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Abstract

The work described in this dissertation was largely motivated by the aim of producing
a survey on the theory of group extensions. From the broad scope of the theory of group
extensions we single out two aspects to discuss, namely the study of the split and the

non-split cases and give examples of both.

A great part of this dissertation is dedicated to the study of split extensions. After
setting the background theory for the study of the split extensions we proceed in ex-
ploring the ramifications of this concept within the development of the group structure
and consequently investigate well known products which are its derived namely the holo-
morph, and the wreath product. The theory of group presentations provides in principle
the necessary tools that permit the description of a group by means of its generators and
relators. Through this knowledge we give presentations for the groups of order pg, p?q and
p3. Subsequently using a classical result of Gaschutz we investigate the split extensions of
non-abelian groups in which the normal subgroup is either a non-abelian normal nilpotent
group or a non-abelian normal solvable group. We also study other cases of split extensions
such as the affine subgroups of the general linear and the symplectic groups. It is expected
that some of the results obtained will provide a theoretical algorithm to describe these
affine subgroups. A particular case of the non-split extensions is discussed as the Frattini
extensions. In fact a simplest example of a Frattini extension is a non-split extension in

which the kernel of an epimorphism ¢ is an irreducible G-module.
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Notation and conventions

N
YA
Q
R
C
G,N,H, K
lg
H<LG
NG
H>2G

F

P

(z,y)
Aut(G)

Ng(H)
o(G)
G,G], G

X, Y
X

GL(n,q)
dim (V')

natural numbers
integers
rational numbers
real numbers
complex numbers
groups
the identity element of G
H is a subgroup of G
N is a normal subgroup of &
H is isomorphic to G
a field
F - {0}
the subgroup generated by z and y
the automorphism group of G
an extension of N by H
a split extension of N by H
conjugation of h by g
order of g € G
the centralizer of g in G
the centralizer of the subgroup H in G
a conjugacy class of G with representative g
the normalizer of the subgroup H in G
the Frattini subgroup of G
the commutator subgroup of G
the left coset of H in G
sets
empty set
the cardinality of the set X
general linear group of dimension n over GF(q)

the dimension of a vector space V

v



D2n

dihedral group of order 2n

the Klein 4 - group

cyclic group of order p

the symmetric group on n symbols

the Galois field of ¢ elements

a vector space of dimension n over GF(q)
symplectic group of dimension 2n over GF(q)

an elementary abelian group of order 2™
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Chapter 1

Introduction

The subject matter of this dissertation concerns with the study of the theory of group
extensions and the examples for the splil and non-split cases. In considering possible
programmes to classify groups, two related general problems may be distinguished. On
the one hand, there is the problem of construction: from a given collection of groups,
we build up other groups from them by explicit procedures. On the other hand, there
is the problem of decomposition: we intend to find out how any given group is built up
by procedures from ‘simpler’ components. The easiest procedure is the direct product
construction. The extension problem may be viewed as defining a construction procedure,
though unlike the direct product construction, in general this does not lead to a unique

type of group.

The fundamental notion underlying the theory of group presentations is that of a free
group. From the broad scope of the theory of group presentations we single out two aspects
to discuss, namely the study of the presentation of a group extension in general and the

presentation of split extension in particular.

It is not immediately clear from the above that the theory of group extensions and
the theory of group presentations are closely related. Often both these aspects are treated
as distant and unrelated components. An early indication of a unified treatment of these
aspects is found in [23]. In this dissertation we offer a perspective from which these relations
and certain other classical results emerge naturally as a concatenated whole. It is easy to
describe the coverage of this thesis by first referring to chapter 6, in which this perspective

first emerges and undergoes considerable development.

Although drawing on results and definitions from a broad spectrum of mathematical
fields, this dissertation is concerned principally with the study of the split and the non-
split extensions. A general methodological aim of this dissertation has been to illustrate

the theory presented as richly as possible with examples.
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The preliminary chapter (chapter 2) presents general group theoretical results that will

be required in the sequel.

In Chapter 3 we give a generic overview of the theory of group extensions. This chap-
ter constitutes the backbone of the dissertation as a whole. A normal subgroup N of a
group G determines a factor group G/N. We write H = G/N and call G extension of N
by H. Extension theory concerns with the problem of studying the structure of G using
the knowledge about the properties of the two given groups N and H. Thus, the main
problem is to find all possible extensions of N by H. Since every group extension is a short
exact sequence of groups and homomorphisms, we discuss the background theory of exact

sequences and build up to short exact sequences.

Chapter 4 is devoted primarily to an investigation of the structure of a semidirect
product. The main result (Theorem 4.1.5) asserts that a semidirect product is equivalent
to a split extension. Thus the notions of semidirect product and split extension are used
interchangeably to allude to the same entity. We show that the semidirect product may be
constructed from groups N and H by taking a homomorphism ¢ from H into Aut(N) and
defining multiplication for G. An important illustration of the semidirect product occur
when H equals to Aut(N), and Aut(N) acts naturally on N, giving the holomorph of
N. Other important examples of the semidirect product occur in the construction of the
wreath products. The wreath product is explicitly represented as a semidirect product in
which one group acts on another simply by permuting its factors. Some splitting properties

of group extensions are investigated.

In chapter 5 we study the theory of group presentations. Along with the study of the
notion of a free group we investigate thoroughly the concepts of presentations, presentations
of group extensions and presentations of split extensions, with view of applications in
chapter 6.

In chapter 6 we study the non-abelian groups of order pg,p?q and p* respectively.
Applying the theory of group presentations we give presentations for these groups and
at the same time present some examples of groups of order pg in terms of matrices and

permutations.

Chapter 7 concerns with a special type of group extensions. The extensions G for
which the Kernel of the epimorphism ¢ is a subgroup of the Frattini subgroup of G. These
extensions are known as the Frattini extensions. We derive some new properties from

known results of the theory of Frattini ex:ensions.

Yet another special type of extensions occur when the normal subgroup N is the com-
mutator subgroup G’ of the group G. These extensions are called commutator extensions
and are studied in chapter 8. By reducing the study to the case in which N is an ele-

mentary abelian p-group we set the necessary tools to investigate this type of extensions.
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Furthermore conditions under which a commutator extension splits are presented.

In chapter 9 we study yet another case of extensions of non-abelian groups. In this
extensions the normal subgroup is either a non-abelian nilpotent group or a non-abelian
solvable group. We observe that in general if a group G splits over a normal subgroup N
the subgroups of G may not necessarily split over their intersections with N. Furthermore
a characterization of normal subgroups of G with the property that every subgroup H of
G splits over H N N is presented. Such subgroups are known as hereditarily non-Frattini
subgroups.

Chapter 10 is devoted to the study of the affine subgroups of both the general linear
group and the symplectic groups. We start by discussing the general theory of the general
linear group. A characterization of the general linear group as split extension is given and
at the same time we draw in some results which indicate that the general linear group can
be written as a direct product of SL(n, F) and F*. We describe the affine subgroup of
the general linear group as the holomorph of the vector space F™ over a field F and
provide some examples of isomorphisms between the affine subgroup of the general linear
group and the symmetric groups. Further we concentrate on symplectic groups. We discuss
the general theory of symplectic groups and their affine subgroups. In the study of the
affine subgroups of the general and symplectic linear groups we analyze the results of R.
Gow [13] and prove various stated results in that article. One particular affine subgroup
23:SP(2,2) of the symplectic group SP(4,2) has been studied. The symplectic groups are
constructed by defining some bilinear form on the underlying vector space and then taking
all the form-preserving automorphisms of the space. For further reading and information
on symplectic groups, readers are encouraged to consult [9], [13], [14],[18], [19], [24],[26],]27]
and [31].



Chapter 2

Preliminaries

The aim of this chapter is to assemble in readily usable form a selection of mostly standard
results from the theory of groups which will be required in the sequel. We will not give
proofs of every result. Most of the results could be found in standard texts such as [10],
[19], [29], [30] and [31].

2.1 Automorphism Groups

Definition 2.1.1 The automorphism group of a group G, denoted by Aut(G), is the

set of all automorphisms of G, under the binary operation of composition.
Note 2.1.2 This operation gives a group structure on Aut(G).

Definition 2.1.3 Let g be any element of G. Define a map ¢g : G — G by ¢y(z) = gzg~!

for all z € G. Then ¢4 is an automorphism of G, known as an inner automorphism of
G.

Remark 2.1.4 We can see that

(i) dg(zy) = g(zy)g™" = gzg™ " gyg™" = dy(2)dy(y),
(it) ¢o(z™") = gz7lg7},
(ii1) [¢g(z)] ™" = (gzg™") 7! = ga~'g7" = dy(z ™).
Each such a map ¢, is actually an autoranorphism of G. For given z € G we have that

T = ¢g(g ' zg) and if ¢o(z) = ¢¢(y) then gzg~' = gyg~' and so z = y. We also have that

bgn(x) = ghz(gh)™" = ghzh™'g™' = g¢p(2)g™! = dg¢n (@), 80 dgn = Py, for any z € G
and g,h € G.
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Theorem 2.1.5 (1) If H is a subgroup of G, then Cg(H)<Ng(H) and Ng(H)/Ce(H)
can be embedded in Aut(H), that is, Ng(H)/Cg(H) is isomorphic to a subgroup of
Aut(H).

(2) The set of all inner automorphisms of G, denoted by Inn(G) is a normal subgroup
of Aut(G) and G/Z(G) = Inn(G).

Proof. (1) For each z € Ng(H), define a map ¢, on H by ¢z(h) = zha .

(i) If ¢4 (h) = ¢(g) then zhz~! = zgz~?, so h = g and hence ¢; is injective.

(ii) Since for any h € H we have that 2~ he € H, because 2! normalizes H and also
¢o(z7 ha) = z(z " ha)z™! = h. Thus ¢, is surjective.

Now it only remains to show that ¢, is a homomorphism. But for all g and h in
H we have ¢(gh) = zghz™' = zgz~'zhz™' = ¢z(9)¢z(h), which implies that ¢; is a

homomorphism.

The map ¢ : Ng(H) — Aut(H) given by ¢(z) = ¢; is a homomorphism. Since
($(2)()) (1) = (@) (B (R) = () (yhy™") = z(yhy™)a~" = (zy)h(zy) ™ = $lzy)(h),
we have ¢(z)d(y) = d(zy).

Ker(¢) = {z € Ng(H)|¢(z)=1n}
= {z € Ng(H) | #(z)(h) = 1g(h), for all h € H}
= {z € Ng(H)|zhz ' =h, forall h € H}
= {z € Ng(H) | zh = hz, for all h € H}
= Cg(H).

Therefore Cg(H) < Ng(H) and by the first isomorphism theorem we have that
Ne(H)/Cg(H) = Im(¢). Hence Ng(H)/Cq(H) = Im(¢) < Aut(H).

(2) If H = G, then Ng(H) = G and so Cg(H) = Z(G) and the map ¢ given in
part (1) has Inn(G) as its image. Therefore the isomorphism established in (1) is now
G/Z(G) = Inn(G). To show that Inn(G) 4 Aut(G) we must show that if p € Aut(G)
and ¢y € Inn(G) then ppyp~" € Inn(G). We can see that (pdgp ) (z) = p(de(p~  (z))) =
plge (z)g™") = p(g)p(p~"(2))p(g™") = p(g)zp(g™") = g (z) for all z € G. Hence
pgep~! = bp(q) for all z € G and Inn(G) 1 Aut(G). O

2.2 Commutator Subgroup

Definition 2.2.1 Let z and y be elements of a group G. The commutator of z and y is

the element [z,y] = zyz~ly~L.
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Definition 2.2.2 The commutator subgroup or derived subgroup of G, denoted by
[G,G] or G', is the subgroup of G generated by all commutators.

So G' = [G,G] =< [z,y] | z,y € G > . By recursion, we define GUH) gs the derived
subgroup of @ with G©) = G and G+ = (GDY. We also write G = G" and G®) =
G’".

Theorem 2.2.3 Let G be a group. Then
(i) G'4G.
(ii) G/G' is abelian.
(iti) G is abelian if and only if G' = {1g}.
(iv) If N is a normal subgroup of G. Then G/N is abelian if and only if G'<N.
(v) If N <G, then N' <G'.
Proof. See [30]. a
Lemma 2.2.4 Let N A G. Then (G/N) =G'N/N.

Proof. Since (G/N) =< [gN,hN] | g,h € G > and [gN,hN] = ghg™'h™'N = [g, h]N, it
follows that (G/N)' = G'N/N. O

2.3 Solvable and Nilpotent Groups

Definition 2.3.1 A group G is said to be solvable if it has a series
{lg}=Gp <Gy <4--- Gy =G

in which each factor G;11/G; is abelian.

Remark 2.3.2 A subgroup H of a group G is called characteristic if ¢(H) = H for

every automorphism ¢ of G. Solvability can also be characterized by using a particular

series which we introduce now. Evidently, G > G' > G" > G" > ..., and all G® are

characteristic subgroups of G. The series of subgroups G = GO, G".G",--- GO, ... is

called the derived series of G. Each factor G&) /G(+1) is abelian. A group G is solvable
if and only if G®*) = {15} for some k.

Proposition 2.3.3 [85] Let G be a solvahle group. Then

(1) for any subgroup H of G, H is a soivable group,
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(ii) for any normal subgroup N of G, the quotient G/N is solvable.

Proof. See [35]. O

Definition 2.3.4 A group G is called nilpotent if it has a series
{1} =Gy <G 1 <---dGp =G

in which each G; 1 G and such that Gi41/G; is contained in the centre of G/G; for all i.

Remark 2.3.5 Note that by definition a nilpotent group G has a non-trivial centre. Also,
every nilpotent group is solvable. There are several group theoretical properties which are
equivalent to nilpotency for finite groups. Clearly all abelian groups are nilpotent. All
finite p-groups are also nilpotent. The group S3 is solvable but it is not nilpotent. We can
also show that all subgroups and all quotient groups of a nilpotent group are nilpotent.
(See [30].)

2.4  Frattini subgroup

Definition 2.4.1 Let M be the collection of all mazimal subgroups of a group G. The
intersection of all elements of M is called the Frattini subgroup of G, and is denoted by
®(G), that is,

oG) = (| M=[) M.

MaeM M<LG
max

Note 2.4.2 If G # {lg} and G is finite, then G certainly has at least one maximal
subgroup. Every proper subgroup of G lies in a maximal subgroup of G. If G is infinite, it
may have no maximal subgroups. If an infinite group G has no maximal subgroups, then
we define ®(G) = G. If G = {1}, then we define ®(G) = {1¢}.

Remark 2.4.3 Since any automorphism of GG, sends a maximal subgroup into a maximal
subgroup, the set M is invariant by any automorphism, and so is ®(G). This shows that
®(G) is a characteristic subgroup and since characteristic subgroups are normal, we have
that ®(G) 4 G.

Lemma 2.4.4 Let o : G — G be an epimorphism. Then g € ®(G) implies that
a(g) € o(G).

Proof. Suppose that g € ®(G). Let M be an arbitrary maximal subgroup of G. Then
there exists a maximal subgroup M of G such that (M) = M. But, then g € M implies
that a(g) € M. Since M is arbitrary we have that a(g) € ®(G). O
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Remark 2.4.5 For any homomorphism a : G — G, o(®(GQ)) = ®(a(G)).

Definition 2.4.6 An element © of G is said to be a non-generator of G if for every
subset S of G such that < S,z >= G, then < § >=G.

Note 2.4.7 The set of all non-generators of a group G is a subgroup. In Theorem 2.4.8
we will show that the Frattini subgroup of G is the set of all non-generators of G.

Theorem 2.4.8 [12] For every finite group G the Frattini subgroup of G is the set of all

non-generators of G.

Proof. Let z be a non-generator of G, such that z ¢ ®(G). Then there exists a maximal
subgroup M of G such that z ¢ M. Then M #< z,M > and so G =< z, M > . But this
implies that G =< M >= M, since z is a non-generator of G, which is a contradiction.
Therefore z € ®(G).

Conversely, let z € ®(G) and suppose that G =< z,8 > with G #< § > for some
subset S of G. Then there exists a maximal subgroup M of G such that < § >< M. Since
z € ®(G), z € M and hence G =< 2,5 >< M, which is a contradiction. Thus z is a

non-generator. O
Corollary 2.4.9 If G = ®(G)H for some subgroup H of G, then G = H.

Proof. If G = ®(G)H, we have that G =< ®(G), H > . Now by the Theorem 2.4.8 we
obtain that G =< H >= H. O

Note 2.4.10 Applying Theorem 2.4.8 we deduce that G =< z; | 1 <i < n > if and only
G =<®(G),z; |1 <i<n>.

Corollary 2.4.11 If G/®(G) is cyclic, then G is cyclic.

Proof. Choose z € G, such that 2®(G) generates G/®(G). Then we have that
G =< z,®(G) > and so by the Theorem 2.4.8 we deduce that G =< z > . Hence G is
cyclic. O

Lemma 2.4.12 The Frattini subgroup of G has no proper supplement. That is for all
proper subgroups M of G we have that ®(G)M # G.

Proof. If M is a maximal subgroup of G, then ®(G) < M. Hence ®(G)M =M #G. If M
is not a maximal subgroup of G then there exists N < G' a maximal subgroup of G such
that M < N, and so ®(G) < N. So we have that ®(G)N = N. Now ®(G)M < N < G.
Thus ®(G) has no proper supplement in . O
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Lemma 2.4.13 If G is finite, then ®(G) is nilpotent.
Proof. See [30]. a
Lemma 2.4.14 Let N < G. Then

(i) ®(G)N/N < &(G/N).

(ii) If N < ®(G) then ®(G/N) = &(G)/N.

Proof. (i) Let K be a maximal subgroup of G/N then K = M/N where M is a maximal
subgroup of G and N < M < G. Now ®(G/N) = (N M/N with M maximal in G. Since
®(G) < M, we have that MN D ®(G)N and so ®(G)N < M since N < M. Hence
&(G)N/N < M/N, for all M maximal in G. Therefore &(G)N/N < &(G/N).

(ii) Let 7 be the natural homomorphism from G onto G/N. Under this homomorphism,
there is a one-to-one correspondence between the subgroups of G/N and those subgroups
of G containing N. Now N < ®(G) implies that the maximal subgroups of G containing
N correspond to the maximal subgroups of G/N. Hence

®(G/N) = ﬂ(M /N), where M runs over all maximal subgroups of G
= ([|M)/N =&(G)/N.

Lemma 2.4.15 ®(G/®(G)) = ¢(G)/2(G) = {1}

Proof. Since ®(G)<d G, by Lemma 2.4.14 part (i7) we have that ®(G/®(G)) = &(G)/®(G) =
{lg}. O

Lemma 2.4.16 Let N <G with G finite. Then N < ®(G) if and only if there is no proper
subgroup H of G such that HN = Q.

Proof. Assume that N < ®(G), we need to show that there exists no proper subgroup H
of G such that HN = G. Let H < G. Then there exists a maximal subgroup M of G such
that H <M < G. Since N < ®(G) then N < M. Hence HN < M < G. Thus there is 1o
proper subgroup H of G such that HN = G.

Conversely if there is no proper subgroup H of G such that HN = G, we want to show
that N < ®(G). Suppose that N £ ®(G), then G # {1¢} and by the definition of Frattini
subgroup there exists a maximal subgroup M of G such that N £ M. Now M < MN < G
and maximality of M imply that M N = G, which is a contradiction. O
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Lemma 2.4.17 (Dedekind’s Lemma) [30] Let H, K, L be subgroups of a group G with
K C L. Then (HK)NL = (HNL)K.

Proof. Since HN L C H, then (HNL)K C HK. Also HN L C L implies (HNL)K C
LK =L.Hence (HNL)K CHKNL. (1)

Now let z € (HK)N L. Then z = hk and z € L, for some k € K and h € H. So
h=zk ' € LK = L. Since HN L C L, we have that h € HN L. Hence € (HN L)K.
Thus (HK)NL C (HNL)K. (2) By (1) and (2) we have that (HK)NL = (HNL)K.O

Lemma 2.4.18 [39] Let N A G. Then N < ®(G) if and only if N/®(N) < &(G/2(N)).

Proof. We know that ®(N) <N, so N/®(IV) is a group. Also, if N < &(G), then &(N) <
®(G). Therefore N/®(N) < ®(G)/®(N) = ®(G/®(N)), by Lemma 2.4.14. Conversely
assume that N/®(N) < ®(G/®(N)). Then since ®(G/®(N)) = ®(G)/®(N) by Lemma
2.4.14, we must have N/®(N) < &(G)/®(V). Thus N < &(G). ]

Lemma 2.4.19 Let H < G and N 4G.
(i) If N < ®(H) then N < &(G).

(i) ®(N) < ©(G).

Proof. (i) If N £ ®(G), then there exists M a maximal subgroup of G such that N £ M.
Now M < MN < G and M a maximal subgroup imply that MN = G. Since N < ®(H)
we have that N < H < MN = G. By Lemma 2.4.17, since N < MN we have that
MNN(NH) = N(HNMN). But MNN(NH) = MNNH = H and NNHNMN) =
N(HNM) so we have H = N(HNM). Now since N < ®(H), application of Lemnma 2.4.16
yields H = HN M and so H < M. Hence N < H < M implies that N < M which is a

contradiction.

(ii) Since ®(N) is a characteristic subgroup of N and N < G we have that ®(N) is
normal in G. Let M be a maximal subgroup of G and suppose that ®(N) £ M. Since
M < ®(N)M < G, maximality of M implies that ®(N)M = G. By Lemma 2.4.17 we
have that N = (®(N)M) NN = &(N)(M N N). By Corollary 2.4.9 we have M NN = N,
hence N < M and so ®(N) < M. But this is a contradiction with the assumption that
O(N) £ M. Hence ®(N) < M for any maximal subgroup M of G, therefore ®(N) < &(G).

0
Lemma 2.4.20 Let N1, Ns,---, N, be normal subgroups of a group G. Then the map
a : G — (G/N))x---x(G/N,)

defined by a(g) = (gN1,9Na,---,gN;) is a homomorphism, and its kernel is (i, Nj.
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Proof. By the definitions of quotient groups and direct products we have that

algg) = (99'Ni,99'Na,---,69'Ny)
= (gNlagN21 ot 5gNT)(g,Nl7g’N21 e 1gINT) - a(g)a(g’)

and $0 @ is a homomorphism. Furthermore a(g) = (N1, Na,---,Ny), is the identity of
G/N; x G/N3 x --- x G/N, if and only if g € N; for all = 1,2,---,r and therefore
Ker(a) =i, Ni. a

Lemma 2.4.21 [10] Let G1,Ga,---,Gy be finite groups. Then ®(G1 x Gy--- x Gy) =
®(G1) x ®(G2) x --- x ®(Gy).

Proof. Let D = G1 X Ga % ---x G, and identify G; with the subgroup L x1x---xG;x---x1
of D. Since G; < D, by Lemma 2.4.19 part (ii) we have that ®(G;) < ®(D), and so
B(Gy) x B(Ga) X -+ x B(G;) C (D). (1)

Let K; = Gy X Gg x -+- X Gi_1 x 1 X Gip1 X -+ X Gy. Since K; 4 D, we have that
®(D)K;/K; < ®(D/K;), i =1,2,---,r. Since D/K; = G;K;/K; = G; and ®(D)K;/K;
®(D)/®(D) N K;, we have that ®(D)/®(D) N K; is isomorphic to a subgroup of ®(G;).
Thus |®(D)/®(D)NK;| < |®(G;)|. Since [i—; K; = 1, then by Lemma 2.4.20 we have that
®(D) is isomorphic to a subgroup of the direct product of r groups ®(D)/(®(D) N K;).
Hence |®(D)| < IIT_,|®(G;)| = |2(G1) X ®(G2) X --- x ®(G,)|. (2) Now (1) and (2) imply
that ®(Gy x G X --- X Gy) = ®(G1) x ©(Go) x --- x B(G,). O

Theorem 2.4.22 The Frattini factor group G/®(G) of a finite p-group G is an elementary

abelian p-group. Furthermore, G/®(G) is a vector space over Z,.

Proof. Let M denote the set of all maximal subgroups of G. Since G is a p-group, VM € M
we have that M <4 G and G/M is a cyclic p-group of order p. Furthermore G' < M for
all M € M. Thus G' < ®(G). Since G/M is a cyclic group of order p for all M € M,
we have zP € M for all M € M. Thus we deduce that z? € ®(G) for all z € G. Hence
(z®(G))P = ®(G) Vz € G. So G/®(QG) is an elementary abelian p-group. Thus G/®(G)

can be regarded as a vector space over Z,,. O

Lemma 2.4.23 Let G be a finite p-group. Then ®(G) = {1g} if and only if G is elemen-
tary abelian.

Proof. We may assume that G # {1¢}. Suppose first that G is elementary abelian. Since
G # {lg}, then ®(G) < G by the definition of ®(G). Moreover, since G # {lg} and G
is elementary abelian then G is characteristically simple by Theorem 7.41 of page 143 in
[30]. Now, since ®(G) is a proper characteristic subgroup of G we have that ®(G) = {1¢}.
Conversely suppose that ®(G) = {1¢}. Since G is a finite p-group, by Theorem 2.4.22
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G/®(G) is an elementary abelian p-group. Since G/®(G) = G/{lg} = G, the proof
follows. O

Theorem 2.4.24 Let G be a finite p-group and let GP =< 2P : 2 € G > . Then

(i) ®(G) =G'GP,
(ii) if p =2, then ®(G) = G2,

(iii) if N < G, then ®(N) < ®(G), in particular, if N 4G, then ®(G)N/N = ®(G/N).

