A STUDY OF STUDENT ACADEMIC
PERFORMANCE AT THE
UNIVERSITY OF NATAL

Robert Naidoo

Submitted in fulfilment of the requirements
for the degree of Master of Science,

in the
Department of Mathematical Statistics,

University of Natal

Durban 1994



ABSTRACT

In this dissertation a study will be made of university performance in the
Science Faculty of the University of Natal, Durban. In particular, we will
develop models that can be used to predict the success rate of a student
based on his or her matriculation results. These models will prove useful for
selecting students to universities. They may also be used to assist sponsors,
bursars and donors in allocating funds to deserving students. In addition,
these models may be used to identify students who might experience diffi-

culties in their studies at university.



PREFACE

The study described in this dissertation was carried out in the Department
of Mathematical Statistics, University of Natal, Durban, during the period
January 1993 to December 1994. It was completed under the excellent su-
pervision of Dr M. Murray.

This study represents original work by the author except where use of the
work of others has been duly acknowledged in the text and it has not been

submitted in any form to another university.
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CHAPTER ONE
INTRODUCTION

Due to an increasing number of student applications being made to univer-
sities in South Africa, the problem of selecting suitable students has become
one of major concern to the university authorities. If it were possible to
successfully identify those students who are most likely to succeed then one
would be able to assist bursars, sponsors and donors in allocating funds to
those “deserving” students. Furthermore, student advisers would be in a bet-
ter position to offer guidance to students and academic support programmes

could be adjusted so as to help these students with their course work.

In the United Kingdom students were, and still are, admitted to university
solely on their school leaving results. Although interviews are also conducted
by some universities, the most common entry requirement is that students
obtain a sufficiently high number of “A”?! level results for a specific combina-
tion of subjects. In the United States of America, university applicants are
required to write Standardized Achievement Tests (SATS) in English and
Mathematics. A weighted average score for these tests is then used to de-
termine which students should be admitted, with the weights differing from

one university to the next.

In South Africa, due to the apartheid policies of the past the problem of
student selection has become far more complex. Because the average pupil

to teacher ratio, in schools for 1992, for the various population groups has

been as follows:

African 40,4 : 1 ; Coloureds 23,7 : 1 ; Asians 21,1 : 1 and Whites 18,1 : 1,

combined with the fact that a large percentage of teachers in the African

schools are without proper professional qualifications (approximately 14% in

1School pupils, in the United Kingdom, wrote exams at two levels, namely “O” (lower
level) and “A” (higher level).



primary and 8% in secondary schools) have prevented a significant proportion
of the Department of Education and Training (DET)? students from being

able to obtain a matriculation exemption® which is the minimum require-
ment necessary for entry into a South African university. This has resulted
in a large number of DET students being deprived of a university education,
where possibly with a little bit of extra academic support teaching they might
in fact be able to obtain a university degree. This point of view has been
strengthened by studies that have been conducted by Potter and Jamotte
(1985) and Mitchell and Fridjohn (1987) who found that the DET matric-
ulation performance has not been a reliable indicator of whether a student
is likely to succeed at university or not. Mitchell and Fridjohn (1987) have
also shown that some matriculation authorities tend to over-rate a student’s
ability to perform at university. Sochet (1986) found for most matriculation
authorities that the success rate at university of students with a matricu-
lation rating that was below a C aggregate was not significantly correlated

with their matriculation record while at the top end of the scale a good ma-

2DET represents the matriculation examining body of the majority of the “African”
students in South Africa.

3Matriculants are presently admitted to South African universities on the basis of a
matriculation point count (MPC) in which points are awarded for each particular symbol

obtained in their six matriculation subjects. The point scales applicable to the University
of Natal are as follows

Symbol H.G. S.G.

QOHETOQW >
N e
N S CR RNy

where H.G. respresents Higher Grade and S.G. represents Standard Grade. A MPC score
is then obtained for each student by adding together the points awarded for each of the
six matriculation subjects. Admission to a particular faculty is then based on the student
obtaining a score that lies above a certain cut-off point.



triculation result did tend for most matriculation boards to suggest that a

student would be successful at university.

