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Abstract

This dissertation deals with theory and algorithms for computer simula-
tions of classical and quantum systems in the canonical ensemble. First,
the approach of Nosé-Hoover and its generalization, known as the Nosé-
Hoover chain dynamics, are introduced. Such methods are used in classical
molecular dynamics simulations to control the temperature of particle sys-
tems through a coupling to a few additional fictitious variables, mimicking
an infinite thermal reservoir. In order to introduce the extension of the
Nosé-Hoover method to quantum systems, the features of the Wigner rep-
resentation of quantum mechanics are reviewed. Finally, a recent approach
[A. Sergi and F. Petruccione, J. Phys. A 41 355304 (2008)], which extends
the Nose-Hoover and Nose-Hoover chain equations in quantum phase space,
is described. Such a method is applied to a single harmonic mode, and the
conditions for quantum-to-classical transitions as a function of the thermo-
dynamical temperature are studied by means of numerical simulations. It
is shown that, in the case of strong coupling, the open system dynamics
simulated by Nose-Hoover chain equations leads to quantum-classical tran-
sition of the Wigner function of the harmonic mode. Agreement between
the numerical and analytical results is also found. The algorithms and re-
sults illustrated are of interest to the numerical simulation of the quantum

dissipative dynamics of more general systems.
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Chapter 1

Introduction

Algorithms for simulating dynamics of many body quantum systems are an
open area of research. Monte Carlo techniques and Molecular Dynamics [1]
methods are used to simulate a wide variety of classical systems, but there
are no such general methods for quantum mechanics. Quantum mechanics
is much more difficult to simulate on a computer because the computational
resources required for calculations often far exceed what is available.

The development of efficient algorithms for simulating quantum dynam-
ics is of importance to a number of fields and specifically to the fields of
open quantum systems[2], quantum information theory [3] and quantum
optics [4]. Open quantum systems are often realized by putting a system of
interest in contact with a thermal bath of harmonic degrees of freedom with
specified spectral density [2, 5]. It is thus desirable to be able to control the
temperature of the system in quantum dynamics simulations.

In classical Molecular Dynamics simulations the methods of Nose-Hoover
and its generalization, known as the Nose-Hoover chain, are used to control
the temperature of particle systems. This is done by coupling the system of
interest to a few additional fictitious variables, mimicking an infinite ther-
mal reservoir. By means of these fictitious variables, the algorithms are able

to describe thermodynamical baths, which generally require a large number



of degrees of freedom to simulate. These Nose-Hoover methods are formu-
lated using phase-space equations. To use them in quantum simulations,
a quantum phase space is required. This is achieved by using the Wigner
representation to represent the quantum dynamics in terms of phase-space
functions.

The first formulation able to represent quantum mechanics in phase space
was provided by Wigner in 1932 [6]. He introduced the phase-space Wigner
function to study quantum corrections to classical statistical mechanics.
This phase-space formulation of quantum mechanics offers a structure in
which quantum phenomena can be described using classical mechanics in
the appropriate classical limit [7]. It does this by transforming quantum op-
erators into functions of phase space. As a result of this, it becomes possible
to implement Molecular Dynamics methods to quantum dynamics.

The theory of [8] presents the extention of the Nose-Hoover and Nose-
Hoover chain equations in quantum phase space. This theory was used to
show how the constant-temperature constraints can be introduced in quan-
tum dynamics through the Wigner phase-space formulation. In this case
the temperature, which is a classical concept [9], has been introduced to the
quantum dynamics by the direct coupling of the classical thermostat to the
quantum subsystem in phase space. The Nose-Hoover equations of motion
were introduced in quantum phase space so as to define a Nose-Wigner dy-
namics. This is of interest to study quantum-to-classical transitions as a
function of temperature.

In this work, a classical thermostat has been directly coupled to the
quantum subsystem in phase space. The so-called Nose-Wigner dynamics
has been applied to a single harmonic mode, and it is shown that at low
temperature, the Nose-Wigner distribution function approaches the classical
canonical distribution. The conditions for these quantum-to-classical tran-

sitions as a function of the thermodynamical temperature are studied by



means of numerical simulations. It is shown that, in the case of strong cou-
pling, the open system dynamics simulated by Nose-Hoover chain equations
leads to the classical limit of the Wigner function of the harmonic mode.
The dissertation is organized as follows: Chapter 2 deals with classical
Molecular Dynamics simulation at constant temperature. The simulation
method is described and thermal averages are calculated as a function of
thermodynamical temperature, in terms of Nose-Hoover and Nose-Hoover
chain thermostats. The Wigner representation of quantum mechanics is re-
viewed and a quantum-classical approximation of the Wigner-Liouville law
of motion for the continuous potentials is derived in Chapter 4. This is done
in order to introduce the Nose-Hoover approach in quantum dynamics. In
Chapter 5 the Nose-Hoover and Nosé-Hoover chain equations of motion in
quantum phase space are introduced, to define Nose-Wigner dynamics, as
a function of temperature. The results of the numerical integration of the
Wigner distribution function are given in Chapter 6. It is shown how the
use of the Nose-Hoover chain dynamics causes the Wigner distribution func-
tion for the one dimensional harmonic mode to approach the classical limit.
Similar calculations have been done for the momentum distribution to show
how it can approach an appropriate classical limit. Chapter 7 presents the
conclusions and future area of research. The Appendices contain derivations

and algorithms relevant to the theory.



Chapter 2

Classical Molecular
Dynamics at Constant

Temperature

This chapter discusses a computational method, Molecular Dynamics Sim-
ulation (MDS), commonly used in computational physics to study many-
particle classical systems. It is a deterministic method based on numeri-
cal solutions of ordinary differential equations defining the dynamics of the
degrees of freedom for the classical system. This method was initially in-
troduced in the microcanonical ensemble. The theory of this method was
extended to the canonical ensemble, to control temperature instead of en-
ergy. This dictated that the system be placed in contact with a thermal
bath which requires a large number of degrees of freedom to simulate. This
is inconvenient to simulate on a computer, as it would require large amounts
of memory. To solve this problem, Nose¢ and Hoover extended the method of
MDS [10] in order to make constant-temperature simulations possible on a
computer. This chapter starts with a brief summary of the basics of Molec-

ular Dynamics and introduces the microcanonical and canonical ensembles



to calculate classical statistical averages in phase space. The theory of Nose-
Hoover [11] is then summarized as well as its extension, the Nose-Hoover
chain method. The extended Hamiltonians [12, 13, 14] of these formulations
are discussed and classical statistical averages are calculated in the canonical

ensemble.

2.1 Molecular Dynamic basics

Molecular Dynamics Simulation is a form of computer simulation in which
the dynamics of many particles systems are numerically calculated. This is
done for a finite period of time, once the interaction between the particles
is specified. This computational method, calculating the time-dependent
behaviour of a molecular system, is based upon Newton’s equation of motion,
F = ma, where F is the force exerted on the particle, m is its mass and
a is its acceleration. From the knowledge of the force on each particle,
it is possible to determine the acceleration of each particle in the system.
If the initial conditions of the system, namely the positions and momenta
of the particles, are known, then integration of the equations of motion
yield trajectories that describe the position, velocity and acceleration of the
particles as functions of time. From these trajectories, the average values of
properties can be determined.

Consider a classical system of N particles in a fixed volume. The motion

of this system is governed by Newton’s equations of motion [15]
Fk:mkak, k= 1,-~~ ,N (2.1)

where my, is the mass of particle k , aj, is its acceleration and F the force
acting upon it due to the interactions with the others particles. In classical

mechanics, the Hamilton equations of motion dictate a correlation between



the position and momenta of the particles

;o 0
Tk = Bp, H(r,p) (2.2)

Pk = 3TkH (r,p) = Fy
where rj, and pj denote position and momentum coordinates for the k"
particle. H is the Hamiltonian of the system, which is defined in phase

space by
N
Pi

H(r,p) = e
=1 <k

+Vi(r). (2.3)

The above Hamiltonian represents the total energy of the system and does
not explicitly depend on time. A multidimensional notation is being used,
where r and p denote the positions and momenta of all the particles in
the system. It follows from the Hamilton equations of motion that the
Hamiltonian is conserved in a closed system:

N

oOH OH
H(r,p) = prw

dt < Opr or k

OH OH OH OH
—Z Z

3pk 37’k 87“k: ﬁpk

(2.4)

Newton’s equations or Hamilton’s equations are the equations of motion
governing the dynamics of the particles. These equations of motion and
the particle’s interaction potential are the essential elements for Molecular
Dynamics Simulation.

The MDS method can be implemented on the computer using the follow-
ing procedure: time is discretised into small intervals 6¢. Simulation starts
at t = 0 with initial positions and velocities of the particles. At each time
step, the forces on the particles are computed and combined with the current
positions and velocities to generate new positions and velocities. The force
acting on each particle is assumed to be constant during the time interval.

The particles are then moved to the new positions, and an updated set of



forces is computed and a new dynamics cycle goes on. This is repeated until
the time evolution of the system has been computed to the desired time.
After that, the averages of properties of the system are computed. But ex-
periment measures many types of averages and to use computer simulation
as the numerical equivalent of experiment, it is important to know how these
averages are related. Therefore, statistical mechanics is needed.

Molecular Dynamics Simulation generates information at the microscopic
level, including particle positions and velocities. This microscopic informa-
tion can be converted to macroscopic observables, such as temperature, pres-
sure and energy by using statistical mechanics. These measurable properties
are formulated in terms of ensemble averages. An ensemble is a collection
of all possible systems with different microscopic states but identical macro-
scopic or thermodynamic states. In the following, attention will be given to

the microcanonical ensemble and canonical ensemble.

2.1.1 Microcanonical ensemble

This ensemble is characterized by constant particle number N, constant
volume V' and constant total energy F’; and is denoted as the NV E ensemble.
In this ensemble, the equilibrium distribution function takes the following
form

flr,p)=Z7'6(E — H), (2.5)

where the quantity
7 = / dNrdVpS(E — H) (2.6)

is the normalization constant, known as the partition function. The function
d0(E — H) is known as the delta of Dirac, and is zero everywhere in phase
space, except when H — F = 0. The above expression of the distribution
function can aid in defining ensemble averages in statistical mechanics. An
ensemble average is the average taken over a large number of replicas of the

system considered simultaneously. The ensemble average for an observable



A is given by
<A>ensemble - /dNrdeA(rNapN)f(rNapN)a (27)

where A(r™, p™V) is the observable and f(r",p"V) is the distribution function.
It follows from Eq. (2.7) that the integration is for all possible variables of
coordinates r and p and can be calculated once the distribution function is
known. This integral is extremely difficult to calculate because all possible
system states need to be determined. In MDS the points in the ensemble are
calculated sequentially, in time. In this case, the time average of a classical
system of N particles using Molecular Dynamics technique can be expressed

as

(AYyime = Tim - /0 " AN (1), pN () dt (2.8)

T—00 T
where 7 is the simulation time and A(r"V,p") is the instantaneous value of
A. In these simulations, the total energy is a constant of motion, in other
words it does not change in time. The time averages are measured in an
ensemble that is very similar to the microcanonical ensemble. Thus, one
might be led to assume that the time averages are equivalent to the ensem-
ble averages in the microcanonical ensemble [1]. To calculate an ensemble
average, the MDS must pass through all possible states corresponding to
particular thermodynamic constraints. The dilemma is that, time averages
by MDS can be calculated, but experimental observables are assumed to be
ensemble averages. Resolving this, leads to one of the most fundamental
axioms of statistical mechanics, the ergodic hypothesis [1], stating that the

time average equals the ensemble average.

<A>time = <A>ensemble- (29)

Hence, computing the average of a function of the coordinates and momenta
of many particles by time averaging is equivalent to computing it by ensem-

ble averaging. Using this hypothesis produces limitations and inconveniences



because Eq.(2.9) is not true in general; many examples of systems are not er-
godic in practice. In reality, experiments are done at constant temperatures
and constant pressures, therefore, to compare the results of simulations with

experiments it is better to perform calculations in the canonical ensemble.

2.1.2 Canonical ensemble

Experiments are usually done in the canonical ensemble, which is character-
ized by constant particle number N, constant volume V', constant tempera-
ture T" and is denoted as the NVT ensemble. To ensure that the temperature
of the system is constant, the system is placed in contact with a thermal
bath or reservoir. This reservoir has a large number of microscopic degrees of
freedom making simulation difficult on a computer. The system is governed

by the canonical distribution function [11]
fe(rN, pN) = Z 7 Le PHP), (2.10)

where
Ze = /dNrdee_BH(T’p) (2.11)

is the canonical partition function and § = 1/kpT is the inverse of the
product between the temperature and the Boltzmann constant kp. Thus,

the thermal average in the canonical ensemble can be considered to be:

() = / AN rd A pN) 1o, ). (2.12)

It is difficult to solve Eq. (2.12) because of the need to simulate the infinite
number of degrees of freedom of the bath. Nose solved this problem and
Hoover refined it later. They found that constant-temperature trajectories
can be generated by using just two additional degrees of freedom, one posi-

tion coordinate and one momentum coordinate, known as Nose variables.



2.2 Nosée-Hoover thermostat

Nose-Hoover dynamics is a deterministic method used in MDS to maintain
the temperature of the system. In his approach, Nosé introduced an ex-
tended Hamiltonian containing the coordinates of the original subsystem,
augmented with an extra variable  with its conjugated momentum p,. The
dimensionality of Nose extended phase space is 2N + 2, a number that can

be simulated computationally.

