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Abstract

This master’s dissertation deals with some notions of amenability of general Banach
algebras and that of Banach semigroup algebras ¢!(S) in relation to the amenability of the
semigroup S. A Banach algebra A is said to be amenable if every continuous derivation D
from A into X' is inner for every Banach A-bimodule X, where X’ denotes the dual space
of X. In this dissertation, we give an explicit proof of some characterizations, hereditary
properties and some basic results in literature on contractible, amenable, approximate
amenable and pseudo-amenable Banach algebras. In addition, we give a survey of results
concerning the above mentioned notions of amenability on Banach semigroup algebras
and also highlight some important structures of the semigroups. The last chapter of this
dissertation is a catalogue of results that we obtained in the course of this research work.

Keywords : Contractible, amenable, approximately amenable, pseudo-amenable, semi-
group, semigroup algebras.
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Chapter 1

Introduction

1.1 Background

Amenability is an abstract mathematical concept which has its roots in measure theory.
The notion of amenability started in the early twentieth century and the class of amenable
groups was introduced and studied by John Von Neumann. He defined amenable groups
as follows: A locally compact group G is amenable if there exists a left translation
invariant mean on G. That is, if there is a linear functional m : L>*°(G) — C satisfying

m(1) = 1= |m| and m(l..f) = m(f) (z € G, fe L¥(G)).

He later used this concept to explain why the Banach-Tarski paradox holds for only
dimension greater than or equal to three. Since then, amenability has become an im-
portant concept in abstract harmonic analysis. In 1972, B. E. Johnson showed that the
amenability of a locally compact group GG can be characterized in terms of the Hochschild
cohomology of its group algebra L'(G). This result initiated the theory of amenable Ba-
nach algebras.

The concept of amenability for Banach algebras was introduced and studied by B. E.
Johnson in [31]. According to Johnson 1972, a Banach algebra A is amenable if every
continuous derivation D : A — X' is inner for every Banach A-bimodule X, where
X’ denotes the dual of X. In this definition, if we replace X’ with X, we say that A
is a contractible Banach algebra. Johnson in [31] and [32] was able to establish some
intrinsic characterizations and hereditary properties of amenable Banach algebras. Since
then, the concept of amenability has been a fruitful area of research in Banach algebras,
operator algebras and abstract harmonic analysis. In the course of exploring the concept
of amenability for Banach algebras, it was discovered that the above definition given
by Johnson for amenable Banach algebras was too strong in the sense that, although
it allows for nice theorems, it does not give room for enough and important examples.



For example, the founding result that was proved by Johnson in [31] was that, the group
algebra L'(G) is amenable if and only if the locally compact group G is amenable. It was
also established that, every finite group is amenable, furthermore, many results which
holds for finite group were extended to amenable groups but these results never hold for
larger class. In addition, it was conjectured in [29] that a contractible Banach algebra
must be finite-dimensional. For this reason, several researchers in this area critically
looked into the definition given by Johnson for amenable Banach algebras and were able to
identify, relax some of the constraints in the definition and establish some generalizations
and modifications of Johnson’s definition of amenability for Banach algebras. In time
past, some of the notable generalizations and modifications includes:

1. weak amenability introduced by Bade, Curtis and Dales in [3];

2. essential and approximate amenability introduced by Ghahramani and Loy in [13];
3. operator amenability introduced by Ruan in [10];

4. Connes amenability introduced by Runde in [17];

5. character amenability introduced by Kaniuth in [35] and Sangani in [12];

6. approzimate character amenability introduced by Mewomo and Okelo in [11] and

Aghababa, Luo and Wu in [1].

For more details on various notions of amenability in Banach algebras, see [39].

In this master’s dissertation, we review and obtain some results on notions of amenability
on general Banach algebras and that of Banach semigroup algebra ¢!(S) in relation to
the amenability of the semigroup S.

1.2 Objectives

The main objectives of this study are to:

1. review some known results on some notions of amenability in general Banach alge-
bras.

2. review some known results on amenability of Banach semigroup algebras in relation
to the structures of the semigroups.

3. investigate some notions of amenability for general Banach algebras.

4. study some notions of amenability of the Banach semigroup algebras in relation to
the semigroups.



1.3 Work Plan

This master’s dissertation comprises of five chapters. In Chapter two, we lay down the
basic background material that we shall need from Banach spaces, Banach algebras,
Banach modules, semigroups and semigroup algebras. We also introduce some basic def-
initions and examples that will be useful in the course of our study. In chapter three, we
introduce the definitions of some important notions of amenability that we shall consider
in this study. In particular, we consider the notion of contractible, amenable, approxi-
mate amenable and pseudo-amenable Banach algebras. Furthermore, we give an explicit
proof of the main characterization, hereditary properties and some interesting results of
a general Banach algebra regarding these notions.

Chapter four is concerned with a general survey of results on the notion of amenable,
approximate amenable and pseudo-amenable of Banach semigroup algebras ¢*(.S). More
so, some interesting results are presented. Chapter five is a catalogue of the results that
we obtained in the course of the research work. The results in this chapter serve as our
contribution to knowledge.



Chapter 2

Preliminaries

The purpose of this chapter is to introduce and develop basic concepts in the theory of
Banach algebras, semigroups, semigroup algebras and the Gelfand theory of commutative
Banach algebras. Other sections develop the basic theory of Banach modules and tensor
product. We also recall some basic definitions, prove some results and give some examples
that are relevant to our study. For more details on Banach spaces, Banach algebras,
semigroups and semigroup algebras, see [2, 9, 11, 30].

2.1 Banach Space

Let X be a Banach space. The dual space of X is the space of continuous linear function-
als on X it is denoted by X’. That is X’ = B(X,C) = {f : X — C| f is linear and continuous}.
Throughout this dissertation, for x € X and f € X', we write (x, f) := f(z). The higher

"

duals of X are X" = (X'), X" = (X"),.., X" (n € N), with X° = X and X" the n'"
dual space of X. The canonical embedding of X into X" is denoted by i and is the map

i X =X
defined as
(fi(x)) =z, f) (€ X, feX).

The map ¢ is an isometry and the space X is reflezive if 7 is onto. The image of X in
X" under ¢ is denoted by X.

Theorem 2.1.1 (Hahn-Banach). Let Y be a linear subspace of a normed space X. Then
for each f €Y' there exists an extension f' € X' of f such that ||f'|| = || ||

The Hahn-Banach theorem guarantees that the canonical embedding ¢ from X into its
second dual X" defined above is isometric. Let Y be a closed subspace of a normed space
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X. The annihilator Y+ of Y is defined as
Yi={feX |{yf)=0VyeY}
Also, we define H(Y4) :={z e X | (z,f) =0Vfe Y}
Theorem 2.1.2 ([7]). LetY be a closed subspace of a normed space X. Then +(Y+) =Y.

Definition 2.1.3. Let X be a Banach space. The weak topology on X, denoted by
o(X,X'), is the topology generated by the family of seminorms {py | f € X'}, where

pe(x) =[x, )l (z € X).

The weak™ topology on X', denoted by o(X', X), is the topology generated by the family
of seminorms {p;) | © € X}.

A net (xz,) C X converges to z € X in (X, X’) if and only if

(o, f) = (2, f) (feX)

and a net (f,) C X' converges to f € X' in (X', X) if and only if

(, fo) = (2, [) (z€X).
We now recall some theorems that are of great importance in the course of this study.
Theorem 2.1.4. Let X be a Banach space.

1. (Goldstine). For each ® in X", there is a net (z,) C X such that ||z.|| < ||®| and
i(zq) = © in o(X", X") with the limit taken in o(X", X") on X".

2. (Banach — Alaoglu). The closed unit ball of X' is compact in o(X', X). Every
bounded net in X' has a o(X', X)- accumulation point and a o(X', X)- convergent
subnet.

3. (Mazur). For each convex setY C X, the closures of Y in (X, ||-]]) and (X,o(X, X"))
are the same.

2.2 Banach Algebra

In this section, we develop the theory of Banach algebras and since this dissertation is
centred around the concept of Banach algebras, we begin by recalling the definition of
an algebra.



Definition 2.2.1. Let A be a vector space over a scalar field F (F =R or C). Then A
1s an algebra if it also has an operation

X:Ax A— A,

(z,y) — zy,

known as multiplication or product, which satisfies the following axioms for all x,y, z €
A and every a € F :

1. x(yz) = (zy)z;

2. (x+y)z =zz+yz;

3. x(y+z) = vy + az;

4. (aw)y = z(ay) = afzy).

Thus, an (associative) algebra is an algebraic structure that is both a ring and a vector
space, where the addition of the ring is the same as the vector addition and multiplication
by scalars relates to the ring multiplication by axiom (4) in the above definition.

Remark 2.2.2. [t is good to note that an algebra is characterized by the ring structure.
Definition 2.2.3. An algebra A

1. is commutative (abelian) if its ring multiplication is commutative, that is
vy =y (z,y € A);

2. has an identity element, say e, if re = ex = x for every x in A.

Definition 2.2.4. Let A be an algebra. An ideal I of A is a subset of A such that:
1. I is a vector subspace of A,
2. AICI and IAC 1.

Definition 2.2.5. Let A be an algebra over a scalar field F. An algebra norm on A is a
mapping || - || : A — RT defined as a — ||a|| such that:

1. (A ]l - is a normed space over T,

2 eyl < l=llllyll - (z,y € A).



An algebra equipped with an algebra norm is called a normed algebra. A complete
normed algebra is called a Banach algebra. A Banach algebra A is said to be unital if
it has an identity, say 1 such that ||1|| = 1. Suppose that A is a Banach algebra; any
non-empty subset of A which forms a Banach algebra under the induced norm of A is
called a subBanach algebra.

Remark 2.2.6. The algebraic multiplication x : A x A — A defined as (z,y) — zy is
jointly continuous. The inequality ||xzy|| < ||z||||ly|| makes the multiplication continuous.
If x,, > x in A and y, — vy in A then x,y, — xy in A.

A Banach algebra A without a unit can always be embedded isometrically into a unital
Banach algebra denoted by A# called the unitization of A, such that A is closed ideal
of A#. Let A be a Banach algebra without a unit, we then consider A* = A ® C with
pointwise addition, scalar multiplication and multiplication defined as

(a,a)(b,B) = (ab+ af + ab,af)

and the norm ||(a, @)||4# = ||al|la + |a| (a,b € A, a, € C). It is easy to show that A*
is a Banach algebra. Indeed, for all a,b € A, a, 8 € C, we have

I(a, @)(b, B)|| = ||lab + aB + ab,aB|| = ||ab + aB + ab|| + |a]
< [lalll[oll + llalllB] + lafljoll + |all]
= llallflol] + lefloll + lall| 5] + o]15]

(lall + laDlloll + (llall + [a])A]

(lall + feD) (ol + 51)

(@, )10, B

Clearly, A* is a unital Banach algebra with unit (0,1). More so, A# is commutative if,
A is commutative.

Many natural occurring Banach algebras are not unital, but most of them possess se-
quence or net called approximate identity which behaves like a multiplicative identity
in the limit. The concept of approximate identities was first studied explicitly by I. E.
Segal, who proved that any norm closed self adjoint subalgebra of the algebra of bounded
linear operators on a Hilbert space contains an approximate identity. Paul J. Cohen also
proved that every element in an algebra with a suitable approximate identity can be
factored. In an algebra with a unit, every element factors trivially (a = al = 1a).

Definition 2.2.7. Let A be a normed algebra.

1. A left approximate identity for A is a net (ey)acp in A such that e,a converges in
the norm to a € A. For every a € A, that is

lime,a=a, (a€A).,



2. A right approximate identity for A is a net (eq)aep in A such that ae, converges
in the norm to a € A. For every a € A, that is

limae, =a, (a€A).

3. An approximate identity for A is a net (ey)acp which is both left and right approz-
imate identity.

4. A left or right approzimate identity (€y)aep s bounded by M > 0, if ||es|| < M
for all « € D.

5. A left or right approzimate identity (e,)acp is bounded if it is bounded by some
M > 0.

6. A is said to have a bounded approximate identity if it has a left and a right bounded
approximate identity and it is approximately unital if it has a bounded approximate
identity.

7. A has a left approximate unit if for all a € A and € > 0 there exists u € A
(depending on a and €) such that ||a — ual| < e.

8. A has a right approximate unit if for all a € A and € > 0 there exists u € A
(depending on a and €) such that ||a — au| < e.

9. A has a left or right approximate unit bounded by M > 0, if the element u € A
can be chosen such that ||ul| < M.

Remark 2.2.8. If the net is a sequence, the approximate identity is called a sequential.

Theorem 2.2.9 ([34]). Let (€n)acp and (fz)pen be bounded left and right approximate
identities for a normed algebra A respectively. Then the net

(ea + f,@ - eafﬁ)(a,B)GDXD’
is a bounded approximate identity for A.

Proof. Let (eq)aep be a left approximate identity bounded by M; > 0 and let (fs)gepr
be a right approximate identity bounded by My > 0. Since (e4)aep and (fs)geps are left
and right bounded approximate identity for A respectively. Let |leqa — al| < =5+~ and

11 M.
lafs — all < 335 for all a € A. Now let ’

(h'aﬁ) = (ea + f,B - eafﬁ)(a,ﬂ)erD’,



we then have that

[hapa — al| = [|(ea + f5 — €afz)a — al| = |leaa + fza — ea fpa — al
= |leaa — a + fza — eafaal| = ||(eaa — a) = fa(eaa — a)
= [l(eaa — a)(1 = f3)]]
< lleaa — all[[1 = f3l|
< lleaa — al|(1 + [ f5])

e(14 M)
1+ My

Also,

lahap — all = lla(ea + fs = eafs) = allll = l|laca + afs — acafs = d
= [laca = acafs + afs — all = [[(a = afs)ea = (a = afs)]|
= [l(ea = 1)(a — afs)]l
< [I(ea = Dlll(@ = afs)ll
= llea = 1llllafs — all
= (leall + Dllafs — ol

€
<(M1+1>1+M1 -

€.

Hence, (hap) is an approximate identity for A. For boundedness, observe that

[hasll = ll(ea + f5 — €afs)ll
< lleall + [ f5ll + lleallll f5]
< My + My + M M,.

Let M = M+ My+ M, M. Therefore, ||hag|| < M. Hence, (has) is bounded approximate
identity for A. ]

Remark 2.2.10. The above theorem guarantees that a Banach algebra with left and right
(bounded) approximate identity has a (bounded) approximate identity.

Theorem 2.2.11 ([18]). Let A be a Banach algebra and suppose that A has a weak left
(right) approzimate identity. Then A has a left (right) approximate identity.

Definition 2.2.12.
A topological space (X, T) is said to be

1. compact if every open cover of X has a finite sub-cover.



2. Hausdorft if for any distinct points x1,xo € X, there are disjoint open sets G, Gy C
X with x1 € Gy and x4 € Gs.

3. locally compact if every x € X has a compact neighbourhood.

Definition 2.2.13. A group G endowed with a topology is a topological group if both the
multiplication

GxG—G, (g,h)— gh

and the inversion

G — G, gr—>g_1

are continuous mapping. A locally compact group is a topological group whose topology
1s locally compact and Hausdorff

Every locally compact group G has a left Haar measure p. We recall that a left invariant
Haar measure on G is a Borel measure p satisfying the following conditions:

1. w(zU) = p(U) for every = in G and every measurable subset U of G}
2. u(V) > 0 for every non-empty open subset V' of G;
3. (W) < oo for every compact subset W of G.

Remark 2.2.14. For example, the Lebesque measure is an invartant Haar measure on
the real numbers.

There are several examples and classes of Banach algebras, which include the following:
group algebra, Segal algebra, semigroup algebra, operator algebra, Fourier algebra, mea-
sure algebra and so on. Some of these examples are given below. For further details and
examples see, [9] and [13].

Example 2.2.15. 1. (Group algebra). Let G be a locally compact group. We denote
by L*(G) the group algebra of G. This is the Banach space

{f: G — C, fis measurable | || f]|1 = / |fldp < oo},
G

where | denote left Haar measure on G and we equate functions that are equal
almost everywhere with respect to . By defining a convolution multiplication on
LY(G) by

(f *g)(t /f (s)du(s) (f.g € LNG).t € ),

10



then (LY(G),x,|| - |l1) is a Banach algebra. It is easy to check that || f * g|j; <
Il llgllr- fndeed for all f,g € L'(G), we have

Hf*ng—/\f*g )|dp = /‘/ g(y~'@) | du(y)du(z)
< | [1teat adumant) = | [ 1@llat oldute)dn
= [16wI( [ ot oldnte >du = [1oI( [ laauts) )anto)

= I/l llgllx-

LY(G) is a commutative Banach algebra if and only if the group G is commutative.
In the case where G is discrete, we write ['(G) for L'(G).

. (Measure algebra). Let G be a locally compact group. We denote M(G) for the
space of all finite complex reqular Borel measures on G. M(G) can be identified
with the dual of Co(G), the space of all continuous functions on G that vanish at
infinity. M(G) equipped with the total variation norm given by ||p|| = |u|(G) for
all w € M(G), this space is a Banach space and becomes a Banach algebra when
the following convolution product is defined on it:

o= [ ( / f(gh)du(g))dv(h) (1w € M(G). f € Col(G). g.h € G).

According to Fubini’s theorem, the order of integration does not matter. Also, we
recall that a function f vanishes at infinity if for all € > 0 there exists a compact
subset K of a locally compact Hausdorff space X such that, |f(x)| < € for each
re X —K.

. (Fourier algebra). Let G be a locally compact group and let p,q € (1,00) such
that 11—7 —i—% = 1. The space A,(G) consists of all functions f € Co(G) such that

(gn)nen € LP(G) and (hp)neny € LUG) with 307 |gnllpllhnlly < 00 and we define
f(@) =3 (g * hp(x™1)). Then

T inf{annnpnhnuq =Y *hn>}.
n=1 n=1

The space A,(G) together with the pointwise multiplication forms a Banach algebra.
This algebra is called Figa-Talamnce Herz. It is called a Fourier algebra when p = 2
and it is denoted by A(G).

. (Segal algebra). Let A be a Banach algebra with norm || - || 4 and let B be a dense
left ideal in A such that

11



(a) B is a Banach algebra with respect to some norm || - || g;

(b) there ezists a constant K > 0 such that

[bla < K|[bllp Vb€ B;

(c) there is a constant C' > 0 such that

lablls < Cllallallblls ¥ a,b € B.

Then, recall from []0] that B is called an abstract Segal algebra in A. For A =
LYG), we write SY(G) instead of B, with the following additional condition that
SY@G) is closed under left translation; L,f € SY(G) for all z € G and f € S*(G),
where L, f(y) = f(z7'y) for y € G. Conditions (a) - (c) above on B = SY(G) are

equivalent to the map
(z,f) — Lo f : G x SY(G) = SYQ)
being continuous with || Ly f||s1 ) = || fllsi) for f € SY(G),s € G.

. (Operator algebra). Let X be a Banach space, the space B(X) denotes the set of all
bounded linear operators on X. B(X) is a Banach space with the operator norm,

1T} = sup{[|T (=) - || <1}.
It becomes a Banach algebra with the composition product
(ST)(x) = (S0 T)(z) = S(Tx), (v € X,S,T € B(X)).

Clearly, we have ||ST|| < ||S||T||. Indeed, for allxz € X, S,T € B(X) and ||z|| < 1,
we have

I(ST)a|| = [IS(T)|| < [ISIIIT2l < [SIIT 2]l < |STHT-

B(X) is a non-commutative, unital Banach algebra. The unit is the identity op-
erator. There are some closed ideals of B(X) that are also Banach algebras. For
example KC(X), the ideal of compact operators on X, A(X), the ideals of approz-
imable operators on X and N (X), the ideal of nuclear operators on X.

. (Function algebra). Let (X, T) be a compact topological space. We denote by C(X)
the set of all continuous complex valued functions on X. C(X) equipped with the
norm

71 =suplf@). (f €C(X).x € X)

12



and pointwise addition and scalar multiplication is a Banach space and a Banach
algebra with the pointwise product. Clearly,

9]l = sup [ f(z)g(x)| = sup | f(x)llg(x)| < sup[f(z)|sup|g(z)| = |l f]ll]gll-
zeX zeX rzeX zeX

C(X) is a commutative Banach algebra with unit, where the unit is the constant
function 1.

7. (0*-Munn algebra). Let A be a unital Banach algebra, I and J be arbitrary index
sets and P be a J x I non-zero matriz over A such that ||P|l« = sup{||Pj; : i €
I,je J||} <1. Let LM(A, P) be vector space of all J x I matrices A over A such
that | Ally = > ics jes 1Asrll < oo. Then, it is easy to check that LM(A, P) with
the product Ao B = APB,A,B € LM(A, P) and the norm (*- norm ||(a;;)|| =
> icrjes llaill < 0o is a Banach algebra that is called {'-Munn algebra.

Definition 2.2.16. Let A be a Banach algebra with unit 1. An element a € A is invert-
ible, if there exists b € A such that ab = ba = 1 and we write b = a™*.

The set of invertible elements of A is denoted as Inv(A). This set forms a group under
the usual multiplication.

Remark 2.2.17. FEvery invertible element of a Banach algebra has a unique inverse, if
1t exists.

Example 2.2.18. 1. Let X be a finite-dimensional Banach space then
Inv(B(X)) ={T € B(X) | ker T'={0}}.

