* ds
@) = rara —a>/ o) (e r—y (1:3.3¢)

Proof. For a = 0 or g = 1, the assertion is trivial. Therefore, we assume

0 < a < 1. We denote 9(z) = J;*'[gf](z) and ¢(z) = gJ**[f](z). Then

U(x) = p(z) + K3 [e)(x),

where K3[](z) = 1(z) — ¢(x). Comparing definitions of ¢ (x) and ()
and using formulas (1.2.2) and (1.2.7), it is not difficult to deduce

Kg'le)(x) = T2 [gJ2 97 @] (2) = g I [T5 19~ o)) ()

a/efézv

= m/o [9(z) — g(z — Z>]Zoz+1

T—z Ly
/ (y — 4+ Z)Oc—l Sp(y)e dy

Next, we let g = wg and estimate K;“’f [f]. To simplify the notation, we

abbreviate K% é =Ky ot

Lemma 1.3.2. The operator Kg’é obtained in Lemma 1.5.1 satisfies:

| K5 el(2)| < BT lw-rpl](2)

+ Blwg-1|(@)h(2) Ty hlw-ge| + hlw_pp_|l(x), 5 >0,
(1.3.4a)

13



| K5 [e)()| < 1Bllws-1|(@) T3 lw-geol] ()

(1.3.4b)
+ [Blh(z) 3 hlw | + hlw_ap-[)(x), B <0,

where h(x) = max{0,z} is the Heaviside function and ¢_(x) = ¢(—x).

Proof. (a) Assume initially that x < 0. Then |y| > |s| > |z| and

|wj(s)]

|ws(y)|

S

Wy _ | wsal)
o | 0: < 7 0.
< Bluoil(), B> sl <P Tty 4

Making the substitution s = (x — y)t +y in the remaining integral, we arrive

at the estimate

w_ , if B >0,
K,y < |lettmo { [l AP0 g

Tt 8 <0,

(b) Now, let > 0. We have two sub-cases: |y| < z and y < —z. In the

latter case, the same calculations as in part (a) of the proof yield

jw_a(y), if B> 0,

)
oty o LB <0,

|55 (2, )| < | Ble @) , y< -z <0.

In the former case, we have

Wh()| _Jwsa(a)] [y (5)
@) =7 o) P

Combining all inequalities together, we arrive at

]w,ll(y), if ’y‘ > |x|>

52 )] < B0
B |lwg—1](x) if |x‘ > ’y|’

B> 0, (1.3.5a)

lwsl(y) 7
and
s @ i ol > 1
sl < [gleto T L g
jw (), if x| >y,
Estimates (1.3.4) follow directly from (1.3.5). O

14



Lemma 1.3.3. If 8 < v, then

lws T [l ey < cllws fll 2wy, (1.3.6)
with ¢ > 0 that depends on 3, v and { only.

Proof. (a) The inequality is a special case of the general Hardy-type inequal-
ity, see [KP03]. Estimate (1.3.6) holds if and only if

A =sup A(z) < oo,
T€R

A = [ sl vy [ o]y

Since both integrals [ [was|(y)e **¥dy and fi]oo |wa, | (y)e*¥dy are finite, it
follows that A is finite if and only if

A = max{ sup Asg 2, (), sup A_s,25(2)} < 00,
z€R4 zeR4

Agp(z) = / |wa|(y)e_%ydy/ |wb|(y)e%ydy = ];(m)]j(z), a,beR.
x 0

Function A,;(x) is smooth in R, and bounded near z = 0 for all a,b € R.
Hence, it suffices to show that A, ,(x) is uniformly bounded at infinity.

(b) We observe that

|wp () 9,

|wal(2) o,
e 5 €

“ - ’

I (x) <

provided that a < 0, b > 0 and « > 0. It remains to estimate I, (z) and
I (z), when a > 0, b < 0 and = > 0 is large.
To estimate I (z), a > 0, we observe that 2% < |w,|(x) < 29/22° for x

large (say x > (). Consequently,

_ 1
I7(z) < WP(G +1,20x),

15



where I(a, z) = ["y* e ¥dy. Note that I'(a, z) < cz* 'e*, with some

absolute constant ¢ > 0, see [GRO7]. We conclude that

I; (x) < er|wa(x)e ™,

a

with constant ¢; > 0 that depends on a and ¢ only.
To estimate [, (), b < 0, we proceed as follows

x

[;r(l’) = |wp|(x) /Ox ezeydy + ’wb’(l’)/o (|’w,b‘(:c) — ’w*b|(y))‘wb|(y)€2£ydy
< gyl @) + ) / sl (e vy / us(2)d
— Sl @) + 2w (z) / sl () / sl )y,

Observe that function |wy|(y)e2” either monotone increases in R, or has a

local minimum that depends on ¢ and b only. Therefore,

|wy| ()€ < ' Jwy|(2)e*,

for a constant ¢ > 0 and all 0 < y < z. Using this fact and the elementary

inequality z|w_,|'(2)|wy|(2) < |b], we infer
If (z) < calwp(z)e*™,

with constant ¢y > 0 that depends on b and ¢ only.
(c¢) Combining all the inequalities together, we conclude that there exists

a constant ¢ that depends on a, b and ¢ so that

Aap(2) < clwal(@)|wp|(x) = clwass|(z).

Elementary calculations show that sup,cg, A.p(z) is finite if and only if

a + b < 0. Returning to our original parameters S and v we conclude that

(1.3.6) holds if and only if g < 7. ]

16



Using Lemmas 1.3.1-1.3.3, it is easy to obtain:

Theorem 1.3.4. Assume that o > 0 and B € R. Then

1Al g, < ellfll e (1.3.7)
with ¢ > 0 that does not depend on f.

Proof. (a) To begin, we observe that for & = 0 and/or § = 0, the assertion
is trivial. We let ¢(z) = J;*'[f](x), and assume 0 < o < 1 and 3 # 0. The
Lemmas 1.3.1-1.3.2 imply that

a,l
1AW g, < WFll e+ IS [wselll 2y
1,6
< N fllgze + Bl lws-a]ll 2y

+ Bllws—1hJ L hlelll 2@y + llws—1 T3 Bl ]Il 2.

when 8 > 0, and

a,l
7, < 1l + 155 sl
¥
< N fllgze + 1Bllws—1 5 el 2 ey

+ 1Bl hlws—10 ]|l 2y + 1T Rlws—10- ]|l 22().

when 8 < 0. The last two inequalities, combined with Lemma 1.3.3, settle
(1.3.7) for 0 < < 1 and B € R.

(b) Assume n € N. For regular functions, operators J, ™t can be realized
as:

T Uf(a) = 7 () "6 ().

X

Therefore, for any two smooth functions f and g, we have

gl = 3 (1) g ) 2 )
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Now, let @ > 1. Any such number can be written as a = n + v, where
n € N and 0 <~ < 1. Using this notation, the last formula and elementary

properties of fractional derivatives, we infer:

n

sz s fle) = 3 (1) Gl @) 2 ),

m=0
Consequently,

n

n — n—m) y—m,
£z, < 3 (2122 e

m=0
n

n —m,l
<> () Ullygem

m=

Since 0 < < 1, we can apply (1.3.7) to obtain

n
n
£, < e ()10

m=0

In view of Lemma 1.3.3,
n—m,l; 7—n—-y,0
T N )| P e
and (1.3.7) follows for all a > 1. O
Corollary 1.3.1. Fquation (1.3.2) holds for all o > 0 and 5 € R.

Proof. Theorem (1.3.4) implies that HE’O‘(R) C Hy,(R). The converse em-
bedding follows directly from identities (1.3.1). O

To conclude this section, we mention that unweighted Bessel potential

spaces H** are known to be Banach algebras (see [AF03)), i.e.