Turning our attention to an examination of the various selection policies
that are currently being used at South African universities, a two-tier selec-
tion procedure has been employed at the university of the Witwatersrand for
accepting disadvantaged students into the Science faculty. In particular stu-
dents with a sufficiently high set of matriculation results are automatically
accepted while those students who are below the minimum entrance require-
ment are subjected to a battery of tests before gaining access to a four-year
(instead of the usual three-year) curriculum. Rutherford and Watson (1990)
have shown that the above battery of tests, combined with their matricula-
tion results, do have a predictive ability when it comes to identifying those
students who will do well in the four-year curriculum. In fact, it has become
evident that the Wits academic support programme (ASP) has had a positive
impact on the achievements of these students (Agar, 1992)*. At the Univer-
sity of Natal, Durban, a similar academic support programme is provided
for helping disadvantaged students. In particular, disadvantaged students
wanting to do a Bachelor of Commerce degree are offered an Economics and
Management Extended Curriculum (EMEC) programme. This programme
essentially spreads the three year degree over four years with the students in

their first year being provided with an Educational Development Programme

4Other findings of Agar (1992) were that

(i) Non-academic problems tended to influence ASP students’ academic progress the
most;

(ii) ASP students in residence tended to perform better than ASP students not in
residence, provided that these students had few or no financial worries;

(i) students in residence who had full financial support were more successful at univer-
sity than those in residence who had limited financial support; and

(iv) ASP students whose home langnage was English performed better than those whose
home language was one of the African languages.



which they take along with three credit bearing courses (instead of the usual
five that the other first year students are required to take). Initial indication

of the success of this programme has shown that (Flockemann et al. 1993)

(i) EMEC students with a high matriculation point count have tended to
produce better results than EMEC students with a lower matriculation

point count;

(ii) EMEC students who would not have gained entrance into the faculty
based on the current faculty cut-off point of 32 points have produced

better results than those students from the African Educational De-
partments that are not on the EMEC programme; and

(iii) as a group EMEC students have generally obtained pass rates, in the
individual credit courses, that are comparable with those students from

the Non-African Educational Departments.

In the Science faculty at the University of Natal, Durban, a special four-year
curriculum is also offered to “disadvantaged” students. In particular an aug-
mented first year curriculum is given where specific learning skills, language,
communication and additional support is offered to students who are then
only required to take two (instead of the usual four courses) in each semester.

At this point in time we are unable to report on the “success” of this pro-
gramme.

Turning our attention to an examination of some of the prediction models
that have been developed for analysing student performance at universities
in South Africa, Van Wyk and Crawford (1984) devised a method for pre-
dicting the probability of a student at the University of the Witswatersrand
passing a single first year course that is based on the following matriculation

system for each matriculation subject, namely

!



TABLE 1.1

Symbol H.G. S.G.

S loRwleNe R g
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By doubling the number of points awarded for Mathematics and the best
of Physical Science, Biology, Geography or Physiology and then adding the
points obtained for each of the six matriculation subjects to obtain a total
matriculation rating score which we will denote by z, Van Wyk and Crawford
(1984) then proceeded to regress this score (for a given sample of students)
against the marks obtained for a particular university subject thereby obtain-
ing an estimate for the mean mark for that subject (which we will denote
by p) and for the variance for that subject (which we denote by ¢?). An
estimate for the probability that a student with a matriculation rating score
z will pass (assuming 48 to be the pass mark) the above university course

can then be modelled using a function of the form

pl) = (2r0?) 2 [ exp {—1 [(y = “)] 2}dy

48 2

This type of modelling approach will be explored further in chapter three.

Fresen and Fresen (1987) chose to adopt a logistic modelling approach to
the above prediction problem. In particular, by associating a pass mark in

a particular course with a Bernoulli random variable, a logistic link function
of the form

ln(ljw> = fo + iz

5



was used to link the probability of a student passing this course with their
matriculation rating score. This type of modelling approach will be explored

further in chapter two.

Turning our attention now to the type of student performance problem that
we will be attempting to analyse in this thesis, a study will be made of student
performance in the Science faculty of the University of Natal (Durban). In
particular the performance of students taking Mathematics 1 (DSMA1SX1),
Physics 1 (DSPH1SC1) and then both DSMA1SX1 and DSPH1SC1 will be

analysed as a function of the following variables®

X1 = Englsh

X, = Afrikaans

X3 = Mathematics
X4 = Biology

Xs = Physics

Because these results are given in the form of a symbol, and not the actual

mark, the following method of coding these symbols was used, namely

Matriculation Symbol (H.G) Coded Value

HEOOQW s
SR W= O

Collecting data for the period 1989 to 1992 the following summary statistics
were obtained for a student in our sample:

8Only Higher Grade (H.G) matriculation subjects were considered as we found that
almost all of the the students who attempted Mathematics 1 and Physics 1 at university
had attempted matriculation English, Afrikaans, Mathematics, Biology and Physics on the
Higher Grade. Note that students in South Africa may attempt matriculation subjects on
the Higher Grade, Standard Grade or Lower Grade, however Lower Grade students are
usually automatically denied entrance to university.
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Figure 1.1: Graph representing the DSMA1SX1 result profile
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Figure 1.2: Graph representing the DSPH1SC1 result profile