2. If X 1s a compact topological space then
Inv(C(X))={feC(X) | f(x) A0V x € X}.

Theorem 2.2.19 ([2]). Let A be a Banach algebra with unit 1. If a € A with |la|| <1
then (1 —a) € Inv(A) and

(1—a)'=> a" (2.1)

n=0

Proof. Let a,aq € A. Since ||a™]] < |la||™ for all n € N and ||a|]| < 1, the series 2.1 is
absolutely convergent and so convergent by the completeness of A. Let the series 2.1
converge to ag and let a, be the kth partial sum of the series. Then, observe that

lim (nzk;am—a)) = lim <(1—a)zk:a") =lm[(1-a)(l+a+a®+a*+ -+ a")

k—so0 k—o00 = k—o0
:klim(l—a—l—a—i-aQ—a2+a3—a3+---+ak+1)
—00
= lim (1 — ") = 1.
k—o0
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Therefore, we have that

ap(l—a)=(1—a)ag =1
=ay=(1—a)"!
=(1—a) € Inv(A).
[

Corollary 2.2.20 ([2]). Let A be a unital Banach algebra. Then Inv(A) is an open
subset of A.

Proof. Let ag € Inv(A) and let r,, = ” ElH > 0. We want to show that, the open ball
R0

B(ag,7q,) C Inv(A). Let a € B(ag,7q,), then ||ag — al| < r4,. We then need to show that
a € Inv(A). From the fact that

a=ay—ayg+a= (ao—(ao—a))ao ap=(1—(a O—a)agl)ao
and
(a0 — a)ag || < llag — allllagt|] < raollagtll = 1,

it follows from Theorem 2.2.19 that (1 — (ag — a)agy ') is invertible. Since aq is also in
Inv(A) and a is the product of two invertible elements, hence a is in Inv(A). Therefore,
Inv(A) is open. O

Remark 2.2.21. From Corollary 2.2.20, we have that, every element of Inv(A) is con-
tained in an open ball and this ball is contained in Inv(A).

Corollary 2.2.22 ([2]). Let A be a Banach algebra with unit 1. Then the mapping
p:Inv(A) — Inv(A), arsa’

18 continuous.

Proof. Let a,ao € Inv(A) with ||a — ao|| < m, using
at—agt =a Y apg—a)ay*
and
lag'l =lla™ —a™ +ag' | = lla™ = (¢ —ag")]

= lla™" —[a™ (a0 — a)aalﬂl < [la™ 1H +la” 1IHlao —allllag "l

< lla™ M1+ lla™ =g llag Il = lla™"| +—|| ag -

—lla
2ot
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It follows that |lag'|| < 2|la~!||. By definition, the map p from Inv(A) into Inv(A) is
said to be continuous at a point ag € Inv(A), if for every € > 0, there exists 0 > 0, such
that if ap € Inv(A) satisfies ||a — agl| < d then ||p(a) — p(ag)|| < €. Suppose ag € Inv(A)
satisfies ||ja — ao|| < 0. Then

lp(a) = plao)l| = lla™" — ag*|| = lla™ (a0 — a)ag |

< lla”" a0 — alllllag "
=2lla™"*[lag — all < 2lla”"[*3 <,

where 0 = +1H2 Hence, continuity holds. O

4||a

Remark 2.2.23. The map p from Inv(A) into Inv(A) above is a homeomorphism, since
bijectivity holds from the fact that (a=')™' = a and the continuity of p=' follows from

p=p"

Remark 2.2.24. From the above theorem and corollaries, it is clear that the set of all
invertible elements of a Banach algebra A denoted by Inv(A) is a topological group.

2.2.1 Spectrum of a Banach Algebra
In this section, all Banach algebras are assumed to have a unit.

Definition 2.2.25. Let A be a unital Banach algebra and let a € A. The spectrum of a
in A is defined as

oala) ={ e C| ANl —a¢ Inv(A)}.

We denote the spectrum of a € A by o(a) and we will write A instead of Al for A € C.
If B is a subBanach algebra of A, then, we have that

oa(a) Cogla) (a€ B).
Example 2.2.26. 1. If X is a finite-dimensional Banach space and T € B(X), then
o(T)={A € C | X is an eigenvalue of T'}.
Proof. By definition,
ola)={AeC | A—a¢ Inv(A)}
from Example 2.2.18 (1), we have that

Inv(B(X))o(T) ={\ € C | X is an eigenvalue of T'}. = {T' € B(X) | ker T' = {0} }.
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It then follows that

o(T)={ eC|A-T¢ Inv(B(X))}
={\eC | ker(AN=T) #{0}}
={AeC|(AN=T)(x)=0}  for somexzeX
={AeC | —Tzx=0}
={\eC |z =Tz}

From the definition of eigenvalues and eigenvectors, we know that any x that sat-
isfies A\x = T'x is an eigenvector and A is the corresponding eigenvalue. O]

2. The o(\) = {\} for all X € C.
Definition 2.2.27. Let A be a unital Banach algebra and a € A.

1. The resolvent of a in A is defined as
oa(a) ={N€C | A—a € InvA}.
That is o(a) = C\o a(a).

2. The map R : o(a) — A defined as \ — (A —a)~" is called the resolvent function of
a in A.

Definition 2.2.28. A unital algebra A is said to be a division algebra if every non-zero
element in A is invertible. That is Inv(A) = A\ {0}.

Theorem 2.2.29 ([2]). Let A be a unital Banach algebra. If a € A then o(a) is a
non-empty compact subset of C with o(a) C {\ € C: |\ < ||all}.

Proof. For each A € C such that |\ > |lal|, we have A —a = A(1 — A'a). But
A "tal] = |A7Y|la|| < 1 and so by Theorem 2.2.19, A — a € Inv(A), which implies
that A ¢ o(a). Hence, o(a) C {\ € C: || < |la||}. Also, o(a) is closed because it is the
inverse image with respect to the continuous map A — A —a, C — A, of the closed
subset A\ Inv(A) of A. Thus, o(a) is bounded and closed, so o(a) is a compact subset
of C.

Lastly, we need to show that o(a) # 0. If 0.4(a) = 0, then p(a) = C. Then we have

R:C—A M= (A—a)

16



Corollary 2.2.22, shows that R is continuous, more so, R is analytic and bounded. Indeed,
for all \qg € C, we have

/RO RO\ O —a) — (A —a)!
)\lin)’\lo( /\—)\0 >_ /\_/\0
_A=a) Mo —a) —(A—a)](lo—a)”"
A—Xo
=0 e = Ao —a)!
A—Xo
_ —(/\ — )\0)()\ — a)il()\o — a)*l
A— X

=—-A—a)'(No—a)".
lim (M) = lim [-(A—a)'(Ag —a)!]

A—=Xo
=~ —a)o—a) = (N —a) 2

Since \g is arbitrary, then R is analytic. Let us now show that R is bounded.

lim RO = lim (A —a)t = qim GZWNT DTy

|| =00 [A|—o0 |A| =0 A 00

Hence, R is bounded. Since we have show that R is analytic and bounded, then by
Louville’s theorem, R is a constant. Since, R(\) — 0 as |A\| — oo for all A € C. This is
a contradiction, since R(\) is invertible. Hence, o4(a) # 0. O

Theorem 2.2.30 (Gelfand - Mazur). If A is a unital Banach algebra in which every
non-zero element is invertible then A = C.

Proof. Theorem 2.2.29 guarantees that o4(a) # (. Let a € A, then there exists an
element \ € o4(a), such that A1 — a ¢ Inv(A). Since A is a division algebra, we have

AMl—a=0, =AM =a.

This gives an isomorphism from A onto C. Define ¢ : A — C as a — . For isometric,
we need to show that ||¢(a)|| = ||al|. We have that

lall = 1AL = 1Al = ll¢(a)].
Hence, the map is an isometry. L]

Remark 2.2.31. The above result shows that C is essentially the only unital Banach
algebra which is also a field.
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Theorem 2.2.32 (Spectral mapping property for polynomials). Let A be a complex
algebra with an identity, let a € A and let p be a complex polynomial. Then

o(p(a)) = {p(A) [ A € a(a)}.

Definition 2.2.33. Let A be a unital Banach algebra and let a € A, the spectral radius
of a is

ra(a) = sup{|A| | A € o.a(a)}.
Example 2.2.34. Let X be a compact topological space and f in A := C(X), we have

ra(f) = sup [Al= sup Al =[]
Aeoa(f) AeS(X)

Theorem 2.2.35 (Spectral radius formula). Let A be a unital Banach algebra and let
a € A, then

ra(a) = lim [[a®|"" = inf [la

Corollary 2.2.36 ([31]). If A is a unital Banach algebra and B is a closed unital sub-
algebra of A then r4(b) = rg(b) for all b in B.
Proof. Using the spectral radius formula, for all b € B, we have
ra(b) = lim ||b]|% = rp(b).
n— o0
[

Remark 2.2.37. Clearly, the above result guarantees that the spectral radius of a € A
does not change when computed in any subBanach algebra of A, containing a.

Remark 2.2.38. [t is easy to see that
ra(Aa) = [Ara(a) (A e€C)
and by Theorem 2.2.29, we have 1 4(a) < ||a|.

Theorem 2.2.39 ([31]). Let A be a unital Banach algebra and let a,b € A with ab = ba.
Then

ra(ab) < ra(a)ra(d).
Proof. Since ab = ba, we have (ab)" = a™b™ (n € N). It then follows that
— n||l/n _ ; nin||l/n
raab) = inf [[(ab)"|[/" = inf [|a"b"|

< inf nl/n-f n|l/n _ )
< inf [[a"|" inf %]/ = r.a(a)ra(b)
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2.2.2 Ideals, Quotients and Homomorphism of Banach Alge-
bras

Definition 2.2.40. Let A be a Banach algebra. An ideal I of A is a vector subspace I
of A such that for all x € I and a € A, we have ax € I and xa € I.

It is well known that, if A is a Banach space and I a closed ideal of A, the quotient space
A/I is a Banach space with respect to the quotient norm ||a + I|| = inf,¢; ||a + z||, for

all a € A. If we define the product (a +1)(b+1) =ab+ 1 on A/I for all a,b € A. Then
A/I becomes a Banach algebra. This result is shown in the next theorem.

Theorem 2.2.41 ([2]). If I is a closed ideal of a Banach algebra A, then A/I is a
Banach algebra. If A is abelian so is A/I.

Proof. 1t is clear that the product (a+ I)(b+ I) = ab+ I is well defined for all a,b € A.
Since A/ is a Banach space, it is suffices to show that ||(a+ I)(b+1)|| < |la+ I||||b+ I]|-
Indeed, for all a,b € A, we have

l{a+ Db+ D)l = [lab + I|| = inf [lab + 2| < inf Jlab + ay + zb + zy|

= inf (@ + )b+ y)l < inf o+l o+ y]
= lla+ I[llo+ 1.

Hence, A/I is a Banach algebra. Suppose A is abelian, then for all a,b € A, we have

(a+Db+1)=ab+I=ba+1=(b+I)(a+1).
Hence, A/ is abelian. O
Definition 2.2.42. Let A be a Banach algebra.
1. An ideal I in A is proper, if I is not equal to A.

2. An ideal I is a maximal ideal of A, if I is a proper ideal such that I is not contained
in any strictly larger proper ideal of A.

Lemma 2.2.43 ([2]). Let A be a unital Banach algebra. If I is an ideal of A, then I is
a proper ideal if and only if I N Inv(A) = 0.

Theorem 2.2.44 ([2]). Let A be a unital Banach algebra.
1. If I is a proper ideal of A then the closure I is also a proper ideal of A.

2. Any mazimal ideal of A is closed.
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Definition 2.2.45. Let A and B be Banach algebras. A homomorphism from A to B is a
linear map 0 : A — B which is multiplicative in the sense that 6(ab) = 0(a)é(b), (a,b €
A). The kernel of such a homomorphism 6 is the set

ker § ={a € A:0(a) =0}.

If A and B are unital Banach algebras, we say that a homomorphism 6 : A — B is
unital if 6(14) = 15. A bijective homomorphism 6 : A — B is an isomorphism. If such
an isomorphism exists then the Banach algebras A and B are isomorphic. The kernel of
0 is a proper ideal if @ is not equal to 0. The quotient map 7 : A — A/ is surjective
homomorphism with ker @ = I. Suppose that 6 : A — B is a homomorphism of Banach
algebras with ker § = I. Then there exists a unique embedding ¢ : A/I — B such that
0=1vom.

Remark 2.2.46. If two “objects” are isomorphic, we say that they have the same struc-
ture. In the context of Banach algebras, we need more that isomorphism. Two Banach
algebras have the same structure if they are isometrically isomorphic.

Example 2.2.47. Suppose that A is a non-unital Banach algebra then the map
0:A— A* a— (a,0)
s an isometric homomorphism. Indeed, for all a,b € A, we have
0(ab) = (ab,0) = (a,0)(b,0) = 0(a)d(b) and
10(a)ll.4 = [I(a, 0)lLa# = llall.a+ 0] = llaf|.a.

Hence, 0(A) is a Banach subalgebra of A% which is isometrically isomorphic to A.

2.3 Gelfand Theory

In this section, we give a brief introduction to Gelfand’s theory for commutative Banach
algebras. For further details see [13].

Definition 2.3.1. Let A be a Banach algebra. Then a character on A is a non-zero
homomorphism A — C; that is, a non-zero linear map ¢ : A — C which satisfies
w(ab) = @(a)p(b) for all a,b € A.

We denote the set of all character on A by ® 4. Suppose that 1 € A. Then ¢(1) =1 for
every ¢ € ® 4 and so a character is a unital homomorphism.

Remark 2.3.2. [t is good to note that ®4 and 4% are related. Indeed, for every
U € D u, Y(e) =1 and for every p € O 4, there exists a unique extension @ € G 4% given
as

Pla+Al)=p(a)+ A, (ac A XeC).
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Example 2.3.3. 1. Let A:=C(X) where X is a compact topological space. For any
x € X, the map p, : A — C, f — f(x) is a character on A. Indeed, for all
f,g € A, we have

e:(f9) = (f9)(x) = f(x)9(x) = @u(f)px(9)-

2. Let A := A(D), the disc algebra. For each z € D, the map ¢. : A — C, f— f(2)
is a character on A. Indeed, for all f,g € A, we have

v.(fg) = (f9)(z) = f(2)9(2) = @.(f)w(9)-

Proposition 2.3.4 ([2]). Any unital Banach algebra A possesses at least one character.

Theorem 2.3.5 ([2]). Let A be a Banach algebra and let ¢ € ® 4. Then ¢ is continuous
and ||¢|| < 1. Suppose A is unital then ||| = 1.

In particular, ® 4 is a subset of the closed unit ball of A’.

Definition 2.3.6. Let A be a Banach algebra and ® 4 the set of all character on A. We
endow ®_4 with the weakest topology with respect to which all the functions

®4—=C, prpla), (acA)
are continuous. The topology on ® 4 is called the Gelfand topology.

Remark 2.3.7. From Theorem 2.3.5, we have that ® 4 is contained in the unit ball of
A'. The Gelfand topology obviously coincides with the weak™ topology of A" on ® 4. This
topology is sometimes called the weak* topology on ® 4.

Theorem 2.3.8 ([2]). Let A be a unital Banach algebra. Then ® 4 is a non-empty
compact Hausdorff space in the Gelfand’s topology.

Lemma 2.3.9 ([2]). Let A be a unital commutative Banach algebra.
1. If p € Dy, then ker ¢ is a mazimal ideal of A.

2. If J is a mazimal ideal of A, then the map C — A/J, X +— XA+ J is an isometric
1somorphism.

Proof. 1. Since ¢ € &4, then ¢ is a non-zero homomorphism and so I = ker ¢ is a
proper ideal of A. Suppose that J is another ideal of A such that I C J and let
a € J\I. Then p(a) # 0, so b= p(a)"ta € J and p(b) = 1. Since (1) = 1, using
Theorem 2.3.5, we then have that 1 — b € I and it follows that 1 =b+1—0 € J.
By Lemma 2.2.43, J = A. This shows that I is not contained in any strictly larger
ideal of A, hence I is a maximal ideal of A.
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2. Let J be a maximal ideal of A. By Theorem 2.2.41, Theorem 2.2.44 (2) and the fact
that if, A is a unital Banach algebra so is \A/J. The unit of .A/.J is of the form 1+ J.
If a+J is a non-zero element of A/.J then a € A\ J. Let K = {ab+j : j € J,b € A}.
Since A is commutative and J is a maximal ideal, it is easy to see that K is an
ideal of A and J C K. Since J is a maximal ideal, K = A. Then we have that
le Kand ab+ j =1, for some b € A, j € J. Now observe that

(a+ )b+ J)=ab+J=ab+j+J=1+J

Hence, (a+ J) is invertible. Then since every non-zero elements of A/J are invert-
ible, applying Theorem 2.2.30, we have that A/J = 14,; = 1+ J. It is easy to see
that the map C — A/J, A +— A+ J is an isometric homomorphism, since we have
shown that it is surjective. Hence, the result hold.

O

Theorem 2.3.10 ([2]). Let A be a unital commutative Banach algebra. The mapping
© — kery is a bijection from ® 4 onto the set of maximal ideals of A.

Lemma 2.3.11 ([2]). Let A be a unital commutative Banach algebra and let a € A.
Then the following are equivalent;

1. a ¢ Inv(A);
2. a € I for some proper ideal I of A;
3. a € J for some mazimal ideal J of A.

Corollary 2.3.12 ([2]). Let A be a unital commutative Banach algebra and let a € A.
Then the following holds.

1. a € Inv(A) if and only if p(a) # 0 for all p € 4.
2. oala) = {p(a) : p € P4}
3. rala) = supyeq , l@(a)|

2.3.1 Gelfand Representation

Definition 2.3.13. Let A be a unital commutative Banach algebra. For a € A, the
Gelfand transform of a is the mapping

a: Py —C, o pla).
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Example 2.3.14. Let A = C(X), where X is a compact Hausdorff space. If f € C(X),
then

]/C\:(I)A%Ca u 9 (f) = f(2).

Theorem 2.3.15 ([2]). Let A be a unital commutative Banach algebra. For each a € A,
the Gelfand transform a is in C(®4). Moreover, the mapping

FTa: A= C(Dy), ar—a

is a unital, norm-decreasing (and hence continuous) homomorphism and for each a € A
we have

o(a) = oc(en(@) = {alp) : o € Pa} and ra(a) = |faf|

Proof. 1t is clear that @ is in C(® 4) from the Gelfand topology on ® 4. It is also easy to
see that I' is a homomorphism. Indeed, for all a,b € A, we have

[(ab) = p(ab) = p(a)p(b) = T(@)(b).

By Theorem 2.3.5, I' is unital. The fact that o(a) = o¢(s (@) follows from Corollary
2.3.12 (2). Also, r4(a) = ||a|| < ||a|| follows from Corollary 2.3.12 (3) and Remark 2.2.38,
so I' is linear and norm-decreasing, hence continuous. O]

Definition 2.3.16. If A is a unital commutative Banach algebra, then the unital homo-
morphism

rA—C(®y4), a—a
is called the Gelfand representation of A.

Remark 2.3.17. In general, the Gelfand representation is neither injective or surjective.

2.4 Banach Modules

In this section, we give a brief introduction to Banach modules. For details, see [9].
Definition 2.4.1. Let A be an algebra over a scalar field F.

1. By a right A-module, we mean a vector space X over a scalar field F together with
amap - X x A— X, (z,a) — x - a which satisfies

(a) (x+y)-a=z-a+y-a (r,y€ X, ac A
(b) z-(a+b)=z-a+z-b (xeX,abeA),
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(c) z-(ab) = (z-a)-b (x€X,a,beA).

2. By a left A-module, we mean a vector space X over a scalar field F together with
amap - Ax X — X, (a,z) — a-x which satisfies

(a) (a+b)-z=a-x+b-z (x,€ X,a,b€ A);
() a-(z+y)=a-z4+a-y (r,y€ X, acA);
(c)a-(b-x)=(ab)-z (x€ X,a,be A).

3. By an A-bimodule, we mean both left and right A-modules and also satisfies

(a-z)-b=a-(x-b), (a,b€ A xeX).

Definition 2.4.2. Let A be a Banach algebra. A Banach space X which is

1. also a left A-module, is called a left Banach A-module if there ewists a constant
M > 0 such that ||a - z|| < M||a||||z||, (z € X,a € A);

2. also a right A-module is called a right Banach A-module if there exists a constant
M > 0 such that ||z - a|| < M||a||||z|], (z € X,a € A);

3. both left and right Banach A-module, is called a Banach A-bimodule.
Remark 2.4.3. If we renorm X, we may take M = 1.

Example 2.4.4. 1. The Banach algebra A itself is a Banach A-bimodule with the
module operations taken as the Banach algebra multiplication operation.

2. Let X be a Banach A-bimodule and let Y be a closed submodule of X, then the
quotient bimodule X/Y is a Banach A-bimodule with the module operations

a-(x+Y)=a-2+Y and (z+Y)-a=z-a+Y (a€AzecX).

3. Let X be a Banach A-bimodule and A a Banach algebra. The canonical way of
making X' into a Banach A-bimodule is by defining the left and right module op-
erations as

(r,a-vY) =(x-a,) and (x,¢-a)={(a-x,¢0) (r€ X,ae Ay e X').
It easy to check that

a-(¢-b)=(a-9)-b,
la- ol < Mllall[[] - and [[¢ - al| < Mllall[|¢]].
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Indeed, for all a,b € A,x € X and i € X', we have
=(z-a,¢-b) =(z,a-(¢-b)).
Also,

la - ¢[} = sup{|(z,a- o] | =[]} <1} = sup{[{z - a,9[ | [lz] < 1}
< sup{M|[z[|[|al[[[¢]] | =]l < 1} = Mlall[]4]].