Proof. (i) By Theorem 2.4.22 we have that every maximal subgroup of G contains all
p-th powers and all commutators. Thus G’GP C ®(G). Obviously G'GP I G and since
G/G'GP is an abelian group of exponent p, G/G'G? is an elementary abelian p-group. By
Lemma 2.4.23 we have that ®(G/G'GP) = {1g}. Now since G'GP < ®(G) we have that
{1¢} = ®(G/G'GP) = ®(G)/G'GP by Lemma 2.4.14 part (ii). Hence ®(G) = G'GP.

(ii) By part (i) it suffices to show that G’ < G2. Let z,y € G. Then [z,y] = 7'y oy =
oty 2z 2gyzy = oy 2z 2(zy)? = (z7 'y~ 'z)22 % (zy)? € G2 Therefore G' < G,
and hence ®(G) = G'G? = G2.

(iii) Let N < G then N is a p-group. By (i) we have that ®(N) = N'N? < G'GP =
®(G). Now, let N < G. Since G is a p-group we have that G/N is also a p-group. By ap-
plying part (i) and Lemma 2.4.14 we get ©(G/N) = (G/N)'(G/N)? = (G'N/N)(G?/N) =
G'NGP/N = G'GPN/N = ®(G)N/N.

Theorem 2.4.25 For every ( possibly infinite ) group G we have G' N Z(G) < ®(G).

Proof. Let F = G' N Z(G). If F £ ®(G) then there exists a maximal subgroup M of G,
with # £ M. Therefore M < MF < (G and so maximality of M implies that M F = G.
Then each g € G has a factorization ¢ = mf where m € M and f € F. Since f € Z(G),
gMg™! = (mf)M(mf)™' = mfMflm™' = mMm~' = M, and hence M < G. Since
M is maximal, G/M has prime power order and hence is abelian. Thus G' < M. But
F < G' < M implies that F < M which is a contradiction. ]

Theorem 2.4.26 Let N be a finite group. If there exists a group G with N < G and
N < ®(Q), then Inn(N) < ®(Aut(N)).
Proof. See Theorem 2.2.6 of page 404 in [8]. O

The converse of Theorem 2.4.26 has been an open problem for many years. It has been
proved recently by Bettina Eick in [11].
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Theorem 2.4.27 [11] Let N be a finite group. If Inn(N) < ®(Aut(N)), then there exists
a finite group G with N <G and N < ®(G).

Proof. See Theorem 5 of [11]. O



Chapter 3

Group Extensions: An overview

In this chapter we present all the basic definitions and results of group extensions which
will be required later. If G is a finite group having a normal subgroup N, then we can
factorize G into two groups, namely N and G/N. Extension theory concerns with the
problem of studying the structure of an extension G of N by H using the knowledge about
the properties of the groups N and G/N 22 H. Thus the main problem consists in finding
all possible extensions of N by H.

3.1 Exact Sequences and Extensions

Definition 3.1.1 If N and H are two groups, then an extension of the group N by the
group H is a group G having a normal subgroup K = N and G/K = H. We denote an
extension G of N by H, by G = N-H.

Let ¢ and 9 be the isomorphisms described in Definition 3.1.1. Consider
N -2 K Gand G SN G/Ki) H, where 1 is the inclusion map and 7 is the natural
homomorphism. Let @ =40 ¢ and 8 =1 o 7. Then we have that
{in} — N ¢ H—s {1x} where o and f satisfy:

Ker(a) {neN|an) =1} ={neN|(iog)(n)=1c}

= {neN|[¢(n) =1} =Ker(¢) = {In},
Im{e@) ={(io¢)(n) |n € N} = {g(n) [n € N} = Im(¢) = K,

Ker(B) = {9€G|Bl9)=1u}={9€G|(Won)(g)=1u}={g€ G |¢[r(9)] = Lx}
= {9€G|Y(gK)=1n}={g€ G |gK = K} = K = Im(a)

and Im(B) = {B(9) | g € G} = {Y(9K) | g € G} = Im(¢)) = H.

14
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Definition 3.1.2 Let {N,} be a sequence of groups and {an} a sequence of homomor-
phisms from Ny_; into Ny Then we call

.. an__>1 N, _ 1 aJI n+1 — (*)

a sequence of groups and homomorphisms. We say that the sequence (x) is exact if

ker(am) = Im(an_1) for each successive pair (an—1, ).

Definition 3.1.3 A short exact sequence of groups and homomorphisms is an ezact
sequence of the form {Ily} =+ N = G LAy g {1y}

Remark 3.1.4 The conditions of exactness at N, G and H respectively asserts that Ker(a) =
{1x},Im(a) = Ker(B) and Im(B) = H which is a restatemet of what we have discussed
above. Thus the notion of group extensions and short exact sequences are the same and

so we can define an extension as follows:

Definition 3.1.5 If {Iy} = N 3 G LNy {1x} is a short ezact sequence, then we say
that G is an extension of N by H.

Remark 3.1.6 If G is an extension of N by H given by the short exact sequence
(I} = N3G 5 H - {1y}, then G/a(N) = G/Ker(8) = H and o(N) = N.

Theorem 3.1.7 Let A and B be groups, a1, ag and az be homomorphisms. Then

(i) the homomorphism A 23 B is one-to-one iff the sequence {1} X A28 B is ezact,

(ii) the homomorphism A %3 B is onto iff the sequence A %3 B 23 {1} is e:z:act

(ii) the homomorphism A %3 B is an isomorphism iff the sequence {1} & B {1}

18 eract.

Proof. (i) Suppose that the sequence {1} =% A =3 B is exact. Then ker(as) = Im(ay).
However Im(a;) = {1}. Thus ker(ag) == {1} and hence o, is one-to-one. Conversely
suppose that A % B is one-to-one. Then ker(az) = {1}. However from the sequence

{1} 3 A3 B we have that Im(a;) = {1} = ker(az) and hence the sequence is exact.

(ii) Suppose that A 3 B 23 {1} is exact. Then ker(a3) = Im(ay). However ker(as) =
B and thus Im(ay) = B and hence ay is onto. Conversely suppose that A =3 B is
onto. Then we have that Im(ag) = B. However from A =3 B 8 {1}, we obtain that
ker(as) = B = Im(az). Hence the sequence is exact.

(iii) Suppose that {1} & A 3 B 2 {1} is exact. Then ker(az) = Im(a;) = {1}. Thus
ag is one-to-one. Also from the exactness of sequence we have that ker(as) = B = Im(ag).
Hence oy is onto and hence an isomorphism. Conversely suppose that ag is an isomorphism.
Then we obta,m that ker(ag) = {1} and I'm(ag) = B. Thus from the sequence
{1} 3 A2 B B {1} we obtain that ker(as) = {1} = Im(a;) and Im(ap) = B = Ker(a3)
and hence the sequence is exact. O
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Lemma 3.1.8 (Five Lemma) [20]

Let

Ag @0 - Al * - Ag o2 -~ Az @3 - Ay
¢o $1 ) b3 b4

BO ﬂ() . B 61 “32 52 N B3 ﬁ3 . By

be a commutative diagram of groups and homomorphisms with exact rows. If ¢o, ¢1, ¢3

and ¢4 are isomorphisms, then so is ¢a.

Proof. We have to show that ¢2 is a one-to-one and onto homomorphism.

(1) @2 is one-to-one: Let z € Ker(¢2). Then ¢o(z) = 1p, and Ba(da(z)) = 1p,. There-
fore we have that fBa(d2(z)) = ¢3(ee(z)) = 1B, by commutativity. Hence aqo(z) = 1a,,
since ¢3 is one-to-one. Then z € Ker{asg). Hence there exists y € A; such that a;(y) = 2
(exactness at Ag) and 1p, = ¢a(1(y)) = ¢a2(z) = B1(¢1(y)) implies that ¢;(y) € Ker(f).
So ¢1(y) € By and the exactness at B; implies that there exists w € By such that
Bo(w) = ¢1(y)- Since ¢¢ is onto, there exists j € A such that ¢o(j) = w. Then ¢ (y) =
Bo(w) = Bo(bo(4)) = é1(ao(s)) by commutativity. Since ¢; is one-to-one then we have
ag(j) = y- Now exactness at A; implies that y € Ker(ay), and so a1(y) = 14,. Hence

x = 14,. Therefore Ker(¢2) = {1} and hence ¢, is one-to-one.

(ii) ¢ is onto: Let ¢ € By, then thers exists y € As such that ¢3(y) = B2(z). Since
B3(B2(x)) = 1, by exactness at By, fB3[¢s(y)] = 1p,. We get ¢sfas(y)] = 1p, by com-
mutativity and therefore a3(y) = 1a,, since ¢4 is an isomorphism. Thus y € Ker(as)
and there exists z € Ay such that as(z) = y by the exactness at Asz. Now we have
Pa(2(2)) = d3(a2(z)) = ¢3(y) = Palz). Therefore Ba(d2(2)(z~")) = lp, and hence
$2(2)(z~ ') € Ker(B2). Now the exactness at B, implies that there exists w € By such
that Bi(w) = ¢o(2)(z™'). Since ¢ is onto, there exists 5 € A; such that ¢,(j) = w.
Then we have ¢2(z)(z7 1) = Bi(w) = Bi(d1(4)) = ¢2(a2(f)) by commutativity. Hence

(2)

z = [pa(a2(4))] " -da(2) = da([aa(4)] ™) -¢2(2) = ¢o(aa(i")2) and so ¢ is onto, thus an
isomorphism. 0

Definition 3.1.9 An estension {Ix} = N 3 G Ly {1k} is said to be equivalent to
an eztension {1y} - N 3 G BH {1g} if there exists a homomorphism ¢ : G — G
such that the diagram
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N o e b _H

G

commules.

Remark 3.1.10 If G and G are equivalent extensions, then by using the five lemma it can
be shown that ¢ is an isomorphism between G and G. It is also very easy to prove that
the equivalence of group extensions given in Definition 3.1.9 is an equivalence relation. We
should also mention that equivalent extensions are isomorphic, but isomorphic extensions

need not be equivalent. (See example 2 of page 221 of [35].)

Definition 3.1.11 An extension {Iy} -+ N = G LNy {1g} is called

(i) abelian if G is abelian,
(it) central if Im(a) = o(N) C Z(Q),
(111) cyclic if H 1s cyclic,
(iv) split if there is a monomorphism X\ : H — G such that S\ = Iy.
Remark 3.1.12 If an extension is abelian, central or cyclic, then so is every equivalent

extension. In Theorem 4.1.7 we prove that if an extension splits, then so does any equivalent

extension.



Chapter 4

Semidirect Product

The focus of this chapter relates to the splitting extensions of finite groups which internally
leads to the splitting of a group over a normal subgroup. For structural purposes, this
appears to be the most natural approach for the decomposition of a group in that only the
normal subgroup and a subgroup of its automorphism group is needed in order to effect
the extension, the so-called semidirect product. We note that other well known products
such as the holomorph and the wreath product derive from the semidirect product. So, we

will explore the ramifications of this concept within the development of group structure.

4.1 Semidirect Product and Split Extensions

Definition 4.1.1 A group G is ¢ semidirect product of a subgroup N by a subgroup
H, if the following conditions are satisfied:

(i) G = NH,
(ii) N <G,
(ii) NNH={lg}.
The subgroups N and H are said to be complementary. We use the notation G = N:H for

a semidirect product G of N by H. The notation N:¥H is also used to denote the semidirect

product of N by H, this notation will be justified in the course of the discussion.

Remark 4.1.2 In contrast to a direct product, a semidirect product of N by H is not
determined up to isomorphism by the two subgroups. However, the semidirect product
depend on how N is normal in G.

18
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Let G = N : H. Then we make the following observations.

(1) We have that H = H/(N N H) & HN/N = G/N by the second isomorphism
theorem. Consequently, if G is finite we have that |G| = |N||G/N| = |N||H]|.

(2) Since G = NH, each z € G can be written as z = nh for n € N and h e H.
Suppose that this could be done in two different ways, that is, suppose z = nyhy and
x = nohs for some ni,ne € N and hy, hg € H, then we would have
n{lnl = hohy~' € NN H = {lg}, forcing n; = ny and h; = ho. Hence each z € G has a

unique expression z = nh where n € N and h € H.

(3) Let z,y € G and write z = nyh; and y = nghp. We know that the element zy
of G can be written as n'h’ for some unique n’ € N and b’ € H, by (2), so explicitly we
have zy = nihingshe = nihinghy ~thihy where n' = nihinghy ™! € N, since N < G and
h!' = hihy € H.

(4) Let h € H. Since N < G, conjugation by A maps N to N. Consequently we can
define a map ¢y, : N — N given by @y (n) = hnh~! for n € N and h € H. The map ¢y, is

an automorphism of N.

@, is onto: For any z € N, z = @ (R~ zh).
o, is one-to-one: If pp(z) = @n(y), then hzh™' = hyh~lsoz =y

@y, 18 a homomorphism: For any z,y € N and h € H we have
on(zy) = Mzy)h~" = hah~ hyh = (hah™")(hyh™") = on(z)en(y).

Also for any g,h € H we have

(pgon) (@) = @olon(x)) = pg(hzh™") = g(hzh™')g~" = ghz(gh) ™" = @gn ().

Hence @g¢0p = @gp- In this way we have constructed a homomorphism ¢ : H — Aut(N)
where ¢(h) = @p. The homomorphism ¢ is called the conjugation homomorphism of
the semidirect product G. It can be seen from this that (n1hy)(n2ha) = nipp, (na)hihg for
any ni,n2 € N and hy, hg € H. Thus the group operation of G can be expressed in terms
of the group operations of N and H and the homomorphism .

(5) If the homomorphism ¢ : H — Aut(N) defined by ¢(h) = ¢ is the trivial
homomorphism, then we have nhn=! = npy(n~')h = nn~'h = h for any n € N and
h € H and consequently H < G, therefore G = N x H. Conversely, if G = N x H, then
the elements of H commute with the elements of N and so the homomorphism ¢ must be

trivial.

(6) If the conjugation homomorphism ¢ : H — Aut(N) is non-trivial, then the group
G must be non-abelian. Because there must be some h € H and n € N such that hnh~! =

or(n) # n, in which case h and n do not commute.
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Definition 4.1.3 Given groups N and H and a homomorphism ¢ : H — Aut(N), define
G = N:*H to be the set of all ordered pairs (n,h) € N x H equipped with the operation
(n, h)(n', 1) = (nepn(n), ).
Lemma 4.1.4 If N <G, and H < G then the following statements are equivalent:
(i) G is a semidirect product of N by H,

(ii) every element g € G has a unique ezpression g = nh, where n € N, and h € H,

(iii) there exists a homomorphism X : H -— G, with ¢\ = Iy, where ¢ : G — H 1s the

natural homomorphism,

(iv) there exists a homomorphism 7 : G — G, with Ker(m) = N and n(z) = z for all
z € Im(r).

Proof. See Lemma 7.20 of [31]. a

Theorem 4.1.5 A short ezact sequence {1y} - N— G 5 H — {1g} splits if and only
if G is the semidirect product of N by Hy, where Hy < G and H, = H with n(H,) = H.

Proof. Suppose that {1y} = N— G 5 H — {1y} splits. Then there exists a homomor-
phism A\ : H — G, such that 7A = I'y. Now

Az)=Ay) = w(M=)) =n(A(y))
= (mA)(z) = (TA)(y)
= T=y.

So that A is a monomorphism. Hence H/Ker(A) 2 Im(\) which implies that H = Im(\).
Thus A : H — Im(})) is an isomorphism. Let H; = Im()). Since Ker(w) = N and
H; = Im(\) < G we have that NN H; == {1g}. We need to show that NH; = G. Since
NG, NH; <G. Let g € G. Then 7(g) € H and A(w(g)) € Im()\) = H;. Since

T(A(m(9))) = 7A(w(g)) = In(n(g)) = m(g),

we have g.[Am(g)]~' € Ker(r) = N. Hence there exists n € N such that g.[A7(g)]"' = n.
Then we get g = n[Anr(g)] € NHy. So G C NH; and hence G = NH;. Hence G is a
semidirect product of N by H;.

Conversely, suppose that G is the semidirect product of N by H; a subgroup of G with
H; = H. We need to show that {Il} - N+ G 5 H — {1} splits. Since G is a semidirect
product of N by Hi, then G = NH, and N N H; = {1} and so the elements of H; form a

right transversal ( a complete set of coset representatives of N in G) of N in G. It follows
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that the restriction |y, : Hy — H, given by (w|g,)(h1) = m(h1), for all hy € H) is an
isomorphism. So there exists a homomorphism A, from H to G given by

g g e
Tt is easily seen that
(A (R) = w(A(h)) = nlinc((r|m) " (B)] = wl(x]m,) " (R)] = 7(h1) = h,

for all h € H. Hence w\ = Iy. O

Note 4.1.6 From the above theorem, we have that every split extension G of N by H
is equivalent to a semidirect product of N by H. Hence the terms split extension and

semidirect product can be used interchangsably to mean one and the same entity.
Theorem 4.1.7 [3/] If an eztension splits, then so does any equivalent extension.

Proof. Let {1} - N 3G Ago {1} be a split extension such that it is equivalent to
the extension {1} = N 3 G g {1}. Let 6 be the homomorphism that gives the
equivalence. Then there is a monomorphism A : H — G such that S\ = Iy. Let A} = 0],
then A\; : H — G is a monomorphism such that SiA\; = $10\ = B\ = Ig. 0O

Remark 4.1.8 It is obvious that NH = (7 implies that HN = G so that N is a comple-
ment of H. An extension G of N by H is a semidirect product of N by H, if and only if
N 4G and N has a complement ( necessarily isomorphic to H). A subgroup N of G, may
not have a complement, and even if it does, a complement need not to be unique. If both

subgroups N and H are normal in G, then G is a direct product of N and H.

Definition 4.1.9 Let G, N and H be as in Definition 4.1.8 and ¢ : H — Aut(N). Then
the semidirect product G of N by H 1is said to realize ¢ if pn(n) = n® for all n € N,
heH.

Theorem 4.1.10 Let N and H be groups, ¢ € Hom(H, Aut(N)). Then G = N:*H is a
semidirect product of N by H that realizes .

Proof. See Theorem 7.22 of [31]. O

Theorem 4.1.11 If G is a semidirect product of N by H, then G = N:¥H for some
homomorphism ¢ : H — Aut(N).
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Proof. Define @ (n) = hnh~!. We know that each element g € G has a unique expres-
sion ¢ = nh with n € N and h € H. Since multiplication in G satisfies (nh)(n'h’) =
n(hn'h=Y )Rk = nn' kK, it is easy to ses that the map @ : N:¥H — G, given by
a(n,h) = nh, is an isomorphism. For any n,n' € N and h,h' € H if a(n,h) = a(n',h'),
then nh = n'k'. That is, ' 'n=hh"' €e NNH = {lg}. Son''n=1¢ and Wh~! = 14.
Hence n = n’ and b’ = h, so that o is injective. Also, since Im(a) = {a(n,h) | n €
Nand he H} ={nh|n € N and h € H} = NH = G we have that « is onto. Finally we

need to show that « is a homomorphism. For n,n’ € N and h,h’ we have that

af(n,h)(n', k)] = alnep(n'),hh’) = a(nhn'h™ hh) = nhn'h~1hh = nhn'h
= a(n,h)a(n’,h').

Hence « is an isomorphism. O

As an illustration of the preceding discussion, we shall prove in the next example that,

there exists only one non-abelian group of order 16 of the type Cj : Cy.
Example 4.1.12 There ezists only one non-abelian group of order 16 of the type Cy : Cy.

Proof. Assume that G = Cy : Cy. Then C; <G and C4NCy = {1¢}. Define f; : Cy — Cy
by fi(z) = «*, with (i,4) = 1. Also we have that

Aut(C) = {fi | file) =2, (i,4) =1} = {/1, fs} = Cb.

Now define ¢ : Cy — Aut(Cy) by

fi if y is not a generator
Py = . .
fz if y is a generator.

Since ¢ is a homomorphism we have that ¢,* = 1 Aut(Cs)» SO that p(z) = fi! = z.
Therefore 7' = z and so it = 1(mod4).

If i = 1, then ¢ = 1(mod4) and so @y(z) = fi(z) = z. That is yzy~! = z. Hence G is
abelian. If ¢ = 3, then we have 81 = 1(mod4) so that ¢, (z) = f3(z) = 2! and therefore
G has the presentation

G=<uzylat=y'=1 yoy l=2"!>.

Hence there exists only one non-abelian group of order 16 of the type C4 : Cy. In addition
it can be easily shown that G has 12 elements of order 4 and 3 elements of order 2. O

Theorem 4.1.13 Let G be an estension of N by H. If a subgroup K of G contains N,
then K is an extension of N by K/N. If the extension G splits over N, then K also splits
over N. If L is a complement to N in G, then LN K is a complement to N in K.



CHAPTER 4. SEMIDIRECT PRODUCT 23

Proof. Since N < K < G and N <G, we have that N < K. So K is an extension of N
by K/N. Suppose that G splits over N and let L be a complement to N in G. So we have
NL =G and NN L= {1g}. Then since G = NL, we get K = NLN K. Now N,L and K
are subgroups of G such that N < K. So by Lemma 2.4.17 we have K N NL = N(L N K)
and hence K = N(LNK). Since NN(LNK)=(NNL)NK = {lg}, we get that LN K

is a complement of N in K. O

Definition 4.1.14 Let G be a finite group. A subgroup K of G is said to be a Hall
subgroup if (|K|,[G : K]) = 1.

Theorem 4.1.15 [31] If N is an abelian normal Hall subgroup of a finite group G, then

N has a complement.

Proof. See Theorem 7.39 of [31]. 0

4.2 The Holomorph

Definition 4.2.1 Let N be any group, and consider the natural action of Aut(N) on N.
Then the homomorphism ¢ : Aut(N) — Aut(N) given by p(a) = « for every

a € Aut(N) defines a semidirect product N:¥ Aut(N) which is called the holomorph of N
and denoted by Hol(N).

Note 4.2.2 (i) N < Hol(N) by the definition of holomorph and for every o € Aut(N)
and n € N we have ana™! = n®, where the product on the left is defined in Hol(N).
Thus every automorphism of N is obtained by restriction from an inner automorphism of
Hol(N).

(i) If H < Aut(N) and we consider the natural action of H on N. Then the action is the
inclusion map i : H — Aut(N). The corresponding semidirect product N:*H, is said to
be a relative holomorph of N by H . Clearly by definition N < N:*H = NH < Hol(N).

Proposition 4.2.3 If G; = G3, then Hol(G1) = Hol(G3).

Proof. We first show that if G; = Gy then Aut(G;) =& Aut(G2). Let f: G; — Go, be an
isomorphism. Now we define f : Aut(G1) — Aut(G2) by f(a)(g92) = fla(f~'(g2))], for
all go € Go. First notice that :

F)(g205) = Flodf™ (9292))] = flaf ™ (g2) F~(92))] = flaf ~H(g2)ef " (g2)]
= fla(f (g2 lelf " g2)] = Fle)(92)F () (gd)-
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It is not difficult to see that Vo € Aut(G1) we have f(a) € Aut(Gq). We claim that f is
an isomorphism.

7 is well defined: Let o, 8 € Aut(G) such that & = B. Then (f(a))(g2) = flo(f " (g2))]
and (F(8))(g2) = fIB(f~*(g2))]- Now since a = f we have f(B(f~"(92))) = f(a(f (g2)))-
So f(a) = f(B).

Fla(f7(g2))) = F(B(fH(g2))), Vg2 € G2
a(f~1g2)) = B(f ™ (g2)), since f is one-to-one

f is one-to-one: f(a) = f(B)

(g1) = B(g1), Vg1 € Gy, since f is an isomorphism

) =
— 8.

R

(a4
a

f is onto: Let § € Aut(Gg). We need to find o € Aut(G;) such that f(a) = B. Let
a= f~'Bf. Then f~'B8f € Aut(G1). Now we have

F(@)(g2) = fa(fH(92)) = fIf BF(FHg2)] = F(f 7' B(g2)) = Blg2), Vg2 € G2

Thus f(a) = B.

f is a homomorphism: For all ., 8 € Aut(G,) and all go € G5 we have

F(@B)(g2) = f(aB(f ™ (92))) = F(a(B(FH(92))))

and

(J(@f(B))(g2) = F(@)(F(B)g2)) = F()(f(B(f*(92)))
= fle(fTUBU ) = faB(F~ g2))-

Thus f(aB) = f(a)f(B) and hence f is a homomorphism. So f is an isomorphism from
Aut(G,) into Aut(G2). We have the following diagram

G1 f Ga

Go

and the map f~'8f : G; — Gq. Now we have to show that Hol(G1) = Hol(G5). Define
W : Hol(G1) — Hol(Ga) by ¥(g1,@) = (f(91), f(@)), Vg1 € Gy and Yo € Hol(G)).
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2 is well defined and one-to-one :

Ylgi, @) =P(g1,@) & (flo), Fle) = (f(g1), F(e)
& flg)=flgr) and fle)=f(c)

& g1=g, and a=a' since f and f are isomorphisms.

o is onto : Let (go,8) € Hol(Gz). There exists g1 € Gy such that f(g1) = g2 and there
exists @ € Aut(G) such that f(a) = 8. Now [(g1, )] = (f(g1), f(@)) = (g2,B) imply
that 1 is onto.

1) is a homomorphism :

Pl(g1, @) (g1, )] = Y919 % ad) = (F(9191%), Fled')) = (f(91) £ (91"), F(@) f ()

and

I
/‘\
A
v
b
—
N
—_
=

=

L
<
—_

Q
S~—
<l
~—

Q\
N—

P(gr, (g o) = (flar), F(@)(f(gh), F(e))
= (fla)f(@f (9], 7(0)7(0/))=( (91)f (elgh)), f(@) ()
= (flo)f(a"), fla)f ()

imply that ¥[(g1, @) (g1, a")] = $(91, @) (g;, ). O

Proposition 4.2.4 If ¢ : H — Aut(N) is a monomorphism, then N:¥H is isomorphic
to the relative holomorph of N by Im(y).