MATRICULATION AUTHORITY: HOD W3 nOR
V/77% NED & i TED

HOD: House of Delegates HOR: House of Representatives
NED: Natal Education Department TED: Transvaal Education Department

7



rREUUENGY
140

120
100 1
80 ]
60
40

20

0

A B C D
Figure 1.3

FREQUENCY |
140

120
100
80
60 155 ke
40 “ R
20 4§

XX

SO
G500

L
eleteleleled
SO0

8

E

FREUUENCY

0 3
A B C D
Figure 1.5

FREQUENCY
100 7
90 7
80 7
70
E £
60 1] k52
50 1K
40 i
30 1R Bk :
20 B35 KRR B3

10 7 : 3

e
3
1000\
5
%

50

L
5

120 3
100

80 3

A B C
Figure 1.4

FREQUENCY

120

100

80 1% :
60 .3:’ﬁj

40 {8 e
20 R ::':: 'I'_'
. 353

A B C D E

Figure 1.6

MATRICULATlON AUTHORITY:

R HOD
V777774 HOR
207 NED
TED

0
A B C D
Figure 1.7

Figures 1.3 to 1.7 represent the matriculation result profiles for the matriculation sub-
jects English, Afrikaans, Mathematics, Biology and Physics respectively for the students

in our DSMA1SX1 data set.
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Figures 1.8 to 1.12 represent the matriculation result profiles for the matriculation
subjects English, Afrikaans, Mathematics, Biology and Physics respectively for students
in our DSPHI1SC1 data set.
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Figure 1.13: Graph illustrating the performance of students from the
various matriculation authorities in the DSMA1SX1
course.
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Figure 1.14: Graph illustrating the performance of students from the
various matriculation authorities in the DSPH1SC1
course.
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Figure 1.15: Graph illustrating the effect of the matriculation
English symbol on the DSMA1SX1 course.
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Figure 1.16: Graph illustrating the effect of the matriculation

Afrikaans symbol on the DSMA1SX1 course.
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Figure 1.17: Graph illustrating the effect of the matriculation
Mathematics symbol on the DSMA1SX1 course.
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Figure 1.18: Graph illustrating the effect of the matriculation
Biology symbol on the DSMA1SX1 course.
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Figure 1.19: Graph illustrating the effect of the matriculation
Physics symbol on the DSMA1SX1 course.
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Graph illustrating the effect of the matriculation
Mathematics symbol on the DSPH1SC1 course.
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Figure 1.23: Graph illustrating the effect of the matriculation
Biology symbol on the DSPH1SC1 course.
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Figure 1.24: Graph illustrating the effect of the matriculation
Physics symbol on the DSPH1SC1 course.
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Turning our attention to an analysis of the effect that the type of matricu-
lation authority® might have on the prediction process, since the majority of

students in our sample were from the following matriculation authorities
e House of Delegates (HOD),
e Natal Education Department (NED),
o Transvaal Education Department (TED), and
o House of Representatives (HOR)

only the effect of these matriculation authorities will be considered in this
dissertation. Due to the small number of students from the TED and HOR,
these students will be grouped together in our analyses in the sense that
the following two dummy variables will be used to model the effect of the

matriculation authority, namely

Dy = 1 if the student’s matriculation authority is the HOD,
otherwise and

[
=)

D, = 1 if the student’s matriculation authority is the NED,
= 0 otherwise.

As a preliminary tool for identifying students who are likely to pass DSMA1SX1,
DSPH1SC1 and then both DSMA1SX1 and DSPH1SC1, the following dis-
criminant analysis procedure (Johnson and Wichern, 1988) was performed

where a student with a matriculation profile x was allocated to the successful

6Figures 1.13 and 1.14 suggest a possible need for a matriculation authority variable
due to the large proportion of students from the HOD failing. Also the large number of
students with a matriculation A symbol and a university mark in the interval {48, 64}

suggests an anomoly which could possibly be due to the matriculation authority.

15



group’ if
1 _ _
(}_(1 - )—(2)15}:1 X > 5()_(1 - )—(2)1.9;1 (X1 + X2)

where %; and X, represent the mean vectors that are to be associated with
the successful group and unsuccessful group, respectively, and S, the pooled

sample variance for both groups.

