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Abstract

In this thesis we study double-diffusive convection and cross-diffusion effects in flow
through porous media. Fluid flows in various flow geometries are investigated and
the governing equations are solved analytically and numerically using established
and recent techniques such as the Keller-box method, the spectral-homotopy analysis
method and the successive linearisation method. The effects of the governing pa-
rameters such as the Soret, Dufour, Lewis, Rayleigh and the Peclet numbers and the
buoyancy ratio on the fluid properties, and heat and mass transfer at the surface are
determined. The accuracy, computational efficiency and validity of the new methods

is established.

This study consists of five published and one submitted paper whose central theme is
the study of double-diffusive convection in porous media. A secondary theme is the
application of recent numerical semi-numerical methods in the solution of nonlinear
boundary value problems, particularly those that arise in the study of fluid flow

problems.

Paper 1. An investigation of the quiescent state in a Maxwell fluid with double-
diffusive convection in porous media using linear stability analysis is presented. The
fluid motion is modeled using the modified Darcy-Brinkman law. The critical Darcy-
Rayleigh numbers for the onset of convection are obtained and numerical simulations

carried out to show the effects of the Soret and Dufour parameters on the critical

il



Darcy-Rayleigh numbers. For some limiting cases, known results in the literature are

recovered.

Paper 2. We present an investigation of heat and mass transfer in a micropolar fluid
with cross-diffusion effects. Approximate series solutions of the governing non-linear
differential equations are obtained using the homotopy analysis method (HAM). A
comparison is made between the results obtained using the HAM and the numerical

results obtained using the Matlab bvp4c numerical routine.

Paper 3. The spectral homotopy analysis method (SHAM) as a new improved version
of the homotopy analysis method is introduced. The new technique is used to solve
the MHD Jeffery-Hamel problem for a convergent or divergent channel. We show
that the SHAM improves the applicability of the HAM by removing the restrictions

associated with the HAM as well as accelerating the convergence rate.

Paper 4. We present a study of free and forced convection from an inverted cone
in porous media with diffusion-thermo and thermo-diffusion effects. The highly non-
linear governing equations are solved using a novel successive linearisation method
(SLM). This method combines a non-perturbation technique with the Chebyshev
spectral collection method to produce an algorithm with accelerated and assured
convergence. Comparison of the results obtained using the SLM, the Runge-Kutta
together with a shooting method and the Matlab bvp4c numerical routine show the

accuracy and computational efficiency of the SLM.

Paper 5. Here we study cross-diffusion effects and convection from inverted smooth
and wavy cones. In the case of a smooth cone, the highly non-linear governing
equations are solved using the successive linearisation method (SLM), a shooting
method together with a Runge-Kutta of order four and the Matlab bvp4c numerical
routine. In the case of the wavy cone the governing equations are solved using the

Keller-box method.
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Paper 6. We examine the problem of mixed convection, heat and mass transfer along
a semi-infinite plate in a fluid saturated porous medium subject to cross-diffusion and
radiative heat transfer. The governing equations for the conservation of momentum,
heat and solute concentration transfer are solved using the successive linearisation

method, the Keller-box technique and the Matlab bvp4c numerical routine.
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Chapter 1

Introduction

1.1 Background and motivation

Many flows of practical importance, such as the spread of ground pollutants, take
place in a porous medium. A porous medium is defined as a material that consists of
a solid matrix that has interconnected voids (Bear and Bachmat 1990, Corey 1994,
Ingham and Pop 2005 and Vazquez 2007). Porous media flows have been extensively
studied because of the important applications of such flows; for example, they offer
a convenient method for imposing fine structure on adsorbed materials (see Strange
and Webber 1997, Nield and Bejan 1999). They are also important for supporting
catalysts and a porous medium can act as a highly selective sieve or cage that only
allows access to particles up to a certain size, Strange and Webber (1997). Porous
media have many properties, but they are most often characterized by two factors;
namely; their porosity and their permeability which control the movement and storage
of fluids. Porosity is defined as the ratio of the void space to the total volume of
the porous medium, Lehr and Lehr (2000). We denote the porosity of any medium
by ¢, and this then represents the storage capacity of the porous material. The
remaining fraction of the medium is occupied by the solid matrix. For normal media

the porosity usually does not exceed 60% of the available space, Nield and Bejan

1



(1999). Permeability is the measure of the ease with which a fluid can move through
a porous medium. In general permeability is a second-order tensor, Bruschke and

Advani (1990).

Flow through porous media occurs in many science and engineering systems. Its many
applications in science and engineering include filtration mechanics (geomechanics,
soil mechanics), engineering (petroleum, construction, environmental), geosciences
(hydrogeology, petroleum geology, geophysics), biology and biophysics and material
science (Chen and Ewing 2002, Vafai 2005). The important topic investigated in this
thesis is that of flow, heat and mass transfer in porous media. It is a subject of engi-
neering interest, and an important field of study in itself. Several contributions have
been made in modelling fluid flow, heat, and mass transfer through a porous medium.
These contributions include the introduction of non-Darcy effects on momentum, en-
ergy, and mass transport in porous media for various geometrical configurations and
boundary conditions, Nield and Bejan (1999). Much of the current research in porous
media utilizes the Brinkman-Forchheimer extended Darcy model; this is known as the

generalized model, Vafai (2005).

This thesis mainly deals with the convective transport of heat, mass and momentum
in boundary layer flows. It is widely recognized that heat transfer is the science that
seeks to predict the energy transfer between material bodies as a result of tempera-
ture differences (Holman 1986, Burmeister 1993). Heat can be transferred by three
modes, namely conduction, convection and radiation, Thirumaleshwar (2006). The
process of mass transfer has many similarities with the process of heat transfer. If
the fluid is at rest everywhere, heat and mass transfer takes place either through
simple heat conduction as a result of temperature gradients normal to the interface
or through mass diffusion owing to mass gradients normal to the surface, Kays and
Crawford (1993). However, with fluid motion, both the potential gradients and the
movement of the fluid itself are responsible for transferring the energy and mass. This

complex transport process is usually referred to as convection, Kays and Crawford



(1993). Thus the transport of energy or mass to or from a surface or fluid by both
molecular conduction processes and gross fluid motion is one of the basic attributes

of a convective heat and mass-transfer process.

The mechanism of heat transport in a fluid motion that is induced by temperature
differences (buoyancy forces within the fluid) in the absence of other external sources
is called natural or free convection. In free convection density variations in the fluid
cause the hot fluid to move in an upward direction and the cold fluid to move in
a downward direction (Gupta and Gupta 1977, Jaluria 1980, Gebhart et al. 1988,
and Rathore and Kapuno 2010, and the references therein). Free convection has
extensive applications in engineering, for example, in cooling processes. In most
natural convection problems, the flow is mainly driven by either a temperature or
concentration variation in the fluid system. Many authors have investigated free
convection flows. These include, among others, Jaluria and Gebhart (1974), Jaluria

and Himasekhar (1983), Kraus et al. (2001), and Magyari and Keller (2003).

In forced convection, heat transport occurs as a result of fluid motion that is due to
an external source. Vafai and Tien (1981), Welty et al. (1984), Rudramoorthy and
Mayilsamy (2010), among others, have investigated forced convection on fluid flow

and heat transfer in a porous medium.

Mixed convection is a combination of forced and natural convection. Mixed convec-
tion has been investigated by, among others, Wooding (1960), Lai and Kulacki (1991)
and Lai (1991). One of the important studies in the field of mixed convection is that
which was conducted by Lloyd and Sparrow (1970). They studied mixed convec-
tion in Newtonian fluids along a vertical flat plate. They showed that the solutions
ranged from pure forced convection to mixed convection. Ranganathan and Viskanta
(1984) studied mixed convection boundary layer flow along a vertical surface in a
porous medium. They considered the simultaneous effects of fluid inertial forces and
boundary viscous resistance on the flow in a porous medium. Their results show that

inertia and boundary friction effects have a significant bearing on heat transport and



thus cannot be ignored. Mureithi and Mason (2002) investigated the stabilities in
mixed convection in boundary layer flow with viscous dissipation over a horizontal
surface. They found that the boundary layer was dominated by internal regions of
supervelocities due to the acceleration of the fluid by a buoyancy-induced pressure

gradient.

1.2 Double-diffusive convection

Convective motions where density variations within a fluid are caused by two different
components with different diffusion rates are often referred to as double-diffusive
convection, Siegmann and Rubenfeld (1975), Hsia et al. (2008). The study of double-
diffusive convection has received considerable attention during the latter half of the
twentieth century since this occurs in a wide ranges of natural settings, Benzeghiba
and Chikh (2003), Beya and Lilia (2007). The origin of these studies (see Awad et
al. 2011b) can be traced back to oceanography, where warm salty water lying over
cold water of a higher density results in double-diffusive instabilities often referred
to as “salt-fingers”, Stern (1960, 1969). Motivation for the study of double-diffusive
convection range from such diverse fields as the migration of moisture in insulation
systems, the storage of grain in silos, the spread of soil contaminants including in
the disposal of nuclear wastes and in crystal growth, Bourich et al. 2004, Narayana
and Sibanda 2010. It has also been claimed (see Akbarzadeh and Manins, 1988) that
double-diffusive convection plays an important role in the modelling of solar ponds and
magma chambers (Fernando and Brandt, 1995). A comprehensive literature review on
double-diffusive convection in porous media can be found in, Mamou (2002), Mojtabi

and Charrier-Mojtabi (2005).

One of the earliest theoretical investigations of double-diffusive convection in porous
media is due to Nield (1968). Baines and Gill (1969) made use of linear stability anal-

ysis to investigate linear stability boundaries. The problem of porous layers heated
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from the bottom or from the side has been investigated in many studies. Independent
studies by Gershuni et al. (1976) and Khan and Zebib (1981) investigated the stability
of this problem. The occurrence of both monotonic and oscillatory instabilities was
predicted. Similarity solutions for the boundary layer near a vertical wall immersed
in a porous medium with constant temperature and concentration were obtained by
Raptis et al. (1981). Rudraiah et al. (1982) conducted a non-linear stability analysis
of double-diffusive convection in a two-component fluid saturated porous layer. They
determined the Nusselt and Sherwood numbers for different Rayleigh and Darcy-
Rayleigh numbers. Their results showed that a finite-amplitude instability may exist
at subcritical Rayleigh numbers. Trevisan and Bejan (1985) took into account the
case when buoyancy was induced by a temperature gradient. Both linear and non-
linear stability analysis were used by Rudraiah et al. (1986) to show that in the case
of two-component fluids, subcritical instabilities are possible. Deane et al. (1987)
studied the case of thermosolutal convection and the stability of travelling, standing,
modulated and chaotic waves. The effect of anisotropy on the onset of double-diffusive
convection in a rotating frame in porous media was investigated by Patil et al. (1989).
Chen and Chen (1993) investigated the double-diffusive convection that takes place
in a horizontal porous layer. They confirm the existence of stability boundaries that
separate regions that are subject to different types of convective motions. Using linear
stability analysis, Taslim and Narusawa (1986), and Malashetty (1993) studied the
onset of convection in a double-diffusive convective flow. Nield et al. (1993) extended
their work so as to include the effects of inclined temperature and solutal gradients.
They showed that both thermal and solutal Rayleigh numbers contribute significantly

towards the onset of convective instability.

Mamou et al. (1994) studied the case of uniform flux boundary conditions. They
obtained both analytical and numerical solutions, the latter for various aspect ra-
tios of a rectangular box. The following four regimes dependent upon the governing

parameters with uniform flux and uniform temperature boundary conditions were



considered by Mamou and Vasseur (1999): stable diffusive, subcritical convective, os-
cillatory, and augmenting direct. Mamou and Vasseur (1999) pointed out that steady
convection can be obtained for Rayleigh numbers below the supercritical value, indi-
cating the development of subcritical flows. They also showed that in the over-stable
regime, multiple solutions may exist. Furthermore, their numerical results indicated
the possible occurrence of travelling waves in an infinite horizontal enclosure. Amah-
mid et al. (2000) investigated double-diffusive convection in a horizontal Brinkman
porous layer due to constant heat and mass fluxes. Kalla et al. (2001) studied the
bifurcation phenomena in double-diffusive convection subject to the lateral heating
effect within a horizontal enclosure. Lombardo et al. (2001) observed that the lin-
ear and non-linear critical stability parameters are the same for all cases where the
principle of exchange of stabilities holds. They studied a horizontal layer of a bi-
nary fluid mixture in porous media. Mahidjiba et al. (2000) reported that thermal
and solute effects oppose each other. The flow patterns are different from the clas-
sical Bénard convective flows. They studied the effect of mixed thermal and solutal
boundary conditions and obtained the thresholds for both oscillatory and stationary

convection.

Malashetty and Basavaraja (2005) investigated the onset of double-diffusive convec-
tion in a horizontal fluid layer subjected to thermal modulation. They observed that
the symmetric modulation advanced the onset of convection at low frequencies. Sunil
et al. (2007) used linear stability analysis to study double-diffusive convection in a
micropolar ferromagnetic fluid layer, heated and salted from below, that saturates
a porous medium and is subjected to a transverse uniform magnetic field. Wang
and Tan (2008) investigated double-diffusive convection in a porous medium using a
Darcy-Maxwell model. For a binary fluid mixture, Malashetty et al. (2009) gave a
linear and a weakly non-linear stability analysis of double-diffusive convection in a
viscoelastic fluid. A criterion for the onset of stationary and oscillatory convection

was suggested.



Recently, Alloui et al. (2010) investigated the onset of double-diffusive convection in
a rectangular porous layer. They used the Galerkin finite element method to solve
the governing equations and study the oscillatory and stationary instabilities. The
stability of flow in a horizontal double-diffusive fluid layer exposed to the combined
effects of buoyancy and surface tension was studied by Chen and Chan (2010). They
observed that the salt-finger instability is excited over a wide range of thermal and
solutal Grashof numbers, and that the travelling wave instabilities caused by surface
tension effects are excited when the effective Marangoni number becomes larger. Li
et al. (2010) investigated the transition to chaos in Marangoni convection in a cavity

with temperature and concentration gradients.

1.3 Experimental and numerical studies

There have been many experimental studies with regard to double-diffusive convec-
tion. One of these studies was by Griffith (1981), who examined diffusive convection
experimentally by using a Hele-Shaw cell in a porous medium. He found an excellent

agreement between the laboratory and the theoretical results.

Imhoff and Green (1988) used a sand-tank model to study double-diffusive and
groundwater finger stabilities. They found that the fingers grew continuously and
stopped only at the tank’s walls and bottom. They also observed that the fingers in

porous media and the fingers in a viscous fluid do not have the same structure.

Murray and Chen (1989) investigated the onset of double-diffusive convection in
porous medium. They performed experiments in a box consisting of glass beads and
having rigid lower and upper walls. These allowed for a non-linear time-dependent
profile for salinity. They showed that the onset of convection was marked by a dra-
matic increase in heat flux at the critical temperature. The convection pattern was
found to be predominantly three-dimensional. Two-dimensional rolls were, however

observed for single-component convection in the same apparatus. Bai et al. (2008)

7



studied double-diffusive convection in a multi-compound solution in a cylindrical cav-
ity whilst experimentally using particle image velocimetry (PIV) when the bottom
is cooled and with free heat-exchanged top and sidewall. They found that double-
diffusive convection appeared in the liquid due to the coupling of temperature and

concentration gradients.

Experimental and numerical investigation of double-diffusive convection in a cylinder
in a diffusive regime has been done by Webb et al. (2009). They used a narrow aspect
tank heated from the side and bottom with linearly stratified salt-water solution to
form multiple mixed layers of fluid. For the numerical simulations they used the FLU-
ENT computational fluid dynamics (CFD) code. The comparison between the labo-
ratory and numerical results showed reasonable agreement. Hage and Tilgner (2010)
investigated double-diffusive convection in a flow analogous to Rayleigh-Bénard con-
vection at high Prandtl numbers using electrodeposition cells. Other experimental
studies include those of Saghir et al. (2000), Mergui et al. (2002), Kelley et al. (2003)
and Barman and Dutta (2008).

The governing equations for momentum, heat and mass transfer are, in general,
strongly non-linear and difficult to solve analytically. For this reason recourse is
usually made to numerical methods to find approximate solutions of the governing
equations. Numerical studies include those on the effects of hydromagnetics, heat
radiation, chemical reaction and Hall currents. Gebhart and Pera (1971) investigated
natural convection resulting from the combined buoyancy effects of thermal and mass
transports. Minkowycz et al. (1985) investigated the problem of free convection with
injection or suction over permeable vertical and horizontal plates in a porous medium.
Chen et al. (1980) investigated mixed convection flow along vertical and inclined flat
plates under the combined thermal and mass diffusion to show the diffusion-thermo
and thermo-diffusion effects. They showed that the interfacial velocities due to mass

diffusion are negligibly small.

Bejan and Khair (1985) presented a multiple scale analysis of heat and mass transfer



about a vertical plate embedded in a porous medium. They considered concentration
gradients which aid or oppose thermal gradients. They reported limited similarity
results for the latter case. Similarity solutions were obtained by Lai (1990) for the
coupled heat and mass transfer in mixed convection from a vertical plate in a satu-
rated porous medium for the case of uniform wall temperature and concentration. For
a vertical wavy surface, Hossain (1992) examined the effects of combined buoyancy
forces from thermal and mass diffusion by natural convection flow numerically; the re-
sults showed the evolution of the surface shear stress, rate of heat transfer, and surface
concentration gradients. Singh and Queeny (1997) used the integral method to inves-
tigate the problem of covection a vertical surface in a porous medium with constant
wall temperature and concentration. Using an implicit finite-difference method, Yih
(1998) studied heat and mass transfer in mixed convection around a wedge embedded

in saturated porous medium.

Acharya et al. (1999) studied steady two-dimensional free convection and mass trans-
fer flow in a viscous incompressible electrically conducting fluid. The porous medium
was bounded by a vertical surface with constant heat flux and suction velocity. Us-
ing a cubic spline collocation method, Cheng (2000) investigated the transient heat
and mass transfer from a vertical plate embedded in fluid-saturated porous medium
with power-law variation in the wall temperature and concentration. Chamkha and
Khaled (2001) investigated the convection of heat and mass transfer in the presence
of an external magnetic field and internal heat generation or absorption effects using
an implicit, iterative finite-difference scheme. Jumah et al. (2001) investigated the
Darcy-Forchheimer mixed convection from a vertical flat plate embedded in a fluid-
saturated porous medium with coupled thermal and mass diffusion effects using the

finite-difference method.

Magnetohydrodynamic flow has attracted the attention of a large number of scholars
due to its diverse applications. In astro- and geophysics it has a profound effect on,

for example, the motion of stellar and solar structures, interstellar matter, and radio



wave propagation through the ionosphere. In engineering it finds application in MHD
pumps and bearings, among other applications. Takhar (1986) conducted a numerical
study into the problem of steady incompressible laminar boundary layer flow for a
point sink with an applied magnetic field and mass transfer. Hossain et al. (1999)
investigated non-Darcy natural convection heat and mass transfer from a vertical
cylinder with surface mass flux using the implicit finite-difference technique together

with the Keller-box method.

The problem of magnetohydrodynamic free convection and mass transfer flow with
thermal diffusion has been studied by Alam and Sattar (1999). Alam and Sattar
(2000) investigated the problem of the MHD free convection and mass transfer flow in
a rotating system. They studied the effect of Joule heating, Hall currents and viscous
dissipation on the fluid properties. Kandasamy and Periasamy (2005) investigated the
non-linear hydromagnetic flow, heat and mass transfer over an accelerating vertical
surface with internal heat generation and thermal stratification effects numerically
using the Gill method. For an electronically conducting fluid along a vertical plate,
Chen (2004) investigated heat and mass transfer characteristics in buoyancy-induced
MHD flow using an implicit finite-difference scheme. Postelnicu (2004) investigated
numerically the Soret and Dufour effects and the influence of a magnetic field on heat
and mass transfer from vertical surfaces in porous media. Makinde (2005) investigated
the combined free convection boundary layer flow with thermal radiation and mass
transfer past a permeable vertical plate. Using a sixth order Runge-Kutta integra-
tion method and a shooting technique, Alam et al. (2007) investigated the problem
of transient magnetohydrodynamic free convection in a fluid with temperature de-
pendent viscosity along an inclined plate. The problem of steady two-dimensional
magnetohydrodynamic heat and mass transfer in a viscous incompressible fluid near
an isothermal linearly stretching sheet in the presence of a uniform magnetic field
with heat generation has been studied by Samad and Mohebujjaman (2009). The

governing equations were solved using a sixth order Runge-Kutta method together
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with the Nachtsheim-Swigert shooting technique. Rajesh et al. (2009) studied the
effects of thermal radiation on unsteady free convection flow past an exponentially
accelerated infinite vertical plate with mass transfer in the presence of a magnetic field
assuming that the plate temperature is raised linearly with the time using the Laplace
transform technique. Mahdy et al. (2009) investigated heat and mass transfer in an
electrically conducting fluid. Using the Runge-Kutta integration scheme with a modi-
fied Newton-Raphson shooting method, Makinde (2010) examined the hydromagnetic
boundary layer flow with heat and mass transfer over a vertical plate in the presence
of a magnetic field and a convective heat exchange at the surface. Hsiao and Lee
(2010) investigated the problem of conjugate heat and mass transfer for MHD mixed
convection with viscous dissipation and radiation effects for a viscoelastic fluid past
a stretching sheet. Heat and mass transfer were studied by Hayat et al. (2010), who
used the homotopy analysis method to analyse the unsteady magnetohydrodynamic

flow induced by a stretching surface.

The effects of mass transfer on flow with a chemical reaction and constant heat flux
past an impulsively started infinite vertical plate were studied by Das et al. (1994).
They assumed that the heat generated during the chemical reaction could be ne-
glected, and that the reaction between the two species was a first order homogeneous
chemical reaction with a constant rate. Joneidi et al. (2010) investigated the problem
of convective heat and mass transfer over a stretching surface using the homotopy
analysis method. They assumed that the chemical reaction was a first order reaction
in the presence of a uniform transverse magnetic field. Anjalidevi and Kandasamy
(1999) obtained an approximate solution for the steady laminar flow along a semi-
infinite horizontal plate in the presence of species concentration and chemical reaction.
Skin friction coefficients and rates of heat and concentration transfer were calculated.
Using the Laplace-transform technique, Muthucumaraswamy and Kulandaivel (2003)
presented a theoretical solution of flow past an impulsively started infinite vertical

plate in the presence of uniform heat flux and variable mass diffusion assuming a
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homogeneous first order chemical reaction between the fluid and the species concen-
tration. The same type of problem but with the inclusion of constant wall suction
was studied by Makinde and Sibanda (2008). Afify (2004) investigated the effects of
a chemical reaction in the presence of a magnetic field for free convective flow and
mass transfer over a stretching sheet by using a Runge-Kutta scheme with the shoot-
ing method. The effects of a chemical reaction on heat and mass transfer on natural
convection across an isothermal horizontal circular cylinder have been studied by Hye
et al. (2007). The local skin-friction coefficient profile was presented for a wide range of
chemical reaction parameters. The effects of viscous and ohmic dissipation and chem-
ical reaction effects on the unsteady flow of an MHD non-Newtonian fluid with heat
and mass transfer past a porous plate through a non-Darcy porous medium was in-
vestigated by Mohamed and Abou-zeid (2009), who used the finite-difference method.
In the case of a non-Darcy porous medium. Ohmic dissipation refers to the lose of
electrical energy when a current flows through a resistance due to conversion into
heat. Darvishi et al. (2010) investigated the problem of coupled radiation-convection
in a dissipative non-Gray gas using the homotopy analysis method. Shateyi et al.
(2010b) obtained both analytical and numerical solutions of the problem of the two-
dimensional flow of an incompressible viscous fluid through a non-porous channel

with heat generation and a chemical reaction.

Recently, Nadeem and Akbar (2011) investigated the influence of heat and mass
transfer on the peristaltic flow of a Johnson-Segalman fluid in a vertical asymmetric
channel with induced MHD using three types of solution techniques, namely the
perturbation method, the homotopy analysis method, and a numerical technique.
Using a regular perturbation technique, Singh et al. (2010) investigated the effects
of thermophoresis, radiative heat flux and heat source/sink on surface mass transfer
on fluid flow past a heated vertical permeable surface. The concentration at the wall

was considered to be higher than that in the free stream.
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1.4 The cross-diffusion effect

For fluids with combined heat and mass transfer, the flux and driving potentials have
a complicated relationship. It is known that an energy flux can be generated by both
temperature and composition gradients. The energy flux caused by a composition
gradient is called the Dufour or diffusion-thermo effect. Mass fluxes created by tem-
perature gradients give rise to the thermal-diffusion or Soret effect. Both effects have
been extensively studied in gases, while the Soret effect has been studied both theo-
retically and experimentally in liquids, Mortimer and Eyring (1980). It is generally
accepted (perhaps incorrectly) that Dufour and Soret effects are small when compared
with phenomena described by other factors such as Fick and Fourier laws, Mojtabi
and Charrier-Mojtabi (2005). Dufour and Soret effects are therefore often neglected
in many heat and mass-transfer processes. The effects of Dufour and Soret are, how-
ever, significant when density differences exist in the flow regime. For example, when
the density of species does not exceed the density of the surrounding fluid, both Soret
and Dufour effects can be influential, Anjalidevi and Devi (2011). Eckert and Drake
(1972) have also shown some cases where the Dufour and Soret effects cannot be
neglected. It has further been shown that there are a number of areas, such as in
geosciences, where Dufour and Soret effects are significant, Kafoussias and Williams
(1995). Mortimer and Eyring (1980) used an elementary transition state approach
to obtain a simple model for Soret and Dufour effects in thermodynamically ideal
mixtures of substances with molecules of nearly equal size. In their model the flow
of heat in the Dufour effect was identified as the transport of the enthalpy change of
activation as molecules diffuse. The results were found to fit a reciprocal relationship
earlier determined by Onsager (1931). Kafoussias and Williams (1995) examined the
thermal diffusion and diffusion thermo effects in mixed convection flow with temper-
ature dependent viscosity. Assuming a horizontal thermal gradient, Benano-Melly

et al. (2001) investigated the problem of thermal diffusion in binary fluid mixtures
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that lie within a porous medium.