Using similar approach, we have || - al| < M||al|||¥||-
In general, the nth dual space X™ of X are Banach A-bimodules for n € N with
X0 .= X,

4. Let A be a Banach algebra and X a Banach A-bimodule. Then L(A, X) is a Banach
A-bimodule with the module operations given as

(a-T)b)=a-(Tb) and (T-a)()=T(ab) (a,be AT e L(A, X)).

2.5 Tensor Product

In this section, we give a brief introduction to tensor product. For details, see [13].

Definition 2.5.1. Let A, B and C be vector spaces. An algebraic tensor product of A
and B is a pair (C,0), where 0 : Ax B — C is a bilinear map called the tensor map such
that if D is any vector space and for each bilinear map f : A x B — D, there exists a
unique g : C — D, such that f = gof.

It is well known that for any two vector spaces say, A, B, the algebraic tensor product of
A, B always exists, unique up to isomorphism and inherits the property of the structure
in which it is defined on. The tensor product (C,0) is denoted as A ® B, elements of
A® B are called tensors. We also denote 0(a,b) = a®b, for all a € A, b € B and elements
of this form are called elementary tensors. An element, say t € A ® B is of the form

t:ZaZQ@bz mEN,aiEA,biGB. (22)
i=1
Remark 2.5.2. The representation for t in Equation (2.2) is not unique.

On the tensor product A® B, different types of norms can be defined. In this dissertation,
we only consider the projective norm.
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Definition 2.5.3. Let A and B be normed vector spaces, for t € A ® B, we define
projective tensor product norm as

lell, = inf{Znainnbiu coolt= m@bia; € Abe B}.
=1 =1

Theorem 2.5.4 ([5]). Given a bilinear mapping ¢ : A x B — C, there exists a unique
linear map ¥ : A® B — C, such that ¥(a ® b) = ¢(a,b), (a € AbEeE B).

Remark 2.5.5. By Proposition 2.5./, we have that (A® B) = L(A,B).

Theorem 2.5.6 ([5]). Let A and B be normed algebras over a scalar field F. There exists
a unique product on A ® B with respect to which A ® B is an algebra and

(a1 & CLQ)(bl X bz) = (llbl X a2b2 (al, b1 & A, a9, bg & B)

Theorem 2.5.7 ([5]). Let A, B be normed algebras over a scalar field F. Then the pro-
jective tensor norm on A ® B is an algebra norm.

Definition 2.5.8. Let A and B be Banach algebras. Then their projective tensor product
denoted by ARB is the completion of A ® B with respect to the projective tensor norm.

Now let A, B be Banach algebras over a scalar field F. Using Proposition 2.5.7, we may
extend the product on A ® B to A®B so that AXB becomes a Banach algebra.

Remark 2.5.9. A®B is a commutative and unital Banach algebra if and only if both A
and B are commutative and unital.

Definition 2.5.10. Let A be a Banach algebra, then ARA becomes a Banach A-bimodule
with the module operations defined as

a-(b@c)=ab®@c and (b®c)-a=b®ca (a,b,ce A).

We can make (A®A) and (A®A)” into a Banach A-bimodule in the canonical way.
As in Remark 2.5.5, if we identify (A®.A) with £(A, A"), then the canonical Banach
A-bimodule operations on (A®.A) takes the form in Example 2.4.4 (4). If A is a Banach
algebra, A is also a Banach algebra with the product defined in reverse order, that is
a x b = ba. We can also make A into a left A®.4%-module by the module operation
defined by

(a®b)-c=achb (a,b,ce A).

2.6 Semigroups and Semigroup Algebras

In this section, we shall recall some basic definitions, some properties of semigroups and
semigroup algebras that will be relevant for our study.
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2.6.1 Semigroups

Definition 2.6.1. A semigroup is a non-empty set S together with an associative binary
operation, denoted by

SxS—=S, (st)—st (s,te€l).

A non-empty subset T of S is a subsemigroup if T is a semigroup under the induce
binary operation of S. In general, we do not suppose that a semigroup have an identity.
In the case where a semigroup S have an identity, we denote the identity of S by eg.
A semigroup S with an identity is said to be unital. If a semigroup S is non-unital, we
can adjoin an identity to S and S becomes S# := S U {e}, where S# is a semigroup
with an identity adjoined. Then S# is a semigroup containing S as a subsemigroup. The
semigroup S is abelian if for all s,t € S, we have st = ts. If a semigroup S with at least
two elements contains an element 0 such that

0s=0s=0 (se9),

we say that 0 is a zero of S and S is a semigroup with zero. Also, if S is a semigroup
without a zero element, we can also adjoin the element 0 to S. A semigroup in which a
zero is adjoined is denoted by S° an S° := SU{0}. Then S° is semigroup containing S as
a subsemigroup. A non-empty subset I of S is a left (right) ideal of S if, ST C I (IS C I).
A non-empty subset of S which is both left and right ideal is an ideal.

Definition 2.6.2. Let S be a semigroup.

1. Let s € S. An element s* € S is called an inverse of s if

ss*s=s and s*ss" =s".

2. An element s € S is called regular if there exists t € S such that sts = s.

3. An element s € S is called completely regular if there existst € S such that sts = s
and ts = st.

4. S is called regular if each s € S is a regular element.
5. S is called completely regular if each s € S is a completely regular element.

6. S is called an inverse semigroup if S is reqular and every element in S has a unique
muverse.

7. An element s € S is left cancellable if s =t whenever vs = vt, fort,v € S.

8. An element s € S is right cancellable if s =t whenever sv = tv fort,v € S.
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9. An element s € S is cancellable if it is both left and right cancellable.
10. S is cancellative if each element is cancellable.
11. S is left reversible if for all x,y € S, xS NyS # 0.
12. S is right reversible if for all xz,y € S, Sx N Sy # 0.
13. S is reversible if it is both left and right reversible.

14. An element p € S is called an idempotent if p? = p, the set of idempotents of S is
denoted by E(S).

Remark 2.6.3. An element s € S has an inverse if and only if is reqular. Indeed,
suppose that s € S has an inverse. By definition, it follows that s is reqular. Conversely,
suppose that s € S is reqular, then there exists t € S such that sts = s. Set u = tst and
observe that

sus = ststs = (sts)ts = sts = s

and
usu = tststst = t(sts)tst = tstst = t(sts)t = tst = u.

Remark 2.6.4. If s € S has an inverse, then it is said to be regular and if not is called

singular. We denote the inverse of an element s in an inverse semigroup as s .

Proposition 2.6.5 ([30]). An inverse semigroup with a unique idempotent is a group.

Proposition 2.6.6 ([30]). A semigroup S is an inverse semigroup if and only if S is
reqular and the idempotent commutes.

Definition 2.6.7. A semigroup S is called semilattice if S is commutative and E(S) = S.

Let S be an inverse semigroup. The canonical partial order defined on S and E(S5)
coincides. The natural partial order on S is defined as

s<tes=ss't (s,teh)
and that of F(S) is defined as
p<q&p=pi=qp (p,q€ E(5)).
An idempotent p is mazimal if p = ¢ whenever p < q.

Definition 2.6.8. Let P be a partially ordered set. Forp € P, we define (p] = {x : v < p}
and [p) = {x : p < x}. Then P is locally finite if (p| is finite for each p € P and P is
locally C-finite for some constant C' > 1 if |(p]| < C for each p € P. A partially ordered
set that is locally C-finite for some C'is uniformly locally finite.
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Definition 2.6.9. Let S be an inverse semigroup. Then S is [locally finite / C-finite
/ uniformly locally finite| respectively if the partial ordered set (E(S),<) has the corre-
sponding property.

Proposition 2.6.10 ([11]). Let S be an inverse semigroup. Suppose that (E(S), <) is
[uniformly] locally finite. Then (S, <) is [uniformly] locally finite.

Proposition 2.6.11 ([30]). Let S be an inverse semigroup and let s,t € S. Then sDt if
and only if there exists v € S such that s~'s = za=" and t 7't = 27t

Let S be an inverse semigroup, p € E(S) and {D, | A € A} be the collection of all
D-class on S and py € E(D,). The mazimal subgroup of S at py is denoted by G,, and

Gy, =1{s€S:ss' =5"s}.
We recall from [38] the following definitions of semigroups.
Definition 2.6.12. Let S be a semigroup.
1. S is called a band if S = E(S5).

2. S is called a rectangular band semigroup if it is a band semigroup and for each
x,y € S,xyr = x.

3. S is a Clifford semigroup if S is an inverse semigroup such that
sst=s"1s (se€09).

For e in E(S), let G, = {s € S : s7's = e}, we have that G, is a group, S =
UeeE(s) Ge and G.Gy C Gy, where G.’s are the mazimal subgroup of S. A Clifford
semigroup is also known as a semilattice of groups.

4. S with a zero element 0 s called Brandt semigroup if it satisfies the following
azTioms:

(a) For each non-zero element s of S there corresponding unique elements t,u and
s in S such that

ts=s, su=3s, &s=u.
(b) Ift,u € E(S) and are non-zero, then tSu # {0}.

A Brandt semigroup S over a group G with index set J consist of all canonical
J x J matriz units over G U {0} and a zero matriz 0. It is an inverse semigroup
over G with index set J given as

S={(9)ij | g€ G,i,j e J}u{0},
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where (g)i; is the J x J matriz with (k,1)- entry equal to g if (k,l) = (i,7) and 0
if (k,1) # (i,7) and multiplication defined as

5. A bicyclic semigroup is a semigroup S = {p,q,e : pq = e} generated by an identity
element e and two more elements p and q such that pg = e.

Definition 2.6.13. Let G be a group, I and A be arbitrary non-empty sets and G° =
G U {0} be a group with zero adjoined. A sandwich matriz P = (py;) is a A X I matriz
with entries being elements of G° such that each row and column of P has at least one
non-zero entry. The set S = G x I x A with the composition

(a,i,5) 0 (b1, k) = (aPyb,i,k) (a,i,j), (bl k)eS

is a semigroup that we denote by M(G, I, A, P). Similarly if P is a A x I matriz over
G°, then S = G x I x AU{0} is a semigroup under the following composition operation

(CLleb,i,k‘) Zf le 7é 0

7‘?. b7l7k = . .
(a1,g) © (0,1, ) {O im0

(a,i,7)o0=00(a,i,j) =000=0.

This semigroup which is denoted by M°(G, I, A, P) can also be describe in the following
way. An I x A matriz A over G° that has at most one non-zero entry a = A(i, j) is
called a Rees I x A matrix over G° and is denoted by (a);;. The set of all Rees I x A
matrices over G° form a semigroup under the binary operation A - B = APB, which is
called the Rees matrix semigroup over G°.

The above sandwich matrix P is regular if every row and column contains at least one
entry in G and the semigroup M°(G, I, A, P) is regular as a semigroup if and only if the
sandwich matrix is regular.

Definition 2.6.14. Let S be a semigroup. A principal series of ideals for S is a chain
S=0L>I,D--- DY D]m:K(S),

where I, Iy, ... I, are ideal in S and there is no ideals of S strictly between I; and I,
for each j € N,,,_1 and K(S) is the minimum ideal of S.
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Example 2.6.15. 1. Let S be an infinite set with the product given by
st=t (s,te€Ss),

so that S is a right zero semigroup. Then S is a semigroup which is right cancella-
tive and each element of S is a left identity.

2. Let S be an infinite set with the product given by
st=s (s,t€f),

so that S 1s a left zero semigroup. Then S is a semigroup which is left cancellative
and each element of S is a right identity.

3. Let S =72, such that 72 = 7 x 7 with the binary operation
(t,u) - (v,w) =({t+u,w) (t,u,v,w€Z).

Then (S,-) is a non-abelian semigroup which is left cancellative.

4. Let S be an infinite semigroup and set S1 =S x S as a set. Define
(a,z) - (b,y) = (ab,ay) (a,b,c,d € S).

Then (S1,-) is a semigroup. It is left cancellative whenever S is left cancellative.

5. Let S = N, with the product
AN:NxN—=N, (m,n)—mAn:=min{m,n}.

Then (S, ) is an abelian semigroup and 1 acts as a zero. Clearly S = E(S), but
S does not have an identity.

6. Let S = N, with the product
V:NXN—=N, (m,n)—mVn:=max{m,n}.

Then (S,V) is an abelian semigroup with identity 1. Clearly S = E(S).

2.6.2 Semigroup Algebras

Let S be a semigroup. We define £'(S) = {f : S = C | Y, .s|f(s)| < oo}, with the
norm || f|| = 3. 1f(s)|. £'(S) is a Banach space and it becomes a Banach algebra when
the following convolution product is defined on it:

(f*a)(t) =) {f(r)g(s) | rs€S, rs=t} (tes)
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where we take (f % ¢)(t) = 0 where there are no elements r, s € S with sr = ¢. It can be
easily shown that [|f * g|| < ||f|llgll- Indeed, for all f,g € £}(S), we have

If *gll =D I(f*g)®] =D 1> fr)g(s)]

tesS teS sr=t

<D D NFWllats) < D> 1 ()lgls)]

tesS sr=t (r,s)eSxS

=2 D Iflas) = £ lllgll-

reS ses

(€*(S), ) is a Banach algebra, called the Banach semigroup algebra on S. ¢'(S) is a
commutative Banach algebra if and only if S is commutative. Every f € ¢1(S) can be

represented as
F=>Yf(s)d

seS

where ¢, is the Dirac measure,

5.(1) = {1 het
0 if s £ t.
For further discussion of this algebra, see [9] and [11].
It is well known that the semigroup algebra ¢!(S) may have an identity even if S does
not. This fact was justified in [25], Proposition 2.1, where S is a finite semilattice. Fur-
thermore, the necessary and sufficient condition for ¢1(.S) to have a bounded approximate
identity for inverse semigroup and other semigroups were given in [13, 28].

Let S and T be semigroups and let € : S — T be an epimorphism. Then there is an
induced contractive epimormphism 6 : £*(S) — ¢*(T') defined by requiring that |s takes
specified values in T' C ¢(T). If S and T are isomorphic, then ¢'(S) and ¢!(T) are

isometrically isomorphic. For each ¢ € &g, the map

S F)0 = 3 F(s)6(s)

ses seS

is a character on ¢!(S) and every character on ¢!(.S) arises in this way. There is always
one character on the Banach algebra ¢!(S), this is the augmentation character

ps  01(S) =+ C, [ ) f(s).

seS
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Suppose that T is a subsemigroup of S. Then
o1y = {pslom) | ps € Ps}

For a semigroup S, it is an established result that £'(S)&¢"(S) is isometrically isomorphic
to £'(Sx S) and so, we identify (¢*(S)®¢'(S))" with (£1(SxS))". Using this identification,
the bimodule operations are defined as follows: Let M € (¢£°(S x S)),s € S, then for
all fel>(Sx5S),

Ms(f)=M(sf), sM(f)=M(fs)
and
fs(u,v) = f(su,v), sf(u,v) = f(u,vs).

More so, for all s,t € S, we have 6, * §; = d,; and d; * 5, = d;, and so £}(S) is a Banach
(*(S)-bimodule.

Remark 2.6.16. If the semigroup S is a semilattice, then (1(S) is a commutative £*(S)-
module.
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Chapter 3

Notions of Amenability in Banach
Algebras

In this chapter, we shall give the definitions of some important notions of amenability in
Banach algebras that we shall study in this work. In particular, we shall give an explicit
prove of some intrinsic characterizations, hereditary properties and some interesting re-
sults of contractible, amenable, approrimately amenable and pseudo-amenable Banach
algebras.

3.1 Basic Definitions

Definition 3.1.1. Let A be a Banach algebra and X a Banach A-bimodule. A derivation
from A into X is a bounded linear map D : A — X such that

D(ab) =a-D(b)+ D(b) -a, (a,be A).
For example, let © € X, then the linear map 9, : A — X defined as
de(a)=a-x—1x-a

is a derivation. Indeed, for all a,b € A, we have

Hence, 6, is a derivation. This type of derivation is called inner derivation and it is
implemented by x. Note that inner derivations are automatically continuous linear maps
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and derivations which are not inner are called outer derivations. Let ¢ € ® 4. Then a
point derivation at ¢ is a linear functional d : A — C such that

d(ab) = ¢(a)d(b) + d(a)p(b), (a,be A).
That is, d is a derivation into the bimodule C, where C has the A-bimodule operations
a-z=z-a=y(a)z (a€ A zeC).

Remark 3.1.2. [t is good to note that for any two elements x,y € X, we have §,1,(a) =
dz(a) + dy(a). Indeed, for all a,b € A, we have

Opy(ab) = (ab) - (x +y) — (x +y) - (ab)
(ab) -z + (ab) -y — [x - (ab) +y - (ab)]
(ab) - x — x - (ab) + (ab) - y — y - (ab)

dz(ab) + d,(ab).

More so, any x,y in X can form the same inner deriwation. If this occur, we have 6, = 0,
which implies that 6, — 6, = d,—, = 0.

Let Z'(A, X) denote the space of all continuous derivations from A into X and let
B'(A, X) denote the space of all continuous inner derivations from A into X. Then, the
first Hochschild Cohomology group of A with coefficients in X is the quotient vector space

HY A X) = ZY A X)/B (A X).

Clearly, H'(A, X) = {0} if and only if Z!(A, X) = B'(A, X). A trivial case in which
) = {0} is the case in which A acts trivially on right (left) of X. That is
0(A-X=0).

Definition 3.1.3. Let A be a Banach algebra. Then:

1. A is contractible if, for each Banach A-bimodule X, every continuous derivation
D: A— X is inner;

2. A is amenable if, for each Banach A-bimodule X, every continuous derivation
D: A— X' isinner;

3. A is weakly amenable if every continuous derivation D : A — A’ is inner;

4. a continuous derivation D : A — X is said to be approximately inner if there exists
a net (xq) in X such that

D(a) =lim(a -z, — x4 - a) = ligléx(a) (a € A,

[e%

were the limit is taken in the norm of X;
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5. A is approximately contractible if, for each Banach A-bimodule X, every contin-
uous derivation D : A — X is approximately inner;

6. A is approximately amenable if, for each Banach A-bimodule X, every continuous
deriwation D : A — X' is approximately inner;

7. A is approximately weakly amenable if every continuous deriwation D : A — A’
18 approximately inner;

8. A is boundedly approximately contractible if, for each Banach A-bimodule X and
each continuous derivation D : A — X, there exists M > 0 and a net (z,) in X
such that ||a - xo — x4 - al| < M|a|| for all a in A and each o and that D(a) =
lim, (b xq — x4 - b), (b€ A);

9. A is boundedly approximately amenable if, for each Banach A-bimodule X and
each continuous derivation D : A — X', there exists M > 0 and a net (x,)
in X' such that ||a - v, — x4 - a|| < Ma|| for all a in A and each o and that
D(a) =limy(b- xo — x4 - ), (b€ A).

Remark 3.1.4. For the approzimate notions, we use the qualifier uniform when that
convergence of the net is uniform over the unit ball and similarly we use weak™® when the
convergence is in the appropriate weak™ topology.

Example 3.1.5. 1. The set of complex number C, is an amenable Banach algebra
with the usual product and norm.

Proof. Let 0 denote the trivial group and A := ¢!(0) be an amenable Banach
algebra. Define ¢ : A — C as ¢(f) = f(0). Clearly, ¢ is an isomorphism, more so,
it is an isometry. Indeed, for all f € A, we have

[o(H)] = 1FO)] = [If]lx-

We then have that A = C and since A is amenable, so is C. O
2. The Banach algebra A(D) (disc algebra) is not amenable.

Proof. Let x € D and the module operations of A(D) on C are given by
f-z=f(x)zand z- f:= f(x)z2 (f € A(D),z € C).

Define D : A(D) — C as f — f'(z) (f’ denote the derivative of f). Clearly, D

is a continuous derivation and every inner derivation at z is zero. Indeed, for all
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For inner derivation, we have

6.(f) = fz— 2 f = f(@)— f(z)z = 0.
Since all continuous derivation is not inner, hence A(ID) is not amenable. ]
Definition 3.1.6. Let A be a Banach algebra.

1. The operator m : AQA — A, defined by (a @ b) — ab for all a,b € A is called the
diagonal operator.

2. A diagonal for A is an element u € A®A such that
a-u=u-a and a-7(u)=a (a€A).

It is well known that 7 is an A-bimodule homomorphism with respect to the module
operations on ARA. For a diagonal u = Z?:1 a; ® b; in A®A, we have

m(u) = W(Zaj ®bj) = Z']T(aj ®bj) = Zajbj =e4,
j=1 j=1 Jj=1
where ey4 is the identity in A. Also, a - u = u - a implies that
Z(ICLJ‘ ®b] = Zaj ®bja.
j=1 j=1

Suppose X is a Banach A-bimodule and ¢ € £(.A, X). Then there exists a linear map

P ARA — X,
Pa®@b)=a-(0b) (a,beA). (3.1)

Since @ -u = u - a for a € A and u a diagonal in A®.A, then

O(a-u)=d(u-a), = cb(iaaj@bj) :@(éaje@bja),

j=1
then

Zaajw(bj> = Z a;(bja) (a,b € A). (3.2)
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Lemma 3.1.7. Let A be a Banach algebra, X a Banach A-bimodule and the map ® as
defined in Equation (3.1). Then:

1. ® is bounded;
2. P(a®@Ab) =P(Aa®b) (a,be A NeC);
3. a-®bxc)=d(ab®c) (a,b,ce A);
4.oa-®u)=0(a-u) (acAuecADA).
Proof. 1. Let a,b € A and X a Banach A-bimodule. We then have
[B(a @b)|| = [la- @) < Kllal[l[p@)] < Klallllol[l¥]-
2. Let a,b € A and A € C, we then have
P(a @A) =a-9(Ab) =a-Mp(b) = Aa - (b) = P(Aa ® D).
3. For all a,b,c € A, we then have

a-®bc)=a-b-1(c)= (ab) - Y(c) = P(abR c).