Performing the discriminant analysis routine® on our DSMA1SX1 data set
(given in Appendix C1) we obtained the following classification rule for iden-
tifying students who are likely to pass DSMA1SX1,? namely:

Allocate a student with a matriculation profile x = (zy, 2, 23, T4, Ts, d1, d2)

to the successful group (pass) if

0.022 21+ 0.035z2 4+ 0.729 23 + 0.434 24 + 0.414 25 — 0.044d; — 1.319d, < 1.415
and to the unsuccessful group (fail) if

0.022zy + 0.03522 + 0.729 23 + 0.434 24 + 0.414 x5 — 0.044 d; — 1.319d, > 1.415

The small parameter estimates obtained for the English, Afrikaans and HOD
authority variable suggests that these variables do not have an influence on
the classification of a student to a particular group. Furthermore students

writing the NED matriculation papers tend to performm much better than

students coming from the other matriculation authorities.

Performing the discriminant analysis routine on the DSPH1SC1 data (given

in Appendix C2) the following results were obtained, namely:

For our analyses the successful group will represent students who pass and the unsuc-
cessful group those who fail.

8A program for performing discriminant analysis is given in Appendix D1.

A student passed if he or she obtained 48 marks or more as we assumed that the
external examiner would pass those students with 48 marks or more.

16



Allocate a student to the successful (pass) group if

—0.132z; — 0.15129 + 0.573 23 + 1.023 24 + 1.147 25 — 1.359d; — 3.80d; < 0.754

else allocate the student to the unsuccessful (fail) group. The parameter esti-
mates obtained for English and Afrikaans when compared with the other vari-
ables seem to indicate that the matriculation English and Afrikaans marks
do not drastically influence the classification of a student to a successful
or unsuccessful group. Also the parameter estimate obtained for the NED
matriculation authority variable seem to suggest that NED students have a
much greater chance of passing than those students from any of the other
matriculation authorities. Furthermore, students writing the HOD matric-
ulation papers have a higher chance of passing DSPH1SC1 than students
writing papers set by the House of Representatives or Transvaal Education

Department.!?

Finally, performing a discriminant analysis on our combined DSMA1SX1
and DSPH1SC1 data (given in Appendix C3) we obtained the following re-
sults, namely:

Allocate a student to the successful group (i.e., a student is termed successful

if he passes both subjects; otherwise he is unsuccessful) if
0.198 2y — 0.023 25 4+ 0.836 z3 + 0.715z4 + 0.618 z5 — 1.035d; — 2.912d, < 0.655

Once again the small parameter estimates obtained for English and Afrikaans
seem to suggest that these variables have very little influence when identifying
a successful or unsuccessful student. Furthermore, the parameter estimate
obtained for the NED matriculation authority variable seem to suggest that

NED students have a much better chance of passing both DSMA1SX1 and

10When trying to determine whether students from the HOR or TED are successful
we should exercise caution as they represent only a small portion of the whole data
set.

17



DSPH1SC1 when compared with students from the other matriculation au-
thorities. Similarly it appears that students coming from the HOD have a
greater chance of passing both DSMA1SX1 and DSPH1SC1 when compared

with students from the TED and HOR matriculation authorities.

18



- CHAPTER TWO

A GENERALIZED LINEAR MODELLING
APPROACH

2.1 INTRODUCTION

The main purpose of this chapter will be to develop a technique that can
be used for modelling binary responses. In particular we will examine a
special class of models, called generalized linear models, that can be used
to model our exam data problem. In section 2.2, a formal definition of the
generalized linear model will be given with section 2.3 being devoted to the
derivation of a maximum likelihood estimation technique for obtaining pa-
rameter estimates in the generalized linear model. The problem of subset
selection in the generalized linear model will be examined in section 2.4 with
section 2.5 being devoted to showing how a generalized linear model can be
applied to our exam data by using first a logit link function and then a probit

link function. Finally, in section 2.6 a discussion of our results will be given.

2.2 MODEL DESCRIPTION

Adopting the notation of Dobson (1990), consider a random variable y; that

comes from the following family of exponential distributions

f(y:,0:) = exp [y:(0:) + c(0;) + d(y:)] (2:2.1)

where 6; denotes a set of model parameters that are to be associated with
the above distribution, and b(-), ¢(-) and d(-) represent known functions
of 6; and y; respectively. Letting p; denote the expected value of y;, the
gencralized linear model specification is then completed by introducing a
monotonic link function that links a function of u; to a set of explanatory

variables (z;1,...,%) in the following way
9(pi) =Po+ Pz + ... + Bpip

19



Although a large number of choices for ¢(-) are possible one usually chooses
g(;) to be equal to b(6;)" as this simplifies the parameter estimation problem

in the above model structure. Introducing the notation
I(yi,0:) = yib(0;) + c(6:) + d(vi) (2.2.2)

to denote the log-likelihood function, and differentiating (2.2.2) with respect

to 0; yields the score statistic

dl , ,
Uu; = d0, = yib (91) +c (01)
The vector u = (uy,...,u,) is known to have (for a regular density) a

zero mean and variance-covariance matrix equal to the inverse of the Fisher

Information matrix. Because of this one can obtain the result that
E{y:}¥'(0:) + (6:) = 0

which implies that
C’(Oi)
v(6;)