Postelnicu (2004) used the Darcy-Boussinesq model to investigate the influence of
Dufour and Soret effects on heat and mass transfer in natural convection from a
vertical surface in porous media. Alam et al. (2006) investigated the Dufour and
Soret effects on steady combined free-forced convective and mass transfer flow past a
semi-infinite vertical flat plate of hydrogen-air mixtures. They used the fourth order
Runge-Kutta method to solve the governing equations of motion. Their study showed
that the Dufour and Soret effects should not be neglected. Using both linear and non-
linear stability analysis, Gaikwad et al. (2007) studied the onset of double-diffusive
convection in a two component couple stress fluid layer in the presence of Dufour
and Soret effects. Mansour et al. (2008) studied the effects of a chemical reaction
and thermal stratification on heat and mass transfer over a vertical stretching surface
embedded in a porous medium subject to Soret and Dufour effects. Narayana and
Murthy (2008) examined the Soret and Dufour effects on free convection heat and
mass transfer from a horizontal flat plate in a Darcy porous medium. Dufour and
Soret effects on Hiemenz flow through a porous medium onto a stretching surface
have been studied by Tsai and Huang (2009). They reported that Dufour and Soret
effects play a significant role for some mixtures that have light and medium molecular
weight. The similarity solution technique was used by Partha (2009) to analyze the
thermophoresis effect on a vertical plate embedded in a non-Darcy porous medium
with suction and injection and subject to Dufour and Soret effects. A numerical so-
lution has been presented by Bég et al. (2009) for the steady, laminar hydromagnetic
free convection heat and mass transfer from a stretching sheet to a Darcy porous
regime in the presence of thermo-diffusion and diffusion-thermal effects. Using the
cubic spline collocation method, Cheng (2009) studied Dufour and Soret effects on
a downward-pointing vertical cone embedded in a porous medium. The effects of
the Soret and Dufour parameters on free convection along a vertical wavy surface

in a fluid-saturated Darcy porous medium have been investigated numerically by
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Narayana and Sibanda (2010). Shateyi et al. (2010a) investigated Soret and Dufour
effects on fluid flow over a vertical plate with radiation and Hall currents. Using the
Runge-Kutta scheme together with the Newton-Raphson shooting technique, Mahdy
(2010) investigated the problem of mixed convection from a vertical isothermal sur-
face. The surface was embedded in a porous medium saturated with an Ostwald
de-Waele fluid and subject to the influence of Dufour and Soret effects. Using a
modified Darcy-Brinkman-Maxwell model, Awad et al. (2010) examined the linear
stability of fluid in a horizontal layer in porous media in the presence of Dufour and
Soret effects. Awad and Sibanda (2010) investigated the problem of micropolar fluid
flow in channel using the homotopy analysis method. Anjalidevi and Devi (2011)
studied the influence of thermal radiation and a magnetic field on a rotating disk
in the presence of Dufour and Soret effects. Recently, Awad et al. (2011a,b) used
the successive linearisation method to study thermal diffusion and diffusion thermo

effects in flow over inverted smooth and wavy cones.

1.5 Recent solution techniques

Most problems in science and engineering are governed by non-linear differential equa-
tions. When those equations are strongly non-linear exact solutions are not easily
obtained and we often resort to approximate numerical solutions. There are many
well established numerical schemes such as the Runge-Kutta schemes, the Keller-box
method, the shooting method, and finite element and volume methods. The main
disadvantage of numerical solutions, however, is that they may not give any insights
into the structure of the solution, particularly when the problem involves many em-
bedded parameters. Numerical methods may also give discontinuous points on the
solution curve, Paripour et al. (2010). Moreover, some numerical methods may not
be stable or uniformly convergent. In such cases recourse is often made to either the

classical series method or other perturbation methods to find approximate analytical
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solutions. The main disadvantage of traditional perturbation methods, however, is
that they require the presence of a large or small parameter in the problem to be
solved. Recent analytical techniques include the Lyapunov artificial small parameter
method, Lyapunov (1992), the Adomain decomposition method, Adomian (1976), the
homotopy perturbation method, He (1999, 2000) and the homotopy analysis method,
Liao (1992, 1999). These methods may not always be convergent or valid. For ex-
ample, the Adomain decomposition method has a small convergence region, Jiao
et al. (2002). In this study we use two innovative semi-numerical methods for solving

strongly non-linear systems that arise in the study of fluid flow problems.

1.5.1 The homotopy analysis method (HAM)

In 1992 Shi-Jun Liao proposed a technique that combines the concept of a homotopy, a
fundamental concept in topology with a perturbation method. The homotopy analysis
method (HAM) is computationally more efficient and converges faster than do most
of the previous perturbation and non-perturbation techniques. It is applicable to both
strongly and weakly non-linear problems. The HAM gives the freedom to choose both
the region of convergence and the rate of convergence. Furthermore, the HAM offers

the following advantages:

e [t is applicable to non-linear problems that do not contain any small or large

parameters.

e [t gives freedom to choose different base functions so as to effectively approxi-

mate a solution to a non-linear problem.

The theoretical framework for the homotopy analysis method is given in Liao (1992),
see also Liao (1997, 1999, 2003, 2005). However, to fix ideas, let us consider the
non-linear differential equation

Nf(z)] =0, (1.1)



where N is a non-linear operator and f(x) is an unknown function that depends on
the variable x. Suppose fy(z) is an initial guess of the function f(z) and that £ is

an auxiliary linear operator such that
Lu=0 when u=0. (1.2)
The zeroth order deformation equations (see Liao 1992, 2003) are constructed as;

(1= q)L[F(n; q) — fo(x)] = hqH (2)NF (n; q)], (1.3)

where ¢ € [0, 1] is an embedding parameter, i # 0 is an auxiliary parameter, H(x) #
0 is an auxiliary function and F(n;q) is an unknown function. The HAM gives the
freedom to choose the most suitable values of i, H(z), £ and fy(x) for a particular

problem.

As the embedding parameter ¢ varies from 0 to 1, the solutions F'(n;q) vary from

fo(z) to f(x), that is, for g =0 and ¢ =1

F(n;0) = fo(z) and F(n;1)= f(x), (1.4)

respectively. Using the Taylor series, the expansion of F'(n;¢q) in a power series in

terms of the embedding parameter ¢ can be written in the form

+0o0
F(n;q) = F(n;0) + Z_j fm(m)q™, (1.5)
where
1 9"F(n;q)
fm(n) = o » (1.6)

To obtain a convergent series we have to select the values of h and H(x) carefully.

When g = 1, equation (1.5) can be written in the form

+o00
m=1
which must be one of the solutions of the original non-linear equation (1.1).
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We now define the vector

JE;L = {fl(x)v f2(x)7 f3(x)7 ey fn(l’)}, (18)

and differentiate equation (1.3) m times with respect to ¢, substitute ¢ = 0 and finally
divide by m! (see Liao 1997; Moghaddam et al. 2009). This leads to the mth order
deformation equations of the form

—

ﬁ[fm($) - mem—l(x)] = hH(x)RM(fm—l) (19)

The functions f,, satisfy the boundary conditions

fm =0, (1.10)
where
- 1 9" IN[F(z;q)]
m\Jn—1) = > 1.11
R (f 1) (m . 1)' aqm_l o ( )
and
0 ifm<1,
Xm =
1 ifm>1.

For m > 1, the solutions f,,(x) can be obtained by solving the uncoupled linear

first-order differential equations (1.9) subject to the boundary conditions (1.10).

The solution of any non-linear equation can be found in a set of basis functions. Many
different basis functions can be chosen depending on the non-linear problem itself, its
type of nonlinearity and, initial or boundary conditions. Suppose, for example, that

the basis functions are

{en(z)|n=1,2,3,...}, (1.12)

then using the basis functions in (1.12), the solution of the non-linear equations can

be written in the form
+oo
fz(x) = Z ai,nen(x)v (113)
n=0
where a;,, are coefficients. Successfully obtaining the solution from the higher order

deformation equations in terms of the basis function will be possible for suitable
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choices of L, fo(x) and H(x). The strategy for choosing the auxiliary linear operator
L, initial approximation fo(x) and the auxiliary function H(x) is called the rule of

solution expression.

The HAM does, however, have many restrictions, such as the stipulations that (see

Liao 1992, 2005, Motsa et al. (2010a,b) and Motsa and Sibanda 2011):

The initial approximation has to satisfy the boundary conditions and the rule

of solution expression.

e As the order of approximation tends toward infinity, each basis function should

appear in the solution expression.

e The solution must satisfy the rule of coefficient egordicity so as to avoid the
appearance of secular terms. This may, unfortunately result in the mth order

deformation equations becoming impossible to solve analytically.

e Selecting the initial approximation fy(x) and the linear operator £ depends on

the rule of solution expression.

1.5.2 The spectral homotopy analysis method (SHAM)

As noted above, the HAM solution must satisfy the rule of solution expression and the
rule of coefficient egordicity. The way we select the initial approximations and linear
operator might lead to difficulties in terms of integrating higher order deformation
equations. In order to remove these restrictions, Motsa et al. (2010a,b) and Motsa
and Sibanda (2011) introduced the spectral homotopy analysis method (SHAM). This
uses the Chebyshev pseudospectral method to integrate the higher order deformation

equations.

To describe the SHAM algorithm (see Motsa et al. (2010a,b) and Motsa and Sibanda
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2011), let us rewrite equation (1.1) in the form
La[u(z)] + Nu(z)] = g(=), (1.14)

where £; and A denote the linear and non-linear components, g(z) is a source term

of the equation, u(x) is an unknown function that depends on z € [a, b].

To use the SHAM, we have to obtain the initial approximation by solving the linear

part of equation (1.14);
Li[u(z)] = g(), (1.15)
subject to the boundary conditions

Blug(z),ug(z),...] =0 at x=a,b. (1.16)

We reduce the solution of equation (1.14) to the solution of an equivalent problem

with homogeneous boundary conditions by using the following transformation

f(x) = u(z) — up(x), (1.17)

Now, substituting equation (1.17) into equation (1.14) leads to

Lolf(x)] + N{f(@)] = ¢(=), (1.18)
with boundary conditions
B[f(z), f'(z),.] =0 at z=a,b (1.19)
where
¢(x) = g(x) = Lafuo(x)] — Nuo(z)], (1.20)

and L, is a modified linear operator.

Following the HAM, the zeroth-order deformation equations can be written in the

form

(1 = @) Lol F(w;q) = fo(@)] = ha{La[F (x5 q)] + NF (2 q)] — d(2)}, (1.21)
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where i and ¢ are defined as for the HAM and F'(z;¢) is an unknown function. Here
the initial approximation fo(x) is different from the HAM approximation since this

has to be obtained by solving the linear component of equation (1.18).

From here onwards the procedure is similar to that outlined for the HAM except that

the higher order deformation equations

Lolfm(x) = (Xim + 1) fm-1(2)] = IR (2), (1.22)
where
R = ! o N[F (z; 1.23

are solved numerically using the Chebyshev spectral collection method.

1.5.3 Successive linearisation method (SLM)

The successive linearisation method is a novel but powerful method for solving strongly
non-linear equations, Makukula et al. (2010a,b), Motsa and Sibanda (2010c), Awad

et al. (2011a). Let us consider again the non-linear equation (1.14).

LIf ()] + N[f ()] = g(x), (1.24)

where £ and N are auxiliary linear and non-linear operators, g(x) is a source term
and f(x) is an unknown function. Our guide is the initial approximation f;o(z) which

can be obtained by solving the linear part of equation (1.24), that is

L foo(x)] = g(), (1.25)

together with the given boundary conditions. Let us assume that the first approxi-

mation can be written as follows

fi(@) = fool®) + for(). (1.26)

with the posterity
f071(l’) = 0, (127)
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on the boundary. Substituting equation (1.26) into equation (1.24), yields

Lfor(@)] + Nfor(x)] = ¢o(), (1.28)

where ¢g(x) is the known solution obtained when we substitute equation (1.26) into

equation (1.14) and neglect the non-linear terms

¢o(z) = g(x) = L{foo(z)] = Nfoo(z)]- (1.29)

In order to obtain fi(x), we remove all the non-linear terms containing fo,(z) and
its derivative from equation (1.28). Finally we solve the linear equation with variable

coefficients in term of the known function fjo(x)

L[fo1(x)] = ¢o(z), (1.30)

subject to the appropriate boundary conditions.

Again we suppose that the second approximation can be written in the form

fg(!L’) = fl(ZL') + fo,g(ZL'), (1.31)

with the posterity
fo2 =0, (1.32)

on the boundary. Substituting equation (1.31) into equation (1.24), yields

L[ fo2(x)] + Nfoz(2)] = ¢1(x), (1.33)
where
P1(x) = do(x) — L] fo1(x)] = N[fo(x)]. (1.34)

Now fp2(z) can be easily found by solving equation (1.33) subject to appropriate
boundary conditions after the non-linear parts are removed. Repeating this process,

the higher order approximations (r > 1) can be written in the form

fr(x) = fica(z) + for(z). (1.35)
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In general
L[fr ()] + N[fo(2)] = ¢r-1(2), (1.36)
where

Or—1 = br—2 — {Lfor-1(x)] + N[fo,—1(x)]}. (1.37)

The unknown function f(x) can now be expanded as

f(2) = fila) + i_o fom(®), (1.38)

where f; are unknown functions and fy,, (m > 1) can be obtained by solving the
linear part of equation (1.24) iteratively as above. Once each solution f;, (i > 1) has

been found from the iteration, the approximate solution for f(x) is obtained as

flx) = z_:o fom(), (1.39)

where K is the order of the SLM approximation. Equation (1.39) is obtained by

assuming that f; becomes increasingly small as ¢ becomes large, that is

lim f; = 0. (1.40)

1—00

1.6 Thesis objectives

The objectives of this study are as follows:

1. To determine the effects of Dufour and Soret parameters on the linear stability
of double-diffusive convection in a Maxwell fluid, Awad et al. (2010). In order

to achieve this goal, we proceeded as follows,

(i) We extended and addressed the weaknesses in Wang and Tan (2008) who
used the Darcy-Maxwell model to study double-diffusive convection in a
heated fluid. This model is only valid for a dense porous medium so that

the variation in the velocity is negligible. At higher flow rates inertial
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effects become important. In this study we addressed the shortcomings of
the Darcy-Maxwell model by using the modified Darcy-Brinkman-Maxwell

model.

(ii)) We obtained the critical Darcy-Rayleigh number, wave number and the

frequency for the onset of stationary and oscillatory convection.

2. To study the flow of a micropolar fluid through a channel subject to Dufour
and Soret effects, Awad and Sibanda (2010). This investigation aims to:

(i) Construct analytical solutions for the highly non-linear governing (mo-
mentum, energy and concentration) equations by applying the homotopy

analysis method.

(ii) Characterize the influence of Dufour and Soret parameters on the fluid

properties.

3. To construct a new and more efficient modification of the homotopy analysis
method (see Motsa et al. 2010a). The computational efficiency and convergence
rates of the new method are investigated via the solution of the MHD Jeffery-
Hamel problem for a convergent /divergent channel. The accuracy of the SHAM
is determined through comparison with, among other methods, the standard

homotopy analysis method.

4. To study fluid flow over an inverted cone in the presence of Dufour and Soret

effects (Awad et al. 2011a,b). This is achieved as follows:
(i) In the first instance we study the effects of cross-diffusion on the skin-
friction and on the heat and the mass transfer coefficients.

(ii) Subsequently we compare the results obtained using various methods (such
as the shooting method, the SLM, and bvp4c in Matlab) to determine the
accuracy of the SLM.
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5. To investigate cross-diffusion effects and radiative heat transfer on fluid flow

over a semi-infinite plate in a porous medium. This is achieved through:

(i) Using the novel successive linearisation method (SLM) to solve the sys-
tem of non-linear equations that describe the fluid motion, heat and mass

transfer.

(ii) Examining the accuracy and reliability of the SLM by comparing its per-
formance and general reliability with results obtained using other standard

numerical methods.

6. To test the accuracy, computational efficiency and general validity of recent
semi-numerical techniques in solving systems of highly non-linear differential
equations that arise in fluid flow problems. The methods tested include the
HAM, the SHAM and the SLM. Validation is achieved through comparison of
solutions with numerical methods such as the shooting technique, the Matlab

bvp4c solver and the Keller-box method.

25



Chapter 2

On the linear stability analysis of a
Maxwell fluid with double-diffusive

convection
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1. Introduction

In most applications of practical and technological interest (for example, the study of binary mixtures such as polymeric
liquids and melts, glass forming systems, etc.) viscoelastic rather than Newtonian fluids are appropriate for modelling nat-
ural phenomena [1,2]. Although many models of non-Newtonian fluids (such as the Oldroyd and Jeffreys models) have been
suggested in the literature, the simplest model that takes into account the stress tensor relaxation is the Maxwell viscoelastic
model [3,4]. The Maxwell model is capable of describing stress relaxation effects and has been applied to problems having
small dimensionless relation time [1]. However, the model does not fully account for the elasticity of the fluid and typically
fails to predict retardation effects as it lacks the retardation time scale that characterize other viscoelastic models such as
Jeffreys model [1,3,5,6]. Some of the most recent contributions in this area include those of Hayat et al. [1,2,7-9], Fetecau
and Fetecau [10-13] and Wang and Tan [14,15]. The recent study by Sekhar and Jayalatha [16] considered the linear stability
analysis of Maxwell, Rivlin-Ericksen and Jeffreys liquids with temperature-dependent viscosity using the Galerkin technique.

Convection in viscoelastic fluids is generally characterized by two states: stationary convection and an oscillatory state
that exists for certain values of the fluid parameters and can, for example, be observed experimentally in the form of trav-
elling or standing waves [3,5,17,18] and the references therein. In the past few decades increasing research attention has
been given to double-diffusive convection in a horizontal layer induced by vertical temperature and solute concentration
gradients in a porous medium. The interest in this area stems from the fact that such convection arises in a wide range of
settings, such as the transport of solutes in water-saturated soils, food processing, the transport of chemicals in packed-
bed reactors, etc. An extensive literature review on this subject can be found in recent books by Nield and Bejan [19] and
by Pop and Ingham [20].
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Early results on the linear stability analysis of convection in viscoelastic fluids can be found in [3,21]. One of the earliest
studies on double-diffusive convection was by Nield [22] who presented a linear stability analysis of convection in viscoelas-
tic fluids in porous media. Subsequently, many studies on double-diffusive convection flow in porous media, heated or salted
from below have appeared, for example, Poulikakos [23], Malashetty and Wadi [24] and Taslim and Narsuswa [25] have
investigated the onset of double-diffusive convection in a Newtonian fluid. Interesting results on the linear stability analysis
of viscoelastic flows have been obtained by Capuani et al. [26], Hayat et al. [9], Masuoka et al. [27], Tan and Masuoka [28],
Vafai [29], Wang and Tan [14] and Younes [30]. In most of these studies, the Dufour (diffusion-thermo) and Soret (thermal-
diffusion) effects were ignored on the basis of the often repeated mantra that these are of a smaller magnitude compared
with the effects described by Fourier and Fick’s laws. It is however known that there are exceptions when Dufour and Soret
effects cannot be ignored, see for instance Kafoussias and Williams [31] and the references therein.

A numerical study of the Dufour and Soret effects on mixed convection flow past a semi-infinite vertical flat plate embed-
ded in a porous medium was made by Alam and Rahman [32] using the Brinkman model. They found that wall suction re-
duces the boundary layer velocity, the thermal as well as the solute concentration growth. The Dufour and Soret effects in
the context of the Darcy model were introduced by Motsa [33] when he investigated double-diffusive convection in a hor-
izontal layer. He used linear stability analysis to quantify the effects of the Dufour and Soret parameters on the critical Ray-
leigh number for the onset of double-diffusive convection. In Qin and Kaloni [34], a discussion of the existence of a weak
solution, via a variational formulation of a steady convection flow problem in a porous medium governed by the Darcy-
Brinkman model is given.

Wang and Tan [14] used the Darcy-Maxwell model to study double-diffusive convection in a heated Maxwell fluid. Their
model is described by the equation

By~ (1429
Rv_<1+ﬂ,ot>( Vp + pg), (1.1)

where v = (u, v,w) is the Darcian velocity, p denotes the density, 1 is the relaxation time constant, K is the permeability of
the porous medium, p is the effective fluid viscosity, t is the time variable, p is the fluid density, g is the acceleration due to
the gravity, and p is the fluid pressure. The major drawback of the Darcy-Maxwell model is that it is only valid when the
porous medium is dense and of sufficiently large thickness so that the variation in the velocity may be neglected. Conse-
quently, by using the Darcy law, the boundary effects are neglected [15]. For a medium with high porosity it is essential
to retain the viscous effects by using Eq. (1.2) to address the shortcomings of the Darcy—-Maxwell model:

-0 M 72
<1 +A&> (Vp + pgk) = 7Kv+,uV V. (1.2)

This modified Darcy-Brinkman-Maxwell model was employed by Tan and Masuoka [28] to analyze the stability of a Max-
well fluid heated from below. They showed that the critical Rayleigh number for over-stability decreases when the relaxation
time increases. Wang and Tan [15] have also investigated the onset of double-diffusive convection in a horizontal sparsely
packed porous media. In keeping with earlier studies, they used normal modes to determine the effects of the Brinkman
term, the reaction term and the normalized porosity term.

In this work we use the modified Darcy-Brinkman model to investigate double-diffusive convection in a Maxwell fluid in
the presence of Dufour and Soret effects in a highly porous medium. The study extends the earlier work by Motsa [33] to
include inertia effects. The inclusion of double-diffusive convection in the linear stability analysis distinguishes this work
from that by Wang and Tan [15]. The primary objective is to investigate the effects of the viscoelastic and porous media
parameters on the onset of double-diffusive convection. Analytical expressions of the critical Darcy-Rayleigh number, wave
number and frequency for the onset of stationary and oscillatory convection are determined.

2. Mathematical formulation

We consider an infinite horizontal layer of a quiescent Maxwell fluid saturating a shallow porous medium of thickness d,
see Fig. 1. Cartesian axes are chosen so that the z axis is vertically upwards and the x axis is horizontal. The governing con-
tinuity, momentum, energy and the concentration equations can be expressed as

~ Ty— AT, C = Cy — AC 4
gl )

/

- y i
e V A

0 X porous
T="T, C=C medium

Fig. 1. Schematic diagram for the problem.
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(2.3)
9 e 2

( 8—) (Vp—ps8) = — v+ VY, (2.4)

( +v- V>T kV>T + k, VC, (2.5)

(s%Jrv v) C=KV*C+kV°T, (2.6)

where ¢ is the normalized porosity parameter, k and k" are the thermal diffusivity and solutal diffusivity, respectively, k; and
k, are parameters quantifying the contribution to heat flux due to the concentration gradient and mass flux due to temper-
ature gradient, respectively, T is the fluid temperature, C is the solute concentration. In general, the transport of heat and
mass transfer is not directly coupled. However, in thermosolutal convection, direct coupling takes place because the density
p; of the binary fluid depends on both the temperature T and the concentration C [29]. For small density variations due to
temperature and concentration changes at a constant pressure, the density variation becomes

Py = poll — (T = To) + o(C — Co)], (2.7)

where o and o are the coefficients of the thermal and solutal expansion, Ty and Cy are taken as the reference state. The qui-
escent basic state of the system is described by

=(0,0,0), p=py(2), pP=py2), T=Ty2), C=0Cp(2). (2.8)
It has been shown, see Motsa [33], Subramanian and Patil [35] and Wang and Tan [15] that for the quiescent state, the tem-
perature and solute concentration vary linearly across the layer thickness and have the form

Ty = To — AT(%), Cy=Co— AC(%), (2.9)

where AT and AC represent the temperature and concentration differences between the lower and the upper surfaces,
respectively. To determine the stability of the fluid layer described by Egs. (2.3)—(2.6), we introduce small perturbations rep-
resented by

(v.p, T, C)(x,y,2t). (2.10)

Substituting the velocity in Eq. (2.10) into (2.3)-(2.6), we can show that the vertical fluid motion is governed by the
equations

or AT oo -

SE— W = kYT + ki VC, (2.11)
OC AC =2 27

SW—WF—kVCJrszT, (2.12)
Pog (1 +7 )Vz(ocT’ —oC) = (;é - pvz)vzw, (2.13)

where V2 is the two-dimensional Laplacian operator. The problem defined by Egs. (2.11)-(2.13) is non-dimensionalised by
choosing the transformations
1 k T o d
(X.,Y,Z)—a(x,y.,z), T_?tv 9_H~ d)_AiC’ V= kv (214)
This leads to the following linearized equations for the evolution of the perturbations:
90

50 W= V20 + Dy V2 ¢, (2.15)
eLe%—w: V2 + Srv2e, (2.16)
Rap (1 + z%) V2(0 — NLeg) = (1 — MDaV*) V2w, (2.17)

where M = % The controlling parameters are the Dufour number Dy, the Soret number S;, the thermal Rayleigh number Ra
and the buoyancy ratio N given by

ki AC ko AT _ogped AT o AC
forﬁL Srf?R, Rafg,uk and N= % AT

respectively. The other parameters in Eqs. (2.15)—(2.17) are the Lewis number Le, the Darcy number Da, the dimensionless
stress relaxation time (or Deborah number) / given by
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Table 1
Different boundary conditions and corresponding trial functions [3,36]. A much larger set of boundary conditions can be found in [16].
Case BC's wy 0 $1
Free, isothermal w=D*w=0, 0=¢=0 2z-1)> z(z—1) z2(z—1)
Rigid, isothermal w=Dw=0, 0=¢=0 2iz-1)° z2(z—-1) z2(z-1)
k K -k
Le:l—,., Dazy and /l:}v?,
K

respectively. In addition we define the Darcy-Rayleigh number by Rap = RaDa.
Eqgs. (2.15)-(2.17) are solved subject to the boundary conditions in Table 1.

3. Linear stability analysis

Following earlier studies by, among others Wang and Tan [14] and Motsa [33], we assume a normal mode expansion by
setting

(W, 0, ¢) = (Fo, Go,So) sin(mz) exp(atT + ifX + imY), (3.18)

where Fy, Gy, Sp are the amplitudes of the velocity, temperature and concentration perturbations, / and m are dimensionless
wave numbers and ¢ = o, + iw is the associated complex growth rate. The neutral stability boundary separating stable and
unstable regions is characterized by the constraint ¢, = 0. The stationary or convective mode of instability occurs when
o = 0 at which stage the neutral state is time-independent. The time-dependent neutral state o, = 0, w # 0 leads to an
oscillatory or overstable mode of instability.