Proof. Let G = N:¥H. Define ¢* : G — Hol(N) by ¢*(n,h) = (n,¢y) for all n € N and

h € H. Then it is easy to see that ¢* is a homomorphism. Now

Ker(cp*) = {(n7 h’) ‘ (n,pn) = (1N7IN)}
= {(n,h) |n=1n,0n = IN}
= {(n,h) |n=1n,h=1g}, since ¢ is one-to-one

= (1n,1ly) =1g.
Thus ¢* is a monomorphism. Hence G = I'm(p*) where

Im(e*) ={(n,¢or) | n € N,h € H} = relative holomorph of N by I'm(yp).

Corollary 4.2.5 If ¢ : Aut(N) — Aut(N) is an isomorphism, then
N:¥Aut(N) = Hol(N).
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Proof. Follows immediately from Proposition 4.2.4.
Lemma 4.2.6 If Cp is the cyclic group of order p (p prime),then Aut(Cp) = Cp_1.

Proof. Let C, =< z > . Each a € Aut(C)) is determined by «(z), so that

Aut(Cp) = {a1, a9, -, p_1 } where ¢; is defined by ;(z) = ¢ for some i = 1,2,---,p—1.
Now let Z, be the multiplicative group of non-zero elements of Z, = Z /pZ and define
¢ : Aut(Cp) — Zj, by ¢(a;) = i. Then ¢ is an isomorphism so that Aut(Cp) = Z .

But the group of non-zero elements of a finite field is cyclic, so Aut(Cyp) = Cp_;. O

Example 4.2.7 Hol(C)).

We know that Hol(Cp) = Cp:Aut(Cp) = Cp:Cp_1. Let Cp =< z > and Aut(Cp) =< y >
where o(z) = p,o(y) =p—1 and y(z) = =* with 1 <i < p—1 and i* # 1(modp) for all
ke{l,2,---,p—2).

Let ¢ : Aut(Cp) — Aut(Cp) be the isomorphism defined by ¢(y) = ¢, = 3’ where
(bp—1)=1with1 <j<p—-11 =1, then oy =y and p = Tus(c,)- Hence in this
case we have

Hol(Cyp) = Cp:¥ Aut(Cp) =< z,y | 2P =P Lyzy ! =2 >.

If j # 1, then ¢ # Iyyyc,)- In this case we have Hol(C)) = Cp:? Aut(Cp),
by Corollary 4.2.5, and

CpP Aut(Cp) =< z,y | 2P =P ' yay ' =2V > .

For example if p = 7, then y(z) = z3 and for j = 1 we get
Hol(C7) =< z,y |z =¢yS =1yzy ' =23 > .
For j =5 we have @, = y° and i/ = 3% = 5(mod7). Thus

Hol(C7) = C7:¥Co =< z,y |2 =4S = Lyzy ' =2° > .

Next we show that the groups given by the above presentations are isomorphic. For
this we identify the first presentation with Gy and the second with G5 and z and y with a
and b respectively in G5. Therefore we have

Gi=<zyla’ =14 =1, yay™' =2* >
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and
Gy=<ab|a =b5=1,bab™' =a®>.

Define ¢ : G; — Gz by p(z) = a and p(y) = b1 Since p(yzy™") = p(y)p(@)lp)] ™ =
o(23), we have b~lab = a®. (1)

Now
bab™' = b %ab®, since b5 =1
= b4 (b Lab)b* = b71a®", by (1)
= b3 a®h)b® = b3 (b7 Lab)3b® = b3 = b2 (b a®b)b?
= b 2(b7'ab)%% = b 2% = b~ (b~ ab)® = b~ la'b = (b7'ab)* = d.
Thus Gl = GQ.

4.3 The Wreath Product

In this section we introduce the concept of wreath products. Subsequently we study the

hyperoctahedral group as an example of the application of this concept.

Lemma 4.3.1 Let X be a non-empty finite set and let GX denote the set of all maps from
X into the group G. For any f,g € GX let fg be defined for all x € X by a pointwise
multiplication (fg)(z) = f(z)g(z). With respect with the operation of multiplication GX is
a group. Moreover GX, is the direct product of | X| isomorphic copies of G.

Proof. See Lemma 8.21 of [30]. O

Lemma 4.3.2 If G, H are groups and if H acts on a set X, then also H acts on GX with
action fi(z) = f(zh™'), for all z € X, h € H and f € G*. Moreover, the action of H on
GX determines a homomorphism ¢ : H — Aut(GX) given by

oh)=pp:f — fh

for all h € H, and f € GX.

Proof. Let h,hi,hy € H, z € X and f,g € GX, then fMh2(z) = f(z(hihy)™!) =
flzhytha ™) = f((zhe ™Y = fhi(zhe™) = (fM)P2(z). So fMhz = (fM)h2. Also
fiz) = f(z17") = f(z) and (f9)"(z) = (fg)(zh™") = f(zh™")g(zh™") = fM(z)g"(z) =
(f*g")(z). Hence (fg)* = fhg".
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Next, Ker(ypy) consists of all those functions f € GX for which f*(z) = f(zh™') =
1€ Gforallz € X, hence for all zh™" € X, s0 f =1 € GX. Each y, is onto since
on(f¥) = (fh7)h = f for any f € GX, s0 ¢y, € Aut(GX). Finally we have

o (N)@) = (@)= fleW ) = f(@h TR = ek = (M) ()
= (ongh)(f) ().

Hence @pp = @nipn, for all h,h' € H. 0

Definition 4.3.3 Let G and H be finite groups with H a subgroup of the symmetric group
Sy. The permutation wreath product, G H, is the semidirect product of a mormal
subgroup N by H, where N is the direct product of n copies of G. Thus, the elements of N
are n-tuples (g1, 92, -, gn) With each g; € G. The automorphism ¢ of G™ associated with

a permutation h in H is defined by op(g1,92, -+, 9n) = (Gn(1):9h(2)s """ » Ih(n))-

Now for f,g € G™ and h,h' € H we define (f,h) ® (g,h') = (fen(g), hh').

Remark 4.3.4 In the above construction, H acts by conjugation on N, permuting the n
direct factors. Also |G| = |N| x |[H| = |G|" x |H|.

4.3.1 The Hyperoctahedral Group

An important source of examples of permutation wreath product arises when the permu-
tation group is taken to be the symmetric group Sy,. In this section we study the group
C2 1 S,,. We show that this group is the semidirect product of n copies of Cy by the group
Sr. The permutation wreath product C2 1 S, is also known as the hyperoctahedral group.

Definition 4.3.5 A permutation matrix is a matriz in which every row and column

has a unique non zero entry and all non zero entries are equal to 1.

Remark 4.3.6 Every permutation matrix can be obtained from the identity matrix by
permuting columns(rows). Every permutation matrix is orthogonal and thus has an inverse,
that is again a permutation matrix, namely its transpose. The set of all permutation

matrices is a group under the multiplication of matrices.
Proposition 4.3.7 The set of all permutation matrices is a subgroup of GL(n, F).

Proof. Since the inverse of a permutation matrix is again a permutation matrix, it suffices

to show that the product of two permutation matrices is a permutation matrix. Let
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A = (ai;) and B = (b;;) be two permutation matrices and let AB = C = (cjj). For
any i and j we have that ¢;; = 1 if there exists k, such that a;x = bg; = 1, and that ¢;; =0
otherwise. Now given %, there exists a unique k, such that a;; = 1, and there exists a unique
4 such that bg; = 1. Therefore, we have that ¢;; =1 for one and only one j. In a similar
manner we have that for a given j, ¢;; = 1 for exactly one i. Hence C is a permutation

matrix. O
Proposition 4.3.8 [1] The group of all permutation matrices is isomorphic to Sp.
Proof. See Proposition 5 of page 42 of [1]. O

Note 4.3.9 Let X be a set of cardinality n. We may assume that X = {1,2,---,n}. The
set of all subsets of X is denoted by P(X), that is, P(X) ={4 | AC X}.

Lemma 4.3.10 The set P(X) is an elementary abelian 2-group of order 2", under the

operation of symmetric difference.

Proof. It can be easily shown that (P(X), A) is an abelian group. Since for any A € P(X)
we have that A A A = @ = lp(x), we have that every non-identity element of P(X) has

order 2. Hence P(X) is an elementary abelian 2-group.

For calculating the order of P(X) we will consider those subsets X which have r ele-
ments each, where 0 < r < n. It is known that the number of ways in which r elements can

. n ' L.
be selected out of n elements is . = (n—_"r)m, which is therefore equal to the number

of subsets of X having r elements each. Hence in total the number of subsets of X is

n n o . . . n
Yo ( ) . On substituting a = 1 in the binomial expansion (1+a)” = >7 ( ) a’,
r T

n

we get Y r—p ( = 2™. This proves that X has exactly 2" subsets. So |P(X)| = 2" =
T

9l X] O

Remark 4.3.11 Let V be the vector space of dimension n over a field F. Let

{v1,v2, -+, vpn_1,vy} be an ordered basis for V. For each subset A of X we define an element
fa of GL(n, F) as follows:

N -v; if i€A
fA(U’)_{ui if idA .
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We denote by D the set of all such mappings and in Proposition 4.3.12 we shall see that
D is an elementary abelian 2-subgroup of GL(n, F) which is isomorphic to P(X).

Proposition 4.3.12 [7] The group D = {f4 | A C X} is an elementary abelian 2-subgroup
of GL(n, F) isomorphic to P(X).

Proof. It suffices to show that every non-identity element of D has order 2. Let |[A| =
m < n. By the observation made in Remark 4.3.11 we have that a non-identity element of

D has the following representation in matrix form

-1 0 0 - 0 0 0 - 0\
0 -1 0 -+ 0 0 0 - 0
0 0 -1 -« 0 0 0 - 0
: . : . . Lo _I
fa=] 0 0o 0 - -1 00 - 0 :( . IO )
0 0 0 - 0 1 0 -+ 0 o
0 0 0 -+ 0 0 1 - 0
\o 0 0 - 0 00 - 1)

However easy computation shows that f42 = I, for all A C X. So D is an elementary
abelian 2-subgroup of GL(n, F) isomorplic to P(X). O

Let G be the product of D and S, in GL(n, F). We show next that G is a split

extension.
Theorem 4.3.13 [7] The group G = D.S, is a split estension of the group D by Sy.

Proof. We will show that (i) D <G, (ii) DN S, = I,.

(i) For any 7 € Sy, the action of 7 on the ordered basis {vi,v2,--- Jup} of V is given
by m(vi) = vr(i)- Now if 7 € S, and A C X we show that 7fan~! € D. But
(mfar™ ) (vi) = wfa(r™ (v3) == Tfa(vr-13))
. W(—Uw-l(i)) if 7r‘1(i) €A
Toe)  if T ¢ A
-v; if i€ nm(A)
Vs if 1 m(A)
= faay(vi)-

Hence 7fam~" = fr4) and fr(4) € D, for any A C X. Therefore D < G.

(i) Since the only diagonal permutation matrix is I,, we have DN S, = {I.}. O
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Remark 4.3.14 From above we have that |G| = |DS,| = 2".n!. The group G constructed
in Theorem 4.3.13 is called the hyperoctahedral group and it is a special case of the

generalised symmetric group.



Chapter 5

Presentations of Group Extensions

Due to its role in the description of a group, in this chapter we will study the theory of
group presentations. Based on the theory of group presentation we study the presentation
of a group extension as well as that of a split extension. For the study of presentations we
have widely used [[20], [23], [29]].

5.1 Presentation of a Group

Definition 5.1.1 A group F is said to be free on a subset X C F if given any group G
and any map « : X — G there is a unigue homomorphism B : F — G extending «, that
is, having the property that B(z) = a(z),Yz € X or that the diagram

X g F

318

»

G

is commutative (that is a = Bi) where 1 is the inclusion map from X to F.

The set X is called a basis of F and | X]| is called the rank of F, denoted by r(F).

Lemma 5.1.2 If F is free on X, then X generates F.

32
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Proof. Let H =< X >=N{K < F, X C K}. That is H is the smallest subgroup of F'
which contains the set X. Let ¢ : X — H denote the inclusion map with ¢’ : F — H the
corresponding extension of ¢. Then ¢/'(z) = ¢(z), Vz € X. Let ¢/ : H — F, denote the
inclusion map from H to F. It can be seen from the diagram below that i'¢' is an extension
of i'¢. But so does the identity map Ir. By uniqueness of the homomorphism #'¢’, we have
that i'¢/ = Ip. Thus F = Im(Ip) = Im(i'¢') = Im(¢') C H. Since H is a subgroup of F,

we must have F' = H and hence X generates F.

X g F

¢ O

Lemma 5.1.3 Let G be a group generated by o subset Y and let X be any set in a bijective
correspondence o.: X — Y, with Y. Then there exists a homomorphism B from the group
F with basis X, onto G such that f(z) = a(z) for all z € X.

Proof. Since <Y >= G and a: X — G, there exists a unique homomorphism
B : F — G such that B(z) = a(z) for all z € X. We need to show that Im(8) = G.

Im(B) = {B(f)| feF}
2 {B(z) |z e X}

D {a(z) |z € X} =Y, since «a is a bijection.

So Im(B) 2Y and hence Im(f8) D <Y >=: G. Since Im(8) C G, we must have Im(B) =Y.
Hence § is onto. O

Proposition 5.1.4 Every group is isomorphic to a factor group of some free group .

Proof. Given a group G, let X be a set of generators of G. Let F be the free group
generated by X. Let ¢/ : F — G, be the extension of the inclusion ¢: X — G. Then
Im(¢") = {¢(f)|feF}
2 {¢(z) ]z € X}
> {#e) |z e X} =X.

Thus Im(¢') D < X >= G and since I'm(#') C G we have that Im(¢') = G. Now if we let
Ker(¢') = K, then we have that F/K = Im(¢') = G. 0
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Definition 5.1.5 Let X be a set and F be a free group on X, that is, X generates F and
we have no relations in the set X* = {z,27' |z € X}. Let R C F and let Ag denote the
normal closure of R in F ( that is, Ag is the normal subgroup of F' generated by R). We
say that G is a group generated by X with relations {r; = e | r; € R} if G = F/Ag. We
denote this by G = < X | R > and we say that < X | R > is a presentation for G.

Remark 5.1.6 If | X| < oo and |R| < oo, then we say that G is finitely presented .

Theorem 5.1.7 Let F,G and H be groups, f: F — G and a : F — H be homomor-
phisms such that Im(B) = G and Ker(B) C Ker(a). Then there ezists a homomorphism
o0 : G — H such that o = a.

Proof. We wish to prove the existence of » € Hom(G, H), such that the diagram

F p G

commutes.

Given g € G, choose f € F, such that B(f) = g and define o(g) = a(f). Such an f
exists since Im(f) = G and o is well defined because Ker(8) C Ker(a).

B =8(f) & B(f'f ") =1g

& f'f7t e Ker(B)
= f'f~! € Ker(a), since Ker(f) C Ker(a)
= of'f T =1x
= a(f) = af).

Thus «(f) is independent of f € 871(g).

Now let g,¢' € G and f,f' € F, such that B(f) = g and B(f) = ¢'. Since B is a
homomorphism, we have B(ff') = 8(f)B(f') = g¢' and

o(99') = a(ff’), by the definition of &
= aff)e{f’), since « is a homomorphism

= o(g)o(g’), by the definition of o.
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Proving that ¢ is a homomorphism. Finally, for each f € F we have (o8)(f) = o(B(f)) =
a(f) by definition of . Hence o8 = a. ]

Proposition 5.1.8 (Substitution test) [20] Suppose that we are given a presentation
G =< X | R>, a group H and a mapping ¢ : X — H. Then ¢ extends to a homomor-
phism ¢ : G — H, if and only if for all z € X and v € R the result of substituting ¢(z)
for z in 7 yields the identity of H.

Proof. Let G =< X | R > and consider the commutative diagram

R
g
X i F b G
qs ¢, ¢Il
'Y
H

where ¢ and i are inclusions and B is the natural homomorphism with Ker(8) = Ag
and B(z) = z for all z € X. Since F is free on X, we have that ¢ extends to a unique
homomorphism ¢' : F — H.

Assume that for all z € X and r € R, the result of substituting ¢(z) for z in r yields

the identity of H. Then for r € R with r == 2"z} - -- zl we have

$(r) = ¢@Pal---ap)
= [¢' (@)™ ()] - ¢ ()]
= [¢(a)™[bz)]" - - - [$lan)]

= lp.

Thus r € Ker(¢') and hence R C Ker(¢'). Now Ap =< R >= Ker(8) C Ker(¢'), and
then by Theorem 5.1.7 there exists ¢ such that ¢ 8 = ¢ . Since ¢’ is an extension of @,
for all z € X we have ¢(z) = ¢'(z) = (¢"B)(z) = ¢"(B(z)) = ¢"(z). So ¢” is an extension
of ¢ on X.

Conversely assume that ¢ extends to a homomorphism ¢" : G — H, we show that
the result of substituting ¢(z) for z in r yields the identity of H. Let f € Ker(f). Then
B(f) = 1 and hence ¢ (B(f)) = ¢ (lg) = 1g. Then f € Ker(¢'f) and hence Ker(f8) C
Ker(¢' ). Now, Ker(8) C Ker(¢'B) implies that R C Ker(¢') (x). Let r € R then
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r=z"--- 2% and by (*) we have that é (r) =1g, so

g = @2} =g @)™ - [¢ ()"
= [¢(z:)]™ - [¢(z;)]", since ¢'(z) = $(z) Vz € X.

O

Note 5.1.9 In Proposition 5.1.8, if ¢" exists then it must be unique. Assume ¢” and b,
are two homomorphisms such that ¢ B = ¢ and (;51",3 =¢ . Then

"

(¢"B)(z) = (9" A=) = ¢ (Bl@) =" (B(z))
= ¢ (z)= ¢1"(z), for all z € X.

Thus ¢ = ¢; -
Remark 5.1.10 ¢ is an epimorphism if and only if < ¢(X) >= H.

Proof. Suppose that ¢ is an epimorphisin. Then we have ¢"(G) = H. Hence

¢"(< X >) = H, so that < ¢"(X) >= H. Since ¢" is an extension of ¢ on X, we have
¢"(X) = ¢(X). Thus H =< ¢(X) > . Conversely, assume that H =< ¢(X) > . We have
H =< ¢"(X) >= ¢"(< X >) = ¢"(G). This implies that ¢" is onto. O

Proposition 5.1.11 If H and K are given by presentations H =< X | R > and
K=<Y|S>, then HxK=<X,Y|R,S,[X,Y]> (x) where

[(X,Y]={lz,y] |z€ X,y Y} ={zyz 'y ' |z € X,y €Y}

Proof. Let G be the group presented by (*). By Proposition 5.1.8 the inclusions

1: X — Gand j:Y — G extend to homomorphisms a: H — G and f: K — G
respectively. Since (h,e)(e, k) and (e, k)(h,e) are both equal to (h, k), then the groups H
and K centralize one another in GG, and we have a homomorphism ¢ : H x K — G defined
by (h,k) — a(h)B(k) such that o(h,e) = a(h)B(e) = a(h)lg = a(h) = i(h) = h and
ole,k) = ale)fk) =1g8(k) =B(k) =j(k) =k forall h€ X and k € Y.

On the other hand, the mapping ¢ : X UY — H x K sending z to (z,e) and
y to (e,y), extends to a homomorphism p : G — H x K. Since op : G — G and
po : Hx K — H x K both fix generating sets ( in H x K and G respectively), it follows

that o and p are mutually inverse, hence ¢ is an isomorphism. O
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5.2 Presentation of a group extension

Consider the extension {Iy} = N 5 ¢t o {1g}. Assume that H and N are given
by the presentations H =< X | R > and N =< Y | § > respectively. We need to find
a presentation for G using these presentations. We introduce for this effect the following
notations:

Y=a)={7|7=cy), ye Y} CG,

S — the set of all words in Y obtained from S by replacing each y by = { 3| s € S},

X = {7 |2 € X} tobe a set of liftings of { z | z € X} obtained by f, then X is a
transversal for Im(a) in G. We can see that if z € H then there exists Z € G, such that
B(zZ) = z. Also, let R be the set of all words in X obtained from R by replacing each z in
R by z.

Lemma 5.2.1 (i) a(N) is generated by Y,

(ii) Vr € R we have F € Im(c).

Proof. (i) N is generated by Y, implies that () is generated by a(Y) =Y.

(ii) Let r = w(z | £ € X) be a word in X. Then 7 = w(Z | Z € X) is a word in X. Since
B(7) = 1g, by Proposition 5.1.8 we have that 7 € Ker(8). Now Im(c) = Ker(8) implies
that 7 € Im(a), Vr € R. a

Note 5.2.2 Lemma 5.2.1 implies that each 7 € R can be written as a word v, in Y, since
Im(a) = a(N) is generated by Y. Let R = {F(v,)”" | r € R}. Since Im(a) <G and I'm(c)
is generated by Y, we have that VT € X and Vg € Y, Z5(Z)~' € Im(a). So T 5(z) ! is
a word in Y, say wgy. Now let T = {Z () 'w;, | # € X,y € Y}. Then we have the
following result.

Theorem 5.2.3 [20] If G is an extension of N by H, where N =<Y | § > and
H =< X | R >, then G has the presentation G =< X,Y | R,S,T >. (x)

Proof. Let F be the group given by the presentation (*). Since all the relations in (*)
hold in G, by applying Proposition 5.1.8 to {F,G,i,7'} wherei: X — G andi' : Y — G
are inclusions we deduce that there is a homomorphism

o : F — G
T — T
y —r 7.
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The restriction of ¢ to the subgroup <Y > of F gives rise to a homomorphism

¢ =05 : <Y> — Im{a)=N
Yy — Y.

Since the defining relations S of N (with each y replaced by 7) hold in < Y >< F, we
have Ker(¢) ={7€<Y > |y= 1y} ={lr} and Im(¢') =<y [y € N >= N. Thus ¢
is a bijection. Now the presence of the relations T in (*) means that < Y > is a normal

subgroup of F. Since ¢(< Y >) < Im(a), ¢ induces a homomorphism

H

¢ : F/<Y> — G/Im(a)=2H
<Y > — 1.

The relations R defining H all hold ( with z replaced by Z < Y >) in F/<Y >, so ¢

must be a bijection. Thus we have a commutative diagram

Iy N o G p H 1y

¢’ ¢ ¢

4 . 4 Y

Ly <V > mc F nat F/< Y>

1F/<?>

with exact rows. Since ¢’ and ¢ are isomorphisms, it follows from Lemma 3.1.8 that ¢ is

also an isomorphism. Hence the theorem is proved. O

The following is a very useful result in finding a presentation for a split extension.

Corollary 5.2.4 [20] Let N =<Y | S > and H =< X | R > be groups. Let
@0 : H— Aut(N) be a homomorphism such that og(y) = wgy is a word in
Y*(z € X, y € Y). Then the semidirect product N:*H of N by H has the following

presentation

G=NYH=<X,Y|R, S, ayz 'w;,, 1€ X, yeY >.

Proof. Since G = N:¥*H is an extension of N =< Y | § >, by H =< X | R >,
by the Theorem 5.2.3 the group G has the presentation G =< X,Y | R,S,T > where
T = {z y(z)"'w;} | z € X,y € Y}. Now since the extension splits, there exists a homo-
morphism o : H — G such that S0 = Iy. So we can choose the generators of X to be
{o(z) | z € X}. Then for each r € R we have o(r) = 7 = 1, and since each 7 € R is a
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word in Y written as vy, all the v, are equal to e in R. Identifying X = {(z,e) | z € X}
with X and Y = {(e,z) | y € Y} with Y, we have the presentation

G=< X,Y| R,S,:z:ya;_lw_l zeX,yeY >.

T,y

Example 5.2.5 (Metacyclic groups) Consider the group G = N:H where N = C,, and
H =2 Cy, subject to the homomorphism . Let N =<y |y* =e>and H =<z |z™ =e>.
We know that Aut(N) is an abelian group with |Aut(N)| = ¢(n) where ¢ is the Euler
totient function. Assume that og(y) = y*¥, 0 < k < n — 1. Then it can be shown that
k™ = 1(modn). Now application of Corollary 5.2.4 yields that

G = <zyl|lzT=y"=¢, oyz (F) =€ >

= <z,ylz™=y" =e, zyz_lzyk>.

Remark 5.2.6 (i) In the above example if £ = 1, then G = N x H.
(i1) For n = 3 and m = 2, we have two different split extensions.

(1) ¢z (y) =y. So k =1 and hence G = C3 x Cy = C.

(2) wz(y) =y*> =y~ 1. So k = 2 and hence

1

G=<uzyl|z*=9y"=1,asyz ' =y~ >=G;.



Chapter 6
Groups of order pg, p?q and p°

The structure of a non-abelian group of order pg where p and g are distinct primes is well
known. The existence of such groups is often demonstrated by constructing the group
using group extensions. In this chapter we study the non-abelian groups of order pg, pq
and p3. We exhibit two examples of groups of order pq, one in terms of permutations and

the other in terms of matrices. In this chapter p and ¢ are distinct primes.

6.1 Groups of order pg

Proposition 6.1.1 [1] Let H be a cyclic group and let N be an arbitrary group. If 6
and ¥ are monomorphisms from H to Aut(N) such that 6(H) = 9(H), then we have
N:H =~ NYH.

Proof. Let H =< z >. Since §(H) = 9(H) by hypothesis, we have that 6(z) and
J(z) generate the same cyclic subgroup of Aut(IN). Hence we can find a,b € Z such
that [0(z)]* = 9(z) and [9(z)]® = O(z). As H is cyclic we have that §(h%) = 9(h) and
9(h?) = 6(h) for any h € H. Now define g : N:H — N:?H by p(nh) = nh®. Then we
have

p(nihingha) = p(nid(h1)(ne)hihs)
= md(h1)(n2)(h1he)*®
= n16(h{)(n2)h{hy,since H is abelian
= nihi®ngh; 7%h1%ho® = nih§nohg
= p(nihi)p(nzhe)

which shows that p is homomorphism.