Furthermore, an expression for the variance of y; can also be obtained by

Hi 2 Elyi} = - (2.2.3)

noting that
V{wib'(0:) + (6} = [b'(0:)]*V{y:}

f g(ps) = b(6;) then g(p;) is called the canonical link function.

20



and that

i) - <{&)]
it

= E{—y:b"(6;) — "(6;)}

= =V"(0:;)E{y:} —"(0:)

b”(ai)cl(oi) "
= S )by (2:23)

On equating the above two expressions one can then obtain the result that

[6"(6:)c'(8:) — b'(6:)c"(65)]
[b(6:)]°

2.3 PARAMETER ESTIMATION

Wy} =

(2.2.4)

Given a set of observations {y,...,y,} that have been drawn from the above

family of distributions, an expression for the log-likelihood function can be

given by

10, .. 0501, yn) = i[yib(o,-) + ¢(8;) + d(:)] (2.3.1)

=1

Letting

2 g(w) = fot Brzat-+Brp=xB i=1,..,n  (232)

denote the link function that is to be associated with the i’th observation,

maximum likelihood estimates for @ = (fo, ..., 3,) can be obtained by solv-

21



ing the following system of equations (see Appendix Al)

a Ol 2 (yi — pa)wij O
= — = ~ - v =0
0B; ; V{y:} O

Uj j = 0, Y

Due to the non-linear form of the above set of equations, an iterative solution
can be obtained by employing the following Newton-Raphson method (Gal-
lant, 1987) that updates the previous estimate of 3, which we will denote
by b(™=1_ as follows

bim) = bim=1) _ {1 ym1) 19

where
0?l
0pos’

(m-1) _

B=b(m-1)

denotes the value of the Hessian matrix that has been evaluated at the pre-

vious iteration point b1, and

a1 (ﬂ ﬂ)'
C\9B’ 9B,

IB:b(m_l)

denotes the value of the score vector that has been evaluated at the previous

iteration point b(™=1)_ Alternatively, the Fisher method of scoring (Dobson,
1990) which replaces the Hessian matrix with its matrix of expected values

can be used yielding the following iterative recursion formula
b = pm-1) 4 [I(m—l)]—l ulm-1 (2.3.3)

where

el 58
080 [ g~ \ 0B OB

22

ﬂ:b(m_l)



denotes the value of the Information matrix evaluated at the previous itera-

tion point b(™~1), The above iterative routine can however be rewritten in

the form of an iteratively re-weighted least squares procedure, if on letting

1z - Ty
1 o1 crr T
P
X =
1 Zm - Ty

and W{m=1) denote a n x n diagonal matrix with th element

(met) 1 (aﬂi)z
Wy; =37
V{y:} \ On:

lB:b(m_l)
one notes that (see Appendix A2)

=1 — xrwin-Nx

and that
a0 — W m=1) gx(m-1)

where z*(™~1) denotes a n dimensional vector with i'th component

w(m— I
2 = (g — ) (3Z>

Then on pre-multiplying both sides of (2.3.3) by Z(™) one can obtain the
result that

ﬁ:_b(m—l)

T(m=1) p(m) — 7(m-1) p(m-1) 4+ ulm=D
and thus that

X/w(m—l)Xb(m) — X/W(m—l)z(m_l)
where z(m-1) — Xp(m-1) 4 zx(m-1)
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The above result then implies that the m/th iteration of the Fisher method

of scoring can be implemented by setting

b(m) — (Xlw(‘m—l)x)—lXlw(m—l)z(m_l) m = 1,2, (234)

with the maximum likelihood estimate being obtained upon convergence of

the above algorithm, that 1s

8= lim b™

m—o0

Letting
W = lim w™

m—00

asymptotic distribution theory results then imply that

B~N(@B,I7)

where

I =XWX
2.4 SUBSET SELECTION

To determine which matriculation subjects and authorities are important
for predicting university results we need to develop a suitable subset selec-
tion procedure. In particular, given a matriculation profile vector containing
p-+1 variables we need to determine which variables are to be excluded from