Substituting Eq. (3.18) into (2.15)-(2.17) yields

Fo — (A+ 0)Go — DiAS, = 0, (3.19)
Fo — STAGo — (A + £Led)S, = 0, (3.20)
(A + Da,A®)Fy — Rapf*(1 + i0)(NLeSy — Go) = 0 (3.21)

where Da,, = MDa is the modified Darcy parameter, § = v/¢*> + m? is the effective horizontal wave number and A = f* + 72.
Egs. (3.19)-(3.21) form an eigenvalue system with the Darcy-Rayleigh number Rap as the eigenvalue with parameters
Dy, Sr, Dan, N, Le and i. The onset of double-diffusive convection is controlled by a minimum value of the Darcy-Rayleigh
number as the parameters are varied.
To eliminate Fy, Go and S, from Egs. (3.19)-(3.21), we can use the coefficient matrix

1 —(A+0) ~DsA Fo 0
1 —SrA ~(A+e) G|=10
(DanA® +A) Rapf*(1+4ic) —Rapp?(1+ io)NLe | | So 0

to show that the solutions of the form (3.18) are possible provided the characteristic equation

K,02 + K10 + Ko =0, (3.22)
is satisfied, where

Ko = Rspf*4 — Rap?/Q + Q(Da,A* + A),

Ki = —Rapf*A(Q + A(Dy — 1)) — Rspp?(1 + A4(1 — Sr)) + (DamA* + A%)(1 + Q),

Ko = Rsp*A(1 — Sr) — Rapf*A(1 — Dy) + (DanA* + A%)(1 — DySr).

Here Q = ¢Le, Rsp = LeNRap = LeDaRs and Rs = g“’g% where Rs is the solutal Rayleigh number.

3.1. Stationary instability (w = 0)

Assuming that Dy # 1, the Darcy-Rayleigh number in this case is found to be

(1-5r)  |(Da,A® + A*)(1 - D;Sr)
(1-Dy) B*(1-Dy) '

To find the critical wave number . we minimize the Darcy-Rayleigh number Rap with respect to f to get

Daw (7 + 7*) (257 — @*) + (B2 — 7*) = 0. (3.24)

Rap = Rsp (3.23)
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The critical Darcy-Rayleigh number signifying the onset of stationary instability corresponding to f. can now be written
in the form

RaDC = RSD

(1-5r) {Dam(n2 +52) + (@ + ) (1 DfSr)} (3.25)

(1-Dy) f2(1 - Dy)
This result is independent of the relaxation time.

3.2. Oscillatory instability (o = iw and K; = 0)

The critical Darcy-Rayleigh number for the onset of instability as a time-dependent motion when ¢ = i®w and K; = 0 is

1+ /A1 - Sr)} (Da,A® + A*)(1+Q)
Q +/A(1-Dy) B*(Q + 2A(1 - Dy))

Ra}’" = Rsp { . (3.26)

The corresponding critical frequency of the disturbances can easily be shown to be

2 _ RsoPPAE(1 - Sr) — Q)] + (DanA’ + A)An
N RsppPAlE — B2Q)] + Q(DanA* + A)[E — AR (1 + Q)]

: (3.27)

where

An=E(1 -DsSr) — 2 (1 -Dy)(1+Q), E=Q+A(1-Dy),
J=1+/A(1-5r).

When the Dufour and Soret effects are absent, Eq. (3.23) reduces to

2
Rap = Rsp +% (DanA +1). (3.28)

In the limit Da,, — 0, these results reduce to those of Wang and Tan [14] for the Darcy-Maxwell model. The special case
Sr=1 and Dy#1,

is similar to that of higher porosity with critical wave number 8, = m and corresponding Rayleigh number
Rap = 472, (3.29)

This result was previous obtained by Nield [19] for the Darcy model.
When

0<Sr<1 and Dy« 1,

we can make the approximations

1-Sr

ﬁzl—Sr—&-Df—&-O(Df)z and SrDy ~ O(Dy)’.
e

Eq. (3.25) now reduces to

AZ
Rap. = Rsp(1 — Sr + D) +ﬁ—2(DamA+1)(1 +Dy). (3.30)

Eq. (3.30) shows that the critical Darcy-Rayleigh number for the exchange of stabilities decreases when the Soret parameter
Srincreases, this destabilizes the system, but increasing the Dufour parameter Dy leads to an increase in the critical Darcy-
Rayleigh number, suggesting that the Dufour parameter stabilizes the system.

4. Results and discussion

To determine the effects of the system parameters on the critical Darcy-Rayleigh numbers, we plot the stability curves for
the exchange of stabilities and over-stability, respectively, as a functions of the horizontal wavenumber g. The critical Darcy-
Rayleigh numbers are the minimum values on the stabilities curves.

Fig. 2 shows the effect of the Soret parameter Sr on the typical marginal stability curves in the (8, Rap)-plane. Fig. 2(a)
concerns the onset of the stationary instability and shows that increasing the Soret number leads to a decrease in the critical
Darcy-Rayleigh number Rap at which the stationary instability is triggered. Similarly, Fig. 2(b) shows that the critical Darcy-
Rayleigh number Ra?™ for the onset of oscillatory instability decreases when Sr increases. Thus in both cases the critical

Darcy-Rayleigh numbers decrease with increasing Soret parameter values so that the onset of double-diffusive convection
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Fig. 2. Marginal linear stability curves in the (8, Rap) showing the effect of the Soret parameter Sr on the critical Darcy-Rayleigh numbers Rsp and Ray’ for
the onset of the stationary and oscillatory instabilities, respectively.
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Fig. 3. Marginal linear stability curves in the (8, Rap) showing the effect of the Dufour parameter Dy on the critical Darcy-Rayleigh numbers Rap and Ra

for the onset of the stationary and oscillatory instabilities, respectively.

a 800

700

3001

2001

100

Da_=0.005
'm

Sr=0.001

D;=0.26

15

b 800,

10

15

15

Fig. 4. Marginal linear stability curves in the (8,Rap) showing the effect of the solutal Darcy-Rayleigh Rsp number on Darcy-Rayleigh numbers Rap and
Ray’" for the onset of the stationary and oscillatory instabilities, respectively.




a 800

700
600

500

300
200

100

F.G. Awad et al./Applied Mathematical Modelling 34 (2010) 3509-3517

—.—. - Da_=0.000
m

- - — - Da =0.002
m

Da, =0.005
m

Fig. 5. The effect of the Darcy parameter Da,, on Darcy-Rayleigh numbers Rap

a 800

over

o
©
o

Da, =0.005

Raover

Fig. 6. The effect of relaxation time / on Darcy-Rayleigh number Ra

15

b 800

700

600

500

5
8 0 400

Ra

300

200

100

b 800

over

a]

700

600

500

400

300

200

100

- —--Da_=0.00

- — - .Da_=0.004
m

Da_=0.008
m

and Ra)™'.

15

D

over

Fig. 7. The effect of Q on Darcy-Rayleigh number Ra|

D

over

15

10

15

3515



3516 F.G. Awad et al./Applied Mathematical Modelling 34 (2010) 3509-3517

occurs much earlier when the Soret effect is large. Consequently, the Soret parameter is seen to have a destabilizing effect on
the system.
Fig. 3 illustrates the effect of the Dufour parameter Dy on the critical Darcy-Rayleigh numbers and the linear marginal

stability curves. We observe that the critical Darcy-Rayleigh number increases with increases in the value of the Dufour
over

parameter. Similarly, Fig. 3(b) shows that the critical Darcy-Rayleigh number for over-stability Ra}” increases when the Du-
four parameter Dy increases, indicating that the Dufour parameter stabilizes the system.

Fig. 4 illustrates the effect of the solutal Darcy-Rayleigh number Rsp on the critical Darcy-Rayleigh numbers Rap and
Ra)”™®. As Rsp increases the critical Darcy-Rayleigh numbers decreases hastening the onset of convection. This observation
was first reported by Wang and Tan [14].

Fig. 5 shows that increasing the Darcy parameter Da,, leads to an increase in Rap and Rap” values, this result was also
obtained by Wang and Tan [15]. In the absence of the Dufour and Soret effects, the critical Darcy-Rayleigh number for

over

over-stability Ray™" decreases when the relaxation time /1 increases. This is in agreement with the earlier findings by Tan

over

and Masuoka [28]. However, with Dufour and Soret effects present, see Fig. 6, Ray’ increases with .
Fig. 7 shows the effect of Q(= ¢Le) on the over-stability Darcy-Rayleigh number. The critical Darcy-Rayleigh number for

over

over-stability Ra}’™ increases with Q.

5. Conclusion

The stability of a Maxwell fluid with cross-diffusion and double-diffusive convection has been studied using linear sta-
bility analysis. The onset criterion for stationary and oscillatory convection is derived analytically in terms of the critical
Darcy-Rayleigh number. The effect of the Soret parameter is to destabilize the system by lowering the critical Darcy-Ray-
leigh number for the onset of convection. The Dufour parameter increases the critical Darcy-Rayleigh number and thereby
stabilizes the system. The effect of the solutal Rayleigh number on the critical Darcy-Rayleigh number is much more signif-
icant in the case of over-stability than is the case with exchange of stabilities.

The effect of the relaxation time is to decrease the critical Darcy-Rayleigh number. In the limiting cases when the Soret
and Dufour parameters are set to zero or at higher porosity, some known results have been recovered. The Dufour and Soret
parameters have a significant bearing on the onset of double-diffusive convection on a Maxwell fluid with cross-diffusion
and should not be lightly disregarded.
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Abstract: The problem of free convection of heat and mass in micropolar fluid in a channel subject to cross
diffusion (namely the Soret and Dufour effects) is presented. The effect of small and large Peclet numbers on the
temperature and concentration profiles is determined while the effects of various parameters such as the Reynolds
number, the coupling parameter and the spin gradient viscosity parameter on the fluid properties are determined and
shown graphically. The study uses the homotopy analysis method to find approximate analytical series solutions
for the governing system of nonlinear differential equations. The analytical results are validated using the Matlab

bvp4c numerical routine.
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1 Introduction

The concept of a micropolar fluid derives from the
need to model the flow of fluids that contain rotat-
ing micro-constituents (see Eringen [1, 2]). The usua
Navier-Stokes equations cannot adequately describe
the motion of such fluids. Examples of flowsthat have
been adequately explained using the concept of mi-
cropolar fluids include the flow of colloidal solutions
[3], liquid crystals [4], polymeric fluids and blood [5]
aswell asfluids with additives, [6].

Thefield of micropolar fluidsisvery richin liter-
ature, with various aspects of the problem having been
investigated. Examples include Peddieson and McNitt
[7], Gorla[8], Rees and Bassom [9] who investigated
the flow of a micropolar fluid over a flat plate and
Kelson and Desseaux [10], who studied flow of mi-
cropolar fluids on stretching surfaces Heat and mass
transfer is important in many industrial and techno-
logical processes. In manufacturing and metallurgi-
cal processes, heat and mass transfer occur simulta-
neously. Heat transfer problems in micropolar fluids
have been investigated by, among others, Perdikis and
Raptis [11] and Raptis [12] who also studied the ef-
fects of heat radiation. The effect of radiation and suc-
tion/injection was studied by El-Arabawy [13] while
the effects of radiation in aporous medium were stud-
ied by Abo-Eldahab and Ghonaim [14]. Hassanien et
a. [15] studied the effect of a constant heat flux in a
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porous medium while Aissa and Modammadein [16]
and Soundalgekar and Takhar [17] studied heat trans-
fer past a continuously moving flat surface.

In Mohammadein and Gorla[18] micropolar flow
along astretching sheet with prescribed wall heat flux,
viscous dissipation and internal heat generation was
investigated. Rahman and Sultana [19] investigated
the problem of radiative heat transfer, viscous dissi-
pation and joule heating in a micropolar fluid flow
past a uniformly heated vertical permeable surface.
The governing equations were solved using a shoot-
ing method. Kim and Lee [20] investigated the oscil-
latory flow of amicropolar fluid over avertical porous
plate while Sharma and Gupta [21] studied the effects
of porous medium permeability and thermal convec-
tion in micropolar fluids. Khader et al. [6] investi-
gated the problem of steady, laminar boundary-layer
flow of aviscous, micropolar fluid past avertical uni-
formly stretched permeabl e plate with heat generating
or absorption. They used the finite-difference method
to solve the governing nonlinear equations. Rahman
and Sultana [19] used the Nachtsheim-Swigert shoot-
ing iteration technigque to investigate the problem of
radiative heat transfer flow of micropolar fluid past
avertical permeable flat plate embedded in a porous
medium with varying surface heat flux. Using the
Keller-box method, Roslinda et al. [22] solved the
problem of unsteady boundary layer flow of amicrop-
olar fluid over a stretching sheet. The equations gov-
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erning the flow of a micropolar fluid flow with uni-
form suction/blowing and heat generation were solved
by Ziabakhsh et al. [23] using the homotopy analysis
method.

Muthucumaraswamy and Ganesan [24] investi-
gated the effect of a chemical reaction and injection
on the flow characteristics of an unsteady upward mo-
tion of an isothermal plate. Perdikis and Raptis [11]
analyzed the effect of a chemical reaction on an elec-
trically conducting viscous fluid flow over a nonlin-
early stretching semi-infinite sheet in the presence of
a constant magnetic. Ibrahim et al. [25] analyzed
the effects of a chemical reaction and radiation ab-
sorption on the unsteady MHD free convection flow
past a semi-infinite vertical permeable plate with heat
sources and suction. The influence of a chemical re-
action and thermal radiation on the heat and mass
transfer in MHD micropolar flow over avertical mov-
ing plate in a porous medium with heat generation
was studied by Mohammed and Abo-Dahab [26]. Zi-
abakhsh and Domairry [27] used the homotopy anal-
ysis method to solve the problem of masstransfer in a
micropolar fluid in a porous channel.

Theaim of this study isto investigate the problem
of combined heat and mass transfer in a micropolar
fluid. Most earlier studies, with afew exceptions such
as Mohamed and Abo-Dahab [26] and Sajid et al. [28]
do not consider the effect of a chemical reaction.

Combined heat and mass transfer driven by buoy-
ancy due to temperature and concentration variations
has many possible engineering applications, for exam-
ple, the migration of moisture through air contained
in fibrous insulations and grain storage systems, the
dispersion of chemical contaminants through water-
saturated soil, and the underground disposal of nu-
clear wastes, see Narayana and Sibanda [29]. In re-
cent years a large number of studies dealing with the
effects of Dufour and Soret parameters on heat and
mass transfer problems on Newtonian and viscoelas-
tic fluids have appeared. These effects are considered
as second order phenomena and have often been ne-
glected in heat and mass transfer processes, see Mo-
jtabi and Charrier-Mojtabi [30]. Recent examples of
studies that investigated Dufour and Soret effects in-
clude those of Postelnicu [31] who studied the Du-
four and Soret effects on the simultaneous heat and
mass transfer from a vertical plate embedded in an
electrically conducting fluid and Alam et a. [32]
who studied the Dufour and Soret effects on heat
and mass transfer for flow past a semi-infinite verti-
cal plate. Alam and Rahman [33] studied the effects
of the Dufour and Soret parameters on mixed con-
vection in a flow past a vertical plate embedded in a
porous medium. Li et a. [34] considered thermal-
diffusion and diffusion-thermo effects on the charac-
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teristics of heat and mass transfer in a strongly en-
dothermic chemical in a porous medium. Gaikwad et
al. [35] investigated the onset of double diffusive con-
vection in a two-component couple stress fluid layer
with Soret and Dufour effects using both linear and
nonlinear stability analysis. An extensive literature re-
view on this subject can be found in recent books by
Nield and Bejan [36] and by Pop and Ingham [37] and
the references therein.

2 Mathematical formulation

We consider the steady laminar flow of a micropo-
lar fluid along atwo-dimensional channel with porous
walls through which fluid is uniformly injected or re-
moved with speed vy. The lower channel wall has
a solute concentration C; and temperature 77 while
the upper wall has solute concentration ¢, and tem-
perature T5. Using cartesian coordinates, the channel
walls are parallél to the x-axis and located at y = +h
where 2h isthe channel width. Therelevant equations
governing the flow are

du Ov

el T 1
ou ou 10p (,u + k:) ?u  0*u
U v ==+ (=) |25 + 75
Ox Ay p Ox p ox?  Oy?
k ON
L )
oy 2
Ox dy  poy P ox?  Oy?
k ON
r ©)
O ON K (py 0u 00
Yor T oy  pj oy Oz
ve (0°N  0°N
= —+ — 4
or — 0T ki 0°T  Dypky 8°C
“or + Ua_y N E Oy? csep 0y?’ ©
oC oC L0?°C Dy kr 0°T
’U/% + 'Ua—y - ay2 + Tm 8y2 ; (6)

where u and v are the velocity components along the
x- and y- axes respectively, p is the fluid density,
is the dynamic viscosity, IV is the angular or micro
rotation velocity, p is the fluid pressure, 7" and ¢,
are the fluid temperature and specific heat at constant
pressure respectively, C' is the species concentration,
k1 and D* are the thermal conductivity and molecu-
lar diffusivity respectively, j isthe micro-inertia den-
sity, k is a material parameter, v; = (u + k/2)j is
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the micro rotation viscosity, kr, ¢s and T,, are the
thermal -diffusion ratio, the concentration susceptibil-
ity and the fluid mean temperature, and D,, is the ef-
fective mass diffusivity rate.

The appropriate boundary conditions are

y=—h v:u:O,N*—s@
Ay
y= h:vzo,u:%,]\f*%}—f, (7)

where s isaboundary parameter and indicates the de-
gree to which the microelements are free to rotate near
the channel walls. The case s = 0 represents concen-
trated particle flows in which microelements close to
the wall are unable to rotate. Other interesting partic-
ular cases that have been considered in the literature
include s = 1/2 which represents weak concentra-
tions and the vanishing of the antisymmetric part of
the stress tensor and s = 1 which represents turbu-
lent flow. We introduce the following dimensionless
variables

VoL
n=7. w:—maﬂ>zv:ﬁ%mm,
_T- _ -G
where T, = T} —A.T, szcl—BCCWIthAandB

constant. The stream function is defined in the usual

u = 8—¢ and v = 8¢
Oy o’

Equations (1) - (7) reduce to the coupled system of
nonlinear differential equations

)\lflv _ ng// o Re(ff/// o

Nog' +Ni(f" ~29)

— N3Re(fg — f'g) =0, (10)

0" + ngf)” + Pehflﬂ — Pehf9' =0, (11)

¢" +8.0" + Pey f'¢ — Pep f¢' =0, (12)

where A1 = 1 + N7 and subject to the boundary con-
ditions

f'1) =0, (9

f:g:OH =1, (13)
= —1g—1(14)

The parameters of primary interest are the Soret pa
rameter S,., the Dufour parameter D, the Peclet num-
bers for the diffusion of heat Pe, and mass Pe,, re-
spectively, the Reynolds number Re wherefor suction
Re > 0 and for injection Re < 0 and the Grashof
number Gr given by

k?z Tl_TQ pCpD Cl
5, = =2 , Dj = 15
D*Ci—Cy 1T Tk T - ( )
k Vg j voh
N = — Ny= Ny =L Re=""
1 pV pth’ 3 h27 Re v )
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vpcy gﬁTAh4
Pr = , Sc=—, Gr =
" kil D*, V ’
Pe, = PrRe, Pe, =>ScRe, (16)

where Pr isthe Prandtl number, Sc isthe generalized
Schmidt number, A is the local buoyancy number, NV
is the coupling parameter and V; is the spin-gradient
viscosity parameter. In technological processes, the
parameters of particular interest are the local Nusselt
and Sherwood numbers. These are defined asfollows:

1
Qy=—p T

N = (Th — To)ky =01, 1)
Sh. — M — —¢/(~1). (18)
Y (G =Gy)Dr '

where ¢” and m” are local heat flux and mass flux
respectively.

3 Method of solution

Equations (9) - (12) are coupled and highly nonlin-
ear. Various solution methods such as finite differ-
ence methods (for example, Al-Azab [39]), perturba-
tion methods as in Abdella and Magpantay [40] and
multi-parameter perturbation method (as in Boricic et
a. [38]) and elsewhere can be used to solve these
equations. In this study we use the homotopy analysis
method (HAM) to determine approximate analytical
solutions to the system of nonlinear ordinary differen-
tial equations (9) - (12). Compared to traditional per-
turbation methods, the HAM has the advantage that it
does not require the existence of a no small or large
parameter to give good accuracy. The solutions are
validated by solving equations (9) - (12) numerically
using the Matlab routine bvp4c. The analytic series
solutions to equations (9) - (12) represented as

fn) = foln) + ;i:: fm(n), (19)
9(n) = go(n) + ;i:: gm (1), (20)
0(n) = bo(n) +n§9m(n), (21)
o(n) = do(n) + ;i:: P (1) (22)

where £,.(1), gm(n), 0.,(n) and ¢,,(n) are the m'*
order deformation equations and the initial approxi-
mations

fo) =L +n—n*=n*/4, (23
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go(n) = % %n, (24)
() = 5 — 5. (25)
¢dm—%—%m (26)

are chosen so as to satisfy the boundary conditions
(13) - (14). To giveinsight into the structure of the so-
[ution we present (in the absence of Dufour and Soret
effects) the solutions for the velocity f(n) and the an-
gular velocity g(n) below

9
- (22400 Re) 7 3200
3 92400
(—Re) 774 + <

39 "
39 Re) n
160 8

540 69
8200 (39 )7?
92400 (
89600

3200 / 21

21 (12800 _'Re>

1 .1
—(NgRe)?? + —

1 3
— (N3Re + 10N;) n® + =Nyn?
48(36+ 1)1 + g

fi(n) 7 3he

()
69
89600_R€>773

(27)

g1(n) (NsRe)n*

+ (29)

4 Convergence of the solutions

The convergence rate and region of the solution series
depends on the auxiliary parameters iy, hy, he and
hs. To find admissible values of these parameters for
which the series solutions (19) - (22) will converge
we plot the %i-curves, graphs of, say, f/(—1), f”(1),
g"(—1) and ¢'(1) versus 7 as shown in Figures 1 -
2 for different orders of approximation of the series
solutions.

The series solutions would converge for those val-
ues of h that lie on the horizontal segment of the
h—curves. For fixed parameter values, the range of
admissible values of ¢, h, and hy are such that
—1.5 < h < —0.3. The accuracy of the HAM solu-
tions is determined by comparing the series solutions
with the numerical approximations obtained using the
inbuilt Matlab bvp4c.

5 Resultsand Discussions

The system of equations governing the heat and mass
transfer in an incompressible micropolar fluid along a
porous channel has been solved using the homotopy
analysis method and the Matlab bvp4c numerical rou-
tine. The effects of the governing fluid parameters
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)

of """" (1) order 20"
f7(-1) order 16

f1(=1), 17(1)

-18 -16 -14 -12 -1 -08 -06 -04 -02 O

h

0.2

Figure 1. The & curves for the twentieth order HAM
solution series when Ny = Ny = N3 = 1, Re
Pep, =1, Pey, =08, Dy =5,=0

4»
—~
= (: | 9@
:g1 3 g'(-1)
—
—
| 2f
N~—
[<
1k
O»
-2 -15 -1

Figure 2: The % curves for ¢/(1) and ¢”(1) at the
twentieth order HAM solution series when N, =
Ny = N3 = 1,Re = Pej, = 1 and Pe,, = 0.8,
Df=5,=0
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Table 1. Effect of the Soret S, and Dufour Dy num-
bers on the heat and mass transfer rates when Pe,
1.0 and Pe,, = 0.8. The other parameters are V;
NQ == N3 =Re=1
Sr Dy
20 0.03
10 012
05 0.30
0.1 0.60

Nuy
0.26421
0.26674
0.29824
0.37986

Shy
0.81762
0.56626
0.40619
0.33580

Table 2: Effect of the Soret S, and Dufour Dy num-
bers on the heat and mass transfer rates when Pe,
Pe,, = 1.0. The other parameters are Ny = N»
N3=Re=1
Sy
20
1.0
0.5
0.1

Dy

0.03
0.12
0.30
0.60

Nuy
0.26561
0.27325
0.31577
0.41284

Shy
0.77499
0.51578
0.37325
0.28422

such as the Reynolds Number Re, the Peclet number
Pe, the Dufour and Soret numbers on the velocity,
microrotation, temperature and concentration profiles
has been determined and shown in Figures 3 - 26.

For heat and mass transfer, the point of primary
interest is at the wall when = —1. This represents
the Nusselt and Sherwood numbers which are propor-
tional to —¢'(—1) and —¢'(—1) respectively.

Tables 1 - 2 illustrate the effects of the Dufour
and Soret parameters on the heat and mass transfer
rates at different Peclet numbers. The Nusselt num-
ber increases with the Dufour parameter but decreases
with the Soret effect. On the other hand, mass trans-
fer increases with the Soret effect but decreases with
Dufour numbers.

Tables 3 - 4 illustrate the effect of the Peclet num-
ber on the Nusselt and Sherwood numbers respec-
tively. It is evident that increases in the Peclet num-
ber leads to decreases on the Nusselt and Sherwood
numbers. Thisis because increasing Pe decreases the
momentum transport in the boundary layer.

Figures 3 - 4 give a comparison of the twentieth
order HAM approximations and the numerical results
at different Peclet numbers. Two observations can be
made; firstly that is evident that at the twentieth or-
der the HAM has sufficiently converged to the numer-
ical solution and the two results are identical, and sec-
ondly that in the absence of Dufour and Soret effects,
the heat and mass transfer decrease in numerical value
with increasing Peclet numbers.

Figures5 - 6 show the effect of the Reynolds num-
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HAM
O  NUM

0.5 1

Figure 3: Velocity profiles obtained using the 20" or-
der HAM approximation (—) and the bvp4c numeri-
cal routinewhen Ny = Ny = N3 =1, Re = Pej, =
land Pe,, = 0.8, D; = S, =0

HAM
O  NUM

09
0.8
0.7
0.6
< 05f
S
0.4r
0.3

0.2

0.1

R

1 1
-05 0.5 1

I o

Figure 4. Micro rotation profiles obtained using the
20"" order HAM approximation (—) and the bvp4c
numerical routinewhen Ny = No = N3 = 1, Re =
Pep = 1and Pe,, = 0.8, Dy = S, =0
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Table 3: Effect of the Peclet number Pe;, on —6¢'(—1)
for Ny = Ny = 1, N3 = Re = 1 and Pe,, = 0.8,

Di=S,=0

Pe,  NUM 11t 187 201"
0.07 0.48543 0.48573 0.48545 0.48544
0.20 0.45789 0.45883 0.45797 0.45793
040 041426 041635 0.41445 0.41436
0.50 0.39185 0.39460 0.39211 0.39198
1.00 027337 0.28046 0.27414 0.27378
200 -0.00115 0.02209 0.00207 0.00067
3.00 -0.34059 -0.28380 -0.33056 -0.33448

Table 4: Effect of the Peclet number Pe,, on —¢'(—1)

forN1:NgzNngezlandPeh:LDf:

S, =0

Pe,, NUM 11th 17th 19th
0.00 050000 0.50000 0.50000 0.50000
0.10 047913 047978 0.47922 0.47918
020 045789 0.45926 0.45809  0.45800
050 039185 0.39578 0.39248 0.39219
0.80 032210 0.32931 0.32333 0.32278
200 -0.00115 0.00298 0.00554 0.00286
300 -0.34059 -0.14128 -0.14991 -0.15499

ber on the velocity and micro rotation vector. Increas-
ing the Reynolds number leads to a decrease in the
velocity and the micro rotation vector. The Reynolds
number has little effect on the temperature and con-
centration fields.