40
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Similarly it can be checked that the map o : N:Y H — N:YH defined by o(nh) = nh?
is a homomorphism. Now it suffices to show that p and o are mutually inverses. The
map p o o sends nh € N:YH to nh%®. But 8(z) = [§(z)]’ = ([6(z)]*)* = 6(z) and 0 is a
monomorphism, therefore 2% = z and hence he® = h, for all h € H. Therefore p o o sends
nh to nh, and so po o is the identity map on N :H. In a similar way it can be checked
that o o p is the identity map on N 9 H. Hence the result. O

Lemma 6.1.2 Every group of order pq, has a normal subgroup .

Proof. Let G be a group of order pg with p and ¢ distinct primes. Without loss of
generality, assume that p > ¢. Let P € Syly(G), then by Sylow’s Theorem we have n, =
1(modp) and n, | g, where n,, is the number of Sylow p-subgroups of G. So n, = 1+kp and
q = k'n, for some k, k' € Z. Then ¢ = k'(1 + kp). Since ¢ is a prime, we have {1 + kp = ¢
and k' =1} or {1 + kp =1 and £’ = ¢}. But p > ¢ implies that 1 + kp = ¢ is not possible,
so 1 + kp =1 and hence k = 0. Therefore n, = 1, so that P 4 G. O

Theorem 6.1.3 If G is a finite group of order pg, where p > q. Then either G s cyclic or

1

G =< z,y > with relations zP = y? = 1 and yzy~' = 2, where i # 1(modp), 19 = 1(modp)

and ¢ |p— 1.

Proof. Let G be a group of order pg. By Cauchy’s Theorem there exist z,y € G, such
that o(z) = p and o(y) = ¢. Let P =< z >, then P € Syl,(G). By Lemma 6.1.2 we have
that P < G. Similarly if Q@ =< y >, then @ € Syl,(G) and using the same argument as
that of Lemma 6.1.2 we get ny = 1 + k'q where ¥’ =0 or ng = p.

Case 1: If k' =0, then ny = 1 and hence @ IG. Since P and @ are normal subgroups
of Gand PNQ = {lg} and PQ = G, we have G = P x Q = Cj,.

Case 2 : If ng = p # 1, then p = 1(modg), and so ¢ | p — 1. Then @ is not normal
in G. Since P 4G, yzy~' = z* for some i. If § = 1(modp), then we have that z* = z and
(o] yxy_1

So i # 1(modp). Now yzy~' = z* implies that y%zy~9 = z, so that z = z*'. Thus

= z. Hence G is abelian and this shows that Q < G which is a contradiction.

19 = 1(modp). Hence G is given by the presentation

G=<z,y|a? =y =1lyzy ' =2 >

where i and g satisfy relations 1? = 1(modp), 1 # 1(modp) and ¢q | p — 1. O

Proposition 6.1.4 There exists a non-abelian split extension of the form C,:Cy if and
only if q divides p — 1; and when this is the case the extension is uniquely determined (up

to isomorphism).



CHAPTER 6. GROUPS OF ORDER P(), P2Q AND P? 42

Proof. If g divides p— 1, the existence of the non-abelian split extension of the form Cy:Cy
has been dealt with in Theorem 6.1.3. We now show that if there exists a non-abelian split
extension of order pq of the form Cp:Cy, then ¢ | p — 1. We also prove the uniqueness of
such extensions. Consider the split extension Cp:Cy. If p < ¢, then Cy acts trivially on Cy

and hence Cp:C, = Cp x Cy contradicting the assumption that Cp:Cy is non-abelian. Thus

p>4q.

Let Cp =< 2 >= { Lz,2%,---, 2P} =< 2? >=--- =< ¢P7! > and Gy =<y >=
{1,y,--+,y9"1}. Then C,NCy = {1}. Define f; : C, — Cp by fi(z) = ot with 1 <i < p-1.
So that

Aut(Cp) = {fi | fiz) =2", 1<i<p-1}= Cp1.

Let ¢ : Cg — Aut(Cp) = Cp_1 be given by ¢y = f;. Then ¢, = f1, or p;, = f; and
2<i1<p-1.

Suppose that ¢, = fi. Then @y (1) = fi(1) = 1,¢y(z) =z,--- Loy (@P) = fi(zP~) =
zP~! and multiplication is defined by z1y1Zoys = T1Y1T2y] V1Yo = T1T5 Y1Y2 = T1T2Y1Y2-
Hence Cp:Cy = Cp x Cgq = Cpq. This contradicts the assumption that Cp:Cy is non-abelian.

Hence we must have ¢, = f; where 2 <7 <{p—1.

Let ¢, = f; where 2 <i < p— 1. Then ¢ (1) = fi(1) = L,py(z) = 2%, -, py(zP7") =
fi(zP~1) = (2P~1)%. Since p is an automorphism, we have that gye = £ = 144yc,)- S0
oya(z) = fi(z) = ¢ and 2 = . Thus 2" =1 and 4 = 1(mod p). Now 2 <i <p—1,
implies that z° # =, and so ¢ # 1(modp ). Also, since ¢ is a homomorphism from C,
into Aut(Cp), we have Ker(p) < Cy. Therefore |Ker(y)| | ¢ and so Ker(p) = {1} or
Ker(p) = Cy. If Ker(p) = Cy, then ¢ = f; which is a contradiction since ¢ > 1. Therefore
Ker(p) = {1}. By the first isomorphism theorem, we have that C;/Ker(p) = Im(p) <
Aut(Cp) and hence Cy is isomorphic to a subgroup of Aut(Cy). Thus ¢ | p— 1 and we have
that G is given by the presentation

1

G=<myl|la? =y!=1ysy ' =2’ 1<i<p-—1>

with i and ¢ satisfying relations ¢ # 1(mod p), 9 = 1(modp) and q | p — 1.

To show the uniqueness, assume that there exists another monomorphism from C; to
Aut(Cp). Let 1 be such a monomorphism. Since Aut(Cp) is a cyclic group of order p — 1
and ¢ | p — 1 we have that Aut(C},) contains a unique subgroup of order ¢. Let K be such
a subgroup. Then we must have that ¢(Cy) = K = 9(Cy). Now by Theorem 6.1.1 we have
Cp:¥Cy 22 Cp:¥ C, and hence the result. O
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In the following we give two examples of non-abelian groups of order pg, one in term

of permutations and the other in term of matrices.

Example 6.1.5 Let i,q and p satisfy relations i #Z 1{(modp), 19 = 1(modp) and q | p — 1.
Let z be the cyclic permutation (123 --- p) and y be the permutation

_ 1 2 p—1 p
Y=l id1 2041 o (p=1i+1 pi+t

where each of the integers i + 1,2 + 1,---,pi + 1 is to be taken modulo p if it exceeds
p. Then z and y generate a non-abelian group of order pg. For, it can be easily seen that

zP =1 and

i 1 2 -« p—1 P
Yyr=zy= . . . .
2t+1 3i+1 -+ pi+1 i+1
so that yzy™! = 2. Now let 1 < k < p. The permutation y? maps k to the integer
ki? 4491+ ... +4+1 modulo p if it exceeds p. But 19 —1 = (i — 1)(#9 ' +--- +i+1), and
since 79 = 1(mod p) and i # 1(mod p), it follows that i9~! +--- +i+ 1 = 0( mod p). Thus
y?=1.

11 ;0
Example 6.1.6 Let z = 01 ) and y = ; ) be 2 x 2 matrices over the field

F = GF(q) of p elements, where 7 is to be taken modulo p if it exceeds p. We have that

q
P = Lp = 1o =1, andy?= “ 0 = Lo = I5.
0 1 01 0 1 01

1

Let G =< z,y > . Then yzy~! = ( 01

) = 2%, and hence G is a non-abelian group of

order pq.

6.2 Groups of order p%q

In this section we will study the non-abelian groups of order p?q of type Cp2:Cy where
p and ¢ are primes and p > g. Before we embark into a more detailed discussion of the

subject we need the following properties.

Remark 6.2.1 Similar to the argument used in Lemma 6.1.2 it can be shown that every

group of order p2q has a normal subgroup of order p?.
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Proposition 6.2.2 Let p be a prime integer and let G be an elementary abelian p-group
of order p™, so that G is the direct product of n copies of Cp. The automorphism group of

G 1is isomorphic to the group GL(n,p) of invertible n x n matrices over the field Z,,.
Proof. See Proposition 22.4 of [18]. O

Theorem 6.2.3 If p and q are two distinct prime integers such that p > q, then there
are only two classes of non-isomorphic non-abelian groups of order p’q namely Cp2:Cy and
(Cp x Cp):Cy.

Proof. Let G be a group of order p2q. Let N be a subgroup of order p? in G. Then N <G.
Let H € Syly(G), then H = Cyand HNN = {lg} so G = NH and hence G = N:H, a
semidirect product of N by H. Since | N| = p?, we have that N is either cyclic or isomorphic
to Cp x Cjp.

Case 1: Let N be a cyclic group of order p? generated by z. Define f; : Cpz — Cp2
by fi(z) = ' with 1<i<p(p—1), then

Aut(Cpr) = {fi | filz) = 2", 1<i<p?, (4,pH)=1}2 CH2 CpyxCpy.

Let H =<y > and let ¢ : H — Aut(Cp2) = Cp x Cp_; given by ¢, = fi. Since ¢ is
a homomorphism, we have that gy = ff =1 aut(C,z). (*) Then pyo(z) = fHz) = z. So
2 =z so that i = 1(mod p?). Now () implies that f; = 1 or o(f;) = ¢. If o(f;) = g then
we have that ¢ | p(p — 1). Since ¢ and p are primes, we deduce that ¢ | p — 1.

If ¢ = 2, we have that * = 1(mod p?), so p? | i — 1, and hence i = 1(mod p?) (1) or
;= —1(mod p*) (2) orp|i+1landp |i— 1. (3) Condition (3) implies that p |2 so p =2
which is a contradiction since p > ¢. From condition (1) we have that yzy~! = z, so that

G is an abelian group. However condition (2) implies that G is a non-abelian group given

by

G=<zy]| P’ =yi=1lyzy t=z"1 >.

If g # 2, we have G =< z,y | 2" = y9 = 1,yzy~! = 1 <4 < p? > where i and ¢
satisfy relations 49 = lmodp? and q | p — 1.

Now we will show that the split extension Cp2:Cy is unique up to isomorphism. Since
¢ : H — Aut(C2), is a homomorphism we have that Ker(y) < H. So Ker(p) = {1}
or Ker(p) = H. The latter case implies that ¢, = 1 Aut(C, )5 hence G is abelian and
G = Cpe x Cy. If Ker(p) = {1} then ¢ is a monomorphism and we get that H & I'm(y) <
Aut(Cp2). Hence H is isomorphic to a subgroup of Aut(Cp2). So, ¢ | p(p — 1) and hence
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g | p— 1. Now assume that 9 is another monomorphism from 1 : H — Aut(C,:), given
by ¢, = f; for some 1 < j < p(p —1). Then since C; = H = ¢(H) < Aut(Cpz) and
Cq =2 H = 4(H) < Aut(Cp2), we have that (H) = H = ¢(H). Now the Proposition 6.1.1

implies the uniqueness of the split extension in this case.

Case 2: Let N 2 (Cp x Cp =< z1,79 > and let H = C,, with H =<y > . Let
f: CpxCp — Cpx Cp, be given by f(z1) = z¢z§ and f(z2) = 2824, where a,b,c,d € Z,,.
Then it is not difficult to show that f € Aut(Cy x Cp) if and only if ad — be # 0. Hence

Aut(Cp x Cp) = { [ | fl@) =2la§, f(z2) =alef, ad—bec#0, a,bcd€ Z,}

~ { (“ 2) | ad—bc#0, a,bc,d€ Z,, }:GL(2,p).

Cc

Now consider the group G = N:¥H where ¢ : H — Aut(Cp x Cp) is given by ¢y(z1) =
2925 and @y(z2) = z¥z¢ with a,b,¢,d € Z, and ad — bc # 0. Then the group G has the
following presentation

b, .d-1

G=<az,z,y|2} =ah=y'=1, [y, z1] = 20725, [z1, 2] = L, [y, 7] = 2l ! > .

Using the same argument as in case 1, it can be shown that the non-abelian split extension

(Cp x Cp):Cy is unique up to isomorphism. O

Example 6.2.4 Let G = (Cp x Cp):¥Cy where ¢ is given by ¢y (z1) = 2122 and ¢y (zs) =
z2. Then G has the following presentation

G=<z,3y|z) =2h=y? =1, [y, z1] = z9, [z1, 2o] = [y, zo] =1 >.

6.3 Groups of order p?

We now study the non-abelian groups of order p® with p prime. We will assume the results

mentioned in Lemma 6.3.2.

Lemma 6.3.1 Let |G| = p", where p is a prime integer. If 0 < k < n, then there ezist
N <G such that |[N| = p*.

Proof. Let [Z(G)| = p™ where 1 < m < n. Let z € Z(G) such that o(z) = p. Let
H =< z > . Then since H < Z(G), we have that H < G and hence G/H is a group of
order p"~!. We use induction on n to prove the result. Let 1 <k<mn.Let k' = k—1. Since
0 < k' <n—1, by induction hypothesis there exists W <IG/H such that [W| = p*'. Hence
W = N/H for some N <G such that N D H. Thus |[N| = |W|.|H| = p* p = p*'+1 = pF.
]
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Lemma 6.3.2 If G is a non-trivial p-group of order p" and N 1s a non-trivial normal
subgroup of G, then NN Z(G) # {lg}.

Proof. See Theorem 1, page 73 of [1]. a
Lemma 6.3.3 If G is a non-abelian group of order p3, then |Z(G)| = p.

Proof. Since G is a non-abelian group, G/Z(G) cannot be cyclic. Thus |G/Z(G)| # p and
hence |Z(G)| = p. O

Lemma 6.3.4 Let G be a group and let =,y € G. If [z,y] € Z(G), then [z",y] = [z,y]"

n(n—1)

and z™y" = (zy)"[z,y]” z  for anyn € N.

Proof. Consider the first statement. We use induction on 7 to prove the result. Assume

that the statement is true for n € N, then we have

y =™y )Ty = ey Ty Dy Ty

1

n+l, . —(n+l1) 1

= 2"y
= gl ylysy"
= [z, y]"zyz"'y~!, since [z,y] € Z(G)

[:L.n+l

= g[z.y]"yz"'y~", by induction hypothesis

= [z,y]"[z,y] = [z,y]" .

Now we consider the second statement. Again we use induction on n. Assume that the

statement is true for n € N. Then we have

l,n-}—lyn—I—l — zxny(yxn)—lymnyn — w(wnym—ny—l)ymnyn
= z[z", ylyz"y" = z[z,y|"yz"y", by the previous statement

n(n—1)
= [z,y]"zyz"y" = [z, y]"zy(zy)"[z,y] 2 , by induction hypothesis
n(n+1)

=[5y y) T @)™ = (my) )

Theorem 6.3.5 Let p be an odd prime. Then there is exactly one isomorphism class of

non-abelian groups of order p3 having elements of order p?.

Proof. Assume that G is a non-abelian group of order p3. Let z € G such that o(z) = p?

and let N =<z > . Then N is a maximal subgroup of G and hence N <G. Let y € G- N.

Then we have that o(y) = p or o(y) = p.



CHAPTER 6. GROUPS OF ORDER P(), P2QQ AND P3 47

Case 1 : Assume that o(y) = p. Let H =< y > . We claim that NN H = {lg}.
Suppose that NNH # {1g}. Let y* € N for some 1 < k < p—1. Since (k,p) = 1, there exists
a, B € Z such that ap + fk = 1. This implies that y = yorthk — (yp)e (y*)f = (y*)P e N
which is a contradiction . Thus NN H ={1¢} and G = N:H. So G = Cp2:Cy.

Case 2 : Assume that o(y) = p?. Since N and < y > are non-trivial normal subgroups
of G, we must have N N Z(G) # {1g} #< y > NZ(G) by Lemma 6.3.2. Since |Z(G)| =p
by Lemma 6.3.3, we must have Z(G) = NN Z(G) =< y > NZ(G) and hence Z(G) =<
P >=< y? > . So yP = z*? for some 1 < k < p—1. Let z; = k. Then y €< z; >,
o(z1) = p and y? = z;~P. Since G/Z(G) is an abelian group, we have {Ig} # G' C Z(G)
and hence G’ = Z(G). So, in particular, [z1,y] € Z(G) and hence [z,,y]P = 1g. Now by
Lemma 6.3.4 we have

-1

£1Py? = ()P [o1, 4] T = (@) (o1, 9P) T = (z1y)?,

since p;—l € Z. Now z,Py? = z,Pz,; P = 1¢ implies that o(z1y) € {1,p}. Since y €< z; >,
o(z1y) # 1 and hence o(z1y) = p. Now let H =< z1y > . Then H = C, and we can easily
see that NN H = {1g}. Hence G = N:H 22 Cp2:Cp.

In both the above cases the uniqueness of the group G, up to isomorphism follows from
Proposition 6.1.1. 0

Lemma 6.3.6 [1] Let N and H be groups, let 1 : H — Aut(N) be a homomorphism and
let f € Aut(N). If T is the inner automorphism of Aut(N) induced by f, then N:f°VH =
N:YH.

Proof. Define 6 : N:-¥H — N:fYH by 8(nh) = f(n)h. We have

O(nihinghe) = 6O(ni(hi)(n2)hiha) = f(n1w(hi)(na)hiho)
= f(n)f(p(h1)(n2))hihy = f(n1)[f o (k1) o f " o fl(na).hihe
= f(n)(f o) (h)(f(n2)).hihe = f(n1)hy f(n2)ha = B(n1h1)8(n2ha),

which shows that 6 is a homomorphism. But the homomorphism sending nh € N SV to
f~Yn)h € N:¥H is the inverse of 8, and therefore 8 is an isomorphism.

Theorem 6.3.7 Let p be an odd prime. Then there is ezactly one isomorphism class of

non-abelian groups of order p> having no elements of order p?.

Proof. Let G be a non-abelian group of order p* with no elements of order p? by Lemma
6.3.1, there exists N <@ such that |[N| = p%. Obviously N 2 Cp x Cp. Let z € G— N. Then
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we must have o(z) = p and H =< z > is a cyclic group of order p. It is easy to see that
NNH ={lg} and G = N:H. Thus G = (Cp x Cp):Cyp. Let 1 and ¢ be monomorphisms
from Cp to Aut(Cp x Cp) = GL(2,p). Then ¢(Cp) and 4(Cy) are subgroups of order p in
GL(2,p). Since |GL(2,p)| = p(p — 1)%(p + 1), ©(C,) and 9(C,) are Sylow p-subgroups of
Aut(Cp x Cp). Then p(Cyp) and (Cy) are conjugate in Aut(Cy x Cp) and hence there exists
f € Aut(C, x Cp) such that p(Cp) = fp(Cp) f~1.

Let f be the inner automorphism of Aut(Cp x Cp) induced by f. Then we have ¢(Cp) =
(f 04)(Cp) and hence (C, x Cp):¥Cp 2 (Cp x Cp):f¥C, 2 (C, x C,):*C, by Proposition
6.1.1 and Lemma 6.3.6. O

Remark 6.3.8 Let N =<z > (.. As we have seen in the proof of Theorem 6.2.3 (case

1)
Aut(Cp2) = {fi | fiz) =2", 1<i<p? (,p*) =1} Cpx Cpr.

Consider the non-abelian extension N:¥H where H =<y > C}, and ¢ : H — Aut(N)
is a homomorphism given by ¢, = f; with 1 <4 < p(p —1). Then p,F = fi? =1 Aut(C,2)
and hence we deduce that £ = z for all z € N. So that i? = 1(modp?). Now the group
N:¥H has the following presentation :

N:¥H =< z,y | 2P’ = Yy =1,yzy =2 1 <i<p? (5,p°) =1, i = 1(modp?®) > .

If p is odd, then the above extension is unique, up to isomorphism by Theorem 6.3.5.

If p = 2, then p? | P — 1 implies that 4 | 2 — 1. Since 1 <4 < 4 and (3,4) = 1, we have
i€{1,3}. If s = 1 then yzy~! =z, and N:¥H = Cp2 X Cp. If i = 3, then

N¥YH=<zy|z' =y =1Lysy ' =2° =27! >~ Ds.
Remark 6.3.9 Let N =< z1,29 > Cp % Cp. As we have seen in the proof of Theorem
6.2.3 (case 2)
Aut(Cp x Cp) = { f | flz) =225, flz2) =2%2¢ ad—bc#0, a,bc,de z, }

~ GL(2,p).

Consider the extension N:¥H where H =< y >~ C, and ¢ : H — Aut(N) is
a homomorphism given by ,(z1) = z{z§ and ¢,(z2) = z8z¢ with a,b,¢,d € Z, and
ad —bc #0, . Then

N:wH =< 11»'1,-'172,y I x{) — :L’g e yp = ]_, yz'ly_l = {L”f:ﬂg, yIL'Q’y_l = Ell)wg’ [3:1,2;2] = ]. >.
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By Theorem 6.3.7, the non-abelian group of the above type is unique up to isomorphism.

For example, if p = 2, and we let @y(z1) = 21, @y(z2) = 2122 we get the following

presentation

2 2_ .2 . -1 _ -1 __
<$11$2:y|$1:1’2_y =1,z129 = ToT1, YT1Y = T1, YTy = T1T2 >

which produces a group isomorphic to Dg.

Note 6.3.10 From the above results we can deduce that unlike all other groups of order

p3 the quaternion group @ cannot be writren non-trivially as a semidirect product.



Chapter 7

Frattini Extensions

7.1 Frattini Extensions

In this section we give an account of the study of the Frattini extensions. For the study
of Frattini extensions we have extensively used [[2],[3],[6],[17]]. In order to accomplish our

study we need the following definitions.

Definition 7.1.1 (G-Module) Given a ( multiplicativelly written) group G, a G-module
is an (additivelly written) abelian group A together with an action of G on A such that the
following azioms hold for all a,b € A, g,h € G.

(i) (a+ b)g = ag + bg
(it) a(gh) = (ag)h

(#i) alg = a.

Definition 7.1.2 (Submodule) A subset B of a G-module A is said to be a submodule
if B is a subgroup of A, and is closed under the action of G, that is, bg € B for allbe B
and g € G.

Remark 7.1.3 Abelian groups can be regarded as Z- modules. Elementary abelian p-
groups can be regarded as modules over Gi¥(p) = Z /pZ (the naturally induced action is
well defined as every element is annihilated by every multiple of p). Since Z, is a field,

elementary abelian groups are in fact vector spaces.

50
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Definition 7.1.4 Let G be a group. An extension (G,€) is called a Frattini extension
if the Kernel of € is contained in the Frattini subgroup ®(G) of G.

Here we use (G, ¢) as a shortened representation for {ly} = N— G 5 H— {1g}.

Theorem 7.1.5 gives a useful characterization of the Frattini extensions for finite groups.

Theorem 7.1.5 Let G be an extension of N by H and assume that G is finite. Then G
is a Frattini eztension of N by H if and only if G/®(G) = H/®(H).

Proof. Assume that G is a Frattini extension of N by H. Since N < ®(G)and G/N = H,
we have ®(G)/N = ®(G/N) = ®(H). Thus H/®(H) = (G/N)/®(G/N) = (G/N)/®(G)/N =
G/2(G).

Conversely assume that G/®(G) = H/®(H). Then G/®(G) = (G/N)/®(G/N), since
H 22 G/N. Since 3(G/N) D ®(G)N/N = &(G)/N N &(G), we have

G _ 16, 1 _IGl |NNe©)
(@] ~ Nl RGN <IN e
IN N &(G)|

< Sl |

Y

|N| < |NN®Q)]|

IN| = [N n&(G)|

N=Nn®G)

N < ®(Q).

1

R

O

The following Lemma [Lemma 7.1.6] is a stated problem by D.Holt and W.Plesken
in [17]. We give a detailed proof for this Lemma and derive some new properties of the
Frattini extensions.

Lemma 7.1.6 [17] Let (G,€) be an estension in which Ker(e) is a finite G-module. If
L 1s a mazimal subgroup of G which does not contain Ker(e), then (L,a) is an extension

with & = €|, and Ker(a) a mazimal G-submodule of Ker(e).

Proof. Let {1y} - N— G5 H— {1y} be the given extension where N = Ker(e). We
need to show that:

(i) (L, @) is an extension.

(ii) Ker(a) is a maximal G-submodule of Ker(e).
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(i) Since N £ L and L is a maximal subgroup of G, L < LN < G. But L is maximal
in G implies that LN = G. Now, since (G,¢) is an extension we have that G/N = H, so
LN/N = G/N = H. But LN/N = L/N N L = H implies that L is an extension of N N L
by H. Also note that

Ker(a) = {l|l€L, aly=1g}={l|l €L, €(l) = 16}
= {l|leL,l€Ker(e)} =LNKer(e) =LNN.

(ii) Suppose to the contrary, that is, Ker{(a) = N N L is not a maximal G-submodule
of Ker(e). Then there exists a G-submodule K of N such that NN L < K < N. Since
N £ L, we deduce that L < LK < G. This contradicts the maximality of L in G. Hence
N N L is a maximal G-submodule of Ker(<). 0

Now if Ker(e) is an irreducible G-module we use Lemma 7.1.6 to prove the following
result.

Theorem 7.1.7 Let Ker(e) be an irreducible G-module. Then (G, ¢) is a Frattini exten-

ston if and only if it is non-split.

