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Abstract

We find new classes of exact solutions for the Einstein-Maxwell field equations. The
solutions are obtained by considering charged anisotropic matter with a linear equation
of state consistent with quark stars. The field equations are integrated by specifying
forms for the measure of anisotropy and one of the gravitational potentials which are
physically reasonable. A general feature of our models is that isotropic pressures are
regained when certain parameters vanish; this behaviour is missing in most previous
treatments. Particular models found in our results generalize the models of Mak and
Harko, Komathiraj and Maharaj, Misner and Zapolsky, and the earlier results of Ein-
stein. The graphical and physical analyses indicate that the gravitational potentials,
the matter variables, the electric field and the mass are well behaved. In performing
physical analysis we regain masses and radii of stellar objects consistent with obser-
vations. It is also shown that other masses and radii may be generated which are in
acceptable ranges consistent with observed values of stellar objects. In particular we
have established that our model is consistent with the stellar object SAXJ1808.4-3658.
A study of the mass-radius relation indicates the effect of the electromagnetic field and

anisotropy on the mass of the relativistic star.
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Chapter 1

Introduction

The Einstein-Maxwell equations describe charged gravitating matter which are im-
portant in relativistic astrophysics, and they model compact objects such as neutron
stars, gravastars, dark energy stars and quark stars. In the study of such astrophysical
compact objects, the Einstein-Maxwell field equations in static spherical spacetimes
provide the basis of investigation, and they have therefore attracted the attention of
many researchers. With the help of these field equations, researchers have discovered
different structures and properties of relativistic stellar bodies relevant in astrophysical
studies. For example, the exact models for these field equations obtained by Sunzu et
al (2014) generated new masses and radii for quark stars which are in acceptable ranges
consistent with observed values of stellar objects. The stellar masses generated range
from 1.28994 M, to 1.73268 M, with radius varying from 5.77km to 7.61km. The solu-
tions to the field equations in static spacetimes obtained by Thirukkanesh and Maharaj
(2008) describe realistic compact anisotropic spheres whose properties are relevant to
stellar bodies such as SAXJ1808.4-3658. These solutions contain masses and central
densities that correspond to realistic stellar bodies. The models for compact spheres
obtained by Chaisi and Maharaj (2005) generate surface redshifts and masses which
correspond to realistic stellar objects such as Her X-1 and Vela X-1. Stable models for
neutron stars highlighted by Astashenok et al (2013) provide evidence for the existence

of stable star configurations at high central densities for a stellar object with maxi-



mum mass 1.9M and minimum radius 9km. Recently the models for charged matter
generated by Rahaman et al (2012) describe ultra compact astrophysical objects. The
relativistic solutions obtained by Kalam et al (2012) describe charged compact objects
and are comparable with well known stars. Other models with astrophysical signifi-
cance include: solutions and relativistic models highlighted by Murad and Pant (2014),
models for stability of strange stars illustrated by Sinha et al (2002), general relativistic
model for SAX J1808.4-3658 generated by Sharma et al (2002) and the exact solutions
obtained by Sharma et al (2006). These studies indicate that the Einstein-Maxwell
field equations have many applications in the modelling of relativistic astrophysical

objects.

Pressure anisotropy is an important ingredient in many stellar systems in the
absence of charge. Since the pioneering paper by Bowers and Liang (1974), who were
the first to consider pressure anisotropy in the study of anisotropic spheres in general
relativity, there has been extensive research in this direction. It was established by Dev
and Gleiser (2002) that pressure anisotropy has a significant effect on the structure and
properties of stellar spheres. The maximum value for % was found to be either greater
or less than g for anisotropic spheres and less than g for isotropic objects. In particular
it was shown that both the maximum mass and the redshift vary with the magnitude of
the pressure anisotropy. For a positive measure of anisotropy, the stability of the sphere
is enhanced when compared to isotropic configurations, and anisotropic distributions
are stable for smaller adiabatic index values as shown by Dev and Gleiser (2003). The
results generated in Gleiser and Dev (2004) indicate that pressure anisotropy may
significantly affect the physical structure of the stellar object which may cause several
observational effects. In their paper it was indicated that the surface redshift of the
star may be arbitrary large (zg > 2) and that stellar objects which are observed at
large redshifts may be closer than they appear due to anisotropic distortions. It was
highlighted that stars may be more stable if the pressure anisotropy exists near its core.
Recently, models obtained by Kalam et al (2013b) for uncharged anisotropic stars were

shown to be compatible with strange star candidates Her X-1, SAXJ1808.4-3658 and

4U 1820-30. Other uncharged anisotropic models in spherically symmetry spacetimes



include the relativistic compact nonsingular models for anisotropic stars obtained by
Mak and Harko (2003, 2005) and Harko and Mak (2002), new anisotropic models
generated by Maharaj and Chaisi (2006a, 2006b), solutions generated by Kalam et al
(2013a), compact models developed by Karmakar et al (2007), relativistic strange star
models found by Paul et al (2011), and solutions contained in Chaisi and Maharaj
(2005, 2006a, 2006b). It is interesting to note the paper of Ivanov (2010) who showed
that anisotropic models with heat flow can absorb the addition of charge, viscosity and

convert null fluids to a perfect fluid.

It is important for many applications to include the electric field in stellar models.
In particular, models with electric field present permit causal signals over a wide range
of parameters as illustrated by Sharma et al (2001). It has been shown by Ivanov (2002)
that the presence of the electric field significantly affects the redshift, luminosity and
mass of the compact object. Most of the models that include an electromagnetic field
distribution are isotropic; these include the new classes of solutions obtained by Ma-
haraj and Komathiraj (2007), Komathiraj and Maharaj (2007a, 2007b), Thirukkanesh
and Maharaj (2006, 2009) and Maharaj and Thirukkanesh (2009a). The isotropic
charged solutions obtained by Chattopadhyay et al (2012) contain masses, radii and
compactification consistent with compact X-ray pulsars HER-1 and SAXJ1808.4-3658.
Other stellar models that describe charged bodies with isotropic pressures are given by
Gupta and Maurya (2011a, 2011b), Murad and Fatema (2013), Pant and Negi (2012),
Mehta et al (2013), and Bijalwan (2011). There are fewer research papers that in-
clude both anisotropic pressures and electromagnetic field distributions. The presence
of pressure anisotropy with an electric field enhances the stability of a configuration
under radial adiabatic perturbations compared to the matter with isotropic pressures.
Stellar models containing both pressure anisotropy and electric field include compact
objects admitting a one-parameter group of conformal motions of Esculpi and Aloma
(2010), the generalized isothermal models of Maharaj and Thirukkanesh (2009b), the
stellar models of Thirukkanesh and Maharaj (2008), the regular compact models of
Mafa Takisa and Maharaj (2013a), some simple models for quark stars of Maharaj et
al (2014) and models for quark stars generated by Sunzu et al (2014). Other charged



anisotropic models are those of Rahaman et al (2012) and Maurya and Gupta (2012).
However most of these models have the anisotropy parameter always present, and they
do not contain isotropic solutions as a special case. It is important to build physical

stellar models in which the anisotropy vanishes for an equilibrium configuration.

Different forms of the barotropic equation of state have been applied with the field
equations to find exact models that govern compact relativistic gravitating objects
such as dark energy stars and quark strange stars (hybrid stars). Thirukkanesh and
Ragel (2012) have found exact solutions for the uncharged anisotropic sphere with the
polytropic equation of state for particular choices of the polytropic index. Mafa Tak-
isa and Maharaj (2013b) used the general polytropic equation of state, and obtained
exact solutions for the field equations in the presence of the electromagnetic field and
anisotropic pressures. Shibata (2004) studied the stability of rotating bodies, and Lai
and Xu (2009) indicated that large amounts of gravitational energy are released in the
gravitational collapse of polytropes. Other treatments on polytropes include the results
of Tooper (1964), Nilsson and Ugla (2001), Kinasiewicz and Mach (2007) and Heinzle
et al (2003). Maharaj and Mafa Takisa (2012) and Feroze and Siddiqui (2011) found
exact solutions of the Einstein-Maxwell field equations for charged anisotropic stars
using a quadratic equation of state. There have been many anisotropic and charged
exact models with a linear equation of state: Mafa Takisa and Maharaj (2013a) gen-
erated compact exact models with regular distributions, Thirukkanesh and Maharaj
(2008) found models consistent with dark energy stars and quark stars, Maharaj and
Thirukkanesh (2009b) generated anisotropic isothermal models, Sharma and Maharaj
(2007) found models consistent with quark matter, and Esculpi and Aloma (2010) gen-
erated conformally invariant spheres. However, in general, most of these models do not
regain charged isotropic models. Some analytical solutions to the field equations with
a linear quark equation of state for charged isotropic stars were found by Komathiraj
and Maharaj (2007c). Using the same equation of state, Sotani and Harada (2003),
Sotani et al (2004), and Bombaci (2000) analysed quark stars with isotropic pressures.
There has been an extension of the linear quark equation to include anisotropic pres-

sures in modeling the behavior of strange stars by Rahaman et al (2012), Kalam et al



(2013b), and Mak and Harko (2002).

It should be noted that the microscopic effects of the strange quark matter coming
from strong interactions of quantum chromodynamics (QCD) (e.g., see Dong et al
(2013) and Dey et al (1998)) are all encrypted in the final form in the equation of state
of matter. We study the general relativistic behaviour of these equations of states,
by employing a linear approximation for strange matter. Such approximations of the
equation of states can be found in the literature in the study of various properties
of compact stars. The linear approximation of the strange quark matter equation of
state has been used by Zdunik (2000) to study the quasi periodic oscillation (QPO)
frequencies in the Lower Mass X-ray Binaries (LMXBs). Gondek-Rosinaka et al (2000)
used the linear approximation of strange matter to compute the mass shedding limit

of strange stars.

We also comment on the origin of equations of state and modified theories of
gravity. Recently a class of exact isotropic solutions of Einstein’s equations for non-
rotating relativistic stars has also been studied by Murad and Pant (2014). They also
comment that as strange stars are not purely gravitationally bound; they are bound
by strong interactions. Study of the same in the light of modified gravity theories
should not produce any difference in the mass-radius relation. In this context, although
Astashenok et al (2013) showed that there is an increase in the mass of neutron stars
in the f(R) = R+ R (e*R/RO — 1) gravity model, Ganguly et al (2014) showed that
for the f(R) = R+ aR? model (and subsequently many other f(R) models where the
uniqueness theorem is valid) the existence of compact astrophysical objects is highly
unnatural. This is because the equation of state of a compact star should be completely
determined by the physics of nuclear matter at high density, and not only by the theory
of gravity.

The objective of this thesis is to find new classes of exact solutions of the Einstein-
Maxwell system of field equations with a linear quark equation of state for charged
anisotropic stars. We seek to generate solutions with astrophysical significance in

which we regain previously researched models and use our results to obtain masses



of stars consistent with observations. In order to achieve this objective our thesis is
arranged in the following manner: In Chapter 2 we give the basic equations important
in the our thesis. We derive the Einstein-Maxwell field equations by aid of the different
types of tensors in differential geometry and general relativity. In Chapter 3 we seek
to find new classes of some simple models for charged anisotropic quark stars. We
generate two classes of exact solutions in term of the elementary functions. We also
seek to regain previous charged isotropic models as a special case. In this chapter we
discuss the physical analysis of the gravitational potentials, matter variables, electric
field and the mass and indicate that these variables are well behaved. In Chapter 4 we
perform a detailed physical analysis of a nonsingular model obtained in the previous
chapter. We regain masses and radii consistent with different stellar objects obtained
by other researchers. Other masses and radii generated are in acceptable ranges and
consistent with observations. The mass-radius relationship is given by comparing and
considering the charged matter with anisotropic and isotropic pressures. In Chapter 5
we analyse two relativistic models. The first model is regular, throughout the interior,
in the matter variables and gravitational potentials; it contains the Einstein model as
a limiting case and we can generate finite masses for the star. The second model is
a generalized metric that admits a singularity in some of the matter variables at the
centre of the stellar object. However a graphical analysis indicates matter variables

and the mass are well behaved. We give the conclusion in Chapter 6.



