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Abstract

In this thesis we study the physical properties of the manifold in general relativity
that admits a conformal motion. The results obtained are general as the metric tensor
field is not specified. We obtain the Lie derivative along a conformal Killing vector of
the kinematical and dynamical quantities for the general energy-momentum tensor
of neutral matter. Equations obtained previously are regained as special cases from
our results. We also find the Lie derivative of the energy-momentum tensor for the
electromagnetic field. In particular we comprehensively study conformal symmetries
in the Bianchi I spacetime. The conformal Killing vector equation is integrated
to obtain the general conformal Killing vector and the conformal factor subject to
integrability conditions. These conditions place restrictions on the metric functions.
A particular solution is exhibited which demonstrates that these conditions have
a nonempty solution set. The solution obtained is a generalisation of the results
of Moodley (1991) who considered locally rotationally symmetric spacetimes. The
Killing vectors are regained as special cases of the conformal solution. There do
not exist any proper special conformal Killing vectors in the Bianchi I spacetime.
The homothetic vector is found for a nonvanishing constant conformal factor. We
establish that the vacuum Kasner solution is the only Bianchi I spacetime that admits
a homothetic vector. Furthermore we isolate a class of vectors from the solution which

causes the Bianchi I model to degenerate into a spacetime of higher symmetry.
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1 Introduction

General relativity is a theory of gravity. It has wide applications in astrophysics and
cosmology. In general relativity the gravitational field of a body is contained in the
curvature of spacetime. The Riemann tensor describes the curvature of the spacetime
manifold. Spacetime is taken to be a 4-dimensional, pseudo-Riemannian manifold
possessing a symmetric, non-degenerate metric tensor field. The gravitational field
is described by the Einstein tensor which is related to the curvature of spacetime
via the Ricci tensor and the Ricci scalar. The matter content is represented by
the symmetric energy—-momentum tensor. The spacetime geometry is related to the
matter content via the Einstein field equations. The field equations are a nonlinear
coupled system of partial differential equations which satisfy conservation laws called

the Bianchi identities.

There exist many solutions to the Einstein field equations in the literature.
Exact solutions to the field equations are important because they facilitate the in-
vestigation of the physical properties of specific models. Although a large number
of solutions are known today, many of these are not physical. A comprehensive list
of exact solutions to the Einstein field equations is given by Kramer et al (1980).
Exact solutions may be found in an ad hoc fashion by specifying one or more of the
geometric and matter variables and solving the field equations to find the remaining

variables. An alternative method of generating solutions to the field equations is



to suppose that the gravitational field possesses a symmetry, e.g. a Killing vector.
Such an assumption simplifies the field equations and often makes them easier to
integrate. Most of the classical solutions, e.g. the Schwarzschild and the Robertson—
Walker models, are spacetimes of high symmetry. Models with less symmetry are

more difficult to investigate.

In recent attempts to obtain exact solutions a conformal symmetry require-
ment is imposed on the spacetime manifold, i.e. the manifold is invariant under the
action of a group of conformal motions. A number of exact solutions have been
found in various models with the assumption that the spacetime admits a confor-
mal Killing vector. Perfect fluid spacetimes and anisotropic fluid spacetimes with
a conformal Killing vector have been investigated by Herrera and Ponce de Ledn
(1985a, b, c), Herrera et al (1984), Maartens and Maharaj (1990), Maartens et al
(1986), Mason and Maartens (1987), Mason and Tsamparlis (1985) and Saridakis
and Tsamparlis (1991). Many of these solutions have been concerned with astro-
physical applications. Spherically symmetric cosmological models, with vanishing
shear, admitting a conformal Killing vector have been studied by Dyer et al (1987)
and Maharaj et al (1991). A number of these authors have also extensively investi-
gated the kinematical and dynamical properties of the solutions to the field equations
with a conformal symmetry. In particular various spacetimes admitting an inherit-
ing conformal Killing vector, a special conformal symmetry, have been analysed by
Coley (1991) and Coley and Tupper (1989, 1990a, b, ¢, d). The analysis of conformal
motions in general relativity is important. It is clear that explicitly finding conformal
Killing vectors assists in the analysis of exact solutions. Conformal Killing vectors
have been found in certain spacetimes: Minkowski spacetime (Choquet-Bruhat et al

1977), Robertson-Walker spacetimes (Maartens and Maharaj 1986), pp-wave space-



times (Maartens and Maharaj 1991) and locally rotationally symmetric spacetimes

(Moodley 1991).

In this thesis we consider the conformal geometry of the Bianchi I space-
time. The Bianchi spacetimes are spatially homogeneous and anisotropic and are
often used in the study of anisotropic cosmological models. The Bianchi I spacetime
is a generalisation of the corresponding locally rotationally symmetric spacetime,
studied by Moodley (1991). The Bianchi models have only three Killing vectors in
contrast to the Robertson-Walker models which have six. Consequently the inte-
gration of the conformal Killing vector equation is more complicated in the Bianchi
I spacetime. We integrate the conformal Killing vector equation for the Bianchi I

metric to obtain the conformal Killing vector and the conformal factor in general.

In chapter 2 we briefly discuss concepts in differential geometry necessary
for this thesis. We begin with a description of manifolds. Coordinate transfor-
mations, vector fields and tensor fields are defined on the manifold. We introduce
differentiation on manifolds: the covariant derivative and the Lie derivative are de-
fined. The curvature of the spacetime manifold is described by the curvature tensor,
the Ricci tensor, the Ricci scalar and the Einstein tensor. We consider the energy-
momentum tensor for neutral matter and charged matter. We then motivate the
Einstein field equations with nonvanishing cosmological constant. The Lie bracket,
Lie algebras and Lie groups are introduced briefly. We present the conformal Killing

vector equation and the special cases of Killing, homothetic, special and nonspecial

conformal Killing vectors are listed.

In chapter 3 we investigate the effect of the existence of a conformal sym-

metry on the Einstein field equations in general. We find the Lie derivative of the



kinematical and dynamical quantities. The general energy-momentum tensor utilised
is applicable to neutral matter. Equations of other authors are regained as special
cases of our results. We also find the Lie derivative of the energy-momentum ten-
sor of the electromagnetic field. We briefly review results obtained on conformal

symmetries and consider other types of symmetries on the spacetime manifold.

In chapter 4 we discuss the spacetime geometry of the Bianchi I model.
The Einstein field equations for a perfect fluid energy-momentum tensor are derived.
We then integrate the conformal Killing vector equation for the Bianchi I metric to
obtain the conformal Killing vector and the conformal factor, subject to integrability
conditions. The integrability conditions place restrictions on the metric functions.
We provide all the details of the integration process. In particular we consider a
simplified class of conformal Killing vectors by setting certain functions of integration
to zero; this ensures that the integrability conditions have a nonempty solution set.
The conformal Killing vector obtained generalises results found previously on locally
rotationally symmetric spacetimes. The special cases of Killing vectors, homothetic

vectors and special conformal Killing vectors are considered.

The results obtained in this thesis are summarised in the conclusion. Some
avenues for future work are pointed out. This work is a generalisation of results
obtained by other authors. We believe that the results obtained in this thesis are
original. We have not found any published work in the literature on the general

solution of the conformal Killing vector equation in Bianchi I spacetimes.



2 Manifolds and Tensor Fields

2.1 Introduction

In this chapter we briefly review and discuss aspects of differential geometry, mani-
folds and tensor fields. We concentrate only on those aspects that are necessary for
this thesis. We begin by heuristically introducing the 4-dimensional spacetime struc-
ture of a manifold which admits a Lorentzian metric in the neighbourhood of every
point. The additional structure of an affine connection is also necessary. Spacetime
is a 4-dimensional differentiable manifold endowed with a symmetric metric tensor
field which describes the gravitational field. In addition to the manifold we also con-
sider in §2.2 general coordinate transformations, tensor products and tensor fields
as natural geometric objects on the manifold. For more comprehensive expositions
on manifolds and related concepts the reader is referred to Bishop and Goldberg
(1968), Choquet-Bruhat et al (1977), Hawking and Ellis (1973) and Wald (1984).
The covariant derivative plays a significant role when considering the curvature of
spacetime in general relativity. The Lie derivative is important in the study of sym-
metries in general relativity. The Lie derivative provides a coordinate independent
description of symmetries. We consider the covariant derivative, the Lie derivative
and their properties in §2.3. The additional structure of the connection and the

related Christoffel symbols are also introduced in §2.3. The curvature tensor and the



Einstein field equations are discussed in §2.4. The curvature tensor is derived and
the various identities which it satisfies are listed. The Ricci tensor, the Ricci scalar,
the Einstein tensor and the energy-momentum tensor are also defined. The Einstein
field equations for neutral matter are briefly introduced. We also present Maxwell’s
equations and the electromagnetic tensor for charged matter. The Einstein field
equations are adapted to accommodate charged matter. We discuss Lie algebras and
Lie groups and the relations between them in §2.5. We require that spacetime be
invariant under a conformal Killing vector. The existence of a conformal symmetry
imposes restrictions on the metric tensor and often leads to a simplification of the
Einstein field equations. The existence of a conformal symmetry and its effect on
the Einstein field equations are pursued in later chapters. The general conformal
Killing vector is defined in §2.5 and the special cases of Killing, homothetic, special

and nonspecial conformal Killing vectors are listed.

2.2 Manifolds and Tensor Fields

We may consider a manifold as a Hausdorff space that can be continuously para-

metrised. The number of independent parameters generates the dimension of the
manifold, and the parameters are the coordinates of the manifold. Locally a man-
ifold has the structure of Euclidean space in that it may be covered by coordinate
neighbourhoods. It is important to note that the global structure of the manifold,
however, may be very different from that of Euclidean space. For the purposes of gen-
eral relativity we require the mathematical structure of a 4-dimensional differentiable
manifold. Points in the 4-dimensional manifold are labelled by the real coordinates

2%, 2!, 2% 2%, Here 2° = ct is the timelike coordinate (we will take the speed of light



¢ = 1) and 2!, 2% 2 are the spacelike coordinates. The manifold has to support a
differentiable structure so that differentiation of functions, involving changes of co-
ordinates in overlapping coordinate neighbourhoods, is permissible. For a rigorous
definition of a differentiable manifold the reader is referred to Bishop and Goldberg

(1968), Hawking and Ellis (1973), Misner et al (1973) and Wald (1984). Here we will

present only those aspects of manifolds necessary for this thesis.

Suppose that M is a set of points and let {O,} be a collection of open
subsets in M. The function ¥, : Oy — R* is bijective and maps the open set O, to
an open region of 4. The purpose of each map 1, is to attach coordinates to points
in O, of the manifold. The map 1, together with the open subset O, comprises the
pair (14,04) called a chart. If P is a point in O, then we sometimes call (14, O4)
a coordinate system about P. Consider the set of charts {(O,,%,)}aer where I is
some index set. For a well-defined manifold we require that the following conditions
apply. The set {O,} covers M so that each point of M is contained in at least one
Os. We also require that for all O, there exists an Og such that O, N Og # 0. This
ensures that in the intersecting region the composite functions ¥, 05" and ¢z 017"
are differentiable functions from ®* to ®*. The inverse maps ' and A ! are defined
as ¥ and 9 are injective. Further it is necessary that the collection {(Oa,%4)}aer
is maximal so that any other chart (O,,%,) is containéd in this set. This prevents
the definition of new manifolds by the mere addition or deletion of a chart. The set

{(Oa;%a)}aer satisfying the above conditions is called an atlas. The set M together

with its atlas comprises a 4-dimensional differentiable manifold.