4. Let a,b,c € A and u € ARA, where u = Z?Zl b; ® ¢j, we then have

n

a'@(U):a'q)(i:bj(g)Cj) :a-ibj-@ﬁ(cj) = ab; - ¥(e)

J
n

:iyaz)j@q) =<I>(Zabj®cj) = ®(a-u).

J

Definition 3.1.8. Let A be a Banach algebra.

1. An element M in (A®.A)" is called o virtual diagonal for A if

a-M=M-a and a-7 (M)=a (acA).

2. A net (M) in ARA is called an approximate diagonal for A if

a-My,—M,-a—0 and a-w(M,) —a (a€A).
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3. A bounded approximate diagonal for A is a bounded net (M) in A®A such that
a-My,—My-a—0 and a-w(M,) —a (a€A).

Remark 3.1.9. If (M,) € AR.A is an approzimate diagonal for A, then (7(My))q is an
approximate identity for A. Since (w(M,))q 1S a Tight approximate identity by definition,
we then show that (w(My))a is a left approzimate identity. Indeed, for all a € A, we
have that

I7(Ma) - a —al = ||7(Ma) - a —a-m(Ma) +a-7(Ma) — all
< |7(Ma) -a = a-m(Ma)|| + [la- 7(Ma) = a
= lla-7(Ma) = 7(Ma) - a|| + [la - 7(Ma) — af
= |la- 7(M,) — 7(My) - a|| = ||7(a - My — My - a)|| — 0.

Remark 3.1.10. If A is a finite-dimensional Banach algebra, then any virtual diagonal
for A is also a diagonal for A.

Definition 3.1.11. Let A be a Banach algebra. Then:
1. A is pseudo-amenable if it possesses an (possible unbounded) approximate diagonal;

2. A is pseudo-contractible if it possesses a (possible unbounded) central approzimate
diagonal, that is an approximate diagonal (M,) satisfying a - M, = M, - a for all
a€ A and all o

Definition 3.1.12. A Banach A-bimodule X is said to be pseudo-unital or neo-unital
if for every x € X there exists y € X and a,b € A such that x =a-y-b.

3.2 Preliminary Results.

The following preliminary results are useful in establishing some results that will be
proved in the course of this study.

Proposition 3.2.1 ([18]). For a Banach algebra A with a bounded approximate identity,
the following are equivalent:

1. H' (A, X") = {0} for each Banach A-bimodule X;
2. HY(A, X') = {0} for each pseudo-unital Banach A-bimodule X.

Proposition 3.2.2 ([18]). Let A be a Banach algebra with bounded approximate identity
which is contained as a closed ideal in a Banach algebra B. Let X be pseudo-unital
Banach A-bimodule, and let D € Z'(A,X'). Then X is a Banach B-bimodule in a
canonical fashion and there is a unique D € Z'(B, X') such that:
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1. E|A = D;
2. D is continuous with respect to the strict topology on B and the weak* topology in
X',

Proposition 3.2.3 ([13]). Suppose that A has a bounded approzimate identity. Then A
15 approximately amenable if and only iof every derivation into the dual of any neo-unital
bimodule is approximately inner.

Lemma 3.2.4 ([13]). Let A be a unital Banach algebra with identity e, X an A-bimodule,
D : A— X' a deriwation. Then there exists D1 : A —e- X'-e andn € X' such that

L Inll < 2C.[|1D].
2. D =D, +6,

Proposition 3.2.5 ([31]). Every finite-dimensional approzimately amenable Banach al-
gebra is amenable.

3.3 Amenable and Contractible Banach Algebras.

We next give some hereditary properties and some characterizations of amenability and
contractibility in Banach algebras.

3.3.1 Hereditary Properties of Amenable Banach Algebras.

Amenable Banach algebras have some nice hereditary, stability and useful properties. In
this section, we are concerned with giving explicit proofs of some hereditary properties
of amenable Banach algebras.

Proposition 3.3.1 ([31]). Let A be a Banach algebra. If A is amenable and B is another
Banach algebra such that 6 : A — B is a continuous homomorphism with dense range,
then B is amenable. In particular, A/I is amenable for every closed ideal I of A.

Proof. Let X be a Banach B-bimodule, X becomes a Banach A-bimodule with the
module operations defined as

r-a=x-0(a), a-x=0(a) -z (a€AxeX).

Let ¢ : A — B be a homomorphism and suppose that D : B — X" is a derivation. The
map D :=(Do#f): A— X'is a derivation. Indeed, for all a,b € A, we have

Dab) = (D o 0)(ab) = D(B(a)0()) = (a) - D(O)) + D(O(a)) - 6(D)
=a-(Dof)(b)+ (Dob)(a) b=a-D(b)+ D(a)-b. (3.3)
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Hence, D is a derivation. Since A is amenable, there exists # € X’ such that D(a) =
a-xr—1x-a=09.(a) for all a € A. By our hypothesis that 6 : A — B has a dense range,
then for all b € B there exists a sequence (a,) C A such that lim,(0(a,)) = b. It then
follows that for every b € B, we have that

D(b) = D(liin 0(a,)) = linLn D(0(ay)) = liTan((D o0)(a,)) = lign(D(an))

=lim(a, -z —z-a,) =lim(0(a,) -z —x-0(a,)) =b-x—x-b=7§,.(b),
which implies that the derivation D from B into X’ is inner. Hence, B is amenable.

In particular, let X be A/I-bimodule in the canonical fashion, D : A/I — X’ a derivation
and 0 : A — A/I a canonical surjective homomorphism. The map d := (Dof): A — X’
is a derivation and since A amenable, there exists € X’ such that

dla)=a-r—x-a=0,(a) (a€A.
Now, observe that
D(a+1I) = D(#(a)) = (D o 6)(a) = d(a)
=a-x—z-a=0(a) x—z-60(a)
=(a+1I)-z—xz-(a+1)
=0,(a+1) (a€A).
Hence, A/I is amenable. O

Proposition 3.3.2 ([31]). Let A be a Banach algebra. If I is a closed ideal of A such
that both I and A/I are amenable, then A is amenable.

Proof. Suppose I and A/I are amenable and D € Z'(A, X’), where X is a Banach
A-bimodule. Since X can be identified with a Banach I-bimodule, we then have that
D|; € ZY(I, X’). Using the amenability of I, then, there exists z € X’ such that D(a) =
a-x—x-a=0.(a)for all a € I. Now, let &, be the canonical extension of §, on A. We
then have that D = 0, which implies that D —d, = 0 on I. For all a € A,b € I, we have
that

0= (D —6,)(ab) =a- (D —6&,)(b)+ (D —6,)(a)-b.

It follows that

since a - (D — 6,)(b) = 0 on I. Similarly, we have that

0= (D —6,)(ba) =b- (D —8,)(a)+ (D —5,)(b)-a.
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Also,

since (D — 8,)(b) - a =0 on I. Then for any x € X, we have

(b-z,(D—0,)(a)) = (z,(D—5,)(a) - b) =0
and
(x-0,(D —d,)(a)) = (z,b- (D = &,)(a)) = 0.

Let X; =span{a-z+y-b|a,be I,x,y € X}. X;is a closed linear span of [- X UX - 1.
The above equations implies that D — d, maps A into X; and D — 0§, € ZY(A, X{) =
ZYA, (X/X7)). Tt is clear that, X/X; becomes a Banach A-bimodule with the module
operations defined as

a-(x+X)=a-2+X;, (+X))-a=z-a+X; (a€AzxeX).
Also, X/X; becomes an A/I-bimodule with the module operation on X/X; defined as

(x+Xp)-(a+1)=(x+X;)-a=z-a+ Xy,
(a+I)-(z+X))=a-(z+X))=a-2+X; (a€AzeX).

We claim that D € ZYA/I,(X/X7)), where D is defined as B(CL—F I) = (D —d,)(a) for
all @ € A. The map D from A/I into (X/Xr)" is well defined and also continuous since
D—6,=0onI. Forall (a+1),(b+1) € A/I, we have

~

Hence, our claim is justified. Since A/ is amenable, there exists y € (z/X;)' = X7 C X’
such that D =, where 6, is an inner derivation for .A/I. We then have that

(D —3,)(a) = D(a+1)=0b,(a+1I)
=(a+1)-y—y-(a+1)
=a-y+Il—-—y-a—-1
—u-y—y-a

It then implies that D — §, = Sy and so, D = 6, + gy = 5m+y. Hence, A is amenable. [
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Proposition 3.3.3 ([18]). Let A be an amenable Banach algebra. Then A has a bounded
approximate identity.

Proof. Let us take X = A and define the left and right bimodule module operations as
a-r=axr, v-a=0 (a€AzxeX).
We also make X’ = A’ into a Banach A-bimodule in the usual way, that is
(x-a,a) =(z,a-a) =0, (a-z,0)={(r,a-a) (a€AzeX aecX').
We also make X” = A" into a Banach .A-bimodule in the canonical fashion
(a-a, V) ={(,a- V), (,¥V-a)=(a-a,¥)=0 (a€ A aecX VeX").

The canonical embedding D : A — X", defined as D(a)(a) = a(a), a € A,a € X' is a
derivation. Indeed, for all a,b € A and a € X', we have

{(a, D(ab)) = {(ab,a) = (a-b,a) = (bya-a) = (a-a,D(b)) = (a,a- D(b))
= (a,a- D(b)) + (a, D(a) - b) = (a,a - D(b) + D(a) - b). (3.4)

The last equality in the Equation (3.4) holds because X" has a right zero action and so
(a, D(a) - b) = 0. Since A is amenable, there exists ® € X” such that

Da)=a-®—d-a=a-® (a€A).

Then by Goldstine’s theorem, there exists a bounded net (ey) ep € X such that D(ey)
converges to ® in the weak™ topology on X”. We then have that («, D(ey)) — (a, @) for
all @ € X'. It then follows that (aa, D(ey)) — (aa, ®) for all @« € X', a € A, implying
that (aey,a) — (a,a). Thus (ey) is a bounded weak right approximate identify for A
and so by Theorem 2.2.11, A has a bounded right approximate identity (e, ). Doing the
same thing all over again by defining the module operations as

a-x=0 xz-a=za (a€AxeX),

we obtain a bounded left approximate identity. We now need to show that the left and
right bounded approximate identity is a bounded approximate identity for A.

Let {ex}aep and {fs}seq be bounded left and right approximate identities for A respec-
tively and suppose they are bounded by M; and M, respectively. We make P x ) into
a directed set by defining a partial order (p1,q1) < (p2,¢qe) if and only if p; < py and
q1 < qo for all p1,ps € P,qq,q2 € Q. We then have that the net

(hag) = (ex + fa — exfs) aperPxq

is a bounded approximate identity for A, by Theorem 2.2.9. O
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Proposition 3.3.4 ([18]). Let A be a Banach algebra. A is amenable if and only if A%
15 amenable.

Proof. Suppose that A% is amenable, let D € Z'(A, X’), where X is a Banach A-
bimodule. X becomes a Banach A#-bimodule with the module operations defined as

(a,0) - z=ax+a-z, z-(a,a)=ar+z-a ((a,a)c A" 2z X). (3.5)

Define d : A% — X' as d(a,a) = D(a) ((a,a) € A%). This map is well defined, linear
and a derivation. For linearity, observe that

d((a, @) + (b,8)) =d(a+b,a + ) = D(a+b) = D(a) + D(b) = d(a, ) + d(b, B), also
d(a(a,B)) = d(aa,a) = D(aa) = aD(a) = ad(a,B) (a,b€ A, a, 5 € C).

For derivation, observe that

d((a,a)(b,B)) = d(ab+ af + ab,a8) = D(ab+ af + ab)
= D(ab) + D(af3) + D(ab)
=a-D(b)+ D(a) - b+ BD(a) + aD(b)
=aD(b)+a-D(b) + pD(a) + D(a) - b
(using the module operations in Equation (3.5))
~ (a,0)- D(b) + D(a) - (b, )
= (a,a) - d(b,p) + d(a,a) - (b,8) (a,be A,a,peC).

Hence, d is a derivation. Since A* is amenable, there exists + € X’ such that d(a,a) =
(a,) -z —x-(a,a) =d:(a,a) ((a,a) € A¥). Indeed, for all a € A, a € C, we have

D(a) =d(a,a) = (a,a) -z —x-(a,a) =a-x4+arx—z-a—ar=a-T—x-a=0d,(a).

Therefore, A is amenable.

Conversely, suppose that A is amenable, by Proposition 3.3.3, A has a bounded approx-
imate identity. Also, by Proposition 3.2.1, we can take X to be pseudo-unital and since
A is a closed ideal of A¥, then by Proposition 3.2.2, we have that D € Z'(A, X’) and
there exists D € Z1(A#, X') such that D|4 = D. Hence, A* is amenable. O

Proposition 3.3.5 ([31]). Let A be a Banach algebra. If A is amenable and B is also
an amenable Banach algebra, then ARB is amenable.

Proof. By Proposition 3.3.4, we may assume that .4 and B are unital Banach algebras
with identities e 4 and eg respectively. Let X be a Banach A®B-bimodule and suppose
that D : A®B — X is a derivation. Since X can be identified with a Banach A-bimodule
with the module operations given as

a-v=(a®eg) -z, z-a=z-(a®eq) (acAxclX).
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Define Dy : A — X' as Dy(a) = D(a ® eg) for all a € A. Tt is easy to check that D4 is
a continuous derivation from A into X’. Indeed, for all a,b € A, we have

D(ab) = D(ab® eg) = D[(a®ep)(b®eg)] = (a®ep) - D(b®eg) + D(a®eg) - (b® ep)
=a-Db®eg)+ D(a®ep)-b=a-Dgb)+ Dy(a)-b.

Since A is amenable, there exists x € X’ such that Dy(a) = a-x — x - a, for all a € A.
Let 0, be the inner derivation from A®B into X’. Then, we have

Da®eg) =Dyla)=a-r—x-a=(a®eg) -z —1x-(a®eg)
= 0,(a ® ep).

And so, D = 6,, which implies that D — ¢, = 0. Let D := D — §, = 0 on A ® eg. Note
that

(a®@b)=(a®ep)lea®@b) = (ea®@b)(a®ep) (aec A beB).
This implies that A ® e and e4 ® B commutes. Then for all a € A,b € B, we have

D(a®b)=D((a®ep)(ea®@b)) = (a®ep) - D(es®@b)) +Dla®eg)-(eq D)
= (a®63) 'E(eA ®b),
since D(a ® eg) - (e4 ®b) =0 on A ® ep. Similarly,
D(a®Db) (ea®b)(a®ep)) = (ea®b) - Dia®eg)+ D(esg®b) - (a® ep)

=D
=D(es®b)-(a®ep),

since (e4®b)-D(a®ep) = 0 on A®ep. This implies that D(a®b) = D(e4®b)-(a®eg) =
(a®ep) - D(ea@b), then D(eq ®b)-(a®ep) — (a®ep) - D(eq ®b) =0 and taking the
closure in weak* topology of X', then for h € D(eq ® B), 6,(A ® eg) = {0}. Let C be
the annihilator of D(eq ® B) in X. We make X a Banach B-bimodule with the module
operations defined as

b-z=(ea®b)-z, z-b=x-(ea®b) (beB,xzeX).

Clearly, C'is a Banach B-bimodule of X. We then have that X/C' is a Banach B-bimodule
with the module operations

(x+C)-b=2-04+C, b-(x+C)=b-2+C (beB,xzeX).
By Corollary 1.9 of [7], we have

(X/C)' =C" = ("D(ea®B))" = D(ea® B)
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and (X/C) C X'. Define Dg : B — (X/C), by Dg(b) = D(eyg ® b) for all b € B. It
is easy to check that Dg is a continuous derivation from B into (X/C')’. Indeed, for all
a,b € B, we have

Dg(ab) = D(eg ® ab) = D((e4 ® a)(es ®@ b)) = (ea®a) - D(eg @b) + D(eq ®a) - (e4 ® )
=a- Dg(b) + DB(CL) - b.
Since B is amenable, there exist y € (X/C)’ such that
Dsb)=b-y—y-b (beB).

Now, note that

D(ea®b)=Dp(b)=b-y—y-b=(ea®b) - y—y-(ea®b) =0,(ea®D).

But we have that 0,(A ® eg) = {0}, then such y must satisfy 0,]|age, = 0. Hence
D— 0y = 0 and D— d, is a derivation of A®B that vanishes on A® eg and e 4 ® B. Since
(A®ep) U (eq ® B) generates A®B. It then follows that D = d, vanishes on A®B, then
D =6, + 6, = dy1y. Hence, A®B is amenable. O

Remark 3.3.6. The converse of Proposition 3.5.5 is not true in general. However in
[93] Proposition 3.5, B. E. Johnson proved that the amenability of ARB implies the
amenability of A if the Banach algebra B is subjected to some conditions. In addition,
F. Ghahramani and R. J. Loy in [23] also show that the amenability of A®B implies the
amenability of A and B in the frame work or sense of semi-inner derivations.

3.3.2 Characterization of Amenable Banach Algebras.

To determine if a Banach algebra is amenable or not via the definition given above is
very difficult. There are however some interesting characterization of amenable Banach
algebras. In this section, we shall consider the intrinsic characterization given by B. FE.
Johnson in [31], Curtis and Loy in [3] and A. T. Lau in [36]. An explicit proof of these
characterization will be given.

We begin with the characterization given by B. E. Johnson in [31].

Theorem 3.3.7 ([31]). Let A be a Banach algbera. Then the following are equivalent:
1. A is amenable;
2. A has an approximate diagonal;

3. A has a virtual diagonal.
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Proof. 1 = 3. By Proposition 3.3.3, A has a bounded approximate identity. Let (e,)
be the bounded approximate identity for A and consider the bounded net (e, ® e,) in
(ARA)". Let E € (AR.A)” be a w*-accumulation point of (e, ® e, ). We define Dy : A —
(ARA)" by Dp(a)=a-E—FE-aforallac A E € (A®A)". The map Dg from A into
(A®.A)" is a derivation. Indeed, we have

Dg(ab) = (ab) - E — E - (ab) = (ab) - E—a-(E-b)+a-(E-b) — E - (ab)
a0 E)—a (E-b)+(a E)-b—(E-a)-b
a-(b-E—E-b)+(a-E—E-a)-b

a-Dg(b)+ Dg(a)-b (a,be A E e (ARA)").

Hence, Dy, is a derivation. Then for all a € A, we have
7' (Dg(a)) =7"(a-E—FE-a)=w"—lim7"[a (eq ® €4) — (€a ® €4) - d]
=w — lim[m(ae, ® ey — €4 @ eqa)] = w — lim[m(ae, @ e,) — ey @ €4a)]

—e2a) = w —lim(ae?) — [w — lim(e2a)] =a—a =0 (3.6)

= w — lim(ae?
(03

2

2) is also a bounded approximate

The last equality in Equation (3.6) holds because (e
identity for A. Indeed, for all a € A, we have

leaa — all = llega — eaa + eaa — all = ||(ea + 1)(eaa — a)|
< (lleall + 1)||leaa — al|| — 0. (3.7)
We use similar argument for ||ae? —al|. Since 7 is a bimodule homomorphism so is 7 and
consequently, ker 7" is a Banach A-bimodule. Also, since A has a bounded approximate
identity, Cohen’s factorization theorem (see [1&]) implies that 7 is surjective and thus
open. Consequently, ker n” = (ker m)", so that ker 7" is in fact a dual Banach A-

bimodule. Since A is amenable, there exists an N € ker 7" such that Dy = Dy. Let
take M := E — N, for all a € A, we have

a-M—-—M-a=a-(E-—N)—(E—-N)-a
=a-E—a-N—FE-a+N-a
=a-EFE—FE-a—(a-N—N-a)
= Dy(a) — Dy(a) = 0.
Also, note that for all a € A, we have
a-7'(M)=a-7"(E-N)=a-(x"(E) —7"(N)) =a-n"(E)
=w* —limfa - " (eq ® €4)] = w 1 mla - (e, ® e4)]
=w — limae? = a.

«

47



Hence, M is a virtual diagonal.
3 = 2. Suppose that M is a virtual diagonal for A and let (m,) be a bounded net in
ARA with M = w* — lim, M, where M, € (AQA@A)”. Then for all a € A, we have

w — lim[a - my — Mg - a] = w* —limla - Mgy — Mgy -al=a-M — M -a = 0.
Also, for all a € A, we have

w—lima-7(my) = w* —lima - 7" (M) = a- 7" (M) = a.

2 = 1. Let (m,) be an approximate diagonal for A. By remark 3.1.9, (7(m4))a is a
bounded approximate identity for 4. Let X be a Banach A-bimodule. We need to
show that, for each Banach A-bimodule X, every continuous derivation D : A — X’
is inner. By Proposition 3.2.1, there is no loss of generality if we suppose that X is
pseudo-unital. Let D : A — X’ be a derivation and let mq, = 377, ] ) ® b ) be with

Jj=1"7 J

> ey |]a§a)||||b§-a)|| < 00. Then <Z°o al® . D(b(-a))) is a bounded net in X', without

J1] J

loss of generality we may suppose that A is the w* —lim of (Z (e) -D(b(-o‘))> . Then,

for all a € A and z € X, we have

(x,a- A)—hm<xa Za : b(a)>—hm< Zaa D) >

7=1
(since D is linear, using Equation (3.