Proof. Suppose that {Ix} - N — G5 H— {lg} (x) is a non-split extension. We
need to show that N = Ker(e) is a subgroup of ®(G). If N £ ®(G), then there exists L a
maximal subgroup of G such that N £ L and so by Lemma 7.1.6 we have that (L, c) is an
extension, with a = €|;,. Moreover, Ker(a) is a maximal G-submodule of Ker(e) and since
Ker(e) is irreducible as a G-module we hava that Ker(a) = NNL = {1} or Ker(a) = N.
If Ker(a) = N we have that N < L which is a contradiction. Hence Ker(e) = {lg} and
therefore « is a monomorphism. But « is an epimorphism, since (L, ) is an extension.
Hence « is an isomorphism, and so &™! : I — L is also an isomorphism. Since L < G,

we have that o~ ! : H — G is a monomorphism. Now for all h € H we have

(eaY)(h) = e(a”l(h)) = €(l) where a='(h) =1 for some [ € L
= ofl) =h.

Hence (ea™!) = Iy, and so (*) splits, which is a contradiction.

Conversely, suppose that (G,€) is a Frattini extension. We need to show that (x) is
non-split. Suppose that () splits. Then there exists a homomorphism say ¢ from H into
G such that ep = Iy, and so ¢ is a monomorphism and therefore H = I'm(¢). Hence
¢ : H — Im(¢) is an isomorphism. Also, we have that Im(¢) < G and Ker(e) < G. It is
easy to show that G = Ker(e).Im(a) and Ker(e)NIm(a) = {lg}. Thus G = Ker(e):Im(®)
is a split extension. Since I'm(¢) 2 Ker(e), Im(¢) is not a maximal subgroup of G. Thus
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there exists L a maximal subgroup of G such that Im(¢) < L < G. But maximality
of L implies that L D ®(G) D Ker(e). Now, Ker(e) < L and Im{¢) < L implies that
L D Ker(e)Im(¢) = G, which is contradiction. O

Remark 7.1.8 A simplest example of a Frattini extension is a non-split extension with

Ker(e) an irreducible G-module.
Corollary 7.1.9 If (G,¢) is a Frattini eziension, then (G,¢€) is non-split.

Proof. The proof follows from the argument used in the second part of the proof of

Theorem 7.1.7 or alternatively we can use Lemma 2.4.16. O

Theorem 7.1.10 If (G,€) is a Frattini exztension, then (®(G),¢€) is also a Frattini exten-

sion.

Proof. Since (G, ¢€) is an extension, we have G/Ker(e) = H, and so ®(G/Ker(¢)) = ®(H).
By Lemma 2.4.14 (ii), we have that ®(G/Ker(e)) = ®(G)/Ker(e) and hence ®(G) =
Ker(e)®(H). O

Theorem 7.1.11 [17] Let G be a finite group and let (G,€) be a Frattini extension of N
by H with H a perfect group. Then G 1is perfect.

Proof. Suppose that G is not perfect. Since H is perfect we have that H = H' and
since G is an extension we have that G/Ker(e) = H. Set N = Ker(e). Thus we have that
G/N = H. Now (G/N) = H' = H imply that (G/N)' 2 G/N. (x) Since G'N < G and
G'N D N, we have (G/N) = G'N/N < G/N. So by (*) we have that G'N/N = G/N. Since
G is finite and G'N < G, we have that |G'N| = |G|. Hence G'N = G. Since N < ®(G),
then by Lemma 2.4.16 we get a contradiction. Hence G is perfect. O

In [6] J.Cossey, O. Kégel and L. Kovécs stated the following results ( Theorem 7.1.12,
Proposition 7.1.13 and Theorem 7.1.14) abcut Frattini extensions to which we give detailed
proofs.

Theorem 7.1.12 [6] If ¢ : L — M is an epimorphism of finite groups and G is minimal
among the subgroups of L, with (G) = M, then (G,€|g) is a Frattini extension.

Proof. Let K be a maximal subgroup of G such that Ker(e|g) € K then we have
K < K.Ker(elg) < G. Now maximality of K implies that K.Ker(e|c) = G. Also we
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have that Ker(e) < L, Ker(e) 2 Ker(e|¢) and K < L. Thus K < G = K.Ker(elg) <
K.Ker(e) < L. (1) Let W = K.Ker(¢), then

e(W) = {elkz) |k€ K and z € Ker(e)}
= {e(k)e(z) | k€ K and z € Ker(e)} = {e(k) | k € K} = e(K).

Now by (1) we have that €(G) < ¢(W) < ¢(L), thatis M < (W) < M. Thus (W) = M and
hence ¢(K) = M. Since K < G and €(K) == M, minimality of G produces a contradiction.
It follows that Ker(e|g) is contained in every maximal subgroup of G and hence in the

Frattini subgroup of G. Therefore (G, ¢|g) is a Frattini extension. O

Proposition 7.1.13 [6] If (G, @) is a Frattini extension and B : F — G 1is a homomor-

phism, such that aff is surjective, then B is surjective.

Proof. Let K = Im(B) = B(F). Since ¢f is surjective, we have that G = (af)(F) =
a(B(F)) = a(K). So for any g € G, there exists k € K such that a(g) = a(k). We have

alg) =alk) = algh™)=1¢
= gk™! € Ker(a)
= g€ Ker(a)K,Yge G
= G CKer(o)K. (1)
Now K < G and Ker(a) < G implies that Ker(a)K < G. Hence by (1) we have that

G = Ker(a)K. Since Ker(a) < ®(G), by Lemma 2.4.16 we deduce that K = G and hence
B is surjective. O

Theorem 7.1.14 [6] Composites of Frattini extensions are Frattini eztensions.

Proof. Consider {1} - Ker(a) - G > F— {1} with & an epimorphism and Ker(a) <
®(G) and let {1} — Ker(8)— H M— {1} with 8 an epimorphism and Ker(8) < ®(H).
We need to show that So is an epimorphism and that Ker(fa) < ®(G).

(i) Ba is an epimorphism: Since h € H, then there exists g € G such that a(g) =h. If
m € M, then there exists A € H such that f(h) = m. Hence (Ba)(g) = B(a(g)) = B(h) =
m.

(ii) Ker(Ba) < @(G) : Since a(G) = H by Remark 2.4.5 we have that o(®(G)) =
®(a(G)) = ®(H). Thus ®(G) = a~'(®(H)), the inverse image of ®(H). But,

Ker(Ba) = {g|(Be)(g) =1m, g€ G}
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= {g|B(alg) =1m, g€ G}
= {g|alg) € Ker(B), g € G}
= {glgea(Ker(B))}.

Since Ker(8) < ®(H), we have that o' (Ker(8)) < o }(®(H)) = ®(G). Hence Ker(fa) <
o(G). O

The following theorem is a straightforward consequence of Theorem 2.4.27.

Theorem 7.1.15 Let N be a finite abelian group. Then there exists a Frattini extension
(G, €) with Ker(e) = N.

Proof. Since N is abelian, Inn(N) = {15} and hence Inn(N) < ®(Aut(N)). Now by
Theorem 2.4.27 we deduce that there exists a finite group G with N <G and N < ®(QG).
If € is the natural homomorphism from G into G/N, then Ker(e¢) = N. Hence (G,¢) is a
Frattini extension with Ker(e) = N. O

Now if G is a p-group we will show that ®(G) is an extension of G' by ®(G/G").
Theorem 7.1.16 If G is a p-group, then ®(G) is an extension of G' by ®(G/G").

Proof. Since G is a p-group, G is nilpotent and hence G' < ®(G). Also G’ < G therefore
G' 4 ®(G). Since ®(G/G") = ®(G)/G' by Lemma 2.4.14, we deduce that ®(G) is an
extension of G’ by ®(G/G"). 0

Remark 7.1.17 The extension given in Theorem 7.1.16 is not a Frattini extension in
general. For example take G = @, the group of quaternions or G = Dg. It can be easily
checked that G' = ®(G) = C, and ®(®(G)) = {lg}. Thus G’ £ ®(®(G)) and hence the
extension ®(G) of G' by ®(G/G') is not a Frattini extension.
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In the following we determine all the non-abelian groups of order 16 and 32 for which
G' < ®(®(G)), respectively.

Example 7.1.18 From the library of small groups of GAP4 [33] we found that there are
14 non-isomorphic groups of order 16. Only 9 of these groups are non-abelian. We consider
these non-abelian groups and label them as G; with 1 < ¢ <9 as listed in the first column
of Table 1. The remaining columns of Table 1 have been computed by using GAP. It can
be observed from Table 1 that the group G3 is the only non-abelian group of order 16 for
which ®(G) is a Frattini extension of G’ by ®(G/G').

Table 1 : Non-abelian groups of order 16

¢ le@) | ¢ | a@q)
Gi| Va |G| {lg}
Go| Vo |Gy {1¢}
Gs | Cy | Cy Co
Gy | Cy | Cy Co
Gs | Cy | Cy Co
Gg| Cy Cy Co
G| G G| {lg)
Gs| G2 G| {lg}
G| G G| {1}

Similarly there are 51 non-isomorphic groups of order 32. Only 44 of these are non-
abelian and are labeled as G; with 1 < i < 44. These groups are listed in the first column of
Table 2. As in Table 1, we completed the remaining columns of Table 2. We observe that
there are 6 possible candidates among G, 1 < 4 < 44 for which we may have G/ < ®(®(G)),
namely Ga, G'3, G190, G14, G32 and Gss. It is clear that G4, G3p and G33 satisfy the condition
G' < ®(®(G)). Further investigation eliminates G3 and G1o. Hence Go, G14, G32 and Gas
are the only non-abelian groups of order 32 for which ®(G) is a Frattini extension of G’ by
(G/Gq").
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Table 2 : Non-abelian groups of order 32

¢ | oG | ¢ e@0)
G| Cp |G| {lc}
Gy | Cy x Cy | Oy Co
G |laix || O
G4 Cys Va {1g}
Gy |CyxCy | Vg Cy
Gg |CyxCy | Vg Co
Gy | CyxCy | Cy Cy
Gg | CyxCy | Cy Co
Gy | Cyx (Cy | Cy Cs
G | Cy x Cy | Cy Cy
Gi11 | Cyx Gy | Cy Cy
Glz 04 X 02 04 02
Gz | Cyx Cy | Cy Cy
G4 Cs Cs Cy
Gis Cs Cs Cy
Gis Cs Cs o
Gi7 Cs Cs Cy
G Vi Cy | {lg}
Gig Vi Cy | {lg}
Gao Vs Cy | {le}
Go Vi Co | {lg}
Gao |Z Vi | {le}
Gas Vi Vi | {le}
Gas Vi Vi | {lg}
Gas Vi Vi | {lg}
Gas Vi Vi | {lg}
Gar |Z Vi | {le}
Gas Vs Vi | {lg}
Gag Vi Vi | {ilg}
G3o Vi Vi | {lg}
G Vi Vi | {lg}
G32 Cy Co Cs
Gs3 Cy Cy Co
Gy Cy Cy Cs

o7
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Table 2 : Non-abelian groups of order 32( continued)

G | 9(G) | G' | 2(2(G))
Gss | Cy | Cy Co
Gz | Cs | Cy Co
Gar | Cs | Chy Co
Gz | Ci | Cy Co
Gz | Cy | Cy Ca
Gy | Co |G| {lg}
Gu | C2 |Co| {lg}
G| C |G| {le}
G| Co |G| {lg}
Gu | Co |Gy {lg}

Definition 7.1.19 A group G is called a minimal Frattini extension of N by H, if it

is a Frattini extension of N by H and N is a minimal normal subgroup of G.

Lemma 7.1.20 Let N be a minimal normal subgroup of G. If N has a complement in G,
then NN ®(G) = {1g}.

Proof. If N is complemented in G then G = NH and N N H = {lg} for some proper
subgroup H of G. Since N <G and ®(G) <G, we have NN®(G)JG. Now NN®(G) < N
and minimality of N implies that NN®(¢) = {lg} or NN®(G) =N.IfNN®(G) =N
then N C ®(G) and hence NH C ®(G)H, so that G = ®(G)H and therefore H = G by
Corollary 2.4.9 which is not possible. Thus N N ®(G) = {1} as required. O

We use Lemma 7.1.20 to give a full proof for the following theorem which was stated
as Lemma 4.6 by Eick in [3].

Theorem 7.1.21 [3] Let G be an extension of N by H. Then G is a minimal Frattini

extension of N, if and only if N is a minimal non-complemented normal subgroup of G.

Proof. Let N be a minimal normal subgroup of G. Suppose that N does not have a
complement in G. Then N < ®(G) by Lemma 2.4.16 and therefore G is a minimal Frattini
extension. Conversely, if N is a complemented minimal normal subgroup of G, then by

Lemma 7.1.20 we have that N N &(G) = {1} and hence N is not a subgroup of ®(G).
Hence G is not a Frattini extension. O
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Remark 7.1.22 The minimal Frattini extensions of H are exactly the non-split extensions
of H by an irreducible H-module M. See |3].

To construct the minimal Frattini extensions of H we have to consider all suitable
irreducible H-modules M. Based on the theory of Frattini extensions, in [3] Bettina Eick
and Hans Besche described a method to compute the minimal Frattini extensions. This
method together with other related methods has been implemented in GAP4 [33] in order
to classify the groups of order at most 1000, except the groups of order 512 and 768.



Chapter 8

Commutator extensions

8.1 Commutator extensions

In this chapter we intend to give an account on the study of the commutator extensions.
By first reducing the study to the case in which N is an elementary abelian p-group we then
build up to the necessary and sufficient conditions for the existence of a split commutator

extension.

Definition 8.1.1 Let N and H be groups. An extension G of N by H is said to be a

commutator extension if N is the commutator subgroup G' of G.

Remark 8.1.2 (i) Since G is an extension we have G/N = H. But G/N = G /G’ is abelian,
so in order that there exists a commutator extension of N by H, H must be abelian. On
the other hand, if N’ is the commutator subgroup of N then N/N' is abelian. We may

assume that N/N' is also finite. Henceforth, we may assume that H is abelian and finite.

(ii) The commutator subgroup N’ of N is normal not only in N, but also in every
extension of N. Since N’ is a characteristic subgroup of N and N < G, we have that
N'<G.

Theorem 8.1.3 [28] G is a commutator extension of N by H if and only if G/N' is a
commutator extension of N/N' by H.

Proof. From the isomorphism G/N 22 (G/N')/(N/N'), it follows that G is an extension
of N by H if and only if G/N’ is an extension of N/N' by H. Now if N = G’, we have

60
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(G/N'Y = G'N'/N' = NN'/N' = N/N'. Thus G/N' is a commutator extension of N/N'
by H.

Conversely if G/N' is a commutator extension of N/N' by H, then N/N' = (G/N').
Now N/N' = G'N'/N’ and since N’ < G', we have that N/N' = G'/N’. Therefore N = G'.

Hence G is a commutator extension of N by H. O

Remark 8.1.4 Theorem 8.1.3 reduces the discussion to the case in which N is finite
abelian. If V is trivial, then every extension of N by H is a commutator extension. For
if N={lg} then N = G' = {1¢}. So G/{1g} = G = H is abelian. We may assume that
N is a non-trivial finite abelian group. This lead us to the study of extensions of N by H
where N and H are both finite abelian groups.

In order for us to elaborate in the study of other properties of the commutator extensions
we need some concepts from the theory of extensions of N by H where N and H are both

finite abelian groups .

Definition 8.1.5 Let G be an extension of N by H, so that G/N ~ H. Let ¢ : G — H
be the epimorphism whose kernel is N. An element uw € G is called a representative of
u € H if p(u) = u.

Definition 8.1.6 Let (21, 22, -+, z;) be a basis of H, and let n; be the order of z;. An
s-tuple S = (21 ,22, -+, Z;) is called a set representative of the basis if each 7z is a

representative of z;.

Definition 8.1.7 Given a pair (G, S) we define a triple (X, B, M) where X = (z1, o, - -

B = (b1, ba, -+, by), M = (b;;) (1<i<s1<j<s) by the conditions

(1) a® = Zaz; ™!, for all a € N,

(2) 2™ =b; € N,

(3) Zizz 'z~ =bij €N,

the mappings a — a™ of N onto itself are automorphisms of N. Since N 4G, we have
that a® = Zaz;~' € N.

Lemma 8.1.8 Let G be a commutator estension of N by H. A subgroup K of N is normal
in G if and only if K is invariant under X.

Proof. Assume that K I4G. Then gkg™' € K for all g € G and k € K. Now let z; € X
and k € K. Then k% = zkz;~! € K, for all 1, since 2; € G. Hence K is invariant under X.

1 ‘(L.S)f
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Conversely if k% € K for all z; € X we have that zjkz;~' € K for all i. We show
that gkg~' € K for all g € G and k € K. Since G is a commutator extension we have
that G/N = G/G' = H is a finite abelian group. So gn € H =< z1, 22, *-+, 25 > and

gn = 21" .22 - - - 2,%. On the other hand

(ZD).(72)* - (Z)“N = ()" n 0 (@)*n 0 - 0 (Z)*n = 21" .20 - - 2% = gn.

Hence g = (z1)*' (z2)** - - - (Z5)*n. Now
gkg™t = (@)% () - (@) e nk[E) ™ (2)° - - ()]
= (@)™ (@) ()% nkn H(z5) % - (72) "% (m) ™

= @)™ (Z@)* - (Z5) %K (z5) "% -+ (z2) %% (z1) ™', since K I N.

&

Since K is invariant under X we have that gkg~! € K for all 2; € G so that K IG. O

Lemma 8.1.9 If G is a commutator extension of N by H, then for each subgroup K of
N invariant under X, G/K is a commutator extension of N/K by H.

Proof. Assume that G is a commutator extension of N by H. Then N = G'. Also, let K
be an X-invariant subgroup of N. Then by the Lemma 8.1.8 we have that K IG. We need
to show that (G/K)' = N/K. But

(G/K)Y =G'K/K = NK/K, since G is a commutator extension
= N/K, since K < N.

Hence G/K is a commutator extension of N/K by H. O

Lemma 8.1.10 Suppose that N = Ny X Ny and that ged(ny,ng) = 1, where ny and ny are
the orders of N1 and Ny respectively. If there exists commutator extensions of N1 and No

by H, then there exists a commutator extension of N by H.

Proof. See Lemma 2 of [28]. )

Lemma 8.1.11 Let N and H be finite abelian groups. There exists a commutator exten-
sion of N by H if and only if for each Sylow subgroup Ny of N, there exists a commutator
extension of N, by H.

Proof. Since N is a finite abelian group, we have that N is the direct product of its Sylow
subgroups. Let N = N; X Ny X --- X N, where the N; are Sylow p-subgroups of N. If
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nyi,ng,---,n, are respectively the orders of the N|s, then ged(ni,n;) = 1, for all 1 # j.
Now if for each Sylow p-subgroup N; of N there exists a commutator extension of N; by

H, then by Lemma 8.1.10 we have that there exists a commutator extension of N by H.

Conversely assume that G is a commuator extension of N by H. Since N is a finite
abelian group we have N = Nj X Ny X - - - X N, with each N; a Sylow p-subgroup of N. Thus
use of Lemma 8.1.9 yields that for each such a Sylow p-subgroup N;, G/N; is a commutator
extension of N/N; by H and the proof follows by the Theorem 8.1.3. O

Theorem 8.1.12 Let N be a finite abelian p-group, and let H be a finite abelian group.
G is a commutator extension of N by H if and only if G/NP is a commutator eztension
of N/NP by H.

Proof. Since NP = {aP | z € N}, it can be easily checked that NP is a characteristic
subgroup of N. Hence N? is a normal subgroup of G. So G/N? is a group. Now, since G
is a commutator extension of N by H and NP <@, by the Lemma 8.1.9 we obtain that
G/N? is a commutator extension of N/N¥ by H.

Conversely assume that G/N? is a commutator extension of N/N? by H. Since G/N?
a commutator extension of N/NP by H, we have that N/N? = (G/NP)'. So N/NP =
G'NP/N? and hence we have N = G'NP. Since N is a finite p-group we have that ®(N) =
N'NP. But N abelian implies that N’ = {1g} so ®(N) = NP. Now ®(N) = NP and
N = G'NP? imply that N = G'. Thus G is a commutator extension of N by H. O

Remark 8.1.13 (i) If N is a finite abelian p-group, then N/NP? is an elementary abelian
p-group. For if £ € N/NP we have z = nN? for some n € N, and

zP = (nNP)P

nP NP

= NP, since n? € NP

1N/NP .

(ii) N/N? is an elementary abelian p group of the same rank as N.

Note 8.1.14 Theorem 8.1.12 and Remark 8.1.13 reduce the study to the case in which N
is an elementary abelian p-group.

Theorem 8.1.15 establishes the conditions under which a commutator extension splits.
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Theorem 8.1.15 [28] Let N be an elementary abelian p-group of order p", and let H
be a finite abelian group of order m. Let q1,qq,---,qp be the distinct prime divisor of m
different from p, and let y1,7y2,- - -,y be the orders of p mod qi, -- -, gy, respectively. Then

an extension of N by H is a split commutator extension if and only if
n =711y +roye + - - + rayn (1; nonnegative integers)

is solvable for r;. In particular, h > 1.

Proof.

See Theorem 4 of [28]. O

Remark 8.1.16 If ged(m,p) = 1, then by Theorem 4.1.15 every extension of N by H
splits over N and so the solvability of the equation given in the Theorem 8.1.15 is a
necessary and sufficient condition for the existence of a commutator extension of N by
H. Furthermore, Theorem 8.1.15 asserts that if H is also a p-group then there is no split

commutator extension of N by H.



Chapter 9

Extensions of non-abelian groups

In the Theorem 9.1.1 we prove that a finite group G splits over an abelian normal subgroup
N if its Frattini subgroup ®(G) intersects N trivially. However when N is a non-abelian
nilpotent normal subgroup of G the condition ®(G) N N = {1g} cannot be satisfied and
hence it has to be modified. We study some similar type of conditions for G to split over
N when the restriction of N being an abelian normal subgroup is removed. Also, we
study a characterization of the split extensions of N in which every subgroup splits over

its intersection with V.

9.1 Extensions of non-abelian groups

Although our aim is the study of extensions of non-abelian groups, the following result
which is related to abelian groups is the key point for our discussion.

Theorem 9.1.1 (Gaschutz) [30] Let G be a finite group and N be an abelian normal
subgroup of G. Then G splits over N if ®(G)N N = {1g}.

Proof. Let H < G be minimal subject to G = HN. Since N <G, we have that HNN < H.
Also, since N is abelian we have that H N N < N. Therefore HN N < HN = G. If
HNN < ®(H), then by part (i) of Lemma 2.4.19 we have that HNN < ®(G)NN = {1g}.
Thus, we may assume that H NN £ ®(H). So there is a maximal subgroup M of H such
that HNN £ M. Now since M < M(HNN) < H,weget M(HNN)=H.But G=HN
implies G = M(H N N)N = M N. Hence we obtain a contradiction, since H is minimal by
the assumption. O

65
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Lemma 9.1.2 If N is an abelian minimal normal subgroup of a finite group G, then either
N < ®(G) or G splits over N.

Proof. Suppose that N £ ®(G). Then there exists a maximal subgroup say M of G such
that N € M. Now N 4G and M < G, implies that NM < G. Since M < NM < G and
M is maximal in G, we have NM = G. Now M N N = {1lg} follows immediately from
the fact that N £ M with M maximal in G and the minimality of N in G. Thus M is a
complement of N in G. Hence G splits over N. O

In the Theorem 9.1.1 we have that a finite group G splits over an abelian normal
subgroup N if its Frattini subgroup ®(G) intersects N trivially. In the following we study
the cases when N is either a non-abelian normal nilpotent subgroup or a non-abelian

normal solvable subgroup of G.

Remark 9.1.3 If N is a non-abelian nilpotent subgroup of G, we have that ®(G) N N #

{lg}.

Proof. Since N is non-abelian, we have that N' # {1g}. Since N is nilpotent, we have
N’ < ®(G). Therefore {15} # N' < ®(G). Now since N’ < N and N’ < ®(G), we have
that {1¢} # N' < ®(G) N N. Hence ®(G) N N # {1g}. O

Lemma 9.1.4 Let N be a nilpotent normal subgroup of G and L be any subgroup of G. If
®(L)NN = {1g}, then LN N is abelian.

Proof. Assume that ®(L) N N = {lg}. Let¢ M = L N N. Since N is nilpotent and
M < N, then M is nilpotent. Hence M is a nilpotent subgroup of L. Now L) NM =
®(L)N(LNN)=®(L)NN = {1g}. Thus M is abelian by the Remark 9.1.3. O

Theorem 9.1.5 [36] Let N be a nilpotent normal subgroup of G. Then G splits over N if
and only if G contains a subgroup L such that G = LN and ®(L) N N = {15}.

Proof. Assume that G splits over N. Then we need to show that there exists a subgroup L
of G such that G = LN and ®(L)NN = {1¢}. Since G splits over N, N has a complement
in G. Let L be such a complement. Then G = LN and LN N = {15}. Now (L) < L
implies that (L) NN < LN N = {1g}. Thus ®(L) N N = {15}.

Conversely if G = LN and ®(L) N N = {15}, we need to show that G splits over N.
Since ®(L) NN = {1g} by Lemma 9.1.4 we have that L N N is abelian. So by Theorem
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9.1.1 we deduce that G splits over L N N. Now if M is a complement of LA N in L, we
will show that M is also a complement of N in G. That is M NN = {1g} and MN =G.
Since M N (LN N) = {lg} and M(LNN) = L, we have G = LN = M(LNN)N = MN
and {lg} =M N(LNN)=(MNL)NN =MnNN,since M < L. So M is a complement
of N in G and hence G splits over N. O

Lemma 9.1.6 [35] If a non-trivial group G is solvable, then G contains a characteristic

subgroup which is abelian and different from {1g}.