Consider the charts (¢,,0,) and (¥g,05) with intersecting coordinate
neighbourhoods. The maps 9, : O, — R* and 93 : O3 — R* generate the

coordinate systems 2 and z?, respectively. These coordinates are related by the



composite functions 1, 0 95" : R* — R* and Yy 0 P71 R — R because in the

overlap O, N Og # 0. These composite functions imply the functional relationships

and the inverse relationships

The functions z® and z® given above are both differentiable and injective. The

Jacobians of the matrices

Ozb
oz

a! al'a,
Xb = 8$b and X:; -

are nonvanishing in the overlapping region O, N Og # @ . It is also possible to
establish the converse result. Suppose that we are given a chart (O,,%,) and the
system of equations z* = % (2%, 2,22, 2°) with |X{'| # 0 for some point P € O,
with coordinates z®. Then we can establish, utilising the inverse-function theorem,
the existence of a coordinate system (Og, 1) about P whose coordinates are related
to those of the previous chart (Oq,%4) by 2* = (2%, 2", 2%, 2%). It is sufficient for
our purposes to require that the differentiability class of the manifold M is at least
C? to ensure that operations which depend on the continuity of partial derivatives

are valid.

We define a regularly parametrised smooth curve on the manifold M by
the continuous functions z° : v — M, where u is a real parameter. A curve with
a given parametrisation yields a tangent vector at a point P € M, and conversely
the tangent vector is tangent to some curve through P. Let Tp represent the set
of vectors tangent to a curve at the point P in M. The set of tangent vectors Tp

generates a vector space at P. The dual tangent space Tp at P is defined by the



real-valued function Tp : Tp — R. The dual space Ty satisfies the vector space
axioms. We can then construct spaces (T7)p of type (r,s) tensors at P by taking

repeated tensor products of Tp and Tp:

TT=Tel® -7l I"® - 9T

~

r times s times

so that we have

TH T xT*x - XT"xTxTx--xT—R

.
N

r times s times
(Bishop and Goldberg 1968, Misner et al 1973, Schutz 1980). It is easily established
that the space (T7)p of multilinear functionals is also a vector space at P. A type
(r,s) tensor field on M is an assignment of a member of (7;)p to each point P € M.
Tt is convenient to represent the set of all type (r,s) tensor fields on M by T;. The
quantity T%192-4r, ., represents the components of a (r,s) tensor field T in 7.
Under a change of coordinates the components 7%1%2%ry , ,  transform according

to the rule

!

a’al..a _ vyal ya! al vdi yvde dsrpeica...c
T2ty o= XO X2 XOXG X Xy T g0, (2.1)

in the manifold M.

In order to discuss metrical properties we need to endow M with a metric
tensor field g of rank two. In the case of an indefinite metric tensor field the mani-
fold M is called a pseudo-Riemannian manifold (Misner et al 1973, Stephani 1990).
Spacetime M is a Hausdorff, oriented, smooth 4-dimensional manifold endowed with
a symmetric, non-degenerate tensor field g of signature (— 4+ + +). By definition
the tensor field g satisfies (2.1). The metric tensor g is fundamental to the invariant

definition of the length of a curve in M which is given by the integral

ug
s :/ |gab:i:aj:b|%du
U

1



where i® = d2®/du. This definition reduces to the infinitesimal line element or

fundamental metric form

ds? = gudatdz® (2.2)

where we have dropped the modulus sign. The line element (2.2) gives a measure
of the infinitesimal interval between neighbouring points z* and z® + dz® in the
manifold. We can construct a coordinate system about any point P in the spacetime

of general relativity such that in the neighbourhood of P we have

1 82gab .
Gab N Nap + 5(635%91!1):6 ;pd (2.3)

The metric tensor 7, is that of special relativity. At any point P in spacetime there

exists a coordinate system in which the metric tensor takes the Lorentzian form

-1 0 0 0
o100
[nab] - 00 1 0
0001

In the case of special relativity there exist global coordinate systems for which the
metric tensor takes the above form. Such coordinate systems are called inertial
or Cartesian. However in the 4-dimensional manifold of general relativity Cartesian
coordinate systems occur only locally in the neighbourhood of a point. We distinguish
between the two by saying that the spacetime of special relativity is flat, while that
of general relativity is curved. The departure from flatness in general relativity is

due to the nonvanishing of the second derivatives in (2.3). (In §2.4 we formally define

the Riemann curvature tensor).
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2.3 Differentiation on Manifolds

To define the covariant derivative on M we need to introduce additional structure on
the manifold. The derivative operator V, sometimes called the covariant derivative
operator, on the manifold M is a map which takes each smooth tensor field of type
(r,s) to a smooth tensor field of type (r,s + 1). The components of the tensor
field resulting from the action of V on a type (r,s) tensor field T are denoted by

V Ieez-ary s, The derivative operator satisfies the following properties:
(i) V is linear and Leibnitz,
(i) V commutes with contraction,
(iii) For f € F and V € Tp(M)
V(f)y=VV,f

where F: M — R is the collection of C*® maps. This requirement is con-

sistent with the notion of tangent vectors as directional derivatives on scalar

fields,

(iv) V is torsion free so that
VoV f = ViV, f

for f e F.

Note that some authors treat property (iii) as a definition after first defining V()
along a parametrised curve. The usual partial derivative operator 0, of the compo-
nents 71024, p 4, of the (r, s) tensor field T given by

aija...ar
or biby...bs

ozec

aias...a
0.1 " biby...bs

11



a1a2...a
T2y by b

where the comma denotes partial differentiation, satisfies the above conditions. The
components 7?1924, ;. . in another coordinate system, however, do not transform
like a tensor. Thus the partial derivative is coordinate dependent and is not naturally

associated with the structure of the manifold.

Property (iii) implies that any two derivative operators V, and V, must
agree in their action on scalar fields. However disagreement in the action of V, and
V, on tensor fields of higher rank is possible. Consider the difference @a(be) -
Vo(fWs), for some covariant vector field W and an arbitrary scalar field f € F.

Using properties (i) and (iii) we obtain
Va(fWs) = Vo fW3) = [(Va W, — V. W)

At a point P € M, V,W, and V,W, each depend on changes in W as we move
away from P. However the above equation shows that the difference V, W, — V,W,
depends only on the value of W at point P. Thus V, —V, defines a map of covariant
vectors at P to tensors of type (0, 2) at P. Since this map is linear by property (i),
(@a — V,) defines a quantity at P denoted by C¢,;. Thus given any two derivative

operators V, and V, there exists the object C¢,;, such that
V Wy = VW, — Cu W, (2.4)

The torsion free restriction implies that C°,; is symmetric in the indices a and b.
The difference in action of V, and V, on vector fields and all higher rank tensor

fields is determined by equation (2.4), and properties (i) and (ii1). For example we

have for a contravariant vector field V

V. V=V, Vb4 b, Ve

12



For the general formula for the action of V, on an arbitrary tensor field given in
terms of V, and C?,, see Wald (1984). The difference between the two derivative
operators V, and V, is completely characterised by the object C®,.. Conversely, if
V, is a derivative operator and C%,, is an arbitrary symmetric smooth quantity, it

is easy to show that V, will also be a derivative operator.

For our purposes we need to consider the case where V, is the partial
derivative operator §,. In this case, the object C¢,; is replaced by I'®,, which is
called a Christoffel symbol. For a contravariant vector field T of type (1,0) we have

from above

v, % =9, +T°,.T¢

or in a different notation

T, =T, + T, T° (2.5)

where the semicolon denotes covariant differentiation. As further examples we list

the covariant derivatives of the (0,1),(1,1),(0,2) and the (2,0) tensor fields:

Top = Top—TuT, (2.6)
%, = T%.+T1%T% —T%.T% (2.7)
Torie = Tupe— D% Ty — 1% Ty (2.8)
T, = T 1o, 7% 4 b, Tod (2.9)

The covariant derivative of a type (r,s) tensor field follows the pattern suggested by

equations (2.5)-(2.9).

13



A vector V given at each point on a curve with a tangent vector T is said

to be parallel transported as we move along the curve if
TV, V' =0

is satisfied. Note that we can also define the parallel transport of a tensor field
of arbitrary rank. A vector at a point P on the curve uniquely defines a parallel
transported vector everywhere else on the curve. The notion of parallel transport
may be used to identify the tangent spaces Tp(M) and To(M ) of points P and @ if we
are given a derivative operator and a curve connecting P and Q). The mathematical
structure arising from the identification of tangent spaces of different points is called
a connection. Conversely we may start with the definition of a connection, and
then develop a derivative operator. It is possible to define many distinct derivative
operators on the manifold. In particular the fundamental theorem of Riemannian
geometry states that for the metric tensor field g there exists a unique derivative
operator V, satisfying

Vagbc =0

This is due to the requirement that the inner product of two vectors remains un-
changed if we parallel transport them along any curve. Thus the metric tensor field
g naturally determines the covariant derivative operator V,. The connection of this
derivative operator is called the metric connection. For the covariant derivative the
metric connection is comprised of the Christoffel symbols (of the second kind) which

are also called the connection coeflicients. The Christoffel symbols are given in terms

of the metric and its derivatives as follows

T = 26 (geap + gabe — Goea) (2.10)

In general the connection coefficients (2.10) do not transform tensorially.

14



In order to define the covariant derivative we needed to impose the ad-
ditional structure of a connection on the manifold M. Other operators such as
the exterior derivative and the Lie derivative are defined on a differentiable manifold
without imposing additional structure on M. We do not consider the exterior deriva-
tive since it acts only on forms and is not relevant to this thesis. However we do
consider the Lie derivative of a tensor field since it provides a coordinate independent

description of a symmetry property in the manifold M.

We can define the vector field X to operate on the scalar field f € F to give
the C'* scalar field X(f). The Lie derivative with respect to X is an extension of this
operation to an operator L:x on all C* tensor fields which preserves the tensor type.
This derivative corresponds to the change determined by an observer in going from a
point P, with coordinates x?, in the direction of a vector field X to an infinitesimally
neighbouring point ), with coordinates z® + ¢ X?, and transporting the coordinate
system from P to (). Consider an infinitesimal coordinate transformation

!

¢ = 2% —eX*®

We obtain the Lie derivative of a type (1,0) tensor field T by comparing the con-
travariant components 7* at a point P and at an infinitesimally neighbouring point

Q. To first order in € we can establish the difference
T(Q) = X'T(z° + eX°)
which implies
T(Q) — T*(P) = eX*T? ,(P) — eX* ,T*(P) (2.11)
Then the Lie derivative of T in the direction of the vector field X is defined as the

limiting value

Lot = gim L@ =T4(P)

(2.12)

e—0 I3

15



From (2.11) and (2.12) we obtain the equivalent expression
LxT® = T*, X" —T°X% (2.13)

which is the Lie derivative of the (1,0) tensor field T. As examples we list the Lie

derivative of (0,1),(1,1),(0,2) and (2,0) types of tensor fields :

LxT, = T.,X+T,X°, (2.14)
LxT® = T%.X°—TWX . +T%X°, (2.15)
LxT, = Tape X+ Tep X g+ Toe X (2.16)
LxT® = T X°—TdX, - T*X", (2.17)

For an (r,s) tensor field the Lie derivative follows the pattern contained in (2.13)-
(2.17). Note that we can introduce the Christoffel symbols (2.10) to replace partial
derivatives with covariant derivatives in (2.13)-(2.17). This explicitly demonstrates
that the Lie derivative of a tensor is also a tensorial quantity. The Lie derivative Lx
satisfies a number of useful properties which may be used to simplify calculations.