031

Re=-3
—-—-Re=1 3
Re =10 7 ) R\

0.25[

0.1f

I I I I
0.2 0.4 0.6 0.8 1

0
Figure5: Effect of moderate Reynolds numbers on the
velocity profileswhen Ny = Ny = N3 = 1, Pey, =
1,and Pe,, = 0.8, D; = S, =0

Figures 7 - 8 show the effects of N; on the ve-
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Re=-3 '
—=' = Re=1
Re =10 ;i

091

0.8

0.7 R

0.6

go(n)

041 ’
0.3
0.2r

0.1 _-

Figure 6. Effect of moderate Reynolds numbers on
micro rotation profiles when Ny = Ny N3 =
1, Pep =1,and Pe,, = 0.8, Dy =S, =0

0.3 s TN
. NS
0.25F

0.2 /I \-

f(n)

015/ 3

0.1p

L L L L L L
-0.2 0 0.2 0.4 0.6 0.8 1

n

L L L
1 -0.8 -0.6 -0.4

Figure 7: Velocity profiles for various values of N
when Ny = N3 =1, Pep = 1, and Pe,, = 0.8,
Dy=5,=0
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1F

0.8

0.2

Figure 8: Microrotation profiles for various values of
Niwhen Ny = N3 =1, Pey, =1, and Pe,, = 0.8,
Dy=5,=0

locity and micro rotation profiles respectively. The
velocity increases with increases in V;, but the mi-
crorotation decreases with increasing V; .

Figures 9 - 10 show the effect of N, on the fluid
properties when all the other parameters are fixed.
The velocity profile decreases with increases in N.
Similarly, with therange NV, > 0.7, the angular veloc-
ity increases with N,. However, when Ny < 0.7 the
behavior of the angular velocity is oscillatory and ir-
regular. The parameter N3 wasfound to have an effect
only on the angular velocity and as shown in Figure
11, increasing N3 leads to a decrease in the angular
velocity.

03t N, =01 T- TN
o oNy=1 A >
A

N2= 25

02 / 3

f(n)

0.15[

0.1p

0.05

Figure 9: Velocity profiles for various values of N,
when Ny = N3 = 1, Re = Pey, = 1, and Pe,, =
08,Df=S5,=0

The topographical effect of the Peclet number
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L L L L
0.2 0.4 0.6 0.8 1

Figure 10: Micro rotation profiles for various values
of Ny when Ny = N3 = 1, Re = Pep, = l,and
Pe,, =08,Df =5, =0

09 Ny=-1 /'
- (2
- oNy=1 /
08 N,=2 i
A
07+ [
/
2
0.6 /
.
/-
— 05 ’”
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/-
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01 . . . ,
=1 -08  -06 04 02 0 02 04 06 08 1

Figure 11: Micro rotation profile for various values
of N3ywhen Ny = N, = 1, Re = Pe, = 1, and
Pe, =08,Df=5,=0
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on the fluid temperature and solute concentration is
shown in Figures 12 - 15. In Figure 12 the effect
of small Peclet number (restricted to the range 0 <
Pe < 5) while the effect of moderate Peclet numbers
5 < Pe < 13 isshown in Figure 13. Increasing the
Peclet number leads to an increase in the temperature
fields with the maximum temperature occurring in the
middle of the channel. However, the Peclet number
was found to have no effect on the velocity and the
microrotation vectors.

Figure 12: The effect of the Peclet number on the
temperature profile shown in 3D when 0 < Pe, =
Pem = Pe < 5WhenN1 = Ny = N3 =1 and
Re=1

Figures 14 - 15 show the effect of low to moder-
ate Peclet numbers on the solute concentration. Low
Peclet numbers tend to promote high mixing while
high Peclet numbers inhibit the mixing. As expected,
low Peclet numbers result in low solute concentration
while high Peclet numbers result in high solute con-
centrations.

Figures 16 - 17 represent the temperature profiles
for different Soret numbers. The impact of the Soret
parameter on the temperature depends on whether
Pe;, > Pep, or Pe;, < Pep,. Thusin Figure 16
where Pe;, = 2 and Pe,,, = 9, the temperature of the
fluid decreases with Soret numbers whereas in Figure
17 where Pej, = 6 and Pe,, = 0.5, the fluid temper-
ature increases with the Soret parameter. The effect
of the Soret parameter on the concentration profilesis
shown in Figures 18 - 19 where, again, it is evident
that the concentration of the solute either decreases or
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Figure 13: The effect of moderate Peclet numbers
(5 < Pep = Pe,, = Pe < 13) on the temperature
profilein3D when Ny = N = N3 =1and Re = 1

N

0.5 1

i) -03 a

Figure 14. Concentration profile in 3D obtained us-
ing the 20/ HAM for various values of 0 < Pej, =
P6m2P6§5WhenN1:1, No =1, N3 =1and
Re=1
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Figure 15: Concentration profile in 3D obtained us-
ing the 20" HAM for various values of 5 < Pe;, =
Pem = Pe < 13WhenN1 = 1, Ny = 1, N3 =1
and Re =1

increases with the Soret parameter depending on the
relative sizes of the Peclet numbers Pej, and Pe,,.

——s.=01

0.8 ,,75’203 7

~ —.s,=06

06 A\ s,=09| 7
N

o(n)
°

Figure 16: The effect of the Soret number S, on
the temperature profiles when Ny = Ny = Nj
1, Re =1, Pej, =2, Pe,, =9and Dy = 0.3

Figures 20 - 22 show the effect of the Dufour
parameter on the temperature and concentration pro-
files. The fluid temperature decreases with the Du-
four parameter when Pej, < Pe,,. Onthe other hand,
the concentration profilesincrease marginally with the

ISSN: 1790-5079

173

Faiz Awad, Precious Sibanda

6(n)

-0.5
-1

Figure 17: The effect of the Soret number S, on
the temperature profiles when Ny = Ny = Nj
1, Re=1, Pe, =6, Pe, =0.5and Dy = 0.8

o)

Figure 18: The effect of the Soret number S, on
the concentration profiles when V; = Ny = N3 =
1, Re=1, Pep =2, Pe,, =9and Dy =0.3
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Figure 19: The effect of the Soret number S. on
the concentration profileswhen Ny = Ny = N3 =
1, Re=1, Pep =6, Pe, =0.5and Dy = 0.8

Dufour parameter when Pe;, < Pe,, but decrease
with Dufour parameters when Pe;, > Pe,,. An ear-
lier study by Monsour et a. [41] showed that the tem-
perature and concentration profiles decrease with in-
creasing Dufour numbers.

o)

Figure 20: The effect of the Dufour number Dy on
the temperature profiles when Ny = Ny = N3 =
1, Re=1, Pep =5, Pe,, =12and S, = 0.5

Figures 23 - 26 show the effects of the Dufour and
Soret parameters on the heat and mass transfer coeffi-
cients. We observe that, asin the study by Cheng [42],
as the Dufour number is increased, the local Nusselt
number decreases while the local Sherwood number
increases. We further deduce that; (i) masstransfer in-
creases with the Dufour parameter for all Soret num-
bers, and (ii) heat transfer decreases with the Soret
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o(n)

I I I I I I I I I
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
n

Figure 21: The effect of the Dufour number D; on
the concentration profiles when V; = Ny = N3 =
1, Pe, =5, Pe,, =12and S, = 0.5
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n

Figure 22: The effect of the Dufour number Dy on
the concentration profileswhen Ny = Ny = N3 =
1, Re=1, Pey =5, Pe,, =4and S, =0.9
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effect for all Dufour numbers.

0.26 L L L L L L L L
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Figure 23: Non-dimensiona heat transfer coefficient
as a function of S, at fixed Ny = Ny = N3 =
1, Re=1, Pep =1, Pe,, =0.8

-15

S' =0.30

Nu
'

Figure 24: Non-dimensional heat transfer coefficient
as a function of D, at fixed Ny = Ny = N3 =
1, Re=1, Pe; =6 and Pe,, = 0.5

6 Conclusion

In this paper we have studied the effects of the Du-
four, Soret and Peclet parameters on a the heat and
mass transfer on a micropolar fluid through a hori-
zontal channel. The analysis shows that the Soret and
Dufour parameters have a significant influence on the
thermal and solutal boundary layer profiles. The ef-
fect of the Peclet numbers on the fluid properties has
been determined. Our analysis shows that;

e the increase or decrease in the boundary layer
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Figure 25: Non-dimensional mass transfer coefficient
as a function of Dy at fixed Ny = Ny = N3 =
1, Re=1, Pey =6, Pe,, =0.5

0.15

0.1

0.05F

ok
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x
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-0.15
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-0.25 ‘ ‘ ‘ ‘
-1 0.2 0.4 0.6 0.8 1

Vot

Figure 26: Non-dimensional mass transfer coefficient
as a function of S, at fixed Ny = Ny = N3 =
1, Re=1, Pep =6, Pe,, =0.5

temperature and concentration is dictated by the
relative sizes of Pe;, and Pe,, in the anaysis,

e increasing Reynolds numbers reduces both the
velocity and micro-rotation profiles,

e the velocity increases with Ny whereas the
micro-rotation vector decreases with V.
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1. Introduction

The problem of an incompressible, viscous fluid between non-
parallel walls, commonly known as the Jeffery-Hamel flow, is an
example of one of the most applicable type of flows in fluid mechan-
ics [3]. Consequently, this problem has been well studied in litera-
ture, see for example, [6,23] for a survey of the early literature on
the Jeffery-Hamel problem. The classical Jeffery—-Hamel problem
was extended in [1] to include the effects of an external magnetic
field on an electrically conducting fluid. The magnetic field acts as
a control parameter and, beside the flow Reynolds number and the
angle of the walls, in MHD Jeffery-Hamel problems there are two
additional non-dimensional parameters that determine the solu-
tions, namely the magnetic Reynolds number and the Hartmann
number. Potentially therefore, a much larger variety of solutions
than in the classical problem could be expected.

The majority of the convergent-divergent channel problems
studied so far do not yield precise analytical solutions [3]. In addi-
tion to the various numerical methods currently available, it has al-
ways been an interesting problem and a challenge to devise new
and more efficient algorithms, particularly analytical or semi-ana-
lytical techniques for finding solutions of nonlinear equations. The
Jeffery—-Hamel problem is well suited for testing such new solution
techniques. Apart from using numerical techniques such as in
[18,22], recent approaches to solving the Jeffery—Hamel flow equa-
tions include perturbation techniques [21], the Adomian decompo-
sition method (ADM) [3,17,18], the variational iteration method

* Corresponding author. Tel.: +27 0 33 260 5626; fax: +27 0 33 260 5648.
E-mail addresses: sandilemotsa@gmail.com (S.S. Motsa), sibandap@ukzn.ac.za
(P. Sibanda), stanford.shateyi@univen.ac.za (S. Shateyi).

0045-7930/$ - see front matter © 2010 Elsevier Ltd. All rights reserved.
doi:10.1016/j.compfluid.2010.03.004

(VIM), the homotopy perturbation method (HPM) [5] and the
homotopy analysis method (HAM) [11,12,4]. Approximate solu-
tions of the Jeffery—-Hamel problem were found using the varia-
tional iteration method and using the homotopy perturbation
method [5,7-10]. A comparison was made with the numerical
solution and the results showed that the homotopy perturbation
method gives better accuracy compared to the variational iteration
method. We note here that previous studies such as [13] have
shown that the HPM is equivalent to the HAM when the auxiliary
parameter h = —1. In [18] the influence of an arbitrary magnetic
Reynolds number on Jeffery-Hamel flow was studied using a per-
turbation series summation and improvement technique. How-
ever, as shown in [15,16] and elsewhere, the HPM, VIM and
other non-perturbation techniques are prone to give divergent
approximations and so cannot be trusted completely.

The homotopy analysis method has been used successfully to
solve a variety of nonlinear BVPs, see [12,14] for a detailed exposi-
tion, and was used recently to study Jeffery-Hamel flow in the ab-
sence of an applied external magnetic field [4]. The HAM however
suffers from a number of restrictive measures, such as the require-
ment that the solution sought ought to conform to the so-called
rule of solution expression and the rule of coefficient ergodicity.
In a recent study, Motsa et al. [20] proposed a spectral modification
of the homotopy analysis method, the spectral-homotopy analysis
method (SHAM) that seeks to remove some restrictive assump-
tions associated with the implementation of the standard homoto-
py analysis method. In this paper we extend the work reported in
[4] by determining the exact analytical solution of the MHD Jeff-
ery-Hamel problem when an external magnetic field is present
using the homotopy analysis method. The nonlinear equation is


http://dx.doi.org/10.1016/j.compfluid.2010.03.004
mailto:sandilemotsa@gmail.com
mailto:sibandap@ukzn.ac.za
mailto:stanford.shateyi@univen.ac.za
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then solved using the hybrid spectral-homotopy analysis method
and a comparison of the HAM, SHAM and numerical results proves
the applicability, accuracy and efficiency of the spectral-homotopy
analysis method.

2. Mathematical formulation

Consider the steady two-dimensional flow of an incompressible
conducting viscous fluid between two rigid plane walls that meet
at an angle 2o as shown in Fig. 1. The rigid walls are considered
to be divergent if « > 0 and convergent if o < 0. We assume that
the velocity is purely radial and depends on r and 0 so that
v = (u(r, 0),0) only. The continuity equation and the Navier-Stokes
equations in polar coordinates are

P9 _
S ru(r,0)) =0, (1)
ou(r,0)  10P ) u(r,0)] oB:
u(ro) e fEWJrv Veu(r, 0) — 2 fﬁu(r, 0), (2)
__LoP 2vou(no) 3
prad r2 90 ’

where P is the fluid pressure, By the electromagnetic induction, ¢
the conductivity of the fluid, p the fluid density and v is the coeffi-
cient of kinematic viscosity. The continuity Eq. (1) implies that
0}

r

u(r*

4)
Following [4] we define the dimensionless parameters

Fy) =12

where y= g.

Substituting into Eqgs. (2) and (3) and eliminating the pressure
term yields the nonlinear 3rd order ordinary differential equation

F" 4+ 20ReFF' + (4 — H)o*F' = 0, (5)
subject to the boundary conditions
FO)=1, F(0)=0, F(1)=0, (6)

where Re = aUnay/V is the Reynolds number and H? = gB2/pv is the
square of the Hartmann number. We use the homotopy analysis
method to find an exact analytical solution of Eq. (5). Eq. (5) is then
solved using the novel hybrid spectral-homotopy analysis method
in order to show the applicability, accuracy, efficiency and validity
of the spectral approach.

3. Solution by the homotopy analysis method
To solve the nonlinear ordinary differential Eq. (5) using the

Homotopy analysis method (HAM) we choose, see [4], the initial
approximation

Fig. 1. Jeffery-Hamel flow in a diverging channel with angle 2¢.

Foly) =1~y (7)
which satisfies the boundary conditions (6). Using the method of
highest order differential matching we consider an auxiliary linear
operator of the form

Po:q)

/ Q) =——5— 8
Zoy:q)] T (8)
with the property
Zler + ey + 3y’ =0, 9)

where c;—c; are arbitrary integration constants.
Furthermore, the governing Eq. (5) suggest that we define the
following nonlinear operator

3 .
o) = L2V 4 aoeg(y:q)

ay ay

(10)

where q € [0,1] is an embedding parameter and ¢(y;q) is an un-
known function. Using the above definitions, we construct the so-
called zero-order deformation equation as:

(1-q9)2[$(y:q) — Fo(y)] = ghA[$(y; q)], (11)
subject to the boundary conditions

v 940:q) ) —
#(0;q) =0, by 0, ¢(1;q9) =0, (12)

where h is a nonzero auxiliary parameter. When g = 0 it is easy to
show that

$(y;0) =Fo(y), (13)

and when g = 1 the zero-order deformation Eq. (11) is equal to the
original governing Eq. (5), so that
;1) = F©y). (14)
Thus, as the embedding parameter g increases from 0 to 1,
¢(y;q) varies from the initial approximation Fo(y) to the solution
F(y) of the governing Eq. (5).
Now, expanding ¢(y;q) using Taylor series with respect to the
embedding parameter q yields

+00

6(;9) =Foy) + Y Fn(y)q", (15)
m=1
where
1 9"y,
Falh) = e 2| (16)
! o

The convergence of the above series depends on the auxiliary
parameter h [12]. Assuming that the auxiliary parameter h is care-
fully selected so that the above series is convergent when q = 1, we
have, in view of (16), that

Fy) = Fol) + 3 Fu(¥). (17)
m=1

In the equation above Fp,(y) are unknown functions which are
determined from the so-called higher order deformation equa-
tions. These higher order deformation equations are obtained by
first differentiating the zero-order deformation Eq. (11) m times
with respect to q and then dividing them by m! and finally setting
q = 0. This way we obtain the following higher order deformation
equations

LFn) = AmFn-1(¥)] = hRm(¥), (18)
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with the boundary conditions

Fin(0) = F},(0) = Fu(1) = 0, (19)

where
m—1

Rn(y) =Fp 4 + (4 - H)<>c2F’,,H + 20Re ZFJF%—HW (20)
=0

and

0, m<1
_ ) <X k) 21
Xm {1, m>1. @1

The mth-order deformation equations form a set of linear ordin-
ary differential equations and can be easily solved, especially by
means of symbolic computation software such as Maple, Mathem-
atica, Matlab, MuPad, Reduce and others. In this paper Maple was
used to develop solutions of the mth-order deformation equations
up to the 20th order. To give insight into the structure of the solu-
tion we present the solutions for F;(y) and F»(y) below

B 2Re o aH\ , o Re oH\ , 1 6
Fl(y)—ah(ﬁ+§*ﬁ)y +a<h(*§**+ )y +@R€O€1’ly s

6 12
(22)
Fa(y) = (—ﬁ h a*H? +ﬁ o?h(1402h 4 5Reoch — 35h — 35)H
1 3 2 2
~ 18900 ho (12600°h + 900 «*hRe + 163z hRe

—63000h — 63000 — 2520Re — 2520 hiRe))y?

1 2 4p 1, 2
+<mhocH ~ 360 * h(200°h + 9Reach — 30h — 30)H

+% ho (20 + Re)(2Reoch + 502h — 15h — 15))y4

1 540, 1 24
N (*ﬁh o'H? + 555 W0’ (40 -+ 3Re)H
75 ho(200°h + 30 0hRe + 9othRe* — 15Re — 15hRe)>yG

1 2.3 1 2.2 3
+ (-mh o ReH+mh o Re(2a+Re)>y

_ 1 2,.2p,2,,10
13SOI’locRey . (23)

H=0
* H=1000 |
- — - H=2000

-3.5} R

-4 1 1 I I

-2.5 -2 -15 -1 -0.5 0

When H = 0 the above series reduce to the results in [4]. From
the first few solutions of the mth-order deformation equations it is
found that F,(y) can be expressed as

2m+1

Fn() =Y any?”, (24)
=0

where a,,; are coefficients. Substituting the above equation into
(18)—(21) we obtain the following recursive formulae;

o?h(4 — Ha) Yy i 20m-1j1

Amj = (Ym + M) Lom_js10m-1j +

2j(2j-1)
othReAmj 1 .
22— 1G-1) > ()
where
m-1 min{2j+1,i-1}
mi =Y 2(0—1)@jrmj1ir- (26)
Jj=0 r=max{0,i+2j—2m+1}

From the boundary conditions (19) we have

2m+1

amo = — Z amja (27)
j=1

and the initial approximation (7) implies that

oo =1, a1 =-1. (28)

Starting from the above coefficients and using (27) and the
recurrence formula (25), we can easily compute all the coefficients
anmj. Thus, the explicit series analytical solution of the governing
Eqgs. (5) and (6) is given by

R =3

m=0 j

i
—_

2m

Amy?. (29)

Il
o

The solution series (29) converges only for a select range of the
auxiliary parameter h. The admissible and valid values of h are
found from the horizontal portion of the h-curves in Fig. 2.

4. Spectral-homotopy analysis solution

The spectral-homotopy analysis method developed by Motsa
et al. [20] blends Chebyshev pseudospectral collocation methods
with some aspects of the HAM described in the previous section.
The advantage of this modification is that we get a technique that

0 T T T

H=0
“* H=1000

05t — — = H=2000|]

-1r L ______ 4
-15} | .
S
T -2t
£8
_25 -
_3 -

_35 -

_4 1
-2 -1.5 -1 -0.5 0

Fig. 2. The h-curve for the 20th order HAM approximation for F'(1) and F"(0) for fixed parameter and Reynolds numbers.
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is more efficient and does not depend on the rule of solution
expression and the rule of ergodicity unlike the standard HAM.
In addition, the range of admissible h values is much wider in
the SHAM. In applying the SHAM, we begin by transforming the
domain of the problem from [0,1] to [-1,1] using the mapping

L e (30)
It is also convenient to introduce the transformation
U@ =Fy) —(1-y) 31

to make the governing boundary conditions (6) homogeneous.
Substituting (31) in the governing equation and boundary condi-
tions (5) and (6) gives

8U" + a (y)U’ + az(y)U + 4oReUU’ = Qb(y)’ (32)
subject to
U(-1)=U(1) = U(-1) =0, >

where the primes now denote differentiation with respect to ¢ and
ai(y) =4oRe(1 —y*) +20*(4 — H), az(y) = —4oRey.
$(y) = daRey(1 —y*) + 2y(4 — H)o?. (34)

The initial approximation is taken to be the solution of the non-
homogeneous linear part of the governing Eq. (32) given by

8Uy + a1 (y)Up + a2(y)Uo = $(y), (35)
subject to
Uo(=1) = Up(1) = Up(~1) = 0, (36)

we use the Chebyshev pseudospectral method to solve (35) and
(36). The unknown function Uy(¢) is approximated as a truncated
series of Chebyshev polynomials of the form

N
Uo(&) = U (&) =Y UiTu(&), j=0.1,...,N, (37)
k=0

where T, is the kth Chebyshev polynomial, Uy, are coefficients and

&o, &1, - - ., &y are Gauss-Lobatto collocation points (see [2]) defined
by
f_cosﬁ7 j=0,1,...,N. (38)

Derivatives of the functions Uy (¢) at the collocation points are
represented as

dUs N, o s
aF > 7Uo(&), 39)
k=0

where s is the order of differentiation and  is the Chebyshev spec-
tral differentiation matrix (see, for example, [2,24]).
Substituting Egs. (37)-(39) in (32) and (33) yields

AUy =@ (40)
subject to the boundary conditions

Uo(én) =0, Uo(én) =0, (41)
ZNj InUo(&) =0, (42)
k=0

where

A=8%° +a19 + ay,
U = [Uo(&), Uo (&), Ug(&n)]",

= [$(0), dW1)s -, b)) (43)
a, = diag([ar(yo),ar(y1), - ar(Wn-1), ar(Yy)]), T=1,2

In the above definitions the superscript T denotes the transpose,
and diag is a diagonal matrix of size (N + 1) x (N +1).

To implement the boundary conditions (41) we delete the first
and the last rows and columns of A and delete the first and last
rows of Uy and ®. The boundary condition (42) is imposed on
the resulting last row of the modified matrix A and setting the
resulting last row of the modified matrix ® to be zero. The values
of [Uo(&y),Uo(&y),...,Uo(én—q)] are then determined from the
equation

Uy =A"'o, (44)

which provides us with the initial approximation for the SHAM
solution of the governing Eq. (32).
We define linear operator
»*U

~ U
LIUq)) =8—F PR

o +aU, (45)

where q € [0,1] is the embedding parameter, and U(¢; q) is an un-
known function. The zeroth order deformation equation is given by

(1-q)2[U(&q) — Us(&)] = gh{ A [U(& q)] — @}, (46)

where h is the non-zero convergence controlling auxiliary parame-
ter and ./ is a nonlinear operator given by

5~

o g’U ou ~ou
NUMm;q)] = 8 —+a 6_é+ a,U +4ocReUa—. (47)
The mth order deformation equations are
Z[Un() = fmUm-1(8)] = hRm, (48)

subject to the boundary conditions

Un(=1) = Un(1) = Uy (-1) = 0, (49)
where
m—1
Rn(&) = 8Up y +a1Uy, y + @Up 1 +40Re Y UaUy, 4,
n=0
= oW1 = Yp)- (50)

Applying the Chebyshev pseudospectral transformation on
equations (48)-(50) gives

AU, = (4, + AUy 1 — h(1 — ¥, )@ + hPp_1, (51)
subject to the boundary conditions

Un(én) =0, Un(éy) =0, (32)
3 TaUn(e) = O, (53

where A and ®, are as defined in (43) and
U = [Un(é0), Un(&1), -, Un(&n)] (54)

m-—1
Pno1 =40Re> UpPUn 1. (55)
n=0
To implement the boundary conditions (52) we delete the first
and last rows of P,,_; and ® and delete the first and last rows and
first and last columns of A in (51). This results in the following
recursive formula for m > 1.