Chapter 2

Basic equations

2.1 Introduction

The Einstein-Maxwell equations form a system of field equations which are essential
for studying relativistic astrophysical models. In this chapter we briefly review basic
equations and derive the Einstein-Maxwell equations necessary for this thesis. In order
to derive these field equations we employ our knowledge of tensor analysis, differential
geometry and the theory of general relativity. In the theory of general relativity space-
time is considered to be a four-dimensional differentiable manifold endowed with a
symmetric, nonsingular metric tensor field with signature (—+ ++). More detailed in-
formation on differential geometry and manifolds is given by Hawking and Ellis (1973),
Wald (1981), Misner et al (1973) and Stephani et al (2003).

The Riemann tensor, which is obtained from the metric tensor, describes the cur-
vature of the spacetime manifold. The Einstein tensor, derived from the Riemann
tensor and the Ricci scalar, describes the geometry of the gravitational field. The mat-
ter content and electromagnetic distribution comprises a relativistic fluid governed by
the energy momentum tensor. The Einstein field equations which describe the influ-
ence and the behaviour of the gravitational field on the matter content is obtained by

equating the Einstein tensor and the energy momentum tensor. The electromagnetic



field is governed by the Maxwell’s equations. The Einstein-Maxwell field equations
depend on the nature of the fluid under consideration. Neutral/charged fluids may
be isotropic or anisotropic. In this thesis we consider charged anisotropic matter. On
physical grounds we also assume the spacetime to be spherically symmetric. For many
different physical applications of the field equations in various spacetimes the reader

is referred to Krasinski (1997).

2.2 The metric tensor and connection

The line element which governs the invariant distance between neighbouring points on

the manifold is defined as

ds* = gapda®da?®, (2.1)

where g, represents the metric tensor field components with standard spherical coor-

dinate z* = (t, 1,0, ¢). For a static spherically symmetric spacetimes we have

ds? = =0 dt? + 2O dr? 1 12(d6? + sin® 0dg?). (2:2)

We can write the metric tensor as

Gab = . (23)
0
0 0 0 r2sin’6

The metric connection I, or the Christoffel symbol of the second kind, is of great
importance in computing other tensors which lead to the field equations. It is given

by
1

I, = égad (Gedp + Gabe — Gbe.d) s (2.4)

which is symmetric. Using (2.4) we obtain the following nonvanishing components of



the metric connection

FOOl = Vla
FlOO _ I/,62(V—>\),
Flll = )\/7
F122 = —Tre 2>\,
Iy = —re ?sin?0, (2.5)
1
F212 =
T
I = —sinfcosb,
1
F313 =
T
I 23 = cot 0,

for the metric (2.2).

2.3 Curvature tensors

The Riemann tensor is expressed in terms of the metric connection and it is used to

express the Ricci tensor upon contraction. It is given by
R%ea = I — Ibeg + Tl pq — T cal “pe. (2.6)

The Ricci tensor is defined by R, = Rap. From (2.6) we see that the Ricci tensor is
given by
Rab = Fcab,c - Fcac,b + chcpdab - chbpdac- (27)
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Using the relevant metric connections in (2.5) we obtain the following components of

the Ricci tensor

Ry = &2V (V” +/ =N+ QTV/) : (2.8a)
Ry = — <u” +/ =N — QTX) , (2.8b)
Ry = 1—e 147/ +rXN —2rX), (2.8c¢)
Rss = sin® Ry, (2.8d)
Ry, = 0, fora#0. (2.8¢)

We now define the the Ricci or curvature scalar which is needed for defining the Einstein

tensor. It is given by
R = ¢R,,. (2.9)
Using (2.3), (2.8) and (2.9) we obtain

/ /
RzQ[i—eQ’\ (l/”—l—V’Q—I//X—l—Q—V—%—i—i)} : (2.10)

72 r r 72

The Einstein tensor is essential for formulating the field equations. It is expressed

in terms of Ricci and metric tensors as
1
Gab - Rab - éRgab- (21]‘)

With the help of (2.3), (2.8) and (2.10) we generate the following components of the

Einstein tensor

1 2N
Goo = —e¥ (1 —e P 4 —62(V)\)) : (2.12a)
r r
1 _ 2v
Gy = _ﬁezx (1 e 2)\) i - (2.12Db)
/ )\/
G22 — T26—2)\ (V” + l//2 o I//)\/ + i — _) , (212C)
r r
G33 = SiIl2 QGQQ, (212d)
Gaw = 0, fora#0. (2.12¢)

We note that G“b;b = ( is a conservation law for the Einstein tensor.
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2.4 Energy momentum tensor

The matter tensor identifies the matter distribution. For uncharged matter it is given
by
Mgy = (p + P)uats + Pgab + Gty + ot + Tap- (2.13)

In the above p is the energy density, p is the isotropic pressure, g is the heat flow
vector, m,, is the stress tensor (ﬂ“abub =0 = 7%) and u is a unit, timelike vector
(uu, = —1). We are considering static stellar models with no heat flow so that q = 0.

Then the energy momentum tensor becomes

Map = (p + P)uats + PYab + Tap- (2.14)

We take the matter fluid to be comoving so that the four-velocity becomes u® =
e~ 70y. The isotropic pressure p is defined in terms of the radial pressure p, and the

tangential pressure p; by

1
P=3 (pr + 2p1) - (2.15)

Then the anisotropic stress tensor 7, is given by

1
Tab = (pr - pt) (nanb - ghab) ) (2.16)

where hg,, = ugup + gap is the projection tensor, n is a unit radial vector such that
n® = e 5%, n%, = 0 and nn, = 1. Using (2.14), (2.15) and (2.16) we obtain the

matter energy tensor

pe® 0 0 0

0 pe*? 0 0
My, — (2.17)
0 0 pr? 0

0 0 0 pr’sin?é
for a neutral anisotropic fluid.

For a charged fluid the total energy momentum tensor is given by

T = My + Egp, (2.18)
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where E is the electromagnetic field tensor defined in terms of the skew-symmetric

electromagnetic field component F. The tensor E is given by
Eu = FooFy — igachdFCd- (2.19)
The tensor field F is defined in terms of the four-potential A by
Foy = Apa — Asp- (2.20)
For simplicity we choose the potential
A% = (¢(r),0,0,0) = ¢p(r)dg. (2.21)

From (2.20) and (2.21) we obtain the nonvanishing components

For = —Fio = —9¢'(r). (2.22)
Hence it is easy to show that
FOV = —F10 = ¢/ (r)e 2T, (2.23)
We define
¢'(r) = E(r)e”™ — E(r) = ¢/ (r)e” v, (2.24)

where E(r) is the electric field intensity.

From (2.19), (2.23) and (2.24) we obtain the following form for the electromagnetic
field tensor
1, o = 0 o
Eu = =E*(r) : (2.25)
2 0 0 2 0
0 0 0 r?sin®0
Using (2.17), (2.18) and (2.25) we obtain the total energy momentum tensor in the

form
e (p+ 3E?) 0 0 0
0 2 (pr — S E? 0 0
Top = o =357 , (2.26)
0 0 r? (p+ 3 E?) 0
0 0 0 r? (py + 3 E?) sin® 0

for a charged anisotropic fluid.
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2.5 Field equations for anisotropic matter
To generate the Einstein field equations, for a neutral anisotropic fluid, we equate the

Einstein tensor G found in (2.12) and the energy momentum tensor M in (2.17). This

gives the system

1 2\
= (1—e) +7e—2A = 7, (2.27a)
1 20
- 1 _ —2A - —2X — - 227b
7,2 ( € )+ r e Pr, ( )
/ )\/
e <u” U=V 4 % - ?) = p (2.27¢)

Equating (2.12) and (2.26) we generate the Einstein field equations for a charged

anisotropic fluid as the system

r2 ( € ) + r € P+ o (2.28a)
1 2V 1
- ]_ — —2A R —2X — p — —E2 228b
T2 ( € ) + r e p 9 9 ( )
/ )\/ 1
e (1/" +/ N+ V? - ?) = pF 5EQ. (2.28c¢)

In order to complete the system of field equations for a charged fluid, we require

the Maxwell’s equation
Favie + Foea + Feap = 0, (2.29a)
Fy = Je (2.29b)
The four-current J is defined by
J"=op’, (2.30)
and o is the proper charge density. It is easy to check that (2.29a) is identically

satisfied for the spherically symmetric line element (2.2) and the components (2.22).

From (2.29b) we generate the result
o=¢" (E' + gE) = %6_)\ (TZE)/. (2.31)
r r
Equation (2.31) is the only condition that arises from Maxwell’s equations. The system

of equations (2.28) and the condition (2.31) together constitute the Einstein-Maxwell

system for a charged anisotropic fluid.
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Chapter 3

Simple models for quark stars

3.1 Introduction

The first study of quark stars was performed by Itoh (1970) for static matter in equilib-
rium. The physical processes governing the behaviour of quark matter with ultrahigh
densities is still under investigation, with special interest in the equation of state for
quark matter. The phenomenology of the MIT bag model indicates that a linear form
for the equation of state is possible with a nonzero bag constant. This is shown in
the works by Chodos et al (1974), Farhi and Jaffe (1984) and Witten (1984). The
review of Weber (2005) highlights models of compact astrophysical objects composed
of strange quark stars. Some recent investigations for compact objects with a quark
equation of state include the treatments of Kalam et al (2013b) and Mafa Takisa and
Maharaj (2013a). The effect of the electromagnetic field on quark star was studied by
Mak and Harko (2004) in the presence of a conformal symmetry. Sharma and Maharaj
(2007) considered the role of anisotropy for a specified mass distribution. Charged
anisotropic matter with a linear equation of state, extendible to the more general non-
linear case, was analysed by Varela et al (2010). Other papers containing interesting
features relating to charge and anisotropy are given by Thirukkanesh and Maharaj

(2008), Esculpi and Aloma (2010) and Maurya and Gupta (2012).
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Mak and Harko (2004) found strange quark stars with isotropic pressures in the
presence of charge. Komathiraj and Maharaj (2007¢) presented a method of solving
the Einstein-Maxwell system to produce new models of charged quark stars. In the
present work we show that the Komathiraj and Maharaj method allows us to integrate
the Einstein-Maxwell equations with anisotropic pressures and charge. Therefore we
are able to generate new quark stars which are charged and anisotropic. Two new
classes of solutions to the field equations are obtained by specifying the measure of
anisotropy. Earlier solutions are shown to be contained in our results. A notable
feature of our models is that we get the anisotropy to vanish, for particular parame-
ter values, and isotropic pressures are regained. In many previous investigations the
anisotropy is always present which is not desirable. A physical analysis indicates that
the gravitational potentials and the matter variables are well behaved, and we can

generate masses consistent with observations.