2
_hm< Zaa : §a>>=hm<x,§:a§a>-w(b§a’a)}>

Q

j=1
— lim <:c >l bl D(a) + DY) a]>
=1
= lim <x,2a§a)b§a)~D(a)+Za§a) D(bga)) a>
“ 7=1 7j=1
_ " @) - @ D@
= lim x,Za] b, - D(a) ) +lim x,Za] D(b;") - a
7j=1 7=1

= <LE,D(CL)> + <.T, A Cl)
It follows that D(a) = d05(a) for all @ € A. Hence, A is amenable. O
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Let A be a Banach algebra and suppose that X,Y and Z are Banach A-bimodule and
f: X =Y, g:Y — Z are Banach A-module homomorphism. Then the sequence

S0 XLyvS 0

is short ezact if f is one-to-one, g is onto and im(f) = ker(g). The exact sequence X is
admissible if there is a bounded linear map F': Y — X such that F'f = Ix. The exact
sequence X splits if there is a Banach A-module homomorphism F : Y — X such that
Ff = Ix. Curtis and Loy relate the concept of amenability of Banach algebra to the
splitting of IT" and in terms of the splitting of an admissible sequence

$:0 - X' LY 5 70 where
M:0—- K5 ARA S A — 0 and its dual
:0— A5 (ADA) 5 K — 0.
We now state and prove the characterization given by Curtis and Loy in [3].
Theorem 3.3.8 ([3]). The Banach algebra A is amenable if and only if
1. A has a bounded approximate identity and

2. the exact sequence 11" of A-bimodules splits.

Proof. Suppose that A is amenable, then by Proposition 3.3.3, A has a bounded approx-
imate identity and also by Theorem 3.3.7, A has a virtual diagonal. Let M be the virtual
diagonal for A, for f € (AR.A) define (a,0f) = (f - a, M) for all a € A. We claim that
O7" = I and that 6 is an A-bimodule homomorphism. Indeed, for all a € A and \ € A’,
we have

(a,0m'A) = ((7'A) - a, M) = (7'(X - a), M)
=\-a,m ( )) = (a, 7" (M) - A)
= (a,\).

Lastly, let us show that 6 is an A-bimodule homomorphism. For all a,b € A, we have
(a,0(f-b)) =((b-f)-a,M)=(b-(f-a),M)

=(f-a,M-b) =(f-a,b-M)

((f-a)-b,M)=(f-(ab), M)

= {ab,0(f )) {a,b-0(f)).

Similarly, for all a,b € A, we have

(a,0(f-0)) = ((f-0)-a,M) = (b- f - (ba), M)
=<ba79(f)>=<a,9(f) b).
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Conversely, suppose that A has a bounded approximate identity (e, ), # an A-bimodule
homomorphism with 7' = [ and supposing that the net (e, ® e,) converging weak*
to u € (A®.A)". Let us take M = §'n"u. We claim that M is a virtual diagonal for A.
Indeed, for all a € A, f € (AR.A), we have

a- (0(n"u))) = (f - a,0'(x"u))
)

,a = (0
’(9(f a)),u) = lim(x'(0(f - a)), (¢a

(f-a),7"(u))
® eq))

= (0(f),a) (the last equality follows from Equation (3.7))
= lim(a - 6(f), ¢2)
= lim(f(a - f)? ﬂ-(ea ® eoc)> = lim<ﬂj9<a ) f)? (ea & ea))

= (m'0(a- f),u) = (0(a- f),7"u) = (a- f,0'7"u)
<f> (glﬂ—ﬂu) ' a) = <fa M - a)'

(f.7"(M)-a) =(a- f,7"(M)) = (x'(a- [),M) = (z'(a- f),0n"u)
=0 (a- f),7"u) = {(a- f),7"u) (since 7" = 1)
= (P(a- f)u) = lm(x(a- f), (eq © o))
=lim{a - f,7(eq ® €a)) = lim(f, e2a)
= (f,a)
Hence, M is a virtual diagonal. Then, by Theorem 3.3.7, A is amenable. O

Theorem 3.3.9 ([3]). Let A be an amenable Banach algebra and let

S0 X'LyS 7z 0
be an admissible short exact sequence of left or right A-module with X' a dual Banach
A-module. Then Y splits.

Proof. Suppose that A is amenable and X is a sequence of left A-modules. Since X is
admissible, there exists G € L(Z,Y) such that ¢gG = I on Z. Define D : A — L(Z,Y)
as D(a) =a-G — G -afor all a € A. Clearly, D is a derivation. Indeed, for all a,b € A,
we have

D(ab) = (ab) - G—-G-(ab)=a-(b-G)—a-(G-b)+(a-G)-b—(G-a)-b
=a-b-G-G-b)+(a-G—G-a)-b=a-D(b)+ D(a) - b.
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Hence, D is a derivation. More so, for any z € Z and that ¢G = I, we have
9((D(a))(2)) = gla- G =G -a)(z) = (a-9G — gG - a)(z) = az —az = 0.

Therefore D(A) C L(Z, ker g) = L(Z,imf). Clearly, (f"'o D) : A — L(Z,X') =
(Z ® X)" is a derivation. Since A is amenable, f~! o D is inner and so there exists
Q € L(Z,X') such that

Da)=a-G—G-a=a-fQ—fQ-a (a€A).

If Gy =G — fQ, then a- Gy = G - a and G is a left A-module homomorphism from Z
to Y. Furthermore,

9G1(2) = 9G(2) — 9fQ(2) = 9G(z) =0 = 2,

since gG = I and imf(Q) C kerg. Therefore GGy is a right inverse for g and thus, the
sequence Y splits. O

Definition 3.3.10. If A is a Banach algebra and X is a Banach A-bimodule, we write

ZAX) = (V{feX |a-f=f-a}.

acA

Then Z(A, X’) is a closed subspace of X’ which is invariant under each bounded linear
operator from X’ into X’ commuting with the action of A.

Lastly, we state and prove the characterization given by A. T. Lau in [30].
Theorem 3.3.11 ([30]). Let A be a Banach algebra. The following are equivalent:
1. A is amenable.

2. For any Banach A-bimodule X and any Banach A-submodule Y of X, each linear
functional in Z(A,Y") has an extension to a linear functional in Z(A, X').

3. For any Banach A-bimodule, there exists a bounded projection from X' onto Z (A, X')
which commutes with any weak™ continuous bounded linear operator from X' into
X' commuting with the action of A on X'.

Proof. 1 = 2. Since X is a Banach A-bimodule, then the quotient Banach space X/Y
becomes a Banach A-bimodule with the canonical module operations given as

a-(x+Y)=a-z+Y, (x+Y)-a=z-a+Y (a€AzxeX).

Let f € Z(A,Y’) and ]/”\E X’ be any extension of f to X. If a € A, then a~fA—]?-a eyt
It is known that Q : Y+ — (X/Y) is an A-module isometry and surjection mapping.
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Define D : A — (X/Y) as D(a) = Q(a- f — f -a) for all a € A. It is easy to see that the
map D from A into (X/Y)" is a bounded derivation. Indeed, for all a,b € A, we have

/\

D(ab) = Q((ab

~

= ab) = QUab) - f=a-F-bta-fb= T (ab))

) f
=Qa-(b-f)—a-(f-b)+(a-f) b—(f-a) b)
=Qa-(b-f—Ff-b)+(a [~ f-a)D)
=a-Q(b-f- fb) +Qa-f—f-a)-b
=a-D(b)+ D(a)-b

Hence, D is a derivation. Since A is amenable, there exists x € (X/Y)" such that
D(a) =a-x—x-a=0d,(a) for all a € A. Then there exists h € Y+ (Q is surjective)
such that D(a) =a-Q(h) — Q(h) - a, for all a € A. Let g = f—hand for all a € A and
y € Y, we have

~ o~

(yoa-(F—h)—(f—h)-a)={y.a-f—Ff-a)—(ya-h—h-a)=0.

This implies that g € Z(A, X’) and g extends f.
2 = 3. The projective tensor product X’®@X becomes a Banach A-bimodule with the
module operations defined as

(fez)-a=f®z-a, a (fRx)=fRa-z (aecAzeX, feX).
We define the sets H and K as follows
H:=Iln{T'(f)orx—foT(z) | TeBX),z€ X, fec X'}

and o
K:=lin{feoz]|feZ(AX),ze X}

By the definitions of H and K, it is clear that both H and K are Banach A-submodule of
(X'®X). Therefore, Y/H is also Banach A-submodule of (X'®X)/H. Let ¢ € (X'®X)’
satisfying (f @ x,¢) = f(z) (v € X, f € X'). Clearly, ¢ € HL. Indeed, for all z €
X, f € X', observe that

(T'(fyer—feT(z),¢)=(T(f) @) —(f©T(z),¢)
= (,T'(f)) = (T'(x), f)

= (I'(z), f) = (T'(x), ) = 0.

Hence, ¢ € H*. Now, we have ® € (X'®X/H)" such that ®(y + H) = ¢(y) for all
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€ (X'®X). We need to check that a-® = ® - a is in (Y/H)'. For all a € A, we have

(fez+Ha ®)—(foex+HP-a)=(fRz+H) a,®)—{(a-(fRx+ H),P)
=(f®x-a+H®)—(fRa-z+ H, D)
=(f@z-a,¢)—(fOa-z,0)

(@-a,f) —(a-x, f)=(x,a-f) = (2, [-a)

(x,a-f—f-a)=0.

Since ¢ is in H*, it follows that a-® = ®-qa for alla € A and ® € (Y/H ). By hypothesis

(2), there exists an extension ® of ® such that ® € (X/H) and a - ® = ® - a. Define

(z,P(f)) = (f @ x + H,®) for all z € X, f € X'. We claim that the projection P is

bounded and commutes with every 7" € B(X’). Indeed, for all x € X and f € X', we

have

(z, (P o P)(f)) = (x, P(P(]))) = (P(f)(x), P) = (((z, P(]))), P)
= ((f@z+H,P)),P) = ((f©,0)), P) = (f(x), P)
= (z, P(f))-

Hence P is a bounded projection from X’ onto Z (A, X’). Also, observe that

(2, P(T'())) = (T'(f) @ x + H,®) = (T'(f) @ 2, )
z,T'(f)) = (T(x), f) = (f ® T(x),¢)
f@T(x)+ H,®)

T(x), P(f)) = (=, T'(P(f))).

Hence, P commutes with every 7" € B(X').

3 = 1. Without loss of generality, we may suppose that A is unital. Set X := A®A, X
becomes a Banach A-bimodule in the canonical fashion. Let F = {L,, R, : a € A} be a
family of bounded linear operators from X into X such that

{
=
=
=

L, (b®c)=b®ac, R,(b®@c)=ba®c (a,bce A).

Each operator in F commutes with the actions of A on X. To see this, for all a, b, ¢, d € A,
we have

b-Ly(c®d)=b-(c®ad) =bc®ad=0bL,(c® d)
and

b-Ry(c®@d)=b-(ca®d) =bca®d=">bR,(c®d).
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By hypothesis (3), there exists a bounded projection from X’ onto Z(.A, X’), such that
P commutes with 7" (PT" = T'P) for all T € F. Let ¢ : X’ — X' be defined as
(a®b,q(f))=(b®a,f) (a,be A fe X'). From the way ¢ is defined, observe that
(c®d,q(z' a)) =({d®@c,2" a) = (ad ® c,2") = {c® ad, q(2"))
= (La(c®d),q()) = {(c @ d), L,q(")).
Also, we have
(c®d,qla-2")) ={d®@c,a-2') ={d® ca,z') = {ca®d,q(x))
= (Ry(c®@d),q(a")) = ((c® d), R,q(2")),
for all a,b,c,d € A and 2’ € X’. Then by our assumption in (3) we have that
PR, =R,P, PL,=1L,P.

Let M = ¢'(P'(e®e)), where e is the identity of A. We claim that M is a virtual diagonal
for A. Indeed, for all a € A, 2" € X', we have

(z',M-a)=(a-2',M)= (a2, (Pe®e))) = (q(a-2), P'le®e))
g(a'), P'(e @e)) = (PR,q('), (e ®¢))
(2'), (e ®e)) = (Pq(2'), Ra(e ® €))
Yawe) = (Pye'),a- (o)
)-a,(e®e)) = (2" a,¢dPe®e))
=(x,a-¢dPle®e)) = (2 a M).
Similarly, for all a € A, 2’ € X', we have

(#',a-M)=(z"-a,M)= (2" a C/(P/( e))) = {q(2’ - a), P'(e ® e))

(@), Plle@e)) = (PLyg(a'), (e @ e))

LPa(@'), (e ®e)) = (Pq(2’), La(e @ €))
= (Pq(a'), e ®a) = (Pq(2'), (e ®¢) - a)
=(2/,¢dPe®e)-a)= (2, M -a).
Hence, a- M = M - a. Also, we have

(f, 7" (M)-a) = (a- f,7"(M)) =(n"(a- [),M) = (7'(a- f),d(P'(e®e)))
= (P(g('(a- [))), (e® )> (g(n'(a- [)), (e®e))
= (m'(a- f),(e®e)) =(a- fm(e®e))
=(f,m(e®e)-a) = (f a) (GEA,fGA')-
Then, by Theorem 3.3.7, A is amenable. O
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3.3.3 Hereditary Properties of Contractible Banach Algebras.

In this section, we are concerned with hereditary properties of contractible Banach al-
gebras. The hereditary properties for contractible Banach algebras are as nice as the
hereditary properties for amenable Banach algebras.

Proposition 3.3.12 ([18]). Let A be a Banach algebra.

1. If A s contractible and B another Banach algebra such that 6§ : A — B is a
continuous homomorphism with dense range, then B is contractible.

2. If I is a closed ideal of A such that both I and A/I are contractible, then A is
contractible.

3. If A is contractible and B is also contractible, then ARB is contractible.

Remark 3.3.13. To avoid repetition, the proofs will be omitted. The proofs of the above
hereditary properties are similar to that of amenable Banach algebras. In most cases, we
just need to replace X' with X.

Remark 3.3.14. All contractible Banach algebras are amenable. Hence all results that
are true for contractible Banach algebras are true for amenable Banach algebras, but the
converse is not true in general. Both amenability notions are stable under tensor product.

3.3.4 Characterization of Contractible Banach Algebras.

In this section, we give the well known characterization for contractible Banach algebras.
That is all contractible Banach algebras are unital.

Theorem 3.3.15 ([18]). Let A a Banach algbera. Then the following are equivalent:
1. A is contractible.
2. A is unital and possesses a diagonal.

Proof. 1 = 2. We need to show that A has a unit and possess a diagonal. Firstly, we
show that A has a unit. In doing this, we will show that A has both left and right unit.
Set X = A, with the module operations defined as

a-x=ar, v-a=0 (a€AxeX).

The identity map I : A — X is a derivation from A into X. Indeed, for all a,b € A, we
have

I(ab) = ab,
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on the other hand, we have
a-I1(b)+I(a)-b=a-b+0=ab.

Since A is contractible, there exists # € X such that I(a) = a-z—2z-a = ax—0 = ax, for all
a € A, which implies that a = ax. Then, x is the right unit for A. Using similar argument,
but with the module operations defined as a-y =0 and y-a =ya (a € A,y € X).
Since A is a contractible, there exists y € X such that I(a) =a-y—y-a = 0—ya = —ya,
which implies that @ = —ya. Then, —y is the left unit for A. It it well known that if
the unit of a Banach algebra exists such unit is unique. Therefore,  and —y coincide.
Hence A has a unit.

Secondly, let us show that A has a diagonal element u € A®.A. To achieve this, let us
set X := ker m. Define D : A — ker 7, as D(a) = a® e — e ® a. We claim that this map
is a bounded derivation. Indeed, for all a € A, we have

[D(a)| = lla®e—e@al < la®el + [le®al
= llallllell +llelllall = 2lal[llell  (a,e € A). (3.8)

Hence, D is bounded. For the derivation, note that

D(ab) =ab®@e—e@ab=ab®e—a@b+a®@b—e®ab
=a- (bRe—e®b) +(a®e—e®a)-b
=a-D(b)+ D(a)-b (a,bec A). (3.9)

Hence, D is a derivation. Now, since A is contractible, there exists x € X = ker 7 such
that

Da)=a-x—x-a
ZaR®e—eRa=a-r—2r-a
aR¥e—a-r=exka—T-a
=a-(e®e—e-x)=(e®e—e-1)-a.
Comparing a-(e®e—e-z) = (e®e—e-x)-a with a-u = u-a, it implies u = e®e—e-x.
We need to affirm that e ® e — e - x is a diagonal for A. In doing this, we need to check
if,a-m(e®e—e-x) =a,sincea-(eRke—e-z)=(e®e—e-x)-a. Indeed, for all a € A,

we have that

a-mle®e—e-x)=a-(rle®e) —7m(z)) =a-(e—0) (sincex e X = ker m)

=a-e=a.

It follows that, m(e ® e — e - ) = e. Therefore, e ® e — e - x is a diagonal for A.
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2 = 1. Let X be a Banach A-bimodule and suppose that u = Zj a;®bje A®Ais a
diagonal for A4 and let m(u) = e € A be a unit on A. Let D : A — X be a continuous
derivation. We need to show that D inner. Since A is unital, we have

D(a) = D(ea) =e€-D(a)+ D(e)-a (a€ A). (3.10)

Observe that
e-D(a) = 7(u) - D(a) = W(Zaj ® bj) - D(a) = Zajbj - D(a)
= Z%’ (D(bja) — D(b;) - a) = Zaj - D(bja) — Z%’ D(b;) -a

(using Equation 3.1 )

= ®(a; @bja) = > (a; ®b))-a

= (I><Zaj ®bj6b) — @(Zaj ®bj) - Qa
J J
=®(u-a)—P(u)-a=P(a-u)— P(u)-a (since u is a diagonal)
=a-P(u) — P(u)-a (using Lemma 3.1.7 (4))
let &(u) ==
=a-x—1T-a. (3.11)
More so, for all a € A, we have
e-D(e)-a=e-(D(ea) —e-D(a)) =e-D(a) —e-D(a) =0,
and so, we have
D(e)-a=a-D(e) —a-D(e) —0+ D(e) -a
=a-D(e)—a-D(e)—e-D(e)-a+ D(e)-a
=a-(e-D(e) = D(e)) — (e D(e) — D(e)) - a
take e - D(e) — D(e) =y
Now substituting Equations (3.11) and (3.3.4) in Equation (3.10), we have

Da)=a-z—x-a+a-y—y-a
=a-(x4+y) —(x+y)-a=a-z—z-a (x+y=2).

Thus, D is inner and so A is contractible. n
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Contractible Banach algebras are not much studied like other notions of amenability due
to the lack of non-trivial examples. Over the years the only known examples of con-
tractible Banach algebras are finite dimensional Banach algebras and semisimple Banach
algebras. So far, the well known contractible Banach algebras are the direct sum of finite
full matrix algebras.

3.3.5 Some Basic Results

In this section, we study some basic results on amenable Banach algebras.

Theorem 3.3.16 ([31]). Let A be an amenable Banach algebra and let I be a closed
tdeal in A. Then I is amenable if and only if I contains a bounded approrimate identity.

Proof. Suppose that [ contains a bounded approximate identity. By Proposition 3.2.1,
in order to show that I is amenable, it is suffices to show that H!(I, X’) = {0} for any
pseudo-unital Banach I-bimodule X. Let X be pseudo-unital Banach I-bimodule and let
D : I — X' be a derivation. By Proposition 3.2.2, we make X into a Banach A-bimodule
in the canonical fashion such that D has a unique D € Z(A, X'). Since A is amenable,
there exists + € X', such that D(a) = a-2 — x-a = d.(a) for all a € A. Then by the
restriction of D = D|;, we therefore have that D is also inner. Hence I is amenable.

Conversely, suppose that I is amenable, then by Proposition 3.3.3, I has a bounded
approximate identity. O

Theorem 3.3.17 ([31]). Let A be a Banach algebra with a bounded approximate iden-
tity and let X be a Banach A-bimodule such that A acts trivially on one side. Then
HY(A, X') = {0}.

Proof. Let us take the left module operation to be trivial. That is A - X = {0}, which
implies that X' - A = {0}. Let D : A — X’ be a continuous derivation from 4 into X’.
Then for all a,b € A, we have

D(ab) =a-D(b)+ D(a) -b=a- D(b).

Now, suppose (e, ) is a bounded approximate identity for 4. We then have that (D(ey))q
is a bounded net in X', then by Banach-Alaoglu’s theorem, there exists a w*— accumula-
tion point y of D(e,). It is known that any subnet of (e, ) is also a bounded approximate
identity for A, therefore, we take w* —lim, D(e,) = y. It then follows that for all a € A
and z € X we have

(x,D(a)) =lim(z, D(ae,)) = li£n<x, a-D(ey) + D(a)-eq)

«

= lién<x, a-D(ey)) = lign@ ~a, D(eq)) = (x - a,y)

:<x,a~y>:<x,a~y—y~a>
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The last equality holds because y-a = 0. Hence the derivation D from A into X’ is inner
and so, H'(A, X") = {0}. O

Proposition 3.3.18. If A is an amenable Banach algebra, then A®e and e®A are
amenable.

Proof. Let A be an amenable Banach algebra, X a Banach A-bimodule and suppose
that D : A — X' is a derivation. Since X can be identified with a Banach A-bimodule
with the module operations defined as

a-r=(a®e)-x, x-a=z-(a®e) (a€ A xeX).

We define d : A®e — X' by d(a ® e) = D(a) for all a € A. The map d from A®e into
X' is a derivation. Indeed, for all a,b € A, we have

d((a@e)(b®e)) =d(ab®e) = D(ab) = a- D(b) + D(a) - b
e)- (b®

=(a®e)-d((b®e))+d((a®e)) - e)

Hence, d is a derivation. Since A is amenable, there exists x € X', such that D(a) =
a-r—x-a=709.(a) for all a € A. Now, observe that

dlae)=D(a)=a-z—z-a=(a®e)-z—x-(a®e)=1(a®e).