2.2.1 Extended-Hamiltonian formulation

The Hamiltonian of the subsytem with phase-space coordinates (r,p) is

2
H(r,p) = 2% +V(r), (2.13)

where V(r) is the potential energy. To represent the thermal bath, Nose
added two additional degrees of freedom (7, p,). The Nose Hamiltonian can
be written as

2 2

p p
Hyp(r,n,p,py) = o +V(r) + ﬁ + gkpTn (2.14)
n

with the phase-space point of the extended system X = (r,7,p,p,). Here,
and henceforth, the NH subscript denotes Nose-Hoover quantities. The
constant g is the number of degrees of freedom of the subsystem and m,,
is a fictitious mass associated with the extra degrees of freedom. Hypg is a

conserved quantity,

dH OHny .  OHnpg . OHyg .  OHnp .
NH _ OHNH,  OMNH .  OHNH . | OUNH,

dt op or dpy Pn on 0. (2.15)

10



From the knowledge of the extended-Hamiltonian, the Nose-Hoover equa-

tions of motion are postulated as

. p

= = 2.16
" m ( )
. Dn

= 2.17
1 " (2.17)
. ov D

= 4L 2.1
P or pm77 (2.18)

2

It follows from Eq. (2.18) that the acceleration of the particles is deter-
mined not only by the force —%—‘ﬁ = F(r) but also by the term p% which
behaves like a friction term. Moreover, this friction term can take both
negative and positive sign. This comes from the fact that there is an ac-
celeration associated with p, determined by Eq. (2.19). Such acceleration,
py is driven by the imbalance between the kinetic energy of the physical
particles and the external temperature kg7'. This is how the Nose-Hoover
equations control the mechanism between the internal temperature and the
external temperature 7', with the controller variable p;,.

The equations of motion above cannot be derived by following Hamilto-
nian theory from the Nosé Hamiltonian. The Hamiltonian theory imposes
that an infinite number of degrees of freedom should be considered when
the thermodynamic constraints of the system are implemented. In this
case, Nose abandoned the Hamiltonian theory structure and used a non-
Hamiltonian formalism which does not satisfy the Jacobi relation [13, 16].
With this general formalism it has been shown that the thermodynamic

constraints can be achieved with a small number of degrees of freedom. To

11



this end, an antisymmetric matrix Bf}f = —Bj-\if has been introduced [11]

0 0 1 0 |
0 0 0 1
BN = oo : (2.20)
- —p
0 -1 p 0 |

so that Nose’s equations of motion can be written in the following form

i 0 0 1 0 Ofxu
; 0 0 0 1 OHyy
T = 85’7 : (2.21)
p -1 0 0 —p “ap -
. O0H
| Pn | i 0 -1 p 0 N 8;‘7’111 |

and in a compact form as [11]

Xy = LyuXy

= { Xk, Hyu}gy
2%*:” OXp gx OHxn _ oy Oy 222)
0X; ¥ ax; M 9x; '

ij=1
where Ly represents the Nose-Liouville operator, defined as

;0

The second equality on the right-hand side of Eq. (2.22) is the Nose bracket
and the repeated indices imply summation. Under the ergodic hypothesis, it
will be proven that Egs. (2.16)-(2.19) can generate averages in the canonical
ensemble.

In this case, let fxpg(r,p,t) be the Nose distribution function. The Li-

ouville equation for the Nose distribution function is

0 .
afNH = _@(kaNH)
_ . Ofvg 0X;
= —Xi OX, TkaNH
= —Lybfvw — Knufnm, (2.24)

12



where Ky is defined as the compressibility of the phase space and is given

by

P %1 0X;
NH = o
N—+1
- (Z ) <0B,§§ OHyn | pr OPHyn >
= W
] 0X), 0X; T0X;0X},
- P 0BY omyy %1 oy PHyn 2.25)
Az, 0% 0K M ax2 ‘
All the diagonal terms of BN are equal to zero, so
2(N+1
(Z )BNazHNH =0
M aX2 ’
therefore o
2(N+1 N
IBy; OHnp
K = . 2.2
N = ;1 90X, 0X, (2.26)

At equilibrium, the Nose distribution function fym no longer depends on

time, therefore

afNH(T? p) _
5 = 0. (2.27)
Eq. (2.24) thus becomes
<KNH+LNH>fNH = 0. (2.28)

Now that the Nose distribution function no longer depends explicitly on

time, its total time derivative is written as follows

d _ OfnH : Ofnm
a/Nve = e T X,
= X Oin _ LnufNH- (2.29)
0X},

Hence, for equilibrium distribution functions, one can use % = Lyp. Since

the Nose Hamiltonian is conserved by the Nose-Liouville operator, it follows

13



that the results of the Liouville operator applied to any function of the

Hamiltonian is equal to zero

Lypg(Hng) =0 (2.30)

where ¢ is an arbitrary function of the Hamiltonian. In order to obtain a

solution of Eq. (2.28), it is useful to define a function W by

aw
— =K 2.31
i NH, (2.31)

and the Nosé partition function Zy g by,
N = / dNrdN pdN ndN p,ePHN, (2.32)

With all the above ingredients, the solution of Eq. (2.28) can be written in

the following form

fng < Zyy e WS(E — Hyp). (2.33)
This can be verified by the direct substitution of Eq. (2.33) into Eq. (2.28)
KnuZyye WS(E — Hyu) + Lyn (Z];}Iewa(E - HNH)) =0. (2.34)

The second term of Eq. (2.34) can be rewritten as

Lnpg <Z];}qe—W5(E - HNH)> = e Viny (Z;,}{(S(E - HNH)>
+Z5yS(E — Hyg)Lyge™

(2.35)

but since §(E — Hyp) is a function of Hyp, the Liouville operator acting

upon it will yield zero. Thus
LNH <ZK7}_I€_W5(E — HNH)) = Z;,}qé(E — HNH)LNHG_W. (236)
Now using the fact that Lyg can be replaced by % one obtains

_ - - q
Zyud(E — Hyp)Lype™ = Zyyd(E - HNH)@e W
_dW

= WZ]?/}-I(KE — HNH)eiw

= —KNHZ]Q}Jé(E — HNH)(iiW (237)

14



Substituting Eq. (2.37) into Eq. (2.34) yields zero. One can conclude that
Eq. (2.28) is the solution of the Liouville equation for the Nose distribution
function at equilibrium.

The Nose distribution function becomes:
fnm = Zyhe S Evadts (B — Hyp). (2.38)

To write Nose’s distribution function explicitly, let us consider the following

expression
P’ Py
Hr=—+4+YV —. 2.39
T om +Vr)+ 2my, ( )
The total time derivative of Hr is given by
dHT pn
—— = —3NkpT— 2.40
dt B my,’ (240)
which is related to the compressibility by
Pn dHT
Kyg=-3N—"=0——". 2.41
NH my, b dt ( )
The canonical averages can be written as
(A)ng = /drdpdndpneﬁHTé(E — Hynp)A(r, p) (2.42)

—6<§i+v(r)) PE
= /drdpe A(r,p)/dné(E—HNH)/dpne 2

Equation. (2.42) is split into three integrals. The second integral can be
performed by using the following identity
6(n —no)
5(f(n)) = 3 2 —0) (2.43)
m0 CT,,(UO)

where the sum runs over the zeros 79 of f(n). The identity leads to

fm) = E—Hnu (2.44)
ft) = 0 — nozfj\;kf; (2.45)
Z{](Wo) = 3NkpT (2.46)
sy = =8 é%;;TE)/ 3N). (2.47)

15



and gives

1
/dné(E — Hyp) = SNEST (2.48)

The Gaussian integral over p,

_ﬁi
/dpne 2 (2.49)

can be easily calculated by using the standard integral with limits

o0

2 7T
dre™ " =,/ — 2.50
[ dweet = [ (2.50)

—0o0

and identifying a = 3/2m,, to give

2

/dpne_ﬁ”’?" = /2mmnkpT. (2.51)

Finally, the average in the canonical ensemble takes the form

2
1 —B(é’erV(T))
(A)y = 3NkBT\/27rmnkBT/d7"dpe A(r,p)
= (A)¢. (2.52)

Thus, Eq. (2.52) shows that, the classical average in the canonical ensemble
can be calculated using Nose-Hoover dynamics.

The Nose-Hoover algorithm (see Appendix A), while capable of dealing
with one conservation law, does not give enough flexibility to deal with
more than one §-function in the partition function. This restriction renders
the Nose-Hoover method problematic. To increase the size of the phase
space and thus make the system ergodic, Martyna et al. [17] suggested a
scheme where the Nose-Hoover thermostat is coupled to another thermostat
or to a whole chain of thermostats known as the Nose-Hoover chain. To
maintain the tensorial notation to a minimum the chain is limited to only

two thermostat variables.

16



2.3 Nose-Hoover chain thermostats

Consider a one-dimensional system, coupled with two Nose-Hoover chain
thermostats, a phase-space point of the entire system is denoted by X =
(ry1m, M2, P Py Do )- The conserved Hamiltonian of the total system is

p? pa i,

H(npey (711,02, 05 Doy s Prp) = o Vi(r)+ o "o T gksT (m +n2),
Ui 72
(2.53)

where 771 and 70 are the two thermostat variables with conjugated momenta
Dy, and pp,; my, , My, are fictitious masses associated with the extra degrees
of freedom. The number of degrees of freedom g = 3N is fixed to ensure that
one obtains the canonical distribution function. It is the number of degrees
of freedom of the subsystem in configuration space, kp is the Boltzmann

constant and T is the thermostat temperature. The equations of motion are

given by
. p
= = 2.54
P2 (254)
o= Lm (2.55)
My
W o= S (2.56)
My,
_ ov D
= —— —p—H+ 2.57
P or My, (257)
2
. p Py
= — —gkpT — 2.58
Py m grkB Pm My ( )
P
. m
Py, = —— —gkpT. (2.59)
n2 o
This yields the following antisymmetric matrix [12]
0 0 0 10 0 |
0 0 0 0 1 0
gvic_ | 00 0 0 0 1 260
-1 0 0 0 —p O
0 -1 0 p 0 -—py
0 0 -10 p, O |




Once the antisymmetric matrix is known, it is a simple matter to rewrite

Eqgs.(2.54)-(2.59) in tensorial form with all elements explicitly shown

P 0 0 0 1 0 0 Dl sis:
T 0 0 0 0 1 0 AL
| |0 0 00 0 1 BHevitc)
» =1 0 0 0 —p o0 PHgimo)
Pin 0 -1 0 p 0 —p, || T5E2
i | [0 0 -10p, o ||
0 0 0o 1 0 o || %«
0 0 0 0 1 0 gksT
_ O 0 0 0 0 1 gkpT (261)
1 0 0 0 —p 0 2
0 -1 0 p 0 —pp o
[ 0 0 —10py, 0 || T |
and the general form
o 2(N+1) %B(NHC)aH(NHC) _ B,EJJYHC)GH(NHC). (2.62)

ox,; 0X, 0X;

i,j=1
The Liouville equation for the Nose-Hoover chain’s distribution function of

the system is

0 o0
gifavme) = _@(ka(NHC))

. Ofinmey  OXy
= =Xy OX, _6ka(NHC)

= —Lvnoyfivae) — Kvueyfivae)y =0 (2.63)

where the compressibility of the phase space is expressed as

Kvney = —3N%+%
m 2

dH!,

i
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with

2 2
P D P
H. =X 1V S/ S /2 2.64
P g TV g (2.64)

Similar to the way the Nose-Hoover distribution function was solved, one
finds that the following Nose-Hoover chain distribution function is the solu-

tion of Eq.(2.63)

eW'S(E - Hiypcy)

r,p) = 2.65
f(NHC)( p) f dNTdedan dNUQdem deﬂze_ﬂH(NHm ( )

where

For the Nose-Hoover chain method, the canonical averages can be written

as

(A)(NHCO) = /drdpdmd?hdpmdpnze_ﬁH/T5(E — Hnpme))A(r,p).  (2.67)

Using Eq. (2.43), the integral over n; and 72 becomes

1

[ s~ Hone) = g (2.68)
1

[ s~ Hone) = g (2.69)

and the Gaussian integrals over p,, and p,, are given by

2

_nPm
/dpme P = \ 2mmn kT (2.70)

2
dpre P =\ armmkeT 2.71
Pz € 2 mmnekpT. (2.71)

Ultimately, the result for the average is written as

1 —
(A)vHO) = (3NkBT)2\/QWmnlkBT\/ZTrmnszT/drdpe BH A(r, p)

(A)c. (2.72)

It has thus been shown that canonical ensemble averages can be determined

by using Nose-Hoover chain dynamics.
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The non-Hamiltonian Nose dynamics simulation is a well-known method
in MDS. In practice, it is used to calculate dynamical properties at constant
temperature and study phase-space transitions. Generally, the Nose-Hoover
Chain algorithm (see Appendix B) [17] gives a correct canonical distribution

function and a satisfactory solution to the practical ergodicity problems [18].
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Chapter 3

Theory of Quantum

Mechanics

This chapter discusses some pictures of quantum mechanics. The first pic-
ture was developed by Heisenberg in the form of matrix mechanics and the
second one was described by Schrodinger in the form of wave mechanics.
Both approaches are special cases of a formulation of quantum mechanics
due to Dirac [19] in which abstract vectors of a linear space and abstract
operators on the space are used. The chapter starts with a brief summary of
the mathematical tools of quantum mechanics and introduces Heisenberg’s

picture and Schréodinger’s picture of quantum mechanics.

Linear vector spaces in quantum mechanics

In his formulation of quantum mechanics, Dirac termed a vector a ”ket”
and denoted it by the symbol |---). He then defined a linear space with
the kets as the elements of this space. In this space, the scalar product of
two vectors |¢) and |¢) can be written in the compact form as (¥|p). The

bracket notation led Dirac to term the vector ()| a ”bra” vector.
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Complete orthonormal basis set

Let ¢1,¢2, - , ¢, be a set of n vectors in a linear vector space S. A basis
o1,¢2, -, ¢n is said to be complete if any vector ¢ in the space S may be

expressed uniquely as a linear combination of the ¢;:

n

1/1=Cl¢71+62¢2+'~+0n¢n=Zci¢i. (3.1)

i=1
For a basis of kets |¢;), the completeness property can be written as

n

) = cilgi). (3.2)

=1

The basis of kets |¢;) is said to be an orthonormal basis if

where 0;; is the Kronecker delta function. To determine a coefficient ¢; one
should form the scalar product of |¢;) and |¢). Thus

(Pjl¥) = Zci<¢j’¢i> = Z cidij = cj, (3.4)
=1 i=1

when the basis kets are orthonormal. With ¢ = j, it follows from (3.2) and

(3.4) that the statement of a complete orthonormal basis can be written as

) = ($ilv)|¢i). (3.5)

i=1
Operators

An operator on a vector space transforms each vector of the space into either

the same vector or another vector of the space. Thus
Xlu) = |v) (3.6)

where |u) and |v) are kets of the same space and X is an operator of the

space.
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An operator is completely specified if its action on every ket of the space
is known.