Un = () + WA 'AU,_; + hA ' [Py — (1 — ,,) D). (56)

Thus, starting from the initial approximation, which is obtained
from (44), higher order approximations U,(¢) for m > 1, can be
obtained through the recursive formula (56).
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Table 1

Comparison of the numerical results against the HAM and SHAM approximate solutions for F(y) and F’(y) when o« = 5, Re = 50, H = 0.
y Ref. [5] SHAM (h = —-0.95) Numerical HAM (h = -1.2)

2nd order 3rd order 4th order 8th order 10th order

F(y)
0.00 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000
0.25 0.894960 0.894241 0.894242 0.894242 0.894355 0.894243 0.894242
0.50 0.627220 0.626946 0.626948 0.626948 0.627213 0.626950 0.626948
0.75 0.302001 0.301988 0.301990 0.301990 0.302107 0.301990 0.301991
1.00 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000
F)
0.00 —3.539214 —3.539436 —3.539416 —3.539416 —3.535377 —3.539392 —3.539417
0.25 —2.661930 —2.662095 —2.662084 —2.662084 —2.660881 —2.662083 —2.662083
0.50 —-0.879711 —0.879773 —0.879794 —0.879794 —0.886295 —0.879830 —0.879791
0.75 0.447331 0.447277 0.447244 0.447244 0.449491 0.447268 0.447243
1.00 0.854544 0.854349 0.854369 0.854369 0.851378 0.854381 0.854367

Table 2 iary parameter h. In this study, the admissible values of h were

Comparison of the numerical results against the SHAM approximate solutions for F(y)
when « =5, Re =50, H=0 with h = —-0.97.

y 2nd order 3rd order 4th order Numerical
0.00 1.000000 1.000000 1.000000 1.000000
0.10 0.982431 0.982431 0.982431 0.982431
0.20 0.931225 0.931226 0.931226 0.931226
0.30 0.850609 0.850611 0.850611 0.850611
0.40 0.746788 0.746791 0.746791 0.746791
0.50 0.626945 0.626948 0.626948 0.626948
0.60 0.498231 0.498235 0.498234 0.498234
0.70 0.366964 0.366966 0.366966 0.366966
0.80 0.238122 0.238124 0.238124 0.238124
0.90 0.115151 0.115152 0.115152 0.115152
1.00 0.000000 0.000000 0.000000 0.000000
Table 3

Comparison of the numerical results against the SHAM approximate solutions for
F’(y) when o =5, Re = 50, H =0 with h = —0.97.

y 2nd order 3rd order 4th order Numerical
0.00 —3.539453 —3.539414 —3.539416 —3.539416
0.10 —3.386947 —3.386909 —3.386911 —3.386911
0.20 —2.957820 —2.957791 —2.957792 —2.957792
0.30 —2.328582 —2.328573 —2.328574 —2.328574
0.40 -1.601767 -1.601790 —1.601789 -1.601789
0.50 —0.879741 —0.879796 —0.879794 —0.879794
0.60 —0.243884 —0.243951 —0.243949 —0.243949
0.70 0.255653 0.255605 0.255607 0.255607
0.80 0.599713 0.599702 0.599702 0.599702
0.90 0.792981 0.793005 0.793004 0.793004
1.00 0.854331 0.854371 0.854369 0.854369

5. Results and discussion

As pointed out by Liao [12], the accuracy and convergence of the
HAM series solution depends on the careful selection of the auxil-

chosen from the so-called h-curve in which F’(0) and F'(1) were
considered to be independent variables and plotted against h.
The valid region for h, where the series converges is the horizontal
segment of each h-curve. The h-curves for F’(0) and F'(1) are
shown in Fig. 2 which illustrates the effect of increasing the Hart-
mann number H on the range of admissible values of h. The effect
of increasing the Hartmann number is to reduce the range of valid
values of h, where the series solution is convergent.

For 0 < H < 2000 permissible h values, where the series solu-
tion (29) would be expected to converge are restricted to the range
-1.2<h<-03.

The SHAM approximations presented in this paper were ob-
tained using N = 60. Following [20] we use the critical h value ob-
tained from the second order h-curve in which F’(—1,h) is the
dependent variable.

In this study the objective was to apply the homotopy analysis
method to obtain an explicit analytic solution of the Jeffery—Hamel
problem and to solve the problem using the SHAM in order to test
the applicability, accuracy and efficiency of this new spectral mod-
ification of the HAM. We have used the same range of Reynolds
numbers as [4]. In Table 1 a comparison of the HAM, SHAM and
the numerical results is shown. Convergence of the SHAM is
achieved at the 3rd order of approximation while the HAM only
converges at the tenth or even higher order of approximation.
Clearly, the SHAM converges at least three times as fast as the
HAM. Tables 2-5 give a comparison of the convergence rate of
the SHAM at different orders of approximation against the numer-
ical approximations. In particular, Tables 2 and 3 give a snap shot
of the velocity F(y) and second derivative F”(y) values at different
points inside the converging/diverging channel while Tables 4 and
5 demonstrate the effect of increasing the Reynolds number and
the Hartmann number on the convergence rate of the SHAM. In
general, three terms of the SHAM approximation are sufficient to
give a match with the numerical results up to six decimal places.

Table 4
Comparison of the numerical results against the SHAM approximate solutions for F’(0) when « = —5, H = 0 for different values of Re.
Re h 1st order 2nd order 3rd order 4th order Numerical
10 —1.00 —1.784547 —1.784547 —1.784547 —1.784547 —1.784547
20 -0.99 —1.588153 —1.588153 —1.588153 —1.588153 —1.588153
30 —0.99 —1.413692 —1.413692 —1.413692 —1.413692 —1.413692
40 -0.98 —1.258994 —1.258994 —1.258994 —1.258994 —1.258994
50 -0.97 -1.121971 —1.121987 —1.121989 -1.121989 -1.121989
60 —-0.96 —1.000714 —1.000737 —1.000743 —1.000743 —1.000743
70 -0.95 —0.893449 —0.893460 —0.893474 —0.893474 —0.893474
80 -0.94 —0.798568 —0.798539 —-0.798567 —0.798567 —0.798567
90 -0.93 —0.714620 —-0.714517 —0.714568 —0.714568 —0.714568
100 -0.92 —0.640308 —0.640093 —0.640179 —0.640178 —0.640178
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Table 5
Comparison of the numerical results against the SHAM approximate solutions for F’(0) when o = 5, Re = 10, using h = —1 for different values of H.
H 1st order 2nd order 3rd order 4th order Numerical
0 —2.2519486 —2.2519486 —2.2519486 —2.2519486 —2.2519486
200 —1.9846062 —1.9846062 —1.9846062 —1.9846062 —1.9846062
400 —1.7540931 —1.7540931 —1.7540931 —1.7540931 —1.7540931
600 —1.5546060 —1.5546060 —1.5546060 —1.5546060 —1.5546061
800 —1.3813761 —1.3813701 —1.3813701 —1.3813701 —1.3813701
1000 —1.2304480 —1.2304374 —1.2304373 —1.2304373 —1.2304373
2000 —0.7126207 —0.7125853 —0.7125850 —0.7125850 —0.7125850
3000 —0.4316560 —0.4316085 —0.4316080 —0.4316080 —0.4316080
4000 —0.2709505 —0.2709024 —0.2709019 —0.2709019 —0.2709019
5000 —0.1750879 —0.1750448 —0.1750443 —0.1750443 —0.1750443
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Fig. 3. Comparison of the numerical results (solid lines) against the 20th order HAM
is varied.

In contrast the standard HAM may require up to twenty terms in
the approximation to attain this level of accuracy.

The graphical results depicted in Figs. 3-6 are broadly in line
with those given in [4] but now modified by the effects of the ap-
plied magnetic field. Numerical simulations show that for fixed
Hartmann numbers, the fluid velocity increases with Reynolds
numbers in the case of convergent channels but decreases with
Re in the case of divergent channels.
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approximation (filled circles) for the velocity profile using h = —0.5 and Re = 50 when H

Fig. 3 shows the magnetic field effect on the velocity profiles for
convergent and divergent channels respectively for fixed Reynolds
numbers. The numerical results were obtained using the inbuilt
MATLAB boundary value problem solver bvp4c and are compared
with the 20th order HAM approximate results obtained using
h = —0.5. The results show moderate increases in the velocity with
increasing with Hartmann numbers and, in line with observations
in [17], no back flow is observed for all Hartmann numbers. Fig. 4

1.2 T T T T

Re = 50

Fig. 4. Comparison of the numerical results (solid lines) against the 20th order HAM approximation (filled circles) for the velocity profile using h = —0.5 and H = 1000 for

increasing Reynolds numbers.
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0 0.2 0.4 0.6 0.8 1
Y

Fig. 5. Comparison of the numerical results (solid lines) against the 2nd order
SHAM approximation (diamonds) for the velocity profile when o = 5° and H = 1000
for increasing Reynolds numbers.

Fig. 6. Comparison of the numerical results (solid lines) against the 2nd order
SHAM approximation (diamonds) for the velocity profile when « = 5° and Re = 10
for increasing values of H.

illustrates the effect of increasing Reynolds numbers on the fluid
velocity for fixed Hartmann numbers in a comparison of the
numerical and the HAM approximations with twenty terms. Back
flow is excluded in the case of converging channels but is possible
for large Reynolds numbers in the case of diverging channels, see
also [5].

Figs. 5 and 6 give a comparison between the SHAM and the
numerical approximations. Of particular note here is that an exact
match between the two set of approximate solutions is obtained
with only two terms of the SHAM solution series compared with
the twenty terms required for the standard HAM solution series.
These findings firmly establish the SHAM as an accurate and effi-
cient alternative to the standard homotopy analysis method.

6. Conclusion

In this paper we have used a novel spectral-homotopy analysis
method and the standard homotopy analysis method to solve the

3rd order nonlinear differential equation that governs the hydro-
magnetic Jeffery-Hamel problem. An exact analytical solution of
the nonlinear differential equation has been found using the
homotopy analysis method. A comparison of the convergence rates
of the SHAM and HAM shows that the SHAM converges more rap-
idly - up to three times faster than the HAM. Furthermore, in com-
parison with the standard homotopy analysis method, the SHAM
technique is applied without any restrictive assumptions.

Our results further show that the fluid velocity increases with
increasing Hartman numbers, contrary to the earlier findings by
[17,19]. In [19] an increase in the magnetic field intensity was
found to have a strong stabilizing effect on the results for both
diverging and converging channel geometries.
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Article history: In this study convection from an inverted cone in a porous medium with cross-diffusion
Received 7 October 2010 is studied numerically. Diffusion-thermo and thermo-diffusion effects are assumed to be
Received in revised form 11 January 2011 significant. The governing equations are transformed into nonlinear ordinary differential

Accepted 11 January 2011 equations and then solved numerically using a shooting method together with a sixth order
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1. Introduction

The study of combined heat and mass transfer on a surface embedded in saturated porous media has attracted
considerable attention in recent decades due to many engineering applications such as in the design of pebble-bed nuclear
reactors, ceramic processing, crude oil drilling, compact heat exchangers, etc. Studies on natural convection flows have
been carried out on vertical, inclined and horizontal surfaces in a porous medium by, among others, Cheng [1,2], Nield and
Bejan [3] and Ingham and Pop [4]. Na and Chiou [5] presented the problem of laminar natural convection of Newtonian
fluids over a frustum of a cone. Lai [6] investigated the heat and mass transfer by natural convection from a horizontal
line source in saturated porous medium. Natural convection over a vertical wavy cone has been investigated by Pop and
Na [7]. Nakyam and Hussain [8] studied the combined heat and mass transfer by natural convection in a porous medium by
integral methods. Cheng [9] examined the effects of a magnetic field on heat and mass transfer by natural convection from
a vertical surface in porous media by an integral approach. Chamkha and Khaled [10] studied the hydromagnetic heat and
mass transfer by mixed convection from a vertical plate embedded in a uniform porous medium. Chamkha [11] investigated
the coupled heat and mass transfer by natural convection of Newtonian fluids about a truncated cone in the presence of
magnetic field and radiation effects and Yih [ 12] examined the effect of radiation in convective flow over a cone. Cheng [13]
used an integral approach to study the heat and mass transfer by natural convection from truncated cones in porous media
with variable wall temperature and concentration. Cheng [14] investigated the natural convection and mass transfer near
a vertical truncated cone with wall heating and convection in a porous medium saturated with non-Newtonian power-law
fluids. Khanafer and Vafai [15] studied the double-diffusive convection in a lid-driven enclosure filled with a fluid-saturated
porous medium. Kumer et al. [16] investigated the effects of thermal stratification on double-diffusive natural convection
in a vertical porous enclosure.
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porous medium

Fig. 1. Schematic sketch of the vertical cone.

In double-diffusive convection the density of the fluid mixture depends on the temperature, the concentration and on
the pressure. In this case there is direct coupling of the conservation equations and, as has been shown in previous studies
(see, for example, [17-19]), the Soret mass flux and Dufour energy flux have significant effect on heat and mass transfer
rates. Thermal-diffusion and diffusion-thermo effects on mixed free and forced convection in boundary layer flow in clear
fluids with temperature dependent viscosity have been studied by among others, Kafoussias and Williams [20], Chamkha
and Ben-Nakhi [21], Sovran et al. [22] and Postelnicu [23]. Sohouli et al. [24] applied the homotopy analysis method to study
natural convection of Darcian fluid about a vertical cone embedded in porous media with a prescribed surface heat flux to
get the analytical solutions of the governing nonlinear equations.

In this work we determine numerical solutions of the nonlinear equations that govern convection about a vertical cone
in the presence of Dufour energy flux and Soret mass effects. Cheng [14] studied the Dufour and Soret effects on the steady
boundary layer flow due to natural convection heat and mass transfer over a downward-pointing vertical cone embedded
in a porous medium saturated with Newtonian fluids with constant wall temperature and concentration. The study extends
the earlier work by Sohouli et al. [24] to include Dufour and Soret effects.

In this work we apply a shooting technique together with a sixth order Runge-Kutta method (see [25,26]) to solve
the resulting nonlinear equations numerically. The accuracy of the results is verified by further solving the governing
equations using a recent linearisation; see Makukula et al. [27,28]. We show by comparison with numerical results that
this linearisation method is accurate and converges rapidly to the true solution.

2. Mathematical formulation

Consider an inverted cone in a porous medium with semi-angle £2. We take the origin of the coordinate system to be at
the vertex of the cone, the x-axis is the coordinate along the surface of the cone and y is the coordinate normal to the surface
of the cone as shown in Fig. 1.

The surface of the cone is subject to a non-uniform temperature T,, > T, Where T, is the temperature far from the
surface of the cone. The solute concentration varies from C,, on the surface of the inverted cone to a lower concentration
Cw in the ambient fluid. Under the Boussinesq approximation, the governing equations can be written as:

i()%—i( )=20 1
aXru 8yrv— (1)

ou N ou 0%u
u— V— = V——
0x y ay?

aT aT 9°T Dk d*C

%
—utrghcos2(T —Tw) + pgB” cos 2(C — C), (2)

U— v =ao— o+ —
ax Y ay ¢ ay? + csCp 0Y?
ac  aC 92C Dk 3*T

U +v— = +——.
ox vay Y2 csCp 3Y?

(3)

(4)

where for a thin boundary layer r = xsin £2, u and v are the velocity components in the x and y directions respectively, g is
the acceleration due to gravity, p is the fluid density, K is the permeability, v is kinematic viscosity of the fluid, respectively,
B and B* are the thermal expansion and the concentration expansion coefficients respectively, o and D are the thermal
and mass diffusivities of the saturated porous medium, k is the thermal-diffusion ratio, ¢, is the specific heat at constant
pressure, and ¢ is the concentration susceptibility.
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We assume that either a power-law of temperature and concentration or a power-law of heat and mass flux is prescribed
on the frustum. Accordingly, the boundary conditions are

u=0, v=0T=T,=Tex—+Ax", C=C,=Csx+Bx ony=0,x>0 (5)

u=20, T = Ts, C=Cx asy— 00, (6)

where A, B > 0 are constants and X is the power-law index. The subscripts w and oo refer to the cone surface and ambient
conditions respectively. It is convenient to introduce the stream function v defined by:

10 19
u:f—w and v:—f—w, (7)
r dy r ox
and apply the following transformations
1 1 1
n=26r1, Y =vGrif(), u=-Grif, v=-GriGf —f),
X X X
T — T C—Cx
0(n) = ——, =—) 8
(m T T. ¢(n) C (8)

where Gry is the local Rayleigh number defined by:
_ pgPcos (T, — Too)X’

Gry 2 €)
Substituting the transformations (8) into Egs. (1)-(6) we obtain the following ordinary differential equations:
A+7 A+1

f”/+(%)ff”— <%>f/2—Af/+9+N1¢=0, (10)
A+7

0’/+Df¢”+Pr(%>f9/ —Praf'6 =0, (11)
A+7

¢" +5.6" + Sc <%>f¢/ —ScAf'¢ =0, (12)

subject to the boundary conditions
f=0, f =0, 0=¢=1 onn=0,
ff=0, 6=0, ¢=0 onn— oo. (13)

The parameters of primary interest are the Dufour number Dy, the Soret number S;, the concentration buoyancy parameter
Ny, the Prandtl number Pr, the Schmidt number Sc and the porous medium parameter A where

Dk Cy, —Coo Dk T, — Ty B* Cy — Cxo
Dp=— F—=,  S=—— 2 N=_
Cscp Tw - Too Cscp Cw - Coo Tw - Too
v v 1
Pr= —, Sc = D’ A= T
o DaGry?

The local Nusselt and Sherwood numbers are given by the expressions

1 1
Nuy = —Gr6’(0) and Shy, = —Gry ¢'(0). (14

3. Method of solution

Eqgs. (10)-(12) were solved first using a shooting technique with a sixth order Runge-Kutta method. For an independent
verification and validation of the results a linearisation method (see [27-29]) is used to solve Egs.(10)-(12). Below we outline
the essential steps in the implementation of the successive linearisation method (SLM). We assume that the independent
variables f (1), 6 () and ¢(n) may be expanded as

i—1 i—1
Fo) =Fim+ Y _faln),  00) =6 + Y 6a (),
n=0 n=0

i—1
o) = di(n) + Y da(). (15)

n=0
where f;, 6;, ¢; (i = 1, 2, 3, ...) are unknown functions and f,;, 6, and ¢, (n > 1) are approximations which are obtained by
recursively solving the linear part of the equation system that results from substituting Eq. (15) in Egs. (10)-(12). Nonlinear
terms in f;, 6;, ¢; and their corresponding derivatives are considered to be very small. The initial guesses fo (1), ¢o(17), 6o (1)
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are taken to be,

fom =5 45— gop = and o =e. (16)

These initial approximations are chosen to satisfy boundary conditions (13). The subsequent solutions for f;, h;, 6; i > 1
are obtained by successively solving the linearised form of the equations which are obtained by substituting Eq. (15) in the
governing equations. The linearised equations to be solved are

[ +aviff v agiaf] v asifi + 6+ agiadi =1, (17)

6] 4 Dy + b1i160; + bai 16; + b3 i 1ff + bai1fi =121, (18)

@ 4 S0 + c1i19) + Cric1di + C3imnf] + Caifi =T340, fori=1,2,3,..., (19)
subject to the boundary conditions

fi(0) =f{(0) =f/(00) =0,  6;(0) = 6i(c0) = ¢(0) = ¢i(00) = 0. (20)

The coefficient parameters ay;—1, byi—1, Cki—1 (k = 1,2, 3, 4),1j,-1 (G = 1, 2, 3) are defined as,

ha 7 it i—1 a7 it
ay,i1 = (T) an, Gis1=—@A+1) an/ — A, azi1 = (T) an//
n=0 n=0 n=0

agi1 =N (21)
g7 i i-1 i1

byiq =Pr (4> an, byi1 = —Pra Zf,.’ bs i1 = —PrAZQn, (22)
=0 n=0 n=0

A 7 i—1
b4’1‘_1 = —Pr (i) 0];
0

4 )&
A7 i—1 i—1 i—1
crio1 = Sc <T) Dof Gi=-ScAY fi Gii=-SchYy ¢n, (23)
n=0 n=0 n=0
i—1
Cqi—1 = —Sc (%) Z¢,,1,
n=0
it (’\+7> Zf,;if,;+AZf,; an”’— (’\+7> Z Z ;- Zen —lezbn, (24)
n=0 n=0 n=0 n=0
A7 i—1 i—1
T 1_Perf,;Zen—Zeg—DfZ¢;;—P < )Zf,;ZGH, (25)
n=0 n=0
i—1 i—1 A7 i—1 i—1
P =SCAY fi Y ¢n— Z(p” =S Z@” - ( )Zf,;Z% (26)
n=0 n=0 n=0 n=0 n=0

The solutions for f;, 6;, ¢; (i > 1) are obtained by iteratively solving Eqs. (17)-(20). The approximate solutions for f (),
6(n) and ¢ (n) are then obtained as

M M M
F =Y fa(), 0@~ (), )~ Y dnl), (27)
m=0 m=0 m=0

where M is the order of SLM approximation. Egs. (17)-(20) were solved using the Chebyshev spectral collocation method.
The unknown functions are approximated by the Chebyshev interpolating polynomials in such a way that they are collocated
at the Gauss-Lobatto points defined as

i
E,»:cosﬁj, j=0,1,...,N (28)

where N is the number of collocation points used. The physical region [0, co) is transformed into the region [—1, 1] using
the domain truncation technique in which the problem is solved on the interval [0, L] instead of [0, c0). This leads to the

mapping

c=0 —1=&=1 (29)
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where L is the scaling parameter used to invoke the boundary condition at infinity. The functions f;, 6; and ¢; are
approximated at the collocation points by

N N N
FE =Y [EITE), 6@~ Y 6EITE), ¢~ $EITE), j=0,1,...,N (30)
k=0 k=0

k=0

where Ty is the kth Chebyshev polynomial defined as

Ti(£) = cos[k cos™!(£)]. (31)
The derivatives of the variables at the collocation points are represented as

d“f - a0 _ “¢1 - .
= Difi&), = Db, =) Di¢i&), j=0,1,....N (32)
k=0 k=0 k=0
where a is the order of differentiation and D = %;D with D being the Chebyshev spectral differentiation matrix. Substituting
Egs. (29)-(32) into Egs. (17)-(20) leads to the matrix equation
Ai_1X; = Ri_q, (33)

subject to the boundary conditions

N N
filgn) =0, ) Dufit) =0, ) Doi(&) =0 (34)
k=0 k=0
0i(6n) = 6i(50) = ¢i(6n) = ¢i(50) = 0. (35)
In Eq. (33), Ai—1isa (3N + 3) x (3N + 3) square matrix and X; and R; are (3N + 1) x 1 column vectors defined by
Al A A F; -1
Ai_1=|An Axn Axp|, Xi=|0i|, Ri1=|Ii1], (36)
A31 Az Ass ; r3; 1
where

37
38

Fi = [fi%0). fi51). - .- filbn—1). 01", (37)
©; = [6i(50). 6i(&1). . . .. Bi(En—1). Bi(EW)]", (38)
®; = [¢i(60). pi(&1). . ... PilEn—1). Bi(EN)]", (39)
ryi-1 = [r,i-10), r.i-1(81), - . ., 1i-16n-1), Tl,i—l(EN)]T» (40)
ryi-1 = [r2i-10), r2,i-1(81), . . ., T2,i-1(6n—1), rZ,ifl(EN)]T9 (41)
31 = [r32180). 132161, - - - 31 (Ev—1), T3ic1 (B0 (42)
An=D’+a;; D’ +ayiD+asiql,  Ap=I  Az=asql (43)
Ay =b3iD+bsiql, Ap=D>+by; D+by; I, Ay =DfD’ (44)
A31 =¢3-1D + ¢4 1], A3, = S5,D%, Az =D’ + ¢ D+l (45)

In the above definitions, aj ;_1, by i—1, €k,i—1 (k = 1, 2, 3, 4) are diagonal matrices of size (N4 1) x (N+ 1) and I is an identity
matrix of size (N 4+ 1) x (N + 1). After modifying the matrix system (33) to incorporate boundary conditions (34)-(35), the
solution is obtained as

X; = A \Ri_i. (46)

4. Results and discussions

The results showing the effects of various parameters on the skin-friction coefficient, the local heat and mass transfer
rates on flow surrounding an inverted cone in a porous medium are given in Tables 1-6. The results at different orders of
the successive linearisation method (SLM), the in-built Matlab bvp4c routine and the sixth order Runge-Kutta method are
given side-by-side firstly to give a sense of the convergence rate of the successive linearisation method, and secondly, to
show the accuracy of the results in this study. In general, the SLM has converged to the numerical results by the sixth or
seventh order. In this study we have used Pr = 0.71 which corresponds to air at about 20 °C.
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Table 1
Effect of porous medium parameter A on skin-friction, heat and mass transfer coefficients when Sc = 0.2, Ny = 0.5,D; = 0.1,5, =0.3and A = 1.
A SLM bvp4c RK6
Order 1 Order 7 Order 8
0.0 1.1843470 1.0867503 1.0867503 1.0867503 1.0867503
£7(0) 0.1 1.1425882 1.0619211 1.0619211 1.0619211 1.0619211
0.3 1.0765266 1.0160906 1.0160906 1.0160906 1.0160906
0.5 1.0228513 0.9748755 0.9748755 0.9748755 0.9748755
0.0 0.7910581 0.6775009 0.6775009 0.6775009 0.6775009
1 0.1 0.7563635 0.6687416 0.6687416 0.6687416 0.6687416
N, /Gry 0.3 0.7098302 0.6519703 0.6519703 0.6519703 0.6519703
0.5 0.6760873 0.6361752 0.6361752 0.6361752 0.6361752
0.0 0.1509866 0.2378137 0.2378137 0.2378137 0.2378137
1 0.1 0.1449825 0.2334291 0.2334291 0.2334291 0.2334291
Shy /Gry 0.3 0.1373305 0.2250080 0.2250080 0.2250080 0.2250080
0.5 0.1320026 0.2170624 0.2170624 0.2170624 0.2170624
Table 2
Effect of Schmidt number Sc on skin-friction, heat and mass transfer coefficients when A = 0.5,N; = 0.5,D; =0.1,5; =0.3and A = 1.
Sc SLM bvp4c RK6
Order 1 Order 5 Order 6
0.2 1.0228513 0.9748759 0.9748755 0.9748755 0.9748755
£7(0) 0.3 0.9958299 0.9556299 0.9556299 0.9556299 0.9556299
0.4 0.9760609 0.9416563 0.9416563 0.9416563 0.9416563
0.5 0.9607540 0.9307654 0.9307654 0.9307654 0.9307654
0.2 0.6760873 0.6361758 0.6361752 0.6361752 0.6361752
1 0.3 0.6420774 0.6191770 0.6191770 0.6191770 0.6191770
N, /Gry 0.4 0.6184924 0.6060929 0.6060929 0.6060929 0.6060929
0.5 0.6009331 0.5954969 0.5954969 0.5954969 0.5954969
0.2 0.1320026 0.2170619 0.2170624 0.2170624 0.2170624
1 0.3 0.2379864 0.3008282 0.3008282 0.3008282 0.3008282
Shy/Gr 0.4 0.3219282 0.3684395 0.3684395 0.3684395 0.3684395
0.5 0.3917392 0.4257367 0.4257367 0.4257367 0.4257367
Table 3
Effect of buoyancy parameter on skin-friction, heat and mass transfer coefficients when A = 1, A = 0.5, Df = 0.1, 5, = 0.3 and Sc = 0.2.
Ny SLM bvp4c RK6
Order 3 Order 4 Order 5 Order 6
0.1 0.7166291 0.7166208 0.7166208 0.7166208 0.7166208 0.7166208
" 0.3 0.8480853 0.8480336 0.8480329 0.8480329 0.8480329 0.8480329
f"(0)
0.7 1.0978920 1.0977198 1.0977125 1.0977125 1.0977125 1.0977125
13 1.4473863 1.4470978 1.4470857 1.4470856 1.4470855 1.4470855
0.1 0.5534005 0.5533681 0.5533681 0.5533681 0.5533680 0.5533680
1 0.3 0.5992846 0.5988793 0.5988735 0.5988735 0.5988735 0.5988735
N /Gry 0.7 0.6704941 0.6682603 0.6681653 0.6681649 0.6681649 0.6681649
13 0.7513607 0.7451900 0.7448083 0.7448051 0.7448051 0.7448051
0.1 0.1726641 0.1728297 0.1728300 0.1728300 0.1728300 0.1728300
1 0.3 0.1978456 0.1985334 0.1985432 0.1985432 0.1985432 0.1985432
Shy/Gr 0.7 0.2304610 0.2319248 02319774 0.2319776 0.2319776 0.2319776
13 0.2632016 0.2653895 0.2654867 0.2654872 0.2654872 0.2654872

Table 1 shows the effect of permeability parameter A on the skin-friction, the heat and the mass transfer coefficients.
Firstly we note a remarkable agreement between the numerical and the linearisation results, and secondly, as the
permeability increases, the skin-friction coefficient, the local Nusselt number and the local Sherwood number all decrease.
In an earlier study on heat transfer in a porous medium over a stretching surface, Sultana et al. [30] also found that both the

skin-friction coefficient and the rate of heat transfer decreases with increasing permeability.