1fgllzze < call fllm2ellgllmze, (1.3.8)

provided that o > 1. By (1.3.8) and Corollary 1.3.1, we have
N < o N N S a N 0y 1 .
Iz < call e lole < callflagelole, (139)
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provided that a > % and § > 0. This fact will be used in Chapter 4. In

the next chapter, we define the algebraically mapped Chebyshev basis and

establish its connection with Laguerre functions.
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Chapter 2

The algebraically mapped
Chebyshev basis

In this chapter, we provide a review of several classical results related to
Chebyshev polynomials T,,(x). Then, we define the algebraically mapped
Chebyshev basis and establish its connection with Laguerre functions. We
conclude this chapter by listing several properties of the generalized Laguerre

functions in the half line.

2.1 Chebyshev polynomials of the first kind
and their properties

Chebyshev polynomials of the first kind were discovered by P.L. Chebyshev
in [Cheb4] when solving the following extremal problem: Find a monic poly-
nomial of degree n that has the smallest possible magnitude in a fixed closed
interval, say [—1,1]. He found that such polynomials are given explicitly by

the formula

2" cos(narccosz), x€[-1,1], n>0. (2.1.1)

20



Nowadays, the renormalized version of monic polynomials (2.1.1), namely,
T,(z) = cos(narccosx), =€ [—1,1], n>0, (2.1.2)

are known as Chebyshev polynomials of the first kind. Since the discovery of
Chebyshev, polynomials T,,(z) play an important role in many fields of pure
and applied mathematics. In particular, the discovery itself was one of the
sources for modern constructive approximation theory. In numerical mathe-
matics, polynomials 7}, (x) are employed in two different contexts. In the first
one, T,,(x) are used in optimization of computational processes, for instance,
in finding optimal parameters for iterative techniques or in optimizing stabil-
ity of certain numerical schemes. In the second one, T,,(x) are used in approzi-
mating functions, in particular, in signal processing and in numerical schemes
for differential equations [Fun92, Boy00, Tre00, CQHZ06, HGGO07, STW11].

Below, we provide a brief overview of a theory of Chebyshev polynomials.

2.1.1 Alternative definitions

There are several ways to define Chebyshev polynomials. First of all, they can
be defined explicitly. The explicit formula is obtained by letting = = cos(6)
in (2.1.2) and then expanding cos(nf):

[n/2] [n/2] [n/2]
To(x) =Y CHamk(a? —1)F = Y " (=Dfa" 2 Y " CFCp. (2.1.3)
k=0 k=0 l=k

Alternatively, one can employ the Rodriguez formula:

LV1I—22 "

(2n —1)! @t ), (2.1.4)

T(x) = (1)

or the generating function:

Lot iTn(x)t". (2.1.5)

1 — 2tx + t2 —
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Finally, they can be defined recursively:
To(z) =1, Ti(z)==z, T.(z)=22T,_1(z)—Tha(x), n>2. (2.1.6)
The latter definition yields one more explicit formula:

To(z) = =[(z + Va2 = 1)" + (z — Va2 — 1)"]. (2.1.7)

N | —

2.1.2 Identities

Chebyshev polynomials of the first kind satisfy an enormous amount of vari-
ous identities (see [Sze67, PBM92, GRO7]). We mention few, most commonly

used. First of all, using the trigonometric representation (2.1.2), we infer

2T ()T (2) = Togom () + Ty (), Ta(—2x) = (=1)"Th(z), (2.1.8a)

_ T ia(2) _ T, _1(x)
n+1 n—1

Vv1-— xzdi (\/1 - $2d7§—(m)) = —n2T,(z). (2.1.8¢)

To(z) = Ti(z), 2T,(z) , (2.1.8)

T i

Further, from the same representation, it follows that

T, (z)] < 1and |T!(x)] <n* x€[-1,1], (2.1.9a)
T, (£1) = (£1)" and T),(£1) = (£1)"'n?, (2.1.9b)
T5,(0) = (=1)" and Ty,,;1(0) = 0, (2.1.9¢)
Ty,(0) =0 and Ty, ,(0) = (—1)"n. (2.1.94)

2.1.3 Extremal properties

We cite two extremal properties of Chebyshev polynomials. Both have funda-
mental consequences in constructive approximation theory and in numerical

analysis.
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Theorem 2.1.1 (see [Leb96]). Monic Chebyshev polynomials of the first
kind minimize the uniform norm in the interval [—1,1]. That is, for any

polynomial p,(x) of degree n we have

max |p,(z)] > max [2'7"T,(z)] = 2'". (2.1.10)
z€[-1,1] ze[—1,1]

Theorem 2.1.2 (see [Leb96]). The derivative of Chebyshev polynomials of
the first kind maximize the uniform norm in the interval [—1,1]. That is,
for any polynomial p,(x) of degree n, that satisfies xg[lflfﬁ] lpn(z)] < 1, the
following inequality holds:

< T!(z)| = n?. 2.1.11
Jmax (@) < max [T, (x)] =n (2.1.11)

2.1.4 Approximative properties

Chebyshev polynomials of the first kind are particular instances of a more
general class of classical orthogonal polynomials known as Jacobi polynomials
[Sze67]. Polynomials 7, (x) are orthogonal in [—1,1] with respect to the

weight function w(z) = (1 — 22)"2:

Q;)d s m, ifn=0,
Rl T otaso.

Y

(T, Tn)

It is known (see [Sze67]) that the Chebyshev basis {7, (z)}n>0 is complete
in the weighted Hilbert space L2 ([—1,1]). Consequently, any function f €
L% ([-1,1]) can be represented by its convergent (in the sense of L?) Chebyshev-

Fourier series

3

fn ) = 0
=Ta(x), fo=(Tn, flw, bn= (2.1.13)

ns0 1.

fz) =

N

| \/

)

The latter formula indicates that the truncated Chebyshev-Fourier series

can be used to approximate square integrable functions. This observation
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is widely used in practical computations. In particular, it is the origin of a
large class of numerical schemes for differential equations known as spectral

schemes.

2.2 Algebraically mapped Chebyshev polyno-
mials

The set of Chebyshev polynomials {7},(x) },>¢ provide a complete orthogonal
basis in the Hilbert space L2 ([—1,1]) with w(z) = (1—22)2 and, hence, can
be used to approximate square integrable functions defined in [—1,1]. In our
project, we deal with functions defined on the real line R. Obviously we can-
not use T),(x), n > 0, to approximate such functions directly. However, one
can map the extended real line R one-to-one to [—1, 1] and then approximate
the resulting composite function by Chebyshev polynomials. The quality of
approximation depends on the particular map £ : R — [—1,1]. Some analy-
sis and applications of rational, exponential and trigonometric maps can be
found in [AFR84, LP88, Boy90, F192, Che93, YA96, BN98, Boy00].

In the project, we deal with rational maps (see [Boy00]). These are given

by
X

N )

where £ is a free parameter. In practical computations, ¢ is used to tune up

(>0, (2.2.1)

the convergence speed.
The algebraically mapped Chebyshev basis reads
Vi T( T
Vere "\Vero

It is easy to verify that the system {T'B,(z)},>0 provides the complete or-

TB,(x) =

), n>0, ¢>0. (2.2.2)
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thogonal basis in the Hilbert space L*(R). Furthermore,

m, ifn=0,
(T'B,, TB,) = / T B, (x)TBy(x)dx = dpm (2.2.3)
R 5, ifn >0,

and any function f € L?(R) can be represented by its convergent (in the

sense of L?) Chebyshev-Fourier series

fn w, n=20,

f@) =Y ETBu(x), fo=(TBu f), kn=

(2.2.4)
n>0 Fon %, n > 1.

In the next chapter, we provide a comprehensive study of the convergence of
(2.2.4). Below, in this chapter, we provide several auxiliary results that are

relevant for our study.

2.3 Generalized Laguerre functions and their
properties

In the next section, we establish an important connection between generalized
Laguerre functions and algebraically mapped Chebyshev polynomials. This
will facilitate our error analysis in Chapter 3. Below, we briefly mention
few properties of generalized Laguerre polynomials that are relevant for our
study.