3.2 The model

We intend to model the stellar interior with quark matter in general relativity. The
spacetime geometry is static and spherically symmetric. The interior spacetime is

represented by the line element
ds? = —e*at? 4 2O dr? 4 r2(dh? + sin® 0dg?), (3.1)
where v(r) and A(r) are arbitrary functions representing gravity. The exterior space-

time is given by the Reissner-Nordstrom line element

r 72

oM Q? oM 2\ !
ds? — — <1 _ 2Ty Q_> dt® + (1 - + %) dr® + r*(d6? + sin® 0d¢?), (3.2)

where M and () are the total mass and charge of the star respectively. The energy

momentum tensor for anisotropic charged fluid matter is of the form

. 1 1 1 1
Ty, = diag <—/7 - §E27Pr - §E27Pt + §E27Pt + éEZ) . (3.3)
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In the above p is energy density, p, is the radial pressure, p; is the tangential pres-
sure, and F is the electric field intensity. These quantities are measured relative to a

comoving unit timelike fluid four-velocity u“.
Then the Einstein-Maxwell equations can be written as

1 2Ny, 1

—2)\ 2
1 2V 1
- (1—e)+ e = Dr — §E2, (3.4b)
T T
> N 1
e <1/” TN —) = p+ -E? (3.4c)
T 2
I _ /
g = e AMrPE), (3.4d)

where primes denote differentiation with respect to radial coordinate r. The function
o represents the proper charge density. We are using the units where the coupling
constant SZ—E and the speed of light ¢ are unity. The mass contained within the radius

r of the charged sphere is given by

1

M(r) = 5 /OT w? (ps + E?) dw, (3.5)

where p, is the energy density when the electric field £ = 0. For a quark star we
assume a linear relationship between the radial pressure and the energy density

b=5lp—4B), (3

where B is the bag constant. To transform the field equations to a more convenient

form we introduce new variables defined by
v =Cr? Z(z)=e 20 A%2(2) = 20, (3.7)

where A and C' are arbitrary constants. This transformation was first suggested by
Durgapal and Bannerji (1983). Applying this transformation, the line element in (3.1)
becomes

1
ds” = — AP AP + —mde® + %(d@Q + sin® 0dg?). (3.8)
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Then the field equations (3.4) are transformed to

-7 . E?
=27 = g 55 (3.9a)
; Z—1 . E?
425 5 = % el (3.9b)
4 Z?j _ D E?
T §+ 4Z+21‘Z y+Z = 6+%’ (39C)
2 AZ ;. 2
% - = <:cE+ E) , (3.94)

where dots represent derivatives with respect to the variable x. The mass function

(3.5) becomes

402/ Vw (ps + E?) dw (3.10)

Py = (% - 22) C. (3.11)

The Einstein-Maxwell field equations (3.9) for quark matter have the following

where

form

p = 3p,+4B, (3.12a)
pr y Z B
b _ g4 2 05 3.12b
C y 2 C ( )
pe = prtA, (3.12c)
4xCZ1
A= 2 y+0(2 Z+6Z)9
Yy Yy
+C (2 ( ) ) (3.12d)
X
E? 1-Z7 7 B
= _ Z— _Z 3.12
2C T 3 y 2 C (3:12¢)

o = 2\/27Tj (xE + E) . (3.12f)

The quantity A = p; — p, is the measure of anisotropy. This system consists of eight
variables (p, pr, 01, E, Z, y, 0, A) in six equations. It is apparent that if we specify
two of these variables then the system may be integrated. The gravitational behavior
of the anisotropic charged quark star is governed by the system (3.12). For A = 0
we have the isotropic model that was described by Komathiraj and Maharaj (2007c).
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For neutral fluids with isotropic pressures (A = 0, E = 0) there is no freedom in the
system (3.12) as the equation of state has been specified. For a charged fluid with
anisotropic pressures (A # 0, E # 0), with the linear equation of state, there are two
degrees of freedom because of the appearance of new matter quantities, the electric
field and anisotropy. From a mathematical viewpoint any two of the eight variables
may be chosen to integrate the system (3.12); the choice should be carefully made on

physical grounds so that a well behaved model results.

In order to find exact solutions to this model we have to specify two quantities:

we choose the potential y and the quantity A. We specify the metric function
y=(a+z™)", (3.13)

where a, m and n are constants. A similar choice was made by Komathiraj and
Maharaj (2007c). The choice guarantees that the metric function y is regular and well
behaved within the interior. It remains nonsingular at the centre of the star. Note
that special cases of the potential y corresponds to known quark models, e.g. when
m = %, n = 1 we regain the Mak and Harko (2004) quark star model and when m = 1,
n = 2 we regain the Komathiraj and Maharaj (2007c) model for a quark star with
isotropic pressures. We expect that the potential (3.13) is therefore likely to produce

new solutions to the Einstein-Maxwell system when charge and anisotropy are present.

Also we specify the measure of anisotropy in the form
A = AO + Al.ﬁU + A2$'2 + A3LE3, (314)

where Ay, Ay, As,and A3 are arbitrary constants. This choice is physically reasonable
and ensures that we regain isotropic pressures when Ay = A; = A, = A3 = 0. Note
that we have effectively taken three orders of a Taylor expansion for A in terms of the
radial coordinate. This form of A enables us to integrate the Einstein-Maxwell system;
higher order terms lead to expressions which are not integrable. An important point to
note is that the form (3.14) allows us to regain isotropic pressures by setting parameters
to vanish. In most other treatments involving anisotropic stellar configurations this is

not the case as indicated in the works of Dev and Gleiser (2002), Esculpi and Aloma
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(2010), Harko and Mak (2002), and Mak and Harko (2003). The recent strange quark
models of Kalam et al (2013b) and Paul et al (2011) also have a nonzero anisotropy
throughout the star. In our model the choice (3.14) enables us to regain isotropic

pressures.

Substituting (3.13) in (3.12d) we obtain the first order differential equation
[a® + 2a (mn(1 4+ 2m) + 1) 2™ + 2mn(2mn + 1) + 1) 2*™] Z
2z (a+ (1 +mn)zx™) (a + x™)
_ (-2 +F) (atam)
2z (a + (1 + mn)z™)

7 +

(3.15)

To make the equation easily integrable we decompose by partial fractions the coefficient

of Z which gives

_ m—1 _ m—1
g (L 2m(n — 1)z m (4(1 +mn) —3n)x 7
2z a—+xm 2(a+ (14 mn)z™)
(1-2 + 7€) (a+a™)

= ) 3.16
2z (a + (1 + mn)z™) (3.16)
Substituting (3.14) in (3.16) we obtain the differential equation
P 1 N 2m(n — 1)a™ ' m(4(1 +mn) — 3n) 2™ ! P
2z a+am 2(a+ (1 +mn)axm™)

T Ao+ Arz+Asz?+Azz3)x m

(1_%_'_(0-1—1-1—6? +3)>(CL+I)
_ _ (3.17)

2z (a + (1 4+ mn)z™)
Once (3.17) is integrated we can directly find the remaining quantities p, p,., p;, E*

and o from the system (3.12). In order to find an exact solution to (3.17) we need to

specify values for the constants m and n.

3.3 Generalized Komathiraj-Maharaj model

We can find an exact solution of (3.17) when m = % and n = 1. In this case the metric

function in (3.13) becomes
y=a++x.

For this choice of m and n, (3.17) becomes

g 3 (1- 222 4 Lordmeprledsri) (1 /)
7+ Z = . (3.18)

2% " 2E(2a+3v7) z(2a 1 3v/7)
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Solving (3.18) we obtain the solution

b, (3.19)

= Ks(za+\/§) —%(4a+3\/5)) +3Fc<,x) \%} 3(2ai3\/§),

where

F@j) = A (gal’ + 556%) + Ay (gaxz + §x%) + As (?ax?’ + Zx%)

2 1
+As <§ax4 + SSL’ ) ,

and k is a constant of integration. In order to avoid the singularity in the potential Z

N[O

we should set £ = 0. Note that F'(z) = 0 at the centre of the star and this condition

is satisfied for isotropic pressures.

The potentials and matter variables are given by

e = A(a+ i), (3.20a)
2
e = 2 E? v 3F(z) (3.20b)
3(2a+ V) — F (da+3vr) + =5
30 (6a® +10ay/z + 3x) N B (16@3 +47a*\/r + 48ax + 18x5)
’ T 3+ VD)0t 3VEP 2+ Vo) 2a+ 3y

_36G(2) ( ! 2) , (3.20¢)
2(a+/7) (20 + 3v/7)
O 4100y 13) B (40® + 270> /& + 4002 + 1827 )
Pr = 5 a(a+ 1) (2a + 3y/7)2 2(a + v/7)(2a + 3/2)?
—G(x) < ! 2) | (3.20d)
2(a + v/7) (2a + 3y/7)
Ot 00T B (4a® + 270> /& + 4002 + 1827 )
Pe = o a(a + 7)(2a + 3v/T)?2 2(a + v/7)(2a + 3v/7)?
+H(2) ( ! 2) | (3.20¢)
2 (a+ /) (2a + 3/7)
A = Ag+ Az + Axx® + Asa®, (3.20f)

E* = [C(-2a®—2a\/x + 3z) + Bz (a® 4 2ay/z) — J()]

! 3.20
. (ﬁ(a+ﬁ)(2a+3ﬁ)2)' (3.20g)
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In this case the line element becomes

ds? = —A? (a + \/5)2 dt? +

(2a +3Vx) dr?
3(2a+ x) — 2 (da + 3y2) + 3F(x)
r2(d6* + sin® 0d¢?). (3.21)

To simplify the relevant expressions we have set

4

Glz) = A (—

)
3a3 + 5(12\/5 + a:p)

8 64 18
+A,; (Ea% + ﬁazx% + gaxQ + x%)
+A Eanz + 141a 223 4 6—7a:c + 3:52
7 28 14 2
16 82 82 9
+ A, < 5 adrd + 15a2x% + Ba:c‘1 + 5x3>
20 ) .
H(x) = Ay Ea +—a VT + 4lax + 1822
2 416 192
+A; <3€a3x + 1—5(121‘% + ?axQ + 17x%)

44 755 521 3
+A, <7a3x2 + §a2x% + ﬂ(w?’ + %x%)

4 5633+398 7+548 _'_812
—_— xT?2 —AQaX —X2
9 15 15 5 ’

J(z) = (4a3\/_+ 2202 + 22ax? + 9z )
16 64 84
+A, <€a 72 4 — : a’x® + Eax% + 73:3)
20 313 101
+As <7a3x3 + §a2x3 + Tax% + 6:64)
154 5, 196 o 2T

Ay (Sadat 4 + +
—a°x2 _ —ar2 l‘ .
*\3 15 ¢ 15 5

The exact solution (3.20) and (3.21) is a new model for a charged anisotropic quark

star.

If we set Ag = Ay = Ay = A3z = 0, then we regain the first Komathiraj and
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Maharaj (2007c) isotropic exact solution given by

o2 — A2 (a+ \/5)2’
o 3 (2a + 3y/x)
© - 3(2a+ vx) — 22 (da+ 3y/z)’
30 (60° + 10ay/T + 30) B (166° + 4762 + 430z + 1821 )
P = S alat Vo) (2a f 3va)e a1 Vo) 2a 13y
O (6a®+ 10ay/z + 3x) B (%ag +27a*\/x + 40ax + 1895%)
b= S ala+ Vo) a+3va)2 2(a + v/7)(2a + 3/2)? ’
[C (—2a* — 2a+/T + 3x) + Bz (a® + 2a+/)]
Va(a+/7)(2a + 3/x) '

The line element corresponding to this solution is

2 A2, )2 di? 3 (2a + 3/x) 2
At = —A o+ Vo) dt +<3(2a+\/E)—%(4a+3\/§)>d

+72(d6? + sin® d¢?), (3.23)

with isotropic pressures and with equation of state p = % (p —4B). We observe that
when we set G(z) =0, H(x) =0 and J(z) = 0 in (3.20) we obtain expressions for the
energy density p, the pressure p and electric field E? which are identical to those in
the Komathiraj and Maharaj (2007c) model. Furthermore if we let a = 0 in (3.23) we
obtain the Mak and Harko (2004) line element

ds® = —A?Cr2di* + ( ) dr® + r*(df? + sin® 0dp?), (3.24)

1 — Br?
with the matter variables

1 1
+B, p=— DB, EB2=—.

p= 62 3r2

2,2
On setting B = 0 we regain the Misner and Zapolsky (1964) particular solution with
the equation of state p = é p. Note that the class of solutions found in this section
contains a singularity in the electric field at the centre. This feature is also present in
the Mak and Harko (2004) model for a quark star. However the total charge and mass

remains finite which is a good feature of this class of models.
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3.4 Nonsingular quark model

We can find another exact solution by choosing m = 1 and n = 2. For this choice

(3.13) gives the metric function
y(z) = (a+2)°. (3.25)

The differential equation (3.17) becomes

7 — . (3.26
2x+a+x+a+3x ( )

1 2 3 (1 - 22+ (A°+Alx+%x2+ASm3)x> (a + z)
Z+
2z (a + 3z)

Equation (3.26) is integrated to yield the solution

(35a® + 35ax + 21ax? + 5x?)