In quantum mechanics, operators on the vector spaces are usually linear.
An operator X is said to be linear if it associates with every ket |u) another
ket |v) as

X(lu) +[v)) = X]u) + X]v) (3.7)

where the distribution law holds, and also if
X (Au)) = AX|u) (3.8)

where the operator commutes with the complex number \. Let |u) and |v)
be two kets. The matrix element of an operator X between the states |u)

and |v) is the scalar product in the form
Xuw = (u] X |v). (3.9)

A diagonal matrix element of the operator X in the state |u) is then (u|X|u).
It one considers an orthonormal basis |u), the trace of an operator X, written
TrX, is defined by
TrX =) (ulX|u). (3.10)
u

Adjoint operators

For all |u) and |v) of the vector space, the adjoint operator written XT of

the operator X is defined by
(u| XT0) = (v] X |u)*. (3.11)

Hermitian operators

An operator X is said to be Hermitian or self-adjoint if it is equal to its
adjoint, that is if:
X=X, (3.12)
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It follows from (3.12) and (3.11) that a Hermitian operator satisfies the
relation

(ulX]v) = (0| X]|u)* (3.13)

for all |u) and |v) of the vector space. The general properties of Hermitian

operators can be found for exemple in [20].

Eigenvectors and eigenvalues of an operator

Let X be an operator. |u) is called an eigenvector of X with associated
eigenvalue A if

Xu) = Alu), (3.14)

where A is a complex number. When the operator X is Hermitian, its

eigenvalues and eigenvectors satisfy the following properties
(i) The eigenvalues of a Hermitian operator are real.

(ii) Eigenvectors belonging to different eigenvalues of a Hermitian operator

X are orthogonal.

The property (i) can be obtained using the fact that a diagonal matrix

element of X written as (u|X|u), is real.

Observables

An operator X is said to be an observable if it is linear and Hermitian and
also if its eigenkets |x;) are a basis of the vector space on which X operates.
To be more precise, the eigenkets |z;) are a complete orthonormal set, so
that from the definition of the complete orthonormal basis set, an arbitrary
ket |p) can be expanded as

n

o) =D calzs) = Y (wilo) ). (3.15)
i=1

=1
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3.1 Schrodinger Picture of Quantum Mechanics

The Schrodinger picture of quantum mechanics was formulated by Erwin
Schrodinger in 1926 to describe how the quantum state of a physical system
changes in time [20]. In the standard interpretation of quantum mechan-
ics, the quantum state, also called a wave function or state vector, is the
most complete description that can be given to a physical system. In the
Schrodinger picture, the state evolves in time and the operators are constant.

In quantum mechanics, the quantum state of a particle, namely the
position ¢(¢) and the conjugate momentum p(t) of the particle, is defined
at a given time by a wave function v (q,t). The so-called wave function
1(q,t) contains all the information it is possible to know about the particle.
The knowledge of the wave function allows one to calculate the probability
of finding, at a given time ¢, the particle in a volume d3q = dxdydz. The

probability is determined by the following expression
dP = [¢)(g,t)*d°q. (3.16)

The sum of probabilities of all possibles values of coordinates of the system

must, by definition, equal to one

/|¢(q,t)l2d3q =1 (3.17)

Let us consider an arbitrary physical quantity A which describes the state
of a quantum system at a given time ¢. In quantum mechanics, the physical
quantity can take a value, called an eigenvalue A,,, where n =0,1,2,3,--- .
The eigenvalue is defined as a result of an arbitrary physical measurement.
Fach eigenvalue A,, is associated with a wave function of the system ),
called an eigenfunction. The probability P, of obtaining the eigenvalue A,

for a measurement at time ¢ is represented in the form

’Cn‘Q

2 lenl?”

n

P, = (3.18)
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where the summation extends over all n and ¢, are constant coeflicients.
It is apparent from (3.18) that the sum of probabilities over all states v,
is equal to one. For any (q,t), this probability P, can be determined by
decomposing ¥(q,t) in terms of the functions ¢, (q) given by

U(g,t) =D cntbn(q)- (3.19)

Finally, the time-dependent equation defining the evolution of the wave fun-

tion (g, t) is the Schrédinger equation written in general form as

(1) = A, 1) (3.20)

where H is the Hamiltonian operator of the system. Equation. (3.20) is as
central to quantum mechanics as Newton’s law is to classical mechanics. The
partial differential equation can be solved when the potential is time inde-
pendent using separation of variables. Let ¢(q,t) = 0(¢)¢(q). Substituting

in Eq. (3.20), one see that 6(¢) satisfies the ordinary differential equation

0/'(t) = Jfa(t) (3.21)

and ¢(q) satisfies the ordinary differential equation
ﬁ2

—5,-¢"(0) + V(@)é(a) — Ho(q) = 0. (3.22)

Solving Eq. (3.21) one gets
0(t) = Ae” n (3.23)
and finally, one can write
vla.t) = Fhu(g) (3.24)

where 1(q) = A¢(q) and ¢(q) is a solution of Eq. (3.22). The solutions of Eq.
(3.20) describe not only atomic, molecular and subatomic systems but also

macroscopic systems [20]. In his picture, Schrodinger used his wave equation
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to evaluate the wave function v (q,t;) and calculated the expectation value

of an arbitrary operator x at a future time ¢t = ¢; as

(x(t1)) = / (g, 1) 020 t1)dg. (3.25)

In his picture Heisenberg adopted an equivalent point of view of describing

a quantum state in quantum mechanics.

3.2 Heisenberg Picture of Quantum Mechanics

Werner Heisenberg was the first to describe quantum mechanics in the form
called matrix mechanics in 1925 [20]. This form is the basis of Dirac’s
bra and ket notation for quantum states and the wave function. In the
Heisenberg picture of quantum mechanics, the state of the system is constant
while the operators evolve in time. This picture stands in contrast with the
Schrodinger formulation in which the operators are constant and the states
evolve in time. In the Heisenberg picture, an operator x changes in time

according to the Heisenberg equation of motion

WO Lo+ (%), (3.20)

where [H, x(t)] = HY(t) — %(t)H is the commutator of H and %(t). It is a
simple matter to derive Eq. (3.26) using Eq. (3.25). Consider the fact that
the Heisenberg picture and the Schrodinger picture of quantum mechanics
are equivalent. Writing explicitly the time dependence of the wave function

(g, t) in the form
(g t) = e My(g), (3.27)
the expectation value of an observable y can be written as
() = [ 6@ Ty g)da, (3.25)
and the operator as a function of time is defined as
X(t) — eiﬁt/hxefiflt/h. (329)
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Taking the time derivative of equation (3.29) one obtains

dx(t) b Mt /R —ift/R 'FIt/ha?% —iHt/h iHt/ho oy ifit/h
AN 2 et 7 7 YA —1 7 _ _Het
7 5 e xXe +e ot e +e X 5 e
7 o~ ox 1., .=~
pu— —H —_—— —
R HX() + 20— 5 X(0)
T . ax
= —[H = . .
UL X(@)] + <8t> (3.30)

In this equation, the operator is explicitly a function of time. But only opera-
tors without explicit time-dependence will be considered, and the Heisenberg
equation of motion simplifies to

O _ L o) (331)

3.3 Quantum statistical mechanics

The statistical theories developed in the previous chapter can be extended
to the treatment of quantum systems. The intrinsic statistical character of
quantum mechanics is due to the constraints imposed by the Heisenberg un-
certainty principle [21] which states that the particle cannot be at a definite
position in coordinate space and at the same time have a definite momen-
tum. It follows from Eq. (3.20) that the quantum state and operators are
propagated in time without any indeterminacy in the time evolution of a
quantum state. But the indeterminacy appears when a physical quantity is
measured. The only way to solve the problem is to interpret the results of
the measurement of those various physical quantities using statistical tech-
niques.

To be more precise, let us consider a system which is described by a
specific state |¢). The system is then said to be in a pure state. This state
vector can be represented in terms of orthonormal basis functions, |¢;) as

) = ciles) (3.32)

7
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where summation extends over all ¢ and the ¢; = (p;|1)) are some constant

coefficients. Let us consider now a self-adjoint operator ¥ = %' for which

Xlpi) = ailgs), i=1,---,n, (3.33)

where a; is a real number. When the state vector of the system is known,
the probabilities of finding all the possible result are also known. If the state
of the system is normalized, then the matrix element or expectation value
of the observable, that is, when the system is in a pure state [¢), is written

as

%= [ vla.0%(a. 0 = WIIY) (334)
Substituting Eq. (3.32) into Eq. (3.34) will help us to define the expectation
value (x) as the sum of all the eigenvalues x; of the given quantity, each
multiplied by the corresponding probability |cj|2. This can be verified as

follows

|
I

chic§<¢i|)€|¢j>

i

_ ZZcic;Xj<80i’SOj>
i

- ZZCiC;Xj(;U
i

= Z|Cj’2Xj‘ 339
j

It follows from Eq. (3.35) that when all the information about the initial
condition of the system is known, the results of the measurements of the
physical quantities are given by statistical averages. This is not surprising
because it satisfies the Heisenberg uncertainty principle of quantum mechan-
ics which does not exist in classical mechanics. All the theory given above
is available only when one has all the information about the state of the
system. However, it is not possible in practice to have all the information
about the state of the system. To take into account the partial information,

one has to introduce a useful mathematical tool, the density matrix.
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3.4 Density matrix

The description of a system by means of a wave function is a particular case

corresponding to a density matrix for a pure state given by

p =)l (3.36)

For this state, the wave function completely determines the state of a physi-
cal system and it is defined by a ket vector |1)). More often, when considering
a system to be in a statistical ensemble of different state vectors, that is,
mixed states, it is not possible to use a pure state description of quantum
mechanics.

A system described by a statistical mixed states does not gives us enough
information about the quantum state. This is not the case with the state
which is a linear superposition of states. It follows from this that, with a
system described by a statistical mixed state, it is not possible to know what
state the subsystem is in; it is only possible to determine the probabilities
that the subsystem is in each accessible state. Thus it implies the introduc-
tion of a statistical ensemble of identical systems, and the probabilities then
give the fraction of the ensemble in each microstate.

Since the single system is replaced by an ensemble of identical systems,
averages of observables cannot be determined according to Eq. (3.35). Aver-
ages for the ensemble should now be calculated by expressing the average of
each accessible state and summing all the terms, each multiplied by the cor-
responding probability associated with that state. In this case, the average

value of this specific system is [21]
x) = Z%Yk
k
= D wy_ D> aciilrli) (3.37)
k i
where ; is the probability that the system is in the state |@Z1(k)>. These
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probabilities are all positive, and must satisfy the normalisation condition
» =1 (3.38)
k
From Eq. (3.37), let us introduce the function p;; defined by
pji = > wmehef”. (3.39)
k

This function is a matrix element, in terms of which the average can be

expressed:
00 =D Xiipii- (3.40)
to g
The matrix element can be written in an abstract bracket form according

to Dirac’s convention [19] as

pii = (ol (3.41)

With the above expression of the matrix element pj;, one can now define the
operator p which is called the von Neumann density matrix [21]. Knowledge
of the density matrix allows the calculation of the average value of any

quantum operator y which is given in terms of a product of operators as
) = D> xililale)
i
= DD (RN G
(2
= Gl%ali) Y1)l
J

%

= ) (ilxali) (3.42)

i
with 32 [7)(j| = 1, known as the closure relation. Eq. (3.42) gives the
averagje as a sum of the diagonal matrix elements of the matrix product of
x and p, or the trace. Since the trace of a matrix is basis independent, the
identity Tr(AB) = Tr(BA) can be used, and the average of the observable

can be written as

(xX) =Tr{px} = Tr{xp}. (3.43)
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From this result, one can conclude that the mixed state can be described
using the density matrix.

Just as the Schrodinger equation describes how pure states evolve in
time, the von Neumann equation derived below describes how the density
matrix evolves in time. To see this, let us consider the expectation value of

the operator y at time ¢

ooy = 1o(500)

— TT<€th/h>zeth/hﬁ)7 (344)

where H is not a function of time. Using the fact that the trace of an
operator under unitary transformations is invariant, the above expression

can be written as
<X(t)> = Tr (Xe—iﬁt/hﬁeiﬁt/h>
= (0. (3.45)

where the last line defined the density matrix as a function of time. The
von Neumann equation of motion for the density matrix can be expressed
by taking the time derivative of 5(t). One gets

0 0 . e

9oy = 9 ifit/ngift/n

Oo) = 2 < e
_ %efiflt/hﬁeiﬁt/h + eim/hﬁ<i§>emt/h

_ _% [H ﬁ(t)]. (3.46)

The so-called density matrix operator obeys many important properties
which will be necessary to enumerate. It follows from the following proper-
ties that the density matrix can be interpreted as a probability. The first
property is

Trp=1. (3.47)
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This can be easily proven using Eq. (3.38) and Eq. (3.39) as follow
Trp = Z pii
i
= D meel
k
DS
k i
= > w=1 (3.48)
k
The second property,
p=0p, (3.49)
is that the density matrix is a Hermitian operator. From the definition of

the matrix element in Eq. (3.37), one can say that the density matrix is a

Hermitian operator. This can be demonstrated as follows
o = (Soued)
k
= Z’chf*0§ = Pji- (3.50)
k
Finally, the third property,
(ulplu) =0, (3.51)

implies that the diagonal elements of the density matrix are nonnegative.
This can be easily verified using Eq. (3.38) and Eq. (3.47).

Representation of the state can be introduced using Dirac notation as
Y(r) = (rly) and ¥*(r) = (¥|r) in coordinate space, and (p) = (p|¢p) and
¥*(p) = (¥|p) in momentum space.

Using the above notation, the density matrix can be represented, for

example, in coordinate space as

p(r,r") = (rlplr). (3.52)
Analogously, it can be represented in momentum space as

p(p,p') = (plplp). (3.53)
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It can also be represented in an infinite number of different ways in phase

space. One such representation is that proposed originally by Wigner [6].
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Chapter 4

Wigner Representation of

Quantum Mechanics

In this chapter, the Wigner formulation of quantum mechanics in phase
space will be introduced and it will be shown how the Weyl transform given
in [22] was exploited to define the Wigner function in phase space. This
function will be used to evaluate time-dependent quantum averages. Some of
the Wigner function properties which make it quite useful in applications are
also illustrated. For example, it can be used to evaluate more difficult and
interesting expectation values, such as time-dependent thermal correlation
functions [23]. The law of motion for the Wigner function, known as the
Wigner-Liouville equation, can be used to introduce quantum propagation in
time and is particularly suited to develop quantum-classical approximation

schemes.