The generalized Laguerre functions are denoted by
on'(a) = e LY (26x), n>0,

where L{¥ (x) are generalized Laguerre polynomials. The explicit formula

can be obtained with the aid of the generating function [Sze67, GRO7]

g(z,&) = nzzog o> (z) = Wexp(—ﬁsl — §>. (2.3.1)
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It is known that for o > —1, the collection {2}, satisfies

Fn+a+1)

(20)2+1n) O (232)

/mfw%w%mwz
0

and provide a complete orthogonal basis in the weighted Hilbert space L2, (R+),
see [Sze67).
The generalized Laguerre function satisfy a number of important identi-

ties. In the sequel, we need only two [PBM92]

(0% (% F(Oé + n + 1) (0% (6%
AR Tre TR (23.30)

T o) (x) = (20 g, (2.3.3b)

where x > 0, a > —1 and 3 > 0.

2.4 Fourier transform of the algebraically mapped

Chebyshev basis

In this section, we derive a formula for the Fourier transforms of T'B,(x).

Lemma 2.4.1. The Fourier images of algebraically mapped Chebyshev poly-

nomaials are given by

TBaia(s) = —sgn<s>%¢%ﬁ<|s|>, =1 (24.1a)
TBy(s) = 2VIKy({]s]), (2.4.1b)
TBanls) = e (0 ) [0 sh). n2 1, (24de)

where, n > 0, ¢if(x), i = 0,1, are Laguerre functions, Ko(z) is the modi-
fied Bessel function and J:1/2,27 J* are the Bessel fractional derivatives
+

defined in Section 1.2.
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Proof. (a) We consider even and odd numbered functions separately. Con-

sider first odd numbered functions. In view of (2.1.7), we have

Vi {(m +i0)z (g — )P

TBoa0) =5 |yt * (2 2y

To facilitate our calculations, we introduce the generating function

Vi x

1 =824+ 628“)

=) & TBopsa(z) =

n>0

Now

—ZS(L‘

Plars§) = 5= m | e

(1-¢)?
The last integral fell in the scope of Jordan’s lemma and can be evaluated

using methods of classical complex analysis [Mar65]:

Flg,)(s,&) = —sgn(s)%1 i : eXp< {|s| 1 +§>

By virtue of (2.3.1), we have (2.4.1a).

(b) Now, we turn to the even numbered functions. First, we consider

1 st
]:[(Eim)l/z} 2 \/ﬂ/ (+ix) 1/2d

where (-)'/2 represents the principal branch of the square root. We cut the

complex plane along the line Re(¢ +iz) < 0 and replace the integral above

with the contour integral that goes around the cut line to obtain

where s_ = max{0, —s} and s, = max{0,s} are cut-off functions. Using

these formulas and properties of the Fourier transform, we infer

Ve

= 2\/2/ el (2 — 1) 12dt = 2V UK, (0 s)),
1

fgo(s) =F (s) = —2V(s” —1/2 ) x (s -1/2 =)

(2.4.2)
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where Ky(z) is the modified Bessel function.

To obtain (2.4.1¢), we employ the generating function

ge(, f)_—TBo )+anTB2n() \/_V 1+§ !

et 1 —&x2 + 62
the formula
F ; (s) / e ds
wreig) T b g
N . ( 1+ {)
=Y >
V21T 5) P

and results of Section 1.2. This gives

Flge|(s, €) = 2_{% <J:1/2,£J;1/2,Z) [e—em exp(—zlL_S’gﬂ.

The last identity, combined with the generating formula (2.3.1), yields (2.4.1c).

The next chapter conatins the main results of our research. In the next

chapter, we provide approximation and interpolation estimates in L?(R) and

H?**(R) settings.
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Chapter 3

Approximation and

interpolation estimates

In this chapter, we study the difference between the exact function f and
its truncated Chebyshev-Fourier series (2.2.4). To aid our calculations, we
introduce the following notation: the symbol Py denotes the subspace of
L*(R) spanned by {T'B,}\_,; the symbol Py : L*(R) — Py denotes the

orthogonal projector from L?*(R) to Py. In coordinate form, the operator

Pn[f] reads

| e

“TB,(z).

Kn

Pl fl(x) :Z

In this notation, we study

1 =Plfllze = 1 = Pr)flll gz

where Z is the identity operator.
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3.1 Approximation estimates

3.1.1 L*(R) estimates

In this section, we study the approximation error in L*(R) settings. The

main result of this section is the following:

Theorem 3.1.1. Let a, N > 0, then
IZ = Ps) [ Wllz2@y < c(EN)2(£I],25 (3.1.1)

where the positive constant ¢ does not depend on f or N.

Proof. To begin, we observe that

I(Z = Pr)[f1IlZ2 ) = Z | fal®

n>N+1

1 2 1 2
= _ + — =F,+ E,.
T §N |f2k;+1| - E |f2k|

k>[N

We estimate E, and FE. separately.
(a) First, we consider E,. Using formula (2.4.1a), for the odd-indexed

spectral coefficients, we have

s = (TBus. f) = [ TBaa(@)f @) = | TBaa()f(s)ds

_ _ﬂ sgn(s) 2’6(’3‘)f(5>d5

V2 Jr
m —4s 10,0 ¢ mé 0,6 f
= W . e Y () f(—s)ds — W o K (5)f(s)ds

. £ +
_ f2k;+1 - f2k;+1'

In order to estimate f ., we let f(s) = J**[¢](s). Then, using fractional
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integration by parts and formula (2.3.3a), we arrive at

s too 0
f;c+1 = ﬂ%(i)/o SO(S)G_ESJ?E[%’Z](S)CZS

B Vrlk! T
- e T / S (5)p(s)ds.

Similarly, we let f(s) = J¥“[¢](s) to obtain

— - m oo alr 0,0
f2k+1 = m ; Y(=8)JL o |(s)ds

Vrlk!

) / T g sy —s)ds,

N \/§F(a +k+1
and, hence,
Ck! oo
Jors1 = ﬂF(\:i ht D) /0 5a¢2’e(3) [w(_s) - @(S)]ds'

In view of formula (2.3.2) and the completeness of the orthogonal system

{ng’g}kzo, we infer

¢
Fo= 512[;” I’ a+kz+1 ’/ [p(s) — ¢(=s)lds
1 (20)+1k! too e 2
“ TN 2 Tk |, OO el
< 4(@}\7)@ /RJF(SSMSD(S) _7/}(—8)|2d8
1 2
< 4(£N)o¢[|| ap HL2 +Hw%1/’”L2(R)]

—_

- A((N)e [HW%JJ:OL’@[JE]HL?(R) + ||w%J__°"£[f]||L2(R)}2,

Using properties of the Fourier transform and results obtained in Section 1.3,

we conclude that

—alp p
lws S 2@ = I fllmg, < cillfll 25
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with some constant ¢; > 0 that does not depend on f. Hence,

2
] 2
E, < —(KN)“ ||f||H2% (3.1.2)

(b) To estimate E,, we employ (2.4.1c) and fractional integration by parts.
This yields

for = (T B, f) = / TBoy(z) f(z)dx = / T Bay(s) f(s)ds

m J SR | |¢if1(|-|>}<s>f<s>ds

= V2T okt (s)a(-s)ds + Vot

séi1()g(s)ds

Ry

Sl 1N\ s
with g(s) = (J_ 2’KJ+ 2’£> [f](s). In the same way as above, we infer that

Lo [(-s) +p(9)]ds,  (3.13)

fo = V2rl(k —1)! /+°°
0

2kT (o + k)
where §(s) = J* [p](s) = J* [¢](s). Using representation (3.1.3) and

the same procedure as in part (a) of the proof, it is not difficult to verify that

E, < (m)aHHfHH . (3.1.4)

with constant c; > 0 that does not depend on f and N. Inequalities (3.1.2)
and (3.1.4), combined together, yield the result. O

3.1.2 H?**(R) estimates
In this section, we are dealing with general H*“(R) settings.

Theorem 3.1.2. Let 0 < a < 8 and 0 < N, then
IZ = Pw) [l e < e(¢N)~F=) 11 220 (3.1.5)
where the positive constant ¢ does not depend on f or N.
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Proof. (a) Consider ||(Z—"Py)[f]||g2«. Using properties of the Fourier trans-

form, we infer

IZ = Pw) [z = llwa(Z = Pw)[f]llr2ce
where N
-y In7p
neo 'n
Since |w,| < €[l + |s|¥] for some ¢ > 0, it follows that

I = Pw) [z < (@ = Pu)Sll2 + lls®(Z = Pr) [l 2wy

By Theorem 3.1.1, |(Z — Pn)[f]llr2@) < c(EN)‘BHfHszB. It remains to
estimate the error ||s*(Z — Pn) (]|l z2m)

To aid our calculations, we write:
1s*(Z = Pw) [l 2@y < 1s*(Z = PRS2y + 15°(Z = PO Ll 2w

where 75]‘(, and 75]6\, are the orthogonal projectors onto the subspaces spanned
by odd {ﬁ%ﬂ}i?] and even {@gk}ﬁg Chebyshev functions, respec-
tively. We estimate the errors ||s*(Z —P3)[f]|l 2@ and ||s*(Z —P5) [ Fll 2@
separately.