We list these properties without proof (Stephani 1990, Wald 1984):

(1) Lx preserves tensor type, i.e. EXT is a tensor field of the same type as T.
(ii) Lx is linear and Leibnitz.

(iii) Lx commutes with contraction.

(iv) Lxf = X(f) where f € F.

(v) Ex commutes with the partial derivative.

16



Two further properties satisfied by the Lie derivative and related to the Lie bracket

are given in §2.5.

In this section we have defined the covariant derivative and the Lie deriva-
tive. The Lie derivative arises naturally on the manifold. This derivative is intro-
duced without defining further structure on the manifold. Note that in order to
define the covariant derivative we have to impose the additional structure of a con-
nection on the manifold M. The covariant derivative generates the curvature tensor
on the manifold (see §2.4). The Lie derivative is important for the description of
symmetries of gravitational fields (see §2.5) and also other physical fields (Burke

1985, Schutz 1980).

2.4 Curvature and the Field Equations

The notion of curvature arises from the path dependence of parallel transport of
a covariant vector field W. This path dependence is directly related to the non-

commutativity of covariant derivatives of W :

Wa;bc - Wa;cb = (Fdac,b - Fda,b,c + Feacrdeb - Feabrdec> Wd

= Rdabc Wd

where
Rdabc = Fdac,b - Fdab,c + Feacrdeb - Fcadeec (218)

are the components of the Riemann curvature tensor R. The tensor field R provides

a measure of the curvature of a manifold. For R = 0 we have flat spacetime and for

17



R # 0 the spacetime is curved. The components R%cq satisfy the following identities

Rapes = —Rbacd (2.19)

Raped = —Rabde (2.20)

Raped = Redab (2.21)

Rapea + Rocap + Roape = 0 (2.22)
Ropedie + Robdese + Rapeca = 0 (2.23)

The identities (2.19)-(2.23) assist in calculations that involve the curvature of the
manifold and are important in the formulation of the Einstein field equations. The
equation (2.23) is called the Bianchi identity. Upon contraction of the Riemann

tensor (2.18) we obtain the Ricci tensor

Rab = Rcacb (224)

The scalar curvature R is defined as the trace of the Ricci tensor

R=R®, (2.25)

Contracting the Bianchi identity (2.23) and utilising the above identities for the

Riemann tensor yields
ab ab
This has the equivalent form

G =0 (2.26)

18



if we define

Gab = Rab - %Rgab (227)

where the tensor G is called the Einstein tensor.

In general relativity the matter distribution is described by the energy-

momentum tensor T which is given by
Top = (4 P)tatty + Pgab + Gats + GolUa + Tab (2.28)

where the energy density y, the isotropic pressure p, the energy flux vector ¢* (¢*u, =
0), and the trace free anisotropic pressure tensor m,, are measured relative to the
4-velocity u®. The 4-velocity u is timelike so that u®u, = —1. For perfect fluids the

energy flux vector and the stress tensor vanish so that (2.28) becomes

Tab = (” + p)uaub + PYab (229)

The energy-momentum tensor T, given by (2.28), is coupled to the Einstein tensor

G, given by (2.27), via the Einstein field equations

Gap + Agap = T (2.30)

where A is the cosmological constant. We are using units in which the coupling

constant in (2.30) is unity. From equations (2.26) and (2.30) it follows that
T, =0 (2.31)

which is a conservation law. The field equations constitute a system of ten nonlinear
partial differential equations which determine the gravitational field. The equations
(2.30) express the relationship between the curvature of the manifold structure and
the matter distribution in spacetime. Equation (2.26) implies that not all of the

field equations are independent. For further information on various categories of
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exact solutions to the Einstein field equations (2.30) the reader is referred to the

comprehensive list contained in Kramer et al (1980).

The energy-momentum tensor T in equation (2.28) represents neutral mat-
ter only. To accommodate charged matter we need to supplement the right hand side
of (2.30) with a term representing the electromagnetic field. The energy-momentum

tensor E for the electromagnetic field is given by
B = FooFy* — 39 Fic F™ (2.32)

Here the components of the skew-symmetric electromagnetic field tensor F may be

given in terms of a 4-potential A:
Fab = Ab;a - Aa;b

(Misner et al 1973, Stephani 1990). The electromagnetic field tensor F satisfies

Maxwell’s equations

F*y, = Je (2.33)

Fab;c + Fbc;a + Fca;b =0 (234)

where J represents the current density. With the electromagnetic field tensor given
by Foy = Ay, — A,y we note that (2.34) is identically satisfied. The Maxwell equations
(2.33)-(2.34) are the basic equations of the electromagnetic field in a curved space.
For electrodynamics in a curved background we need to supplement these equations
with the Lorentz equation. The Einstein field equations (2.30) have to be adapted

to the form

Gab + Agap = Ty + Ey (2.35)
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to incorporate the electromagnetic field. Maartens and Maharaj (1990) find solutions
to the field equations (2.35), with a conformal symmetry, for a charged nonconducting

imperfect fluid without energy flow for symmetric static fluid spheres.

2.5 Lie Algebras and Conformal Motions

In this section we only summarise those elements of the theory of groups of trans-
formations necessary for this thesis. Transformations are maps of a manifold into
itself and symmetries are those transformations that do not change the mathematical
structure of the manifold. An important feature of the study of transformations is
the infinitesimal transformation described by a vector field. Of particular interest
is the infinitesimal transformation described by the Lie derivative (2.12). We intro-
duce the concepts of Lie algebras and Lie groups and discuss the relation between
them. Furthermore we define a conformal Killing vector which is important for later
sections. For a more comprehensive treatment of Lie theory and its applications to

physics the reader is referred to Dubrovin et al (1984, 1985).

A Lie algebra is a vector space upon which is defined a bilinear multipli-

cation operation [, ] which from any two C* vectors X and Y produces another

vector [X, Y] satisfying:
(i) X, Y] = —-[Y,X]
(i) (X, [Y, Z)] + [Y,[Z,X]] + [Z,[X, Y]] = 0

Property (i) shows that [, ] is skew-symmetric and property (ii) is called the Jacobi
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identity. One such operation is the Lie bracket:
[X,Y]=XY -YX

where XY is the composition of the vectors X and Y on scalar fields. The Lie algebra
is closed under the operation of the Lie bracket. The Lie bracket is associated with

the Lie derivative by the following properties:

LxY = X,Y]

E[X,Y] = LxLy-LyLx

for all vector fields X, Y. Thus in addition to properties (i)-(v) listed in §2.3 the Lie

derivative also satisfies the above properties.

An r-dimensional Lie group G, is an r—dimensional differentiable manifold

whose underlying set is a topological group. The group composition
G, x G, — G,

and group inverse

G, — G,

are smooth functions. Every Lie group defines a unique Lie algebra and conversely
every Lie algebra defines a unique Lie group (Choquet—Bruhat et al 1977, Dubrovin
et al 1984, 1985, Kramer et al 1980). For our purposes we use Lie groups to represent
the symmetries of mathematical structures on manifolds. Each of the elements or
generators of the Lie algebra of G, represents an infinitesimal transformation. The
relevance of Lie algebras and Lie groups to various classes of solutions to the Einstein

field equations is comprehensively discussed by Kramer et al (1980).
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Manifolds with structure may admit groups of transformations which pre-
serve this structure. A conformal motion preserves the metric up to a factor. A

conformal Killing vector X is defined by

Lxgab = 2¢’gab (236)

where 1 = ¥(z) is the conformal factor and g is the metric tensor. We normally
distinguish between four categories of symmetries admitted by the conformal Killing

equation (2.36):
(i) X is a Killing vector when ¢ = 0.
(ii) X is a homothetic Killing vector when ¢, =0 # 9.
(iii) X is a special conformal Killing vector when ,,, = 0.

(iv) X is a nonspecial conformal Killing vector when %, # 0.

The Killing vectors span a group of isometries, which may be utilised to characterise
solutions of the Einstein field equations systematically and invariantly (Kramer et al
1980). Killing vectors generate constants of the motion along geodesics. Conformal
Killing vectors generate constants of the motion along null geodesics for massless par-
ticles. Solutions to the Einstein field equations may be obtained by supposing that
spacetime admits a group of conformal motions G, of infinitesimal transformations.
These symmetries impose restrictions on the metric functions and consequently ob-
taining solutions to the Einstein field equations is simplified (Castején—Amenedo and

Coley 1992, Coley and Tupper 1990a, b, ¢, Dyer et al 1987, Maharaj et al 1991, Van
den Bergh 1988).

The set of all conformal Killing vectors generates a Lie algebra with basis
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{X;}. The elements of the basis are related by
X7, X,]=CFXk (2.37)

where the CK;; are the structure constants of the group. From the Jacobi identity

and equation (2.37) we obtain the Lie identity
CK O™y + CX¥ O™y + C¥ juCM 1 =0 (2.38)
Any set of constants C* ; satisfying
CKiy=C%yy

and (2.38) are the structure constants of a group. The maximal order r of a group

of conformal motions G, for an n-dimensional manifold is given by
r=z(n+1)(n+2)

(Choquet-Bruhat et al 1977). The maximal dimensionality of the Lie algebra in a
4-dimensional spacetime is r = 15. The generators of the (15 of conformal Killing
vectors for flat space are given by Choquet-Bruhat et al (1977), and Maartens and
Maharaj (1986) give the fifteen generators for Robertson-Walker spacetimes. Also

the conformal Killing vectors of pp—wave spacetimes were found recently by Maartens

and Maharaj (1991).
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3 The Lie Derivative and the Field Equations

3.1 Introduction

In this chapter we consider the kinematical and dynamical properties of spacetimes
that admit a conformal motion. Our results apply in general to the Einstein field
equations as we have not specified a particular form for the metric tensor field g.
We consider the Lie symmetries in the general case of an imperfect fluid energy-
momentum tensor for neutral matter. In addition we briefly consider the symmetries
of the energy-momentum tensor of the electromagnetic field. In §3.2 the kinematical
properties of the Lie derivative along a conformal Killing vector are derived. The
results are applied to the unit fluid 4-velocity vector that generates the kinematical
quantities. The Lie derivatives of the kinematical quantities along the conformal
Killing vector are explicitly determined. In §3.3 we derive the Lie derivative of the
energy flow vector. This result together with the kinematical results are applied to
the energy-momentum tensor for neutral matter. We then calculate the Lie deriva-
tive of the Einstein field equations with nonzero cosmological constant. Consequently
we obtain equations involving the Lie derivatives of the dynamical quantities. We
regain results given previously as special cases of our solutions. The Lie derivative
of the electromagnetic energy-momentum tensor is derived in §3.4 by using the gen-

eral decomposition of vectors established earlier. Thus it is possible to extend the
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results established in §3.3 to charged matter in general. We briefly review results
obtained on symmetry inheritance of conformal Killing vectors in §3.5. Other types

of symmetry inheritance are also considered.