Proof. We may take the last term of the derived series which is different from {1g}. O

Theorem 9.1.7 Let N be a solvable normal subgroup of G. Then G splits over N if and
only if G contains a subgroup L, minimal with respect to G = LN such that ®(L)N N =

{le}-

Proof. Assume that G splits over N. Then N has a complement L in G. Then we have
that G = LN and LN N = {lg}. We need to show that L is minimal with respect to
G = LN and that ®(L) N N = {1g}. But L is a complement of N in G implies that L is
minimal with respect to G = LN. Now since ®(L) < L, we have ®(L)NN <LNN = {1g}.
So that ®(L) N N = {15}

Conversely let M = LNN. Since N JG. we have that M L. Also since N is solvable, M
is a solvable subgroup of L. Therefore M is a normal solvable subgroup of L. Assume that M
is a solvable group of length > 1. Then by Lemma 9.1.6 we have that the (r —1)th derived

(r-1) is abelian and non-trivial. Also M("~1) is a characteristic subgroup of

subgroup M
M, hence normal in M. So we have that M1 is an abelian normal subgroup of M.
Since M"Y ig abelian, by the Remark 9.1.3 we have that ®(L) N M1 = {15}. Now
by the Theorem 9.1.1 we have that L splits over M("=1). Hence there exists H < L with
L=HMY and HNM-Y = {15}. Since G = LN = HM("~UN = HN and since L is
minimal with respect to G = LN, we mus: have that {1g} = HNnMT~1) = Ln M- =
M(=1 which is a contradiction. Thus r == 0 so that M = LN N = {1g}. Hence G splits
over N. O

Using a similar argument to that in the proof of Theorem 9.1.7, with convenient changes,
the following result can be proved.

Theorem 9.1.8 [36] If N is a normal subgroup of G such that there exists a solvable
subgroup L of G minimal with respect to G = LN, and ®(L) NN = {1g}, then G splits
over N.
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Theorem 9.1.9 [16] A subgroup H of a finite group G is a complement for the extension
G over N if and only if H is minimal with respect to the property G = NH and there
ezists for each prime p a p-Sylow subgroup S of G, and a complement of NN S in S which
is part of H.

Proof. See Theorem 1 of [16]. a

Theorem 9.1.10 G splits over a normal subgroup N if and only if G contains a subgroup
L, minimal with respect to G = LN such that for each prime p there ezists a Sylow p-
subgroup P of L such that ®(P)NN = {1g}.

Proof. Assume that G splits over N. Since G splits over N, N has a complement in G. Let
L be such a complement of N. Then LN = G, and LN N = {1g}. Since L is a complement
of N, L is minimal with respect to G = LN. Now let P € Syl,(L). Then we have that
®(P) < L and that ®(P)NN < LN N = {1g}. Hence ®(P)N N = {1g}.

Conversely let L be minimal with respect to G = LN and let M = LN N. Let P €
Syl,(M) and Q € Syl,(L) such that P C Q. Since for each p there exists a Sylow p-
subgroup S of L such that ®(S)NN = {l¢} and since Sylow p-subgroups of L are conjugate,
it follows that ®(Q)NN = {1g}. Since QNN is a p-subgroup of M and QNN O P, we have
QNN = P. Thus P is a nilpotent normal subgroup of Q. Now ®(Q)NP < ®(Q)NN = {1s}
implies that ®(Q) N P = {l¢}. Hence by the Theorem 9.1.5 we have that @ splits over P,
that is @ = TP for some T complement of P in Q. Now let R € Syl,(N) containing P.
It can be seen that @) and R generate a Sylow p-subgroup V of G and that VNN = R.
Moreover V. = TR and TN R = {lg}. Thus T is a complement of V N N in V. Now
T C @ C L and L is minimal with respect to G = LN. By the Theorem 9.1.9 we have that
G splits over N. Therefore L is a complement of N in G. O

Remark 9.1.11 In general the minimality of L with respect to G = LN, does not neces-
sarily mean that L is a complement of N, even in the case when N is abelian. In Theorem
9.1.12 we will see that if NV is a nilpotent riormal subgroup of G, then the minimality of L
with respect to G = LN is characterized by LN N C ®(L).

Theorem 9.1.12 [36] Let N be a nilpotent normal subgroup of G. L is minimal with
respect to G = LN if and only if LN N C ®(L).

Proof. Let L be a minimal with respect to G = LN. Let LN N = M and K = ®(L) N M,
then K = ®(L)NLNN = (®(L)NL)NN == ®(L)NN. Now &(L) <L and M = LAN <L,
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so ®(L) N M < L. Hence K < L. Also since K = ®(L)N M, with ®(L) I L and M < L, we
have that ®(L) N M < M. Thus K <M. Let L = L/K and M = M/K. Since K < ®(L)
we have that ®(L) = ®(L/K) = ®(L)/K. Therefore (L) N M = (®(L)/K) N (M/K) =
(®(L)N M)/K = K/K = {1g}. However M is a nilpotent normal subgroup of L, ( since
N is a nilpotent normal subgroup of G) and we have that M’ < ®(M) < ®(L). Therefore
M' < ®(L)NN = K. Since M' < K and K I M, we get M = M/K is abelian. Application
of the Theorem 9.1.1 yields that I splits over M. Let A be a complement of M in L. Then
ANM = {1} and L = A M. Let A be the set of all preimages of Ain L. If M # {1},
then A is a proper subgroup of L and G = AN contradicting the minimality of L with
respect to G = LN. Thus M = {1} and hence M = N. Thus LN N = &(L) N M so that
M =LnN C &().

Conversely if L N N C ®(L) we will show that L is minimal with respect to G =
LN. Suppose that H is any subgroup of L such that G = HN. Let K = ®(L)N N
we have that K < G. Let G = G/K, L = L/K and N = N/K. Then G = G/N =
LN/K = (L/K)(N/K) = L.N with LN N = {1}. Since G = HN, we have G = HN/K =
(HK/K).(N/K). Let H = HK/K. Then G = H. N = HN. But H C L implies that
HNN = {1}. Hence H = L. Since HK/K = H/H N K, we deduce that L = HK. Now
K C ®(L) implies that L = H. This completes the proof. 0

9.2 Hereditarily non-Frattini subgroups

Remark 9.2.1 In general if a group G splits over a normal subgroup N the subgroups of G
may not necessarily split over their intersections with N. We will see next a characterization

of normal subgroups of G with the property that every subgroup H of G splits over HNN.

Definition 9.2.2 A subgroup N of G is said to be hereditarily non-Frattini in G if,
for every non-trivial subgroups H of G, NNH ¢ ®(H) unless NN H = {1g}.

Lemma 9.2.3 Let G be a finitely generated group and N be a normal subgroup of G such
that N & ®(G). Then G splits over N if every mazimal subgroup M of G splits over MNN.

Proof. See Lemma 2.2 of [36].

Theorem 9.2.4 Let G be a finite group ond N be a normal subgroup of G. Then every
subgroup H of G splits over H N N if and only if N s hereditarily non-Frattini in G.
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Proof. Suppose that every subgroup H of G splits over N N H. Then N N H £ ®(H)
unless N N H = {1g} ( since otherwise, because NN H < H and NN H < ®(H) imply
that there exists no L a subgroup of H such that (N N H)L = H, which is a contradiction
with the fact that H splits over N N H). Hence N is hereditarily non-Frattini in G.

Conversely if N is hereditarily non-Frattini in G, then we show that G splits over N. We
apply induction on the order of G. Let H be any proper subgroup of G and let NNH = M.
Moreover since N is hereditarily non-Frattini in G, it follows that M is hereditarily non-
Frattini in H. Since H is a proper subgroup of G, by induction every subgroup K of H
splits over K N M. In particular H splits over M. Thus every maximal subgroup of G splits
over its intersection with N. Since N £ ®(G), by the Lemma 9.2.3 we get that G splits
over K. O



Chapter 10

Affine Subgroups

In this chapter we will discuss the general linear group GL(n, F) and the symplectic
group SP(2n, ') as well as their correspcnding affine subgroups. We construct the affine
subgroups and prove that they are split extensions. Further properties of these subgroups
will also be investigated. For further reading and information on the general linear and
symplectic groups, readers are encouraged to consult [9], [13], [14],[18],[19],[24],[26], [27]and
[31].

10.1 The General Linear Group

Definition 10.1.1 Let F be a filed. For any positive integer n, the general linear
group, denoted by GL(n, F) is the set of all invertible n x n matrices over F, under the
matriz multiplication. If F = GF(q), the finite field of order ¢, then we denote GL(n, F)
by GL(n,q).

Proposition 10.1.2 The order of the general linear group GL(n,q) is
(@ =" —a)(g" —¢*) - (" —¢" 7).

Proof. See Proposition 23.3 of [18]. O

Definition 10.1.3 The special linear group, denoted by SL(n, F) is the subgroup of

the group GL(n, F) consisting of those matrices whose determinant is 1.

Proposition 10.1.4 Let n be a positive integer and F a field. Then GL(n, F) splits
over SL(n, F).

71
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Proof. We will show that GL(n, F) = SL(n, F): F*. Let ¢ : GL(n, F) — F~*
given by @(A) = det(A) for all A € GL(n, F). Then since det(AB) = det(A).det(B) for
all Aand B € GL(n, F), we have that p(AB) = ¢(A)p(B). Hence p is a homomor-

0 . x
phism. If a € F¥, then ¢ ¢ I = q. Hence ¢ is onto. Thus Im(p) = F*. So
n—1

GL(n, F)/Ker(y) = Im(p) = F*. But
Ker(p) = {A| A€ GL(n, F),det(A) =1 p} = SL(n, F),

implies that GL(n, F)/SL(n, F)= F*. Now let

- {l) e

Then H < GL(n, F). Now

HNSL(n, F) = {(g 10_1> |a:1F}
10
)

Since SL(n, F)< GL(n, F), SL(n, F).H < GL(n, F). Let A € GL(n, F).
det(A) 0O
In-—l

Then det(A) # 0 p and hence is an element of H. If we let B =

det(A)

N ( 1/det(4) 0
0 In—l

) , then B € GL(n, F) with det(B) = det(A) 4 = 1.
det(A) 0
0 In—l
SL(n, F).H. Thus GL(n, F) is a semidirect product of SL(n, F) and H. 0

So B € SL(n, F). Now since A = B. we deduce that GL(n, F) =

Proposition 10.1.5 [SL(n,q)| = (¢" - 1)(¢" — ¢)(¢" —¢)(¢" — ¢°) --- (" —¢" ") /(g — 1).

Proof. By Proposition 10.1.4 we have |GL(n, F)| = |SL(n, F)| x | F*| where F =
GF(q). Hence |GL(n,q)| = |SL(n,q)| x (¢ — 1). Now the proof follows from Proposition
10.1.2. O

We shall see next in the Proposition 10.1.6 and its subsequent Corollary a characteri-
zation of the group GL(n, F) as the direct product of SL(n, F) and F*

Proposition 10.1.6 Let F be a field and n be a positive integer. Suppose that for each
a € F, there is a unique b€ F, such that b® = a. Then GL(n, F) = SL(n, F) x F*.
( In particular this is true when F = R and n is odd).
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Proof. Let K = {al, | a € F*}. Then K = Z(GL(n, F)) and hence K I GL(n, F).
Obviously K.SL(n, F) < GL(n, F). Now let A € GL(n, F). If det(A) = a, then a €

F* and a='A € SL(n, F). Now since A = (al,)(a™*A), we deduce that GL(n, F) =
K.SL(n, F). Now for A =al, € K we have

A€ KNSL(n, F) ¢ det(A)=1a" =1 p.

Since for 1 p € [, by the assumption there is only one element @ € F such that
a® =1 p. Since (1 p)" =1 p, we must have a = 1 p. Thus K N SL(n, F) = {I,,}.
Hence GL(n, F) must be a direct product of K and SL(n, F). Since K 2 [F*, the proof
follows. 0

Lemma 10.1.7 Ifn =2 and ¢ = 2™, with m > 1 then K N SL(2,2™) = I,. In general we
have that GL(2,2™) = SL(2,2™) x K where K = Com_.

Proof. In this case it is easy to see that K = (alp) where F* = (o) witho?™ ' =1 p.
Now let A € K. Then A = o*I, where 0 < k < g — 1.

det(A) = o¥* =1
< (g—1)|2
< (g—1) | k, because g — 1 is odd

3

k=0, because 0 < k<g-—1
A=1.

¢

Hence K N SL(2,2™) = {I} and the proof follows.

O

Example 10.1.8 Using Lemma 10.1.7 we have GL(2,2%) = SL(2,2%) x C;. Also we know
by Proposition 10.1.4 that GL(2,23) = SI1(2,2%):H, where H = C,.

Let
a O
H = | a€ F* 3,
01

where F* = {1,a,0%---,0%} and o = 1. Then if y = ( g (1) ) we have H =< y >
C.
) a b
Now, if ( J ) € SL(2,2%) then ad - bc =1 and
c

()G )
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Let K =< al; > . Then by Lemma 10.1.6 we have that GL(2,2%) = SL(2,2%).K =
SL(2,2%) x K where K = (7.

10.1.1 The Affine Subgroup of the General Linear Group

Let F be a field and let [F™ be the n dimensional vector space consisting of row vectors

over the field F. The group GL(n, F) of all n x n invertible matrices over F acts on
F™ by left multiplication as follows: (z,A) — zA for z € F"™ and A€ GL(n, F). We

can see that

(1) (z,1n) — zlp = =,

(i) (z, A1Ag) — z(A1 Ag) = (z A1) Az, since matrix multiplication is associative.

Remark 10.1.9 We have seen that the elements of GL(n, F) act on F™ as automor-
phisms ( ie invertible linear transformatiors) as the equation (Az + fy)A = Az A+ SyA for
all (A, € F,z,y€ F") says, and in fact all automorphisms of " are obtained in this
way. Let V be any n-dimensional vector space over F. Choose a basis vy, vs,...,v, for
V. Then with respect to this basis each element v of V has a unique expression as a linear
combination v = a1v1 + agva + - - - + auvy, for suitable ¢; € F, 1 < i < n. Consequently
the map ¢: V — F" defined by ¢(v) = (a1, 2, -+, ) is well defined and obviously is

a bijection. For if

P(v) = dlarvr + o + - -+ + anvy) = (@1, 0, -+, ap)?t

and
$(v') = ¢(Brvr + Pava + -+ + Br) = (B1, B2, -+ -, Bn)’
then
Pv) =¢(') & (ou,az, -, an)t = (B, B2, -+, bn)’
e o = ,Bi, Vi.
For any z € F", if z = (1,22, -+, @p)", then let v = (21,9, - -, 2,). Now
¢(’U) = (zlva:?v Tt 7$n)t =Z.

Moreover, if f is a linear transformaticn of V, then
flo) =) aijvj, 1<i<n
J

for uniquely determinable scalars a;;, and if f is invertible, then the matrix (aij) lies in

GL(n, F). The map h : Aut(V) — GL(n, F) given by f — (ai;) is an isomorphism,
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and the pair (¢,h) is an equivalence between the permutation groups (V, Aut(V)) and
( F*,GL(n, F)). For if
v = }: ov; €V

and f € Aut(V') then
$F) = $(f(Q i) = (3 flawwi))
= ¢ ;"(Z_: (i) _ ¢(2; oi(}_ aijv;))
= ¢(Xl:(2i: ;iaij)’l)j) J

j
¢
= (Z i1, Y CiGig, ,Zaiam>
i i 1
whereas,

a1 - Qn ai t
[h(f)](¢(7’)) = : ajj : : =(Zaiailazaiaw,'“,Zaiain)-

Gny - dnn Gp,

Definition 10.1.10 Let F be an arbitrary field, and let V. = F" be the n-dimensional
vector space consisting of row vectors over the field F. Given A€ GL(n, F) andb€ F",
define Tap:V — V by x — A +b. We can see that for A,A' € GL(n, F) we have

Tap=Tay < (@)(Tap)= @) Tay), V2V
tA+b=zA +b, Vo eV
sA—gA =b —b Vo eV
(z)(A—A)=b —-b, VzeEV

(L) A-A)+(b=V)=0y, Yz EV

(@) A-A)Y=0y andb—b =0y, V2 €V
A—A =0y and b—b =0y,

A=A andb=1V.

O R R

These mappings are known as the affine transformations of V. They constitute the

affine group, to which we denote

AGL(n, F)={T4p A€ GL(n, F),be F"}.

Note 10.1.11 AGL(n, F) D GL(n, F), since Ty = A.

Lemma 10.1.12 Ty is a bijection.
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Proof. For 21,z € F"™ we have

T1A+b=29A+b
xlAl = (EQA

(@1)(Tap) = (z2)(Tap) =
=
= (z1—1z2)A
=
=

r, — 29 = Oy, since A € GL(n, F)

r1 = I9.

Therefore T4 5 is one to one. We can easily check that T4 is onto, since for any eV
we can find z € V, such that (z)(T4p) = 2'. To find z € V, notice that

(2)(Tap) =3 = z'=zA+b
= z'-b=zA

= z= (2 -bA L.

Now (z/A™' —bA™ 1) (Tap) = (€'A —bA DA+ b=a —b+b=2' O
Lemma 10.1.13 The set AGL(n, F) is a group under the composition of functions.

Proof. (i) AGL(n, F) is closed under the composition: For all z € V' we have
(.’L’)(TA,(,TC,d) = (zA + b)(TC,d) = (zA 4+ b)C + d = zAC + bC + d, thus TppTca =
TAC, bC + d.

(ii) (2)(Tr,,0) = =, for all z € V, implies that T7, o0 = 1ogr(n,F).
(iii) By part (ii) we have (TA,b)(TA’,b’) = TAA’,bA’+b’- Now

(TA,b) (TA',b') =17, 0 F & AA =I,and bA' +¥ =0 F
o A =A1and b = —bA"!,

thus (TA’b)*l = TAI’bI = TA—l,—bA—l. 0

Note 10.1.14 Lemmas 10.1.12 and 10.1.13 show that AGL(n, F) < Sy where Sy is the
Symmetric group on V.

Note 10.1.15 In general (z + y)(Tap) # (2)(Tap) + (y)(Tap) for z,y € V.

Remark 10.1.16 The set Tr(V) ={n, =11, | b€ F"} of all translations 7, : V — V

given by (z)7, = z + b, is an abelian subgroup of AGL(n, F). Note that if | F| < co then
[Tr(V)| = F™.
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Lemma 10.1.17 The group Tr(V) is isomorphic to the additive group of V.

Proof. Define p: V — Sy by (b)p = 7, for allb€ V. We show that p is a monomor-
phism.

p is a homomorphism: We note that for all z € V/,
(@) (1m0 v) = (@) )7y = (& +b)7y = (@ +b) +V =z + (b+ V) = (@) 71w,

80 Tp 0 Ty = Tpaw- The fact that p is a homomorphism, then follows since (b)po (b)p =
o1y = oy = (b+ V).

p 1s one to one:

Ker(p) = (heV|®p=1ls,}= eV n=1s}
= {beV|(z)np ==z, forallz € V}
= {beV|z+b=z, forallzeV}= {0y}

So p is a monomorphism from V into Sy. Also

Im(p) ={(b)p|bEV}={n |beV}=Tr(V).
Since V/Ker(p) = Im(p), we have V = Tr(V). 0
Remark 10.1.18 Let ¢ = T4, € AGL(n, ), then ¢ is of the form ¢ = 70 A, where

A € GL(n, F) and 7 € Tr(V). Hence AGL(n, F) = < GL(n, F),Tr(V)>=Tr(V)-
GL(n, F). Also the stabilizer of the zero vector in AGL(n, ) is

[AGL(n, F)lo, = {Tap|(Tap)(Ov) =0y, A€ GL(n, F),be F"}
= {Tap|b=0 p~ and A€ GL(n, F)}
= {Tap|A€GL(n, F)} =GL(n, F).

Theorem 10.1.19 The group AGL(n, F) is the semidirect product of Tr(V) by GL(n, F).
Proof. (i) Tr(V) Q AGL(n, F): Let A€ AGL(n, F) and 7 = (T7, ) € Tr(V). Then

(TA,b)_l o T]mbl o TA,b = TIn,A'lb' € T’I"(V) Hence T’I‘(V) d AGL(n, [F)

(ii) Tr(V)NGL(n, F)={I,}: Let T1, , € Tr(V)NGL(n, F). ThenTy, , = A ="Tay,,
for some A € GL{n, F). Hence A = I, and b= 0y, so 17, = T7,0 = I. Therefore
Tr(V)NGL(n, F)={L,}. 0
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Remark 10.1.20 Since, AGL(n, F)=Tr(V): GL(n, F), we have

AGL(n, F)/Tr(V) =2 GL(n, F). Since V= F" and Tr(V) =V, we have that

AGL(n, F) 2 F* : GL(n, F) 2 F": Aut( F") = Hol( F"), where Hol( F") is the
holomorph of [F™. The Theorem 10.1.19 shows that if | F'| = ¢", then |AGL(n, F)| =
q" x |GL(n, F)|.

Theorem 10.1.21 The affine group AGL(n, F) is isomorphic to a subgroup of
GL(n+1, F).

Proof. Define 9 : AGL(n, F) — GL(n+1, F) by

Y(Tap) = (f (1))

We claim that 1 is an monomorphism.

(1) ¥ is a homomorphism:

AA 0
Y(TapoTay) = Ty par4p)= ( bA' + 4 1 )

A A
— ( ) [1)) ( y (1]) =(Tap) o P(Tar ).

(ii) 1 is one to one:

Ker(y) = {TA,bI (f (1)):(1; ?),AEGL(n, IE‘)}

= {TA,b l A=1Iy,b= 0} = {TImO} = {lAGL(n, [F)}

Hence v is monomorphism. Thus

A0

AGL(n, [F)%Im(z,b):{( ! 1) | A€ GL(n, F),be [E‘”} <GL(n+1, F).

Let V =<ei,ep,--,e, > and W =< e, €9, -+, €p,€nq1 >. Then

0 0 )

A0 : : A0
= = =
b1 0 0 b1 En+l = €nt1-
1

1/
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Thus

" {(f (1]) | A€ GL(n, F),be FH}S[GL(HL F)lenss- (1)

Now let T € [GL(n+ 1, F)le,.,, then T(c, ;) = ex41 and suppose that

T(e,) = aier+amer+---+anien+bieny
T(e,) = ai2e1+ agex+ -+ anoen +boepi1
T(e,-) = aj;e1 +ages + -+ apnen + bienpr -

Then

A0
T = ( - ) ,where A = (aij)nxn -
(n+1)x(n+1)

Therefore, T € H and hence [GL(n + 1, F)le,., € H (2). Now (1) and (2) imply that
H=[GL(n+1, Fle,.,-

We also deduce that Hol( F") 2 AGL(n, F) = [GL(n+ 1, F)]e,,,- In particular if
F = GF(q), we have |GL(n+1, F)..,,| = |AGL(n, F)|=q¢" x |GL(n,q)|.

In what follows we give some examples of isomorphisms between the affine group and
the symmetric group.
Lemma 10.1.22 The Affine group AGL(n, F) which is defined as a subgroup of S F"
produces the following isomorphisms

(i) AGL(1,2) = S,, (ii) AGL(1,3) = S5

(i#i) AGL(1,4) = Ay, (iv) AGL(2,2) 2 S4.
Proof. Recall that AGL(n, F) is defined to be the group of all transformations T4 j of the
vector space F"™ where A€ GL(n, F),be F" and Tqp:z— zA+bforallze F"
We write AGL(n, q) to denote AGL(n, F) when F = GF(q). Note that AGL(1, q) is the

group of all transformations of the form # — za + b with a,b € F and a # 0 p, and
therefore |AGL(1,q)| = g(qg — 1).

(1) AGL(1,2) is a subgroup of Sy of order 2. Therefore AGL(1,2) = S,.

(i1))AGL(1, 3) is a subgroup of Ss of order 6, and so AGL(1,3) = S3.
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(iii) Now AGL(1,4) is a subgroup of Sy of order 12. To see that AGL(1,4) = A4 we
either quote the fact that A4 is the only subgroup of Sy of order 12 or we examine each
element of AGL(1,4) and check that it is an even permutation.

(iv) The order of GL(2,2) is 6. Thus there are 6 possibilities for A and 4 possibilities
for b. Therefore we have 24 transformations T4 in AGL(2,2). Since AGL(2,2) < S4 and
|S4| = 24, we have AGL(2,2) = Sy, as required. O

10.2 Symplectic Groups

In this section we will discuss the Symplectic Group and consequently its affine subgroup.
We give a construction for the affine subgroup of SP(4,2) and find its conjugacy classes.

10.2.1 Symplectic Forms

Definition 10.2.1 Let V be a finite dimensional vector space over o field F. A function
f from the set V x V of ordered pairs in V to F is called a bilinear form on V if for
each v € V, the functions f(v, ) and f( ,v) are linear functionals on V. In this case we say

that (V, f) is an inner product space.

If f is a bilinear form on V' such that for each non-zero z € V, there exists y € V for

which f(z,y) # 0, then f is said to be non-degenerate.

Remark 10.2.2 A bilinear form f is called alternating (symplectic) on V if f(z,z) =0
forallz € V.

Let V be a vector space over a field F and f be a symplectic form on V. If char( F) # 2
then we obtain that for all z,y € V,

0=Fflz+y,z+y)=flz+y,z)+ flzty,y) = flz,z)+ fly,2) + f(z,y) + f(y,9).

However, since f(z +y,z +y) = f(z,z) = f(y,y) = 0 we have that f(z,y) = —f(y, ).
Conversely if f is a bilinear form for which f(z,y) = —f(y,z) for all z,y € V, then in
particular for ¢ € V' we have f(z,z) = —f(z,z). This implies that 2f(z,z) = 0 and so
flz,z) =0, Vz e V.
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10.2.2 Symplectic Spaces

Definition 10.2.3 Let V be a vector space over a field F. Let f : V. xV — F bea
bilinear form on V such that
(i) f(z,z) =0, VzeV

(“) f(wvy):_f(yax)u VﬁU,yEV
Then we say that (V, f) is a symplectic space over the field .