(b) We start with the operator P%. In view of the antisymmetry of

T Bojpir (see formula (2.4.1a)), we have
Is°(Z = PRy = 2015°(Z = PRSIl 2 -

By virtue of the embedding inequality, see [JBS14, formula (21a)], we obtain

the estimate

I1s*(Z = PRl 2y < ells® =T = PRIl ey,
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with ¢ > 0 independent on N or f. Taking into account formula (2.3.3b), we

have

TN = PR)[f1(s) $) fors1.

k>[ ]

As in the proof of Theorem 3.1.1, for the Fourier-Chebyshev coefficient for1,

we obtain
{k! +oo
Forer — ﬁr(;ﬁ”MH) / 28§24 (5)[ih(—s) — p(s)] ds,

with f(s) = 2] (s) = JETPy)(s), and then

15(Z = Pl z2r) < c(UN)P = [lwspll romy + wsd| r2my]

< ON)P 2 fllzan < (N2 s

(¢) The analysis of operator P is similar and requires only minor ad-

justments. Lengthy but straightforward calculations yield
15*(T = PR Al 2y < (EN)P 21 flg2p,

and (3.1.5) follows. O

3.2 Interpolation estimates

The projection operator P, considered in Section 3.1 is not useful in practical
calculations as evaluating spectral coefficients f,, involves exact integration
of f against T'B,, over the real line. In realistic simulations, the integrals
(T'B,, [) are calculated approximately with the aid of quadratures. In con-
text of the real line, it is natural to use Gauss-Chebyshev quadratures.

The N + 1-point Gauss-Chebyshev quadrature, applied to the exact spec-
tral coefficient f,, = (T'B,, f)12r), reads

fa =

g(N 1 Z (% + 2 NI Bu(ze.n) f (w.), (3.2.1)
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where
2k +1 )

Y kE=0,1,...,N
2(N+1)7T P ) )

TN = ECOt(

are Gauss-Chebyshev nodes mapped from interval (—1,1) onto the real line.
The approximate quantities f, are often referenced as pseudo-spectral coeffi-

cients. In practice, we use f, to approximate f by means of the operator

N —
fn
z = —TB,(x). 3.2.2
W) = 3 T, (1) (3:22)
Lemma 3.2.1. Operator Iy satisfies the following interpolation identity:

IN[f](xk,N) - f(xk,N>7 k= O, 1, ey N. (323)

Proof. Combining formulas (3.2.1) and (3.2.2) together, we arrive at

In[fl(x) = flan)Kn(zen, o),

k=0
with N
(0% + z?) 1
K =——> % —TB,(2)T'B,(y).
By virtue of the classical Christoffel-Darboux summation formula [MMO0S],
we obtain

(€2 +2)*2 By () Ty (y) = Tn(2) T (y)

K pu—
N(l’;y) f(N-f—l) x\/€2+y2—y\/€2+x2

It is easy to verify that
KN<CL’]€’N,Z‘m,N) :5k,ma k,m:O,l,...,N.

Hence, (3.2.3) follows. O

In the remainder of this section, we study the behavior of the interpolation

error (Z —Zy)[f] in L*(R) and H**(R) settings. We observe that ZyPy =
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Py as Iy is bijective when restricted to the finite dimensional space Py.

Therefore,

(Z —In)[f] = (Z =Py + Py — In)[f]

= (Z =Pw)lf] + (Py — In)[f]

= (T =Pyl + (@InPx = In)lf]

= (Z = Pnf1 = In(Z = Pn)[f]

and the interpolation error is controlled by the norm of the linear map Zy.
In the following subsection, we bound || Zy||z2(r). Such estimates are known

as stability estimates.

3.2.1 [L*(R) stability
To begin, we study the stability of the interpolation in L?(R).

Lemma 3.2.2. Assume o > % Then

IZn [ lz2@) < ca(NO| Sl 120, (3.2.4)
where ¢, > 0 does not depend on N or f.

Proof. (a) Taking into account that the Gauss-Chebyshev quadrature for-
mula is exact for all f € Ponq and using the interpolation property (3.2.3),

we obtain

N
1T )12, = / TSPl = gty I + ko).
n=0

Note that H>*(R) = [W2l2/(R), W2I*I(R)],_ |4, where symbol W?"(R) de-
notes the classical integer order Sobolev space and |-, -]y is the complex inter-
polation functor [Ada75, BL76]. In this context classical Sobolev embeddings
apply and we have

£ lloe < cOllf 2,
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provided that o > % Therefore,

, N
Co, T
IZ3l ey < gy (D01 + 2wl ) I e

n=0
cm
= M—+USJQV||f||H2,Q

It remains to evaluate S%.

(b) Using explicit formula for the Gauss-Chebyshev nodes, we obtain

a2 2k+1
52 _ £2 i ]' . £2 ~ st <(N + 1) (NTH) >
N -2 2k+1 B cn2( _2k+1 .
n=0 Sl <2(N+1)7T> n=0 s (2(N+1)7T)

Note that N + 1-point Gauss-Chebyshev quadrature is exact for all poly-

nomials of degree 2N + 1. Consequently,
(N+1)2 [P Uk

% = £iU
N T . 1_t27

sin ((n+1) arccos t)

where Uy (t) = = are Chebyshev polynomials of the second

kind. Next, we make the substitution ¢ = cos# and then integrate by parts

to obtain
. sinQ((N + 1)9) .
df = — i N +1)0)dcot
/ \/l—t2 0 sin?(9) /0 S (< + )> 0

™ sin(Q(N + 1)«9) L Uy i1 (1)
=(N+1 =(N+1) [
(N + )/O cos 0 o df = (N +1) Vi dt

With the aid of the identity tU,(t) = T,41(t) + Un—1(t), the three term

recurrence formula U,1(t) = 2tU,(t) — U,—2(t) and the orthogonality of

T,(t), we arrive at

L), L,
/1mdt_(N+1) [ = n(¥ 1)

Hence,
S2 = (((N +1))°

and (3.2.4) holds with ¢, = 27n¢c,,. O
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3.2.2 An inverse inequality

The stability estimate in H**(R) requires some additional work. Consider
the linear space Py, equipped with the norms || - || 2) and || - || g2.. Since
Py is finite dimensional, any two norms shall be equivalent. Therefore, there

exists a constant (say ¢(V, «)), such that

[fllz2e < (N, )| fll 2@y,

for each f € Py. Inequalities of this type are known as inverse inequali-
ties. The main goal of this subsection is to derive an upper bound on the

equivalence constant ¢(N, «).

Lemma 3.2.3. Algebraically mapped Chebyshev polynomials satisfy:

d? 1

12Tl = [—6TB4(33) + 8T By(x) — 2T Bo(z)], (3.2.5a)
dd—;TBg(x) — (42)2 [—15TB6(:E) + 36T By(z) — 25T By(x) + 4TB0(m)] ,
(3.2.5b)
and
dQTB - 1 3)TB 4 1)*TB
a2 Tn(®) = (g |~ = D= 9T Boafa) + 400 = 1T By (o)

— (6n% + 2)T B, (z)
— (0 1)(n+ 3)TBusa(w) +4(n + 1T Byya(a)|,
(3.2.5¢)

where n >0, n # 0,2 and T'B,(x) = 0, whenever n < 0.