7 =
35(a + x)2(a + 3x)
BI5L(r) _ 9By (105a° + 189a2z + 135az2 + 352°) +
e VI (3.27)
315(a + x)%(a + 3z)

In the above we have set

1 3 3 1
L(z) = Ao 22? 4
(x) <3ax+5a:p +7a:p +9x)

and k is a constant of integration. In order to avoid a singularity in the metric function

Loy 32, Loa 1o
5&1‘ 7&1‘ 3CL.§L’ 11.1’

Loy Llaa, 3 5.1
7&1‘ 3&1‘ 11&1’ 1333‘
1

a3x+3ax—|—3aa:+1 7
9 13 15

Z, we set k = 0. Note that L(x) = 0 at the centre of the star and this condition is

satisfied for isotropic pressures.
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The potentials and matter variables become

e = A’(a+2)", (3.284a)

e* = 315(a+2)*(a+ 3z) [9 (35a® + 35a’x + 21az® + 5a°)
2Bz 315L(z)]
C ( C ’
3C (140a* + 434a®z + 318a%z* + 150az® + 30x*)
35(a + x)3(a + 3z)?
B (210a® + 798ax + 1476a3x? + 254002 + 2090ax* + 630x°)
* 105(a + x)3(a + 3z)?

105a® + 189a’x + 135az” + 352°) + (3.28b)

3V(z)
105(a + x)3(a + 3z)?’
C (140a* + 434a3x + 318a%x? + 150ax® + 30x%)
35(a + z)3(a + 3x)?
B (70a° + 994a*x + 3708a%2? 4 18880428 U0 qat 4 105027)
105(a + z)3 (a + 3z)?

(3.28¢)

U (x)
T 105(a + 2)(a 1 3202
C (140a* + 434a3x + 318a%x? + 150az® + 30x%)
35(a + z)3(a + 3x)?
B (70a° + 994a*z + 3708a%2? 4+ 1880a¢%2® + L az* + 10502°)
105(a + z)3 (a + 3z)?

(3.284)

Pt =

105(a + z)3(a + 3x)?’
A = Ag+ A+ Ayx® + Asa®, (3.28f)
C (1764ax + 13068a%z* + 12204ax® + 3780z*) — A(x)
315(a + z)3(a + 3x)?
B (168a*r + 1296a3z* + 6528a%z® + 7280az* + 25202° )

- 315(a 1 2)°(a + 32)° (3:28¢)

+

(3.28e)

For this model the line element becomes

ds? = —A%*(a+x)"di?

+315(a + 2)*(a + 3z) [9 (35a® + 35a°x + 21az” + 52*)
2Ba 315L(x) | ",
= 4a
< | C "
+72(d6* + sin” d¢?). (3.29)

105a” + 189a°z 4 135az” + 352°) +
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For simplicity we have set

35 49 1145 1375 105

U(r) = Ao — @+ adtr + 27903 + —— @t ——axt + ——2°
2 2 3 6 2
11

45 185 1145 315 7245 315

T Ay <—7a5—7a4x— = a3 — 5 a3 256 o T :c5)

A (70 3710 , 2310 5 , 17206 , ;392 x4)

1360 315
+Aw<—ﬂf—5m%+2w%“%11 ﬁ+¢%m:+——5)

EE B T R Ve L T

175 1939 15635 22165 1995
Q(ZL‘) = AQ (7&5 + — 5 4$’ + 3429a 3 2 —+ TQQ;L'?’ + TalA + Tl,f))

54490 10710
+Ax <84a5 + 888a'x + 3170432 + Ta%f’ +3570azx* + Tf)

165 1705 33505 62474
Asa? [ —d° 0 atr + ia?’acQ + %8
2 2 11 13
008235 , 24885 . L (245 . 27475
23007 A g 207
286 7T ” ) A ( 5 @ Ty

38640 673484 44653

1—3a3x2 Tgazx?’ + Tax4 + 945:55) )
Alz) = Ap(315a° 4 2751a*s + 8802a°z” + 11226a°2” + 6755az"* + 15752°)
100380 , 4
—— a4z

+/hx<2ma5+zmm#x+6zm¢%2+ T

6300 1512 63210
+%ax4+ 110 )+A2x <225a + 1845a*z + 311 32

1133370 , 4 55755 , 16065 . 3 18550

A

RV R R A T I AR A T R i T

38360 4 , 78624 , , 59934 .

—_— _— 1134
143ax+11 ax+13ax+ 34z° |,

in the above. The mass function giving the total mass within a sphere of radius x is



given by
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< < 16268 1 Lo % ax) i
5
9i 2145 ) Az = %Al) %
(1o b Bt e i) ()
_\/;<16025 %C_% AOJF%GA

31 2 31 x
- A a*Ay ) arctan 4 /2
001" 2 215 3) archan \/;

V3a (188 120 . 94 59
B+ 20— A a2A
308 (315“ Ty C T at e T st
1 1
00 atAy + o7 a*A; ) arctan s
9009 57915 a
76 38 52
C—— Ao+ 2024,
i (189 189" 5oz
034 3088 z
0% 3A A 2
27027 2 T 737as” 3) 3
6 , 27 3 9
(La?B+ La0 - Za2Ag+ ——aPA
(35" a5t Tt A T g
9
——a4A2 -+ ia5A3 \/E 3
1001 715 (a+x)C2
4,6 2
(@Bt a0 - ZaPA 14
<105 T35 105" 70 T35
2 2
_ a abAs LS
188 , 43 94 59,
SOR2B 2200 - 2224 A
<945a 35 AT A
1 1
ﬂamﬁ o7 a® Ay % (3.30)
27027 173745 (a1 32)C}

The exact solution (3.28) and (3.29) is a new model for the Einstein-Maxwell system

with charge and anisotropy.

If we set Ag = Ay = Ay = A3z = 0, then we regain the second Komathiraj and
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Maharaj (2007c) nonsingular exact model given by

e = A?(a+ :E)4 ,
o 315(a + z)*(a + 3x)
© = 2Bx

9 (35a® 4 35a%x + 21az? + ba3) (105a® + 189a2x + 135ax? 4 35z3)
3C (140a* + 434a3z + 318a%z* + 150az® + 30x*)
35(a + x)3(a + 3z)?

B (210a® + 798ax + 14766322 + 2540a%2® + 2090az* + 6302°)
* 105(a + 2)%(a + 32)2 :
C (140a* + 434a3x + 318a%x? + 150az® + 30x%)

35(a + z)3(a + 3x)?
B (70a° 4+ 994a*z + 370802 + 88042 + Hax* 4 10502°)
105(a + x)?(a + 3x)? ’
C (1764ax + 13068a%z* + 12204ax® + 3780z*)
315(a + z)3(a + 3x)?
B (168a*z + 1296ax? + 6528a%2® + 7280ax? + 2520x°)
315(a + z)3(a + 3z)? '

E?* =

The line element for this isotropic nonsingular model becomes

ds? = — A2 (a + z)* dt?

315(a + x)*(a + 3z)dr?

T 2Bx

9 (35a? 4 35a%x + 21az? + ba3) (105a® + 189a2x + 135ax? 4 3523)

+ 72(d6* + sin” 0d¢?).

The potentials, matter variables, including the electric field, remain finite at the

centre so that our model in the system (3.28) is nonsingular. At the centre (z = 0) we
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have

O = g2
eZ)\(O) —_ 1’
6C 1
= 2(—4+B--A

o) = 2(C - ga),

1 /12C A\ 1
p(0) = 3 <T —2B - 7) 3 (P —4B),

1 /12C 54,\ 1
p:(0) = 3 <T —2B 7) 3 (po —4B) + Ao,
A(0) = Ay,
E2<O) - —A(),
M) = 0.

For stability we should have A(0) = 0 so that Ay = 0. This ensures that the anisotropy
and the electric field vanish at the centre. Consequently the class of solutions found in
this section are good candidates to produce charged anisotropic stars with physically

reasonable interior distributions.

3.5 Discussion

In this section we indicate that the exact solutions of the field equations in this chapter
are well behaved. To do this we generate graphical plots for the gravitational potentials,
matter variables and the electric field. The Python programming language was used
to generate plots for the particular choices a = 0.2, A = 0.69, B = 0.198, C = 1,
Ag = 0.0, A; = 0.6, Ay = 0.15, and A3 = —0.7. The graphical plots generated are for
the potential e* (Fig. 3.1), potential e** (Fig. 3.2), energy density p (Fig. 3.3), radial
pressure p, (Fig. 3.4), tangential pressure p; (Fig. 3.5), measure of anisotropy A (Fig.
3.6), the electric field E? (Fig. 3.7) and the mass M (Fig. 3.8). All figures are plotted
against the radial coordinate r. These quantities are regular and well behaved in the
stellar interior. The energy density, the radial pressure and the tangential pressure

are decreasing functions as we approach the boundary from the centre. In general
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the measure of anisotropy A is finite and continuous. We observe that A increases
from the centre until it attains a maximum value and decreases sharply towards the
surface of the star. This profile is similar to that obtained by Sharma and Maharaj
(2007) and Mafa Takisa and Maharaj (2013a, 2013b). The electric field E? is finite and
regular at the centre. It increases from the centre and then decreases after reaching a
maximum value. We observe in Fig. 3.8 that the mass increases with radial distance

monotonically.

Finally we note for the values a = 0.0278, B = 0.0064, C' = 0.0005, Ay = 0.0000,
A; =0.0107, Ay = 0.0134, and A3 = 0.0107 we can generate a quark star with radius
R = 9.46km and mass M = 2.86M. These figures correspond to a distribution with
a linear quark equation of state. They are consistent with the values found by Mak
and Harko (2004). Other values of the parameters produce radii and masses consistent
with previous investigations. A detailed analysis of the physical features of the models

found here is undertaken in subsequent chapters.

The interior solutions obtained in this chapter match the exterior Reissner-Nordstrom
spacetime (3.2) across the boundary » = R. This generates the condition

2M Q2 2 2
(“f*ﬁ):“’

and

2M Q*\'
(1_F+ﬁ) =€

which relate the constants a, A, B, C, Ay, Ay, Ay and Az. There are sufficient free
parameters in the model to ensure the continuity of the metric coefficients at the

boundary of the star.
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Figure 3.3: The
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energy density p against the radial distance r
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Figure 3.4: The radial pressure p, against the radial distance r
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Chapter 4

Charged anisotropic models I

4.1 Introduction

Since the pioneering paper by Bowers and Liang (1974), who were the first to consider
pressure anisotropy in the study of anisotropic spheres in general relativity, there has
been much extensive research in this direction. It has been indicated by Dev and
Gleiser (2002, 2003) and Gleiser and Dev (2004) that pressure anisotropy has a sig-
nificant effect on the configurations, structures and properties of stellar bodies. In
particular it was established that both the maximum mass and redshift vary with the
magnitude of the pressure anisotropy. In the study of these stellar objects it has also
been indicated that the electric field is an important ingredient to be included in the
models for many applications. It has been shown by Ivanov (2002) that the presence
of electromagnetic distribution affects the redshift, luminosity and the maximum mass
of compact relativistic stellar objects. It was illustrated by Sharma et al (2001) that
stellar objects with an electric field allow causal signals over a wide range of parame-
ters compared to uncharged stellar objects. In addition, it has been shown by Esculpi
and Aloma (2010) that the presence of pressure anisotropy with an electric field en-
hances the stability of a configuration under radial adiabatic perturbations compared
to matter with isotropic pressures. There are fewer research papers that include both

anisotropic pressures and electromagnetic field distributions. These include solutions
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obtained by Thirukkanesh and Maharaj (2008), the models generated by Rahaman et
al (2012), the compact models of Mafa Takisa and Maharaj (2013a, 2013b), regular
models of Maharaj and Mafa Takisa (2012), models for quark stars obtained by Ma-
haraj et al (2014), and Maurya and Gupta (2012). However most of these models have
the anisotropy parameter always present, and they do not contain isotropic solutions as
a special case. It is important to build physical stellar models in which the anisotropy

vanishes for an equilibrium configuration.