Remark 10.2.4 If char( F) # 2, then the properties (i) and (ii) in the above definition

are equivalent.

Let (V, f) and (U, g) be symplectic spaces over F, then we say that V = U if there
exists an isomorphism T’ € L(V,U) such that ¥ z,y € V we have f(z,y) = 9(T(z),T(v))-

Definition 10.2.5 Let (V, f) be a symplectic space. If z,y € W, then x and y are or-
thogonal if f(z,y) = 0. If W is a subspuce of V then the orthogonal complement of
W is defined by

Wt={yeV|flz,y)=0,VzeW}

Note that for all z € W we have f(0,z) = f(z—z,z) = f(z,z) — f(z,2) =0-0 =0,
so that 0 € W. Now if z,y € W, then for any , 8 € F and z € W we have

flaz + By, z) = flaz,2) + f(By, 2) = af(z,2) + Bf(y,2) = 20+ 0 =0,

therefore az + By € W, and hence W+ is a subspace of V.

Let (V, f) be a symplectic space and define R(V) by R(V) = V1. Then we call R(V) the
radical of V. We can easily see that (V, f) is non-degenerate if and only if R(V) = {0y }.
(See [27].)

Definition 10.2.6 Consider (V, f) with f bilinear . If {vi,va,---,v,} is an ordered basis

of V, then the inner product matrix of f relative to this basis is given by an n x n

matrizc

A= [f(via vj)]ﬂxn

Remark 10.2.7 It is clear that f is completely determined by an inner product matrix,
for if u = 3~ oyw; and v = 3° Bjv; then f(u,v) = 32, ; @if; f (vi, vj)-

Lemma 10.2.8 Let V* be the dual space of V. If (V, f) is a non-degenerate inner product

space, then for every linear functional g € V*, there ezists a unique x € V, with g = f(z,).
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Proof. We first prove that if {v,ve, - -, v} is a basis of V, then { f (v1, ), f(v2, Yyor ey f(vny)}
is a basis of V*. Since dim V* = n, it suffices to show that these n linear functionals

are linearly independent. If there are scalars, A; not all zero, with 37 A; f(vi,}) = 0 then

0= S Xif(vi,) () = (X Aivi,y) Vy € V. Thus 3 Ajw; = 0, because f is non-degenerate,

and this contradicts the independence of the v;. Let g € V*. Then there exists pu; € F

with g = 3 pif (vi,). Now let z = Y piv;. Then for all v € V' we have

gw) = D pif(vi,)](v)
= Y pif(viv)
= fO_ nivi,v) = f(z,0).

Thus g = f(z, ). To prove the uniqueness of z, suppose that f(z,v) = f(y,v) forallv € V.
Then f(z —y,v) =0 Vo € V. So non-degeneracy of f implies that z —y = Oy and hence
=Y. O

Lemma 10.2.9 Let (V, f) be an inner product space. Then (V, f) is non-degenerate if and

only if the inner product matrices of f are non-singular.

Proof. Let {v1,v2,---,vn} be a basis for V. If an inner product matrix A of f is singular,
then there is a non-zero column vector Y with AY = 0. Therefore if Y = (u1, u2,- -, tbn)
where y; € F then u = Y p;v; is a non-zero vector with f(v,u) = X tAY = 0, for all
v = > \w;, where X = (A1, Ag,---,Ap). Conversely if u is a non-zero vector satisfying
f(u,v) =0 for all v € V, then f(u,v;) = 0 for all v;. This implies that if u =} p;v;, then
Yo mif (vj,vi) = 0. Let Y = (p1, p2,- -, tn)® be the column vector of u. Then Y # 0 and
AY =0, hence A is singular. 0

Remark 10.2.10 Let (V, f) be a non-degenerate inner product space. If W is a subspace
of V then it is possible that the restriction f | (W x W) is degenerate. For example let
V =< z,y > be a two dimensional space over a field F and let f be a bilinear form having
the following inner product matrix relative to the basis {z,y}

A:(g;)_

Then f is symmetric and non-degenerate. However, if W =< z >, then the restriction
f 4 (W x W) is zero and hence degenerate.

Lemma 10.2.11 [31] Let (V, f) be a symplectic space and let W be a subspace of V.
(i) If f | (W x W) is non-degenerate, then V. =W @ W+.
(i1) If (V,f) is a non-degenerate space and V.= W @ W+, then f | (Wt x W) is

non-degenerate.
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Proof. (i) If z € W N W+, then f(z,w) = 0 for all w € W and so by the non-degeneracy
of f we have z = Oy. If v € V, then the restriction g = f(v,) | W is a linear functional
on W and so by Lemma 10.2.8 there is a unique wg € W such that g = f(wo,). Now
for all w € W we obtain that g(w) = f(v,w) = f(wp,w). But v = wp + (v — wp) and
fv —wo,w) = f(v,w) — f(wo,w) =0 R imply v —wg € w.

(ii) If {v1,v2,---,vr} is & basis of W and {vr41,0r42," ,Un} is a basis of W, then
the inner product matrix of f relative to the basis {vi,ve,---,v,} has the form

4 = B 0 ’
0 C
so that detA = det(B)det(C). Since A is non-singular by Lemma 10.2.9, C' is also non-

singular. Hence the restriction of f to W+ x W+ is non-degenerate by Lemma 10.2.9.
O

Definition 10.2.12 An isometry of a non-degenerate space (V, f) is a linear transfor-
mation T : V — V, such that f(T(z),T(y)) = f(z,y) forallz,y € V.

Lemma 10.2.13 If (V, f) is a non-degenerate space, then every isometry is non-singular,

and so the set of all isometries denoted by Isom(V, f) form a subgroup of GL(V).

Proof. If T is an isometry and T'(z) = Oy, for some z € V then f(z,y) = f(T(z),T(y)) =
f(Oy,T(y)) = Oy, for all y € V. Since f is non-degenerate, it follows that z = 0y and T is
injective. Since V is finite dimensional, T' is non-singular and so Isom(V, f) < GL(V). O

Remark 10.2.14 (i) The product of isometries is also an isometry: For if 71 and T,
are two isometries, we have f(T1(2),Ti(y)) = f(2,y) Va,y €V and [(Ty(z), Ta(y)) =
f(z,y) Vz,y € V. Then

[(NTy(z), TiT2(y) = f(Ti[T2(2)], T [T2(y)]) = f(Ta(z), Ta(y)) = f(=,y)-

Hence 1175 is an isometry.
(ii) The identity map is an isometry: Because f(Iv(z), Iy (y)) = f(z,y) Vz,y € V.

(ili) An isometry T has an inverse 7~ and T~! is also an isometry: Because
F(T~ =), T~ Hy) = F(TT H2), TT~ ' (y)) = fIv(2), Iv(y)) = f(g,y)-

Lemma 10.2.15 Let (V, f) be a non-degenerate space. Let A be the inner product matriz
of f relative to an ordered basis B = {v1,v2,---,vs} of V, and let T be a linear transfor-
mation on V. Then T is an isometry if and only if its matriz M = (m;;) relative to B
satisfies MCAM = A. If T is an isometry, then det(M) = +1.
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Proof. Since f(T(v;), T(v;)) = f(Xk MiiVk, 2op MrjVr) = g r Mii f (Vk, vr)Mrj, we have
that f(T(v;),T(vj)) = f(vi,v;) if and only if M*AM = A. If T is an isometry, then
M!AM = A and we have

det(A) = det(M*AM) = det(M?)det(A)det(M) = (det(M))tdet(M)det(A) = (detM)?det A.

Non-degeneracy of (V, f) gives non-singularity of A and so det(M) = +1. 0

Remark 10.2.16 The group GL(V) acts on F(V), the set of all functions VxV — F
in the following way. If f is a function and P € GL(V), define
fP(,9) = F(P7}(2), P~ (y))-
If Q € GL(V), then fF@ = (f9)P, since
[Pzy) = A(PQ7@),(PQ)'(W) = QTP H(2),Q ' P (y))
= f@7' (P 2), @ (P (W) = fAUP(2), P (y) = (fO)F(=,y).

If f is symplectic, then so is f¥. Because

(@) = F(PH@), P () = =f(PT'(¥), P (2)) = —f"(y,2) Vaz,yeV
and fP(z,z) = f(P~Y(z),P " (z)) =0 Yz € V.

Theorem 10.2.17 [31] Let V be a vector space over a field F. Let f be a bilinear form
on V. If f is symplectic, then the stabilizer of f in GL(V'), under the action of GL(V) on
F(V), is Isom(V, f). Moreover, if g is in the orbit of f, then Isom(V,g) is isomorphic to
Isom(V, f).

Proof. The stabilizer GL(V); of f is GL(V)y = {P € GL(V), | f¥ = f}. Hence
PeGL(V); & fPle,y)=f(z.y) Vo,yeV
o fPH2), P Y) = fz,y) Vo,yeV
& P !elsom(V, f)
& Pelsom(V,f).
Hence GL(V)f = Isom(V, f).

If g = fF for some P € GL(V), then
Isom(V,g) = GL(V)yr = {Q€GL(V)|(f)? =P} ={Q e GL(V) | {72 = fF}
= {QeGL(V) | ()™ =} ={Q e GL(V) | fF7'9P = f}
= {QeGL(V)| PT'QP € GL(V);}
= {Q€eGL(V)|Qe PGL(V); P71}
= PGL(V); P! = PIsom(V, f) P~
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O

Definition 10.2.18 Two elements f,g € F(V) are called equivalent if g = fF for some
P € GL(V).

Remark 10.2.19 From Theorem 10.2.17 we deduce that equivalent symplectic forms de-

termine isomorphic groups of isometries.

Definition 10.2.20 Let (V, f) be a symplectic space and {V1,Va,...,V,} be a set of sub-
spaces of V such that
V=VieWhod -0V,

and f(yi,yj) = 0 for all y; € V;, y; € Vj for which i # j. Then we say that V is an
orthogonal sum of the subspaces {V1,Va,...,Vp} and we denote this by writing

V=VilVyal...LV,

Remark 10.2.21 Let (V, f) be a symplectic space and W be a subspace of V. Then it

can be shown that (see [19]):

(1) dim(W+) > dim(V) — dim(W).

(2) If V is finite dimensional non-degenerate, then dim(W+) = dim(V) — dim(W).

(3) If V is non-degenerate, then there exists a linear isomorphism 6 : V. — V* given by
0

u’(v) = f(u,v).

(v
4) If W is non-degenerate, then V =W 1 W+,

Note 10.2.22 Assume that (V, f) is a non-degenerate symplectic space. If f is not iden-
tically zero, there are vectors z and y with f(z,3) = o # 0. Replacing z by o'z if

necessary, we may assume that f(z,y) = 1. If dim V = 2, then its inner product matrix is

thus
A = 0 1 .
-1 0

Definition 10.2.23 Let (V, f) be a symplectic space and z,y € V such that f(z,y) = 1.
Then the vectors z,y € V are called o hyperbolic pair and the 2-dimensional subspace
of V generated by {z,y} is called a hyperbolic plane.

Remark 10.2.24 We can easily show that every hyperbolic plane is non-degenerate. If
H =< z,y > is an hyperbolic plane in V, then f | (H x H) is a bilinear form on H. Let
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w = Az + poy € H. We need to show that if f(u,v) = 0,Yv € H then u = 0. Consider
an arbitrary element v = az + by of H. Then 0 = f(u,v) = f(hoz + poy,az + by) =
Xoa + pob, Va,b € F imply that g = pg = 0. Hence u = 0.

Theorem 10.2.25 [9] Let (V, f) be a non-degenerate finite dimensional symplectic space
over a field F. If W is a subspace of V' such that W N WL=0,then V=WeoW.

Proof. Since V is finite dimensional, then W is finite dimensional. Let {z1,%2,...,T;} be
a basis for W. Then W+ will be the collection of all vectors y € V' for which f(z;,y) =
0, 1 < i < k. Since V is non-degenerate, then dim(W+) = dim(V') — dim(W) and thus
we obtain that dim(V) = dim(W ) + dim(W). Since W N W+ = 0, then we obtain that
V=WeWw O

Theorem 10.2.26 Let (V, f) be a symplectic space over a field F such that dim(V) =n
and dim(R(V)) = r. Then we have

V=H 1HyL..L1H,LlR(YV),

where H;,1 <1 < m are hyperbolic planes. Furthermore n —r = 2m.

Proof. We have that R(V) is a subspace of V. However if R(V) =V, then m = 0 and
thus n —r = 0 = 2 x 0 and the proof is complete. Thus, without loss of generality, suppose
that R(V) # V. Let z € V — R(V). Since z ¢ R(V), there 3 z € V such that f(z,2) # 0.
Thus we can choose y € V such that f(z,y) = 1 and hence {z,y} is a hyperbolic pair.
This is true, since if f(z,2) = a # 0, then for y = éz we have f(z,y) = 1. Now suppose
that H, is the hyperbolic plane generated by {z,y} and that Hi = V;. Since H; is a
hyperbolic plane, then it is non-degenerate and thus we have that V = H; 1 V; and we
also have that R(H,) = 0. Hence R(V) = R(H;) L R(Vy) = R(V1).

We now apply induction on dim(V') = n. Since H; = (z,y), then dim(H;) = 2 and so
we have that dim(V) = n = dim(H;) + dim(Vy). Thus, dim(V1) =n—2 < dim(V) and so
by induction hypothesis we obtain

Vi=Hy 1l Hy ...l H,LlRW),

where H;, 2 < i < m are hyperbolic planes and that 2(m — 1) = n — 2 — 7. So we get
2m =n —r. Since R(V1) = R(V) and V = H; 1 V}, then we also obtain that

V=H LHy LHy1.. . LH,lR(V).
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The result that follows shows that the dimension of a non-degenerate symplectic space

must be even.

Corollary 10.2.27 Let (V, f) be a non-degenerate symplectic space of dimension n over

a field F. Then
V=H 1LHy ...l Hp,

where H;, 1 <1 < m are hyperbolic planes and n = 2m.

Proof. By the above theorem, we obtain that V = H; L Hy L ... 1 Hy,, L R(V).
However V is non-degenerate and thus R(V) = 0.
Hence we obtain that V= H; 1 Hy 1 ... L Hy, and dim(V) =n = 2m. 0

Theorem 10.2.28 Let (V, f) be a non-degenerate symplectic space and {u1,...,ur} be a
linearly independent set of elements of V' such that f(u;,u;) = 0V 4,5. Then there is a

linearly independent set {vi,ve,...,vr} of elements of V such that

V=H  1Hy1l...1LH 1V,
where V) is a subspace of V and H;, 1 <1i <r are hyperbolic planes and 2r < dim(V).
Proof. Since V is non-degenerate, R(V) = 0. Hence u; ¢ R(V) and there is v; € V
such that f(uj,v;) = 1. Let H; = (uj,v1). Then Hy is a hyperbolic plane. Since H;
is non-degenerate, V. = H; 1 Hi. Now 0 = R(V) = R(H,) 1 R(H{) implies that
R(H{) = 0. Hence Hi" is non-degenerate. Since f(u1,u;) = 0 for 2 < i < r, u; € Hi-.

Hence {ug, us, . ..,u,} C Hi-. Since dim(Hi-) = dim(V) -2 < dim(V), by induction there
exists {va,v3,---,v,} C Hi- such that

Hf=H, LHyl...LH LV, |,
where H; = (u;,v;),2 <i <. Since V= H; 1 Hi", we have
V=H1Hyl1lHsl...1lH.  1V.
Also dim(V') = 2r + dim(V1) and hence 2r < dim(V). O
Theorem 10.2.29 [19] Let (V, f) be a non-degenerate symplectic space and Wy, Wy be

two subspaces of V and T : Wi — W, be an isometry. Then there exists an isometry
§:V —V such that S lw,=T.
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Proof. We have that W, = H, L Hy 1 ... L H,, 1 R(W;), where H;, 1 <% <m are
hyperbolic planes. Thus we obtain that
Wo = T(W)) = T(Hy) L T(Hy) L ... L T(Hp) L T(R(W1))
If H; = (z;,y;), then we obtain that
T(H;) = T((zi,y:)) = (T(2:), T(%:)) = Hj,
and H! is a hyperbolic plane in Wy. Since T'(R(W1)) = R(T(W1)) = R(W3), we have

Wo=H] LH), 1 ... H, | R(W3) .

Now let
H=H 1Hyl..1lH, and H =H LH,l...LH,.
Then we get
W] =H L R(Wl) and W2 = H’ 1 R(Wg)

Since H; and H}, 1 < i < m, are hyperbolic planes, they are non-degenerate and hence
R(H;) = R(H}) =0, 1<+ <m. Thus we obtain that R(H) = R(H') = 0 and hence
H, H' are non-degenerate. Therefore V = H | H- = H' 1 (H')- . However since V is
non-degenerate, then R(V) = 0. Thus

0=R(V) = R(H) L R(HY) = R(H") L R((H')*)

and hence we obtain that R(H') = R((H')*) = 0. Therefore H-, (H')* are non-degenerate.
Since H C Wi and H' C Wa, R(W}) C H* and R(W,) C (H')t. Let {ug,ug,-.-,u;} be
a basis for R(W1). Then f(uj,u;) =0 V¢,5. Thus by Theorem 10.2.28, there exists a

linearly independent set {vi,vs,..., v} such that
H =K, 1Kyl ...LK, LL |,

where L is a subspace of H+ and K; = (u;,v;) such that f(u;,v;) = 1. Since T is an
isometry, {T(u1),T(u2),...,T{ug)} is a linearly independent set in T(R(W1)) = R(W>).
We also obtain that 0 = f(u;,u;) = f(T'(w;), T(u;)). Again by Theorem 10.2.28 there
exists a linearly independent set {v,v)...v}} such that
(HY'=K] LKy1L ... 1K, 1L,

where K| = (T'(u;),v}) such that f(T(u;),»}) = 1. Now we have

V = HiLHy... | Hy LK, LKy... LKy L L

= H1lH)...1H LK 1Ky . LK, LL
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with R(L) = R(L') = 0 and dim(V) = 2(m + k) + dim(L) = 2(m + k) + dim(L'). Thus
we obtain that dimn(L) = dim(L'). Hence there exists an isometry M : L — L'. Define a
linear transformation S:V — V by

S(h) =T(h) Y h € H,S(u;) =T(w;) 1<i<k

Sv;)=v, 1<i<k,S¢l)=M{L)VLeL.

Then S is an isometry on V and S Lw,=T. O

10.2.3 Symplectic Groups

Definition 10.2.30 Let (V, f) be a non-degenerate symplectic space of dimension 2n over
a field F. Then by Lemma 10.2.13 Isom(V, f) is a subgroup of GL(V). The group
Isom(V, f) is denoted by SP(2n, F), and is called the symplectic group of degree 2n

over .

Note 10.2.31 If F = GF(q) is a Galois field of ¢ elements, where ¢ = p* for some &
with p a prime, we denote SP(2n, F) by 5P(2n,q). We further obtain that Isom(V, f) =
SP(2n, F) < GL(2n, F). We shall see in Theorem 10.2.33 that this group (within

isomorphism) is independent of the choice of f.

Definition 10.2.32 Let (V, f) be a non-degenerate symplectic space of dimension 2m. Let
B ={z1,y1,22,Y2,-- -, Zm, Ym} be a basis for V such that {z;,y;} is a hyperbolic pair for
all 1 < i <m with f(zi,z;) =0 = f(ys,y;) for all 4,5 and f(z;,y;) = 65 = —f(y5, %),
where 6;; = 1 if i = j and §;; = 0 if i # j. Then we say that the set B is a hyperbolic
basis for V.

Thus all inner product are 0 except f(z;,y;) =1 = —f(y;, ;) for all 4.

Theorem 10.2.33 [31] Let (V, f) be a non-degenerate symplectic space of dimension 2m.
(i) V has a hyperbolic basis {z1,y1,Z2,Y2, ", ZTm:Ym }-
(it) The inner product matriz A of f relative to this ordered basis is the matriz J which is
1

-1 0
(i) If u =y ;(cizi + Biyi) and v =Y ;(Nizi + piys), then f(u,v) = Y (aspi — Bidi).
(iv) All non-degenerate symplectic forms on V are equivalent and the symplectic group
Isom(V, f), up to isomorphism, do not depend on the choice of f.

the direct sum of 2 x 2 blocks
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Proof. (i) Since V is the orthogonal direct sum of hyperbolic planes H; by Corollary
10.2.27, the union of the bases of H;, 1 < i < m produces hyperbolic basis of V.

(ii) By simple calculations we can see that the matrix of f with respect to the above
basis is

/01
-1 0
0
0 1
-1 0
J =
0
0 1
~1 0/

which is the direct sum of 2 x 2 blocks ( _01 (1) ) .
(iii) Let u = 3, (eszi + Biyi) and v = 32, (Niz; + piys) , then

flu,v) = f(Z(ai-'Ei + Bii), (N + pivi))

= S ki flmiz) + 3 cini f (i ys) + O Bidi f Wir i) + D Bisi f (43, y5)
& "~ — -~

2¥) %,J
- Zai“i + Z(_l)ﬁi’\i = > (eipi — Biki)-

i

(iv) If g is a non-degenerate symplectic form, then there exists a hyperbolic basis of V
relative to g, so that any inner product matrix of g is also congruent to J, and hence to any
inner product matrix of f. Therefore, by Theorem 10.2.17 the isometry group Isom(V, f)
does not depend on the choice of f. Thus up to isomorphism there is a unique class of
symplectic groups on V. O

Note 10.2.34 The result of part (%) in Theorem 10.2.33 implies that the symplectic
forms are sums of 2 x 2 determinants. If & hyperbolic basis is reordered so that all the z;

I
precede all the y;, then the matrix J is congruent to "™ | . In this case we say

m

that {z1, 29, -, Zm,Y1,Y2, ", Ym} is a reordered hyperbolic basis of V.

Definition 10.2.35 If (V, f) is a non-degenerate space, then the adjoint of a linear trans-
formation T, denoted by T*, is a linear transformation on V for which f(T(z),y) =
[z, T*(y)) Vz,yeV.
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Lemma 10.2.36 Let (V, f) be a non-degenerate symplectic space and let T be a linear

transformation on V having an adjoint T*. Then T is an isometry if and only if T*T = Iy.

Proof. If T has an adjoint with T*T = Iy,. Then for all z,y € V we have f(T(z),T(y)) =
flz,T*T(y)) = f(z,y), hence T is an isometry. Conversely assume that 7' is an isometry.
Then for all z,y € V we have f(z, T*T(y) -y) = f(z, T*T(y)) — f(z,v) = f(T(z), T(y)) —
f(z,y) = 0. Since f is non-degenerate, we must have T*T'(y) — y = Oy for all y € V. That
is (T*T — 1y)(y) = Oy for all y € V. Hence T*T = Iy. O

Theorem 10.2.37 [31] Let (V, f) be a non-degenerate symplectic space. Let T € GL(V),
and let {z1,29, -, Zm,Y1,Y2, -, Ym} be a reordered hyperbolic basis of V. If the matriz Q

A C
of T with respect to this basis is decomposed into m x m blocks Q = ( B D ) then T*

. Dt _Ct
Q" = (—Bt At )

moreover, Q € SP(2n,q) if and only if Q*Q = Iy,

exists and has a matrizc

Proof. Assume that T* exists. If T'(z;) = ) (ckizk + Briyk), then

f(2i,T"(z)) = f(T(z:),25) = FO_(aniz + Brive), z5)

k

= SO amigrwi) + FO Brivk, m5) = Y oif (w1, 25) + . Brif (yp, ;)
) —ﬁ;,-. P k k
On the other hand if T*(z;) = 3, (ArjZr + firjyr), then
i) = @) Aejor + pirjyr)

= [f(zi, Z Arjmr) + f(=i, 5: P'rjyr) = Z Arjf (25, 2r) + Z/‘rjf(zi,yr)
— ; T T

Hence —fBj; = p;j, and so it follows that the matrix of T* is Q* = M- X where

N
N = —B". Similar calculations give the other three blocks, that is, M = D!, X = —C* and
Y = A*. For the existence of T* we can see that the matrix construction defines a linear
transformation that behaves as the adjoint must. Now from Lemma 10.2.36 we deduce that
T is an isometry if and only if T*T = Iy. Hence Q € SP(2n,q) if and only if Q*Q = Iop,.
O
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Note 10.2.38 Notice that by Lemma 10.2.15, symplectic matrices have determinant +1. It
can be shown, in fact that every symplectic matrix has determinant 1; that is SP(2n, F) <
SL(2n, ).

Theorem 10.2.39 SP(2n, F) is a transitive permutation group on the set of all hyper-

bolic pairs.

Proof. SP(2n, F) has a permutation representation on the set of all hyperbolic pairs
{z,y} given by T +— T, where T € SP(2n, F) and

T — {z,y}
{T'(=), T(y)}

Let {z1,1},{Z2,y2} be two hyperbolic pairs. Then we have that f(z1, y1) = f(z2,92) = L.
Thus there is a linear automorphism 7' such that T(z;) = z2 and T(y1) = y2. Let

H; = (z1,51) and Hs = (z2,72)

Then we observe that T : Hy — Hj is an isometry. By Theorem 10.2.29, there is an
isometry S € SP(2n, F) such that S |g,=T. Hence SP(2n, ) is transitive on the set
of all hyperbolic pairs. O

Theorem 10.2.40 [19] Let (V, f) be a non-degenerate symplectic space of dimension 2n
over GF(q). Then the number of hyperbolic pairs of V is ¢~ 1.(¢*™ — 1).