the link function of the generalized linear model. In order to do this,
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let us partition our matrix of independent variables (and thus vector of link

function parameters) as follows

X=(X;X2) 8= (ﬂl) (2.4.1)
B,

where X denotes a n x (k4 1) dimensional matrix of explanatory variables

which we want to include in our model, and X2 a n x (p — k) dimensional

matrix of variables that we want to exclude from our model. To determine
whether the set of independent variables X2 can be left out of the generalized

linear model we need then only derive a test procedure for testing
Ho: B,=0 vs Hy: B,#0

or alternatively
Ho: RB=0 vs Hy: RB#0

where one has appropriately set R = (I,0), with O representing a (p — k) x
(k+1) matrix of zeroes and I a (p— k) x (p — k) identity matrix. Such a test

can be taken using either a likelihood ratio, Wald or a Lagrange multiplier

test statistic (Buse, 1982; Lawless and Singhal, 1978). Letting 3 denote the

unrestricted estimate of 3 that has been obtained using the Fisher scoring

routine and
B = lim [XWmDX) X W gm-1) _ (X'Wm-DX)-1R/

{R(le(m—l)X)—l R/}—l R(er(m—l)x)—IX/W(m—l)z(m_l)]

the estimate of 3 that has been obtained subject to the restrictions that
RS = 0 (see Appendix A3), then the relevant test statistics can be given by:

D =2(I(B,y) - U3,y)} (2.4.2)
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for the likelihood ratio test statistic? which follows a chi-squared distribution

with v = p — k degrees of freedom when Hj is true; by
WT = (RB){R(X'WX)'R'} "} (RB) (2.4.3)

for the Wald test statistic which follows asymptotically a chi-squared distri-

bution with v = p — k degrees of freedom when Hj is true, and by

LM £ u(3)T'u(B) (2.4.4)

for the Lagrange multiplier test statistic® which also follows asymptotically

a chi-squared distribution with v = p — k degrees of freedom.

2.5 APPLICATION TO EXAM DATA

In order to model the success (or failure) of a student when taking a partic-
ular course at university and to associate this success (or failure) with the

outcome of a Bernoulli random variable, we need to consider a student as

% Alternatively an approximation, derived in Appendix A4, for the likelihood ratio test
statistic can be given by

D* = 2[1(B,,8,) — 108, +Il_11112:é21:62 = 0)]

In Iz
I =
( Iy I
denotes a partitioned form of the information matrix that is to be associated with the

parameter vector 8’ = (B B3). Asymptotically D* then also follows a chi-squared distri-
bution with v = p — k degrees of freedom if Hy is true.

3where
- ol oy’
u(B) = (%’ . %> /[3=B

ol ol
T = -
¢ {aﬂ 05’}‘[3:[-;

where

and
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being successful if they obtain a mark that lies within a certain prespecified
interval that is of interest. For example, if one is intending to model the
probability that a student will pass DSMA1SX1, then the interval of interest
will be given by that student’s mark lying in the following set, namely

Inr = {DSMA1SX1 mark > 48}

Clearly the above definition can be extended to account for more than one
university subject if for each subject an appropriate mark interval is con-
structed with the student being classified as being successful if all of his or
her university marks lie in these intervals. For example, suppose that we
are interested in a student obtaining a first class pass for DSMA1SX1 and a
second class pass for DSPH1SC1. By letting

Ing = {75 < DSMA1SX1 mark < 100}

and
Ip = {60 < DSPH1SC1 mark < 74}

denote the appropriate mark intervals of interest, then a student can be
classified as being successful if their DSMA1SX1 mark lies in the interval set
Ips, and their DSPH1SC1 mark in the interval Ip. Introducing a Bernoulli

random variable to model the occurrence of this event with y; being set equal

to 1 if the ¢'th student obtains the desired event and set equal to 0 if he or
she does not, and letting

™ = Py = 1|x;)

denote the probability that this student will be successful, our approach will

be to associate this probability value with the student’s matriculation profile
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vector x} using initially a logit link function defined by*

™ ’
g(p:) = g(m:) = log (1 — 7r.) = x;B=n; (2.5.1)
and then a probit link function of the form
g(m) & 07N (m;) = xiB = n; (2.5.2)

where ® denotes the cumulative standard normal distribution function. Be-
cause

flyiym) = (1 —m)v

= exp [y,- log (1 L ) + log(1 — 7r,-)] (2.5.3)

represents the probability density function of y;, with a mean and a variance

parameter given by 7; and m;(1 — ;) respectively, and on noting, for the logit
link function, that