Proof. Formula (3.2.5) is the straightforward consequence of (2.2.2) and iden-
tities (2.1.6) and (2.1.8c). O

38



Theorem 3.2.4. Assume f € Py and o > 0. Then

N\«
[ fll 2.0 < ca <7) £l 22wy, (3.2.6)

where ¢, does not depend on N or f.

Proof. (a) To begin, we establish (3.2.6) with a = 2. Consider Py, equipped
with the norm || - || 2w). Since, {T'B,},>0 are orthogonal, the finite dimen-
sional Euclidean space Py is isometrically isomorphic to the standard real
Euclidean space RN*!, equipped with the weighted norm

N
|(L’|2 o § :’an
D — .
K,

n=0

The norm || - [|g2« is equal to one of the expressions ||J-[]||L2m),
||J;2’é[-]||L2(R), or ||(J;1’€J;1’€)[-]||L2(R). Therefore, it is sufficient to consider
the composite operator J;MJJ:M only. Straightforward calculations show
that J; "I 5[] = L[] - 2. By virtue of Lemma 3.2.3, the latter operator
maps Py into Py,4. Moving to the isometrically isomorphic spaces RV *!
and RY*° we see that the operator J;MJ;M can be realized as ordinary

matrix-vector multiplication. If we denote the matrix of the operator by

Jy € R(N+5)><(N+1)7 then

| fllz2e = [Inz|p < [JIn|pl2|p = [In|D] fll22R)

|Inz|D

denotes
|z p

where z = (fo, ..., fv)" € RN and |Jn|p = Sup,epn+1 420
the norm of matrix Jy subordinate to the weighted vector norm |- |p. It
remains to estimate the norm of matrix Jy.

In view of formula (3.2.5), we can write

JN - J_N(Ia O)Ta
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where I € RWVHDX(N+D) i an identity matrix, O € RINTD*4 ig a zero matrix
and Jy = (jnx) € RWVHIXNH5) g 5 five diagonal symmetric matrix, whose

nonzero entries are given explicitly by

o P24t CAn+1)2 ~ (n+1)(n+3)
Inn = (4£)2 ) Inn+2 = (4£)2 ) Inn+a = (4€>2

Let J§ € RWF)X(N45) denote the matrix whose k-th diagonal is equal to
the k-th diagonal of Jy and all other entries are zeros. Using this notation,
and taking into account that |Jy|p = o'/2(DJLED~2JyD),' where D™' =

diag(ko, ..., ky) and o(-) is the spectral radius of a matrix, we obtain
7 70 72 7 N2
Inlo < vl < [7lp +21TRlo + 2174 1b < ea( )

with some ¢y > 0 independent on N. This proves (3.2.6) with a = 2.
(b) Using (3.2.6) with @ = 2, we show that in fact (3.2.6) holds with
0 < a < 2. For this, we consider the operator Py. From part (a) of the

proof, we know that

N\ 2
[Pl < eo( 7)1 iz

and, in addition, |Pn[f]|lz2@r) < [[f]lr2@®). It is known that H** are inter-
polation spaces, that is H*>® = [L%R),Hég]%, where [, +]g, 0 < 0 < 1 is the
complex interpolation functor of A. Calderon, see [Ada75, BL76]. This allows
us to conclude that Py is bounded from L*(R) to H**(R) for all 0 < a < 2.

Moreover, since the functor [+, -]y is exact?, it follows that

N\«
IPulflllze < ca( ) 1S 2o

!This follows from the equation |A|p = |D~'AD|, where | - | is usual unweighted

Euclidean norm in RN*! and classical formula |A| = o'/2(AT A).

2That is for a compatible couple of Banach spaces Xo C X; and a linear operator T’

that satisfies || 7| x,, | T|lx, < oo, we have || T||(x,,x,], < ||TH§(_O‘9HT||A9X17 see [BL76].
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with ¢, > 0 that does not depend on N or f.

(c) Parts (a) and (b) of the proof settle (3.2.6) for 0 < a < 2. To
obtain (3.2.6) for all 0 < a, we recall (see formula (1.2.3b)) that J& JP![f] =
Jiw £ [f], for all o, 8 € R and all regular functions f that uniformly bounded

for large values of |z|. O

3.2.3 H**(R) stability and error estimates

The stability and error estimates for Zy are immediate consequences of

Lemma 3.2.2 and Theorem 3.2.4.
Corollary 3.2.1. Assume a > 0 and g > % Then,
IZn [ 2o < 72 (EN) | fll2s, (3.2.7)

where ¢ > 0 does not depend on N or f.

Proof. With the aid of Lemma 3.2.2 and Theorem 3.2.4, we obtain

N\«
IZx e < o) 1281w

< A (UNYH | fl g

[
Combining our stability and approximation estimates, we arrive at
Corollary 3.2.2. Let 0 < a, % < 7y and max{a,v} < 5. Then,
IZ = Zn) [ flll 2o < e(1+ €72 (EN)TE 7] ]| o, (3.2.8)

where ¢ > 0 does not depend on N or f.
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Proof. We have:

IZ = o) Il 2w < NI = Pa)lf 1l 2o + 1Z8(Z = Pa)[f]l 2o
< CUN)TTO fllgzg + 2 EN) T = Po) [l

< (14 ) (EN) T f
provided that o < # and v < . H

In the next and final chapter, we apply the Chebyshev-type pseudo-
spectral method to the classical nonlinear Schrodinger equation and then

conclude with several numerical experiments.
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Chapter 4

Applications: the nonlinear

Schrodinger equation

In this chapter, we study Chebyshev-type pseudo-spectral methods applied
to differential equations posed on the real line. Rigorous mathematical anal-
ysis of any such scheme is based on approximation and interpolation esti-
mates similar to those presented in Chapter 3. However, the concrete de-
tails strongly depend on a particular differential equation. To avoid abstract
speculations, we apply the Chebyshev-type pseudo-spectral method to the

classical nonlinear Schrodinger equation.

4.1 The nonlinear Schrodinger equation

4.1.1 Continuous problem

The nonlinear Schrodinger equation on the real line reads:

uy = iVH(u) = ity + 2iv|ul*u, u(x,0) = uo(x), (4.1.1a)
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where v # 0. The problem (4.1.1) is Hamiltonian, with

H(u) = %/R(—WAQ + v|u|*)dx (4.1.1b)

and the zeroth order antisymmetric automorphism 7 = ¢ of the Hilbert scale

H?**(R), equipped with the real duality pairing

(u,v) = Re/uvdx.
R

Equation (4.1.1a) is completely integrable. The exact solutions are obtained

using the inverse scattering method, see [APT04] and references therein.

4.1.2 Spatial discretization

To obtain spatial semidiscretization of (4.1.1), we apply the Galerkin method.
For this, we proceed as follows:

(a) We rewrite the original problem in the weak form. For this we view
the solutions u(-, ) as maps form half line ¢t € [0, 00) into the Hilbert space
H?Y(R). In these settings, the problem reads:

find u € CM((0,00), H*'(R)) N C([0,00), H>'(R)) so that

(ug, @) = —{(iug, ¢y + 2v{ilul?u, @), for all ¢ € H>(R),
u(0) = up.

(4.1.2)

(b) We approximate the exact solutions by the truncated Fourier-Chebyshev

series:

N
(c) For a fixed N > 0, we replace (4
find & € CV((0,00), Py) N C([0,00), Py) so that

Bu( (4.1.3)

with the following problem:

(g, @) = —(iliy, by + 2v(iZn[|0[*a], #), for all ¢ € Py,
ﬂ(O) = 1)0 = IN[U()].

(4.1.4)
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We observe that the semi-discrete problem (4.1.4) is again Hamiltonian, with

the total energy given by
. 1 X R
H(a) = 3 / (=t |* + vZx[|a*]?) dz. (4.1.5)
R

The semi-discrete problem (4.1.4) represents an N + 1-dimensional system

of ordinary differential equations (ODEs) for unknown spectral coefficients
fa(t).