Table 2 shows that while the skin-friction coefficient and the local Nusselt number decrease with Schmidt numbers.
However, the rate of mass transfer increases with Sc.
Table 3 illustrates the effects of buoyancy parameter N; on the shear stress f”(0) between the fluid flow and the cone
surface, the Nusselt number and the Sherwood number. Increasing fluid buoyancy enhances the wall shear stress and the
local heat and mass transfer rates; see Mahdy [31].
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Table 4
Effect of A on the skin-friction, heat and mass transfer coefficients when Ny = 0.5, A = 0.5, D = 0.1, S, = 0.3 and Sc = 0.2.
A SLM bvp4c RK6
Order 3 Order 4 Order 5 Order 6
0.0 1.0861428 1.0858029 1.0857945 1.0857945 1.0857945 1.0857945
£7(0) 0.3 1.0460083 1.0457695 1.0457628 1.0457628 1.0457628 1.0457628
0.6 1.0124024 1.0122310 1.0122259 1.0122259 1.0122259 1.0122259
1.0 0.9749785 0.9748655 0.9748621 0.9748621 0.9748621 0.9748621
0.0 0.5082375 0.5064365 0.5063663 0.5063661 0.5063661 0.5063661
1 0.3 0.5541051 0.5524765 0.5524179 0.5524177 0.5524177 0.5524177
Nuy /Gry 0.6 0.5930703 0.5916358 0.5915882 0.5915881 0.5915881 0.5915881
1.0 0.6373816 0.6361986 0.6361636 0.6361635 0.6361635 0.6361635
0.0 0.1582770 0.1598337 0.1598900 0.1598901 0.1598901 0.1598901
1 0.3 0.1783143 0.1797883 0.1798383 0.1798384 0.1798384 0.1798384
Shy /Gry 0.6 0.1957612 0.1970983 0.1971399 0.1971400 0.1971400 0.1971400
1.0 0.2159151 0.2170453 0.2170762 0.2170763 0.2170763 0.2170763
Table 5
Effect of Dufour parameter on the skin-friction, heat and mass transfer coefficients when Ny = 0.5, A = 0.5,A = 1,5, = 0.3 and Sc = 0.2.
Dy SLM bvp4c RK6
Order 3 Order 4 Order 5 Order 6
0.0 0.9726550 0.9725516 0.9725488 0.9725488 0.9725488 0.9725488
£7(0) 0.8 0.9921930 0.9919858 0.9919775 0.9919775 0.9919775 0.9919775
1.6 1.0142892 1.0138913 1.0138788 1.0138789 1.0138788 1.0138788
24 1.0400075 1.0392891 1.0392765 1.0392767 1.0392767 1.0392767
0.0 0.6406844 0.6395961 0.6395664 0.6395664 0.6395663 0.6395663
1 0.8 0.6118610 0.6100432 0.6099662 0.6099659 0.6099659 0.6099659
Nuy /Gry 1.6 0.5758196 0.5733909 0.5732633 0.5732625 0.5732625 0.5732625
24 0.5284654 0.5257015 0.5255273 0.5255256 0.5255256 0.5255256
0.0 0.2133998 0.2145092 0.2145382 0.2145383 0.2145383 0.2145383
1 0.8 0.2328248 0.2338522 0.2338735 0.2338735 0.2338735 0.2338735
Shy /Gry 1.6 0.2520662 0.2526126 0.2525795 0.2525789 0.2525789 0.2525789
24 0.2730172 0.2728306 0.2727220 0.2727203 0.2727203 0.2727203
Table 6
Effect of Soret parameter on the skin-friction, heat and mass transfer coefficients when Ny = A =0.5,1 = 1,Df = 0.1and Sc = 0.2.
Sy SLM bvp4c RK6
Order 3 Order 4 Order 5 Order 6
0.0 0.9536355 0.9535874 0.9535864 0.9535864 0.9535864 0.9535864
£7(0) 0.3 0.9749785 0.9748655 0.9748621 0.9748621 0.9748621 0.9748621
0.6 0.9967960 0.9965740 0.9965665 0.9965665 0.9965665 0.9965665
1.0 1.0266695 1.0261899 1.0261745 1.0261744 1.0261744 1.0261744
0.0 0.6180131 0.6174916 0.6174825 0.6174825 0.6174825 0.6174825
1 0.3 0.6373816 0.6361986 0.6361636 0.6361635 0.6361635 0.6361635
Nuy /Gry 0.6 0.6567077 0.6545804 0.6544950 0.6544947 0.6544947 0.6544947
1.0 0.6828206 0.6789484 0.6787524 0.6787514 0.6787514 0.6787514
0.0 0.3311003 0.3315570 0.3315650 0.3315651 0.3315650 0.3315650
1 0.3 0.2159151 0.2170453 0.2170762 0.2170763 0.2170763 0.2170763
Shy /Gry 0.6 0.0936177 0.0958684 0.0959467 0.0959469 0.0959469 0.0959469
1.0 0.0814522 0.0766974 0.0764993 0.0764985 0.0764985 0.0764985

In this study the power-law index was varied in the range 0 < A < 1, thatis, the ambient temperature and concentration
varied from a constant to a linear function of the distance along the cone surface. Table 4 shows that increasing A reduces the
skin friction, but enhances the rates of heat and mass transfer. Nield and Bejan [3] reported the same result for the thermal

coefficient.

Table 5 shows the effect of Dufour number Dy on the wall stress, the local Nusselt number and the local Sherwood number.
Increasing the Dufour number enhances the skin-friction coefficient and mass transfer but reduces the local heat transfer
rate. The same result has been reported by Islam and Alam [32] for free convection in a rotating system.

The effect of Soret number S, on the skin-friction coefficient, the heat and the mass transfer rates is shown in Table 6. It
is clear that f”(0) and Nu, increase with S, but that the local mass transfer rate decreases as S, increases. A similar finding
has been reported by Partha [33] for a vertical plate embedded in a non-Darcy porous medium.
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Fig. 3. Effect of buoyancy parameter on the temperature and the concentration profiles when A = 1, A = 0.5,S; = 0.3,Df = 0.1and Sc = 0.2.

Figs. 2-9 serve a dual purpose; to give a comparison of the accuracy of the numerical and the SLM results as well as
to demonstrate the effect of various parameters on the velocity, temperature and concentration profiles. The circles and
triangles represent the SLM solution. Fig. 2 shows the effects of buoyancy parameter on the velocity profile. With an increase
in fluid buoyancy the velocity increases.

Fig. 3 displays the temperature and the concentration profiles for various values of the buoyancy parameter. Increasing
buoyancy tends to reduce the temperature and the concentration profiles.

The effect of power-law index X on the velocity, temperature and the concentration profiles is shown in Figs. 4 and 5.
The velocity peaks at higher levels when the ambient temperature and concentration is constant and reduces with A. The
temperature and the concentration profiles decrease with increasing A. Fig. 6 shows the effect of Dufour number on the
temperature profiles. As the Dufour parameter increases, the thermal thickness decreases, thus increasing the heat transfer
rate at the wall.

Fig. 7 shows the effects of Soret parameter S, on concentration profile. Increasing S, leads to increase in concentration
thickness of the boundary layer; in other words, there is increase in mass transfer at the cone wall. Figs. 8 and 9 show the
effect of medium porosity on the velocity, temperature and concentration profiles. The velocity decreases with increasing
porosity, while both the temperature and concentration profiles thicken with increasing medium porosity.

5. Conclusions

In this paper we have studied the effects of cross-diffusion on the skin-friction coefficient, the heat and the mass transfer
from an inverted cone in a porous medium. Numerical solutions for the governing momentum, energy and concentration
equations were found using a shooting method together with a sixth order Runge-Kutta method. The results were validated
by using a linearisation method. Tabulated and graphical results were presented showing the effect of various fluid and
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Fig. 4. Effect of A on the velocity profiles when N; = 0.5, A = 0.5,S, = 0.3, Dy = 0.1 and Sc = 0.2.
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medium parameters on velocity, thermal and concentration profiles as well as on the skin-friction coefficient, the heat and
the mass transfer rates. From the present study we can see that the stronger buoyancy leads to higher velocity, whereas both
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the thermal and concentration thickness of the boundary layer decrease. The thermal and the concentration of the boundary
layer decrease as the power-law index A increases. The mass transfer increases with increase in the Soret parameter.
Increasing the Dufour parameter leads to a decrease in the thermal thickness of the boundary layer.
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Abstract

In this chapter we study cross-diffusion effects on convection from inverted smooth
and wavy cones in porous media. The governing equations are converted into a system
of mutually-coupled, non-linear ordinary and partial differential equations using suitable
similarity transformations. In the case of a smooth cone the self-similar equations are solved
using a recent successive linearisation method (SLM) which combines a non-perturbation
technique with the Chebyshev spectral collocation method to produce an algorithm with an
accelerated and assured convergence. The accuracy and robustness of the SLM is proved
by comparison of the present solution with existing numerical methods, namely a shooting
method and the Matlab bvp4c numerical routine. In the case of the wavy cone the equations
are solved numerically using the Keller-box method. A parametric study which addresses
the effect of various fluid and physical parameters including the Dufour and Soret numbers
on the heat and mass transfer coefficients are tabulated and discussed with graphical aids.

1. Introduction

The study of double-diffusive convection has received considerable attention during the last
several decades since this occurs in a wide range of natural settings. The origins of these
studies can be traced to oceanography when hot salty water lies over cold fresh water of
a higher density resulting in double-diffusive instabilities known as “salt-fingers,” Stern (35;
36). Typical technological motivations for the study of double-diffusive convection range from
such diverse fields as the migration of moisture through air contained in fibrous insulations,
grain storage systems, the dispersion of contaminants through water-saturated soil, crystal
growth and the underground disposal of nuclear wastes. Double-diffusive convection has
also been cited as being of particular relevance in the modeling of solar ponds (Akbarzadeh
and Manins (1)) and magma chambers (Fernando and Brandt (12)).

Double-diffusive convection problems have been investigated by, among others, Nield (28)
Baines and Gill (3), Guo et al. (14), Khanafer and Vafai (17), Sunil et al. (37) and Gaikwad et
al. (13). Studies have been carried out on horizontal, inclined and vertical surfaces in a porous
medium by, among others, Cheng (9; 10), Nield and Bejan (29) and Ingham and Pop (32).
Na and Chiou (24) presented the problem of laminar natural convection in Newtonian fluids
over the frustum of a cone while Lai (18) investigated the heat and mass transfer by natural
convection from a horizontal line source in saturated porous medium. Natural convection
over a vertical wavy cone has been investigated by Pop and Na (33). Nakyam and Hussain
(25) studied the combined heat and mass transfer by natural convection in a porous medium
by integral methods.



Chamkha and Khaled (4) studied the hydromagnetic heat and mass transfer by mixed con-
vection from a vertical plate embedded in a uniform porous medium. Chamkha (5) investi-
gated the coupled heat and mass transfer by natural convection of Newtonian fluids about a
truncated cone in the presence of magnetic field and radiation effects and Yih (38) examined
the effect of radiation in convective flow over a cone. Cheng (6) used an integral approach
to study the heat and mass transfer by natural convection from truncated cones in porous
media with variable wall temperature and concentration. Khanafer and Vafai (17) studied
the double-diffusive convection in a lid-driven enclosure filled with a fluid-saturated porous
medium. Mortimer and Eyring (22) used an elementary transition state approach to obtain a
simple model for Soret and Dufour effects in thermodynamically ideal mixtures of substances
with molecules of nearly equal size. In their model the flow of heat in the Dufour effect was
identified as the transport of the enthalpy change of activation as molecules diffuse. The
results were found to fit the Onsager reciprocal relationship (Onsager, (30)). Alam et al. (2) in-
vestigated the Dufour and Soret effects on steady combined free-forced convective and mass
transfer flow past a semi-infinite vertical flat plate of hydrogen-air mixtures. They used the
fourth order Runge-Kutta method to solve the governing equations of motion. Their study
showed that the Dufour and Soret effects should not be neglected. Mansour et al. (21) stud-
ied the effects of a chemical reaction and thermal stratification on MHD free convective heat
and mass transfer over a vertical stretching surface embedded in a porous media with Soret
and Dufour effects. Narayana and Murthy (26) examined the Soret and Dufour effects on free
convection heat and mass transfer from a horizontal flat plate in a Darcy porous medium.
The effects of the Soret and Dufour parameters on free convection along a vertical wavy sur-
face in a Newtonian fluid saturated Darcy porous medium has been investigated by Narayana
and Sibanda (27). Their study showed that in both the aiding and opposing buoyancy cases
increasing the Soret parameter leads to a reduction in the axial mass transfer coefficient. They
further showed that the effect of the Dufour parameter is to increase the heat transfer coeffi-
cient at the surface. On the other hand, the mass transfer coefficient increased with the Dufour
parameter only up to a certain critical value of the Soret parameter. Beyond this critical value,
the mass transfer coefficient decreased with increasing Dufour parameter values.

The thermophoresis effect on a vertical plate embedded in a non-Darcy porous medium with
suction and injection and subject to Dufour and Soret effects was investigated by Partha (31).
The findings in this study underlined the importance of the Dufour, Soret and dispersion
parameters on heat and mass transfer. The results showed that the Soret effect is influential in
increasing the concentration distribution in both aiding as well as opposing buoyancy cases.
Cheng (8) studied the Dufour and Soret effects on heat and mass transfer over a downward-
pointing vertical cone embedded in a porous medium saturated with a Newtonian fluid and
constant wall temperature and concentration.

In this work we investigate heat and mass transfer from an inverted smooth and a wavy cone
in porous media. In the case of the smooth cone we extend the work of Murthy and Singh (23)
and El-Amin (11) to include cross-diffusion effects.

As with most problems in science and engineering, the equations that describe double-diffusive
convection from an inverted cone in a porous medium are highly nonlinear and do not have
closed form solutions. For the smooth cone, the equations are solved used the successive lin-
earisation method (see Makukula et al. (19;120)) which combines a non-perturbation technique
with the Chebyshev spectral collocation method to produce an algorithm that is numerically
accurate. The accuracy and robustness of the linearisation method is proved by using the
Matlab bvp4c numerical routine and a shooting method to solve the equations. For the wavy



cone, the governing nonlinear partial differential equations are solved using the well known
Keller-box method.

2. Flow over a smooth cone in porous medium

Consider the problem of double-diffusive convection flow over inverted cone with half-angle
), embedded in a saturated non-Darcy porous medium as shown in Figure (1. The origin of
the coordinate system is at the vertex of the cone. The x-axis measures the distance along the
surface of the cone and the y-axis measures the distance outward and normal to the surface
of the cone. The surface of the cone is subject to a non-uniform temperature Ty, > Te Where
Tw is the temperature far from the cone surface. The solute concentration varies from Cy on
the surface of the inverted cone to a lower concentration Ce in the ambient fluid. The solid
and fluid phases are assumed to be in local thermal equilibrium. The governing equations for
such a flow are (see Yih (38), Cheng (8), Murthy (23), El-Amin (11));
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where for a thin boundary layer, r = xsin(), g is the acceleration due to gravity, ¢ is an
empirical constant, K is the permeability, v is kinematic viscosity of the fluid, respectively,
B and B* are the thermal expansion and the concentration expansion coefficients, a, and Dy,
are the effective thermal and mass diffusivities of the saturated porous medium defined by
ay =« + qduand Dy, = D + {du, respectively, v and ¢ are coefficients of thermal and
solutal dispersions, respectively, « and D are constant thermal and molecular diffusivities,
kr is the thermal diffusion ratio, cs is concentration susceptibility and cj, is the specific heat
at constant pressure. We assume a nonlinear power-law for temperature and concentration
variations within the fluid so that the boundary conditions are

'U:O,M:O,T:Tw:Tm+Axn,C:Cw:Cm+an on y:O/xZO (5)
u=0 T=Tow, C=Csx as y— oo (6)

where A, B > 0 are constants and 7 is the power-law index. The subscripts w, oo refer to the
cone surface and ambient conditions respectively. We introduce the similarity variables
T—Te C—-Cs
T Y=g —a
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where 1 is the stream function and Ray is the Rayleigh number defined by:

_ 1871/’, . 1oy and Ray = gBK cos (T — Too)x. ®)
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Figure 1: Inverted smooth cone in a porous medium

The dimensionless momentum, energy and concentration equations become

fll+2/\f/f//_6/_N(P/ :O, (9)
0" + nT—’_sfgl _ nf’G + Ra’y(fllel +fl9/l) + Dfﬁb” -0, (10)
o+ Y = S+ Rag (79 £9") 4 5,6" =0, (1)

subject to the boundary conditions

f=0 6=1, ¢=1 on 57=0,
f’ZO, 9:0, ¢:0 on 17 — oo. (12)

where primes denote differentiation with respect to . The important thermo-physical pa-
rameters are the buoyancy ratio N (where N > 0 represents aiding buoyancy and N < 0
represents the opposing buoyancy), the Dufour parameter Dy, the Soret parameter S, the
pore depended Rayleigh number Ra; and the Lewis number Le. These are defined as

‘B* Cw — Coo DkT Cw — Coo DkT DC(Tw — Too)
N=E 0 % D=1 2 == g =120 = 13
B Ty —Te f csCp (T — Too) 4 cstp Co—Coo (13)
R%F:gﬁkamun(numey{ LEZAK,&::CVfa’ 14)
av D vd

where Ray, = yRag, Rag = {Ray represent the thermal and solutal dispersions respectively,
A = 0Ray and ¢ is an inertial parameter. The parameters of engineering interest in heat and
mass problems are the local Nusselt number Nu, and the local Sherwood number Sh,. These
parameters characterize the surface heat and mass transfer rates respectively. The local heat



and mass transfer rates from the surface of the cone are characterized by the Nusselt and
Sherwood numbers respectively where

Nuy, = —Ra,%( [1+ Ra,f'(0)]¢'(0) and Shy = —Raé [1+ Ragf'(0)]¢'(0). (15)

2.1 Method of solution
To solve equations (9) - (12), the successive linearisation method (see Makukula et al. (19;20))
was used. This assumes that the functions f(7), (1) and ¢(1)) may be expressed as

i—1 i—1 i—1
f(n) = fitn) + Zofm(n), 0(n) = 6:(n) + Y 0m(n), ¢(n) = ¢i(n) + Zoqu(ﬁ), (16)
where f;, 0;, ¢; (i =1,2,3,...) are such that

lim fi = 1152 91‘ = 1151; 4)i =0. (17)

1—00

The functions fy;, 0, and ¢, (m > 1) are approximations that are obtained by recursively
solving the linear parts of the equations that result from substituting (16) in equations (9) - (11).
Using the above assumptions, nonlinear terms in f;, 0;, ¢; and their corresponding derivatives
are considered to be very small and therefore neglected.

Starting from the initial guesses

foln) =1—=e7, 6o(y) =e”" and ¢o(y) =e77, (18)

which are chosen to satisfy boundary conditions (12), the subsequent solutions for f;, h;,6;
i > 1 are obtained by successively solving the linearized form of the governing equations.
The linearized equations to be solved are

avi1f] +azi1fi — 6 — Noj =r; 1, (19)
bui10] + by 16 +b3; 16 + by 1f] +bs; 1f] +bei1fi +Dpdi’ =121, (20)
CLic1®; i1 +esic1¢i +eai1fi +esiafi +cei1fi +Sr0] =131, (21)
subject to the boundary conditions
fi(0) = fi(c0) =0, 6;(0) = 6;(c0) = §;(0) = ¢i(c0) = 0. (22)

The coefficient parameters a; 1, by 1, cxi-1 (k=1,2,..,6),7j;1 (j = 1,2,3) are given by

i—1 i—1
ai-1 = 1+2A Z f,%, ai—1 = 2A Z f.,/,i, (23)
m=0 m=0
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b3,,‘,1 = —n Z fmr b4,,‘,1 = Ra7 Z Gm, b5,l‘,1 = RLLY 2 Gm —n Z Gmr
m=0 m=0 m=0 m=0
n+3 it
bei-1 = > Y 6., (24)
m=0
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The functions f;, 0;, ¢; (i > 1) are obtained by iteratively solving equations (19) - (22). The
approximate solutions for f(1), 8(17) and ¢ (1) are then obtained as

M M M
~ Eofm(r/), 0(17) = EOGm(ﬂ), o) = Y dm(n), (31)

where M is the order of the SLM approximation. Equations (19) - (22) were solved using
the Chebyshev spectral collocation method where the unknown functions are approximated
using Chebyshev interpolating polynomials at the Gauss-Lobatto points

Cjzcos%, ]'=0,1/--~/ﬁ/ (32)

where N is the number of collocation points. The physical region [0, c0) is first transformed
into the region [—1, 1] using the domain truncation technique in which the problem is solved
on the interval [0, L] instead of [0, o0). This is achieved by using the mapping

%:gzi, —1<e<, (33)

where L is the scaling parameter used to invoke the boundary condition at infinity. The un-
known functions f;, §; and ¢; are approximated at the collocation points by

N N N

§) ~ kZ:fi(gk)Tk(gj)/ 0i(C) ~ kz 0:(C) Tk (S7), ¢i(8) = kE $i(GOT(E), j=0,1,...,N,
= =0 =0

(34)



where Ty, is the kth Chebyshev polynomial defined as
Ti(2) = cos[kcos ™ (2)]. (35)

The derivatives at the collocation points are represented as

af N a0 N B N , _
ap ~ 5P e = B D), e = X D@, [ =01 N, (6)

where s is the order of differentiation and D = %D with D being the Chebyshev spectral dif-
ferentiation matrix. Substituting equations (34) - (36) in (19) - (22) leads to the matrix equation

Ai_1X; =R;_q, (37)
subject to the boundary conditions
N N
fi€g) = 0, I;)Dmfi(érk) =0, k:ZODOkfi(Ck) =0, (38)
0:(Cx) = 0i(o) = ¢i(Cx) = ¢i(Go) = 0. (39)

In equation (37), A;_1 is a (3N + 3) x (3N + 3) square matrix and X; and R; are (3N +1) x 1
column vectors defined by

[ Ay Ap Ag F ! i1 ]
Ai1=| An Axn Ax |, Xi=| 6 Ri1=| mi1 |, (40)
Az An Az @, r3i_1
where
Fio= [fi(G) filG0), - fiCy 1) @R, (41)
©; = [6:(20),0:(&1), - 0:(Ex_1) B (Ex)]", (42)
@ = [9i(20) 4i(G1), - i(Cx 1) 4G, (43)
ric0 = [r,ic1(80) r1ic1(81)s o ric1 By r,ic1 (E)1T (44)
v = [ri-1(80),2i-1(81), - 12i-1(Ex_1):r2,i-1(E)]T (45)
ri = [r3i-1(80),73i-1(81), - 13i1(Ex_1)i 31 (€] (46)
Ay = a;;1D’+ay; 1D, Ap=-I A;z=-NI (47)
Ay = by 1D?+bs; 1D+bg; 11, Ay =by; 1D*+by; 1D+bs;4I,  (48)
Ay = DyD? Ag =cs;1D* +c5, 1D +cgi 1], (49)
Ax = ciD*+ i 1D+ 1], Az = S,D% (50)

In the above definitions, a;_1, bx;_1, ¢, ;—1 (k = 1,2,..,6) are diagonal matrices of size (N +
1) x (N 4 1) and 1 is an identity matrix of size (N + 1) x (N 4 1). After modifying the matrix
system (37) to incorporate boundary conditions (38) - (37), the solution is obtained as

X; =A R;_;. (51)



Equations (9) - (12) were further solved numerically using the Matlab bvp4c routine and
a shooting technique comprising the Runge-Kutta method of four slopes and the Newton-
Raphson method. In solving the boundary value problem by the shooting method, the appro-
priate ‘c0” was determined through actual computations and differs for each set of parameter
values.

2.2 Discussion of smooth cone results

In the absence of the inertia parameter A, Soret and Dufour effects, the non-Darcy problem re-
duces to that considered by Yih (38) who solved the governing equations using the Keller-box
scheme. The problem would also be a special case of the study by Cheng (8) who used a cubic
spline collocation method to solve the governing equations. The results from these previous
studies are used as a benchmark to test the accuracy of the linearisation method. The heat and
mass transfer coefficients are given in Table 1/ for different orders of the linearisation method,
buoyancy and Lewis numbers. In general, the linearisation method has fully converged to the
numerical results at the seventh order for all parameter values.