3.2 The Kinematical Quantities

Before establishing the results of the Lie derivative of the kinematic quantities we first
prove a useful identity for the Lie derivative of a unit vector X along the conformal

Killing vector €. Recall that if £ is a conformal Killing vector then (2.36) is satisfied:
ﬁggab = 2P gab
This implies the useful result
Eggab _ _2¢gab
which is utilised in subsequent calculations. We can always write, for any X,
LeX*=ax+v" (3.1)

where Y is orthogonal to X (X -Y = 0). We take X to be a unit vector. The

quantity o is a scalar. As X is a unit vector we can write
XX, =¢

where

+1 if X is spacelike

—1 if X is timelike

Taking the Lie derivative of X®X, = ¢ along the conformal Killing vector £ yields
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X“[:sXatha,CEX“ = 0

X“ﬁe(gabXb)-{-XaﬁsX“ =0

X (21r/)gabXb + gabEEXb) + Xaﬁgxa =0

- x, L Xt = —ye
However contracting (3.1) with X, also gives
X, LgX* = ac
which together with the above result implies
P = —a

Thus we have established the results

L‘,gxa —pX* 4+ V" (3.2)

LeX, = pX,+Y, (3.3)

for the Lie derivative of the unit vector X along the conformal Killing vector £ where

XY, = 0. Applying (3.2) and (3.3) to the fluid 4-velocity vector u we have that

Egu“ = —Ypu” +0* (3.4)

E&ua = Yu, + v, (3.5)

where v is a spacelike vector and u%v, = 0.
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If u is the fluid 4-velocity vector then we can establish the kinematic result

(Ellis 1973)

Ugsp = Oab + ’lgehab + Wab — 'l.lan (36)
where
0 =u", (3.7)
is the rate of expansion,
hub = 4Gab + Uq Up (38)

is the symmetric projection tensor (hqpu’ = 0),
Tab = 5(Uaich®s + upch®s) — 50has (3.9)
is the symmetric shear tensor (ogu® = 0 = 0%,),
Wap = WA pu ) (3.10)

is the skew—symmetric vorticity tensor (wabub =0) and

tla. = ua;bub (311)

is the acceleration vector (u,u® = 0). The overhead dot denotes covariant differenti-

ation along a fluid particle worldline. Square brackets denote skew—symmetrisation.

Taking the Lie derivative of the connection coefficients (2.10) along the

conformal Killing vector £ yields

»Cgf'abc = %»ngad [gdbe + Gedp = Gbed]

+ %gad[/g [9av,c + Gedp — Gbe,d]

= %(—Q@bgad)[gdb,c + Gedp — Goed
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+ 30| (Lega) + (Leaes), ~ (L) 4

,C

= " [ oG + ¥ pGed — V.agse]

= "p,c‘sab + 'lz),béac - gbc¢’a (312)

We use (3.5) and (3.12) to establish the next result. The Lie derivative of (3.6) is

given by

E&'Ma;b = Eeua_b - (E&Fcab) Ue — Fcab (Eeuc)
= ('(Zl’l.l,a + va),b - (¢,b§ca + w'a(scb - gab¢'c)uc - IT‘Cab(,(;buc + vc)

= d},bua + "/)ua,b + Vb — uu.d),b - ub¢,a

+ gabuclp,c - I/JFcabuc - l—“‘:abvc

= ¢ua;b + Va;b + gabucd)'C - '(z},aub (313)

As the expansion scalar for the fluid velocity congruence is defined by (3.7) we have

that

Cg@ = (Leua)'a + (L&Faba) u® + 1%, (;Ceub)
= (_,(/)ua + Ua),a + (d).b(saa + ’(/},a(sab - gba'(/)’a)u’b + Faba(_’t/}ub + vb)

= —Yu® —ut, + v, +4ul, + o ul

- ua¢,a - wrabaub + Fabavb
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= _d)@ + va;a + 3¢,aua (314)

where we have utilised (3.4) and (3.12). The Lie derivative of the projection tensor

(3.8) becomes

Eeha.b = Lsgab + ua[-"ﬁub + ubﬁﬁua
= 21/)gab + 2¢uaub + 2u(a.vb)

= 2hg + QU(avb) (3.15)

where we have used (3.5). The round brackets above denote symmetrisation. Note

that since u*v, = 0 we have
Eeua = —Yu’ & Eehab = 20hg

so that € is a conformal motion of the projection tensor h,, if and only if »* = 0.
The Lie derivative of the shear tensor (3.9) along the conformal Killing vector &

reduces to the following:

££0ab = %Ee(ua;chcb+ub;ch0a)—%Ee(@hab)

= d"aab - %habvc;c - %eu(avb) + %(va;chcb + vb;chca)

- %(¢,ahcb + ¢,bhca)uc + ng(ua;cu(dvb) + ub;cu(dva))

— 1 2
= pou — §habvc;c - §®u(avb)

+ 'i)(aub) + V(a;b) + d(avb) + u(aub);cvc (316)
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where we have used (3.13)-(3.15). Note that (3.16) does not explicitly depend on

the derivatives of 1. Also note that if v, = 0 then
Ega'ab - on'ab

and € is a conformal motion of the shear tensor gy The Lie derivative of the

acceleration vector (3.11) is given by

Lifta = Ee(ua;bub)
= ubL&-ua;b—}—ua;bEEub

= ubvgy + 0V ugy + V4 + ugth U (3.17)

where we have utilised (3.4) and (3.13). On substituting (3.13)-(3.17) into (3.6) we

obtain the Lie derivative of the vorticity tensor

ngab = ‘Cé[ua;b — Oab — %Ohab + ?:Lan]

= thwy + Vlap] T 'd[avb] + O[aub] — u[aub];cvc (3.18)

which does not explicitly depend on the derivatives of 1. Again note that if v, = 0

then

‘Cewab = '(/)wab

and & is a conformal motion of the vorticity tensor wg.

For easy reference we list the Lie derivative of the kinematical quantities

(3.14), (3.16)—(3.18) together:

E,E@ = —90O + v°, + 3¢ u
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Eeda = Ubva;b + Ubua;b + d’,a + uad’,Cuc

[’go-ab = 1/)0-116 - %habvc;c - %Ou(avb)

+ V(as) + V(asp) F U(aVb) + U(aUp);cV

Lewab = PWab + V[ap] + UV + VjaUs] — U[aUp);cV”

Special cases of the above properties have been listed by other authors depending on
their applications. Herrera et al (1984) made the implicit assumption that v* = 0 in
(3.4) in their study of conformally invariant solutions to the Einstein field equations.
Maartens et al (1986) give the kinematical quantities in a slightly different form; in

b

particular the 4-acceleration vector u* and the vorticity tensor w®” are given in terms

of a scalar which reduces to an acceleration potential for an irrotational fluid.

3.3 The Dynamical Quantities

The energy flow vector ¢, is not a unit vector. However by using an argument similar

to that in §3.2 we can find the Lie derivative of ¢, along &. Let
qaqu = Q2 (319)

where @) is the magnitude of the energy flow. As before we express the Lie derivative

of ¢, as follows

Eeqa - aqa +wa
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where w®q, = 0. Contracting this equation with g, gives
qaﬁﬁqa — CYQ2

Taking the Lie derivative of (3.19) along the conformal Killing vector § yields

qGEEQa+qa£€qa 2Q£€Q

¢* (2vq. + gabﬁgq”) + qaﬁgq“ QQﬁgQ

= @le = (v+Q7LQ)Q
Comparing the right hand side of the above two equations gives
a=-p+Q'LQ
Thus we have established the following results for the energy flow vector

Leg = [-0+Q7'LeQ]¢" + v (3.20)

Lea = [0+Q7'LeQ) gu + wa (3.21)

Note that the above results for ¢* and ¢, apply to any vector of variable magnitude

Q. For a unit vector q, (3.20)-(3.21) reduce to (3.2)-(3.3). Since u®q, = 0 it is

convenient to define the scalar quantity

A = —u“ﬁgqa
= qaﬁéua
The above implies that
A = —uw, = viq,
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which we use later.

In order to establish the Lie derivative of the dynamical quantities it is

useful to first find the Lie derivative of the Riemann tensor (2.18):

ﬁéR“bcd = (Lerabd) _(Eerabc)’d'*’l—‘ace (E&'Febd)

,C

+ (ﬁerace) g — e (LgFebc) - <££Fade) [

_ {([;grabd) . + 1., (ﬁerebd) — I (‘Cﬁrade)}
~{(Cera) + i (Ler) -1 (Lo}

= (Ler) - (Lers) (3.22)

id

On setting a = ¢ in (3.22) we establish the Lie derivative of the Ricci tensor

Lera = (Leru) - (Lera),

= ¢;ac66b + '(;b;bc‘sCa - gabw;c;c

_(4¢;ab + ?/);cbéca - gac¢;c;b)

= ‘2¢;ab - gabDKLY (323)

where Oy = g%, Contracting the Lie derivative of the Ricci tensor in (3.23) gives

the Lie derivative of the Ricci scalar

Lek = Le(g* Rar)

= (209" Ras + 9™ (=200 — 905 0%)

34



= —2¢R— 60y (3.24)

Taking the Lie derivative of the Einstein tensor (2.27) and utilising (3.23) and (3.24)

gives the expression

LG = =2 = g0% — (=208 — 60%) g0 + R(2ga0)]

= 29abD¢' - 2¢;ab (325)

The results (3.22)-(3.25) give the Lie derivative of quantities related to the curvature

of the manifold.

The Lie derivative along a conformal Killing vector £ of the energy-momentum
tensor (2.28) is given by
CgTab = uaubﬁau + habcﬁp + 29 (pugup + phas)
+ 2(p + pluave) + ﬁgm

+2 (Q'lﬁgQ + w) U(als) + 2q(avs) + 2u(awy) (3.26)

where we have used (3.5), (3.15) and (3.21). Then the Lie derivative of the Einstein

field equations (2.30) becomes
uaub[,Eu + habﬁép + 2 (puaup + phas) + 2(p + p)ugavy

+££7ra,b +2 (Q_lch + 2¢‘) U(a@s) + 2q(as) + 2u(awy)
= 2(0¢ + AY)gab — 29,0 (3.27)

on utilising (3.25) and (3.26). Contracting (3.27) with u®u®, hot, u®h®,, hochbd —

%h“bhc‘i, ¢®, ¢*u® and ¢%¢® in turn yields the following set of equations that involve
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the dynamical quantities:

u“ubLEﬂ'ab + Legp+20p+ 248 = ~2(0¢ + Ap) — 2uub1h,q (3.28)

Bt Lgman + 3Lep + 6up + 24 = 6(0% + Ay) - 24, (3.29)

kb Lgma — (4 p)ve = (@7 LeQ +20) o —we + Aue = —2uW ety (3.30)

(heoh® — Skt (Lgmas + i) + 29" g qavn) — 3h4A =0 (3.31)

4 [Lep+26p+ A] + ua [Aln+9) + QL Q + 20¢7]

+ ¢ Lema, = 200 + Ap)ga — ¢t — Q%04 (3.32)

q“ubﬁewab —A{p+p)— (QLZ&Q + 21[)(22) = —q*u'th.qp (3.33)

Q* (Lep+20p) +20°A + ¢"¢" Lera = 28(09 + AY) = ¢*¢"bs (334)

Thus we have found the Lie derivative of the dynamical quantities in (3.28)-(3.34)

in general without any assumptions.