4.1 Wigner formulation of quantum mechanics in

phase space

The Wigner representation of quantum mechanics was used to represent

quantum dynamics in terms of phase-space functions. In 1932 Wigner was
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the first to formulate quantum mechanics in phase space. This was done by
introducing a phase-space function to study quantum corrections to classical
statistical mechanics.

The statistical character of quantum mechanics is particularly apparent
in Wigner’s phase-space formulation [6, 24, 25, 26]. In this approach, which
is equivalent to the Schrédinger formalism [19, 27], quantum effects are
introduced both through correction terms to the classical law of motion and
through constraints on the initial conditions. In the Wigner representation
of quantum mechanics, the Wigner function substitutes wave functions or
density matrices. The Wigner function is a quasi-distribution in phase space.

To introduce the Wigner function, the definition of the Weyl transform is
needed. Consider an arbitrary operator x. The Weyl transform y is defined

as [22]
§

W) = [ deexsl- ppel(r+ Il 5. (11)

The above expression is represented in terms of matrix elements of the op-
erator in the position basis. Analogously, it can be represented in terms of

matrix elements of the operator in the momentum basis

1

W) = [ dnesplyrilto+ D1kl - 3). (12)

The Weyl transform has important characteristics which will be explained
below. A useful property is that the integral over phase space of the product
of Weyl transforms of two operators is equal to the trace of their product
22]

Triiatel = 5 [ [l pRelr pdrd. (43)

Firstly, Schrodinger describes quantum mechanics using operators act-
ing on a wave function in coordinate space and Heisenberg did it by using
operators given by matrices. Weyl found a way to convert an operator into
a function of phase space by using his transformation. Following this idea,

Wigner introduced his representation stating that quantum mechanics could
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be described not only by operators, but by functions as well. The Wigner
function of N particles is obtained as the Weyl transform of the density

matrix divided by (27h)Y

fulrn) = G [ 4 €exolppelir = §lolr+ )
= wip(r- G ) (4.4)

Equation. (4.4) defines the Wigner function with the Weyl transform of the
density matrix. This equation introduces a phase-space representation for
quantum-mechanical operators. Using Eq. (4.2) the Wigner function can be
also introduced starting from the momentum representation of the density

operator as

1 .
ftrn) = Gy [ ¥ neslralo = Jilp+ ). (@5)
For a pure state the Wigner function is simply
1 ' § v &
fwlrip) = o [ dVeemlipdot - Sute+5 @)

where 9" is the complex conjugate of ). Analogously, for the momentum

representation,

fulr) = e [ @ nesolppalvt = Do+ D). @0

It is also useful to define the inverse of the Weyl transform of the density
matrix, for example, in the coordinate representation. Using Eq. (4.4), the
inverse of the Weyl transform of the density matrix can be expressed by

multiplying both sides of the equation by the integral [ d¥pexp[— %p.ﬁ’]. It
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becomes:

£
2

[ @ pexplgpelfntrn) = G [ deesplzndlr—Slolr+5)

X /de exp[—%pf’]

= G [ 4% [ el =€)
xr =St +5)
= [a¥se- =S+ 5. @9

Using the properties of the delta function for the integral the above expres-

sion becomes

[ vl ppeitntin) = o= Slilr+$)

(7’—5]/3]7”+5> = /deexp[—;p-fl]fW(Tvp)a (4.9)

which results in

o=+ S = W)
= /deexp[—;p-ﬁ]fw(hp)- (4.10)

It follows directly from Eqs. (4.4) and (4.5) that the Wigner function

satisfies the position-probability distribution,

—+o00
| fwpdp = (rloln), (4.11)
and momentum-probability distribution
oo
fw(r,p)dr = (plplp). (4.12)

For a pure state, the position-probability distribution is given by

+o0
| o= ()P (413)
analogously, the momentum-probability distribution is expressed as
o0 9
| = )P (114)
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From the above two equations, it is easy to show that Eq. (3.47) implies
that the Wigner function is normalised over phase space. This can be easily
proven as follows.

Begin by taking the Weyl transform of the identity operator I, and show

that it is equal to 1:

= [acenlipdir-$ir+ )

= /ng exp[;p.§]5<r + g —r+ g)
— [ explppela©ae = 1. (4.15)

Refering to the trace of two operators given by Eq. (4.3), and using Eq.
(4.4) one finds that

Iy P
- / fw (r, p)drdp = Tr]p] = 1. (4.16)

It is also possible to show that the Wigner function is real by using the

condition (3.50). The complex conjugate of Eq. (4.4) can be expressed as

(iwtrn) = G ([ a¥eemlzpele - Siir+5))

1 .
= Gy | ¢ celgp i —S1a'hr + 5

), (4.17)

by changing the variable of integration from & to —£ and using the fact that

the density matrix is hermitian, one obtains

% ,
(Aw0)) = oy [ €oplppeltr = §lolr+ §) = fw (). (019
Thus Eq. (4.18) shows that fy(r,p) is real.
The expression given in Eq. (4.3) provides a way to calculate averages of
any dynamical variable using the Wigner function. In this case, the average

of any dynamical variable x in the state represented by the density matrix p

is given by Tr{px}. This trace can be expressed with the Wigner function.
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To this end, it is useful to first define the Wigner representation of any

operator X, other than p as,

o) = [@cen|ipele =S @)

Therefore, to find the phase-space expression of quantum averages in the
Wigner formalism, it is necessary to write the trace in the position repre-

sentation
Tr{pg) = / 1@ o1 |plra) ral Rlr). (4.20)

Then, make the following change of variables

T = 7“—51/2

(4.21)
ro = r+ 61/2,
so the Jacobian of the previous system is given by
or1 Oy
I =] o %=1 (4.22)
Oy Ory
or o0&1

The quantum average in Eq. (4.20) can be written as

Tr{pi) = / AN rdNey (r — € /20lr + 61/2)r + E0/2AR I — €0/2)

- / N rd e dN el — & /20plr + £1/2)
X(r —&2/2|X|r + &2/2)0(&1 + &2), (4.23)

where the second term of the first line can be expressed in the following

form using a delta function as

(r 4 E1/2R ] — €1/2) = / d63(6 + E0)(r — E2/2RIr +E/2). (4.24)

Introducing the integral representation of the delta function written as

6 +6) = Gy [ el @+l (429)
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Eq. (4.23) becomes

Trips) = / AV rdN & dN Ex{r — €120l + E1/2)(r — E2/2ARr + E2/2)

X(Q;;i)zv /deexp[;p- (&1 +&2)]

1 _
= [y [ @G esliale -6 /2 +6/2
< [ d¥esewlyp &lir - /2080 + /2). (1.26)

Using the definition of the Weyl transform of the density matrix in Eq. (4.4),
and the definition of the Weyl transform of an arbitrary quantum operator

in Eq. (4.19), the above expression becomes

Tr{pg} = / dNrd™ p fuv (v, p)ew (). (4.27)

Eq. (4.27) shows that quantum averages can be expressed as classical statis-
tical averages in phase space. The similarity of these formulae to a classical
phase-space average does not imply that quantum and classical theories
are the same because there are important differences. The first is that, in
general, the Wigner function cannot be interpreted as a true phase-space
distribution function because it is not positive everywhere.

Consider two orthogonal states of a system 1 and 19 where their scalar
product is equal to zero (;|¢2) = 0. The trace product of two operators is

the square of the scalar product of the two states, written as

Tr(p1pa] = [(Whrly2) P, (4.28)

and for orthogonal states, the above expression is equal to zero. This is

written as

/ fw, (ryp) fw, (r, p)drdp = 0. (4.29)

It follows from Eq. (4.29) that fyw, (r, p) or fuw, (r, p) or both must be negative
for some regions in phace space. For this reason the Wigner function cannot

be interpreted as a probability in phase space.
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The nonnegativeness property of the density matrix, given in Eq. (3.51),
has its consequences in the Wigner representation due to the indeterminacy
principle. To see this, consider two density operators given by p; and po.

The trace of their product obeys the following constraints
0<Tr{pp2} <1 (4.30)

Using Eq. (4.3) and Eq. (4.4) the trace product of these two operators can

be obtained

Tr{pips) = (%Tlhw / / @)™ fuvs (r, p) 2 B) iy (ro )@ rdVp,  (4.31)

so that Eq. (4.30) implies

1

0 [ drapfin(r0)fns () < Gy (1:32)
For the special case p; = pa, one gets
1
[ plin ) € o (1.3

which is an interesting property of functions. It shows that fj cannot be
too sharply peaked [7]. For example, imagine there is a Wigner function
that vanishes outside some region of phase space of area ¢ and has the value

o1 inside that region. Then Eq. (4.33) would lead to

1 1

< 4.34

o~ (2rh)N’ (4:34)
and this would imply

o > (2nh)V. (4.35)

This latter equation shows that the support area of fiy cannot be as small
as one pleases. This result is related to the indeterminacy principle, and it
has interesting implications for the quantum law of motion in the Wigner

representation [7, 24].
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4.2 Derivation of the quantum Wigner-Liouville

equation

Let us consider an arbitrary quantum system and its representation in con-
figuration space. As a starting point, one could think of a system of N
quantum distinguishable particles with Cartesian coordinates r. The dis-
tinguishability hypothesis is not necessary, but it will be adopted not to be
burdened with symmetry considerations [23]. The density matrix will be

denoted with p(r,7"). Averages of operators can be calculated as

a(t) = (A(r,r")); = Tr{ plr, ' t)A(r',r)}. (4.36)

The density matrix obeys the quantum Liouville equation of motion

0 i
L= ip H 4.

where H is the Hamiltonian (energy operator) of the system

Lop?
H=_—+9¢ 4.38
o T o), (4.38)

m denotes the particle mass, d is the potential energy operator and p is the
momentum operator.

The quantum Liouville equation (4.37) for the density matrix induces an
equation of motion for the Wigner function. This can be obtained by taking

the coordinate representation of Eq. (4.37)

9, . TP
g rllry = {rllp, 1)

1 S .
— (ot~ 191
7

= 4| wlottle) = )| (1.39)

where a Dirac bra-ket notation has been introduced for the eigenfunction of

the position operator 7 of the system. By using the closure relation of the
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position basis
Clp) = [ dr i) o ) (1.40)
Glipl) = [ dr" LA 6ol (4.41)

the right-hand side of Eq. (4.39) becomes
[ (o i) = ol e
= [ (st i) = Gl 0" )

Consider the matrix elements of the Hamiltonian,

AQ
(" H|r"y = (" <2 +<1>)]r>
_ //i / & !
= (75| + (] @lr)
A2

= )+ e, (4.43)

the orthonormality condition (r”|r') = §(r" —r'), and the position represen-

tation of the linear momentum operator in one-dimensional space p = —z’h%
AR 2 h2 82 " / " " /
(r'"|H|r'") = —%Wd(r =)+ ®(r")o(r" — 1), (4.44)

and similarly
n? 02

TN
<T|H‘T > - _% o2

S(r—1"y+®(")o(r —r"). (4.45)

The commutator in Eq. (4.39) becomes
o Hi ! g i 82 " " /
(rllp, H]|r") = /dr p(r,r") _%W+¢)(r) 5(r" — ')
9
(22 e oo
h* 9*5(r
= /dr// [p(?“, r/’)( 2m(8r”2)> (4.46)

+p(r, rl/)q)(,r,//)(s(,r// _ 'IJ):|

K2 825 (r—r
d/r,// |:( 2m 8r,/2 ))p(r//7 T/>

+(7’"5 r)p(r”, ')
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and for the integration the following symbols are used

h2 325(7‘” _ 7“’)
= ,0(7“, T”) ( - % Or'"2 >
= p(r,7"®0O")6(r" —1")

K2 0%5(r — "
= (0" s(r —r")p(r" ).

O Q & =
|

Using the properties of the Dirac function and by integrating by parts, the

integrals of equation (4.46) are obtained. The solutions are given as

2 2 "

/Adrll _ _% d?“”5(7’” _ r/)ag(;;;) (4.47)
/Bdr" = p(r,7")®(r") (4.48)
h2 82/) T”, T’

/Cdrll _ 5 dT//(S(T . r//)a(qn/&) (4_49)
/Ddr" = p(r,r")®(r). (4.50)

Hence, Eq. (4.46) becomes

o h2 82 7’,7‘”
(rllp, H]Ir') = / drﬂ[—Qm[5(74,,2)5(7’”—’r’/)+/)(T,T")<I>(7’”)5(r”—r')

2 92 i
+2fina/j9(:”2’r)5(r — 7"y = ®(")p(r", 7)o (r — r”)}
h? 82p(r, ) ! ' h? a2p(7‘, ') !
= 5 gmm T + — g =5 = ®(r)p(r, 1)
n* (o2 0?
= 2m<8r2 - W)/)(T’ ') = <<1>(T) - ‘I>(T’)>p(7“, ). (4.51)

Using Eq. (4.51), the laws of the evolution for the density matrix can be

rewritten as

2m

ootrit) = (2= T ot £ (90) - 209 ) ot (452

Then, the following change of variables can be performed

<
I

<
|

(4.53)

[T N7
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with the Jacobian equal to

o or
or 0

=1 85, =1. (4.54)
oF o€

Using the variables in Eq. (4.53), the following results are found

b= drort o b = CHTIRETIH)
=~ tib = fo okt 13

= ot o 2r = (F+id) &+
= %t = %w?;ﬁig’;

so that the evolution equation for the density matrix becomes
o (. & . & ih o (& ¢
— -2 2] = —— -2 = 4.
8tp<r 2’r+2> moroe’\" 2" ) (4.56)

-9 o509

To obtain the law of motion for the Wigner distribution function, the Fourier

transform of Eq. (4.56) will be taken using the definition given in Eq. (4.4).
The Fourier transform of the left-hand side of Eq. (4.56) is trivial and gives
O¢fw (r,p). The Fourier transform of the first term on the right-hand side of
Eq. (4.56) gives

ih 02 & &\ —ih 1 N%g(a? & ¢
F{_m8F8§p<r_2’r+2>} - m<27rh)N/d Ser? afagp<r_2’r+2>

(4.57)
and by integration by parts one gets
ih 02 T Y 3 —ih 1 0 N i ip
-z _2 Sy = - ~ |4 el _ &
mafagp<’" 2’”2) m(zm)Naf/ 5eh< h>
S
xp(r 2,r+2
0 -
= o fw(D). (4.58)
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The Fourier transform of the second term on the right-hand side of Eq.