1 1
Table 1: Benchmark results for Nu,/Ra2 and Shy/RaZ when A = 0.0, n = 0.0, Ra, = 0.0,
Ragz = 0.0, Df =0.0and Sr = 0.0
N | Le SLM Yih (38) | Cheng (8)
order3 | order7 | order 8

10 3.8141 3.8141 3.8141 3.8139 3.8134
100 | 12.3653 | 12.3653 | 12.3653 | 12.3645 12.3377
1 0.7686 0.7686 0.7686 0.7686 0.7685
10 0.7686 0.7686 0.7686 0.7686 0.7686

4 1 1.5990 1.7186 1.7186 1.7186 1.7186
4 10 1.1886 1.1795 1.1795 1.1795 1.1794
1 1 1.0869 1.0870 1.0870 1.0869 1.0870
Nt 1 10 0.9031 0.9031 0.9031 0.9030 0.9032
v/ Ray
1 | 100 | 0.8141 0.8141 0.8141 0.8141 0.8143
0 1 0.7686 0.7686 0.7686 0.7686 0.7685
0 10 0.7686 0.7686 0.7686 0.7686 0.7685
4 1 1.5990 1.7186 1.7186 1.7186 1.7186
4 10 5.6790 5.6980 5.6980 5.6977 5.6949
Sha 1 1 1.0869 1.0870 1.0870 1.0869 1.0870
vV Ray
1
1
0
0

Table 2/ shows the effects of the Dufour and Soret parameters on the heat and mass transfer
coefficients when the other parameters are held constant. The accuracy of the method is com-
pared with the Matlab bvp4c solver and a shooting method. Again, the results demonstrate
that the SLM is accurate and converges rapidly to the numerical approximations. Further-
more the results show that the heat transfer rate increases with the Soret effect but decreases
with the Dufour parameter. On the other hand, mass transfer decreases with increasing Soret
numbers while increasing with Dufour numbers. These findings are consistent with those of
Narayana and Sibanda (26) where the heat transfer coefficient was observed to increase with



1 1
Table 2: Comparison of values of Nuy/Rag and Shy/Ra; for A = 1.0, N = 1.0, n = 1.0,
Ray = 0.5, Ra; = 0.5and Le = 1.0

Sr D f SLM bvp4c Shooting method
order 3 order 7 order 8
1.5 | 0.03 | 1.550183 | 1.550010 | 1.550010 | 1.550010 1.55001
Nt 1.0 | 0.12 | 1.493268 | 1.493106 | 1.493106 | 1.493106 1.49311
v/ Ray
0.5 | 0.30 | 1.373266 | 1.373121 | 1.373121 | 1.373121 1.37312
0.1 | 0.60 | 1.170132 | 1.169958 | 1.169958 | 1.169958 1.16996
1.5 | 0.03 | 0.674035 | 0.675657 | 0.675657 | 0.675657 0.675658
Shy 1.0 | 0.12 | 0.960995 | 0.962038 | 0.962038 | 0.962038 0.962039
v Ray
0.5 | 0.30 | 1.251253 | 1.251840 | 1.251840 | 1.251840 1.251840
0.1 | 0.60 | 1.466009 | 1.466449 | 1.466449 | 1.466449 1.466450

increasing values of the Soret parameter while the mass transfer coefficient decreased with
increasing values of the Soret parameter.

Figure 2l shows the effect of (a) the inertia parameter A, (b) the power-law index 7, (c) the
buoyancy parameter N, and (d) the modified Rayleigh number Ra, on the fluid velocity for
the inverted cone in a non-Darcy porous medium. Here N < 1 implies that the concentration
buoyancy force is less than the thermal buoyancy force, N = 1 implies that the buoyancy
forces are equal and the case N > 1 exists when the concentration buoyancy force exceeds the
thermal buoyancy force. It is clear that the boundary layer thickness increases with A, N and
the Rayleigh number. However, the velocity decreases as the power-law index increases.
Figures 3| - 4/ show the effects of (a) the inertia parameter A, (b) the power-law index n, (c)
the buoyancy parameter N, and (d) the thermal dispersion parameter Ra, on the temperature
and solute concentration profiles. The temperature profiles decrease with increasing n. The
concentration profiles increase whereas temperature profile decreases with increasing thermal
dispersion parameter.

Figure |5/ depicts the variation of the heat transfer rate NuyRa, 172 and the mass transfer rate

ShyRaz /2 with Lewis numbers for different values of the Dufour and Soret parameters. For
fixed Soret numbers, it is evident that as Le increases, the Nusselt number decreases for any
particular value of Dy. The variation of the Sherwood number with Le for different values of
Dy is shown in Figure 5(b). Increasing Le enhances the mass transfer rate for any particular
value of Df. It is also evident that as Df increases the Sherwood number increases for all
values of Le.

The variation of the Nusselt and Sherwood numbers with Le and Sr when the Dufour number
is fixed is shown in Figures |5(c)| - 5(d). Increasing Le reduces the Nusselt number for all
values of Sr. Conversely, increasing the Soret parameter enhances the Nusselt number. Also,
increasing Le contributes to enhancing the mass transfer rate for any particular value of Sr.
On the other hand, increasing Sr reduces the Sherwood number.
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Figure 2: Effect of (a) inertia parameter A, (b) power-law index 1, (c) buoyancy parameter N,
and (d) the thermal dispersion parameter Ra, on the fluid velocity when Le = 1, Sr = 0.3 and
D =02
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Figure 3: Effect of (a) inertia parameter A, (b) power-law index #, (c) the buoyancy parameter
N, and (d) the thermal dispersion parameter Ra, on the temperature profile when Le = 1,

Sr=0.3 and Df =02
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3. Flow over a wavy cone in porous media

In this section we investigate the case of double-diffusive convection in a fluid around an
inverted wavy cone. Figure 6/shows the model of the problem investigated. The wavy surface
of the cone is described by

y=0"(x) =a"sin(nx/¥), (52)
where a* is the amplitude of the wavy surface and 2/ is the characteristic length of the wave.
The governing momentum, heat and solute concentration equations can be written in the form

Figure 6: Schematic sketch of the vertical wavy cone

ou Jv gk aT . aT aC aC
W ox v <,Bt COS(Q)@ + B¢ sm(Q)g + Be cos(Q)@ + Be Cos(Q)g) ,(53)
ox 9y \9x2  ay? cscp \ox2 oy )’
aC  aC d’C | 9*C Dk (9T | 0T
U— +0v— = — + = — + ==, (55)
ox oy axz  9y? csCp \0x%  9y?
subject to boundary conditions
v=0 T=Ty, C=Cy on y=0*(x)=a"sin(nx/¥), (56)
U=0,T=Tow, C=Co as y— oo. (57)

Here the symbols have their usual meanings. We now use the following non-dimensional
variables;

(X,Y,R,0,a) = (x,y,r,0%,a*) /¢, (UV)=(u,v)l/a, (58)
© = (T—To)/(Tw—To) and @ = (C— Ceo)/(Cir — Coo). (59)



The governing equations now become,

ou oav 00 od 00 od
0 00 [P0 %0 *® | °d
”ﬁ”ﬁ*(ﬁ*ﬁ)*Df(W*ﬁ)’ o
0P od 1 [0’ %P 2?0 9?0

The parameters appearing above are given by equations (13) - (14). Introducing the stream
function (X, Y) defined such that

1oy 1oy

equations (60) - (62) can be written in the following form

1/ Py Ry 00 0P 00 0P
E(ﬁJrﬁi?ﬁ)_RQ{WJFNWJFHH(Q)(&JFN&)}' (64)
1 (0po® 0opo®\ (2’0 0’0 P  ’P
E(Wﬁ_ﬁﬁ)_(ﬁJrﬁ D\ T a2 ) (65)
1 (opod odpod\ 1 (*D P 2’0 09’0
E(Wﬁ‘ﬁﬁ)‘ﬁ@?ﬂaﬁ Tl o) (66)

where R is the non-dimensional radius of the cone. The appropriate boundary conditions are

Pp=0, ®=1, ®=1 on Y =0(X) = asin(7X), (67)
%:0, =0 =0 as Y — oo. (68)

To transform the wavy surface of the cone to a smooth one we introduce the following trans-
formation,

X=X, YRa V2 =Y -¢(X), §=Ra"?y. (69)
Substituting the transformations (69) into equations (64) - (66) and letting Ra — oo, we obtain
the following equations

1+ 0% 32§ 0 9%
XY _q_ o —— +N=—
ek = [1-oxtan(Q) ( SN ay)' 70)
220 2P 1 all_J 00 azﬁ 00
2) (22 4 p, 22 ) =2 (B2 WD
(1+0%) (8Y2 +DfaY2) R (aY X 99X BY) ’ 7y
2) (L2® o 0°0) 1 (9pob 093D
(1+o%) (Le av2 Toravz ) TR \ovax T axav ) 72

We may further simplify equations (70) - (72) by introducing the following transformation

E=X, n=Y/[0+03)E"?, §=RG*f(& n), ©=0(E n), ®=9(@& n). (73



Substituting equation (73) into equations (70) - (72), gives the nonlinear system of differential
equations;

" =[1—ogtan(Q)](6' + N¢'), (74)
/! 3 / /! !/ /

6 +§f9 + Ds¢" = (f'0: — 0'fz), (75)
1 /! 3 / 2 ! /

o? +§f¢ +5:0" =&(f'pz — ¢ fe), (76)

with boundary conditions

f(gro) =0, 9(6/0) =1, 4)(61 O) =1,
f'(§,0) =0, 6(g,00) =0, ¢(g00)=0. (77)

The associated local Nusselt and Sherwood numbers are given by

1/2¢/ 1/2 41
Nuy = —Ra'/? 597@?) and Shy = —Ra'/? EED) (78)

(1+02)2 (1+03)2
¢ ¢
The mean Nusselt and Sherwood numbers from the leading edge to streamwise position x are

given by

Nuw _ x [y E20G048  Shw _ x fy &9/(6,0)4¢ -

Ral/2 b pFapopyiag ~ Ra2 L phago2)iag

3.1 Discussion of wavy cone results

The governing equations (74) - (76) along with the boundary conditions (77), were solved
numerically using the Keller-box method (see Keller (16)) for various parameter combinations.
Two hundred uniform grid points of step size 0.05 were used in the #- direction. A uniform
grid with 120 nodes was used in the ¢ direction. At every ¢ grid line, the iteration process
is carried out until an accuracy of 107 is achieved for all the variables. The computations
carried out are given in Figures|7/to 14!

Figure|7/shows the effect of the Dufour number D¢ on heat and mass transfer for two different
values of the amplitude a. The effect of increasing the amplitude, on average, is to reduce the
heat and mass transfer rates as compared with the limiting case of a smooth cone. Figures
7(c) and 7(d)| highlight the same. Figures 7(a) and 7(b) show that for 2 = 0 (smooth cone)
both Nu,Ra~1/2 and ShyRa—1/2 increase steadily with ¢ whereas for the wavy cone (i.e., a #
0) we observe oscillations in N uxRa=12 and ShyRa=1/2 over the three complete cycles of
undulations from ¢ = 0 to { = 6 having length two. These results represent the nonlinear
coupling of the change in fluid velocity and orientation of the gravitation. The results are
in agreement with those reported by Cheng (6) and Pop and Na (34). The Dufour number
Dy reduces NuyRa=1/2 and Nu,,Ra~1/2. The opposite is true in the case of ShyRa~1/2 and
ShyRa=1/2.

The effect of Dy on heat and mass transfer is depicted in Figure 8 for two different values
of the cone half angle Q). From 8(c)|and [8(d) it is clear that increasing the half angle (2, on
average, reduces the heat and mass transfer rates. Figures 8(a) and 8(b) show that there is an
increase in oscillations of NuyRa~1/2 and ShyRa~1/2 for higher values of Q). In this case the
Dufour number also reduces the heat transfer while enhancing mass transfer.
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Figure 9 demonstrates the effect of D on heat and mass transfer for two different values of
buoyancy ratio N. It is evident that the buoyancy ratio amplifies heat and mass transfer from
the cone. Again, the Dufour number contributes to lowering heat transfer while enhancing
mass transfer rates.

30
8
—8—-0- D=00 —e—-0- D =00 = 47
25 _ —m—-0- D=
—m—-0- D,=03 e 7 =—-0- D=03 . Y
—A—- - D =05 A —A—-2- D =05 PP
2.0 - \
o~ v 64 48T ! b
O~ it B\ 7 a 'I - \
d ~ 0 o- PT \
15 N\ 4 ! =N 4 A
s Ny a ° 2= an
S j ' ¢ lo v Y
S 10 Z :§°y 4 g 0=0% ‘\\A,'r \
2= v —0- 0=y 3 ey /Illd e N
sO0=0~ =4 N rd -\ \
05 a7 < 34 ==y o
54 ~ .
X or < O~ a7 Solid line : Le=2 RAE ‘qf,’
00 - Dashed line : Le=35 24 w,<
. - ,@
AR A 14 Solid line : Le =2
4
0.5+ Saan L Sa g Dashed line : Le=5
N\ N 0
T T T T T T T T T T
0 1 2 3 4 5 6 0 1 2 3 4 5 6
¢ 3
(a) (b)
5
—e—-0- D =00 ] 1“1 —e—-0- D,=00 AT
~ .
44| —m—0o- D=-03 --° —m—0- D=03 s
/ e 12 / - J
—A—-A- D =05 - —A—=A- D =05 ~” o=
f ~ - ’ .- -
34 oiad e o
z 10 . o _
== “ -7 .-®
o = o PN o~
s 24 - Ty 8 PROE o=
&< - 5 - o -
sz ” D____D___.n-- o //A"— /’4:’
14 _.a--""7 S PR
- o I s o7
= Solid line : Le=2 ,
2 Dashed line : Le=5 4 1R,
0 ~ P
Tl v g
e~ eall 21 Solid line : Le=2
1 i S Dashed line : Le =5
T T T T T 0 T T T T T
0 1 2 3 4 5 6 0 1 2 3 4 5 6
é 3
(c) (d)

Figure 10: Effect of Df on heat and mass transfer witha =02, Q= 7/9, N =1and S, = 0.2

The effect of D on the heat and mass transfer is highlighted for two different values of Lewis
numbers in Figure 10, We observe that Le reduces heat transfer whereas the opposite is true
in the case of mass transfer. For large values of Le, higher values of Dy (> 0.5) produce
negative heat transfer rates indicating that heat diffuses from fluid to the cone in such cases.
Figures 10(a) and [10(c) confirm and reinforce the same fact. The effect of Soret number S,
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on heat and mass transfer for two different values of amplitude a is projected in Figure [11.
The decreasing effect of the amplitude a on heat and mass transfer rates observed in this
situation also. The Soret number S, contributes to increasing NuyRa=1? and Nu,Ra=1/2

while reducing ShyRa—1/2 Sh,,Ra—1/2 as can be seen in Figures 11(a) - 11(d).
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Figure 12: Effect of S; on heat and mass transfer witha = 0.2, N = 1, Le = 2and Df =03

The effect of S, on heat and mass transfer is shown in Figure [12| for two different values of
cone half angle Q). The fact that () reduces the heat and mass transfer rates is observed in
plots 12(a) and 12(d). The Soret number S, has the effect of increasing the heat transfer and
reducing the mass transfer for all values of Q2.

Figure[13/shows the effect of S, on heat and mass transfer rates for two different values of the
buoyancy ratio N. From|13(a) - 13(d)| we observe that the buoyancy ratio enhances both heat
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Figure 14: Effect of S; on heat and mass transfer witha = 0.2, Q = 1/9, N =1and D = 0.3

The effect of S, on the heat and mass transfer rates is shown in Figure [14/ for selected values
of the Lewis number Le. It is evident that Le reduces the heat transfer whereas the opposite
is true in case of mass transfer. At large values of Le there is a critical value of S, up to which
NuyRa=1? and Nu,;Ra—1/? increases and beyond this critical value, both N uxRa~1/2 and
Nuy Ra—1/2 start to fall as can be more clearly seen in Figures 14(a) and 14(c). From Figures

14(b)| - 14(d) we observe that the effect of S, is to reduce the rate of mass transfer from the
surface of the wavy cone.



4. Conclusions

Double-diffusive convection from inverted smooth and wavy cones in Darcy porous media
has been investigated. A similarity analysis is performed to reduce the governing equations to
coupled nonlinear differential equations that are solved by using the successive linearisation
method (SLM), the Matlab bvp4c, a shooting technique and the Keller-box method.

For the smooth cone the effects of the governing parameters on the velocity, temperature and
concentration profiles have been studied. The effects of Dufour and Soret effect on the rate of
heat and mass transfer were determined. Comparison between our results and earlier results
has been made. The findings suggest that the successive linearisation method is a reliable
method for solving nonlinear ordinary differential equations.

In the case of the wavy cone we have studied the effects of cross-diffusion on the heat and
the mass transfer rates. From the present study we can see that D¢ reduces heat transfer and
increases mass transfer. The effect of S, is exactly the opposite except at high Lewis numbers
when the heat transfer rate increases up to a critical value of S, and then starts decreasing
beyond that value.

5. References

[1] Akbarzadeh, A. & P. Manins, P. (1988). Convective layers generated by side walls in solar
ponds. Solar Energy, 41(6), pp. 521 - 529.

[2] Alam, M. S.; Rahman, M. M.; Maleque A. & Ferdows, M. (2006). Dufour and Soret Effects
on Steady MHD Combined Free-Forced Convective and Mass Transfer Flow Past a Semi-
Infinite Vertical Plate. Thammasat International Journal of Science and Technology, 11, pp. 1 -
12.

[3] Baines, P.G. & Gill, A. E. (1969). On thermohaline convection with linear gradients, Jour-
nal of Fluid Mechanics, 37, pp. 289 - 306.

[4] Chamkha, A.]. & Khaled, A. A. (1999). Nonsimilar hydromagnetic simultaneous heat
and mass transfer by mixed convection from a vertical plate embedded in a uniform
porous medium. Numerical Heat Transfer- Part A: Applications, 36, pp. 327 - 344.

[5] Chamkha, A.]. (2001). Coupled heat and mass transfer by natrual convection about a
truncated cone in the presence of magnetic field and radiation effects. Numerical Heat
Transfer- Part A: Applications, 38, pp. 511 - 530.

[6] Cheng, C.Y. (2000a). Natural convection heat and mass transfer near a wavy cone with
constant wall temperature and concentration in a porous medium. Mechanics Research
Communications, 27, pp. 613 - 620.

[7] Cheng, C.Y. (2000b). An integral approach for heat and mass transfer by natural convec-
tion from truncated cones in porous media with variable wall temperature and concen-
tration. International Communications in Heat and Mass Transfer, 27, pp. 437 - 548.

[8] Cheng, C.-Y. (2009). Soret and Dufour effects on natural convection heat and mass trans-
fer from a vertical cone in a porous medium. International Communications in Heat and
Mass Transfer, 36, pp. 1020-1024.

[9] Cheng, P. (1977). Similarity solutions for mixed convection from horizontal impermeable
surfaces in saturated porous media. International Journal of Heat Mass Transfer, 20 (9), pp.
893 - 898.

[10] Cheng, P. (1985). Natural convection in a porous medium: external flow. Proceedings of
the NATO Advanced Study in Natural Convection, Ezmir, Turkey, 1985.



[11]

[12]

[13]

[14]
[15]
[16]

[17]

(18]

[19]

[20]

[21]

[22]

(23]

[24]

[25]

[26]

[27]

El-Amin, M.F. (2004). Double dispersion effects on natural convection heat and mass
transfer in non-Darcy porous medium. Applied Mathematics and Computation, 156, pp. 1-
17.

Fernando, H. J. S. & Brandt, A. (1995). Recent advances in double-diffusive convection.
Applied Mechanics Reviews, 47(9), pp. C1-C7.

Gaikwad, S. N.; Malashetty, M. S. & Rama Prasad, K. (2009). An analytic study of linear
and nonlinear double-diffusive convection in a fluid saturated anisotropic porous layer
with Soret effect. Applied Mathematical Modelling, 33, pp. 3617 - 3635.

Guo, J.; Qin, Y. & Kaloni, P. N. (1994). Nonlinear stability problem of a rotating doubly
diffusive fluid layer. Int. J. Eng. Sci. 32, pp. 1207 - 1219.

Ingham D. B. & Pop, I. (2002). Transport Phenomenon in Porous Media. Second Ed., Elsevier,
Oxford.

Keller, H. B. (1978). Numerical methods in boundary-layer theory. Ann. Rev. Fluid Mech.,
10, pp. 417 - 433.

Khanafer, K. & Vafai, K. (2002). Double-diffusive mixed convection in a lid-driven en-
closure filled with a fluid-saturated porous medium. Numerical Heat Transfer. Part A :
Applications, 42, pp. 465 - 486.

Lai, F. C. (1990). Coupled heat and mass transfer by natural convection from a horizontal
line source in saturated porous medium. International Communications in Heat and Mass
Transfer, 17, pp. 489 - 499.

Makukula, Z. G.; Motsa, S. S. & Sibanda, P. (2010a). On a new solution for the viscoelas-
tic squeezing flow between two parallel plates. Journal of Advanced Research in Applied
Mathematics, vol. 2, no. 4, pp. 31-38.

Makukula, Z. G.; Sibanda, P. & Motsa, S. S. (2010b). A novel numerical technique for
two-dimensional laminar flow between two moving porous walls. Mathematical Problems
in Engineering, Article ID 528956, 15 pages; d0i:10.1155/2010/528-956.

Mansour, M. A.; El-Anssary, N. F. & Aly, A. M. (2008). Effects of chemical reaction and
thermal stratification on MHD free convective heat and mass transfer over a vertical
stretching surface embedded in a porous media considering Soret and Dufour numbers.
Chemical Engineering Journal, 145, pp. 340-345.

Mortimer, R.G. & Eyring, H. (1980). Elementary transition state theory of the Soret and
Dufour effects. Proceedings of the National Academy of Sciences of the United States of America,
vol. 77, no. 4, pp. 1728 - 1731.

Murthy, P. V. S. N. & Singh, P. (2000). Thermal Dispersion Effects on Non-Darcy Convec-
tion over a Cone. International Journal of Computer and Mathematics with Applications, 40,
pp. 1433-1444.

Na, T. Y. & Chiou, J. P. (1979). laminar natural convection over a frustum of a cone. Applied
Scientific Research, 35, pp. 409 - 421.

Nakayama, A. & Hossain, M. A. (1995). An integral treatment for combined heat and
mass transfer by natural convection in a porous medium. International Journal of Heat and
Mass Transfer, 38, pp. 761 - 765.

Narayana, P.A.L. & Murthy, P.V.S.N. (2008). Soret and Dufour effects on free convection
heat and mass transfer from a horizontal flat plate in a Darcy porous medium. Interna-
tional Journal of Heat Tansfer and Mass Transfer, 130, pp. 104504-1-104504-5.

Narayana, PA.L. & Sibanda, P. (2010). Soret and Dufour effects on free convection along
a vertical wavy surface in a fluid saturated Darcy porous medium. International Journal of
Heat and Mass Transfer, 53, pp. 3030-3034.



(28]

[29]
[30]

[31]
[32]
(33]
[34]
[35]
[36]
[37]

[38]

Nield, D.A. (1968). Onset of thermohaline convection in a porous medium. Water Re-
sources Research, 5, pp. 553 - 560.

Nield, D.A. & Bejan, A. (1992). Convection in Porous Media, Springer-Verlag, New York.
Onsager, L. (1931). Reciprocal Relations in Irreversible Processes. Phys. Rev, 37, pp. 405 -
426.

Partha, M. K. (2009). Suction/injection effects on thermophoresis particle deposition in
a non-Darcy porous meduim under the influence of Soret, Dufour effects. International
Journal of heat and mass transfer, 52, pp. 1971-1979.

Pop, I. & Ingham, D. B. (2001). Convective Heat Transfer, Elsevier.

Pop, I. & Na, T. Y. (1994). Natural convection of a Darcian fluid about a cone. International
Communications in Heat and Mass Transfer, 12, pp. 891 - 899.

Pop, I. & Na, T. Y. (1995). Natural convection over a frustum of a wavy cone in a porous
medium. Mechanics Research Communications, 22, pp. 181 - 190.

Stern, M. E. (1960). The “salt fountain” and thermohaline convection. Tellus, 12, pp. 172 -
175.

Stern, M. E. (1969). Collective instability of salt fingers. Journal of Fluid Mechanics, 35, pp.
209 - 218.

Sunil; Sharma, A. & Sharma, R. C. (2006). Effect of dust particles on ferrofluid heated and
soluted from below. Int. |. Therm. Sci. 45, pp. 347 - 458.

Yih, K. A. (1999). Coupled heat and mass transfer by free convection over a truncated
cone in porous media: VWT/ VWC or VHF/VME. Acta Mechanica, 137, pp. 83-97.



Chapter 7

Convection from a semi-finite plate in
a fluid saturated porous medium with
cross-diffusion and radiative heat
transfer

Submitted to: International J. of the Physical Sciences

97



Convection from a semi-finite plate in a fluid saturated porous
medium with cross-diffusion and radiative heat transfer

F. G. Awadl, P. Sibandal'l, M. Narayana1 and S. S. Motsa®
School of Mathematical Sciences, University of KwaZulu-Natal, Private Bag X01
Scottsville 3209, Pietermaritzburg, South Africa
2Department of Mathematics, University of Swaziland, Private Bag 4, Kwaluseni,
Swaziland

Abstract

The heat and mass transfer characteristics of mixed convection along a semi-infinite
plate in a fluid saturated porous medium with radiative heat transfer has been
investigated. Diffusion-thermo and thermo-diffusion effects are assumed to be
significant. Using a similarity transformation the governing steady boundary layer
equations for the momentum, heat and mass transfer were reduced to a set of ordinary
differential equations and then solved using a recent novel linearization method and the
Keller-box method. The results were further confirmed by using the Matlab bvp4c
numerical routine. The effects of the Dufour and Soret parameters on the local skin
friction and the local heat and mass transfer rates are investigated. Numerical results for
the velocity and the temperature profiles are also presented.

Introduction

Free convention flow due to thermal and mass diffusion has received widespread
attention due to the importance of heat and mass transfer in engineering processes
such as in petroleum and geothermal processes, drying, moisture migration in fibrous
insulation, nuclear waste disposal and in the control of pollutant spread in ground water.
Double diffusive convection driven by buoyancy due to temperature and concentration
gradients has been studied by many researchers, among them Erickson et al. (1996)
and Fox et al. (1968) who studied the effects of suction and injection on the problem of
heat and mass transfer in the laminar boundary layer flow of moving flat surface with
constant surface velocity and temperature. Gupta and Gupta (1977) studied heat and
mass transfer in the boundary layer over a stretching sheet with suction or blowing.
Bejan and Khair (1985) investigated the free convection boundary layer flow in a porous
medium due to combined heat and mass transfer.