Proof. We observe that |V| = ¢?®. Let {z,y} be a hyperbolic pair. Then we have that
f(z,y) = 1 and hence z # Oy. Thus we have that dim({(z)) = 1 and hence we obtain

that dim({z)*) = 2n — 1. Therefore the number of elements of V' which are not in ()" is
g — ¢® L. Since | F*| = ¢ — 1, the number of elements y € V for which f(z,y) = 1 is
given by g—qzn—l Thus the number of hyperbolic pairs is given by

(@ = D) = @ - D D) = e - )

Theorem 10.2.41 [9] Let (V, f) be a non-degenerate symplectic space of dimension 2n
over GF(q). Then

n

1SP(2n,q)| = ¢" [[(*

i=1
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Proof. Since V is non-degenerate, there is a hyperbolic basis for V. Let
{Z1,Y1,%2,Y2, -+, Zn,Yn} be a fixed hyperbolic basis for V. Let T € SP(2n,q). Since
T is an isometry, {T'(z1), T (1), T(z2),T(y2),-..,T(zn), T(yn)} is a hyperbolic basis for
V. Thus we obtain that |SP(2n,q)| is the number of hyperbolic bases for V. We apply
induction on n, to count the number of ways of choosing hyperbolic bases for V. There are
¢ 1.(¢* — 1) ways of choosing a hyperbolic pair z1,y; € V. Let H; = (z1,%), then the
restriction f of f to Hj" is non-degenerate and thus making (Hi", f) into a non-degenerate
symplectic space. Thus the remaining vectors of the hyperbolic basis for V' may be chosen
as a hyperbolic basis for (Hi, f). Since dim(Hi-) = 2n—2, the number of hyperbolic bases
for (Hi, f) is equal to |SP(2n — 2, q)|. Hence we obtain that

|SP(2n,q)] = ¢*"".(g"" - 1).|[SP(2n - 2,q)|

n—1
_ q2n 1.[(]2”— 1).q(n 1) H(q2z _ 1)
i=1

n
n?

= g

7

(g% - 1).
1

Note 10.2.42 If V is a 2n-dimensional non-degenerate symplectic space over a field F,
and SP(2n, ') is the symplectic group of isometries of V, then the centre Z(SP(2n, F)
of SP(2n, F) consists of the transformations T = kI, where £ = +1. The factor
group SP(2n, F)/Z(SP(2n, F)) is called the projective symplectic group and is denoted
by PSP(2n, F). The projective symplectic groups are simple except for PSP(2,2) =
PSL(2,2), PSP(2,3) = PSL(2,3) and PSP(4,2). If F = GF(q), is the Galois field of
q elements, then SP(2n, F)and PSP(2n, F) are denoted by SP(2n,q) and PSP(2n, q)
respectively, and we have

Z(SP(2n,q)) = {I} if char( F)=2 and
Z(SP(2n,q)) = {I,—I} if char( F)#2

We also have

1
PSP(2 = —

¢
- LTy
(2,(1 - 1) i=1
Definition 10.2.43 If V is a vector space of dimension n and H is a subspace of V of

dimension n — 1, then we say that H is a hyperplane of V. If F =GF(q) and H is a

hyperplane in V, then H contains ¢"~' points.
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Definition 10.2.44 Let V be a non-degenerate symplectic space over a field F and
T € SP(2n, F), T # I such that for some hyperplane H of V, we have

(i) T(h)y=h VheH,

(1)) T(u) —u€e H Yu€V —H. Then T is called symplectic transvection of V.

Theorem 10.2.45 [19] Let T be o symplectic transvection with hyperplane H. Then there
is a non-zero z € V such that H = (2) ¢nd for all y € V we have T(y) = y + kf(z,y)z
for k € [F. Conversely for z # 0,z € V and 0 # k € F defineT : V — V by
T(y) =y + kf(z,y)z for all v € V. Then T is a symplectic transvection with hyperplane

(2)*.

Proof. Let u € V — H. Since T is non-identity, T'(u) — u # 0. Let v € H such that v # 0
and T'(u) — u = v. Since H is a hyperplans and u ¢ H, V = (u) @ H. Then dim(H') =1
and hence H+ = (z) for some 2z # 0,z € V. Define ¢ : V — F by ¢(y) = ¢(hu+ h) = A
and it can be shown that ¢ is a linear functional, so there is w € V such that w? = ¢,

where 6 : V' — V* is the linear isomorphism given in Remark 10.2.21 part 3. For all
yEV, d(y) =w’(y) = f(w,y),

Tly) = T(Au+h)=AT(u)+Th)=AT(u)+h=ANv+u)+h
= MWH+lu+h=y+lv=y+dy)v=y+ flw,y)v.

Now, forallh € H, f(h,u) = f(T(h),T(u)) = f(h,u+v) = f(h,u)+ f(h,v). So f(h,v) =0
for all h € H, that is v € H+. Since H = (z)' then v € (2), so that v = k;z for
some k; € F. Since v # 0, then k; # 0. Therefore T(y) = y + k1 f(w,y)z. Since
0 = ¢(h) = f(w,h) for all h € H, w € H' and thus w = kyz for some ky € [F. Hence
T(y) =y + kikaf (z,9)2.

Conversely for 0 #k€ F and0#z€V,define T:V — V by T(y) =y + kf(z,9)z
for all y € V. It can be shown that T € SP(2n, F). Let H = (z)* then for h € H,
T(h) = h+kf(z,h)z = h+0 = hand ify € V then T(y) —y = kf(z,y)z = az for
some a € F. Since (z) C (z)1, then T'(y) —y € (2} = H. Therefore T is a symplectic
transvection with the hyperplane H = (z)*. O

If T is a transvection, then by Theorem 10.2.45 there exists k € F* and z € V* such
that T' = Ty ,. For T =T} , we say that T is a transvection in the direction z. Let X be
the set of all symplectic transvections of V. Then it can be shown that (X) is transitive
on V — {0y} and on hyperbolic pairs.

Theorem 10.2.46 [19/ SP(2n, ) is generated by the set of all symplectic transvections.
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Proof. For n = 1, we obtain that SP(2, F) &£ SL(2, F) and that SL(V) = (X)
and the proof is complete. Suppose that n > 1 and let {u,v} be a hyperbolic pair and
S € SP(2n, F). Then {S(u),S(v)} is also a hyperbolic pair. Since (X) is transitive on
hyperbolic pairs, then there exists T € (X) such that T'(u) = S(u) and T(v) = S(v)

Let P = T7'S : {u,v} — {u,v} and H = (u,v). Then V = H | H'. Since P fixes
H, then P(H') = H' and thus P also fixes H-. Thus by Theorem 10.2.29 we obtain
that P |;1= P’ is an isometry on H+. Now suppose the result is true for all symplectic
spaces whose dimensions are less than 2n. Since dim(H') = 2n — 2, then by the induction

hypothesis
PI — H 1’*11:/ ,
i

where 7T)’s are symplectic transvections of [7+. Now we define T; : V — V by Tj(h+h') =
h+T/(h')V h € H, h' € H* and all indices i. If T/ is a transvection with hyperplane
(W)L N HL, where h} € HL, then T; will also be a transvection with hyperplane
H-((hY+ n HL). Since
P =1[T/ and P=T7'S ,
1

then we obtain that
S=1]TT;
i

and thus S € (X). 0
Corollary 10.2.47 SP(2n, F) is transitive on V — {0y }.

Proof. The result follows immediately since SP(2n, F) is generated by the set of all
symplectic transvections of V. O

10.2.4 The Affine Subgroup of the Symplectic Group

Since SP(2n,q) is transitive on the non-zero vectors of V, we consider the subgroup of

SP(2n,q) which is a stabilizer of a non-zero vector of V and study its structure.

Definition 10.2.48 Let (V, f) be a non-degenerate symplectic space of dimension 2n over

F = GF(q), where ¢ = p* for some prime p. Let B = {e1,e2,...,ea,} be a basis for V
and f:V xV — F defined by f(ei,ej) = 8(i,2n + 1 — 5), where i < j. Let T be an
isometry of (V, f) and

G(n) = SP(2TL,(]) = {T [ f(T((L'),T(y)) = f(z'ay) Vz,y € V}
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Since G(n) acts transitively on V — {0y}, let € V — {0y} and A(n) be the stabilizer of

a in G(n) then we have that
A(n) ={T € G(n) | T(e) = a}.

Thus A(n) < G(n). The group A(n) is called the affine subgroup of G(n).

Remark 10.2.49 Since A(n) is the stabilizer of @ € V' — {0y} in G(n), we have that
[G(n):A(n)] = |V — {0y }| = ¢*™ — 1. Now since G(n) acts transitively on V — {Oy}, then
we let A(n) to be the stabilizer of e; in G(n). That is A(n) ={T" € G(n) | T(e1) = e1}.

Remark 10.2.50 If P is a p-group. Then P’ < ®(P). We say that P is a special p-group
if we have that Z(P) = P' = ®(P) is elementary abelian.

Lemma 10.2.51 Let a € GF(q), with char(GF(q)) = p and (n,p) = 1, n € N. Then
there exists b € GF(q) such that nb = a.

Proof. If a = 0, then let b = 0. Suppose a # 0. Let (GF(q))* =< z > where o(z) = q — 1.
Then a € (GF(qg))* implies that a = 2™ ,1 < m' < ¢ — 1. Since (n,p) = 1,nz # 0.
Thus nz € (GF(q))* and hence nz = 2™ where 1 < m < g — 1. Let b = 2™ ~™*+!_ Then

b€ (GF(q))* and nb=nz™ ™! = (ng)g™ ™ = gM.g™ ™ = gz —q. 0

Definition 10.2.52 We define P(n) to be the subgroup of A(n) consisting of elements
T € G(n), such that

T(el) =€
T(e;) = ajer +e, 2<i<2n-—1
and
‘ 2n
T(ean) = ) _ Biei
i=1

with Bop, =1 and
—Bont1—; 2<j<n
Qj = .
Pont1-j n<j<2n-—1.

If z € P(n), then x is represented by the following matriz, with respect to the basis B given
in Definition 10.2.48:

1 —Bon—1 —Pan-2 -+ B2 B1
o 1 0 - 0 B

0 0 0 1 Ban—1
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It is convenient to describe P(n) as an abstract group P in the following manner: Let
(V, f) be a non-degenerate symplectic space of dimension 2n — 2 over GF(q) and consider
the pairs [v,a], where v € V and a € GF(q). Define a multiplication on such pairs by
[v,a][u,b] = [u+v,a + b+ f(v,u)]. It is clear that |P| = ¢?"2 x ¢ = ¢*"~L.

Lemma 10.2.53 [13] If char( F) = p where p is an odd prime, then the group P is a

non-abelian special p-group of order ¢**~! isomorphic to P(n).

Proof. It is not difficult to see that P is a non-abelian group of order ¢?*~! under the

multiplication defined above, with [0y, 0] = 1p and [v, a]~! = [~v , —a].
(z) P is non-abelian: Since
[v,a][u,b] = [u+v,a + b+ f(v,u)] and [u,b][v,a] = [u+ v,a + b+ f(u,v)],

it suffices to show that f(u,v) # f(v,u). Now, since f is symplectic we have that f(u,v) =
—f(v,u) # f(v,u), thus P is non-abelian.

(44) P is special: We need to show that Z(P) = P' = ®(P). Now

[v,a] € Z(P) < [v,a][u,b] = [u,b][v,a] Yu€V and Va,be GF(qg)
fw,v) = f(v,u) YueV

f(u,v) = f(v,u) = —f(u,v) Yu€eVv

2f(u,v) =0 VueV

flu,v) =0 YueV

& v=_0y.

t ¢ ¢ ¢

Thus Z(P) = {[0v,a] | a € GF(q)} = GF(q) and |Z(P)| = |GF(qg)| = ¢. Now
P' = < [al,[u,b] |u,veEV, abeGF(q >

= {[v,a][w,b][v,a]  [u,b] "t |u,v €V, a,b e GF(q)}

= Al ollu, b]([u, b][v,a]) ™" | u,v € V,a,b € GF(q)}

= A{[0v, 2f(u,v)] | u,v € V,a,b € GF(q)}.
Hence P’ C Z(P). Conversely we need to show that Z(P) C P'. By Lemma 10.2.51,
if [0v,a] € Z(P), with a« € GF(q) we cen find b € GF(qg) such that 2b = a. Now let
v = e; and u = begy, then f(v,u) = f(e1, begy) = by = b, so 2f(v,u) = 2b = a. Hence
[0v,a] = [0y, 2f(v,u)] € P', which implies that Z(P) C P'. Thus P’ = Z(P). Therefore
P'={[0v,a] | a € GF(q)}. Since P = {[v,a] |[vEV, a € GF(q)}, we have

PP = < 2Plz€eP > =< [vaf |vEV, acGF(q) >.
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But

[’U’a]p = [p'U, pa+f(v,v)+---+f(v,u)]

7

T

(p—1)times
= [ Ov, f(’U,'U) + - +f(’U,’U) ] = [OV’C] € Pl’ where ¢ = f(’U,’U) +-- +f(’U,’U),
(p— lﬁimes (p-1 S;imes

implies that [v,a]P € P' and hence PP C F'. Since ®(P) = P'PP, we have that
®(P) = P'PP = P'. Thus P is a special p-group.

(#2) P(n) is isomorphic to P : Define ¢ : P(n) — P given by ¢(z) = [v,a], where
z € P(n) has the form

1 —Bon-1 —Ben—2 - B2 b1
0 1 0 0 B
z = : L : ,
0 0 0 o1 Bap—
0 0 0 e 0 1

and v = (—fon-1, —Bon—2,"- -, B3, f2) with a = B, ( see Definition 10.2.52). We need to

show that ¢ is a one to one and onto homomorphism.

¢ is a homomorphism: Let z,y € P(n) such that

1 —Ban-1 —Bap_2 - B2 b1
0 1 0 e 0 B2
z = . . .
0 0 0 1 Ban-1
0 0 0 0 1
and
1 _551;—1 - ’211—2 ﬂé i
0 1 0 e 0 B,
y = : : : : :
0 0 0 1By
0 0 0 0 1

v = (—fan-1,=Bon-2,*,P3,02) and v = (—Bhy,_1,~Bhy_s," -, 5%, By) then we have
that ¢(zy) = [v + ', Br — Bon—185 — Ban—2B5 — -+ + B3Bhy_o + Bobon_1 + B, |. Since
¢(z) = [v, B1] and @(y) = [/, By], we have ¢(z)¢(y) = [v+ ', B + B + f(v,v)]. So it
suffices to show that —fBon_165 — Bon—283 - + BsBhn_o + BaBhn_1 = f(v,2'). Now direct
calculations show that f(v,v') = —Bon_18y — Pan—2B4 —- - -+ BB, _, + (24,1 » and hence
we have that ¢(zy) = ¢(z)¢(y).

¢ is one-to-one:

¢e) =dy) = [, Al =, ]

= v=1v ond B =B
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= Bi=pf and 1 =p; 2<i<In—1
= Bi=p6 Vi 1<i<2n-1

= T=4y.

Now

Im(¢) = {¢p(x) |z € P(n)} = {lv, Bi]|veV, h=acGF(q)}
= {[v, a] |v€EV, a € GF(q)} = P.

Hence ¢ is onto, so P(n) = P.

We know that

1 —Ban-1 —Bon-2 - PBo B1
0 1 0 e 0 B2
P(n) = , Bi€GF(g), i=12---,2n~1
0 0 0 o1 Bop—a
0 0 0 e 0 1

Since the entries above the main diagonal are arbitrary elements of GF(q) and there are

exactly 2n — 1 places above the diagonal, we have that |P(n)| = ¢?" 1. O

Remark 10.2.54 If p = 2, then P(n) is an elementary abelian 2-group. Let = € P, then
z = [v,a] where v € V and a € GF(q). Since p = 2 we have that z2 = [v,a]% = [2v,2d] =
[0y,0] = 1p. Thus P is an elementary abelian 2-group. Since P(n) = P, then P(n) is also
an elementary abelian 2-group.

Lemma 10.2.55 [2/] Let H be the subgroup of A(n) which fizes ea,. Then H fizes both

e1 and ey, and acts on W = (es,e3,...,ean—1) as G(n — 1). Moreover H = G(n — 1)
SP(2n —2,q).
Proof. Follows immediately from Theorem 10.2.41. O

Theorem 10.2.56 [13] Let q be a power of an odd prime p. Then A(n) is a split extension
of P(n) by H where H =2 G(n —1) 2 SP(2n — 2,q). That is

A(n) = P(n):H = P(n):SP(2n — 2,q)

Proof. We need to show that H is a complement of P(n) in A(n). This is equivalent to
show the following:

(1) P(n) N H = {14}
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(ii) P(n)- H = A(n)
(ii1) P(n) < A(n).

(3) Let T € P(n) then T(ezn) = Brer + Baea + -+ + Pan—1€2n—1 + €2n- If T € H, then
T(ean) = €2, and hence we must have 8; =0 1 <4¢<2n -1 and fo, = 1. Hence
a; =0, 2<i<2n—1.Thus T(e;) =e; Vi, sothat T = Iey).

(i) Since G(n) acts transitively on V -- {Oy'}, we have that |G (n)| = [V*||A(n)|.

So
n?( -2 _ In—4 _ 1\... (4 _ 2 _ 2n _ 1
Ay = ¢ (g 1)(q ;22” _(lq 1)(g° — 1)(q )
= (@ -)( - (@ - (P - )
o 1P|
|P(n)- H| = By H| |P(n)||H|.

Since H = SP(2n — 2,q), we have that

H| = g (g2 = 1)(¢" ™ = 1) - (¢" = )(@® — )

Thus
IPm)||H| = ¢ ¢ V(@2 1) (¢* - 1)(¢* - 1)
= ¢ (@21 (g' - 1) - 1)
= |A(n)].

Since P(n) - H C A(n), we must have P(n) - H = A(n).
(113) If A € A(n), then A = pyTy where py € P(n) and Ty € H. To show that P(n) <

A(n), let p € P(n). Then

poTop(poTo) ™' = poTorTy 'py " = po(TopTy )po '

Hence it suffices to show that TpT ' € P(n) VT € H, V¥p € P(n). If
B' = {e1,e2, -, €n,€on,€m—_1,€2n-2, " * ,€n42, En+1} 18 the ordered basis obtained from B,
then the action of T € H on the vectors of B’ is described by

T(el) = €1, T(GQn) = €2n

and
n 2n
T(e) = > Ajieg+ Y Ajiesng1—j, 2<i<n,
j=1 j=n+l1

n 2n
T(e;) = Z Aj3nt1—i€j + Z Aj3nt1-i€3nt+1—j, N <i<2n—1.
j=1 j=n+1
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Hence T can be represented by the following matrix, with respect to B’

[ 1 Ao AMn 0 Arnge Al 2n \
0 A2 X2n 0 Aznyo A2 2n
0 An 2 Ann 0 An n+2 )\n 2n = (Aij)ZnXZn-
0 A‘n+1 2 An+1 n 1 )\n+1 n+2 )\n+1 2n

\ 0 Aznz Amn 0 Aonnd2 A2n 2n )

Since 7T is an isometry, then the adjoint of T exists and its action on the vectors of B'is

given by
T*(el) = €1, T*(GQn) = €2n
and
n 2n
v .
T*(es) = > pjiej + Y Mji€snti—jy 2<4<m,
i=1 jentl
n 2n
T*(ei) =) Mjsnti-i€i+ D, Mjsntl-i€nti—j, n<i<2n—L1
j=1 je=ntl

Using the definition of adjoint of 7', we find the entries of the first and the (n + 1)-th rows
of the matrix of T* with respect to B’. For example, entries in the first row of the matrix

of T* are obtained as follows:

f(T(ezn),e1) =
f(T(e2n), e2) =

flean, T*(e1)) = flean, €1) = 1,
f(82n,T*(82)),

SO p11=Antint1 =1

SO 12 =Ant2n+1 =0

f(T(e2n),en) =
f(T(e2n)a e2n) =

f(e2mT* (en))a SO U1n = A2n n+l = 0

f(e2naT*(e2n)) = f(e2na 3271,) = 07 S0 U1p+1 = A1 n+l = 0

f(T(e2n),ent1) = fleom,T*(en+1));, 80 p12n = Apns1 =0.

Similar calculations give the entries of the (n + 1)-th row of the matrix of T*. Now
by using the Theorem 10.2.37, we can easily see that 7" and T* have the following matrix
representations (with respect to B’) respectively

[ 1 0 0 0 0 0
0 A22 Aen [0 A2ng2 A2 20
0 >\n 2 An n 0 '\n n+2 An 2n _ A C
0 0 0 1 0 0 "\ B D
0 An+2 2 A11.-}-2 n |0 A17.+2 n+2 )\n+2 2n

\ 0 /\2n 2 AZn n 0 )\Zn n+2 /\2n 2n
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and
1 0 cee 0 0 0 cee 0
0 Mt2nt2 ¢ Aznnt2 |0 —Asng2 o —An nt2
0 /\n+2 2n e )\211 2n 0 —A2 2n e ‘/\n 2n — Dt —Ct
0 0 0 1 0 0 —-Bt A
0 —Ang22 '+ —Azmz2 |0 A2 2 An 2
0 —Ang2n '+ —A2nn | O A2 n Ann )

Since T' € P(n) C SP(2n,q), by Theorem 10.2.37 we have that T*T = I,. Using this

fact we obtain the following relations

n
> (Ankntideg — Mensidngk )y 2<i<n, 2<j<2n,
k=2
and
n—2
S (= XitkionNg + Nizaditks), n+2<i<2n, 2<j<2n, 2<I<n.
k=0

Now if p € P(n), then p can be represented (with respect to B') by the following matrix

/1 —Ban-1 —Pon-2 -+ —Pat1 b1 o Ba )
0 1 0 - 0 By - 0
0 1 0 B3 o0
o 0 o -1 Bn - 0
0 0 0 0 1 0
0 0 0 0 Bon-1 - O
0 0 0 0 Brnt1 oo 1

Using the above relations obtained for the entries of 7 we deduce that T~ !'pT has the
following matrix representation

1 kﬂ,Zn——l bﬂ’Zn—Z _'B':z+l ﬂll e ﬂl’n,
0 1 0 0 B4, e 0
0 0 1 0 B4 e 0
0 0 0 1 B, - 0
0 0 0 0 1 e 0
0 0 0 0 lgén_l .0
0 0 0 0 Blyw o1

Thus T~'pT € P(n), so that P(n) < A(n). O
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10.2.5 The group A(2) = 23:SP(2,2)

Here P(2) is an elementary abelian group of order 8, so P(2) = V3(2), the vector space
of dimension three over the field of two elements. Let H 2 SP(2,2), we determine the
conjugacy classes of the group A(2) = P(2):H = 23:SP(2,2), where H acts naturally on
P(2).

Let P(2) be generated by {e1, €2, €3}, according to the Definition 10.2.52, where

and €3 =

o = O =
e e
o o o -
[ BN o BN S ==
o = o =
= )
o o o =
R
=
o= O

1
1
0
0

o © o =

and € = 1, for 1 <4 < 3. Hence P(2) = {1, €1, €2, €3, €162, €1€3, €2€3, €1 €263 }. Let
H =< a,8 >, where

1 0 0 O 1 0 0 O

0 1 0 O 0 0 1 O
a= and 8= ,

0 1 1 0 0 1 1 0

0 0 0 1 0 0 0 1

with o(a) =2 and o(B) = 3. Then the group A(2) is generated by two 4 x 4 matrices
over GF(2), namely

1 0 0 1 1 1 1 1

0 1 1 0 0 0 1 1
T = and y=

01 0 0 01 0 1

0 0 0 1 0 0 0 1

where o(z) =6 and o(y) =2.

10.2.6 The conjugacy classes of A(2) = 23:5P(2,2)

We have used GAP3 [32] to compute the conjugacy classes of the group A(2), and we
found that A(2) has 10 conjugacy classes. We use Atlas [5] notation to list the conjugacy
classes of A(2). We also give class representatives in terms of 4 x 4 matrices over GF(2).
The information is given in the Table 9.1.
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Table 9.1: The conjugacy classes of elements of 23:SP(2,2)

l9lc llglel || [gle M Il9]c]

/1 0 0 0 [1 0 0 0
01 1 0

14 0 1 00 1 24 6
00 1 0 00 1 0
\ 0 0 0 1 0 0 0 1
[1 1 0 0 [1 1 0 0
01 0 0 01 0 0

B 3 2c 6
2 00 1 1 001 1 1
K 0 0 0 1 K 0 0 0 1
1 0 0 1 /1 1 0 1
01 0 0 01 0 0

2D 1 2F 3
00 1 0 000 1 1
0 0 0 1 \ 0 0 0 1
1 0 00 1 01 0

1

5 01 1 0 8 A 0 0 0 6
01 00 01 0 1
0 0 0 1 0 0 0 1
( 1 0 1 1 1 110
1 1 0

4B 0 0 10 6 6B 0 8
01 0 1 01 0 1
" \o oo 00 0 1

104

Lemma 10.2.57 The group A(2) is isomorphic to the generalised symmetric group 23:Ss.

Proof. In the generalized symmetric group 23:S3, S3 acts on 2% naturally producing four
orbits of lengths 1, 1, 3 and 3 respectively. Using Table 9.1 we can see that for the
group A(2) = P(2):SP(2,2) we have P(2) = {LA}U[2B]U[2E]U[2D]}, where [[1A]| = 1,
[[2B]| = |[2E]| = 3 and |[2D]| = 1. Hence SP(2,2) has 4 orbits of lengths 1, 1, 3 and 3 on

P(2) = 23. Since SP(2,2) = Ss, the proof follows.

O

Remark 10.2.58 Using the technique of the Fischer-Clifford matrices, Mpono in [27] has
determined the conjugacy classes and constructed the character table of the affine group
A(3) = 25:85 = 25:SP(4,2) which is maximal in the group SP(6,2) of index 63. For a

more detailed and thorough account on the subject the reader is submitted to a reading of

[26] and [27].
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