(4.56) gives

S [ Pelp(g) a(re )|l dr )
) ~ i

) 1

where the definition of the delta function has been used. Using the following

integral representation of the Dirac delta function

5<r’ - g) = (Q%)N /de’exp [;p/ <r/ — g)] (4.60)

one gets

I / AN EdN AN ple? 7= 5) it (4.61)

which can be easily read as

) 1 i i
71'

x {é(f —1)er?" — (7 + r’)eip""’} p(f - g 7+ g)
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Making the change of variables ' = —7’, the above expression can be written
as
1 i i, 1€
- - dN 753 dN IdN /.—¥DP'5
h (21h)2N / se / repe

. [cw L YU r’)e%p”“’} p<f S g)

.

1 b i/
= —hw\,/deeﬁpf/dNT/de/e_npch)(f_r’)
™

R S N S 3

e _Ss S

x[e e }p(r 2,7’4—2
1

= g | e [Pt iiae -
™

/..
X 2tsin (ph?’>p<

~.

=
|
N |y
uﬁz
+
2
N———

Then, performing the following change of variables
s==  dVp =2N¢qNs, (4.64)
Eq. (4.59) becomes
oN+1 dVNr'dNs 2sr’
- dN - -~ 7(1’*5)5(13 =0l o
h(2rh)N / S ¢ (F=r)sin| =
&€
X ,0(7“ 5" + 5 )
/

= 2 N,/ gN SN o 2sr g
= 71(27771)1\//d r'd” sd(7 r)s1n< P >fW(r,p ). (4.65)

Combining Eq. (4.58) and (4.65), one obtains the Wigner-Liouville equation

of motion in the form

Sawern) = 22 ) (1.66)
2 N 1N N (257
+h(7rh)N/d r'd s@(r—r)sm( N >fW(r,p—s).

Equation (4.66) provides the law of evolution of the Wigner function. It

is an integro-differential equation permiting the representation of quantum
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evolution in phase space. Recent attempts to apply such an equation to
study condensed matter systems can be found in Refs. [23, 28, 29].
Consider the potential term in Eq. (4.56)

A YIS B A A (4.67)
h 2 2 2T

If the potential is continuous, then a Taylor expansion can be performed

. (z— x0)F
f) =32 E I g, (1.68)
k=0 ’

Now consider the following change of variables

7 2 7 2
() - o BT,

so that

e\ 66\ 10
<1><r—2> <I><r+2) = 22(2) s (4.71)
With this result, Eq. (4.67) becomes

2 EN"1o"(r) (. & _ ¢
hn:1<2> ol o P(?“ﬂ%) (4.72)

odd

Taking the Wigner-transformed it is found that:

1 2~ 10"0(F) [ v, (6N ipe (- €. &
@rm)N T &=nl o /d 5<2>€pp(r 2’T+2)

odd
L A 10N [N (RN O s (€L €
T @)Y il o /d 5(21') A U S
odd
1/ h\" tore(F) o , .
-y (2 7 . 4.
Zn!<2z'> g apn W (TP) (473)

odd
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where in the second equality, the following expression

AP = = enbt 4.74
Een iﬁper ( )

has been used. Therefore, the quantum Wigner-Liouville equation for a

continuous potential can be written as

0 0 1 h\"ora(r) o
il rn) =~ g+ (5) T gt ) 079

odd

4.2.1 Extraneous solutions of the quantum Wigner-Liouville

equation.

In Wigner’s representation, the difference between classical and quantum
mechanics does not reside merely in the difference between the quantum
and classical Liouville equations of motion [30, 31]. To see this Eq. (4.75)

can be re-arranged as

0 p 0 N 0®(r) on
m or or Op

2 fwirp) = vt

n—1 an n
odd
If corrections of order 1J(h?) can be neglected, the quantum Wigner-Liouville
equation reduces to the classical Liouville equation [21]. However, such
considerations can be misleading because the correction terms in Eq. (4.75)
or (4.76) are of order A" only formally. As a matter of fact, correction terms
in Eq. (4.76) also contain n—th order derivatives of fyr with respect to p.
Since, as it will be shown in the following, fi depends on h, such derivatives
can generate factors of 1/h that would cancel the explicit & factors in Eq.
(4.76). In other words, the Wigner representation makes apparent that the
quantum law of motion also involves quantum initial conditions which must
be obeyed by their solution. This is also true in the Schodinger formulation

of quantum mechanics, because the wave function depends on A. However,
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as it is within the Wigner representation, it cannot be disregarded at any
level. An obvious example is provide by the quantum harmonic oscillator.
Because the potential is harmonic, the correction terms in Eq. (4.76) are
identically zero, so that the quantum Wigner-Liouville equation and the
classical Liouville equation coincide. However, it is clear that the quantum
oscillator is far from being a classical object. Quantum effects, in this case,
are solely contained in quantum initial conditions, Eq. (4.33), and in the

fact that the Wigner function of a mixed state must be expressible as

fw(rp) = anfi (r.p), (4.77)
k
with
0<ap <1, > ap=1, (4.78)
k

where f‘g{j) is the Wigner function of pure states ]1/1(’“)). If the coefficients
of the linear combination in Eq. (4.77) obey the properties in Eq. (4.78),
then one has a physically meaningful quantum solution; otherwise, no mean-
ing can be attached to the solutions of Eq. (4.76). It can be shown that
once constraints (4.33) and (4.77) are satisfied initially, they remain satisfied

under time evolution according to the Wigner-Liouville equation.
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Chapter 5

Wigner Quantum Dynamics

at Constant Temperature

Modeling open quantum systems [2, 5] is ubiquitous in the theory and appli-
cation of quantum information [3]. Typically, non-linear and non-Markovian
effects still resist general solutions, and this will also be of interest to the
emerging field of quantum biology [32]. For such reasons, the development
of novel computational algorithms to simulate open quantum systems is an
endeavour worth pursuing. To this end, a generalization of Wigner dynam-
ics to constant-temperature conditions [8] has been introduced recently: the
so-called Nose-Wigner dynamics.

In the case of systems described by continuous interaction potentials
admitting a convergent Taylor expansion, Wigner’s approach to quantum
mechanics [14] can be formulated with the Moyal bracket [33]. This pro-
vides an algebraic route to the formulation of quantum mechanics in phase
space [33, 34]. Recently, generalized brackets have been used to define the
equations of motion and statistical mechanics of non-Hamiltonian systems
both in the classical [13, 14, 35] and in the quantum context [16, 36, 37]. In
particular, it has been shown [16, 38] how to formulate constant-temperature

dynamics for quantum-classical systems so that a reduced number of clas-
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sical bath degrees of freedom can be used to simulate relaxation dynam-
ics. This required combining the method of constant-temperature dynamics
[10, 39] known as Nose-Hoover dynamics in computer simulations of classi-
cal systems with quantum-classical dynamics [16, 37]. In classical molecular
dynamics, the Nose-Hoover equations [10, 39], and their variants [17] sample
the canonical ensemble efficiently and can be formulated as non-Hamiltonian
phase-space flows [13, 14, 35]. Recently, a formalism to tackle thermal effects
in the simulation of open quantum systems via the generalization of Wigner
dynamics to constant-temperature situations has been introduced[8]. To
sketch the formalism, a generalized Moyal bracket has been defined by re-
casting it in suitable matrix form [14, 16, 35, 36]. This has generalized the

theory given in Refs. [16, 38] to a full Wigner representation [8].

5.1 Wigner’s quantum statistical mechanics

In the Wigner representation of quantum mechanics [6], quantum averages

can be calculated in phase space as

(x) = /dNrdefw(hp; t)xw (r,p), (5.1)

where xw (r, p) is the Wigner equivalent of a quantum operator x. The use
of this Wigner form allows the expression for averages to be written in a
way similar to that of classical statistical mechanics. In the following, Hy
denotes the Wigner equivalent of the Hamiltonian operator of the system
considered. When the interaction potential in Hyy admits a convergent

series expansion, the time evolution of the Wigner function can be written

as
0 ) . = . = ] D —
afW(nl% t) = _% <HW€(zh/2) 9 kB ame(t) _ fW(t)e(’Lh/Q) 9B, BmHW>
1
= —ﬁ{HW,fW(t)}M, (5.2)
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where the right-hand side defines the Moyal bracket [33]. In Eq.(5.2) a

symplectic matrix B¢ has been introduced and it is written in block form as

0 1
B = . (5.3)
-1 0

The notation dy = 9/0x) has been used for the derivative with respect to
the phase-space point x = (r,p), and Einstein’s convention of summation
over repeated indices has been adopted.

The formal solution of Eq.(5.2) can be compactly written as

o (rapit) = exp[— %{HW, T (5.4)

The right-hand side of Eq. (5.4) defines the quantum propagator in phase
space, exp [— %{H Wyt M] . Equivalently, time averages can be calculated
by considering the Wigner function at the initial time and evolving Wigner

transformed operators according to

xw (r,p,t) = exp [Z;{HW,}M} xw (r,p,0). (5.5)

From the above equation one sees that the time evolution is unitary.

5.2 Nose-Hoover dynamics in Wigner quantum phase

space

The theory of Ref. [8] can be summarized as follows. Assume one has a sub-
system described by the Hamiltonian operator H, which, once transformed
into the Wigner representation, becomes a phase-space function Hyy (r, p),
where (r,p) is the phase-space point comprised of coordinates r and mo-
menta p. Moreover, let the system interact with a thermal bath. If 2NV
is the dimension of the subsystem, its dissipative dynamics can be repre-
sented via the deterministic Nose-Hoover evolution of a system of dimen-

sion 2N + 2 (or 2N + 2n, with n < 10, in the case of Nose-Hoover chains

54



[17]). Ultimately, the quantum phase space will be extended by adding two
Nose variables 7, p,, with fictitious mass m;,, as it is done in the classical
Nose-Hoover molecular dynamics approach [10, 39]. Hence, the phase-space
point coordinates are given by « = (7,7, p, p,). Correspondingly, a quantum

extended Nos¢ Hamiltonian has been introduced

2
2
Hyy(z) = Hw (r,p) + = + gkpTn, (5.6)
2my,
where g is the number of degrees of freedom, kp is Boltzmann’s constant

and T is the fixed temperature of the canonical ensemble. In the extended

phase space, the antisymmetric tensor field can be defined [12]

(0 0 1 0 |
0 0 0 1

BN = : (5.7)
-1 0 0 —p
| 0 -1 p 0 |

and the Moyal bracket as
th— —
{X%v,x%v} = ><%ve><p{2 0B 3]}X§v
M

— xdyexp [2 0 ZBZ];[ 8]} iy (5.8)

where X%/V and X%/V are arbitrary Wigner-transformed quantum operators.
Although in the Hamiltonian of Eq. (5.6), the physical coordinates (r, p) and
the additional Nose coordinates 7, p, appear as independent from each other,
they will be coupled through BY upon defining the generalized equations of
motion. In fact, the antisymmetric tensor BY can be used to introduce an

operator in the extended quantum phase space
MY = HY (eizhgi’gﬁj - e‘?giBfﬁj), (5.9)

and define dynamics of Wigner-transformed operators as

0 1
EXW(x7t) = ﬁMNXW(xﬂf)' (510)
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Equations (5.9) and (5.10) represent Nose-Hoover dynamics in quantum
phase space, or, Nose-Wigner dynamics [8].

One can use a dynamical picture in which observables are fixed in time.
Evolution is taken into account by the Wigner function fy (z,t) which is
the Wigner-transformed density matrix operator [6]. In the extended phase
space it is found that [8]:

it —

Jw(z,t) = exp[— hMN’T} fw (), (5.11)
where
MV = H%{exp [?(EBZ@ T+ 040,BY ))}
_ eXp[_ %(‘&Bg 3,4 9.(0,8) ))] } (5.12)

This means that, under Nose dynamics, the stationary Wigner function fiy.,

defined by 9 fiye = 0, obeys the following equation

TN N 1/ h\"
=1L fwe — K™ fwe = E AT (5.13)
n=1,odd G L

x HYN[9BY T+ 00BN fwe,
where

KN = (ajsg)ajH%:N%’ (5.14)
n

it = BN(O;HN)D, (5.15)

are the Nose phase-space compressibility and the Nose-Liouville operators
respectively. Equations (5.11) and (5.13) contain the full quantum correc-
tions to the dynamics of all the variables in the extended phase space. They
define Nose-Hoover dynamics in a completely quantum fashion. One of the
main interests of such a generalization lies in the fact that, as in the clas-
sical case, just a pair of additional variables, namely the Nose coordinates
(1, py), allows representation of thermal fluctuations, and therefore the pro-

cess of relaxation toward thermodynamical equilibrium of a quantum system
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by introducing a suitable non-Hamiltonian dynamics in the extended phase
space. This is to be compared with a standard Hamiltonian formalism that
would require coupling the physical coordinates, (r,p), to a bath with an
infinite number of degrees of freedom.