In the remainder of this chapter, we show that the numerical solution %
converges to the exact one in finite time intervals. Our analysis follows the
classical framework. First, we study stability of (4.1.4). Next, we show that
results of Chapters 1 and 3 yield consistency of the scheme. Once these two

basic facts are established, the convergence follows automatically.

4.2 Stability analysis

To begin we derive several a priori estimates:

Lemma 4.2.1. The numerical solution @ of (4.1.4) satisfies:

[a@)l2@) = lldollr2my,  H(a(t))

= H (i), (4.2.1a)
e ()l 2@y < c(lldollz2m), 1oe |2 @) (4.2.1b)

for allt >0, where c(x,y) is a bounded function of both arguments.

Proof. (a) Welet ¢ = uin (4.1.4). Since the automorphism J = i is antisym-
metric and since the Gauss-Chebyshev quadrature is exact for ¢ € Poyniq,
we obtain

A d, .
(U, 0) = %HUH%%R)

= —(ifly, Uy) + 2v{iTy||a|*0], @)

= —(its, Uz) + 2v(Zy[|a]*], Zn[la]]) = 0,
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because (iu,u) = Re [, i|u[*dz = 0 for any u. This gives us the first identity
in (4.2.1a).
(b) Next, we let ¢ = iu, in (4.1.4) to obtain

0 = (ity, W) = —(itly, il4) + 20y ||0]*0), i11;)
d

T dt
d (|2 12712 d - .
= = (ltalZam + VIR ) = 25 (),

a1 ) + v(Zwllal], FZnllal’])

which implies that the numerical Hamiltonian # (@) is conserved.

(c) We estimate ||ug| 2y and || Zy[|@|?]||z2r). First, we observe that
both 4, and Zy[|a|?] are individually bounded in L*(R), as 4 is an element
of the finite dimensional space Py for every fixed value of t > 0. Second, it

is known that [AdaT75]
||u||%°°(]R) < 2||ull 2wy ll v | L2 ) - (4.2.2)

We employ this fact to obtain

N
N ™ N
IZlloP e = oy 2o (& + ko ) 10l on)

n=0
2 N
< 02 4 g2 ) 12 . i,
<A T ;( A LR [ P o

= 2|1 22y 1 e | 222 -

(4.2.3)

To complete the proof, we consider two cases v > 0 and v < 0, separately.
Case v < 0 is trivial, as inequality (4.2.3) yields (4.2.1b) with c(z,y) =
y? — dvady.

Now, let v > 0. By virtue of (4.2.3) and (4.2.1a),

ol 72y — 4w ol 2l |l 220y < —2H(tho),
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which implies that

i || L2r) < 2000|172 gy + \/4V2||@0||6L2(R) — 2H (o)
= c([ltoll 2qry, 1ozl 2wy ) -

Note, that function c¢(z,y) is real and positive as

2|H (o) | < lloall72my + 4¥ 10|72y |0z || 22)

2H (o) < —ltosl| 72y + 4V @0l 22w [1@0e ]l 2@y < 4070|722,
by (4.2.3). The proof is complete. O

The following result shows that numerical scheme (4.1.4) is continuous

with respect to input data, i.e. stable.

Lemma 4.2.2. Let @/, j = 0,1, be solutions of the following perturbed prob-
lems: find @0 € CM((0,00),Px) N C([0,00),Px) so that

(af, ) = (i@, ¢o) + 20 (iZy[|@ "W, ¢) + (f7,¢), for all ¢ € Py,
W (0) =@,
(4.2.4)
Assume that each solution @, j = 0,1, satisfies a priori estimates (4.2.1).

0

Then, the error e = 4° — 4! satisfies

lell o< o, z2®)) < e(lleollzz@y + 17 = FHll2qor.c2m@y)- (4.2.5)

The constant ¢ > 0 depends on T and the wnitial data 7){), 7 =0,1, but s

independent on the discretization parameter N > 0.

Proof. Subtracting equations with j = 0 and j = 1 from each other, we see

that the error satisfies:

<eta¢> = _<i€za¢x> + 2V<iIN[|/&O‘2/&0 - ‘ﬁ1’2ﬁ1],¢>
+{(f0— fL.¢), forall ¢ e Py,
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In the last equation, we set ¢ = e and then employ Cauchy-Schwartz and
Young inequalities:

d . "
%HGH%Q(R) = 20 (iZy[[a" "0 — @' *a"], ) + (fo — f1.€)

= (In[(|0° + [a'[*)e + @°a'e], e) + (fo — fi,e)
1 A A 2 1
< (5 + 2] (12| ooy + (18] oo () > el + §||f0 — fillZem
R 1
< w(i,at)|lel 72y §||f0 — fill7zm)

The last formula, together with Gronwall’s inequality, yields

t
ez < 5 (lealamy + [ 152 = 7 [eydr):
0

By our assumption, 4’ satisfies a priori estimates (4.2.1). Hence, by virtue of
(4.2.2), the positive constant x (4%, 4') is completely controlled by the initial
data [|@}| r2@) and ||id,| r2@), j = 0,1. Hence, in the finite time interval

0,7, (4.2.5) holds with ¢ = (@), O

4.3 Consistency and convergence

Let u be the exact weak solution to (4.1.2) and let N > 0 be fixed. We
denote @ = Py[u]. It is not difficult to verify that the spectral projection @
satisfies

(i, ) = —(itiq, ) + 2v(iZx[|al*a), §) + (f, ¢), forall ¢ € Py,

@(0) = Gy = Pnuol,
(4.3.1a)

where
2

d 19~
f= i@(PNH — Py)u] +i2v(Z — Iy) [|[u’u] + 20y [|ul*u — |af*a]

=h+ ot s
(4.3.1b)
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The following result shows that the defect f is small, provided that the exact

solution is sufficiently regular.
Lemma 4.3.1. Let 1 < 2v < 3. Then

11| 2 o172y < e™2V(EN)H27 | (4.3.2)

LS([0,T),Hy)’
where ¢ > 0 does not depend on N > 0 or u.

Proof. We estimate each part of the defect separately. To estimate f;, we

employ Theorem 3.1.2:

Ifillzz@) < 1(Prvya = Pr)lulllaze < (T = Prya)lulllaze + [(Z = Pu)lull| a2

2-p3
< (N Pl g
Next, we apply Corollary 3.2.2 and (1.3.9) to obtain
Iallge) < elN) =2 luPul s < o(eN) 7= ull s,

Finally, Lemma 3.2.2, inequality (1.3.9) and Theorem 3.1.2 yield the basic
bound

3l z2y < c(€N)l[Jul*u — [@|*] s

< c(/N

(Il*(Z = Pw)[ulll 2 + 83T — Pr)lulllz + 1|3*(Z — Pv) ]l =)
N ([l + il 20)* | = Pl e

— ~ 2
N (g + 20 ) el -

c(£N)
< ¢(¢N)
< ¢(¢N)
< c(fN)

By virtue of inverse inequality (3.2.6),

5 N\"7
il < e( ) Nullzaqe

Therefore trivial embedding HE’B C H?7, implies

| fsllzzy < et (EN) 2 ull e

To complete the proof, we combine all our estimates together and integrate

with respect to ¢ over [0, 7], to obtain (4.3.2). O
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With the aid of Lemmas 4.2.2 and 4.3.1, we obtain the main result of

this section:

Theorem 4.3.2. Let 1 <2y < 8. Then

= ill 0,77, 22m)) < 7 (EN) TPl (4.3.3)

([0,T],H3y)’
uniformly in N, provided that the norm in the right-hand side of the inequality

is finite.