Special cases of the above system arising from taking the Lie derivative
of the Einstein field equations, have been considered by various authors. For cos-

mological purposes the most important special case of (3.28)—(3.34) is for a perfect
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fluid. By setting ¢, = 0 = mu in the above set of equations we obtain after some

simplification:
Len=—2p(n+A) =209 — 2u'u’tyu (3.35)
3£€p = 40 + 63(A — p) — 2uulehq (3.36)
(1 + p)ve = 2uP,q. + 2utuPucth,gp (3.37)

d);cd + ubud,(/);cb 1 uauc¢;ad n %uaubucud,‘p;ab
— LpOy — Lo utule = 0 (3.38)

The subcase of (3.28)-(3.34) for a special conformal Killing vector (1,5 = 0) with
A = 0 was first considered by Herrera et al (1984). The case with ¢, = 0 and
an anisotropic stress tensor was found by Maartens et al (1986) generalising results
obtained by Herrera et al (1984). Coley and Tupper (1989) imposed the restriction
¢. # 0 and restricted the anisotropic stress tensor to satisfy the phenomenological
equation m,, = —2n0,, where 7 is the bulk viscosity. In the case of Coley and Tupper

(1989) the system (3.28)—(3.34) reduces to the following:

EE” + 20 + 2A = —2(0% + Ah) — 2u®uih.q (3.39)

3Lep +6up + 28 = 6(09 + Ap) — 2h4p,, (3.40)

2770-cdvd - (ﬂ + P)”Uc - (Q_l‘ch + 2¢) Gec — W, + Auc = _2uahbc¢;ab (341)
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(heeh¥ — 1h®het) (L gmas + ¥an) +26%°9" qavy) — §h7A =0 (3.42)
0. [Lep+ 20+ 2] + uq [A(u+p) + QLEQ + 2607

— 20" L (o) = 200 + Ap)ga — ¢buas — Qv (3.43)

2n0aq" 0" — A +p) — (QLQ +26Q7) = —¢"u'Pias (3.44)

Q* (Lep+20p) +2Q°A +2¢°¢" Leg(now) = 28(0% + AY) = ¢* s (3.45)

Our equations (3.28)—(3.34) unify results presented previously in a consistent no-
tation. Also our equations generalise these results to the most general energy-

momentum tensor for neutral matter.

3.4 The Electromagnetic Field Tensor

The results of §3.3 may be extended to include charged matter. In this section we
find the Lie derivative along the conformal Killing vector € of the electromagnetic

tensor (2.32). Since Fyp = Ay, — Aap we have that

Leba = (Leas) - (Lea)

C @

Lere, = —2¢Fcb+9ac[(£fAb),a_(££Aa),b]

Lep* = —ApF 4 g g Loy,
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Thus substituting the above into the Lie derivative of (2.32) we obtain

E&Eab = EE (FeoF%) — Ee (%gadeeFde)

= FLeFp - 2FFy+ P Lk

— 111— [_2¢gadeeFde + gadeeggdgheﬁﬁth + gadee£€ch]

= —2Fu+ F o LgFo+ FLeFu -} 20 F*“LgFe]  (3.46)

To eliminate the Lie derivative of the electromagnetic tensor on the right hand side of
(3.46) we have to find the Lie derivative of the 4-potential A,. We use an argument
similar to that in §3.2. Let

A*A, = A?

where A is the magnitude of the 4—potential A. We can express the Lie derivative

of A, as follows

LeAs=aA, + B, (3.47)

where A®B, = 0. We can then prove as before that
a=—p+ A" LA (3.48)
Thus we obtain the quantities

Fcbﬁcha = gcj‘(Ab,f - Af,b) [(aAa + Ba)yc - (aAc + Bc),a]

= 49 Ay ) (age Ay + @Apg + Blag)

FeLeFa = g%g"(Ang— Agp) [(eA. + B.) , — (aAs + By) |

= 44l (a[,dAe] + aA[e,d] + B[e,d])
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Substituting the above into (3.46) we obtain

EéEab = —29F,; + 4gcfA[a,f] (a[,cAb] + aAp,qg + B[b,C])
+ 49 Ap ) (a[,cAa] +adpqg + Blavcl)

— 29 A (agaAg + 0 A g + Biea) (3.49)
where a is given by (3.48).

Thus we have found the Lie derivative of the electromagnetic energy-
momentum tensor E along the conformal Killing vector £ in general. We have utilised
the decomposition (3.47) of EgAa to express EﬁEab in the compact form (3.49). We
have not seen this Lie property of the decomposition of the 4-potential A applied
to the electromagnetic energy-momentum tensor previously. Maartens et al (1986),
using a different notation, find the Lie derivative along & of E for the special case
when the electric field vanishes. Using (3.49) we are now in a position to find the
analogue of the system (3.28)-(3.34) for a charged fluid satisfying the Einstein field
equations, and also to study its physical properties. As this falls outside the scope

of this thesis it will be an area for future investigation.

3.5 Symmetry Inheritance

The idea that kinematical and dynamical quantities in general relativity inherit a
symmetry property has been investigated by many authors. It is hoped that the
imposition of a symmetry requirement will simplify the highly nonlinear Einstein
field equations and will lead to new solutions. Also a symmetry property provides a

mechanism to categorise invariantly solutions to the field equations in a systematic

40



manner. In this section we briefly review symmetry inheritance properties of con-
formal Killing vectors in particular, and give some recent results on other types of

symmetry inheritance.

A number of authors have investigated restrictions to the Einstein field
equations by analysing the kinematic quantities with a conformal motion. If v* =0
then (3.4) gives

L gu“ = —pu’
and fluid flow lines are mapped conformally into fluid flow lines. Herrera et al (1984)
imposed the condition v* = 0 in their analysis of fluids without energy flow but with
a preferred direction of anisotropy. They presented solutions to the Einstein field
equations with a conformal symmetry for both isotropic and anisotropic pressures.
Coley and Tupper (1989) introduced the notion of an inheriting conformal Killing
vector if ﬁeu" = —pu® is satisfied with v* = 0. The properties of spacetimes ad-
mitting a special conformal Killing vector where the symmetries are inherited, were
analysed by Coley and Tupper (1989). Maartens et al (1986), in their analysis of
anisotropic fluids, provide a counter example that illustrates in general that fluid
flow lines are not necessarily mapped conformally into fluid flow lines, i.e. v* # 0.
The condition of an inheriting conformal Killing vector is restrictive and Coley and
Tupper (1990a) showed that even for a perfect fluid energy-momentum tensor con-
formal Killing vectors do not in general map fluid flow lines conformally. In addition
they point out that Robertson-Walker spacetimes do not contain a special confor-
mal Killing vector; this motivates the study of other forms of vectors, e.g. inheriting
conformal Killing vectors. Furthermore Coley and Tupper (19»901)) proved that or-
thogonal synchronous perfect fluid spacetimes, other than Robertson-Walker, admit

no proper inheriting conformal Killing vector. (The term ‘proper’ means that the
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conformal Killing vector does not reduce to the special case of Killing vector, homo-
thetic vector or special conformal Killing vector). Coley and Tupper (1990¢) found
all spherically symmetric spacetimes admitting a proper inheriting conformal Killing
vector for a perfect fluid with a barotropic equation of state satisfying the energy
conditions. With the assumption that the conformal Killing vector £ is parallel to
the fluid 4-velocity u, Coley (1991) showed that any perfect fluid solution of the
Einstein field equations, with a barotropic equation of state and satisfying p+p # 0,

is locally a Robertson-Walker model.

The field equations for a symmetry vector orthogonal to the fluid 4-velocity
vector were presented by Saridakis and Tsamparlis (1991). The results obtained
were applied to a conformal Killing vector in particular. A conformal collineation is

generated by an affine conformal vector £ so that

ngab = 2¢gap + Hup

where H,, is a symmetric Killing tensor. (The properties of a Killing tensor, which
generalises a Killing vector, are discussed by Kramer et al 1980). The affine confor-
mal vector is a generalisation of the conformal Killing vector. The kinematics and
dynamics of conformal collineations for anisotropic fluids were analysed by Mason
and Maartens (1987). Coley and Tupper (1990d) investigated the relationship be-
tween special affine conformal vectors and conformal Killing vectors. Katzin et al
(1969) introduced a symmetry called a curvature collineation defined by a vector &€
satisfying

£€Rabcd =0

Collinson (1970a), Katzin and Levine (1970a,b,¢c, 1971, 1972) and Mclntosh and

Halford (1981) have investigated the properties of curvature collineations. Note that
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a special case of curvature collineations is a Ricci collineation defined by
E&Rab =0

Ricci collineations have been studied by Collinson (19706), Melfo et al (1992), Oliver
and Davis (1977, 1979) and Tsamparlis and Mason (1990). Curvature collineations
are unfortunately very restrictive. Katzin et al (1969) showed that a curvature
collineation is also a conformal motion if and only if the conformal Killing vector
is special. Consequently the definition of a curvature collineation should be adapted
to allow for more general symmetry properties. Duggal (1992) generalised the con-
cept of curvature collineations by introducing the notion of curvature inheritance
defined by

»CgRabcd =2aR"q

where a = a(z?) is a scalar function in an n-dimensional differentiable manifold.
This allows for proper {(a # 0) curvature inheritance to reduce to nonspecial con-
formal Killing vectors. Note that the curvature inheritance is related not only to
conformal Killing vectors but to projection collineations as well. The geometrical
and physical properties, in particular an equation of state, of curvature inheritances
were investigated by Duggal (1992). In particular he showed that a spacetime admit-

ting a curvature inheritance and a conformal Killing vector is necessarily conformally

flat.
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4 The Bianchi I Spacetime

4.1 Introduction

In this chapter we investigate the conformal symmetries of the Bianchi I spacetime.
This is an attempt to consider the conformal geometry of spacetimes with less sym-
metry than models studied in the past. As the Bianchi I spacetime is the simplest of
the nine Bianchi models the method of solution will provide guidelines for the study
of conformal motions in the other more complicated Bianchi models. The spacetime
geometry of the Bianchi I model is reviewed in §4.2. The Einstein field equations for
a perfect fluid energy-momentum tensor are derived. In §4.3 we briefly review results
on conformal geometry in other spacetimes obtained by other authors. The system
of equations governing the conformal geometry in Bianchi I spacetime is presented.
This is a coupled system of first order partial differential equations. The confor-
mal Killing vector equations are integrated in §4.4 to generate the general conformal
Killing vector subject to integrability conditions. The existence of a conformal sym-
metry places restrictions on the gravitational potentials. We provide all the details
of the integration process as the procedure is not obvious. We do not fully solve the
integrability conditions. However, we do obtain a particular solution showing that
these conditions have a nonempty solution set. The special cases of Killing vectors,

homothetic vectors and special conformal Killing vectors are considered in §4.5. Two
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other cases are isolated from the solution and discussed in §4.6.