A classical approximation over the evolution of the Nose variables, (1, py),
can be taken while retaining all the quantum corrections over the dynam-
ics of the coordinates, (r,p), of the physical system. This amounts to a
quantum-classical approximation [40], and simplifies the analysis of the sta-
tionary Nose-Hoover distribution in quantum phase space. As a matter of
fact, when Nose-Hoover dynamics is implemented within molecular dynam-
ics computer simulations, a mass m, ~ N X m is used to achieve a weak
coupling to the Nose “bath”. In such a way, while the temperature of the
system is controlled, the equilibrium dynamical properties of the physical
coordinates (r,p) are not significantly modified. In the present context, a
small parameter p = y/m/m,, is naturally found in the theory so that one
is allowed to perform a classical limit on the Nosé coordinates (n,p,). In
this way, a quantum-classical description, along the lines described in [40],
naturally arises. Therefore, within a quantum-classical approach, one could
disregard all the quantum corrections on the evolution of the Nose variables
in the left-hand side of Eq. (5.13). Upon assuming a standard form for the
Hamiltonian of the physical degrees of freedom, Hy(r, p) = (p?/2m)+V (r),
the Nose-Hoover equation for the stationary Wigner distribution function

becomes

n!
n=1,odd

= —(LY = KY) fwe, (5.16)

> () v T

where 0, = 9/0r,0, = 9/0p, and K¥ is the compressibility of the phase-
space flow. Moreover, in order to calculate quantum averages as functions of

(r,p) alone it is important to calculate the average of Eq. (5.15) over the now
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classical Nose variables. This turns out to be identical to the equations first
proposed by Wigner [6], who showed how to obtain quantum corrections in
the canonical ensemble in terms of an expansion of his distribution function

in even powers of A [6]:

fwe=>_ fil. (5.17)
n—0
The zeroth-order solution, f{E{(/))7 to Eq. (5.16) is [13, 14, 35]
FO oc (HY e S EN (5.18)

When averaging over 1, py, fég) becomes the Boltzmann’s weight for the
(r,p) variables. Moreover, averages of odd functions of the Nose variables
over f&? are zero. Hence, the analysis of the correction terms, under the
approximations of no quantum effects on the Nose variables, can proceed as
originally shown by Wigner [6]. The higher-order correction terms will all
contain the zeroth-order term: fg}l =h" fég)e Ng}l, with n > 2. In principle,
such correction terms could be used to calculate averages over an ensemble
of dynamical trajectories including thermal fluctuations by means of Nose-
Hoover dynamics as defined through the operator ./T/iN introduced in Eq.

(5.9).

5.3 Nose-Hoover chain dynamics in Wigner quan-

tum phase space

The Wigner Hamiltonian describes the evolution of a closed quantum sys-
tem. Many situations require the system to be in contact with a thermal
bath. Borrowing formalisms from the field of classical molecular dynamics,
this can be represented deterministically in terms of additional fictitious vari-
ables by means of Nose-Hoover chain dynamics of length two; it is straight-
forward to generalize the treatment to longer chains. Hence, the chain

comprises the coordinates 11, py,, 12, Pp,, With fictitious mass @, which is

o8



assumed to be the same for 77 and 72 for simplicity. Consequently, the quan-
tum phase-space point coordinates are given by x = (r, 191,72, D, Dy, Pya)-
As in the case of Nose-Hoover dynamics, a quantum extended Hamilto-

nian can be introduced for the Nose-Hoover chain

2 2
HYTO (2) = Hy(r,p) + Zg + ];75 +gkpTm + kpTna,  (5.19)

where g is the number of degrees of freedom (equal to the number N of r
coordinates), kp is Boltzmann’s constant and T is the fixed temperature of
the thermal bath.

In the NHC extended quantum phase space, the antisymmetric tensor

field can be defined as [12, 13, 14, 16, 38]

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 O 1
BNHC — , (5.20)
-1 0 0 0 —-p O
0O -1 0 p» O D
| 0 0 -1 0 pp, O |
and the NHC Moyal bracket is given by
ih <« —
{X{l/Vanzv} = X%/Vexp[2 8115’ch aj]X%/V
M
— Xiyexp [2 0.8y" 33'] Xivs (5.21)

where X%/V and XI2/V are arbitrary Wigner-transformed quantum operators.
From the Hamiltonian of Eq. (5.19), the physical coordinates (r,p) and
the additional Nose-Hoover chain coordinates (11, py,, 72, Pn,) appear to be

independent from each other. This is not true because they are coupled

BNHC

through the antisymmetric matrix and the generalized equations of

BNHC’

motion. In fact, the antisymmetric tensor can be used to introduce

in the extended quantum phase space an operator written as

- NH ih'y BNHC . _ih'g gNHCg
MNHCEH&/ C)<e2a’3w 05 — ez 9B 05 ) (5.22)
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and the dynamics of Wigner-transformed operators can be defined as
9 i\ NHC
aXW('xa t) = ﬁM XW(xv t)' (523)

Equation (5.23) couples the quantum subsystem of interest, with coordinates
(r,p), to the additional Nose-Hoover chain coordinates describing a thermal
bath.

To discuss the statistical features of the generalized dynamics defined by
Eq. (5.23), it is more convenient to adopt a picture in which time evolution
is taken into account by the Wigner function fyy (x,t), while observables are

fixed in time. In the extended phase space it is found that [8]:
it
o) = exp | = LRV | i o), (5.24)
where

RN g fop | SO, + D0y

h — — —
_ exp[—g(aiBchaj—l— ai(ajzs{j.HC))H. (5.25)

Similar to the Nose-Hoover case, the stationary Wigner function, fye, gen-
erated by the NHC dynamics obeys the following equation of motion
—iLNHC iy KNHC gy = 30 ( ) (5.26)

n!\ 2i
n=1,odd

H%VHC) [3iBgH05>j + 3i(angHc)]ane,

where
KVHC B0 HEH (o)
S NHC  _ Bf}’HC(@jH‘(,{,VHC))gi (5.28)

are the NHC phase-space compressibility and the NHC Liouville operators
respectively. Equations (5.24) and (5.26) provide a full quantum description

of the dynamics of all the variables in the extended phase space. A classical
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approximation over the evolution of the NHC variables can be taken, while
retaining all the quantum corrections over the dynamics of the coordinates
(r,p), of the physical system. This amounts to a quantum-classical approx-
imation [40] and simplifies the analysis of the stationary NHC distribution
in quantum phase space.

Thinking of a quantum-classical approach, all the quantum corrections
on the evolution of the Nose-Hoover chain variables in the left-hand side
of Eq. (5.26) can be neglected. Upon assuming a standard form for the
Hamiltonian of the physical degrees of freedom, Hy (r, p) = (p?/2m)+V (r),
the NHC equation for the stationary Wigner distribution function can be

written as

n!
n=1,odd

— (LN — KNHC) fyy (5.29)

> L) v T

where 0, = 0/0r, 0, = 0/0p.

Moreover, to calculate quantum averages of functions (r,p) alone it is
important to calculate the average of Eq. (5.28) over the NHC variables,
which have lost any quantum behavior after the quantum-classical approxi-
mation has been taking. This turns out to be similar to the equations first
proposed by Wigner [6], who showed how to obtain quantum corrections in
the canonical ensemble in terms of an expansion of his distribution function

in even powers of 7 [6]:

fwe=">_ 1. (5.30)
n—0
The zeroth-order solution, fég), to Eq. (5.29) is [12, 13, 14]
O o §(HNHC e TRt (5.31)

Taking the average over n1,py,,n2,y,, the zeroth-order Wigner function

fég) becomes the Boltzmann’s weight for the (r,p) variables. Moreover,
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averages of odd functions of the NHC variables over fég) are zero. Hence, the
analysis of the correction terms, under the approximations of no quantum
effects on the NHC variables, can proceed as originally shown by Wigner
[6]. The higher-order correction terms will all contain the zeroth-order term:
fé(}i =h" fé‘(/))e f (ni, with n > 2. Such correction terms can be used in order
to calculate averages over an ensemble of dynamical trajectories including
thermal fluctuations by means of Nose-Hoover chain dynamics as defined

through the operator MNHC introduced in Eq. (5.22).
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Chapter 6

Quantum-Classical

Transition of a Harmonic
Mode in a Thermal
Nose-Hoover Chain Bath

Here there will be discussed a model used to describe quantum-classical
transitions as a function of thermodynamical temperature, namely the har-
monic mode. Since a full quantum-mechanical treatment is not computa-
tionally possible, one can think of using a quantum-classical method. This
has been done by directly coupling the Nose-Hoover and its generalizations,
such as the Nose-Hoover chain thermostat to the quantum subsystem in
phase space. The dynamics of a one-dimensional harmonic mode is a useful
model for studying the properties of constant-temperature quantum dynam-
ics in phase space. The quantum-classical limit will also be discussed and it
will be shown, by means of numerical simulations, how the quantum-classical
transitions can be obtained by varying the thermodynamical temperature of

the system. The results for the simulations performed comparing analytical

63



and numerical Wigner functions are displayed, showing their coincidence.

6.1 Thermostated harmonic mode

The theory discussed thus far can be applied to a system comprising a quan-
tum subsystem coupled to a classical thermal bath. However, to perform
numerical calculations, a model must be chosen to which the theory can
be applied. An appropriate model to use for studying quantum-to-classical
dynamics at contant temperature is a single harmonic mode. It is a well-
studied model [7] to test a new theory and thus provide a way to check the
efficacy and accuracy of the simulation. The harmonic mode which is inter-
preted as a quantum subsystem is coupled to a classical thermal bath. A
single harmonic mode, with frequency w and unit mass admits an analytical
Wigner distribution function in the canonical ensemble, described as (see
appendix C) [26]:

1 —itanh(‘;ﬁ) Hywy (1,p)
fw(r,p) = 7Ttamh( B) e (©1)

| €

where

Ll
Hy (r,p) = o T3

(6.2)
is the Wigner-transformed Hamiltonian of a single mode. The Wigner quan-
tum dynamics of harmonic modes takes a particularly simple form identical
to classical Liouville dynamics. All the quantum effects of harmonic systems
are contained in the initial conditions. Nevertheless, harmonic modes are
interesting from a theoretical perspective because they can represent the de-
grees of freedom of fields in space-time. From a computational perspective,
general techniques are being developed to represent the dynamics of arbi-
trary non-harmonic systems in terms of effective harmonic approximations

[41, 42]. Equation (6.1) gives the solution of the Wigner-transformed Bloch

equation for the canonical density matrix, assuming the unnormalized sta-
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tistical operator has the form Q(8) = exp[—BH], typical of the canonical
ensemble (see Appendix C). Now the Wigner distribution function given in
Eq. (6.1) is stationary under constant-energy dynamics (preserving Hyy ) but
it is not stationary under constant-temperature dynamics (which conserves
HVA& not Hy). This means that if one samples an initial phase-space point
from fy (r,p) where 3 and w are constant, and propagates the dynamics
defined by the Hamiltonian Hyy which is conserved in microcanonical en-
semble, then the Wigner function obtained from NVE dynamics will not
change in time. But this will not work in the canonical ensemble, because
the NVT dynamics does not conserve Hyy; it conserves the Nose-Hoover
Hamiltonian H{)>. Thus the combined use of Eq. (6.1) and constant-energy
dynamics is legitimate for the calculation of static averages in the canoni-
cal ensemble. It amounts to a (computer) experiment to prepare the initial
condition in a canonical ensemble at time ¢ < 0, then adiabatically isolates
the subsystem (specified by Hyy) from the bath, and from ¢t = 0 onward
it evolves in a microcanonical manner. This preserves its Hamiltonian and
thus its thermodynamical internal energy. Instead, whenever the dynamics
do not take place in isolation from the thermal bath from ¢ = 0 onward,
constant-temperature dynamics, should be used consistently [43].

The constant-temperature dynamics of the Wigner function of the har-
monic degree of freedom can be represented in terms of the evolution of
an ensemble of phase-space points. These initial values are obtained by
sampling Eq. (6.1). For ¢t > 0 the NH and NHC dynamics introduced by
the generalized Moyal bracket in Egs. (5.9) and (5.22) are integrated nu-
merically to evolve the ensemble of points. The Wigner function can be

reconstructed at any time using histograms.
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6.2 Quantum-classical limit

The classical limit is a subtle topic in quantum mechanics and is not yet fully
understood [7]. In particular, Michael Berry, among others, has proven that
the quantum-to-classical limit (A — 0) is singular [44]. However, there is an-
other way to achieve smoothly the quantum-to-classical transition; the ther-
modynamical temperature of the system is varied. In the high-temperature
limit, it is possible to show that the Wigner distribution function becomes

completely the classical canonical distribution function. It has
T — oo,= [ — 0. (6.3)

Thus, the approximation to first-order Taylor series expansion of Eq. (6.1)
can be taken; and the Wigner distribution function reduces to a classical
probability distribution in phase space.

Recall that the Taylor expansion of the hyperbolic tangent is

1 2 17 ™
tanhz =2 — —a® + —a% — —2" 4+ ... f — 4
anhz =z — Jo +15$ 3152 + or |z| < 57 (6.4)
SO
hw hw 1 hw hw s
tanh| —f0 ) = —8 — =(—8)> + ........ f — —. .
ah(%525) =55 S0P tor 101<T (09)
Taking a first-order approximation, one obtains
hw hw
tanh|{ —f3 ) = —f. .
an ( 5 5> ) Ié; (6.6)
Equation (6.1) then becomes
1 hw v
fw(r,p) = %Tﬂefﬁ%ﬁHW(W) (6.7)
_ W8 —BHw(rp)
= 5-€ . (6.8)

The factor %3 must be the inverse of the partition function for this to be
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the classical canonical distribution function. This can be easily checked:
20) = [[ arape-onw (6.9)
2
= /dre_%m“%2 /dpe_ﬂ;n (6.10)

2T [2mm

2w
= m (6.12)

It has thus been shown that the classical canonical distribution function

is recovered from the Wigner canonical distribution function in the high-
temperature limit.

In the low-temperature limit , there is a transition of the Wigner distri-
bution function from classical to quantum-mechanical behaviour. One finds
that

T—0,= (3 — 0. (6.13)

Let us write the extra term of Eq. (6.1) as
G = hitanh<h;ﬁ> : (6.14)
Then Eq. (6.1) becomes
fw(r,p) = 7T1htanh<h2wﬁ) e~ PHw (rp), (6.15)

If 3 # [ then the canonical Wigner distribution function contains all its
quantum effects for a single harmonic mode. When the Nose-Hoover ther-
mostat is attached to the system it thermalises the system; and the quantum-
to-classical transition can be achieved by increasing the value of 3. That
is, the classical canonical distribution function is recovered from the quan-
tum Wigner distribution in the low-temperature limit. However, to get
an accurate result, an ergodic Nose-Hoover chain thermostat should be at-
tached to the system [1]. Figure 6.14 illustrates this issue. With 8 = 7.5,

the Wigner distribution function becomes completely classical and all its
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quantum-mechanical behaviour disappears. Thus, it can be concluded that
there is no definite boundary between the classical and the quantum world.
It is possible to move from the quantum Wigner distribution function to the
classical Boltzmann factor by increasing the value of 8 under NHC dynam-

ics.