Proof. (a) It is easy to verify that the exact solution u satisfies (4.2.1). We

turn now to its spectral projection. First of all,

4] L2y < Nlullzey = lluollL2w)-

Second, using the triangle inequality, we obtain

izl 2@y < (T = Pr)[ul |20 + c(lluoll 2y lltos o) )

where ¢(x,y) is the bounded function from Lemma 4.2.1. By virtue of The-
orem 3.1.2,
IZ = Pw)[ulllzr2r < c(EN) =7 |Jull 2,
for each t € [0,7]. This allows us to conclude that |luy||r2r) is uniformly
bounded with respect to N.
(b) Now we can apply the stability Lemma 4.2.2 to the couple of problems
(4.1.4) and (4.3.1) to obtain

16— @l| oo qro.1.22®)) < c(I(@n — Pu)[uolll 2@y + I f 20,0, 22®y))»

with constant ¢ > 0 that depends on the exact solution v and terminal time
T but is independent of N > 0. In view of Theorem 3.1.1, Corollary 3.2.2

and Lemma 4.3.1, we have

I8 = il oo o1y, L2y < 77 (EN) P (H“O“H%ﬂ * HUH;([O’TLH%)
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Since

Hﬁ — uHLoo([o7T]7L2(R)) < HT1 - 7jLHLOO([O,T],LQ(R)) + H(I - PN)[U]HL"O([QTLLQ(R))’

Theorem 3.1.1 and obvious embedding LOO([O,T],HQQEB) C LG([O,T],HQQ/}B)
completes the proof. O

Theorem 4.3.2 shows that the numerical scheme (4.1.4) converges alge-
braically, provided that the exact solution is regular and decays to zero suf-

ficiently fast at infinity.

4.4 Implementation

The numerical scheme (4.1.2) leads to the semi-linear system of ordinary

differential equations of the form

Y =iDY +ig(Y), (4.4.1)

where D € RWHDX(N+D) g the differentiation matrix, g(Y) is nonlinearity
and the neutral symbol Y represents either vector of pseudo-spectral coeffi-

clents
F(t) = (fu(t),0 <n < N),
or vector
U(t) = (u(zgn,t),0 <k < N),

containing values of u at Gauss-Chebyshev nodes. Particular forms of D and
g differ when (4.1.2) is formulated in Fourier or physical space. For instance,
the differentiation matrix D is dense in physical space and is five-diagonal
(according to formula (3.2.5)) in Fourier space. Similarly, the nonlinearity is

given explicitly by
9(Y) = 2v([i(zrn)Pd(zrn, 1),0 < k < N), (4.4.2)
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in physical space, while its exact representation in Fourier space is not so
straightforward.

Note that the exact solutions to ODE (4.4.1) are not known. In practice,
it shall be integrated using an appropriate time-stepping algorithm. There
are two important practical issues that arise in this connection. First of all,
computing the vector field iDY +ig(Y') requires transformations of physical
data U(t) into its Fourier counterpart F'(t) and vice versa. Straightforward
implementation of both transforms, written in a matrix-vector form, would
require O(N?) operations and hence is not numerically feasible for large
values of N. Second, the problem (4.4.1) is stiff and symplectic, i.e. the

exact flow ¢; of (4.4.1) preserves the quadratic form
(%)T (%)
Yy Yy
A reasonable time-stepping algorithm must be able to cope with stiffness and

at the same time be reasonably cheap and preserve the symplectic structure

of the exact flow. Both issues are briefly discussed below.

4.4.1 Fast direct and inverse Chebyshev-Fourier trans-

forms

First, we discuss fast direct and inverse Chebyshev-Fourier transforms. As
was observed by many authors (see [CQHZO06] and references therein) both
can be computed in O(Nlog N) flops with the aid of fast discrete direct
and inverse Fourier transforms (FFT). Indeed, components of F' and U are

connected by the identities (see formulas (3.2.1) and (3.2.2)):

™

h:aN+U

2[62 + xzm]TBn(a:k,N)uk, 0 <n< N; (443&)

N
k=0
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| e

Rn

N
up =Y ““TB,(xpy), 0<k<N. (4.4.3b)
n=0

To evaluate (4.4.3a), we define

0 s, 0<k<[3);
P B 2] (4.4.42)
sin (Wz?]]f,fl)> —U(N+1—k)—1; L%J <k<N,
R— .
~ — 27 A A
W, = —— Zwke M1 0<n< N, wWyy = Wo. (4.4.4b)
N +1 —
Then, the pseudo-spectral coefficients are given explicitly by
Ir. T~ N — Tl =
fo=3 [wne M 4 Dy ne N+1], 0<n<N. (4.4.4¢)

We note that formulas (4.4.4a) and (4.4.4c) each require O(N) arithmetic
operations, while (4.4.4b) can be accomplished in O(N log N) flops using
standard discrete inverse FFT. Hence, the overall complexity of the algorithm
is O(N log N).

The inverse fast Chebyshev-Fourier transform is obtained by inverting for-
mulas (4.4.4). In particular, inversion of (4.4.4b) involves standard discrete
direct FF'T, so that the computational complexity of the resulting algorithm
is again O(N log N).

4.4.2 Time-stepping

Now, we turn to practical time-stepping. As mentioned earlier on, when N
is large, the problem (4.4.1) is stiff and cannot be integrated using explicit
ODE solvers. Furthermore, the problem is Hamiltonian and its flow is sym-
plectic. To cope with the stiffness and at the same time, to preserve the
symplectic structure of the flow, we apply the Strang-type symmetric split-

ting technique, see [HLWO06] and references therein. That is, we rewrite the
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numerical Hamiltonian as:

A 1
(i) = —= (ity, dlg) + =

: - (@nllila), @) = Hi (@) + Hala),

and introduce two sub-problems:

Find 4!, 42 so that:
(i, 9) = (iVHi(0"), ¢), forall ¢ € Py, (4.4.52)
(02, ¢) = (iVHo(a2),¢), forall ¢ e Py. (4.4.5b)

If !, ®? denote the flows of problems (4.4.5a) and (4.4.5b), respectively, then

the exact solution of (4.4.1) is given by:
i(h) = &} o ®2 o d, (2(0)) + O(h?), (4.4.6)
2 2

when time-step h is small.

We observe that calculating the exact flow ®}, requires evaluation of a ma-
trix exponent times a vector. This can be done 2using Krylov type algorithm
as described in [HL97]. To simplify matters, we solve (4.4.5a) numerically,
using the implicit midpoint rule
al(h) = @ (a'(0)) = UL(a1(0)) + O(R%) = [2 <[—igD)_1 —I} al(0)+O(h?).

(4.4.7)

The above procedure involves the solution of a system of linear equations with

five diagonal matrix and can be accomplished in O(N') operations per time

integration step. The second flow ®2 can be computed exactly. Elementary
calculations yield the formula:

®; (4°(z,0)) = exp{i2vh|uj(z,0)]*}@*(z,0), =z €R. (4.4.8)

Combining (4.4.6), (4.4.7) and (4.4.8), we advance the numerical solution
by one time step, using the following one-step splitting scheme:

W(tpy1) = \1/1% o®} o q/l%(@(tn» =Uu(a(ty)), h=ty1 —t,.  (4.4.9)
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By construction, time-stepping scheme (4.4.9) is symmetric, symplectic and
has classical order of convergence p = 2. To lift its order, we employ the
composition

Uy =Tpyp0 00, 4, (4.4.10)
as described in [HLWO06]. In particular, taking the composition coefficients
(see [HLWO06)])

v1 =717 = 0.13020248308889008087881763,
Yo =716 = 0.56116298177510838456196441,
v3 =715 = —0.38947496264484728640807860),
Y4 =714 = 0.15884190655515560089621075,
v5 =713 = —0.39590389413323757733623154,
Y6 =712 = 0.18453964097831570709183254,
v7 =v11 = 0.25837438768632204729397911,
Yg =710 = 0.29501172360931029887096624,
Y9 = —0.60550853383003451169892108,

we obtain a symplectic and symmetric time stepping method of order p = 8.

Note that the overall computational complexity of one time integration step

described above is O(N log N).