3/11-_37r,~ 0 ( e )
On; B on; B on; \1+ e

(1 + e"‘)e’“ - 62"‘
(1 4 en)?

ex'iP
1+ ex"':B]"’

= 7(','(]. - 71'1')

“Manipulating (2.5.1) the following expression for m; can be obtained, namely

X8

T = ———
' 1+ex§'3
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where
ex"ﬂ
1 + ex'iB

T

one can obtain the following substitutions for the Fisher scoring routine de-

fined in section 2.3, namely

2
S S S
" var(y;) \ O

and (for the i'th element of z(™~1),

= A = )

B=b(m-1)

L (m—-1)
Zz(m—l)_:xéb(m~1)+ (yi —mi )

n (=)

Having obtained upon suitable convergence of the Fisher’s scoring routine a

maximum likelihood estimate for 3, which we will denote by ,B, this estimate

can then be substituted into the following formula

A exiB
T, = ——————

=P (2.5.4)
eXi

to obtain an estimate for the success probability of a student with a matric-

ulation profile x!. For large sample sizes a (1 — a)100% confidence interval

for B; can be defined by the expression

where z represents a standardized normal random variable and on defining

o to be a vector with :th element



a (1—a)100% confidence interval for 7; can be given by (Hosmer et al. 1989)

exp (x: [,fi + zl_%&])
1 + exp (xi [ﬂ + zl_%&])

(2.5.5)

Turning our attention to the Probit link function, one can obtain the result
that

6,ui . (971’,' . i N N '
67]1' - 8771 - 67] (I)(ni) - ¢(771) - (ﬁ(X“B)

1

where ¢ represents the standard normal density function, and thus the Fisher
scoring routine substitutions takes the form
ol = L (2 (B D)
" var(y;) \ Om:

I[-}:b(m—l) - ﬂ-z(m_l)(l - ﬂ-z(m—l))

and

(m=1)
(m=1) _ grpy(m-1) ¥ ="
z; x;b +¢(x§b(m‘1))

with an estimate for m;, for a given set of independent variables x!, being

given by
= 0(x\B3) (2.5.6)

and a (1 — a)100% confidence interval for 7; being given by the expression

® (x;[8£m-25]) (2.5.7)
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2.6 RESULTS

Turning our attention once again to the three different problems that we
analysed earlier in chapter one, namely the problem of associating the suc-
cess probability of a student passing DSMA1SX1, DSPH1SC1 and then both
DSMA1SX1 and DSPH1SC1, with their matriculation profile record, a gener-
alized linear model with a logit® link function was applied to our DSMA15X1
data with the event of interest being that a student obtains a mark greater
than or equal to 48 for that particular subject. Our analysis yielded the

following results, namely

Table 2.6.1
Parameter é SE*! WT*? PROB*3 LB** UB*®
Bo 1.8168972 0.6670501 7.4189739  0.006454 0.5094791 3.1243153
b1 -0.001621 0.1860349  0.000076  0.993046 —0.36625 0.3630071
B —-0.069744 0.1590199 0.1923588 0.6609606 —0.381423 0.2419349
o2y —0.650262 0.1793891 13.139672 0.0002891 —1.001864 —0.298659
B4 —0.430301 0.1772003 5.8967842 0.0151686 —0.777613 —0.082988
Bs —0.376458 0.1889741 3.9685174 0.0463586 —0.746847 —0.006069
Bs 0.0136196 0.5624001 0.0005865 0.9806795 —1.088685 1.1159239
Br 1.1969564  0.614631 3.7925191 0.0514821  —0.00772 2.4016332

A backward elimination type procedure with a variable exclusion probability

level of 0.1 was then applied to our model with the following results being

achieved, namely

5The initial link function is given by

i

g(m;) =log (1 — ﬂ,_) = PBo + Bixir + Baziz + Paziz + Pazia + Pszis + Pedin + Brdiz

where X1, X9, X3, X4 and X5 are defined on page 5 and d; and ds on page 15.
*Istandard error of the parameter estimate
*2the Wald Test Statistic
*3Probability that the Wald Test Statistic is greater than y2
*4lower bound for the 95% confidence interval of Ji]
*Supper bound for the 95% confidence interval of Ie)
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Table 2.6.2

Parameter 3 SE WT PROB LB UB
Bo 1.731933 0.2623238 43.589974 4.049E-11 1.2177782  2.2460877
Ba —0.64638 0.1783844 13.129916 0.0002906 —0.996013 —0.296747
Ba —0.449118 0.1687949 7.0795033 0.0077971 —0.779956 —0.11828
Bs —0.396369 0.1819488 4.7457053 0.0293715 —0.752989 —0.039749
B7 1.1877764 0.3349495 12.575082 0.0003909  0.5312755  1.8442773