4.2 Spacetime Geometry and Field Equations

The Robertson-Walker spacetimes are the standard cosmological models describing a
homogeneous and isotropic universe. In coordinates (z*) = (t,z,y, z) the Robertson-
Walker line element is given by

R2(1)

ds? = —dt* + 3
[1 + %k(ac2 +y?+ 22)]

(dz? + dy® + dz?)

where k = 0,1, —1 and R(t) is the scale factor. The conformal Killing vectors of this
line element, for each of the three cases k = 0,1, —1, have been found by Maartens
and Maharaj (1986). The Robertson-Walker spacetimes admit a maximal G5 Lie
algebra of conformal Killing vectors as they are conformally flat. These spacetimes
have a Gg Lie algebra of Killing vectors. A generalisation of the k¥ = 0 Robertson—

Walker metric is the locally rotationally symmetric metric
ds? = —dt* + A*(t)dz® + B*(t)[dy* + d2*]

This spacetime is called Ala in the MacCallum (1980) classification and it is of
type V14 in the Petrov classification (1969). The conformal geometry of this locally

rotationally symmetric metric was studied by Moodley (1991). This model has a G4

Lie algebra of Killing vectors.

In this chapter we consider the spatially homogeneous and anisotropic

Bianchi I spacetime described by the line element

ds? = —dt* + A%(t)dz? + B*(t)dy® + C*(t)dz" (4.1)
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This spacetime is a generalisation of the locally rotationally symmetric spacetime
given above and is often used in the study of anisotropic models. The line element
(4.1) admits a G5 Lie algebra of Killing vectors. The study of the conformal Killing
vectors of the Bianchi I metric is more complicated than the previous cases because it
has the least symmetry; in contrast the Robertson-Walker spacetimes have six Killing
vectors and the locally rotationally symmetric spacetime has four. The Abelian Lie

algebra of Killing vectors of (4.1) is spanned by

0
Xl == b’;
0
X, = —
2 ay
0
X3 = g

For a detailed analysis of the group structure and classification of Bianchi cosmologies

see Ellis and MacCallum (1969) and Ryan and Shepley (1975).

The nonvanishing connection coefficients (2.10) for the line element (4.1)

are given by

. A

FOH — AA FlOl = Z
F022 = BB F202 = E
B

: C

POBB = CC 1—‘303 = E

where the dots denote differentiation with respect to the timelike coordinate t. With

the help of the above connection coefficients we calculate the components of the Ricci
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tensor (2.24):

o = (B42.9) "
sl e
e e
e

Rab = 0, a;éb

The components (4.2)-(4.5) of the Ricci tensor together with the definition (2.25)

yield the Ricci scalar

atsteTag T ac T o

R=2 {A B¢ ¢ C} (4.6)
The components of the Einstein tensor (2.27) for the Bianchi I spacetime (4.1) then
become

AB AC BC

Goo = AB+AC+BC (4.7)

B BC C
— A= ~
Gn = —A lB + BC + C} (4.8)
A AC C
— g2 e
G = —-B lA + iC + Cl (4.9)
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G = —C° { (4.10)

Gab = 07 a#b

With the assistance of (4.2)~(4.6), the Einstein field equations (2.30) with vanishing

cosmological constant, are equivalent to the system

T
_g_ g_ngg - (1.12)
AL A0 (.13)
A A8, (4.14)

for the Einstein tensor components (4.7)-(4.10), and the perfect fluid energy-

momentum tensor (2.29).

4.3 Conformal Killing Vector Equation

The Einstein field equations (4.11)-(4.14) are highly nonlinear and it is difficult to
find exact solutions in general. However the exact vacuum solution (¢ = 0 = p) has
been found. This solution is called the Kasner solution. Also the solution for dust
(1 # 0 = p) and some other solutions with an equation of state are known (Kramer et

al1980). In an attempt to simplify the field equations we impose a symmetry require-
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ment on the spacetime manifold, namely a conformal Killing vector symmetry. In
many cases this assumption simplifies the field equations and leads to new solutions.
Even if no new solutions are found this approach leads to a deeper understanding
of the spacetime geometry concerned. The G5 Lie algebra of conformal motions
in Minkowski spacetime is given by Choquet-Bruhat et al (1977). Maartens and
Maharaj (1986) have found the fifteen conformal Killing vectors in the homogeneous
and isotropic Robertson-Walker spacetimes for all three cases of the spatial geome-
try: k = 0,1, —1. The conformal geometry of certain anisotropic locally rotationally
symmetric spacetimes have been considered by Moodley (1991). In this section we
investigate the conformal geometry of an example of the anisotropic Bianchi mod-
els, the Bianchi I spacetime. This spacetime is homogeneous but anisotropic and
generalises the results of Moodley (1991). Also note that Maartens and Mahara]
(1991) have found the conformal Killing vectors in the pp-wave spacetimes, the
plane fronted gravitational waves with parallel rays, and have related their results to
the Einstein-Maxwell and the Einstein-Klein—-Gordon field equations. The pp—wave
spacetimes admit only one Killing symmetry which is a null vector. Solutions to the
Einstein field equations with a conformal symmetry have been investigated by Dyer
et al (1987) and Maharaj et al (1991) for applications in cosmology. For astrophysi-
cal models with a conformal symmetry see Herrera and Ponce de Leén (19854, b, c),

Herrera et al (1984) and Maartens and Maharaj (1990).

The conformal Killing equation (2.36) for the line element (4.1) reduces to

the following system of ten equations:

X0 = o (4.15)

ARX! - X2 =0 (4.16)
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BX2—X° = 0 (4.17)

C*X2—X? = 0 (4.18)
AX°+ AX! = Ay (4.19)
B*XZ+ A'X, = 0 (4.20)
C?X2 4+ A’X) = 0 (4.21)
BX°+BX? = By (4.22)
C’X;+ B*’X? =0 (4.23)
CX°+CX2 = Cy (4.24)

In the above system the subscipts ¢,z,y and z denote partial differentiation. The
system (4.15)-(4.24) is a coupled system of first order partial differential equa-
tions. We need to solve this system to obtain the conformal Killing vector X =
(X% X', X2, X?) and the conformal factor ¢ in terms of the metric functions A(t), B(t)
and C(t). The solution obtained will be subject to integrability conditions. The inte-
gration of (4.15)—(4.24) is performed in the next section. As the system (4.15)-(4.24)
is a coupled system of equations we attempt to find differential equations involving

only one component of X to simplify the integration process.

30



4.4 Solution of the Conformal Equation

On subtracting the derivative of (4.20) with respect to z from the derivative of (4.21)
with respect to y, we obtain B*X?, — C?X? = 0. This result, together with the

derivative of (4.23) with respect to z, yields the identities
X2 =0 X, =0

Also, subtracting the derivative of (4.23) with respect to z from the derivative of
(4.20) with respect to z, gives A’X,, —C?XJ = 0. This result and the derivative of

(4.21) with respect to y yields the identities
X,,=0 X2, =0

Thus in general we have established

X,, =0 (4.25)
X2 =0 (4.26)
X3, =0 (4.27)

for the components X!, X2, X3.

On subtracting the derivative of (4.18) with respect to y from the derivative

of (4.17) with respect to z, we obtain
B*X% - C*X3, =0 (4.28)

From equation (4.23) we obtain the result
2

B2X? + B2(C

32) Xy + 0?5, =0 (4.29)
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Subtracting (4.28) from (4.29) yields the following partial differential equation in the

component X°:

2 02 ‘ 3 2y3
B 25 ) X 42075 =0

Integrating the above with respect to t we obtain the first derivative

XSZ f(wayaz)

Ql w

where f(z,y,z) is a function of integration. However identity (4.27) implies that X3

is independent of z. Thus we can write

Y

X = g}'(y,z) (4.30)
where f = F. From equations (4.30) and (4.23) we have

X:= —%]—'(y, z) (4.31)

With the forms given in (4.30)-(4.31) we note that the conformal Killing vector

equation (4.23) is identically satisfied.

We now subtract the derivative of (4.17) with respect to  from the deriva-

tive of (4.16) with respect to y to obtain
A*X,, - B*X% =0 (4.32)

From equation (4.20) we have the result

2
B*X? + B? (A—

Bz) X, +A°X, =0 (4.33)

Equations (4.32)-(4.33) give the following partial differential equation in the com-

ponent X1!:

B? A 'Xl 24X}
B2 y T th=0
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We integrate the above to obtain

X! =

x| &y

9(z,y,2)

where §(z,y, ) is a function of integration. However, identity (4.25) implies that X,

is independent of z. Hence we can write

X} = 26(.) (4.34)

where § = G. Substituting (4.34) into (4.20) yields

A
X7 =-56(z,y) (4.35)

With the results (4.34)-(4.35) we observe that the conformal Killing vector equation

(4.20) is identically satisfied.

Now we subtract the derivative of (4.18) with respect to  from the deriva-

tive of (4.16) with respect to z to obtain
A XL —C*X3, =0 (4.36)

From equation (4.21) we obtain the partial differential equation

2

A .
C*X32, + C? (—(ﬁ) X'+ 42X, =0 (4.37)

Addition of equations (4.36) and (4.37) gives a partial differential equation in the

component X1

2A2. 1 2v1
C*| 7 ) X1 +24°X], =0

The above equation can be integrated to obtain

C.
X: = Zh(m’ Y, Z)
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where h(z,y, z) is a function of integration. However identity (4.25) implies that X

is independent of y. Therefore we can write

Xl = %'H(m,z) (4.38)

where h = H. Substituting (4.38) into (4.21) gives the result
X3 = —%H(z,z) (4.39)

Note that the conformal Killing vector equation (4.21) is identically satisfied if equa-

tions (4.38)-(4.39) hold.

Integrating (4.34) with respect to y gives the component

X! = ggy(:r,y) +a(t,z, 2)
where we have set
G'(2,9) = [ 9(a,v)dy
and &(t, z, z) is a function of integration. Henceforth we will use the notation where

the superscripts z, y, z denote integration. Substituting this form of X' into equation

(4.38) implies that

&, = %H(:c, z)

Upon integration this partial differential equation yields

G = %'H”(x,z) + a(t, z)

where we let
H(z,2) = /H(a:,z)dz
and «(t, r) is a function of integration. Thus we have established that the component

X1 is given by

B C
X' = ng(:v,y) + ZHz(:v, z)+ a(t, z)
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Similarly, integrating (4.35) with respect to x yields the component

X =~ 567 (w9) + B(ty,)

where we have let
G (z,y) = /g(m»y)dl’

and fB(t,y,z) is a function of integration. Substituting the above form of X? into

equation (4.31) we obtain

5 C
ﬂz = _Ef(yaz)

We integrate this partial differential equation to get

~ C
B= —Efz(y,z) + B(t,y)
where we have defined
Fy2) = [ Fly,2)dz

and A(t,y) is a function of integration. Thus we have the result that the component

X? is given by
A C
2 _ Ay Y
Xt = —50(@y) - 5F (y,2) + B(t,y)

Also integrating (4.39) with respect to  we obtain the component

A
X3 = —5HI(1‘, z)+4(t,y,2)

where we have set

Ho(z,2) = / H(z, 2)dz

and 4(t,y,z) is a function of integration. On substituting this form of X? into

equation (4.30) we obtain the partial differential equation
B
Yo = Ef(yaz)

39



Integrating this equation gives

Ql =

= =F'y,z) +(t,2)

where we have defined
F¥(y,z) = /f(y,z)dy

and 7(t, 2) is a function of integration. Hence we have established that

A B
3 _ Ity -
X = CH (z,2) + ny(y,2)+7(t,2)

for the component X°.