There have been some anisotropic and charged exact models with a linear equation
of state: Maharaj and Thirukkanesh (2009b) found solutions for the Einstein-Maxwell
field equations that generalize isothermal models, Esculpi and Aloma (2010) generated
solutions for conformally invariant relativistic compact spheres, Thirukkanesh and Ma-
haraj (2008) found classes of new solutions of field equations for a compact relativistic
objects consistent with dark energy stars and quark stars, Mafa Takisa and Maharaj
(2013a) generated compact exact models with regular distributions and Sharma and
Maharaj (2007) found anisotropic models consistent with relativistic quark matter.
However, in general, most of these models do not regain charged isotropic models.
Some analytical solutions to the field equations with a linear quark equation of state
for charged isotropic stars were found by Komathiraj and Maharaj (2007c). Using the
same equation of state with isotropic pressures, Sotani and Harada (2003) generated
models with nonradial oscillations of quark stars, Sotani et al (2004) found models that
restrict quark matter by gravitational wave observation, and Bombaci (2000) gener-
ated models which indicate that X-ray pulsars SAX J1808.4-3658 and 4U 1728-34 are
likely to be strange star candidates that do exist in the universe. There has been an
extension of the linear quark equation to include anisotropic pressures in modeling the
behaviour of strange stars by Rahaman et al (2012), Kalam et al (2013b), and Mak
and Harko (2002).

The objective of this chapter is to perform a detailed physical analysis of the
particular exact solutions to the Einstein-Maxwell system of equations with a linear

quark equation of state for charged anisotropic stars obtained by Maharaj et al (2014).
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In performing such a physical analysis we seek to regain models with masses and radii
obtained by other researchers, and show that other new masses generated in our model
are in acceptable ranges. We also seek to compare masses and radii by considering
anisotropic and isotropic pressures. This analysis shows that the relevant class of

exact solutions with a quark equation of state has astrophysical significance.

4.2 The model

We model the stellar interior with quark matter in general relativity. The spacetime

geometry is spherically symmetric and given by
ds? = —edt? 4 20 dr? 4 r2(dh? + sin® 0dg?), (4.1)

where v(r) and A(r) are the gravitational potentials. The Reissner-Nordstrom line
element
IM oM Q*\ !
ds® = — (1 - —+ Q—Q) dt* + (1 - —+ Q—2) dr? + r2(d6* + sin? 0d¢?), (4.2)
r r r r
describes the exterior spacetime. The quantities M and () define the total mass and

charge of the star, respectively. The energy momentum tensor is defined by

. 1 1 1 1
T,, = diag (—p — §E2,pr — §E2,pt + §E2,pt + §E2> ; (4.3)

in the presence of charge and anisotropy. The energy density (p), the radial pressure
(pr), the tangential pressure (p;), and the electric field intensity (FE) are measured

relative to a comoving fluid four-velocity u®(u®u, = —1).

The Einstein-Maxwell field equations are given by

2N 1

= (1—e)+ ¢ = p+ §E2, (4.4a)

1 2V 1
——(l—e?) e = - 5B, (4.4b)

r r

N 1
e 2 (1/' v vy L —) = p+=-E? (4.4¢)

r r 2

1

o = —e? (TZE)/, (4.4d)
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where primes denote differentiation with respect to the radial coordinate r. The func-
tion o represents the proper charge density. The equation of state is linear and of the

form

= (p-4B), (4.5)

where B is a constant related to the surface density of the stellar body representing a

Pr

sharp surface. If we consider the MIT bag model for quark stars, then B can also be

identified with the bag constant.

We introduce a new independent variable z and define the metric functions Z(x)

and y(z) as
v=Cr? Z(x)= e A0, A%y () = () (4.6)

where A and C' are arbitrary constants (see Durgapal and Bannerji (1983)). With this

transformation the line element in (4.1) becomes

2 A%248% 2
ds® = —A*y“dt 4 C’de + C(d@ + sin? d¢?). (4.7)
The Einstein-Maxwell field equations (4.4) become
p = 3p, +4B, (4.8a)
Pr y Z B
7o g2 _Z _ 4.8b
8 , 2 (4.8b)
pe = prtA, (4.8c¢)
A = 2C7 +C (22 Z+6Z) y
Y Y
+C <2 (Z + ) - ) (4.8d)
E? \-Z 4 7 B

o = 2\/2770 (xE + E) , (4.8f)

where dots represent derivatives with respect to the variable xz. The quantity A =

p: — pr is called the measure of anisotropy. We introduce the mass function given by

M(z) = 4é% /OJC Vw (ps + E?) dw, (4.9)
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where

T

Dy = (1_2 —22) C, (4.10)

is the energy density when the electric field £ = 0.

Some solutions to the system (4.8), applicable to quark matter, were presented in

Maharaj et al (2014). In that model it was assumed that

y = (a+2a2™)",
A = A0+A1$+A2$2+A3l‘3.

For particular choices of the parameters m and n it is possible to integrate the Einstein-
Maxwell system exactly. The choice of anisotropy ensures isotropic pressures can be
regained. To ensure that the anisotropy vanishes at the stellar centre we should set
Ap = 0. Here we consider a particular solution of Maharaj et al (2014) that enables

us to perform a detailed physical analysis. The particular solution that we utilize can



be written in terms of analytical functions and is given by:

62V

62)\

Pr

Y4

E2

A (a+ax)t,

315(a + z)*(a + 3z) [9 (35a® + 35a’x + 21az® + 5z*)

2Bz 15L(x)] "
e (105a® 4 189az + 135az” + 352°) + 370@)

3C (140a* + 434a®z + 318a%z* + 150az® + 30x*)
35(a + x)3(a + 3z)?

3V (z) + B (210a® 4+ 798a*z + 1476a*x* + 2540a*x> + 2090az* + 6302°)

105(a + x)3(a + 3z)?
C (140a* + 434a3x + 318a*x* + 150az® + 30x*)
35(a + x)3(a + 3z)?

U(z) — B (70a” + 994a’z + 3708a’z? + 12304223 4 Ui0qz? 4 10502°)

* 105(a + x)3(a + 3z)?

C (140a* + 434a3x + 318a%x? + 150az® + 30x*)
35(a + x)3(a + 3z)?

+

Q(z) — B (70a® + 994a’s + 3708a’2? 4 1671804243 4 UTT0 gt 4 10502°)

105(a + z)3(a + 33:)
Ay + Aoz + Agz?,
C (1764ax + 13068a*z* + 12204ax® + 3780z*) — A(x)
315(a + z)3(a + 3x)?
B (168a*z + 1296ax? + 6528a%z® + 7280az* + 2520x°)

315(a + z)3(a + 3x)?

)

)

Y
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1 1 1
L(z) = A (ga?’xZ + %a%g + gax4 + ﬁx5)
1 1 3 1
+A, (?a?’x?’ + §a2x4 + ﬁax5 + 1—3:66)

1 3 3 1
+A3 (§a3x4 + ﬁa2x5 + 1—3a:c6 + ﬁﬂ) ,

1360 315
U(z) = Aﬂ<—ﬂf—5M%+2M%%%Trfﬁ+l%mﬁ+——f>

11
45 185 1145 315 7245 315
+A2:p2 ——a® - e — —adat - a2t + ax? + et
2 2 11 13 286 26
70 3710 2310 17206 392
—As2?® (§a5 + a3 a‘z + I3 a*z?® + EVER a’z® + T ax4> :
54490 1071
Qz) = AM<M&+8%&x+mmfﬁ+—Tgﬂ%3+%mm%+—ﬁ£f)
165 1705 33505 62474
+ Ay? (7615 + Ta4x + 31—1a3x2 + 1—3a2x3
998235 , 24885 5 (245 5 27475 ,
it A i il
286ax+26:c)+ 3x<3a+33ax
38640 5 o, 673484 , 5 44653 5
— 4
13 a’r” + 143ax+ E ax” + 945z2° |,
100380
Az) = Aw<%mﬁ+mzm%+ﬁmmﬁﬁ+—iT—&ﬁ
63000 15120 63210
axt + 2° ) + Asx? [ 225a° + 18454z + alx?
11 11 11
1133370 55755 16065 18550
+ 143 a’r® + T az* + 5 ZL‘S) + Azz® (210a5 + T a‘r

738360 , , 78624 , , 59934
a T —ax —_—
143 11 13

az* + 1134x5) .
With this exact solution the line element (4.1) becomes

ds? = —A%(a+ )" dt?

+315(a + z)*(a + 3z) [9 (35a® + 35a°x + 21ax® + 5z)
2B 315L
——af(MEa3+18%fx+J3&m2+3&ﬁ)+——7%£2

+72(d6* + sin” d¢?).

-1

dr?
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The mass function (4.9) becomes
126 1 14
M(z) = —Sa — 2 — ——ax | As
96525 30 285
4 74 7 x
e g ) A — — A )
<915‘7+ 2145“) 27110 1) %

1 1 2 10 14 T3
(2B 4 2Ag+ —ad, — —a?A 54 (—)
(9 Tt gt T g e T gt 3) c

a [ 62 93 . 31 31
2 (aB 20— 2 ad - a?A
03<105a T3¢ T e gt

31 31 T
— 1001a3A2 + ma‘l/lg) arctan \/g

V3a (188 120 94 59
0B+ 20— T ady + —2a?A
303 (315“ LT A IR T A

1 1
_ 1o a*Ay + o7 a*As ) arctan v
9009 57915

8 38 52
—aB+ -C — —aAy+ —a’A
+(189a +=-C aAy + a” Ay

+

9~ 189 693
934 5, . 3088 , A) x
3

97027 2 T 173745

6 , 27 3 9
— [ =a®B+ =aC — —a?4y + —a*A
(35" a5t Tt A T g

2 2 & Vv
Ay ) —Y
B <188 43 94 59

—a’B+ —aC — —a’Ay + 34,

945 35 945 3465 "
1 1
00 i o7 a5A3) (L (4.12)

“omoar 0 1735 a+30)CF

Note that this generalized class of models with a quark equation of state contains the

nonsingular solutions of Komathiraj and Maharaj (2007¢c) with isotropic pressures.
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4.3 Stellar masses

Our exact solutions are more general than earlier treatments and have the flexibility
of allowing for fine-tuning of the parameters. The right choice of parameters in the
multi-dimensional parameter space enables us to regain the stellar masses of compact
bodies previously identified by many other research groups. To start with, we make
the following transformations:

A= AR? Ay = AR?, Ay = A3R?, Ay = A3R?, B=BR?, C' = CR? a = aRR?,
where R takes the same unit as z, and in order to match with the realistic units, it
is renormalised by a factor of 43.245, i.e., R = 43.245x. In the literature, we find
many observed and analysed compact star masses, varying from 0.9M to 2.01M.
The studies of charged stars however allow for more mass in the stable configuration.
In our present study, we aim to regain masses of some of the observed compact stellar
bodies for the uncharged cases identified to be strange stars, thereby narrowing our
parameter ranges. For the charged cases, we follow the same exercise to regain the

values of the theoretically obtained masses for charged stars.