4.5 Numerical simulations

In this section, we demonstrate the performance of numerical scheme (4.1.2).
In our simulations, we solve the nonlinear Schrédinger equation (4.1.1) with
v = 1 only. We note that the stability and convergence theory presented in
Sections 4.2 and 4.3 applies to all nonzero values of v. However, it is impos-

sible to obtain closed reference solutions when v < 0 (so called defocusing

95



mode). The opposite case v > 0 (the focusing mode) is easier to deal with.
Here, the discrete spectrum of Lax operator iaa—;z + 7 is nonempty and yields
traveling wave (J-soliton) solutions, [APT04]. Every J-soliton solution is
controlled by a number of real parameters, such as amplitudes — a;, veloc-
ities — wv;, centers — §; and phases — ¢;, 1 < j < J, and can be easily

reconstructed using the explicit formula (see [APT04] for derivations):

det G*
u(z,t) = zidZT, (4.5.1)

where

k= (Y% gcicg). K= ! ,0<4,5 <7,
2 ki — kj

y =i <ajeaj§j+i(¢j+2xkj—4tk§) 0<j< J) 7

. . 0 y"
G =1 + K diag(y*) K" diag(y), G°=
1

G

4.5.1 Example 1.

In our first example, we integrate (4.1.2) in the time interval [0,27], with
v = 1 and initial condition obtained from (4.5.1), with J = 1 and a; = 1,
vy = & = ¢1 = 0. In these settings, the exact solution is a single stationary
soliton centered at the origin. Furthermore, the exact solution is analytic in
a strip containing the real axis and decays to zero exponentially at +00. The
situation is ideal and, in view of Theorem 4.3.2, we expect rapid convergence.

The results of simulations, with 24 < N <27 and ¢ = 4, (see Figure 4.1)
show that this is indeed the case. Both, L?*(R) and L>(RR) (blue and teal lines,
respectively) errors decrease geometrically as N increases. For large values
of N, both errors stabilize near 10~!'. This phenomenon is the consequence

of round-off errors accumulation. These errors (approximately 10716 in IEEE
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arithmetics) are amplified by the quantity || D|| ~ O(N?) when solving linear
systems in (4.4.7).

According to Lemma 4.2.1, the quantities [|%(t)||z2) and H(u(t)) are
conserved along exact trajectories of (4.1.4). This is confirmed by our simu-
lations, and both first integrals remain almost constantly (within the machine

precision) independent on the discretization parameter N.

4.5.2 Example 2.

Here, we integrate (4.1.2) in the time interval [0, 27], with ¥ = 1 and initial
condition obtained from (4.5.1), with J =1 and a; = 1, v; = 3, & = —1,
¢1 = 0. In these settings, the exact solution is a single traveling wave. As in
Example 1, the exact solution is analytic in a strip containing the real axis
and decays to zero exponentially at +oo.

The results of simulations, with 2* < N < 2% and ¢ = 4 are presented
in Figure 4.2. As in Example 1, we see that both, L*(R) and L>(R) (blue
and teal lines, respectively) errors decrease geometrically and the scheme
preserves both first integrals to remain almost exactly. However, this time
the wave is moving from the region with a large number of spatial grid points
to the region with relatively few grid points. For this reason, resolving the
wave with higher accuracy requires more grid points than in our previous
example. Compare, for instance, upper right diagrams in Figures 4.1 and

4.2.

4.5.3 Example 3.

In this example, we set v = 1, J =2 and a1 = 2, ay = 1, v; = vy = 0,
&1 = —%, §o = %, ¢1 =0, ¢ = . This yields a stationary 2-soliton solution.

The results of simulations (we use 24 < N < 2% and ¢ = 4) are qualitatively
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Figure 4.1: The numerical solution of (4.1.2) (top to bottom and left to
right): |a|, Red, Imd, |u — 4], with N = 27. The bottom right diagram:

[u =@l 2y (blue), [lu — @l g ey (teal), maxq|[|a(t)]| 2 — [[@ol|2(g)| (ved)

and maxt|7:l(ﬁ(t)) — 7:L(ﬁ0)| (orange).
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Figure 4.2: The numerical solution of (4.1.2) (top to bottom and left to
right): |4], Red, Ima, |u — 4], with N = 27. The bottom right diagram:

lu = @ll 2y (blue), flu — il ooy (teal), max||a(t)l| 2 — lloll 2| (red)

and max,|H(i(t)) — H(io)| (orange).
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the same as in Example 2. The errors decay geometrically as predicted by

Theorem 4.3.2, see Figure 4.3.

4.5.4 Example 4.

As another example, we take v =1, J =2 and a1 = 2, ap = 1, v; = —%,
vy =1, & =2, &% = —3, ¢1 = ¢ = 0. The resulting 2-soliton solution
represents two colliding traveling waves.

The results of simulations, with 2 < N < 2% and ¢ = 4 are presented in
Figure 4.4. We see that the qualitative behavior of both L*(R) and L*(R)
(blue and teal lines, respectively) errors is the same as those observed in
all our previous simulations. The convergence is geometric (the error curves
are concave). However, the absolute accuracy drops. The reason is — as the
time increases, the waves enter a region with relatively few grid points, where

solutions cannot be resolved accurately. The situation can be improved by

taking larger values for V.

4.5.5 Example 5.

In our last example, we simulate a 3-soliton colliding scenario. Here, we set
y:1,J:3anda1:2,a2:3,a3:1,111:%,vgzo,vgz—%,
& =0,& =28 =05, ¢y = ¢ = ¢3 = 0. The results of simulations (we use
2P < N<2®and (= 4) are almost identical to those obtained in Example

4, see Figure 4.5.
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Figure 4.3: The numerical solution of (4.1.2) (top to bottom and left to
right): |a|, Red, Im, |u — 4], with N = 27. The bottom right diagram:
lu — @l r2gy (blue), [Ju — | L ry (teal), max|[|a(t)l| 2y — ol r2m)| (ved)

and maxt|?:[(1l(t)) — 7:[(120)| (orange).
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Figure 4.4: The numerical solution of (4.1.2) (top to bottom and left to
right): |a|, Red, Im, |u — 4|, with N = 27. The bottom right diagram:
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Figure 4.5: The numerical solution of (4.1.2) (top to bottom and left to
right): |4], Red, Im 4, |u — 4|, with N = 27. The bottom right diagram:

lu = @ll 2y (blue), flu — il ooy (teal), max||a(t)l| 2 — lldoll 2| (red)

and max,|H(i(t)) — H(io)| (orange).
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Conclusion

In the project, we dealt with Chebyshev-type spectral and pseudo-spectral
methods in unbounded domains. Such methods are widely used in simu-
lations as they have a number of important computational advantages. In
particular, they admit very efficient practical implementation, see [Fun92,
Boy00, Tre00, CQHZ06, HGGO07, STW11] and references therein. However,
the stability and convergence analysis of these methods require deep under-
standing of approximation properties of the underlying functional basis.

This was the core part of our research. Using the connection between
algebraically mapped Chebyshev basis and Laguerre functions, established in
Chapter 2, we obtained sharp approximation and interpolation estimates in
L*(R) and H**(R) settings. These results provided the complete description
of numerical errors in terms of regularity of functions being approximated.
Once the behavior of stationary errors were fully understood, we turned to
applications.

In the thesis, we applied Chebyshev-type pseudo-spectral method to the
classical nonlinear Schrodinger equation. We explained how to construct
an appropriate numerical scheme that preserves symplecticity of the exact
flow. Next, we provided a rigorous and comprehensive stability and conver-
gence analysis. Exactly at this point, our approximation and interpolation

estimates played a pivotal role and yielded the precise description of the
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discretization errors.

With these results at hand, we switched to practical simulations. Follow-
ing [CQHZ06|, we observed that Chebyshev-type bases allow very efficient
numerical implementation. In particular, the direct and inverse discrete
Chebyshev-Fourier transforms can be computed using standard direct and
inverse discrete FFT. This significantly reduces the computational cost of
the algorithm and makes it suitable for large scale simulations. Though the
thesis dealt with space discretization only, we provided a brief account on
practical time-stepping. In context of Schrédinger’s equation, whose flow is
a nonlinear one-parameter group, we proposed the use of a simple composite
Strang-type splitting scheme. Finally, we presented several simulations that
were done using the computer. We observed that the numerical data agreed

well with our theoretical investigations.
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