It is convenient to collect the results obtained thus far. We have established

that
X' = Egy(x )+ g?‘{z(x z) + a(t, ) (4.40)
- A ’y A ) bl
2 _ _é x _ g Z
Xt =BG ) - SF )+ B) (1.41)
A B
X3 = —E'H’”(x, z) + —C-,}'y(y, z)+ (¢, 2) (4.42)

for the components X' X? X3 With (4.40)-(4.42) we find that the conformal
Killing vector equations (4.20)-(4.21) and (4.23) are identically satisfied. It remains
to solve the other equations of the system (4.15)-(4.24) to obtain X° and the confor-
mal factor 1. We first obtain a form for the timelike component X° to supplement

the spacelike components X!, X2, X3,
On substituting (4.40) into (4.16) we obtain

X0 = A2 (g)'gy(x,y) + A2 (%)'HZ(m, 2) + Aay(t, ) (4.43)
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Similarly equations (4.41) and (4.17) give the differential equation

xi=-5(8) 0wy - B () P+ Baky) ()

and substituting (4.42) into (4.18) yields

4
C

B

XO:— 2(
z C C

)'Hf(x, )+ 02( )'fy(y, 2) + CPy(t, 2) (4.45)

The system (4.43)-(4.45) may be solved to obtain the component X°. Integrating

(4.43) with respect to z gives

X0 = A? (—i-)gyx(x, y) + A® (%).H”(:p, 2) + A%E(t ) + p(t,y, 2) (4.46)

where p (t,y, 2) is a function of integration and we have set

G¥(z,y) = /Qy(:zr,y)dav
H*(z,2) = /Hz(z,z)da:

ap(t,z) = /at(t,a:)da:
Substituting (4.46) into (4.44) we obtain

Bty 2) = — {32 (%)' + A7 (%)] G*(z,y) — B? (%)'my, 2) + BB(t,y)

= Bt =B (L) P+ By

Integrating the above with respect to y we obtain

itz = =B 5) F, ) + B + (2
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where we let

F¥y,z) = /]:z(y,z)dy

Bi(ty) = [ Blty)dy

and j(t, z) is a function of integration. On substutiting p(t,y,z) in (4.46) we obtain

the component

X% = A? (g)'g“(z, y) + A (%)H"I(x, z) + A% (t, 2)

- B (%)-f “(y,z) + BB (t,y) + p(t, 2) (4.47)

Now substituting (4.47) in (4.45) we obtain

put,2) = —H(z,z) [C%é—)#ﬁ(%ﬂ

) [02 (2) 45 (%)] (1, 2)

=  p.(tz) = C?v(t, 2)

Integrating the equation above gives

pt,z) = C*4;(t,z) + p(t)
where we set

Y (t, z) = /%(t,z)dz

and the function p(t) results from the integration process.

Thus we have established that (4.47) can be written as

X0 = AZ(%)'gvf(x,y)+A2(%)'H”(x,z)+A2af(t,x)
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B 32(%)}@(% 2)+ B*B{(t,y) + C*4i(t,2) + p(t) (4.48)

where we have used the above form of j(t,z). Thus we have found the timelike
component X° of X. With X given by (4.48) we obtain the conformal factor from

equation (4.15):

¢ = [eE) oo (G (@]
+ [A%af(t,2) + BABY(t,y) + C*7 (1,2) + p(8)], (4.49)

Note that with the above forms of X° and i the conformal Killing vector equa-
tions (4.15)-(4.18), (4.20)—(4.21) and (4.23) are satisfied. It remains to integrate the
equations (4.19), (4.22) and (4.24). These conformal Killing vector equations will
generate integrability conditions that will govern the existence of a conformal Killing

vector in the Bianchi I spacetime.

Substituting the timelike component X°, given by (4.48), and the conformal
factor 1, given by (4.49), into the remaining conformal Killing vector equations

(4.19), (4.22) and (4.24) we obtain after simplification:
B A? B\'|’
Hoen -5 4 (5) o)
C A? C\'|’
+o {Hg(a:,z) - [A (Z) l 'H”(:v,z)}
B*/C

H l?(ﬁﬂ Fy2) + aa(t7) = AlAaf(t,2)] - A(%)

+ % [B*8Y(t,y) + C*; (1, )] = [BBH(y) + CPi(t,2)] =0 (4.50)

4 {g;(:p,y) +Z [% (g)] 'g%,y)}
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_ %{f;(y,z) - %3 [B (%) ']'f””(y,z)}

[Af (%) ] W (2, 2) + By () = BIBB (v — B (%))

vy

B x Z |
+3 [Azaf(t,:c) + 027f(t,z)] - [A2at (t,z) + C*y; (t,z)L =0 (4.51)

Qlw Q=

8
N

e L) e
{r+ 5 L% (%)] )|

_c [%2 (g)} G () + (1, ) = ClC% (1,2)] - C(%)

—
Ry
K

—+

+ 2 [A%ai(t,2) + BB Y)] - (i) + BB L) =0 (452)

At this point we observe that we have, in fact, generated the general solution of
the conformal Killing vector equations (4.15)-(4.24). The timelike component X°
is given by (4.48), the spatial components X', X% X° are given by (4.40)-(4.42)
and the conformal factor ¢ is given by (4.49). This solution is subject to the three
integrability conditions (4.50)-(4.52). The integrability conditions involve the func-
tions of integration F,G,H,a, 3,7 and p and the metric functions A(t), B(t) and
C(t). Ideally we would want to obtain the functional forms of F,G, H, , 5,7 and
p explicitly or equations governing their behaviour. Due to the complexity of the
integrability conditions (4.50)—-(4.52) we have not achieved this yet. However, we
do find a particular solution to equations (4.50)-(4.52), illustrating that the inte-
grability conditions have a nonempty solution set. In the remainder of this section

we investigate the integrability conditions in detail and obtain the aforementioned

particular solution.
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In the given form the equations (4.50)—(4.52) are difficult to analyse as they
are integral equations. We obtain differential equations from the integral equations
which govern the behaviour of F,G and H. Differentiating equations (4.50)—(4.52)
with respect to x and y we obtain the following system of equations in the integration

function G(z, y):

Goz — %ﬁ [A (g) G = 0 (4.53)
Gyy + Ij: _%j (%)l- .g =0 (4.54)
G

Similarly, differentiating equations (4.50)-(4.52) with respect to y and z we obtain

the following set of equations for the function F(y, z):

BG -0
Fyy - %2 [B (%) F o= 0 (4.57)
Fuet % [%2 (%)J F o= 0 (4.58)

On differentiating equations (4.50)-(4.52) with respect to z and z we obtain the

following system of equations for the function of integration H(z, z)

Mo — %2 [A (%)} H o= 0 (4.59)

[%f (%”H =0 (4.60)
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Hu+%2 [%2 (%)}H = 0 (4.61)

The differential equations (4.53)-(4.61) can be integrated to obtain the functional
dependence of F,G and H. If a function of integration vanishes then the correspond-
ing system of three equations is identically satisfied. Conditions are placed on the

metric functions A(t), B(t) and C(¢) if the function of integration is nonvanishing,.

With the help of the conditions (4.53)-(4.61) we find that the integrability

conditions (4.50)—(4.52) reduce to the simpler form:

2B Bt ) + O, 2)] - [B*8(t) + P (12)],

A
_ AlAal(t,2)], - A(%)' +au(t,z) = 0 (4.62)
B 2 .z 2.z 2 .z 2

B [A op (t,z) + C*y; (t,z)] — [A af(t,z)+ C 'yf(t,z)]t

— B[BB/(t,y)], ~ B (ﬁg—)) + By(t,y) =0 (4.63)

C (Wit ) + B8r(e) ~ [A%az(e,2) + BB ),

- clei,a), - S + ey = (4.64)

The functions of integration arising from equations (4.53)—(4.61), involving F, G and
H, have been set to zero for convenience. In future work we intend to consider the

general case with nonvanishing functions of integration.
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Differentiating (4.62)—-(4.64) with respect to z,y and z in turn gives systems
of equations in the functions of integration «, 3 and 5. For the function a(t,z) we

obtain the following system of equations

az; — AlAgg], = 0 (4.65)
#a],~ 2 4] = o (4.66)
[4%0], ~ &[40 = 0 (467)

For the function §(t,y) we have

By — B[BB], = 0 (4.68)
B8 - % B3] = 0 (4.69)
B4, - g B3] = 0 (4.70)

~ Finally for the function (¢, 2) we obtain the system

Yez — C[C’}’t]t = 0 (471)
[C*] - g [C*] = 0 (4.72)
[C%L - % (€] = 0 (4.73)

We can integrate the above systems to obtain a(t,z), B(t,y) and y(t, z).
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The solution of equations (4.66)—(4.67) is of the form a; = 0. Then (4.65)

implies azz = 0. Thus the solution to the system (4.65)-(4.67) is given by
a=oT+ o (4.74)

where o, and ay are constants. The solution of equations (4.69)-(4.70) is given by
B, = 0. Equation (4.68) implies 8,, = 0 so that the system (4.68)-(4.70) has the

solution
B =Py + B2 (4.75)

where (; and 3, are constants. The solution of equations (4.72)—(4.73) is of the form

4 = 0. Then (4.71) implies v,, = 0. Hence the system (4.71)-(4.73) has the solution

Y =v12z+7 (4.76)

where v; and 7, are constants. Note that the solutions (4.74)-(4.76) are valid only

if the functions A(t), B(t) and C(t) are not proportional to each other.

With the forms given by (4.74)-(4.76) we find that integrability conditions
(4.62)—(4.64) become

A(%)' = o (4.77)
B(%). = 5 (4.78)
O(%) = (4.79)

which are essentially the reduced forms of the conformal Killing vector equations
(4.19), (4.22) and (4.24). Therefore with the restrictions (4.53)-(4.61) and the re-

quirement that functions arising from the integration of these equations vanish, we
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find that the integrability conditions (4.50)~(4.52) are satisfied. Consequently all the
conformal Killing vector equations (4.15)—(4.24) have been integrated. We note that

by introducing the transformation

R(t) = / pldt
we obtain the following solution to the system (4.77)-(4.79):

1

At) = Ao[Rexp(asR)]
B(t) = Bolhexp(BiR)”

C(t) = ColRexp(nR)]”

where Ay, By and () are constants.