In particular, for the electrically charged strange quark stars, we have regained the
mass M = 2.86M with radius » = 9.46km consistent with mass and radius obtained
by Mak and Harko (2004), the mass M = 2.02M, with radius r = 10.99km consistent
with the object found by Negreiros et al (2009), and the mass M = 0.94M, with
radius 7 = 7.07km consistent with the particular results obtained by Thirukkanesh and
Maharaj (2008) and Mafa Takisa and Maharaj (2013a). Charged compact stars have
been identified as quark stars: the mass M = 1.67M;, with radius of 9.4km consistent
with the star PSR J1903+327 is discussed by Freire et al (2011) and Gangopathyay
et al (2013), and the mass M = 1.433M, with radius of 7.07km was found by Dey et
al (1998) in their strange star models. Parameter values which give these masses and

radii in our model are given in Table 4.1.



Table 4.1: Various parameter values for particular stellar objects

M

a B C A Ay, Ay r(km) RS Model

52 12 1 20 25 20 946  2.86 Mak and Harko (2004)
350 12 1 250 280 290 10.99 2.02 Negreiros et al (2009)
350 12 1 230 235 240 9.40 1.67 Gangopathyay et al (2013)
202 12 1 25 20 20 7.07 1433 Dey et al (1998)
350 12 1 289 200 260 7.07 094 Thirukkanesh and

Maharaj (2008)

47
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Table 4.2: Masses and radii for isotropic and anisotropic stars for different choice of

parameters
Name a B C /Il /12 Ag T(A£0)  T(A=0) (%@) Ao (Mﬁ@) Ao
R1 285 12 1 25 20 25 6.84 6.85 1.28994 1.31530
R2 100 12 1 20 5 10 6.67 6.68 1.56259 1.56730
R3 260 10 1 35 25 30 7.59 7.61 1.58585 1.61878
R4 260 10 1 20 30 20 7.60 7.61 1.60033 1.61878
R5 200 10 1 40 30 40 7.57 7.59 1.66749 1.69064
R6 35 12 1 25 10 15 5.78 D.77 1.73268 1.72885
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Table 4.3: Variation of parameter A, for a =260, B=10,C =1, Ay = 15, A3 = 20

Ay "(a#0) | T(A=0) <%> A£0 (]‘%> A=0
5 | 7.6100 1.61456

10 | 7.6100 1.61087

15 | 7.6100 1.60718

20 | 7.6100 | 7.6100 | 1.60349 1.61878
25 | 7.6100 1.59981

30 | 7.6100 1.59612

35 | 7.6100 1.59243

40 | 7.6100 1.58874




Table 4.4: Variation of

Ay "(a#0) | T(a=0) (J‘%) A£0 (Fﬂé) A=0
5 | 7.6000 1.60033

10 | 7.6000 1.60033

15 | 7.6000 1.60033

20 | 7.6000 1.60033

25 | 7.6000 | 7.6100 | 1.60033 1.61878
30 | 7.6000 1.60033

35 | 7.6000 1.60033

40 | 7.6000 1.60033

100 | 7.6000 1.60033

50

parameter A, for a =260, B=10, C =1, A; =20, A3 = 20



Table 4.5: Variation of

Ay "(a#0) | T(a=0) (J‘%) A£0 (Fﬂé) A=0
5 | 7.6000 1.60073

10 | 7.6000 1.60060

15 | 7.6000 1.60046

20 | 7.6000 1.60033

25 | 7.6000 | 7.6100 | 1.60020 1.61878
30 | 7.6000 1.60006

35 | 7.6000 1.59993

40 | 7.6000 1.59980

100 | 7.6000 1.59820

51

parameter Ag for a = 260, B = 10, C = 1, A = 20, Ay =15
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4.4 Physical analysis

Although we could regain the values of masses and radii of many previously obtained
stellar models, a systematic study of the variation of the anisotropic parameters in our
model is also necessary. To this end, we study the effect of the anisotropic parameters
Ay, Ay and Az on masses and radii of stellar bodies, by varying one parameter at a
time and keeping the others fixed. Also, to make the effects more pronounced, we
have chosen a few sets of parameters so as to give a value of the mass-radius relation
in the acceptable range. The surface of the anisotropic star is considered to be the
point of vanishing radial pressure. Also, in our most general solution we have set

fil = 142 = 143 = 0 so as to obtain the isotropic model.

Table 4.2 shows different masses and radii for isotropic and anisotropic stars for
different choices of parameters. This study shows that the masses and radii of the
anisotropic stars are less than the corresponding quantities for isotropic stars for most
of the values of the parameters chosen. However, the model indicates that there are also
some values of the parameters which give the mass and radius of the anisotropic star
greater than the corresponding value for the isotropic star. This is shown in the last
row (R6) which indicates small values of radii but greater masses for both anisotropic
and isotropic stars. The masses and radii indicated in Table 4.2 are in the acceptable

range for the quark stars as studied by Gangopadhyay et al (2013).

The effect of the parameter A; on the mass and radius of the anisotropic star is
shown in Table 4.3. As A; increases the mass of the anisotropic star decreases while
the radius remains constant. The corresponding mass and radius for the isotropic case

are 1.61878 M., and 7.61km respectively.

In Table 4.4 it is observed that variation of the parameter A, in the range indicated
in this table does not visibly alter the mass and radius for both anisotropic and isotropic
stars. The mass of the anisotropic star is constant around 1.60033M with radius
7.60km while the isotropic star has the mass 1.61878 M, with radius 7.61km. The

difference in mass between the isotropic and anisotropic cases here is due to the presence
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of the other anisotropic parameters A; and As.

In Table 4.5, we see that the variation of the parameter A; does not affect the
radius of the star. Rather there is a decrease in the mass of the star with an increase
of Ay. Here also, the masses and radii remain in the acceptable range of values for

quark stars.

In Fig. 4.1 and Fig. 4.2 we learn that the mass of the star decreases linearly
with an increase of the anisotropic parameters A, and A;. In order to compare the
variation of the mass throughout the interior of anisotropic and isotropic stars, we have
plotted in Fig. 4.3-4.8 the mass against radial distance using the parameter values in
Table 4.2. In general, we see that the masses for the isotropic cases are larger than
their anisotropic counterparts, except for the parameter sets R2 and R6, where the
two graphs appear to overlap. In Fig. 4.9 and Fig. 4.10 we have plotted graphs for
the mass-radius relationship for anisotropic and isotropic stars separately as indicated
in Table 4.2. In general, it is shown that different values of parameters give different
values of masses and radii for both anisotropic and isotropic stars. However some
graphs appear to overlap which implies that different set of parameters values could

give almost the same values of mass and the radius.
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Chapter 5

Charged anisotropic models II

5.1 Introduction

The nonlinear Einstein-Maxwell field equations are necessary for the description of
the behaviour of relativistic gravitating matter with or without electromagnetic field
distributions, and they are tools for modeling relativistic compact objects such as
dark energy stars, gravastars, quark stars, black holes and neutron stars. With the
help of diverse solutions of the field equations and different matter configurations, the
structure and properties of relativistic stellar bodies have been investigated. This is
reflected in several investigations over the recent past. Models of neutral compact
spheres with isotropic pressures have been studied by Murad and Pant (2014), Mak
and Harko (2005), and Sharma et al (2006). The case of neutral anisotropic matter
was investigated by Paul et al (2011), Harko and Mak (2002) and Kalam et al (2012,
2013a, 2013b). Charged isotropic compact models are highlighted by Gupta and Mau-
rya (2011a, 2011b), Negreiros et al (2009), Murad and Fatema (2013), and Bijalwan
(2011). The general model with charge and anisotropy was analysed by Esculpi and
Aloma (2010), Mafa Takisa and Maharaj (2013a) and Rahaman et al (2012). Sev-
eral interesting features of exact solutions to the Einstein-Maxwell system for charged
anisotropic quark stars were highlighted in the treatments of Maharaj et al (2014) and
Sunzu et al (2014).
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The effect of the electromagnetic distribution and pressure anisotropy are im-
portant ingredients to be considered when undertaking studies of relativistic stellar
objects. Ivanov (2002) highlighted the fact that the presence of charge in a compact
stellar matter contributes to changes in the mass, redshift and luminosity. It was
shown by Sharma et al (2001) that charged models could allow causal signals in the
stellar interior over a wide range of parameters. On the other hand, Dev and Gleiser
(2002) demonstrated that pressure anisotropy affects the physical properties, stability
and structure of stellar matter. The stability of stellar bodies is improved for posi-
tive measure of anisotropy when compared to configurations of isotropic stellar objects.
Furthermore the maximum mass and the redshift depend on the magnitude of the pres-
sure anisotropy as illustrated by Dev and Gleiser (2003) and Gleiser and Dev (2004).
They also showed that the presence of anisotropic pressures in charged matter enhances
the stability of the configuration under radial adiabatic perturbations when compared
to isotropic matter. There have been many recent investigations which include the
presence of charge and anisotropy in the stellar interior. For example, Maharaj and
Mafa Takisa (2012) presented regular models for charged anisotropic stellar bodies,
generalized isothermal models were found by Maharaj and Thirukkanesh (2009b), and
superdense models were investigated by Maurya and Gupta (2012). Other new exact
solutions for charged anisotropic stars are contained in the treatment of Mafa Takisa
and Maharaj (2013b). Some other models describing anisotropic static spheres with
variable energy density include the works of Cosenza et al (1981), Gokhroo and Mehra
(1994), and Herrera and Santos (1994).

On physical grounds for a stellar model we should include a barotropic equation
of state so that the radial pressure is a function of the energy density. Exact models of
charged anisotropic matter with a quadratic equation of state were found by Feroze and
Siddiqui (2011). Using the same equation of state, Maharaj and Mafa Takisa (2012)
generated regular models for charged anisotropic stars. A strange star model with
a quadratic equation of state was recently generated by Malaver (2014). Polytropic
models were analysed by Mafa Takisa and Maharaj (2013b) for charged matter with

anisotropic stresses. Malaver (2013a, 2013b) found charged stellar models with a van
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der Waals and generalized van der Waals equation of state respectively. Anisotropic
models with a modified van der Waals equation of state are contained in the paper by
Thirukkanesh and Ragel (2014). Other relativistic stellar models with a van der Waals
equation of state are studied in the treatment of Lobo (2007). However for a quark star
we require a linear equation of state. The first treatment of quark stars was undertaken
by Itoh (1970) for hydrostatic matter in equilibrium. Since then there have been many
investigations on the study of structure and properties of quark matter by adopting a
linear equation of state. It has been shown by Witten (1984), Chodos (1974), Farhi
and Jaffe (1984) that quark matter could be studied with the aid of the phenomenology
of the MIT bag model; these studies indicate that a linear quark matter equation of
state with a nonzero bag constant can be used. The review by Weber (2005) described
the astrophysical phenomenology of compact quark stars. The study of nonradial
oscillations of quark stars was performed by Sotani et al (2004) and Sotani and Harada
(2003). Charged isotropic models for quark stars are described by Mak and Harko
(2004) and Komathiraj and Maharaj (2007c). Particular models have been analysed
to study the effect of both the electric field and the anisotropy in quark stars including
those generated by Rahaman et al (2012), Varela et al (2010), Thirukkanesh and
Maharaj (2008), Maharaj and Thirukkanesh (2009b) and Esculpi and Aloma (2010).
However most charged anisotropic models of quark stars have anisotropy always present
and do not regain isotropic pressures as a special case. Charged anisotropic models for

quark stars that allow anisotropy to vanish have been found in the papers by Maharaj

et al (2014) and Sunzu et al (2014).

The objective of this chapter is to find new exact solutions to the Einstein-Maxwell
system of equations with a linear quark matter equation of state for charged anisotropic
stars. We build new models by specifying a particular form for one of the gravitational
potentials and the measure of anisotropy. A particular model in our results allows us
to regain Einstein results with isotropic pressures as a special case. We also seek to
generate masses and radii consistent with observed stellar objects and indicate that

the gravitational potentials, matter variables and the electric field are well behaved.
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5.2 Fundamental equations

We intend to describe stellar structure with quark matter in a general relativistic
setting. The spacetime manifold must be static and spherically symmetric. The interior

spacetime is given by the metric
ds? = —eat? 4 2 dr? 4 r2(dh? + sin? 0dg?), (5.1)

where v(r) and A(r) are arbitrary functions. The Reissner-Nordstrom line element
describes the exterior spacetime
oM Q> oM >\
ds® = — <1 - —+ Q—2> dt* + (1 - —+ Q—2> dr? + r*(d6* + sin? 0d¢?), (5.2)
r r r r
where M and () represent total mass and charge as measured by an observer at infinity.