6.3 Numerical results and discussion

In part of the work reported here, Monte Carlo algorithms have been used
to sample the Wigner distribution in phase space. The Wigner distribution
function has been reconstructed in phase space using histograms. The result
of a computer simulation of the initial Wigner function of the harmonic mode
has been compared with the predictions of an approximate analytical theory
applied to the same model. It is found that theory and computer simulation
results are in agreement.

A trajectory in phase space is generated by sampling the initial condi-
tions of the Wigner distribution function, running the dynamics at ¢ > 0
under NVE, NH and NHC to evolve the ensemble of points. Histograms
are used to reconstruct the Wigner distribution function. In quantum sam-
pling at ¢ = 0, analytical and numerical results of the Wigner function
coincide. Then, the dynamics are run at ¢ > 0 and it is observed that the
Wigner distribution function is stationary under NV E dynamics with a dif-
ferent value of 5. Using the NH and NHC' algorithms, however, leads to
a quantum-to-classical transition with higher values of 3. This means that
the quantum distribution function loses its quantum behaviour and becomes
the classical distribution function.

It is useful to study the momentum-probability distribution in configu-
ration space, in order to see how it can approach the classical limit. In this

case, a numerical integration of the marginal probability distribution, given
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f() = / fw (r.p)dq = (pllp), (6.16)

will be performed, where p is the density matrix. It would be desirable to
show that, with each dynamical variable, an appropriate classical limit can
be achieved under NHC dynamics.

For the calculations reported here, the oscillator angular frequency, ,
and all masses were taken to be unity, with different values of 5 = 1/kpT.
The time step in all cases was 7 = 0.0025 and all runs were calculated using
5 x 10° Monte Carlo sampling points. For the Nose-Hoover simulations 10°
time steps were used, for the NVE and Nose-Hoover chain simulations 10%
time steps were used.

In Figures 6.1 and 6.2, the theoretical result of a stationary solution of
the Wigner distribution function with coordinates (r,p), and the numeri-
cal result sampled at ¢t = 0 for the different temperatures are compared.
This comparison is important as a test of the theory before introducing the

simulation with dynamics.

6.3.1 NVE dynamics

In this case, it is shown that the Monte Carlo method reproduces the be-
haviour of the Wigner distribution function at constant energy. Figure 6.3
depicts the quantum phase-space sampling, and displays the numerically
calculated Wigner distribution function at ¢t = 0, and at ¢t = 25 for 8 = 0.3.
It is instructive to see how the system reacts to a sudden decrease in the
imposed temperature. It is found that in the microcanonical ensemble, the
distribution function does not change with time. This is illustrated in figures
6.4, 6.5 and 6.6. From these results, it can be concluded that under con-
stant energy, the Wigner distribution function does not change over time,

even when the temperature is decreased.
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6.3.2 Nose-Hoover (NVT) dynamics

The effect of the Nose-Hoover coupling with the Wigner distribution func-
tion is considered. The Nose-Hoover method reproduces the behaviour of
the Wigner distribution function, at a constant temperature within the nu-
merical errors. For the low values of (@ the distribution function still has
its quantum-mechanical behaviour. It disappears with the increasing values
of B. As can be seen in figures 6.7 and 6.8, the distribution function at
t = 0 is compared with the one generated by NH dynamics at ¢t = 250 for
the different temperatures . For 8 = 5 and 3 = 7.5 peaks become small
and lead to the classical limit. Results are depicted in figures 6.9 and 6.10.
The Wigner distribution function generated by the Nose-Hoover thermostat
does not yield a canonical distribution in phase space, even for very long

simulations.

6.3.3 Nose-Hoover chain (NVT) dynamics

The same analysis has been performed for the Wigner distribution function
generated by the Nose-Hoover chain thermostat. This case study shows that
the Nose-Hoover chain method yields good results for the Wigner distribu-
tion function in phase space, as presented in figures 6.11 and 6.12. The
figures illustrate that the distribution function is dependent on the value
chosen for the temperature. The distribution function, which is directly
coupled to the thermostats, reacts to a sudden decrease in the imposed tem-
perature and leads to the quantum-classical transition. The thermostats
force a transition from quantum-mechanical behaviour to classical. The nu-
merical results are displayed in figures 6.13 and 6.14. Within numerical
error, the Nose-Hoover chain thermostat coupled to the quantum subsytem
can generate the correct distribution function in phase space and leads to
the quantum-classical transition at low temperature for the harmonic mode.

In the previous paragraph, the Wigner distribution function in phase
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space has been studied and showed how the thermalisation of the system
can force a transition from quantum-mechanical behaviour to classical. Sim-
ilar calculations have been done for the momentum-probability distribution
obtained from the NHC dynamics for a harmonic oscillator. Even with the
probability distribution of each dynamical variable under NHC dynamics,
the quantum-classical transition can be achieved. The result of the simu-
lation has been done where the expected transition is observed. For low
temperatures, the numerical result of the the momentum-probability dis-
tribution at ¢ = 25 obtained from the NHC dynamics is compared to the
marginal classical distribution e P 5%, called the Maxwell distribution, and
the momentum-probability distribution at ¢ = 0. When compared to the
Maxwell distribution, the momentum-probability distribution at ¢ = 0 is
quantum in behaviour and the momentum-probability distribution at ¢t = 25
obtained from the NHC dynamics is found to lose its quantum behaviour

and return to the Maxwell distribution. Computational work has been done

with two different values of 3. Results are displayed in figures 6.15 and 6.16.
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Figure 6.1: Comparison of analytical and numerical Wigner distribution
functions for a harmonic oscillator sampled at ¢ = 0 for § = 0.3. The
left plot shows the analytical function while the right panel displays the
numerical result. With the higher value of the temperature, fluctuations are

large.

Figure 6.2: Comparison of analytical and numerical Wigner distribution
functions for a harmonic oscillator sampled at ¢ = 0 for 3 = 5. The left plot
shows the analytical function, whereas the right panel displays the numerical
result. Fluctuations become small when the value of the temperature is
decreased. These figures illustrate that the numerical results are compatible

with the analytical result.
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Figure 6.3: Numerical plots of the Wigner distribution function of a har-
monic oscillator. The left plot is the result sampled at ¢ = 0. The right
panel displays the Wigner distribution function at ¢ = 25 under the mi-
crocanonical ensemble (NVE). It follows from the result that the Wigner
distribution function and the analytical Wigner distribution are still com-

patible. Fluctuations are large with the higher value of the temperature.

Figure 6.4: Numerical plots of the Wigner distribution function of a har-
monic oscillator. The left plot is the result sampled at ¢ = 0. The right panel
displays the Wigner distribution function at ¢ = 25 under the microcanonical
ensemble (NVE). At this time the numerical Wigner distribution function
still agrees with the analytical Wigner distribution at ¢ = 0. Fluctuations

become small when the value of the temperature is decreased.
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Figure 6.5: Numerical plots of the Wigner distribution function of a har-
monic oscillator. The left plot is the result sampled at ¢ = 0. The right
panel displays the Wigner distribution function at ¢ = 25 under the micro-
canonical ensemble (NVE). At this time the result remains the same as the

analytical quantum distribution.

Figure 6.6: Numerical plots of the Wigner distribution function of a har-
monic oscillator. The left plot is the result sampled at ¢ = 0. The right
panel displays the Wigner distribution function at ¢ = 25 under the micro-
canonical ensemble (NV E). It is remarked that, after certain values of 3,
the shape of the distribution function no longer changes. One can conclude
that the distribution function obtained from NVE dynamics is stationary

when T' — 0.
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Figure 6.7: Plots of the Wigner distribution function of a harmonic os-
cillator. The left plot is the result sampled at t = 0, whereas the right
panel displays the Wigner distribution function obtained from NH dynam-
ics at t = 250. Over an extended period, the Wigner distribution function
presented some imperfections due to the NH dynamics not recovering the

correct canonical distribution.

Figure 6.8: Plots of the Wigner distribution function of a harmonic oscil-
lator. The left plot is the result sampled at ¢ = 0, whereas the right panel
displays the Wigner distribution function obtained from NH dynamics at
t = 250. Some imperfections observed on the right plot are due to the

NH dynamics not recovering the correct canonical distribution even at long

times.
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Figure 6.9: Plots of the Wigner distribution function for a harmonic oscil-
lator. The left plot is the result sampled at ¢ = 0. The right panel displays
the Wigner distribution function obtained from NH dynamics at t = 250
where the quantum-mechanical behaviour progressively disappears leading

to the classical case.

Figure 6.10: Plots of the Wigner distribution function for a harmonic oscil-
lator. The left plot is the result sampled at ¢ = 0. The right panel displays
the Wigner distribution function obtained from NH dynamics at ¢t = 250.
At low temperature, the transition from quantum behaviour to classical can

be noticed. The result is not accurate due to the NH dynamics limitations.
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Figure 6.11: Plots of the Wigner distribution function for a harmonic oscil-
lator. The left plot is the result sampled at ¢ = 0 whereas the right panel
displays the Wigner distribution function generated by the NHC dynamics
at t = 25. The shape of the right plot compares well due to the capacity of
NHC dynamics for recovering the correct canonical distribution function in

phase space.

Figure 6.12: Plots of the Wigner distribution function for a harmonic oscil-
lator. The left plot is the result sampled at ¢ = 0 whereas the right panel
displays the Wigner distribution function generated by the NHC dynam-
ics at ¢ = 25. It follows from the right plot that the NHC dynamics does
recover the correct canonical distribution function in phase space. At this

time, fluctuations in 6.11 compared to 6.12 are larger.
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Figure 6.13: Plots of the Wigner distribution function for a harmonic os-
cillator. The left plot is the result sampled at ¢ = 0. The right panel
displays the Wigner distribution function generated by the NHC dynamics
at t = 25 where the quantum character progressively disappears leading to

the classical case.

Figure 6.14: Plots of the Wigner distribution function for a harmonic oscil-
lator. The left plot is the result sampled at ¢ = 0 with a quantum character.
The right panel displays the Wigner distribution function generated by the
NHC dynamics at ¢ = 25. The left plot still has all its quantum behaviour,
while the right one shows the transition from quantum-mechanical behaviour
to classical. At low temperature, the transition can be easily seen because
of the ability of the NHC dynamics for recovering the correct canonical

distribution in phase space.
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Figure 6.15: Plots of the marginal distribution of the harmonic oscillator.
These plots show how the quantum-classical transition of the momentum-
probability distribution obtained from NHC dynamics is approached. The
line denoted by (*) represents the momentum-probability distribution sam-
pled at ¢t = 0. The line denoted by (x) represents the momentum-probability
distribution obtained from NHC dynamics at t = 25 and the (+) line repre-

sents the marginal classical distribution.
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Figure 6.16: Plots of the marginal distribution of the harmonic oscillator.
These plots show how the quantum-classical transition of the momentum-
probability distribution obtained from NHC dynamics is approached. The
line denoted by (*) represents the momentum-probability distribution sam-
pled at ¢t = 0. The line denoted by (x) represents the momentum-probability
distribution obtained from NHC dynamics at t = 25 and the (+) line repre-

sents the marginal classical distribution.
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Chapter 7

Conclusions

In this dissertation, a non-Hamiltonian approach to the simulation of quan-
tum dynamics at constant temperatures has been discussed. The method is
based on the Wigner formulation of quantum statistical mechanics and its
unification with Nose-Hoover techniques, to control the temperature, well-
known in classical Molecular Dynamics. The aim was to better understand
quantum dynamics features at constant temperatures. The study has shown
that temperature control can lead to a quantum-classical transition in quan-
tum phase space. Quantum-classical transitions were achieved by directly
coupling the Nose-Hoover thermostats to the harmonic mode of the Wigner
function. In this case, the thermostats force a transition from the quantum
distribution function to the classical distribution function.

Here, a brief summary of the various topics presented in the thesis is
given. The Wigner representation of quantum mechanics has been used.
Such a representation is typically adopted to illuminate the quantum-classical
transition in phase space. Following this [8], a suitable generalization of the
Moyal bracket [33] has allowed the use of classical Nose-Hoover thermostats
to control the temperature of the quantum degrees of freedom. The dynam-
ics of a single harmonic oscillator was numerically integrated to show that

the Wigner function is stationary under constant energy, which conserves
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the Wigner-transformed Hamiltonian of a single mode (Hy/) in a micro-
canonical ensemble, and that the Wigner function obtained from NH and
NHC dynamics can lead to the quantum-classical transition of the degree of
freedom to which they are directly coupled. As known in pure classical con-
texts, it was found that, whereas the Nose-Hoover dynamics is not ergodic,
Nose-Hoover chain dynamics samples the canonical distribution correctly.
One of the main conclusions of this thesis is that, because temperature con-
trol in quantum dynamics can lead to the quantum-classical transition, care
must be taken when using NHC dynamics within the Wigner formulation
of quantum mechanics. The classical character of the thermal bath can be
transferred to the quantum subsystem of interest, with which it is in contact.
This has been numerically verified only for harmonic degrees of freedom, but
it can be reasonably expected to hold for more general potentials as well.
If one wants temperature control without the classical limit, it is possible
not to couple the NHC fictitious variables directly to the quantum degrees
of freedom. One can think of a quantum subsystem with coordinates (r, p)
which are weakly coupled to a classical bath with coordinates (R, P). The
classical bath in turn is kept at constant temperature by coupling it to the
NHC variables (91, py,, 12, Py, ). Thus, the temperature of the classical bath
is controlled but the weak coupling is expected to prevent the quantum sub-
system from reaching the classical limit. Further numerical work is required
in order to verify the validity of such a calculation scheme.

The formalism and the discussions presented here can be considered as
preliminary steps towards a formulation of the dynamics of open quantum
systems in contact with thermodynamical baths, without referring, as cus-
tomary, to masters equations [2].