Therefore every continuous derivation d : A®e — X' is inner. Hence, A® e is amenable.
We use similar argument to show that e ® A is amenable. O]

Proposition 3.3.19. If A is amenable Banach algebra and suppose that I is a closed
ideal of A. Then AJ/IRA/I is amenable.

Proof. Since A is amenable, by Proposition 3.3.2, A/I is amenable and so A/I®A/T is
amenable by Proposition 3.3.5. O

Proposition 3.3.20 ([31]). Let A be Banach algebra, J a closed ideal of A with bounded
approzimate identity. If J is amenable, then A is amenable.

Proof. By Proposition 3.2.1, we can take X to be a pseudo-unital Banach A-bimodule.
It then suffices to show that H'(A, X') = {0} for all pseudo-unital Banach .A-bimodule.
Let D : J — X’ be a derivation, then, by Proposition 3.2.2, there exists D : 4 — X’ a
unique derivation such that D|; = D. Using Proposition 3.2.2 and the amenability of J,
we have that H'(A, X') = {0}. O

29



3.4 Approximate and Pseudo-amenable Banach Al-
gebras.

The notions of approximate and pseudo amenability were introduced by F. Ghahramani
and R. J. Loy in [18]. They conceived the idea of coming up with an amenability notion
that does not have bounded approximate identity, which was known for the amenability
notion that was introduced by B. E. Johnson in [31]. The corresponding class of Banach
algebras is larger than that of the amenable Banach algebras. After the concept of ap-
proximate amenability was introduced, all examples of Banach algebras that were studied
in this regard in [[6], [10], [19], [22]] have bounded approximate identity. It then became
an open question whether approximately amenable Banach algebras must have a bounded
approximate identity. In a positive direction, the authors in [0] proved that every bound-
edly approximately contractible Banach algebras have bounded approximate identity. In
the same manner one might think the same holds for boundedly approximately amenable
Banach algebras, but this is false. In [21], F. Ghahramani and C. J. Read gave exam-
ples of bounded approximate amenable Banach algebras without bounded approximate
identity and used these Banach algebras to answer some of the open questions in this area.

In this section, we give some characterizations, hereditary properties and some results in
literature on approximate and pseudo-amenable Banach algebras.

3.4.1 Hereditary Properties of Approximately Amenable Ba-
nach Algebras.

In this section, we give a detailed proof of some hereditary properties of approximately
amenable Banach algebras.

Proposition 3.4.1 ([13]). Let A be a Banach algebra. If A is approximately amenable
and B is another Banach algebra such that 6 : A — B is a continuous epimorphism, then
B is approrimately amenable.

Proof. Let X be a Banach B-bimodule, X becomes a Banach A-bimodule with the
module operations defined as

x-a=x-0(a), a-z=0(a) -z (a€AxeX).

Let 6 : A — B be an epimorphism and suppose that D : B — X " is a derivation. The
map D :=(Dof): A— X'is a derivation. Indeed, for all a,b € A, we have that

D(ab) = (D o 0)(ab) = D(0(a)0(b)) = 0(a) - D(0(b)) + D(0(a)) - 0(b)
=a-(Dod)(b)+(Dob)(a) -b=a-D(b)+ D(a)-b (a,be A).
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Hence, D is a derivation. Since A is approximately amenable, there exists exists a net
(xq) C X’ such that

D(a) =lima -1, — 24 - a] = ligl 0z, (a) (a € A).

a

By our hypothesis that, 6 : A — B is an epimorphism, that is for all b € B, there exists
a € A such that #(a) = b. Then for every b € B, we have that

D(b) = D((a)) = Dob(a) = D(a) = lim[a - 2, — 4 - d]

67

= lim[f(a) - xo — x4 - 0(a)] = lim[b- x4, — x4 - 0] = lién 3z, (D),

« «

which implies that the derivation D from B into X’ is approximately inner. Hence, B is
approximately amenable. O

Remark 3.4.2. We remark that this argument does not extend to the closure of a ho-
momorphic image as that of amenable Banach algebras.

Corollary 3.4.3 ([18]). Suppose A is approzimately amenable and I a closed ideal of A.
Then A/I is approximately amenable.

Proof. Let X be A/I-bimodule in the canonical fashion, D : A/I — X’ a derivation and
6: A— A/I a canonical surjective homomorphism. X becomes a Banach A-bimodule
with the module operations defined as

x-a=x-0(a), a-z=0(a) -z (a€AxeX).

The map d := (Do) : A — X' is a derivation and since A is approximately amenable,
there exists a net (z,) C X’ such that

d(a) =lim[a x4 — x4 - a] = ligl 0z, (a) (a € A).

(e}

Now, observe that

D(a+1) = D(6(a)) = (D 0 0)(a) = d(a)
i

gl[a Lo — Ty Q] = hgyn[@(a) “To — Ty - B(a)]
ligl[(a—i—[) “Tq — T - (a+ 1)
(

de(a+1) (a€A).

[e

Hence, A/I is approximately amenable. ]

Proposition 3.4.4 ([13]). If A is approximately amenable and has a bounded approx-
imate identity and B is an amenable Banach algebra. Then ARQB is approxrimately
amenable.
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Proof. The proof follows from Proposition 3.3.5. O

Lemma 3.4.5. Suppose that A be a unital Banach algebra with identity e, X a Banach
A-bimodule, with the following module operations

a-r=ar, T-a=za (ae A,z e X).
If D: A— X' is a derivation, then D(e) = 0.

Proof. Let D : A — X' be a derivation. We have that D(e) = D(ee) = e-D(e)+ D(e)-e.
It then follows that

(e-x,D(e)-e) = (x,D(e)-e-e)y = (x,D(e)-e) = (x, D(e)).

Then, D(e) - e = D(e), it follows that e - D(e) = 0 and since e # 0, it implies that
D(e) = 0. u

Proposition 3.4.6 ([18]). Let A be a Banach algebra. A is approximately amenable if
and only if A% is approzimately amenable.

Proof. Suppose that A# is approximately amenable and D € Z1(A, X'), where X is a
Banach A-bimodule. X becomes a Banach A*-bimodule with the module operations
defined as

(a,a) - x=ax+a-rv z-(a,a)=ax+z-a ((a,a)c A% zc X). (3.13)

Define d : A* — X', as d(a,a) = D(a) ((a,a) € A%). This map is well defined, linear
and a derivation. For linearity, observe that

d((a, @) + (b, )
d(a(a, 5))

For derivation, note that

d(a+b,a+ )= D(a+b) = D(a)+ D(b) = d(a,a) +d(b,3), also
d(aa,af) = D(aa) = aD(a) = ad(a, ) Va,be A, a,B € C.

d((a, ) (b, 5)) = d(ab+ af + ab,aB) = D(ab+ aff + ab)
= D(ab) + D(af) + D(ab)
=a-D(b)+ D(a) - b+ BD(a) + aD(b)
=aD(b)+a-D(b) + D(a) + D(a) - b
(using the module operations in Equation (3.13))
~ (a,a) D(b) + D(a) - (b, )
= (a,) - d(b, ) + d(a,a) - (b, 8) (a,be A a,p€C).
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Hence, d is a derivation. Since A¥ is approximately amenable, there exists (z5) C X’
such that

d(a,a) = lign[(a, a) -z —ag- (a,a)] = lién 0sy(a,a)  ((a,a) € A%).

Now, note that
D(@) = d(a, ) = lil(a, ) 5 — 5 - (4, 0)
:hén[amBJra-mB—axﬁ—xﬁ-a] zlign[a-xﬁ—xﬁ-a]

= liénéxﬁ(a) (a e A).
Therefore, A is approximately amenable.
Conversely, suppose that A is approximately amenable. Let X be a Banach A#-bimodule
and D : A% — X' a derivation. By Lemma 3.2.4, there exists n € X’ and D; : A#* —

e- X' e, such that D = Dy +6,. Set d := Dy|4: A — e- X' e. Clearly, d is a derivation.
Since A is approximately amenable, there exist a net (x3) C X’ such that

d(a) = li[lgn[a -xg—xp-al = li[gn 0z5(a) (a € A).

Hence

Di(a) = lién[a x5 —xg-a]l (a€A).

Since e - X’ - e is unital, then by Lemma 3.4.5, D(e) = 0 and for each (a + o) € A¥ we
have that

Di(a+ a) = Di(a) + Di(o) = Di(a) + Di(ce) = Di(a) + aDi(e) = D;(a)

:lién[a-xg—x5~a]:lién[a-a:g—i-ozxg—axg—xﬁ-a]

= 11}311[(@%—04) cxg —xg- (a+ ).

Hence, D, is approximately inner and so A* is approximately amenable. O]

Proposition 3.4.7 ([13]). Suppose that A is approximately amenable. Then A has left
and right approzimate identities. In particular A? is dense in A.

Proof. Let A be an approximately amenable Banach algebra and set X = A, X becomes
a Banach A-bimodule with the left and right module operations given as

a-x=ar, v-a=0 (a€AxeX).
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We also make X’ = A’ into a Banach A-bimodule in the usual way
(x-a,a) ={(r,a-a)=0, (a-z,0)={(r,a-a) (a€AzxeX acX').
We also make X” = A” into a Banach A-bimodule in the canonical fashion
(a-a, V) ={(,a- V), (,V-a)=(a-a,¥)=0 (a€ A,aec X VeX").

The natural injection D : A — X", defined as D(a)(a) = afa), a € A,a € X' is a
derivation. Indeed, for all a,b € A, € X', we have

<O_/,D(6Lb)> = <Clb, a> = <a ’ bv O./> = <b,(1/ ' (I) = <Oé ’ CL,D(b»
= {(a,a-D(b)) + (o, D(a) - by = (a,a - D(b) + D(a) - b)
The last equality in the equation above holds because D(a) - b = 0 = («, D(a) - b) = 0.
Then there exists a net (eg) C X" such that a-eg — a(a) for each a € A. Take a finite
set FCAVCAande>0.Let H={¢-a|a€ F, ¢V}, K=max{|[¢|,|d] | ¢ €

H,¢ € W}. Then there is a 3 = B(pw,) such that |la-eg — a(a)|| < 5% for any a € F. By
Goldstine’s theorem, there is bz € A such that

(B, = (el < 5 (@ € H).
Therefore, for all a € F, ¢ € U, we have that
|(abs, §) — {a, 9)| = [{abg, @) — (¢, a- €5+ a-es — afa))|
< [(abg, ¢) — (¢, a - eg)| + [}, a - es — ala))]

(03,6 a) = (6~ @, ep)| + K 5
€.

IA

Hence (bg)(rw, is a weak right approximate identity for A. Then by Theorem 2.2.11,
(bg)(Fw,e is an approximate identity. We use similar argument for left. O

Proposition 3.4.8 ([18]). Let A be a Banach algebra. If I is a closed ideal of A such that
I is amenable and A/I is approxrimately amenable, then A is approxrimately amenable.

Proof. The proof follows from Proposition 3.3.2. O]
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3.4.2 Characterization of Approximately Amenable Banach Al-
gebras.

In this section, we give an explicit proof of some characterizations of approximately
amenable Banach algebras.

Theorem 3.4.9 ([18]). Let A be a Banach algebra. A is approzimately amenable if and
only if either of the following equivalent conditions hold:

1. there is a net (M,) C (A#RA#)" such that for each a € A*,

a-My,—M,-a—0 and W//(MU)—>6;

2. there is a net (M!) C (A*QA#)" such that for each a € A*,

a- M;} - M;, ca—0 and W,/(M;) = e for every v.

Proof. Clearly, (2) implies (1).
Suppose A is approximately amenable, so by Proposition 3.4.6, A# is approximately
amenable. A#®A# is a Banach A#-bimodule with the module operations defined as

a-(b®c)=ab®c, (b®c)-a=b®ca (a,b,ce A?).

Let u = e ® e and define D,, : A#* — ker " as Dy(a) =a-u—u-a for all a € A% Tt is
easy to check that D, is a derivation. Indeed, we have

D,(ab) = (ab) -u—u-(ab)=a-(b-u)—a-(u-b)+(a-u)-b—(u-a)-b

a-(b-u—u-b)+(a-u—u-a)-b=a-Dy0b)+ Dy(a)-b (a,bc A¥).

Hence, D, is a derivation. Since A* is approximately amenable, there exists a net
(eq) C ker ©" such that

Dy(a) =lim[a - eq — €q - a] = limd,_(a) (a € A¥).

[0}

Set M, = u — e,. Then for all a € A, we have
a-M,—M a=a-(u—ey)—(U—€a) a=a-U—G €q—U-G+€q-a

=a-u—u-a—(a-e,+e,-a)—0.

Also, for all v

/

7' (M,) =7"(u—ey) =7"(u) —7"(es) = 7" (u) =e.
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Thus (2) holds.

Suppose (1) holds. Then by Proposition 3.4.6, it suffices to show that A# is approx-
imately amenable. Let D : A% — X’ be a derivation. By Propositions 3.4.7 and
3.2.3, we may take X to be neo-unital. So for each v set f,(z) = M,(u,), where
a,b € A% x € X, py(a®b) = (x,aD(b)). Then, with (Mz) C A#¥®.A# converging weak*
to M, and noting that for m € A¥RA#, (M, flae—za) = (M, a-pig — e -a)+(x, 7(m)D(a)).
Since X is neo-unital, so X = X - A%, so for each a € A7 and = € X, we have that

<(l L =X a, fv> = <,ua~ac—:v~a7 Mv> = hén(/la-a:—w-m MB>
= (- e — o, My) +limd, 7(My) D(a)
= (ly, My -a — M, - a) + (x,7"(M,)D(a)).

So

<I7a ) fv - fv ' CL> - <:L’,D((l)>||

= [Kpe,a - My = M, - a) + (z,7"(M,) D(a) = (z, D(a))||
{ptay @ - My = My - a) + (z,7"(M,)D(a) — D(a))|
{ptay @ - My = My - a) + (z, (7"(M,) — €)D(a))]|
|
|

IN

pall - lla- My = M, - al| + [l - |x"(M,) —el| - | D(a)|
DI |l=ll - la - My = M, - al| + ||z} - 7" (M) — el - | D(a)],

then D(a) = lim,[a - f, — f, - a]. It follows that A¥ is approximately amenable and so is
A by Proposition 3.4.6. Then the equivalence holds. O

Corollary 3.4.10 ([18]). Let A be a Banach algebra. A is approximately amenable if
and only if there are nets (M, ) C (AR.A)", (F,), (G,) C A", such that for each a € A,

1. a-ML’—M:~a+Fv®a—a®Gv—>0
2. a-F,—aG,-a—a and
3 a'"(M))-a—F,-a—G,-a—0.

Proof. Suppose A is approximately amenable. Using the net (M,) given in Theorem 3.4.9
(1) and write M, = M, — F,®@e—e®G\,+c,e®@e, where (M) C (ARA)", (F,), (G,) C A"
and (¢,) C C. Applying 7" on M, we have

(M) =7"(M, —F,®e¢—e® G, + cre®e)

= 7.‘_//(]\4’0) . W//(Fv ® 6) _ 7T//(6 ® Gv) + W//(Cve ® 6)
= 7" (M) — Fy — Gy + cpe.
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By Theorem 3.4.9, n”(M,) — e, then 7”(M,) - a — e - a. Since

1

7' (M,) — F, — G, + c,e — e,

it follows that ¢, — 1 and for any a € A, we have

"

7' (M,) - a—F,-a—G,-a+e-a—e-a.

It implies that

"

7' (M,) a—F,-a—G,-a— 0.

So we have (3). By Theorem 3.4.9 (1), for a € A# a- M, — M, - a — 0. Since M, =
M;]' —F,®e—e® G, +e® e, we then have that

a- (M, —F,@e—e®@Gy+e@e)— (M, —F,0e—e®@G,+e®e)-a—0
:a-M:—a-Fv®e—a®GU+a®e—M”-a+Fv®a+e®Gv-a—e®a—>O.

v

We must then have that
a‘MJ—M;,'G+Fu®a—a®Gv—>0,a-Fv—>a and G, -a— a.

Hence we have (1) and (2).
Conversely, let ¢, —» 1,a - F, — a,G, - a — a and M, :M;/ —F,Re—eG,+e®e.
We then have that

a-Mv—Mv-a:a-M;}’—a-Fv®e—a®Gv+a®e—M”-a+Fv®a+e®GU-a—e®a

v

:a-M;;—a®e—a®Gv+a®e—M”-a—I—Fv®a+e®a—e®a

v

—a-M, —a®Gy,— M, -a+F,®a— 0.
Hence, a - M, — M, -a — 0, for all a € A%. Also, we have

' (My) -a=7"(M, —F,@e—e®G,+e®e)-a
= (@"(M,)—F,—G,+¢)-a

"

=a"(M,)-a—F,-a—G,-a+e-a

v

=04+a—a.

and so, ©”(M,) — e. Then by Proposition 3.4.6, A is approximately amenable. O
Theorem 3.4.11 ([30]). Let A be a Banach algebra. The following are equivalent:

1. A is approximately amenable.
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2. For a Banach A-bimodule X and a Banach A-submodule Y of X, if f € Z(A,Y"),
then there exists a net (gq)aer C X' of extensions of f such that lim,(a-go—ga-a) =
0.

3. For any Banach A-bimodule X, there ezists a net (Py)aer, Po: X' — X' each P,
is a continuous operator and Py|za xn = Idza xn. Also P, commutes with every

weak*-weak* continuous bounded linear operator from X' into X' commuting with
the action of A on X' and lim,(a - Py(f) — Pa(f)-a) =0 (f € X').

Proof. 1 = 2. Since X is a Banach A-bimodule, the quotient Banach space X/Y becomes
a Banach A-bimodule with the canonical module operations given as

a-(x+Y)=a-z+Y, (x+Y)-a=z-a+Y (a€AzreX).

Let f € Z(A,Y’) and ¥ € X' be any extension of f to X. Define D; : A — (X/Y) as
Di(a)=a-f—f-a(a € A). Clearly, D; is a derivation. Indeed, for all a,b € A, we have

Di(ab) = (ab) - f = f(ab) = (ab) - f—a- f-b+a-F-b— f-(ab)
=a<bf> a (f b>+<af>b (f-a) b
=a-(b-f—f-b)+ (af fra)-
=a-D(b)+ D(a)-b

Hence, D is a derivation. Since A is approximately amenable, there exists a net (h,) C
(X/Y)" such that D;(a) =limy(a - hy — he - a). Then, we have that

Dy (a) = 1?( “ha = hq - a)

~ o~

a-f—f-azhin(a-ha—ha-a)
hgl(a-ha—wf—ha‘aija):
tim(a - (ho — ) ~ (ha — ) -a) =0
ligén(a “Jo — o - a) =0,
where g, = hy — J? This implies that g, is an extension of f.

2 = 3. The projective tensor product X’@X becomes a Banach A-bimodule with the
module operations defined as

(fez)-a=f®x-a, a-(fR2)=fRa-x (aecAzreX, feX).
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Let us define the sets H and K as follows
H:=lin{T'(f)®r— fT(zx) | TeB(X),z€ X, fe X'}
and
K:=lin{fex|fecZ(AX),re X}

It is clear from the definitions of H and K that both H and K are Banach A-submodule
of (X’®X). Hence, Y/H is also Banach A-submodule of (X'®X)/H. Let ¢ € (X'®X)’
satisfying (f @ x,¢) = f(x) (v € X, f € X'). Clearly, ¢ € H*. Indeed, for all x €
X, f € X', observe that

—(va'( )>—<T( ), f)
= (T(x), f) = (T'(z), ) = 0.

Hence, ¢ € H*. We have ® € (X’®X/H) such that ®(y+H) = ¢(y) for all y € (X'®X).
Now if f € Z(A, X'),z € X, we have

(fex+Ha ®)={(fxz+H) a,®)={(fRx-a+ H, )

=(f@x-a,¢)=(r-a,f)=(a-x,f)

=(f®a-z,9)=(f@a-z+ H,P)
(

={(fez+H) a® =(fz+H Do a).

By hypothesis (2), there exists a net o, C ((X'®X)/H)" which is an extension of ®
such that lima(a - @, — By - a) = 0. Let us define (z, P.(f)) = (f ® z + H, ®,) for all
reX, feX If fe Z(A,X ), then it follows that

(@ Pa(f)) = (f@a+Hd) = (fRa+H ) =(fow¢) =(z[)

Hence P.|zaxy = Idzuxy. Let T : X' — X' be a weak™weak™ continuous and
bounded operator which commutes with the action of A on X’. Then, since T" is bounded
continuous operator, we have T' = S’ for S in B(X). Indeed, for all f € X', a € A and
r € X, we have

(S(a-x), f) ={a-z,5(f) = (a-z,T(f))
= (@, T(f)-a) = (@, T(f - a))
= (2,5(f -a)) = (S(x), f - @)
=

a-S(x), f).

8
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Thus, we have S(a-z) = a - S(z), in similar way we can show that S(x-a) = S(z) - a.