The energy momentum tensor

. 1 1 1 1
Tab = dlag (‘10 - §E27p7" - §E27pt + §E27pt + §E2) (53)

describes anisotropic charged matter. The energy density p, the radial pressure p,,
the tangential pressure p;, and the electric field intensity F are measured relative to a

vector u. The vector u® is comoving, unit and timelike.

The Einstein-Maxwell equations with matter and charge can be written as

1 2N 1
T_Q (1 — 672>\) + 7672)\ = p + §E2, (54&)
1 oy 2V o Lo
2 N 1
e 2 <1/” +v" =V N+ V? - ?) = pF 5E2, (5.4¢)
1
o = ﬁe*)‘ (T’QE)/, (5.4d)

where primes indicate differentiation with respect to the radial coordinate r. The
quantity o denotes the proper charge density. Note that we are using units where the
coupling constant 8:_46‘ = 1 and the speed of light ¢ = 1. The mass contained within
the charged sphere is defined by

1

M(r) = 3 /07‘ w? (ps + E?) dw, (5.5)
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where p, is the energy density when the electric field £ = 0. For a quark star we have

a linear relationship between the radial pressure and the energy density

pr= % (p—4B), (5.6)

where B is the bag constant.
We transform the field equations to an equivalent form by introducing a new
independent variable z and defining metric functions Z(z) and y(x) as

v =Cr? Z(z)=e P A%2(2) = 20, (5.7)

where A and C' are arbitrary constants. With this transformation the line element in

(5.1) becomes

1 x
2 A22d82 2 2 1 in?0de?). _
ds y-dt +45L’Cde +C(d9 + sin® 0d¢?) (5.8)

Then the field equations (5.4) are transformed to

1-Z . E?
=27 = %*%” (5.92)
;4 —1 . E?
4Z%+ . = %—%, (5.9b)
4 ZZU 2\ Y ., Dt E?
© §+(4Z+2xZ>§+Z = Ft5a (5.9¢)
2 47 . 2
% - = (xE n E) . (5.9d)
The mass function (5.5) becomes
1 x
M(z) = e Vw (p + E?) dw, (5.10)
0
where
1-Z .
Py = (— - 22) c, (5.11)
x

and a dot represents differentiation with respect to the variable x.

Then we can write the Einstein-Maxwell field equations (5.9), with the quark
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equation of state (5.6), in the following form

p = 3p+4B, (5.12a)
pr y Z B
/- — 5.12b
pe = prtA, (5.12c)
A = 4xCZy+C<2xZ+6Z>y
Y Y
. B\ Z-1
cl2(z+=)+=—— 5.12d
wel2(zeg) %), o120
E? 1-Z y Z B
— = —3zZ-Z = 5.12
2C x 3 y 2 C’ (5.12¢)

o = 2\/?(:CE+E). (5.12f)

The gravitational behaviour of the anisotropic charged quark star is governed by the
system (5.12). The quantity A = p, — p, is called the measure of anisotropy. The
system of equations (5.12) consists of eight variables (p, p., pi, F, Z, y, o, A) in
six equations. The advantage of the Einstein-Maxwell system (5.12) is that it has a
simple representation: it is given in terms of the matter variables (p, p., p;, A), the
charged quantities (F, o) and the gravitational potentials Z and y. We rewrite (5.12d)
in a more simplified form as

(o +6ug+y) , _ (G+1-2F)y

2z (zy + y) 2z (zy + y)

This is a highly nonlinear equation in general. However if y and A are given functions

7 +

(5.13)

then the form (5.13) of the field equation is linear in the variable Z. In order to find

exact solutions to this model we will specify the two quantities y and A.

We choose the metric function as
1—ax™

b (5.14)

Y

where a, b, m and n are constants. This choice guarantees that the metric function y
is continuous and well behaved within the interior of the star for a range of values of
m and n. The metric function y is also finite at the centre of the star. We specify the

measure of anisotropy in the form

A= Alﬂf + A2$2 + A3$3, (515)
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where A, As, and Az are arbitrary constants. A similar choice of anisotropy was made
by Maharaj et al (2014). This choice is physically reasonable as it is continuous and
well behaved throughout the interior of the star. It is finite at the centre of the star.
It is possible to regain isotropic pressures when A; = Ay = A3 = 0. We then have
A = 0 and the anisotropy vanishes. Substituting (5.14) and (5.15) in (5.13) we obtain

the first order differential equation

lg(z) + ax™ [—g(x) + 4(m + bmz™)? — 2m(1 + ba™)(b(4n — 1)z™ — 1)]]

zZ zZ
i 2z(1 + bam)[b(n — 1)z — 1 + az™(1 + m + bma™ — b(n — 1)z™)]
— ((A1x+A2§+A3$3)x +1-— %) (1 —az™)(1 + bz")
_ (5.16)

2z[b(n — 1)z” — 1+ az™(1 + m + bma™ — b(n — 1)a™)]’

where we have set
g(l‘) = 2b(-1 +n+ 2712)1‘" — b2(1 — o+ 4TL2):E2" _1,

for convenience.

5.3 A regular model

A solution to (5.16) is desirable. We can find a nonsingular exact model for the choice

of values of the parameter m = 1, n = % and a = b = 0. With these values the

potential y = 1 and (5.16) becomes

. 1 Al.ﬁU —+ AQZC‘Q + A3.§U3 1 B
Z+—7 = — = —. 5.17
T 2C TG (5.17)

Solving the above differential equation we obtain

Z=14— 5.1
+ 3+5+7+9 (5.18)

x(_ﬁ Ajx Asx? A3x3>
G .
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Using the system (5.12) we obtain the exact solution describing the potentials and

matter variables as

e? = A2 (5.19a)
315
2
- 5.19b
‘ 315 + £ (—210B + 63A,x + 454522 + 35A303) (5.19b)
3A1x  9Aya?  2Asa?
p = 23—( 51x+ 11‘6 + ;x ) (5.19¢)
2B Az 3A.2% 24523
pr = —<?+ g + 11 + 5’ ) (5.19d)
2B  4A1x  11A.2%  TAs323
po= -5t 51 + 1; + 5 : (5.19€)
A = A1$+A2$2+A3.§U3, (519f)
4A1x 5Ayr®  2A5aP
B = _( 51‘U+ 72:‘7 + ;x) (5.19g)

This model admits no singularity in the interior in the potentials and in the matter

variables. In addition A = 0 and E? = 0 at the stellar centre.

With this model the line element (5.8) becomes

ds* = —A%dt?

L1 315 e
4xC \ 315+ & (—210B + 63 A,z + 454522 + 35A373)
+%(d92 + sin? 0do?). (5.20)

The mass function (5.10) becomes

(2 (g 9 B 5y s
M(af)—(c) (33 g = g 54A3x). (5.21)

In this exact solution we regain the special case of vanishing anisotropy and charge:

A =0 and E? = 0. Then the potentials and matter variables become

315C
2U — A2 2 —
c ’ 315C — 2108z
2B
p = 2B, p.=p = 3 (5.22)

with the line element

315 @
ds* = — A*dt* dz® + = (d6* + sin® 0dp> 5.23
§ * <4x(3150— 2103@) vt Gl st 0de”), (5:23)
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in terms of the variable x. Note that we can write (5.23) in the equivalent form
2\ —1
ds? = — A2df? + (1 - %) dr? + 12(d6? + sin? 0d¢?), (5.24)
where I'? = %. We observe that (5.24) is the familiar uncharged Einstein model with
isotropic pressure and the equation of state p, = p; = —% p. We can therefore interpret
the exact solution (5.19) as a generalized Einstein model with charge and anisotropy.

This possibility arises only because the energy density at the boundary is a nonzero

constant in a quark star.

The solutions found in this section do represent finite masses that can be related
to observed objects. To show this we introduce the transformations
Ay = A R?, Ay = A3R?, Ay = A3R?, B= BR?, C = CR2.
Based on these transformations we choose values of parameters to generate stellar

masses and radii in Table 5.1. For computation purposes we have set R = 43.245.

Therefore we generate masses in the range 0.94M® — 2.86 M ©® contained in the
investigations of Mak and Harko (2004), Negreiros et al (2009), Freire et al (2011),
Sunzu et al (2014), Dey et al (1998) and Thirukkanesh and Maharaj (2008). Therefore
the exact solutions of this section do produce finite masses consistent with physically

reasonable astronomical objects.



73

Table 5.1: Particular stellar objects obtained for various parameters for a regular model

B C A Ay Ay or(km) Model
280 1.0 1.1 22 1.8 946 2.86 Mak and Harko (2004)
130 1.0 11.0 9.0 50 1099 202 Negreiros et al (2009)
170 1.0 135 100 &80 9.40 1.67 Freire et al (2011)
30.54 1.0 20.51 25.0 30.0 7.60 1.60033 Sunzu et al (2014)
340 1.0 28.6 35.0 20.0 7.07 1.433 Dey et al (1998)
33.93 1.0 404 240 20.0 684 1.28994 Sunzu et al (2014)
2218 1.0 105 4.0 5.0 7.07 0.94 Thirukkanesh and

Maharaj (2008)
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5.4 Generalized models

It is possible that other exact solutions exist, in addition to those found above, and
which may be obtained using the approach in this chapter. Clearly these new solutions
will correspond to different matter distributions, and consequently have different energy
density profiles to the Einstein-Maxwell model considered in Section 5.3. The choice
of parameters we made in Section 5.3 led to constant y. Here we again choose m =1,
n = % but we take a = b?>. Then the gravitational potential y is no longer constant.

Consequently (5.16) can be written in the form

5. 1=3DZ _ (WWE-1)[C+a(A-2B)]

(2 — 3by/x) Ca(3bv/z —2) (5.25)
(b = D) [C + o (Ayz + Aga® + Aga® — 2B)] '

Cz(3by/x — 2)

Equation (5.25) is more complicated than (5.17) but it can be integrated. Solving

(5.25) we obtain the function

7 — [2 bz o+ % <B (b\/_ - %) n f(x))} (ﬁ) , (5.26)

where

f(z) = A (% — ?) + Apa? (% — %) + Asz® (g — %) .

Note that when f(x) = 0 then we have isotropic pressures. The function (5.26) demon-
strates that there are other exact solutions to the differential equation (5.13) in terms

of elementary functions.

Using the field equations indicated in the system (5.12) we obtain the following



exact solution

2v

2

Dr

Pt

E? =

o 1=\’

(1)
2 — 3by/T

2= bVE+ & [BovE—5) + f(@)]
3C (8 — 100 + 36 7))

2(2 — 3by/7)2(by/z — 1)
B (=16 + 47by/T — 48520 + 186%2% ) + 3, (x)

2(2 — 3by/x)2(by/x — 1) ’
C (8 — 100 + 30 /7))
2(2 — 3by/x)2(by/z — 1)
B (4 — 27b/5 + 400 — 1862 ) + £,(x)
2(2 - 3by/@)2(by/T — 1) ’

C (% — 100 + 30z
2(2 — 3by/x)2(by/z — 1)
B (; — 2Tby/7 + 40b%z — 18b3x%> + fil)

2(2 = 3by/x)*(by/z — 1) ’
AlfL‘ + AQIL’Q + Agl‘g,

C (2b2 43637 — j—b_> + B(by/T — 20%2) + f.(2)

+

+

+

2= 35D (b — 1)

)
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(5.27a)

(5.27b)

(5.27¢c)

(5.27d)

(5.27e)
(5.27f)

(5.27g)
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where we have set

8 6

4 1
frlz) = Az (g — ﬁbﬁ + €8b2$ — ng%)

12 141 67 3
o (2 M Ty )

7 28
16
+A3I‘3 (? —
32 416 192

82 82, 9.,
O T+ oy — b
AR T W)’

filz) = Az

44 755 521, 33, s
Apa? (=2 4 D% = 2220 4 ot
+2“ﬁ'3(7+28\/5 RN

Az | —— + ——by/z — — b
+3a;( +15\/515x+5

596 398 548 gb?’x%) ’

1 4 4
fe(z) = Az 16 6—b\/5 + 8—b2x — ThPa
) 5 5
20 313 101
8§ 154 196 27 . 3
+A3.’L‘3 (g — —15 b\/E‘i‘ —15 bQ.T — gb‘?’xg) s

for convenience.