Thus the coupled system of equations (4.15)-(4.24) has the solution (4.40)-
(4.42), (4.48)—(4.49) subject to the conditions (4.53)—(4.61), (4.74)-(4.79). Collecting

the various results for easy reference we have the solution

X° = A? (g)gy”(z, y) + A? (—(z)'H”(:c, z)

A

_ B (%)'fzy(y,z) + plt) (4.80)
Xt = ggy(x,y) + %Hz(w,z) + a1z + oy (4.81)
X? = —%gf(m,y) —~ %fz(y, z2)+ by + B (4.82)
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A B
X3 = —=H(z,2)+ =F(y,2) + nz+ 72

C C

b = [A2(§>.]-gyx(m,y) + [A?(%)} H(z, 2)

_ [32(%)1 F(y,2) + p(t)

subject to the following integrability conditions

n-E(G)]

Tt F o

o

C? [ B (C)
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(4.83)

(4.84)

(4.85)

(4.86)

(4.87)

(4.88)

(4.89)

(4.90)

(4.91)

(4.92)



FOI

o = A(%) (4.94)
b = 5(2) a0
v = c(%) (4.96)

Hence we have found the conformal Killing vector in the Bianchi I spacetime subject
to twelve integrability conditions. This solution holds when the functions of integra-
tion arising from (4.53)-(4.61) vanish. The conformal Killing vector (4.80)-(4.83)
with conformal factor (4.84), subject to the integrability conditions (4.85)-(4.96),
generalises the locally rotationally symmetric results of Moodley (1991). The exis-
tence of a conformal symmetry places restrictions on the metric functions A(t), B(t)
and C(t). It would be interesting to determine the effect of the conformal Killing

symmetry obtained on the Einstein field equations; this is an area of ongoing research.

4.5 Special Cases

In this section we consider special cases arising from the conformal Killing vector
solution (4.80)-(4.84). We can obtain the Killing vector of the spacetime (4.1) from
the conformal Killing vector solution (4.80)-(4.84) such that ¥ = 0. The following

are the restrictions on the functions of integration in order to obtain a Killing vector:

F =0
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With the above values the integrability conditions (4.85)-(4.96) are identically sat-

isfied. The components of the Killing vector X are given by

X° =0
X! =
X? = Be
X® = 72

so that the Killing vector can be written as

d 0 0
X:"‘za_x + ﬁza—y + Ty,

Clearly the Lie algebra of Killing vectors {2, %, 2} of the Bianchi I spacetime may

be regained from our Killing vector X.

The homothetic vector of the spacetime (4.1) is obtained as a special case

of the solution of (4.80)—-(4.84) such that ¢, = 0 # . For a homothetic vector the
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functions of integration satisfy:

F =0
G = 0
H =0
p = yi+o

where 6 is a constant. The integrability conditions (4.85)—(4.93) are identically sat-

isfied, and equations (4.94)-(4.96) restrict the metric functions:

A _ Y — o
A T Yt+6
B _ -5
B gt+4
Q _ Y—m
C  Yt+0

Therefore the existence of a homothetic vector places the following restrictions on

the gravitational field:

A = gl(d)t_*_g)(df—ax)/mb

B = 02(1/)t+0)(¢—ﬁ‘)/¢

C = 03(1/1t+0)("”_71)/¢
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where 6,0, and 63 are constants resulting from the integration process. The com-

ponents of the conformal vector X become

X0 = t+0

X' = ozt
X? = B+ b
X = mz+m

so that we can write
0 0 0 0
X =(pt+ 9)& + (z + 02)% + (By + Bz)a—y +(mz+ 72)5
for the homothetic vector. The nonvanishing conformal factor is given by
b=p

where 9 is a constant.

The homothetic Killing vector places restrictions on the metric functions

A(t), B(t) and C(t) unlike the case of the Killing vector. Note that the line element

(4.1) becomes

ds® = —dt® + 0,(t + 0)*" dz? + 0,(t + 6)*P2dy? + O5(vt + 0)™dz?

where we have set

<
I
2
<
[
=
<

Y=
" Ps=
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for the homothetic vector X. This line element satisfies the vacuum Einstein field

equations (4.11)—(4.14) if

pt+patps = 1

pi+pi+ps = 1

Consequently we have generated the Kasner solution. We have established that the
only homothetic vector X admitted by the Bianchi I spacetime is contained in the

familiar Kasner solution.

In order to obtain a special conformal Killing vector of the spacetime (4.1)
from the conformal Killing vector solution (4.80)-(4.84) we require that 1., = 0 #
¥ ,. Then the equations 115 = 0,713 = 0,993 = 0 place the following restrictions

on the functions of integration in order to obtain a special conformal Killing vector:

F =0
G =0
H =0
po= v

These equations imply that i is a function of time. However in addition we have
Yoy = AA1/)t which implies that 1) is a constant. Thus the special conformal Killing
vector reduces to a homothetic vector. Therefore the Bianchi I spacetime does not

admit a proper special conformal Killing vector.
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4.6 Some Other Cases

It is difficult to analyse the conformal Killing vector solution in the form given by
equations (4.80)—(4.84). In an attempt to simplify the solution we place restrictions

on the functions of integration F,G and H. We discuss two such restrictions below.

CASE I F=G=H=0

In this case equations (4.80)-(4.84) reduce to

X" = p(t)
X' = oz 4 ay
X = By+p,
X® = mztmy
Y= p(t)
The integrability conditions (4.85)-(4.93) are identically satisfied. The remaining

conditions (4.94)-(4.96) yield

-1

At) = Ao|Rexp(a;R)]

B(t) = Bo[Rexp (511%)]_1



as indicated previously. Note that since a;,; and 7, are unequal in general the

metric functions A(t), B(t) and C(t) are not proportional to each other.

Setting p = a; = B; = 7; = 0 in the above solution we regain the Killing
vector. With the conditions oy = §; = 93 = 0 and requiring that p is linear in ¢
we obtain the homothetic vector. We may also obtain our previous result on special

conformal Killing vectors from the above solution by requiring that .., = 0 # 1 ,.
CASE II: F#0,G#0,H#0

We can show that for this case the conformal Killing vector solution becomes

X0 = JiCGY (z,y) + TsBH™(2,2) — TLAF™(y,z) + p(t)

B C
X! = Zgy(m,y) + —H*(z,2) + yz + g

A
A, C_.
X? = _Eg (w,y)—Ef (y,2) + By + B
A B
X3 = _EH (x,z)+57y(y,z)+712+72

Y = Ji0G (x,y) + TBH?(z,2) - HAFY(y, 2) + p(t)

where J,,J, and J5 are constants. The functions of integration F # 0,G # 0

and H # 0 take a simple form in this class of solutions. These may be compactly

expressed as follows

F o= aexp{p/ 7%+ i~} + biexp {1/~ 517, - i\~
+ ¢ exp {—y\/—jljz + iz\/—jzj3} + d; exp {—y\/ —J1Jy —izy —3233}
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G = azexp {$\/j173 + 1y 7132} + by exp {CL‘\/ J1 T3 — 1y J1jz}
+ coexp {—Jf\/jljs + 1y j1.72} + dayexp {—37\/ T T3 =1y Jlj2}

H = azexp {:c\/Jljs + iz\/—szs} + b3 exp {w\/JJa — iz\/—szs}
+esexp [~y /s +is/= o)} + dyexp { [T Ts — i/~ 7

where aq, a, az, by, by, b3, ¢y, 9, c3 are constants. Note that we have used a complex
notation to represent our solutions. The above solutions may be equivalently ex-

pressed in terms of elementary functions. The constants 7}, J; and J3 are specified

by
- 58
)
5= ()

and as for the conformal Killing vector solution we require

)
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which reduces to

At) = Ao[Rexp(arR)|”
B(t) = Bollexp(BiR)]

C(t) = ColRexp(nR)] "

where R(t) was defined previously. Substituting these particular forms of the metric
functions into the equations defining the constants [J;, 7 and J5; we find that a; =
B = v1 = 0 which implies that J; = J, = J3 = 0. This in turn implies that the
metric functions are proportional to one another and that F,G,H are constants.
Thus for this case our Bianchi I model has degenerated into a spacetime of higher

symmetry viz. the Robertson-Walker model.
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5 Conclusion

The study of conformal symmetries and their relationship to exact solutions of the
Einstein field equations has generated much interest recently. In this thesis we stud-
ied the kinematical and dynamical properties of spacetimes that admit a conformal
symmetry in general relativity. We analysed the Einstein field equations, for neutral
matter and charged matter, with a conformal symmetry. In particular we found
explicitly the conformal symmetries in the spatially homogeneous and anisotropic
Bianchi I spacetime which is often utilised as an anisotropic cosmological model.
The equations obtained were general and we regained the work of other authors as

special cases.

In chapter 2 we briefly introduced aspects of differential geometry necessary
for later sections. We discussed the concept of a differentiable manifold. Vector
fields and tensor fields were then introduced on the manifold. The covariant and Lie
derivatives were defined and their properties discussed. Curvature was introduced via
the Riemann tensor, and the Einstein field equations for both neutral and charged
matter were motivated. We considered those aspects of Lie theory necessary for
the development of conformal symmetries in later chapters. Lie algebras and Lie
groups form the basis of the study of conformal symmetries. Finally we defined the

conformal Killing vector which imposed the condition of a conformal symmetry on

the manifold.
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We investigated the effect of a conformal symmetry on the Einstein field
equations in chapter 3. The results obtained were general because we did not specify
a particular form of the metric tensor field. We considered the Lie symmetry in
the general case of an imperfect energy-momentum tensor for neutral matter. The
Lie derivatives of the kinematical quantities along a conformal Killing vector were
derived. Then we found the Lie derivative of the general energy-momentum tensor.
The Lie derivatives of the dynamical quantities were then found by considering the
Einstein field equations with nonzero cosmological constant. Results found previ-
ously were regained as special cases of our solution. We obtained the Lie derivative
of the electromagnetic energy-momentum tensor, thereby extending our results to
charged matter. We also reviewed previously published results on conformal Killing

vectors and other symmetries.

In chapter 4 we analysed the conformal geometry of the Bianchi I space-
time. We studied the spacetime geometry and derived the Einstein field equations
with vanishing cosmological constant. The conformal Killing vector equation was
explicitly solved to obtain the conformal Killing vector and the conformal factor, the
solution being subject to integrability conditions that relate the functions of inte-
gration to the metric functions. We showed that these conditions have a nonempty
solution set by obtaining a particular solution when certain functions of integration
vanish. The results obtained generalise the conformal Killing vectors of the locally
rotationally symmetric model studied by Moodley (1991). The conformal solution
found contains the three Killing vectors of Bianchi I spacetime. We obtained the
homothetic vector as a particular case from the conformal solution. From the inte-
grability conditions we found the functional dependence of the metric functions and

established that the only homothetic vector admitted by the Bianchi I spacetime is
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contained in the vacuum Kasner solution. The Bianchi I spacetime does not admit
a proper special conformal Killing vector. We also considered some other cases by

placing restrictions on the three functions of integration.

To summarise, we studied the effect of the existence of a conformal sym-
metry on the Einstein field equations and obtained the conformal Killing vectors in
the anisotropic Bianchi I spacetime. The equations for neutral matter obtained in
chapter 3 should be extended by finding an analogue of the system (3.28)-(3.34) for a
charged fluid satisfying the Einstein field equations. It would be interesting to study
the kinematics and dynamics of this general case. Also the integrability conditions,
obtained in chapter 4, should be solved in general. In addition the physical properties
of the Bianchi [ spacetime admitting the conformal Killing vector should be studied
further. This would involve an analysis of the nonlinear Einstein field equations in
this spacetime. An analysis of other symmetries in the Bianchi I spacetime and other
Bianchi models should also be pursued. However this would not be a simple matter

as the equations involved are extremely complicated.

We believe that this thesis represents the first attempt to solve the con-
formal Killing vector equation in the Bianchi I spacetime. We hope that we have
demonstrated that the study of symmetries is a fertile area of research and that fur-

ther investigation of symmetries in the Bianchi I spacetime and other models should

be pursued.
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