Hence, we have that S € B(X). We then have that
(2, Pa(T(F)) = (T(f) @ + H, ®a) = (S(f) @ 7 + H, Gu)
and since, S € B(X), we have
S'(flex+H—-f®S(x)e H
and so

(2, P(T(f))) = (T(f) @z + H,®,) = (S'(f) @z + H, )
= (f® S(z) + H,8,) = (S(x), Pa(f))
= <:L’, S,(Pa<f))> - <Z)3, T(Poz(f))>

Hence for all o, we have P, T = T'P,. More so, we have

(z,a- Pa(f) = Fa(f) - a) = (z,a- Po(f)) — (z, Pa(f) - a)
x-a,Pa(f)>—(a-x,Pa(f)>

~

Then

(2,0 Fo(f) = Falf) - )| = {f @ 2 + H, - <T>i— , - a)
< [Ifllllzlllla- Po = Py - all,
50
la - Pa(f) = Pu(f) - all < lla- ®a — 4 - all| f]
Since limg(a - B4 — P, - a) = 0, we have
lim(a- Pa(f) = Pa(f) - a) = 0.

Hence (3) holds.
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3 = 1. Without loss of generality, we may suppose that A is unital. Set X := A®A, X
becomes a Banach A4-bimodule in the canonical fashion. Let F = {L,, R, : a € A} be a
family of bounded linear operators from X into X defined as

Lb®@c)=b®ac R, (b®c)=ba®c (a,b,ce A).

Each operator in F commutes with the actions of A on X. Indeed, for all a,b,c,d € A,
we have

b-Ly(c®d)=0b-(c®ad)=bc® ad=0bL,(c® d)
also,
b-Ry(c®d)=b-(ca®d) =bca®d=>bR,(c®d).

Clearly, the operator R,, L, in F commutes with the actions of A on X. Now, suppose the
net P, has the properties mentioned in (3). Let ¢ : X’ — X’ be defined by (a®b, ¢(f)) =
(ba,f) (a,be A, fe X'). From the way ¢ is defined, we have

(c@d,qla-2")) =({d®c,a-2") = (d® ca, 2’y = (ca®d,q(x'))
= (Ru(c®d),q(2")) = {(c®d), Rq("))
and
(c®d,q(z' a))=(d®@c,a' -a) = {ad @ c,2') = (¢ ® ad, ¢(z"))
= (Lo(c ® ), ¢(2)) = ((c® d), Lya(2")),
for all a,b,c,d € A and 2’ € X’. It then follows from our hypothesis in (3) that
P.R, =R, P, P,L, = L,P,.

Let M, = ¢'(P,(e®¢e)), where e is the identity of A. Now observe that for all a € A, 2" €
X', we have

(@', Mo - a) = (a-2', Ma) = (a-2',¢ (P (e®e))) = (q(a- '), P(e @)
, Pole® )) (PaRya(2'), (e ®e))

'), (e®e)) = (Paq(z'), Ra(e © €))

®e) = (Fagq(z'),a- (e ®e))
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Similarly, for all a € A, 2" € X', we have
(/0 My) = (2’ a,M,) = (2" - a,q(
= (Laa(2"), Pale @ ¢)) = (PaLyg(2), (e @ ¢))
= (L, Paq(x'), (e ® €)) = (Paq(t'), La(e ® €))
= (Paq(2), e ® a) = (Paq(2'), (e ®€) - a)
= (a- Paq(2’), (e ®€)).
By our assumption, we then have that

lim((z, a - My — Mo, - a)) = lim((a - Poag(z') — Pag(z') - a,e @ €)) =0,

w(e®e))) = (q(a’ - a), P(e@e))

so wk * —limy(a - M, — M, - a) = 0. It is easy to see that ¢(7'(2')) € Z(A, X'). Indeed,
for all a,b,c € A, 2’ € A" we have that

(b®@c,a-q(x'(z)) = (b® ca,q(n'(z'))) = (ca @ b, 7'(a"))
= (m(ca®@b),z"y = (cab,a’) = (7(c ® ab), x")
= (c®ab, 7' (z')) = (ab & c, q(7'(")))
= (a- (b®0),q('(2)) = (b & c,q(x'(2")) - a).

Hence, q(7'(2")) € Z(A, X’). Also, we have
(f,7"(Ma) - a) = (a- f,m"(Ma)) = (x'(a- f), M) = (7'(a- f),q (P,(e ®€)))
(e

(
= (Palq(n'(a- 1)), (e®e)) = {(q(7'(a- [)),(e @ e))
= (m'(a- f),(e®e)) =(a- fim(e®e))
= (fimle®e)-a)=(f,a) (a€AfeA)
It implies that
(f,7"(Ma)) = (f.€)
Then, by Theorem 3.4.9, A is approximately amenable. O]

Theorem 3.4.12 ([13]). Suppose A is approximately amenable and let
S 0-XLySz50

be an admissible short exact sequence of left A-module. Then % approximately splits.
That is, there is a net G, : Z —'Y of right inverse maps to g such that

lim(a-G, —G,-a)=0 (a€A
and a net F, .Y — X' of left inverse maps to f such that
lim(a-F,—F,-a)=0 (a€A).
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Proof. Suppose that A is approximately amenable and that ¥ is a sequence of left A-
modules. Since ¥ is admissible, there exists G € L(Z,Y) such that ¢gG = I on Z. Define
D:A— L(Z)Y)as D(a) =a-G—G-aforall a € A It is easy to check that D is a
derivation. Indeed, for all a,b € A, we have that

D(ab) = (ab) -G —G-(ab)=a-(b-G)a-(G-b)+(a-G)-b—(a-G)-b
=a-(b-G-G-b)+(a-G—G-a)-b=a-D()+ D(a)-b.

Hence, D is a derivation. Then, for any z € Z and ¢G = I, we have
g((D(a))(2)) =gla-G—-G-a)(z) =az—az=0.

Therefore, D(A) C L(Z,ker g) = L(Z,im f). Clearly f~'oD: A— (Z,X') = (Z®X)
is a derivation. Since A is approximately amenable and f~! o D is approximately inner,
then there exists a net (Q),) C £(Z, X’) such that

D(a)=a-G—G-a=limfa- fQs — fQu - al.

IftG,=G— fQ,, then a- G, =G, - a and G, is a left A-module homomorphism form
Z to Y. Furthermore, ¢G,(2) = gG(z) — gfQ4(2) = gG(2) = z. Since gG = [ and
im(fQa) C ker g. Therefore G, is a right inverse map to g and lim,[a -G, — G, - a] = 0.
Similar argument holds for F,. O

3.4.3 Hereditary Properties of Pseudo-amenable Banach Alge-
bras.

In this section, we give the following hereditary properties for pseudo-amenable Banach
algebras.

Proposition 3.4.13 ([21]). Let A be a Banach algebra. If A is pseudo-amenable, B
another Banach algebra, and 0 : A — B is a continuous epimorphism, then B is pseudo-
amenable.

Proof. Let § : A — B be a continuous epimorphism and suppose that A is pseudo-
amenable. The map 6 ® 6 : ARA — BRB defined as (§ ® 0)(a ® b) = (a) @ O(b) for all
a,b € A, takes any approximate diagonal for A to an approximate diagonal for B. n

3.4.4 Some Basic Results.

In this section, we study some basic results for approximately amenable and pseudo-
amenable Banach algebras.
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Proposition 3.4.14 ([22]). Suppose that A and B are approzimately amenable Banach
algebras. Then, for any neo-unital (A @ B)-bimodule X, continuous derivations from
A @ B into X' are weak™ approzimately inner.

Proof. Let D : A& B — X' be a continuous derivation. Then D induces (continuous)
derivation d : A — X', defined as d(a) = D(a,0), (a € A) and d; : B — X', defined as
d(b) = D(0,b), (b€ B). Note that, for all a« € A,b € B, we have

d(a) + di(b) = D(a,0) + D(0,Db)
D((a,0) 4 (0,b)) = D(a,b) (derivations are linear map). (3.14)

Since A and B are approximately amenable, there are nets (x,), (yo) C X’ such that

d(a) = li(gn[(a, 0) zo — Ty - (a,0)] (a €A, (3.15)
d(b) = li;n[(O, D) Yo — Yo - (0,0)] (b€ B). (3.16)

By Proposition 3.4.7, A and B possesses an approximate identity. Let 7,,t, be an
approximate identity of A and B respectively. We then have

(a,0) = lim(a, b)(Na, 0) = lim(n,, 0)(a, b), (3.17)
(0,0) = lim(a, b)(0, to) = lim(0, ts)(a, b). (3.18)
Using Equations (3.15), (3.16), (3.17) and (3.18). We have that

D((l, b) = d(a> + dl(b) = hén[(aab) S C,B ) (aa b)]? (a’ S Aa be B)
Since D is a derivation (y3) and ((g) in the above equation satisfy

(a,b) - (15— Cp) - (e, d) B0, (a € A beB).
So, we have

D(a,b) - (c,d) = lién[(a, b) - &5 — Ps - (a,b)] - (¢,d), (a,ce€ A b,de B).

Since X is neo-unital (A @ B)-bimodule, this implies that D(a,b) = weak™® — limg|[(a, b) -
by — Dg - (a,b)], for all a € A, b € B. Hence, D is weak™ approximately inner. ]

Proposition 3.4.15 ([22]). If A® A is approximately amenable, then A has an approzx-
imate identity.
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Proof. We make X = A and (A @ A)-bimodule by defining the module operation as
(a,b) -z =a-z, x-(a,b)=uxb (a,b,e A,z € X).
Define D : A A — X, as (a,b) — a—0b (a,b € A). It is easy to see that D is a

derivation. Indeed, for all a,b,c,d € A, we have
D((a,b)(c,d)) = D(ac,bd) = ac — bd
=ac — ad + ad — bd
=a(c—d)+ (a—0b)d (3.19)
=aD(c,d) + D(a,b)d
= (a,b) - D(c,d) + D(a,b) - (¢,d) (using the module operations).

Hence D is a derivation. Since A @ A is approximately amenable, there exists a net
(xq) C X for which

D(a,b) = licryn[(a, b) - Ty — To - (a,0)] = lim[a -z, — 24b], ((a,b) € A A).

[0

Now, observe that
a—>b= D(a,b) =1limd,,_(a,b) =lim[(a,b)  x, — x4 - (a,b)] = lim[ax, — 2,0]
= limax, — limz,b.
In particular, we have that a = lim,, az,, and b = lim, x,b for all a,b € A. Hence, (z,) is
an approximate identity. O

Suppose that A is an approximately amenable Banach algebra. In particular, A has
one sided approximate identities. Considering the topology 7 determine by the seminorms
b |lab|| (a € A).

Proposition 3.4.16 ([22]). Suppose that A is approzimately amenable and that T is
stronger than the weak topology on A. Then A has an approximate identity.

Proof. We make X = A and A @& A-bimodule by defining the module operation as
(a,b) -z =azx, z-(a,b)=uxb (a,b,e A,z € X).

The map D : A A — X,(a,b) — a—bV a,b € Ais a derivation. By Proposition
3.4.14, any derivation D : A® A — X, there is a net (z,) in X such that
D(a,b) - (¢,d) =lim[(a,b) - £ — x4 - (a,b)] - (¢, d)
D(a,b)d = lim|a - x4, - d — x4 - bd]

«

(a —b)d =lim[a - z, — x4 - b]d.

«
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Then by our assumption on 7,
a — b= lim[az, — x,b|.
(03

In particular, we have that a = weak —lim, a - z,, b = weak —lim, x, - b for all a,b € A.
Thus (z,) is a weak approximate identity for A. Then by Theorem 2.2.11, (z,) is an
approximate identity for A. H

Proposition 3.4.17 ([23]). Suppose that A¥®B# is approzimately amenable. Then
A, B and A@ B are approximately amenable.

Proof. The Banach algebra A# admit a non-zero character . Define ¥ : A#QB# — B#
as (a®b) — p(a)b, (a € A%, b € B¥). It is easy to check that ¥ an epimorphism. Indeed,
we have that

U((a®@b)(c®d)) =¥(ac® bd) = p(ac)bd = p(a)p(c)bd = p(a)bp(c)d
=V (a®b)V(c®d), (a,ceAb,deDB).

Thus, the map is a homomorphism. Since ¢ is a non-zero character, ¥ is surjective.
Hence VU is an epimorphism. By Proposition 3.4.1, B# is approximately amenable, also,
by Proposition 3.4.6, B is approximately amenable. We use similar argument for A. We
have the decomposition into closed subalgebras,

A*PRBY = (14 ®15) + (14 ® B) + (A® 1) + (ADB).

Thus A®B is a closed ideal, since A#@B# is approximately amenable, the quotient
algebra

(lu®1p) + (14 B) @ (AR 1) = (1, B8) @ (A®15))"
is also approximately amenable. We now define a map
T: (1A®B) D (A®1B) — AEBB7 ((1A®b)(a® 1)) = (a’ub) (CL S A7b€ B)

The map T is well defined and isometric surjective algebra isomorphism. Then by Propo-
sition 3.4.1, A @ B is approximately amenable. H

Proposition 3.4.18 ([12]). Let A and B be Banach algebras. Then, A x B is approxi-
mately amenable if and only if A and B are amenable.

Proof. Suppose A x B is approximately amenable. Define a map

. AxB— B, (a,b) —b.
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Clearly, ® is a continuous surjective homomorphism. Since A x B is approximately
amenable, then by Proposition 3.4.1, B is approximately amenable. We use similarly
argument for A.

Conversely, suppose both A4 and B are approximately amenable. We define C' := {(0, ) :
b € B}. It is easy to see that B = C and that (A x B)/B = A, so by Proposition 3.4.8,
A x B is approximately amenable. ]

Proposition 3.4.19 ([21]). Let A be pseudo-amenable Banach algebra and let J be a
closed left/right ideal of A. Then J has a left/right approzimate identity if it is bounded
approzimately complemented in A.

Proof. Suppose that A is pseudo-amenable and J is a left ideal that is bounded approx-
imately complemented in A. Let P, : A — J,a € T, be a net such that ||P,| < M,
for some constant M > 0 and P,(a) = a for each a € J. Define ®, : ARA — J by
¢, (a ®b) = aP,(b), for all a,b € A. Using similar argument as in Lemma 3.1.7 (1), ®,
is a bounded linear operator. Then ||®,|| < M. Given a finite set F' C J and € > 0, since
A is pseudo-amenable, there exists an element m € ARA such that

€

[fm—mf| < g7 and |x(m)f = [ <5 (f € F).
Assume that m = 37 | a; ® b; and let p, = ®o(m) = D77, a;Py(bj). It is clear that
la € J. Furthermore, there is o such that
€ ‘
[1Pa(0 f) =0 fll < s 1<d<n (feF)

33 i llasll 77 7
Then for a and all f € F, we have

[fpa = fIl = [1f ®a(m) — £l = Hf(z a; Paby) = fIl = 11) fa;Pabs — f|

j=1
n

= 1> fajPab; = a;Pa(bif) + Y ajPa(bif) = > abif + Y abif — f|
j=1 j=1 J=1 J=1 J=1

= [®a(fm) — Ba(mf) + Y aj[Palbif) = bifl + > asbif — f|
j=1 j=1

= [@a(fm) = @almf) + > aslPalbsf) = bif] + 7(m)f = ]
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< [[@a(fm) = Pa(mf)]| + Z llasl[[[ Pa(bsif) = i fll + llw(m) f = [l

n

= [|®a(fm—mf)|+ > lagll| Patbsf) = by fIl + llm(m) f = [

J=1

< 1Rallllfrm = mfll + Y llaglll Pa(bsf) = b fIl + lw(m) f = [

j=1
€ = € €
SMo—+) oo +3=¢
3M ; T3 el 3

This shows that J has a right approximate identity. The proof in the case that J is a
right ideal is similar. ]

Proposition 3.4.20 ([21]). Let A be a pseudo-amenable Banach algebra and let J be a
two sided closed ideal of A. If J has an approzimate identity (t;) such that the associated
left and right multiplication operators L; : a v t;a and R; : a — at; from A to J are
uniformly bounded, then J is pseudo-amenable.

Proof. With the condition on (t;), there is a constant M > 0 such that ||¢;f]| < M| f]|
and || ft;|| < M||f|| for all ¢; and all f € A. Then ||t;m| < M|m|| and ||mt;|| < M||m|| for
all t; and m € ARA. Let (M,) C A®.A be an approximate diagonal for A. Given ¢ > 0
and a finite set F' C J, choose a such that || f M, — My f||M? < § and ||n(M,) f — fIIM <
5 for f € F. Also, choose i such that || ft; — t;f|| M| M| < §, ltf — fI] < iand
|7 (Ma)(tsf — f)|M < § for all f € F. We claim that the subnet of (t;Mt;) C J®J is
an approximate diagonal for J. Indeed, for all f € F, we have

||ftiMati — tiMatifH = ||ftiMati —tif Myt +tifMot; — t; My ft; +t; M, ft; — tiMatifH
= |[(fti — tif)Mati + t:(f Mo — Mo f)ti + tiMo(fti — tif)|]
< |[(fti = taf ) Matal| + |[t:(f Mo — Mo f)ti|| + [[tiMa(fti — tif) ||
< || fts = tifl[IMatill + |E:ll[l f Mo — MafIlIE:]] + [t Malll| f£: — t: f]]
< | fts = i f | MI[Ma| + M| f Mo — Mo f|M + M| Mal[|| ft: — t:f]]
= 2|\ fti — t: f| M| Mal| + || f Mo — Mo f]| M?

€ €
<2845 ¢
SeytgTe
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Also, we have

[w(tiMati) f — [l = [m(tiMati) f — tim(Mo) f + tim(Mo) f —tif +tf — £l
= |[tsm(Ma)tif — tim(Mao) f +tim(Mao) f —tif +tif — f|
= [[tim(Ma)[tif — f] + ti[m(Ma) f — fl+t:f — [
< [tam(Mo)[tif — fUl + ([t (Ma) f = fI + [t f = [
< talllllm(Ma)[tif — fII + [[tallll e (Maf) = fUI + It f — £
< |lw(Mu)[tsf — fIIM + (|7 (M) f — fIIM + ([t f — [

<e+e+e
- +-+-=c
4 2 4

Hence our claim is justified. Hence J is pseudo-amenable. O]

Proposition 3.4.21 ([21]). Let A be a Banach algebra having a central approximate
wdentity. If A is approzimately amenable, then it is pseudo-amenable.

Proof. Let (e,) be a central approximate identity for A. Given ¢ > 0 and a finite set
F C A, choose €41, €a2 € (€4) such that

€
27

Let X = kerw. Define D : A — kerm by D(a) = aeq1 ® €42 — €a1 @ en2a for all a € A.
Clearly, D is a bounded derivation. Indeed, for all a,b € A, we have

€
lleara — al| < |leaz€ara — al| < 3 (a € F).

D(ab) = abey ® €an — €1 @ €42ab = abey1 @ €ng — ACa1 @ €aob + a€a1 @ €aob — €41 ® €q2ab
=a- (beq1 ® €qn — €41 ® €aq2b) + (a€a1 ® a2 — €01 @ €n2a) - b
=a-D(b)+ D(a) - a.

Also,

|D(a)| = ||aear ® az — €a1 @ €azal| < [[aeqr ® eal| + [lear @ eazall
= llaealllleaz]l + llearlllleazall < llalllleatlllleaz]l + llearl[eazllllall
= 2|alllles[llleaz]]-
Hence D is a bounded derivation. Since A is approximately amenable, it is approximately
contractible, so there exist u = u(eq1, €a2, €, F) € X for which |D(a) — (a-u—u-a)|| <
e, (a€F). Take M = e, ® €49 — u. Then for all a € A, we have
la- M —M-a| =la-(ex ®eaz — 1) = (€a1 ® a2 — u) - a
= [[aa1 ® a2 — @ U — €41 ® €00 + u - al|
= [[ata1 ® a2 — €a1 ® €qoa — (a-u —u-a)l|
= [D(a) = (a-u—wu-a)] <e
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also,

[7(M) - a —all = |[7(ear © a2 — ) - a = a]| = [[[7(ear @ eaz) — 7(u)] - a —a
(since u € X = ker 7)

= |lear€a2a — al| = ||€a1€a20 — €a1a + €q10 — al|

€ €
< |lear€aza — earal| + |leara — al| < st5=¢ (a € F).

This implies that
a-M—-M-a—0, 7w(M)-a—a—D0,
so therefore, A has an approximate diagonal. Hence, A is pseudo-amenable. O

Proposition 3.4.22 ([21]). Suppose that A is pseudo-amenable. Let X be a Banach A-
bimodule such that each approzimate identity of A is also a one sided (i.e left or right)
approximate identity for X. Then:

1. every continuous derivation D : A — X is approzimately inner;
2. every continuous deriwation D : A — X' is weak™ approximately inner.

Proof. Suppose that (M,) C A®A is an approximate diagonal for A and (m(M,)) is

a right approximate identity for X. Let M, = Zj a;a) & bg-a) and suppose that D is
a continuous derivation from A into X. Since A is pseudo-amenable, it follows that
a-My,— M, -aand 7(M,)-a— a.

1. Observe that

a-M,— M, a
Sa (Za;a>®b;a>) = (Zaga>®b;a>) a

J J
= aaga) ® bga) — Z ago‘) ® bg.a)a,
J J
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It follows that,

Z D(aaga)) : bg-a) — Z D(aga)) : bg-a)a
J
= Za : D(aga)) : b§a) + Z(D(a) : aga)) : bg-a) — Z D(ago‘)) . bg.a)a
; -

=a- ZD b(a + D(a) - Zaga)bga) — <ZD(@§-&)) . bga)) a

J J

= D(a) - Z aga)bga) — (Z D(a§-a)) : b§~a)> a—a- Z D(aga)) : bg.a)

= D(a) - m(My) = 4Ty — Ty - a

Since (m(M,)) is a right approximate identity for X, we have that D(a)7(M,) —
D(a).