Based on our exact solution in the system (5.27), the line element in (5.8) becomes

- , ([ 1=0x\? ,
ds= = —A (1+b\/5) dt

1 2 — 3by/x )
T4aC (2—6\/E+%(B(b\/_—§)+f(:c))>dx

+%(d«92 + sin? 0dg?). (5.28)
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The mass function has the form

x5 WA, ATH2A, 11344
M(@)= 253 (_ 5 a0 12150)
x5 [(5b2A, B5As
_bzci( 56 _378>
B (VB A A, A
+b603<6 T30 T 56 +%)
In(1 — by/x) (35C BB biA;  302A,  As
s (2_2+10 56 +%)
2W8C  AVSB G4b*A,  80b2A, 5124,
< 3 27 3645 ' 15300 +295245)

1 9
1
YL <3b\/5—2 " )

ZL‘3 13b2A3 b3 %+b2A2+17A3
r— —X
3p3Cs 240 5 14 ' 540
2B 3207A;  40b*Ay;  256As
bC —
+< o " 1215 " 5103 +98415)

X L | 2
n
b 2 — 3by/x
.TQ (13b4A1 101b2A2 55A3)

+bﬁc% 360 + 6048 + 5832
x WB  13b*A; 649024,  2059A,
+—— - + + +
O 6 324 27216 131220
N VT (b*C 5B N 1790 A, N 18672 A, N 6049 A5
s \ 2 18 2430 40824 196830

) . (5.29)

Therefore we have obtained another exact solution to the Einstein-Maxwell system of
equations (5.12) with a quark equation of state. Other solutions to (5.16) are possible
for different choices of parameters m, n, a and b. It is not clear that other choices
are likely to easily produce tractable forms for the gravitational potential Z. The
advantage of the exact solutions (5.19) and (5.27) is that they have a simple form.
They are expressed in terms of elementary functions. The model (5.27) is singular at
the centre. This is a feature that is shared with the quark star model of Mak and
Harko (2004) but the stellar mass and electric field remain finite.
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5.5 Discussion

In this section we indicate that the exact solution of the field equations (5.27) is well
behaved away from the centre. To do this we consider the behaviour of the gravitational
potentials, matter variables and the electric field. We note that p’ < 0, p/. < 0, and
p, < 0, so that the energy density, radial pressure and the tangential pressure are
decreasing functions. The gradients are greatest in the central core regions. This
happens because the profiles for p, p, and p; are dominated by the term containing
the factor 2=3. Other choices for the parameters m, n, a, and b in (5.16) could lead
to models with gradients where the rate of change is more gradual. The Python
programming language was used to generate graphical plots for the particular choices
b= 40.5, A=0.664, B=0.198, C =1, A; = —0.6, A, = —0.15, and A3 = 0.2. The
graphical plots generated are for the potential €2 (Fig. 5.1), potential e** (Fig. 5.2),
energy density p (Fig. 5.3), radial pressure p, (Fig. 5.4), tangential pressure p; (Fig.
5.5), measure of anisotropy A (Fig. 5.6), the electric field E? (Fig. 5.7) and the mass
M (Fig. 5.8). All figures are plotted against the radial coordinate r. These quantities
are regular and well behaved in the stellar interior except for the energy density, radial
pressure, tangential pressure and electric field which are divergent at the centre. In
this case our exact solutions may describe the outer regions, away from the centre, in
a core envelope model. However, note that the gravitational potentials, the measure
of anisotropy and the mass remain finite, regular and well behaved throughout the
interior of the stellar structure. In general the measure of anisotropy A is finite and
a continuous decreasing function. A similar profile of the anisotropy was obtained by
Kalam et al (2013b) and Karmakar et al (2007). The mass is an increasing function

of the radial distance as indicated in Fig. 5.8.
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Figure 5.1: The potential €2 against radial distance r
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Figure 5.3: The energy density p against radial distance r
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Figure 5.4: The radial pressure p, against radial distance r
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Figure 5.5: The tangential pressure p; against radial distance r
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Figure 5.6: The anisotropy A against radial distance r
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Figure 5.7: The electric field E? against radial distance r
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Chapter 6

Conclusion

The main purpose of this thesis was to generate exact models that provide new solutions
of the Einstein-Maxwell field equations that may be adopted to describe relativistic
quark strange stars in spherically symmetric spacetimes. The models were generated
by considering a charged and anisotropic matter distribution. For consistency with
quark matter we have incorporated the linear form of the equation of state in the MIT
bag model which relates the radial pressure and the energy density in

1
= —(p—4B).
p 3(/) )

The solutions were generated by integrating the master differential equations after
specifying a new form for the measure of anisotropy and one of the gravitational po-
tentials which are physically viable. The solutions obtained in this thesis generalize the
models obtained by other researchers in the past and do contain isotropic models as a
special case. In performing the physical and graphical analyses we have indicated that
the potentials, matter variables, and electric field are well behaved. We have shown
that the mass functions in our models generate masses consistent with observations
of known stellar quark stars. Other stellar masses generated for quark stars are in

acceptable ranges.

We now provide an overview of the main results generated during the course of

this research
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e In Chapter 2 we discussed briefly aspects of differential geometry as applied in
general relativity. This was necessary for later chapters. We indicated how the
Einstein-Maxwell equation for charged anisotropic matter are derived in spheri-

cally symmetric spacetimes with the aid of curvature tensors.

e Our objective in Chapter 3 was to generate exact solutions for the Einstein-
Maxwell field equations for the charged and anisotropic quark stars. We chose
the gravitational potential

y=(a+z™)".

We indicated that when the measure of anisotropy is
A = AO + Al.ﬁU + A2$'2 + A3LE3,

the master equation becomes a linear differential equation in the form

_ m—1 _ m—1
g 1 N 2m(n — 1)z m (4(1 +mn) —3n)x 7
2z a+zm 2(a+ (1+mn)zm™)

2z (a + (1 + mn)z™)

We generated two new classes of exact solutions depending on the choice of the

1

5 and n = 1 we obtained anisotropic

values for the constants m and n. For m =
charged exact solutions that generalize the exact isotropic models of Komathiraj
and Maharaj (2007c), Mak and Harko (2004) and Misner and Zapolsky (1964).
When m = 1 and n = 2 we generated a second class of charged anisotropic
nonsingular exact solutions which generalize the isotropic model of Komathiraj
and Maharaj (2007c¢). The physical and graphical analyses of the nonsingular

model indicated that the gravitational potentials, matter variables, the electric

field and the mass function are well behaved.

e In Chapter 4 we performed a detailed physical analysis of a nonsingular class of
exact models for charged, anisotropic matter obtained by Maharaj et al (2014).
Using this system of exact solutions and choosing suitable values of parameters

appearing in the mass function, we generated masses and radii consistent with
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previously observed stellar objects by other researchers. We regained masses and

radii of earlier investigations. In particular we regained the results:

(i) mass M = 2.86M; with radius » = 9.46km consistent with the mass and
radius obtained by Mak and Harko (2004),

(ii) mass M = 2.02M with radius r = 10.99km consistent with the object
found by Negreiros et al (2009),

(iii) the mass M = 1.433M, with radius » = 7.07km consistent with the partic-
ular results obtained by Thirukkanesh and Maharaj (2008) and Mafa Takisa
and Maharaj (2013a),

(iv) the mass M = 1.67My with radius of 9.4km consistent with the star PSR
J19034-327 discussed by Freire et al (2011) and Gangopathyay et al (2013),

and

(v) the mass M = 1.433M,, with radius of 7.07 km found by Dey et al (1998)

in their strange star models.

For the anisotropic case we have also generated new masses ranging from 1.28994 M,
to 1.73268 M., with radius of the range 5.78km to 7.61km and for the isotropic
case the masses generated are from 1.31530M, to 1.72885 M, with radius varying
from 5.77km to 7.61km. In order to compare isotropic and anisotropic models,
we created graphical plots for the mass-radius relation. In general results indi-
cated that masses of a stellar object with isotropic pressure are greater than the
anisotropic objects. It was shown that different sets of parameters values give
different masses and radii for the stellar objects. It is interesting that masses
and radii are in acceptable ranges for the quark stars. By varying the param-
eters in the solution we were in a position to generate a variety of masses and
radii with values acceptable for a quark star. Our solutions generated are suit-
able for describing observed astronomical objects. In particular our model is a

good candidate for the object SAXJ1808.4-3658.

e The objective in Chapter 5 was to find new exact solutions of the KEinstein-
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Maxwell field equations for charged anisotropic quark matter with a new choice
for one of the gravitational potentials. In this chapter we again considered a
linear equation of state consistent with quark matter. The new form of the
gravitational potential selected for the metric function was the form

1—az™

y= 1+ bzn

The choice for the measure of anisotropy was
A= Alﬂf + A2$2 + A3$3.

This choice guaranteed that the metric function y is continuous and well behaved,
and the choice of the anisotropy ensured that the model produces isotropic pres-
sures as a special case when parameters are set to vanish. After substituting the
function y in the transformed field equation we obtained the first order differential
equation given by

. (gz) +az™ [—g(x) + 4(m + bmz™)? — 2m(1 + ba™)(b(4n — 1)a™ — 1)]]

A
* 2z(1 + bam)[b(n — )™ — 1 + az™(1 + m + bma™ — b(n — 1)z™)]

— (22 +1- 2B) (1 — )1+ ba”)

2z[b(n — 1)z™ — 1 4+ az™(1 +m + bma™ — b(n — 1)z")|’

Z

where

g(x) = 2b(=1 +n + 2n%)z" — b*(1 — 2n + 4n*)2z** — 1.

This is a very complicated equation but solution can be found. Exact solutions of
the above differential equation were found by selecting values for the parameters
a, b, m and n. Two classes of exact solution to the Einstein-Maxwell system were

found:

1

5 and a = b = 0 we obtained a regular model which

(i) when weset m =1, n =
generalizes the Einstein model with charge and anisotropy. In this model we
generated masses and radii consistent with stellar objects investigated by
other researchers in the range 0.94M® — 2.86 M ©. We regained the results
of Mak and Harko (2004), Negreiros et al (2009), Freire et al (2011), Sunzu

et al (2014), Dey et al (1998) and Thirukkanesh and Maharaj (2008),
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1

5 and a = b? we generated a second generalized model

(ii) when m =1, n =
with a singularity in some matter variables at the centre of the stellar ob-
ject. However the gravitational potentials, the anisotropy and the mass
remained finite throughout the interior of the stellar body. A graphical

analysis indicated that the potentials, matter variables and the mass are

well behaved.

Finally we point out that particular results found in this research are good can-
didates for stellar objects, in particular SAXJ808.4-3658. Different masses and radii
consistent with astronomical objects studied by other researchers have been found. We
believe that our stellar models may facilitate studies of anisotropic quark stars with an
electromagnetic field distribution and provide room for further studies with relativistic
matter distributions. This may be achieved with a specific equation of state, spacetime
geometry, anisotropy and metric functions different from what we have considered in

this thesis.
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