Future work will consist of applying the Wigner-Nosé dynamics to more
complex computer models, suited to study tunneling processes in the con-

densed phase.
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Appendix A

Time-reversible Nose-Hoover

Algorithm

The Liouville operator Ly is given as
& = Lnx (A.1)
x(t) = exp[tLn]z(0). (A.2)

From Egs.(2.16)-(2.19) the split Liouville operators are now

. _Pr9
T = L17’ Ll— mar (A3)
Ly = _ovV. o
p = (L2+L3)p 8;6]06 (A.4)
bs = —puyop
. py O
= I L,= 21 = A5
7 A7 e (A.5)
2
. P 0 0
= L Ly=——gkgT | — = F,,—. A6
Pn 5Dn 5 <m gkp >3Pn " (A.6)

The total Liouville operator is
Ly=Li+ Lo+ L+ Ls+ Ls. (A7)

We can consider a small time step h and the symmetric Trotter factorization
of the Liouville propagator:

ohL n oLsh/2,Lah/2  Lsh/2 Lah/2 L1k L2h/2 Lsh/2 Lah/2 ,Lsh/2 (A.8)
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Using the identities

ec@/@xf(x>

ecxa/axf(x>

(A.9)

(A.10)

the direct translation technique gives the following pseudo-code of the algo-

rithm ready to implemented

DO IT

Py

p

r

CALCULATE F(r)

p

p
CALCULATE F,

n

Pn
END DO
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Appendix B

Time-reversible Nose-Hoover

Chain Algorithm

The Liouville operator is given as

£ = Lyx

z(t) = exp[tLn]z(0).

From Egs.(2.54)-(2.59) the split Liouville operators are now

Uil

72

Pm

p772

p 0
L Li=22
1" Y mor
L = -4
(Lo + L3)p { oo
L3 - - minlaip
0
Lim  Li=2n .
my, 0N
P 0
Lsna Ly =2 I
My O7)2
. 2
Lo = (=pndm 5 kT ) o

Lep un
Pno o]

- — Pm Mng + Fm> Opny

2

P 0 9
L L= — gkgT =F, )
Pm ! < grs ) 817772 ” apm
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In Lg there appears an operator with the form

0
L¢ = <_pm::2+Fm>a (B.9)

M2 P

which can be developed following the derivation

. DPno
N1 1 My 1
dpm Dno
= — = + F,. B.10
dt P My + Ly ( )

Eq. (B.10) can be written in another form as

_ Py

_ Mg My dpn, -1
Dnz —pnpy % + F771 dt
My, d Dy dpn,
——e — | In(— + F; = 1.
P dpm < ( Pm My 771)> dt

By integrating from ¢t = 0 to t = 7 we have

mng /T d |:1_‘[] p772 :| _ /T
- —|In(=py, 2 + F,) |dt = 1dt
Pz Jo dt ( " M, " ) 0

S (o, Dny +F )] -
Y2 [ ( " M, " 0
2 n(—py P2 4 B ) —In(—py (0022 £ F, (0)] = . (B.11
Py n( pmmm + 771) n( pm( )mm + 771( ) 7. )
Assume
P (0) = Pm
Fm(()) = Fm(T):Fm'
Eq. (B.11) gives
—DPm (T) 5:;22 + Fm Dy
n = 7=
—DPm % + Fm My
Take the exponential and get
DPns —T,ii Py
—_ _— F = n — —_— F
P (T) My + Ly € 2 Pm My + Ly
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giving
Pno Pno
-7 m —T
_ 72
pn(T) = ppe M2+ Fy, <1 —c "”12)
Dy
. P
Py _rnz_sinh(7572-)
— m 2m 2
= pmpe 2 +Thy e 2 Drg
2mny

The total Liouville operator is
(B.12)

Ly=IL1+ Lo+ Ls+ Ly+ Ly + Lg + Lr.

We can again consider a small time step h and the symmetric Trotter fac-

torization of the Liouville propagator:
hL o oLth/2,Leh/2 Lsh/2 Lah/2 L3h/2  L2h/2 L1k L2h/2 ,Lh/2 ,Lah/2 ,Lsh/2 ,Leh/2 ,Lrh/2

e
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A pseudo-code of the algorithm ready to implemente is given as

DO IT
Py

Pm

2

m
p

p

r

CALCULATE F(r)

p

p

m

n2

CALCULATE Fy,

Pm

CALCULATE F,,

P
END DO

1,NTS

h
Py + §Fn2

Py exp| i
«pl— =
m Mg
sinh(7/2 Do )

2mpg

7'/2—17"2

2mipg

p exp[—(h/2)pm /mm]

h
D+ §F(T)

r 4+ hp/m

p+ DF()

p eXP[—(h/Q)Pn/mn]

h

m + 2 P
2 my),

h py
2m

72

ﬁ P
2 2my,

sinh(7/25222-)

2y

Png
T/2 o

Py exp|—

X

h
Dy + §FTI2
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Appendix C

Wigner Distribution for an

Ensemble at Temperature T

The canonical ensemble is specified by the parameters (N,V,T") indicating
that the number N of particles, the volume V', and the temperature T' are
conserved. If g = ]‘CB% where kp is Boltzmann’s constant and T is the

temperature [26], then the density matrix of the canonical ensemble is:

S Y R
=20 " 2m)" (©1)

and Z(0) = Tr(e*ﬂﬁ ) is the canonical partition function. The un-normalized

density matrix ) then satisfies the equation

o0 A A n

55:_HQ:—QH, (C.2)
which is the Bloch [1932] equation for the density matrix of a canonical
ensemble subject to the initial condition (8 = 0) = I where I is the identity
operator. This equation is utilized to derive an integro-differential equation
for the temperature dependence of the Wigner distribution function of a

canonical ensemble. Taking the Wigner-transformed of the Equation (C.2)
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and using the product rule given by Groenewold [1946],

aQVV (T7 p)

T = _HW (Ta p)e(h/%)AQW(r? p)

= _QW (Ta p)ei(h/Zi)AHW (Tv p)

1

= -5 (Hw(r, p)e"*My (v, p) + Hu (r, p)e "> 2y (1, p)

1

= 5 (A () + ) i 1))

= 5 Hwr) (V4 N ) )
= —HWcOS(gA)QW (C.3)

where the operator A is the negative of the Poisson bracket written as
— — — —
_909 089
~ Opdr  Orop
Equation (C.3) is the Wigner-transformed of the Bloch equation. It was
first derived by Oppenheim and Ross [45]. It is useful in the calculation
of quantum-mechanical corrections of classical statistical mechanics. The
initial condition for this equation is just the Wigner-transformed of Q(ﬂ =
0) =1 — Qw (6 =0) = 1. It is proven as
z
2
i z z
= dzerP?(r — = il
/ zenP* (r 5 |r + 2)
; z z
= dzenP?§ - — -
/ ze (r+ 5" + 2)

= / dze%pzé(z)

Qw(B=0) = /dzeépZ<r—';yi|r+

=1 (C.4)
and it is worth noting that
1 +oo 2i
fw(r,p) = / dy(r —ylplr + y)err?
mh J_o

does not obey the Wigner function of the Bloch equation because it must

be multiplied by the -dependent factor (27h)Z(3) to obtain Qy (r,p). The
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solution of Equation (C.3) in the multidimensional case is, to order A2 [6],

i) = s e[S (F2 00+ 2 y)

- 8my, 67“,% 24my, 8777@

+Zﬁ3 prp 0%V ]} (C.5)
Tl

ﬂmkml 8’@;87“1
C.1 Equilibrium Wigner function for a harmonic
oscillator

For the harmonic oscillator, the Wigner-transformed Hamiltonian can be

written as

The Bloch equation is then

Mw(rp) _ (P* 1 4, h EE_EE
ey = 5+ 5me’r? Jeos Qw. (C.6)

Using the Maclaurin series,

h[O9 98]\ _ _1(n\(9d 93y
€03 2(0pdr Ordp N 2\ 2 Op Or r Op
4

and

99 _ 99V _ o P P PP

opor Ordp)  Op?or? OpOr Ordp ~ Or? Op?
the Wigner function of the Bloch equation can be simplified by the Baker-
Hausdorff Theorem: if D = [A, B] commutes with A and B then

A+B  _ A B,~D/2

eATB = eAemBeD/2 (C.7)

b 733 57 53 53 37 _,
 Opor’Ordp’  Opdr Ordp Ordp Opdr



— = — =
9 9 o 9
Fpm and Waip commutes

PR
in( 23 93 - - - -
2 \ opor orop ih9 F _ihD 3

then since

e

Consider also that

99
%EHW(T’Z)) 0,
Therefore
a0 2 2 /92 o9 2 9 02 5
wrp) o (p7 L ep\[y R (OO0 7 070 O
op 2m 2 8 \ Op? or? Opdr Ordp ~ Or? Op?
2 2 2 2
- (Pl O + = —
<2m—|—2mw T) wtg (mw op? T o
2 2 2 2
(P L e Lo w 200w
= <2m+2mw r >Qw+ g (m 52 +mw a2 ) (C.8)

Equation. (C.8) is the Wigner-transformed Bloch equation for the harmonic

oscillator. To solve this equation, let us make the ansatz

Q(r,p) = e” AGHTP)+BE) (C.9)

where A and B are the initial conditions A(0) = B(0) = 0. The derivatives

of the 0y can be determined with respect to the spatial coordinate:

8S)VV (Tv p)

v b = QW( - A(ﬂ)aquW> (C.10)
and hence
W - <A2(ﬁ)m2w4r2 - A(ﬁ)mw2) Q. (C.11)
Similarly, with respect to the momentum coordinate:
W _ QW< - A(ﬂ)ag;W> (C.12)
and hence
82(2;;(27‘717) _ _Af)ﬂw +A2(5)5;QW‘ (C.13)
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Finally, with respect to (:

0w (r,p) _0A c?B
=Q —Hy +—|. C.14
Therefore the transformed Wigner Bloch equation becomes
0A 0B p? 1
Q —Hy + — — = Q 1
w(= Gt s) = (g amett)an (€19)
h2 1 8ZQW 2 28 QW
3 <m oz T op? ) '
Dividing through by Qy the above equation becomes
0A 0B n? [ D
_aa - gy | A2 —24 2A2
23 W+8ﬁ W+8_ muwir? w?+w m}
R [ 5 of P* 1
= —Hw—l—z_—Aw +wA<2m+2mw 7'2)}
R? [
= —HW + Z — Aw2 =+ WQAQHW:|
hw'\ 2 9
Thus
9A OB [hw\?
——Hy+Hy = ——— +(—) |-A+A%H
o3 w + Hw 23 + ( 5 > [ + W:|
OB [hw\? hwA
and ) )
0A hwA 0B hw
+1—(— | |Hw=—7F=-(— ) A 1
[ a5 " <2>]W op <2> (C19

This equation must hold for all » and p; the terms in square brackets are
independent of phase-space coordinates r and p, therefore they must vanish

independently, that is

dA (hw)® 5
%—1—1— 1 A =0 (C.19)
and )
0B hw
% + <2> A=0. (C.20)
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Equation. (C.19) can be integrated directly as

dA i\ 2
2 (=) a2
5= (%)

p - A (C.21)

2
hw
(o)
Consider the following identity,

lil I+z) 1
den 1—2) 1-—2%

and then make the following change of variables

hw
714:.%'

dA = —dx.

Eq. (C.21) becomes

dzx
1 — 22

d 14z
—1
dmdxn(l—a)
1+x
1—=x

(
_ 1ln<1 ha hédA). (C.22)

hw
1-fg

@

Il
&
—

|
S
—

Inverting Eq. (C.22) gives

1+ 2wy
In(—2—) = hw
n<1—ﬁ;A> P

1+24
T e oA e
— A
ey o e’W<1—hWA)
2 2
?A(eﬁ”ﬁ—l—l) = WP, (C.23)
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Thus

ieh‘”ﬁ—l
Fw ewB 4+ 1

, w2 <€m5/2 _ e—hwﬁ/Q)

hw

2

(emmz _ ewp)

hw <6m5/2 _|_€m5/2>

2 hw

This can now be substituted into Eq. (C.20) to give

9B  (hw\*2 o (hw
98 2 ) hw 2

0B hw <hw

—— + —tanh

95 " 2 2

and the solution of (C.25) is

h
B—_™
Recalling the hyperbolic functions
coshz = ote”
%cosh:c = sinhz
cosh?z — sinh®z = 1,

therefore

i | L B sinhx
dzx nleoshr )= coshx

Using the change of variable below,

ST

dr = —d
T 2ﬁ

95

dfBtanh (?ﬁ)

olwB/2 <€ﬁwﬁ/2 + e-mg/z)

ef—e” "

= coshz

(C.24)

(C.25)

(C.26)

(C.27)



Eq. (C.26) becomes

2 hw

= —/dxﬂln(coshx)
= —1n<coshx>

B = —In [cosh(h;ﬁ)] . (C.28)

2
B = —hw/dxtanhx
d

Therefore from Eq. (C.9),

i}tanh(%",@)H ln(cosh(hz“’ﬁ))
Qw = e e

—%tanh <h“ﬁ> H
N ) (C.29)
cosh(3)

To obtain the distribution function of the canonical ensemble, the normal-

ization of Qyy is needed

Z(B) = //drdpfz
= (mh(l%// drdpe_'f“tanh<h;ﬁ> <§i+;m2r2>. (C.30)

The double integral can be factorised as:

1 —%tanh (g“’ﬁ) % —%tanh <h2“’ﬁ> %mw2r2
Z(B) = ——>—— [ dpe /dTe .
(5) cosh(% 3) / g
(C.31)
Both integrals are Gaussian and can be integrated as follow
/ dpe hjmtanh(ﬁ;ﬂ) v T
1 tanh (ﬁf; g)
— D% tanh hw,@) r2
/dre " < ’ = T
"#tanh(%”ﬁ)
(C.32)
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and

cosh(%ﬁ)sinh(@ﬁ)

mh
= —, C.33
sinh(%ﬁ) ( )

The Wigner-transformed distribution function corresponds to

1
fw = MQW. (C.34)

Finally

2tanh<h‘"ﬂ)H
hw 2
sinh(%20) e

mh cosh(3)
1 hw - %tanh <r’2“ﬁ> H(r,p)

Equation. (C.35) is the analytical Wigner distribution function in the canon-

fW(npvﬁ) =

ical ensemble of the harmonic oscillator at temperature 1. For A = 1, Eq.

(C.35) becomes

1 W —%tanh <"2’ﬁ> H(r,p)
fw(r,p) = Wtanh<26>e (C.36)

Equation. (C.36) is an analytical stationary Wigner function in the canon-
ical ensemble. The higher powers of h provide the quantum corrections to

the dynamics.
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