D(a) > a x4 —4-a

D(a) = lién(a o —To-a) (a€A).
We use similar argument for the left.
. Also, note that
a-M,— M, -a

Z ¥ ® b(a) (Z ag-a) ® b;a)) -a

J

:>Zaa ®b(a)—>z

J
it then follows that,

=3 ad® DO Yl D
J i
=>a- (Zaga) . D(bg.f")) — Zag,a) .b§.0<) - D(a) + Zaga) ) D(bg.a)) a
i

J
= Za““ (b D(a) = =Y al” DO) a+a- (Y al? - DO
J J
set 1, = Z ag-a) : D(b§a))
J

= 71(M,) -D(a) 5> a2z, —x4-a
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w*

By our assumption, we have that 7(M,)D(a) — D(a).
D(a) > a x4 —24-a
D(a) = weak* lim(a -z, — x4 -a) (a € A).

«

We use similar argument for the left.
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Chapter 4

Some Notions of Amenability in
Banach Semigroup Algebras

A lot of investigative study into the concept of amenable, approximate amenable and
pseudo-amenable Banach semigroup algebras ¢!(S) have been carried out by different
researchers. In this chapter, a survey of results on the notions of amenable, approximate
amenable and pseudo-amenable of Banach semigroup algebras ¢!(S) are presented.

4.1 Amenability of /}(S)

We remarked in the introduction that the notion of amenability was first studied for
some classes of amenable groups by Von Neumann in 1904. After which, the concept of
amenability was extended and studied for semigroups by M. M. Day. We recall that a
discrete semigroup S is left amenable if the space ¢>°(S) admits a functional m called
mean such that m(1) = |[[m|| = 1 and the mean is left invariant. That is m(¢, f) = m(f),
where (¢, f)(y) = f(zy), (z,y € S, f € £>°(S)). Similarly for right amenable. If S is both

left and right amenable, then it is amenable.

For a locally compact group G. It is an established result that, GG is amenable if and only
if L'(@) is amenable, but this is not generally true for a semigroup S. For example, the
bicyclic semigroup S is amenable, but ¢!(S) is not amenable, see [13]. The amenability
of £1(S) as a Banach algebra is some how complicated. We shall present some partial
results regarding amenability of £*(S) as a Banach algebra and also give the result that
really determines exactly when ¢!(S) is amenable as a Banach algebra.

Theorem 4.1.1 ([13]). Let S be an inverse semigroup with E(S) finite. Then (*(S) is
amenable if and only if each maximal subgroup of S is amenable.

Theorem 4.1.2. Let S be a semigroup.
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1. Suppose that (*(S) is an amenable Banach algebra. Then:

(a) S is an amenable semigroup;
(b) S is left and right reversible;

(c) S has only finitely many idempotents and each ideal I in S is regular and in
particular I? = I, S has a minimal idempotents;

(d) ¢*(S) has an identity, K(S) exists and is an amenable group;
(e) (1(S) is a semisimple algebra.

2. Suppose that S is unital and left or right cancellative. Then €*(S) is amenable if
and only if S is an amenable group.

3. Suppose S is abelian. Then €*(S) is amenable if and only if S is a finite semilattice
of amenable groups.

Proof. 1. (a) See [13], Lemma 3.

(b) See [50], Lemma 1.

(c) See [11], Theorem 2.
(d) See [11], Corollary 10.6.
(e) See [15], Theorem 5.11.

2. See [28], Theorem 2.3.

3. See [27], Theorem 2.7.
[

From the above results, the condition for the amenability of ¢!(.S) imposes strong alge-
braic constraints on the semigroup S. More so, £!(S) seems amenable if and only if S is
constructed out of an amenable group. We now proceed to give the result which tells
exactly when ¢!(S) is amenable.

Theorem 4.1.3 ([11]). Let S be a semigroup. Then the Banach algebra £*(S) is amenable
if and only if the minimum ideal K(S) exists, K(S) is an amenable group and S has a
principal series S =1y D Iy D I3 D -+ D Iy D I, = K(5) such that each quotients
I;/I;11, is a reqular Rees matriz semigroup of the form M°(G, P,n), where n € N,G is
an amenable group and the sandwich matriz P is invertible in M((*(G)).

Theorem 4.1.4 ([13]). Let S be the Brandt semigroup over a group G with finite index
set I. Then (*(S) is amenable if and only if G is amenable

The above result does not hold if the indexing set is infinite.

Theorem 4.1.5 ([13]). Let S be the Brandt semigroup with an infinite index set over an
arbitrary group. Then (1(S) is not amenable.
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4.2 Approximate and Pseudo Amenability of /1(S)

For a locally compact group G, the characterizations of approximate amenability and
pseudo-amenability of L!'(G) in terms of the amenability of G are well known results in
the literature. But for a semigroup S, the characterizations of approximate amenability
and pseudo-amenability of /1(S) in terms of the amenability of the semigroup S are not
known in general. There are only partial results established on this in the literature.
For example, it was established in [13, 2] that, for a locally compact group G, L*(G)
is approximately (pseudo) amenable if and only if G is amenable. This is never true
for a semigroup S. For instance, the bicyclic semigroup S is amenable, but ¢*(S) is
never approximately amenable, see [26]. In [1], M. L. Bami and H. Samea investigated
approximate amenability of the discrete semigroup algebras ¢1(.S) for left cancellative
semigroups. They established that, if £*(.S) is approximately amenable as a Banach alge-
bra, then the semigroup S is left amenable. The converse is false, but it was shown that if
S is a finite semigroup and ¢!(S) is approximately amenable, then S is amenable. In [10]
and [17], the authors considered the pseudo amenability of semigroups for certain classes
of inverse, Brandt, band and cancellative semigroups. It was established in [10] that,
for an inverse semigroup S with uniformly locally finite idempotent set S, the semigroup
algebra (*(S) is pseudo-amenable if and only if each maximal subgroup of S is amenable.

In this section, we shall give some partial results regarding the characterizations of ap-
proximate amenability and pseudo amenability of ¢!(S) in terms of the amenability of
the semigroup S.

Theorem 4.2.1. Let S be a semigroup.

1. Suppose that the semigroup algebra (*(S) is approvimately amenable. Then S is
reqular and amenable.

2. Suppose that (1(S) is approzimately amenable and that S is right cancellative. Then
S is an amenable group and so (*(S) is amenable.

3. Suppose (1(S) is approzimately amenable and E(S) is finite. Then ¢*(S) has iden-
tity.

Proof. 1. See [22], Theorem 9.2.
2. See [13], Theorem 2.3.

3. See [12], Corollary 2.2.2.
[

Theorem 4.2.2 ([12]). Let S be a semigroup such that E(S) is finite and let T be an
ideal in S. Suppose that (*(S) is approzimately amenable. Then ¢*(T) is approzimately
amenable.
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Remark 4.2.3. The above results gives an hereditary property of approzimately amenable
Banach semigroup algebras.

Theorem 4.2.4 ([12]). Let S be a semigroup such that E(S) is finite. Then (*(S) is
approximately amenable if and only if it is amenable.

Theorem 4.2.5 ([19]). Let S be the Brandt semigroup over the group G with index set
1. Then the following are equivalent;

1. £1(S) is amenable;
2. (1(S) is approzimately amenable;
3. I is finite and G is amenable.

Theorem 4.2.6 ([15]). Let S be a uniformly locally finite inverse semigroup. Then, the
following are equivalent;

1. (1(S) is approzimately amenable;

2. E(S) is finite and each mazimal subgroup of S is amenable;
3. (Y(S) is amenable;
4. LY(S) is boundedly approzimate contractible;
5. (1(S) is boundedly approzimate amenable.

We now give some partial results for pseudo amenability of ¢!(S).

Theorem 4.2.7 ([16]). Let S be an inverse semigroup. Suppose £1(S) is pseudo-amenable,
then S is an amenable group.

Theorem 4.2.8 ([16]). Let S be a band semigroup. Suppose (*(S) is pseudo-amenable,
then S is semilattice and so amenable.

Theorem 4.2.9 ([16]). Let S be a uniformly locally finite band semigroup. Then ¢*(S)
s pseudo-amenable if and only if S is semilattice.

Theorem 4.2.10 ([17]). Let S = Upecp(s)Gp be the Clifford semigroup such that E(S)
is uniformly locally finite. Then €*(S) is pseudo-amenable if and only if G, is amenable
for every p € E(S).

Theorem 4.2.11 ([10]). Let S be a left cancellative semigroup. Then the following are
equivalent:

1. (1(S) is pseudo-amenable;
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2. S 1s an amenable group;
3. (*(S) is amenable.

Definition 4.2.12. Let A be a Banach algebra. Then A is called biflat if there exists
a bounded A-bimodule homomorphism p : A — (A®A)" such that ©" o p = k4, where
ka: A— A" is the natural embedding of A into its second dual.

Theorem 4.2.13 ([17]). Let S be an inverse semigroup such that (E(S), <) is uniformly
locally finite. Then the following are equivalent:

1. (1(S) is pseudo-amenable.

2. Each mazimal subgroup of S is amenable.

3. (1(S) is biflat.

4.3 Some Basic Results

In this section, we give some interesting result on the amenability notions of semigroup
algebras ¢*(S).

Proposition 4.3.1. Let S and T be semigroups and suppose £1(S) and (*(T) are semi-
group algebras. If ¢*(S) and (*(T) are amenable, then S x T is amenable.

Proof. Since ¢'(S) and ¢'(T) are amenable, then by Proposition 3.3.5, ¢*(S)®¢'(T) is
amenable. Since /'(S)®&¢(*(T) can be identified with ¢*(S x T'), it follows that ¢*(S x T
is amenable. Then by Theorem 4.1.2 (1a), S x T is amenable. [

Proposition 4.3.2. Let S be a semigroup and T a closed ideal of S. If (*(S) is amenable,
then (*(S/T) and S/T are amenable.

Proof. Since £*(S) is amenable and T a closed ideal of S. It is known that ¢*(T) is a closed
ideal of ¢*(S), then by Proposition 3.3.1, £!(S)/¢(T) is amenable. Since ¢*(S)/¢*(T) can
be identified with ¢*(S/T), it follows that ¢'(S/T) is amenable. Then by Theorem 4.1.2
(la), S/T is also amenable. O

Proposition 4.3.3. Let S and T be semigroups and suppose that 6 : S — T is an
isomorphism. If (1(S) is amenable, then (*(T) is amenable.

Proof. Since S and T are semigroups and 0 : S — T is an isomorphism. It is known that
the isomorphism between S and T can be extended to their algebras and that ¢'(S) is
isometrically isomorphic to ¢*(T). So if £!(S) is amenable so is ¢*(T). O
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Proposition 4.3.4. Let S and T be semigroups and suppose that 0 : S — T is an
epimorphism. If (*(S) is approximately amenable, then (*(T) is approzimately amenable.

Proof. Since S and T are semigroups and 6 : S — T is an epimorphism. It is known that
the epimorphism between S and T can be extended to their algebras and since ¢!(S) is
approximately amenable, then by Proposition 3.4.1 ¢}(T') is approximately amenable. []

Remark 4.3.5. The above result also hold for pseudo-amenability.

Definition 4.3.6. Let A be a Banach algebra and let I be a non-empty set. We denote
M;(A), the set of I x I matrices (a;;) with entries in A such that

(aip)ll = llagll < oc.
i,j€I

Then M;(A) with the usual matriz multiplication is a Banach algebra that belongs to the
class of ¢*-Munn algebras. It is clear that the map 6 : M;(A) — ARM;(C) defined as

0((aij)) = > _ ai; ® Eij ((ai;) € My (A)),
ijel
is an isometric isomorphism of Banach algebras, where E;; are matriz units in M;(C).
Proposition 4.3.7 ([12]). Let G be a group and let n € N. Then

1. M, ({1(@)) is approzimately amenable if and only if it is amenable.

2. M,(((@)) is pseudo-amenable if and only if it is amenable.

Proof. 1. Suppose M,,(¢1(G)) is approximately amenable. By Proposition 1.6.7 (i)
in [12], ¢1(G) is approximately amenable. Using Theorem 3.2 in [22], the algebra
(*(G) is approximately amenable if and only if G is amenable and this holds if and
only if /'(G) is amenable. We then have that the algebra ¢!(G) is amenable. From
[11], Theorem 2.7 (i) M,,(¢*(G)) is amenable.

2. Suppose M,,({*(G)) is pseudo-amenable. By Corollary 3.3 in [17], ¢}(G) is pseudo-
amenable. Using Theorem 4.1 in [24], the algebra ¢*(G) is pseudo-amenable if and
only if G is amenable and this holds if and only if ¢!(G) is amenable. We then
have that the algebra ¢'(G) is amenable. From [11], Theorem 2.7 (i) M,,(¢*(G)) is

amenable.

m
Corollary 4.3.8. Let GG be a group and let n € N. If

1. M, (¢1(@)) is approzimately amenable, then (*(G) is pseudo-amenable.

2. M, (((Q@)) is pseudo-amenable, then (*(G) is approzimately amenable.
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Chapter 5

Collection of Results

The results in this chapter serves as our contribution to knowledge.

5.1 Results on General Banach Algebras

Proposition 5.1.1. Let A and B be Banach algebras and suppose that A and B admit
non-zero character. Then A, B are approzimately amenable if ARQB is approrimately
amenable.

Proof. Suppose A®B is approximately amenable and that A and B admit non-zero
character. Let

v: A—C
and
¢p:B—C

be non-zero characters on A and B respectively. Define Y : ARB — B, as (a ® b) —
Y(a)b, ¥V a € A, b € B. This map is well defined and continuous. It is easy to check that
T is an epimorphism. Indeed, for all a,c € A and b,d € B, observe that

Ts((a®b)(c®d)) =Tg(ac® bd) = Y(ac)bd = ¥(a)(c)bd
= Y(a)bp(c)d = Tg((a @ b)Ti(c® d).

Hence, the map is a homomorphism. And since 1) is a non-zero character, T is surjective.
Therefore, Tg is an epimorphism. Hence, the result holds from Proposition 3.4.1. We
use similar argument for A. O

Proposition 5.1.2. Suppose A#¥QB# is finite-dimensional approzimately amenable Ba-
nach algebra. Then A and B are amenable.
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Proof. Since A#®B# is approximately amenable, then by Theorem 2.7 of [23], A and
B are approximately approximately amenable. Thus, the amenability of A and B fol-
lows from the fact that they are finite-dimensional and approximately amenable, see
Proposition 3.2.5. O

The next result is a slight modification of Proposition 3.4.22, but the approach and
method of prove is completely different from that of Proposition 3.4.22 and thus we
claim that the next result is new.

Proposition 5.1.3. Suppose that A is pseudo-contractible Banach algebra and let X be
a Banach A-bimodule such that an approximate identity for A is also an approximate
identity for X. Then every continuous derivation D : A — X is approximately inner.
Proof. Since A is a pseudo-contractible. Then A has a central approximate diagonal,
say (M,) C A®.A which is an approximate diagonal with M, -a = a - M, for all a € A
and all a. Let D : A — X be a continuous derivation. Observe that
lim[r(M,) - D(a)] = lim | Y m(a{ @b\ - D(a)} = lim {Zaﬁ-‘”b&” : D(a)}
J

- J
= lién Z aE-O‘) . (D(bg-a)a) — D(bg-a)) : a)}
- J

= lim Z ag-a) . D(b§-a)a) - Z ag-a) : D(bg.a)) . a} )
- J

[0

where ® : A®A — X is defined by ®(a ® b) = a - D(a). Using Equation (3.1), with
Y = D, we have

lim [Z a§-a) . D(b§a>a) - Z a}x) . D(bg.a)) . a} = lim [@ < Z a§a) 2 bg;g@)

J J J

_ q)(zaga) o bgco) .a}
J

— lim [@(Ma ca) — B(M,) - a] .

«

Since A have a central approximate diagonal and also using Lemma 3.1.7 (4). It follows
that

lién O(M, -a) — P(M,) - a] = liin —<I>(a - M) — ®(M,) - a]

= li(gn a-®(M,)— d(M,) - a]

«

= lim a-ma—xa-a],
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where (®(M,)) = (o) C X. Since (7(M,)) is an approximate identity for X, then
(M) - D(a) = D(a), which implies that

D(a) = lim[a - z, — x4 - a].

O

Proposition 5.1.4. Let A be a unital Banach algebra and I a non-empty set. If Mj(A)
is approzimately amenable, then M;(A) is pseudo-amenable amenable.

Proof. Suppose M;(.A) is approximately amenable. Then by Theorem 5.2 of [15], A is

approximately amenable and I is finite. Now, using Theorem 2.2 of [16], M;(.A) have
a central approximate identity, since I is finite. Then, by Proposition 3.4.21, M;(.A) is
pseudo-amenable. O

5.2 Results on Semigroups

We begin with some definitions that will be needed in proving the results in this section.
We recall that a semigroup S is called a band semigroup if S = E(S), where E(S) is
the set of idempotents of S. We say that S is a rectangular band semigroup if it is a
band semigroup and for each z,y € S, zyz = z. Let S be a semigroup and S* denote the
unitization of S. We define an equivalence relation on S by

ath < S'aS' = S'S'  (a,b€ ).
If S is a regular semigroup, we have
atb < SaS=5bS (a,bes),

see [30].
If S is a band semigroup. Then by Theorem 4.4.1 of [30], S is a semilattice of rectangular
band semigroup. Indeed, S = Uaey S, where Y = S/7 and for each v = [s] € Y, 5, = [s].

Definition 5.2.1. Let A be a Banach algebra, A be a semillatice and {A, | o € A} be a
collection of closed subalgebras of A. Suppose A is an (*-direct sum of Al s as a Banach
space such that

AoAs C Ang (a, B €A).
Then A is called (' -graded of A, s over the semilattice A and denoted by A = (' —Bpep Aq-

Proposition 5.2.2. Let S be a band semigroup and suppose that L and R are left and
right zero semigroups. Suppose that (*(S) is approzimately amenable and that every ap-
prozimate identity of a complemented ideal of ('(S) is bounded, then ¢'(L)&0'(R), (' (L)
and (*(R) are approximately amenable.
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Proof. By the above argument, suppose that S = U,cp S, is a semilattice of rectangular
band semigroup. Indeed, we have

Sa85 - Soéﬁ (Oé,ﬁ € A)

It then follows that ¢'(S) is ¢!-graded of £!(S,)’s over semilattice A. Now, let a; € A. It is
known that ' —®,<q, ' (S, ) is a closed complemented ideal of £*(.S). By Corollary 2.4 of
[13], ' — B a<a, £ (Sa) has a left and right approximate identity. Then by our assumption
the approximate identity of ¢! — @4<qa,l'(Sa) is bounded. Then using Corollary 2.3 of
(18], 01 — Ba<a, 1 (S,) is approximately amenable. Furthermore, we have that ¢1(S,,) is
a homomorphic image of ¢! — ®,<q, 1 (S,), then ¢1(S,,) is approximately amenable. By
Theorem 1.1.3 of [30], S,, is isomorphic to L x R. The isomorphism between S,, and
L x R can be extended to their algebras. That is

(1(S.,) = (L x R) = (*(L)R¢'(R).

Hence, ('(L x R) = (*(L)®(*(R) is approximately amenable. Since we can define a
continuous epimorphism from ¢!'(L)®&¢'(R) into ¢'(L) and ¢*(R), see [16]. Hence ¢*(L)
and (' (R) are approximately amenable by Proposition 3.4.1. ]

Proposition 5.2.3. Let S be a band semigroup and suppose that L and R are left and
right zero semigroups. Suppose that £1(S) is pseudo-amenable and that every approzimate
identity of a complemented ideal of £*(S) is bounded, then (*(L)&(*(R), (*(L) and (' (R)

are pseudo-amenable.

Proof. The proof is similar to the one given above. It follows from similar argument given
in the above proof by replacing approximate amenability with pseudo-amenability. [

Remark 5.2.4. In the above proposition if, (*(S) is uniformly approximately amenable.
The result hold without the boundedness condition.

Proposition 5.2.5. Let S be a uniformly locally finite inverse semigroup. If (*(S) is
approzimately amenable, then each maximal subgroup of S is amenable and each D-class
has finitely many idempotent element.

Proof. Suppose that ¢1(S) is approximately amenable. By Theorem 2.18 of [11], we have
(1(S) = 0" @ {Mpn,)(L1(Gp,)) - A € A},

as a Banach algebras. Then for A € A, Mp(p,)(¢*(Gp,)) is a homomorphic image of £*(S5)
an so is approximately amenable. It is known that G, being a maximal subgroup of S,
it is a group under the semigroup operation and so G,, been a group, Mg, (¢ (G,,))
is approximately amenable if and only if it is amenable. Then Mpgp,)(¢*(G,,)) been
amenable, it follows that F(D,) is finite and ¢'(G,,) is amenable which implies that G,
is amenable. Hence, the result holds. O
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Proposition 5.2.6. Let S be a uniformly locally finite inverse semigroup with |E(D))| =
1. Then £*(S) is pseudo-amenable if and only if E(S) is finite and each mazimal subgroup
of S is amenable.

Proof. Suppose that ¢!(S) is pseudo-amenable. By Theorem 2.1.8 of [11], we have
(1(8) = 08 & {Mpn,)(£1(G,,)) - A € A},

as a Banach algebras. Then for A € A, Mgp,)(¢*(G,,)) is a homomorphic image of
¢*(S) an so is pseudo-amenable. Using the condition that |E(D,)| = 1, we have that
Mgy ((HGyy)) = 01(Gp,) and so is pseudo-amenable. Since every unital pseudo-

amenable Banach algebra is approximately amenable, see [21], Theorem 3.1. Then F(S)
is finite and each maximal subgroup of S is amenable from Theorem 4.2.6.
The converse follows from Thorem 4.2.13. [
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