Heat and mass diffusing simultaneously give rise to the cross-diffusion effect. Weaver
and Viskanta (1991) have pointed out that when the differences in the temperature and
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the concentration are large or when the difference in the molecular mass of two
elements in a binary mixture is large, the coupled interaction is significant. The mass
transfer caused by the temperature gradient is referred to as the Soret effect, while the
heat transfer caused by the concentration gradient is called the Dufour effect, (see for
example, Mortimer and Eyringt, 1980, Tsai and Huang, 2009 and Awad et al. 2010).
Eckert and Drake (1972) presented several examples of the Dufour effect and reported
that the Dufour effect was, in many instances, of sufficiently high order of magnitude
such that it cannot be ignored. Investigators by Atimay and Gill (1985), Rosner (1980)
and Yu et al. (2007) have also shown that Soret mass flux and Dufour energy flux have
appreciable and at times significant effect on heat and mass transfer rates. Atimay and
Gill (1985) showed that an error as large as 30% in the wall mass flux could be
expected if the Soret effect is neglected.

Anghel et al. (2000) investigated the Dufour and Soret effects in free convection on a
boundary layer formed by a vertical surface embedded in a porous medium. A
discussion of the effects of coupled cross-diffusion in a system with temperature and
concentration a gradients is given by Malashew and Gaikad (2002). Alam and Rahman
(2006) and Postelnicu (2004) studied the influence of a magnetic field on heat and mass
transfer by natural convection from vertical surfaces in porous media in the presence of
Soret and Dufour effects. Thermal diffusion and diffusion thermo effects in boundary
layer flows about a vertical flat plate were studied by Abreu et al (2006). Soret and
Dufour effects have been presented for the steady MHD free convection flow past a
semi-infinite moving vertical plate in a porous medium with viscous dissipation by Reddy
and Reddy (2010). They used a fourth order Runge-Kutta method with a shooting
technique to solve the flow equations. The effect of suction/injection on thermophoretic
particle deposition in free convection on a vertical plate embedded in a fluid saturated
non-Darcy porous medium is studied using similarity solution technique by Partha
(2009).

Cheng (2009) studied the Dufour and Soret effects on the steady boundary layer flow
due to natural convection heat and mass transfer over a downward-pointing vertical
cone embedded in a porous medium saturated with Newtonian fluids with constant wall
temperature and concentration. Mahdy (2010) numerically studied the mixed convection
from a vertical isothermal surface embedded in a porous medium saturated with the
Ostwald de-Waele type of non-Newtonian fluid under the influence of Soret and Dufour.

For a vertical wavy surface in a Newtonian fluid saturated Darcy porous medium,
Narayana and Sibanda (2010) investigated free convection of heat and mass transfer in
the presence of cross diffusion numerically. The recent study by Awad et al. (2010)
investigated the stability of a Maxwell fluid with cross-diffusion and double-diffusive



convection in the presence of Dufour and Soret effects in a highly porous medium. The
criterion for the onset of stationary and oscillatory convection was derived analytically in
terms of the critical Darcy—Rayleigh number. In a recent study Shateyi et al. (2010)
investigated the effects of thermal radiation, Hall currents, Soret, and Dufour on MHD
flow by mixed convection over a vertical surface in porous media. They showed among
other results that the fluid temperature increased with the Dufour parameter but that the
concentration decreased as the Dufour number increased.

Thermal radiation effects on heat and mass transfer over unsteady stretching surface
was recently investigated by Shateyi and Motsa (2009) where a Chebyshev pseudo
spectral collocation method was used to solve the governing equations. Earlier
investigations of the thermal radiation effects include studies by Hossain and Takhar
(1996), El-Aziz (2009), Rapits and Perdikis (1998) and Rapits (1998) who studied the
flow of a visco-elastic fluid and micropolar fluid past a stretching sheet in the presence
of thermal radiation.

In this work we use a linearization technique and the Keller-box implicit method to find
solutions of the coupled nonlinear equations that govern free convection from a semi-
finite plate saturated in a porous medium in the presence of Dufour energy flux and
Soret mass effects. The study extends the earlier work by Parand et al. (2010) to
include Dufour and Soret effects. The paper further extends the study by Alam et al.
(2006) to include radiative heat transfer. The study differs from Shateyi et al. (2010) in
that it includes neither the effects of applied magnetic field nor Hall effects. We show by
comparison with numerical results and previous studies that the linearization method is
accurate and converges rapidly to the true solution.

Mathematical formulation

Consider the steady two-dimensional flow along a vertical flat plate embedded in a fluid-
saturated porous medium. The y-axis is measured along the flat surface and x-axis
normal to it. Assuming the validity of the Boussinesq and boundary layer
approximations, the governing equations are

ou_ ov_g (1)
ox oy
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subject to the boundary conditions
u(0)=v(0)=0,7T(0)=T,,C(0)=C,,, (5)
u(o)=U_, T(0)=T,_, C(xw)=C_, (6)
where u and v are the velocity components along the x- and y- axes respectively, v is
the kinematic viscosity, p is the fluid density, T and C are the fluid temperature and
concentration across the boundary layer, c, is the fluid specific heat, kand D" are the

thermal conductivity and solutal diffusivity respectively, D, and D,are parameters
quantifying the contribution to heat flux due to the concentration gradient and mass flux
due to temperature gradient respectively, q,is the radiative heat flux, g, is the
coefficient of thermal expansion, g, is the volumetric coefficient of expansion with

concentration, T, is a constant temperature of the wall, T, is the ambient fluid

o0

temperature, T, >T,6 and U, is a constant free stream velocity. It is assumed that the

viscous dissipation is neglected. Using the Rosseland approximation, the radiative heat
flux is given as

q 4o’ oT*
" 3k* oy
where oc"and k* are the Stefan-Boltzmann constant and the mean absorption

(7)

coefficient, respectively. We assume that the term T* may be expressed as a linear
function

T* =4TT -3T". (8)
Using equations (7) and (8) in equation (3), yields
oT 0T «a 0T D, 0°C
u——+V—=— 2 + 2 (9)
oX oy k,oy® csc, oy
where a =k/ pc,, is the thermal diffusivity and k, =3N /(3N; +4) and N, =40 */kk™*.

The effect of radiation is to enhance the thermal diffusivity.

We introduce a similarity variable n, dimensionless stream function f , temperature 6
and the solute concentration ® where

U T-T c-C
=y |==, w = WU _xf(n), 6(n7) = 2 = Cy 10
=Yy v =WULxEn), 6n) T T (1) C C (10)

The stream function y(x,y)is defined by
Oy, _ v

u= H
oy oX

H



so that the continuity equation (1) is satisfied identically. The velocity components are
given by
u=UF, vt Y p) (11)
2V x
where the prime denotes differentiation with respect to n. Substituting (10) into

equations (1) -(4), we get the coupled nonlinear system

1 1
"+ —ff"+9.0+9.¢— f' =0, 12

5 9,0+9.¢ Re, (12)
0" +D,¢" +%k0 Prfg’ =0, (13)
¢”+S,9”+%Scf¢’:0. (14)

Equations 12) - (13) have to be solved subject to the boundary conditions
f=0f=06=¢=1atn=0,
f'=1, 6=0and¢=0asn - x.

In equations (12) — (14) Re,is the Darcy-Reynolds number, Pr is the Prandtl number,

(19)

Sc is the Schmidt number, D, is the Dufour number, S, is the Soret number, gis the

temperature buoyancy parameter and g, is the mass buoyancy parameter.

These quantities are defined by;

Da:ﬁz, Re, = 1 , ReX:UwX, Pr=Y Sc= V*,
X DaRe, 1% a D
Df: D1ko Coo_CW’ Sr: Dz Too_Tw 7gC:GI’,Z,
acce, T,-T, ace, C,-C, Re
_ 3 . 3
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1% 1% Re

where Gr, is the local temperature Grashof number, Gr,, is the mass Grashof number
Re, is the local Reynolds number and Da is the Darcy number. The parameters of
engineering interest in any heat and mass problem are the local Nusselt number Nu,
and Sherwood number Sh, . These parameters characterize the surface heat and mass
transfer rates respectively and are defined by

Nu,=-Re!?¢'(0) and Sh,=-Re!?#(0). (16)

Method of solution



Equations (12) - (14) were solved using a novel successive linearization method (see
Awad et al. 2011 and Makukula et al. 2010). This method assumes that the independent

variables can be expanded in the form
i—1

F(n)="fi(n)+ 2_1.(n)

n=0
j—1

0(n) =06, + Z

#(17) =¢,-(77)+Z¢n(77)

where f,, 6, and ¢ (i=123,...) satisfy the conditions

Limf () = Lim 6, = Lim () =0.
The functions f(n), &(n) and ¢(n) (n>1) are approximations which are obtained by
recursively solving the linear parts of the equation system that results from substituting
these expansions in equations (12) - (14). Using the above assumptions, nonlinear
terms in f,, 6., ¢ and their corresponding derivatives are considered to be very small
and therefore neglected. Starting from the initial guesses f,(n), 6,(n), #(77), which are
chosen to satisfy boundary conditions (14), the subsequent solutions for n>1 are
obtained by successively solving the linearized form of the equations.
The linearized equations to be solved are

"™+ ay; 4f'— 1 ——f'+a,, £ +9,0,+9.0 =14, (17)
Re, ’
O+ b, 0 +b,, [ +Dg =1y, 4, (18)
& +Cyi i +Coy i +Sr0" =13, 4, (19)
subject to the boundary conditions
f,(i)=1(0)=f() =0, §,(0) = 6,(>0) = 4,(0) = ¢,(0) = 0, (20)

where the coefficient parameters are defined as,
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The functions f,, 6,4 (i>1) are obtained by iteratively solving equations (17) - (19).
The approximate solutions for f (17), 6(n7) and ¢(n) are then obtained as

()~ f, ), @7)
o) = 3 6,(0), 28)
$) = > ). (29)

where M is the order of the SLM approximation. Equations (17)- (19) were solved using
the Chebyshev spectral collocation method where the unknown functions are
approximated using Chebyshev interpolating polynomials at the Gauss-Lobatto points

éj:cos%, j=04..,N, (30)

where N is the number of collocation points. The physical region [0,o] is first
transformed into the region [-11] using the domain truncation technique in which the
problem is solved in the interval [0, L] instead of [0,x]. This leads to the mapping

n_ 9K_+1 1<E<,
L 2 (31)
where L is the scaling parameter used to invoke the boundary condition at infinity. The

unknown functions f,, 6. and ¢ are approximated at the collocation points by

f;(g)zzf;(gk)Tk(gj ), gi(g)zzei(ék)Tk(é:j)’ &, zz¢i(§k)Tk(§j)’ Jj=01...,N (32)

where T, is the k" Chebyshev polynomial defined as

T, = coslkcos™(&)]. (33)
The derivatives at the coIIocation points are represented as
dsf N N
Z Wi () = = 2 Dy (&), ZD #(&), J=01..,N (34)
k=0

where sis the order of differentiation and D:%D with 27 being the Chebyshev

spectral differentiation matrix. Substituting (31) — (34) in (17) — (20) leads to the linear
matrix equation



A X =R, (35)
subject to the boundary conditions

f;(é:k) =0, ZDNkfi(éEk)z 0, ZDOkfi(é:k)z 0, (36)
G, (En)=6/(S) = ¢:(Sy) =¢(&5) =0. (37)

In equation (35), A, , is a (3N +3)x (3N +3)square matrix, and X,, R, , are (3N +1)x1
column vectors defined by

A1 1 A12 A1 3 F: F1iq
Ai—1 = A21 A22 A23 ) Xi = ei ) Ri—1 =i} (38)
Ay Ay Agg o, I3

where
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In the above definitions, a,; ;, b,,,, and c,, , (k=12)are diagonal matrices of size
(N+1)x(N+1) and | is an identity matrix of size (N+1)x(N+1). After modifying the

matrix system (35) to incorporate boundary conditions (36) - (37), the solution is
obtained as
X; = Ai1 R (39)

To show the accuracy and robustness of the linearization method, equations (12) — (14)
were further solved numerically using the Keller-box implicit method described in the
review paper by Keller (1978). The Keller-box method gives second order accuracy and
is unconditionally stable. Using this method the equations are first reduced to a system
of first order equations, the resulting central difference equations linearized and then
solved using the block-tridiagonal-elimination technique.



Results and Discussion

In order to have a sense of the accuracy and reliability of the linearization technique,
benchmark results were obtained for g.,and Re, large. Table 1 gives a comparison
between the results obtained using the linearization method and the numerical results
based on the Chebyshev collocation method in Parand et al. (2010) as well as the
homotopy analysis method of Liao (1999). It is evident that the linearization technique
gives very accurate results when compared with the other two methods. Unless
otherwise stated, the results in this study were obtained for Pr=0.7, k,=1and

Re, = 700.

Table 1: A comparison of values of f"(0) obtained by the linearization method against
(a) the Chebyshev collocation method of Parand et al. (2010) and, (b) the homotopy
analysis method (HAM) solutions in Liao (1999) when g, =9, =0,Re, >, Pr=1,
S,=03,D,=0.1and Sc =0.2.

N Parand et al. (2010) Liao (1999) Present Method
f"(0) HAM Order f"(0) f"(0)
--- 3 --- 0.33205878
--- 4 --- 0.33205733
6 0.33210951 5 0.28098 0.33205733
7 0.33210735 10 0.32992 0.33205733
8 0.33219404 15 0.33164 0.33205733
9 0.33206974 20 0.33198 0.33205733

Tables 2 — 4 further give a sense of the accuracy and the rate of convergence of the
linearization method when compared with the numerical results. Here we also
demonstrate the effect of the physical parameters on the skin friction coefficient, Nusselt
number and the Sherwood number. For all values of the physical parameters used,
convergence of the method to the numerical results is achieved at the fifth order of the
SLM approximation.



Table 2: Effect of the temperature buoyancy parameter g, on skin-friction, heat and

mass transfer coefficients when g, =0.1, S, =0.3, D, =0.1and Sc=0.2.

9s

SLM Order

2nd

3rd

4th

5th

Bvp4c
Solution

Keller Box

f*(0)

0.1
0.4
0.8

0.653361
0.978436
1.358986

0.653355
0.978111
1.356569

0.653355
0.978111
1.356569

0.653355
0.978111
1.356569

0.653360
0.978095
1.356526

0.653363
0.978122
1.356581

Nu, /Re,

0.1
0.4
0.8

0.337183
0.369061
0.399966

0.337179
0.369073
0.399857

0.337179
0.369073
0.399857

0.337179
0.369073
0.399857

0.337182
0.369085
0.399864

0.337182
0.369077
0.399860

Sh, IRe,

0.1
0.4
0.8

0.151676
0.158695
0.165702

0.151676
0.158668
0.165478

0.151676
0.158668
0.165478

0.151676
0.158668
0.165478

0.151685
0.158675
0.165481

0.151676
0.158667
0.165475

Table 2 shows the effect of increasing the temperature buoyancy on the skin-friction
coefficient, Nusselt number and the Sherwood number. In practice it has been shown
(see, for example, Chang, 2006) that buoyancy effects are significant in forced
convection when either the fluid velocity is relatively low or when the temperature
difference between the wall and the free stream is large. Increases in the temperature
buoyancy leads to an increase in the skin-friction coefficient, Nusselt number and the
Sherwood number. The results above are similar to the recent findings by Singh et al.
(2010) and are attributed to the fact that as the buoyancy increases, the fluid velocity
inside boundary layer increases causing an increase in local skin-friction coefficient.
The increased fluid velocity near the plate surface increases the heat transfer rate.
Consequently, the drag exerted by the fluid on the plate is enhanced by increases ing; .

Tables 3 and 4 show the effects of the Soret and Dufour parameters on the skin-friction
coefficient, Nusselt number and the Sherwood number, it is evident that increasing S,

and D; leads to increasing skin-friction coefficient and the Nusselt number. However,

the Sherwood number decreases with Soret numbers in Table 3.

To determine the influence of the physical parameters on the velocity, temperature and
concentration profiles for the flow, we plot several curves of the velocity, temperature
and concentration fields for different parameter values in Figures 1 - 9. The circles
represent the linearization solution while the solid lines represent the numerical solution.



coefficients when g, =g, =0.1, D, =0.1, and Sc =0.2.

Table 3: Effect of the Soret parameter on the skin-friction, heat and mass transfer

S

r

SLM Order

2nd

3rd

4th

5th

Bvp4c
Solution

Keller Box

£"(0)

0.0
0.3
0.6

0.637449
0.653361
0.669375

0.637446
0.653355
0.669362

0.637446
0.653355
0.669362

0.637446
0.653355
0.669362

0.330915
0.653360
0.669368

0.637453
0.653363
0.669370

Nu, /Re,

0.0
0.3
0.6

0.330915
0.337183
0.343594

0.330911
0.337179
0.343588

0.330911
0.337179
0.343588

0.330911
0.337179
0.343588

0.330915
0.337182
0.343591

0.330915
0.337182
0.343592

Sh, /Re,

0.0
0.3
0.6

0.205218
0.151676
0.095151

0.205218
0.151676
0.095153

0.205218
0.151676
0.095153

0.205218
0.151676
0.095153

0.205228
0.151685
0.095158

0.205218
0.151676
0.095151

coefficients when g, =g, =0.1, Sr=0.3, and Sc =0.2.

Table 4: Effect of the Dufour parameter on the skin-friction, heat and mass transfer

D,

SLM Order

2nd

3rd

4th

5th

Bvp4c
Solution

Keller Box

f"(0)

0.0
0.4
1.6

0.652489
0.656017
0.667364

0.652483
0.656010
0.667352

0.652483
0.656010
0.667352

0.652483
0.656010
0.667352

0.652489
0.656015
0.667358

0.652491
0.656018
0.667360

Nu, /Re,

0.0
0.4
1.6

0.339100
0.331218
0.303220

0.339095
0.331213
0.303212

0.339095
0.331213
0.303212

0.339095
0.331213
0.303212

0.339099
0.331216
0.303210

0.339099
0.331217
0.303217

Sh, IRe,

0.0
0.4
1.6

0.151200
0.153153
0.160041

0.151201
0.153153
0.160042

0.151201
0.153153
0.160042

0.151201
0.153153
0.160042

0.151209
0.153162
0.160050
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Figures 1 - 2 show the effect of increasing the temperature buoyancy parameters g, on

the velocity, temperature and concentration profiles. We note here (see Alam et al.
2006) that the dimensionless parameter g, has the same meaning and effect asg,.

The buoyancy is assumed to be such that g, <1 representing pure forced convection



(g <<1) and mixed convection (g, =1). For pure forced convection, increasing the

buoyancy leads to steady increases in the velocity. Figure 2 shows that increasing the
buoyancy leads to decreases in the temperature 6(n) and the concentration ¢(7)

profiles. The results are line with other studies in the literature such as Alam et al.
(2006).
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Figure 1: Effect of the temperature and concentration buoyancy parameters g,
on the velocity profiles when S, =0.3, D, =0.1 and Sc =0.2.
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Figure 2: Effect of the temperature buoyancy parameter g, on the temperature and
concentration profiles when g, =0.1, S, =0.3 andD, =0.1.

The effects of increasing the Schmidt number Sc on the velocity, temperature and the
concentration profiles is shown in Figures 3 - 4. The velocity and the concentration
decrease with increasing Sc, increasing Sc leads to increases on temperature profile.



The Schmidt number Sccharacterizes a fluid flow in which there is simultaneous
momentum and mass diffusion convection processes. The effects of Soret parameter
on the velocity, temperature and the concentration has been shown in Figures 6 - 7.
The velocity and the concentration profiles increase with increasing S, whereas the

temperature decreases lightly with increases in S, .

Figures 8 - 9 show the effects of the Dufour parameter on the fluid properties. The
velocity and the temperature increase when D, increases. However increasing D,
leads to decreases in the concentration profile.
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Figure 3: Variation of the velocity profile with the Schmidt number Sc when
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Figure 4: Variation of the temperature and concentration curves with Sc when
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Figure 8: Variation of the velocity profile with D, when g, =g, =0.1, S

Sc=0.2.

D=0

1
e D;=08
r o D=16|
s D,;=24
1.2+
1 3 pt e S P |
.,
- ¥
= §
<708
- F
06
04
02
/
0 .
0 1 2 3 4 5 6 7

=0.3 and

r

T T T . . . T . —
o D=0

09F o D,=08||
o D=16

= D=24]

Figure 9: Variation of the temperature and concentration curves with S, when
g9.=9,=0.1,D,=0.1and Sc =0.2.



Conclusion

In this paper we investigated the free convection flow with cross-diffusion and double
diffusive using a novel successive linearization (SLM) method. Comparison between the
solutions obtained using the linearization method, the Keller-box implicit method and the
Matlab bvp4c numerical routine has been shown in Tables 1-3. The convergence of the
method is rapid. The influence of the governing parameters on the fluid properties has
also been shown graphically. Increasing the buoyancy leads to increases in the
velocity, but decreases the temperature and the concentration. The effect of the Soret
parameter is to increase the velocity and the concentration, and to decrease the
temperature profiles. The Dufour parameter increases the velocity and the temperature
but has only a slight effect on the concentration profiles. The velocity increases by
increasing the buoyancy parameter. The temperature as well as concentration however
decrease with an increase in the buoyancy parameter. The velocity and the
concentration decrease with increasing Schmidt numbers. The temperature however
increase with increases in Schmidt numbers.
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Chapter 8

Conclusion

This section outlines the main findings in each of the papers. We highlight some of
the general results that were found and the conclusions that have been drawn from

this work.

I Chapter 2:
This chapter investigated double-diffusive convection in a Maxwell fluid. We
employed the modified Darcy-Brinkman model and used linear stability analysis
to find the critical Rayleigh numbers for the onset of stationary and convective
instability. The critical Rayleigh numbers have been obtained analytically in
terms of the Soret and Dufour parameters. The effects of the viscoelastic param-
eters on the onset of double-diffusive convection were investigated and presented

graphically. Our analysis showed that:

e The effects of the Soret number is to destabilize the system by lowering the
critical Darcy-Rayleigh number for the onset of stationary and oscillatory in-

stabilities.
e The Dufour parameter enhances the critical Darcy-Rayleigh number.

e In the limiting cases previous results have been obtained, (see Nield and Bejan
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1999, Wang and Tan 2008))

Chapter 3:

In this paper we investigated heat and mass transfer in a micropolar fluid in
a channel. The micropolar fluid is subject to double-diffusive convection. We
used the homotopy analysis method (HAM) to obtain analytical solutions. A
comparison between the HAM solution and solutions using the Matlab bvp4c
solver was made so as to determine the accuracy and computational efficiency
of the HAM. We also determined the effects of the flow parameters, such as the

Peclet number, on the fluid properties. Our specific findings were that:

The heat transfer increases with the Dufour parameter but decreases with the

Soret, effect.

The mass transfer rate increases with the Soret effects but decreases with the

Dufour numbers.

The increase or decrease in the temperature and concentration boundary layers

is dictated by the relative sizes of the Peclet numbers in the analysis.

Increasing Reynolds numbers reduces both the velocity and micro-rotation pro-

files.

Chapter 4:

In this paper we used a novel hybrid spectral analysis method developed by
Motsa et al. (2010a) as well as the homotopy analysis method (HAM) to solve
the nonlinear equation governed by the MHD Jeffery-Hamel problem. The
exact analytical solution obtained by using the HAM was compared with the
solution obtained through the use of the spectral homotopy analysis method.
The convergence rates of the SHAM and HAM showed that the SHAM converges
more rapidly, specifically up to three times faster than the HAM.
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VI Chapter 5:
The effects of cross-diffusion on flow over an inverted cone in a porous medium
were investigated. The governing equations were solved using the SLM tech-
nique, a shooting method together with the sixth-order Runge-Kutta method
and the bvp4c solver in Matlab. The effects of the governing parameters on the
skin friction as well as the heat and mass transfer rates were presented in both

tabulated and graphical forms. We found that;

e Both the thermal and concentration boundary layer thickness decreased with

stronger buoyancy.

e Mass transfer rates were enhanced by increases in the Soret parameter. How-
ever, increasing the Dufour parameter leads to a decrease in the thickness of

the thermal boundary layer.

e Increasing the Dufour parameter increases the skin-friction and mass transfer.

Thus however reduces the local heat transfer rate.

e The skin-friction coefficient and heat transfer increase with the Soret effect and

the local mass transfer rate decreases as the Soret parameter increases.

V' Chapter 6:
This paper studied, double-diffusive convection from inverted smooth and wavy
cones in Darcy porous media. The governing equations were solved using the
successive linearisation method (SLM), the Matlab bvp4c solver, the shooting
method and the Keller-box technique. In both the smooth and the wavy cone
cases the effects of the governing parameters were determined. The effects of
Dufour and Soret parameters on the rates of heat and mass transfer were also
investigated. Our findings from the last chapter, which consisted of the study

of smooth and wavy cones, were as follows:
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VI

In the absence of inertia, Soret and Dufour parameters, we obtained the results

published by Yih (1998) and Cheng (2009).

The heat transfer rate increases with the Soret effect but decreases with the

Dufour parameter.

Mass transfer decreases with increasing Soret numbers, whilst it increases with
the Dufour numbers in the case of a smooth cone. These findings are consistent
with those of Narayana and Sibanda (2010) where the heat transfer coefficient
was observed to increase with increasing values of the Soret parameter while the

mass transfer coefficient decreased with increasing values of the Soret parameter.

From the wavy cone, the Dufour number reduces the heat rates, but increases

the mass transfer rates.

Chapter T7:

In this paper we studied the effects of cross-diffusion on fluid flow over a flat plate
imbedded in a porous medium. The governing equations were solved using a
novel successive linearisation method (SLM). Comparison between the solutions
obtained using the SLM, the Keller-box implicit method and the Matlab bvp4c
numerical routine showed that the convergence of the SLM was rapid. Results
showing the effects of the governing parameters on the fluid properties have

been presented graphically and have also been tabulated.

Increases in the temperature buoyancy leads to an increase in the skin-friction

coefficient, as well as the heat and mass transfer rates, Singh et al. (2010).

Increasing the Soret parameter leads to increasing skin-friction and heat trans-

fer coefficients, but reduces the mass transfer rate.

Increasing the Dufour effects leads to an increase in the skin-friction coefficient

and the mass transfer rate.
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e The heat transfer rate decreases with increases in Dufour numbers.

e In the limiting cases we obtained some known results (Liao 1999, Parand et al.

2010).

We have shown in these studies that the Dufour and Soret effects have a significant
bearing on the fluid properties and thus cannot be neglected. Comparison between
the successive linearisation method (SLM), the homotopy analysis method (HAM),
the shooting method, the Keller-box method and the Matlab bvp4c solver show that
the SLM gives good accuracy. The SLM solutions converge rapidly. The method is
computationally efficient and reliable for finding solutions of highly nonlinear differ-

ential equations.
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