From the above table an estimate of the probability that can be associated
with a student passing DSMA1SX1, for a specified matriculation profile

X; = (1 43 Tig 245 diz), can be given by

P exp(Bo + Botis + Batia + Bswis + Brdiz)
1 + exp(fo + Bszis + Pazia + Bszis + Prdiz)
1
1+ eXP[—(Bo + Bswis + B4-'15i4 + Bswis + Bﬂln)]

As would be expected, the negative parameter estimates obtained for Math-
ematics (X3), Biology (X4) and Physics (X;) indicate that lower symbols for
these matriculation subjects are associated with a lower probability of a stu-
dent passing DSMA1SX1. Furthermore the magnitude of all the regression
coefficients imply that a student’s matriculation Mathematics symbol has
the greatest influence on the probability of passing the DSMA1SX1 course.
The significantly positive estimate obtained for the NED variable implies
that students writing the Natal Education Department matriculation papers
have a much greater probability of passing DSMA1SX1 when compared with

students from any of the other matriculation authorities.®

6 Analyzing student results from the Transvaal Education Department and the House
of Representatives should be handled with caution as these students only represent a small
percentage of the total number of students in our data set.
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In Table 2.6.3 we have provided a brief summary of some of the estimated

success probabilities, for passing DSMA1SX1, that can be associated with a

certain type of matriculation profile result.”

Table 2.6.3
Xs X4 X5 dy i LB(#)*  UB(#)""
0 0 0 0 0.8496595 0.7716723 0.9043125
1 0 0 0 0.7475434 0.5552151 0.8753748
0 1 0 0 0.7829285 0.6077399 0.8935767
0 0 1 0 0.7917595 0.6141498 0.9008173
0 0 0 1  0.9488122 0.8518334 0.9835423
1 0 0 1 0.906644 0.6798408 0.9779817
0 1 0 1 0.9220543 0.7249395 0.981514
0 0 1 1 0.925762 0.7302842 0.9828863

Turning our attention to the DSPH1SC1 data a generalized linear model

implementation with a logit link function produced the following results,

namely
Table 2.6.4

Parameter B SE WT PROB LB UB
Bo 1.5416826 0.9428239 2.6737992 0.1020122 —0.306252 3.3896174
6 0.216685 0.2808714 0.5951725 0.4404259 —0.333823  0.7671929
B2 0.1609419 0.2514019 0.4098277  0.522057 —0.331806 0.6536895
B3 —0.537684 0.2577496 4.3516973 0.0369721 —1.042874 —0.032495
Bs —1.1926 0.3289327 13.145444 0.0002882 —1.837308 —0.547892
Bs —1.160835 0.3247551  12.77701 0.0003509 —1.797355 —0.524315
Bs 1.1429925  0.825125 1.9188776 0.1659804 —0.474252 2.7602375
Br 4.8582069 1.1203755 18.802899 0.0000145 2.6622709  7.0541428

"From chapter one 0 represents an A symbol for a particular subject and 1 represents
a B symbol. As an example the fifth row in Table 2.6.3 refers to an NED student with
A’s in matriculation Mathematics, Biology and Physics.

*Slower bound for the 95% confidence interval of the success probability
*7upper bound for the 95% confidence interval of the success probability

33




An application of the backward elimination routine, using a probability value

of 0.1, yielded the following results, namely

Table 2.6.5
Parameter B SE WT PROB LB UB
Go 2.9552285 0.4270913 47.878523 4.535E-12 2.1181296  3.7923274
B3 —0.542827 0.2478101 4.7982761 0.0284882 —1.028535 —0.057119
Ba —1.009345 0.2971657 11.53671 0.0006824 —1.59179 —0.4269
Bs —1.076835 0.2977927 13.075852 0.0002991 —1.660508 —0.493161
Br 3.6106889 0.7464047 23.400836 1.3152E-6  2.1477356  5.0736422

Once again, we notice that lower matriculation symbols in Mathematics, Bi-

ology and Physics are associated with a lower probability of a student pass-

ing the DSPH1SC1 course. Also the large negative value associated with a

student’s matriculation Physics mark implies that this subject has the great-
est influence on the probability of that student passing DSPH1SC1 when

compared with his or her matriculation Biology and Mathematics marks.

Furthermore, students writing the matriculation examination set by the

Natal Education Department have a far greater probability of passing the

DSPH1SC1 course when compared with students from the other matricula-

tion departments. A few estimated probabilities, along with their associated

matriculation profiles are summarised in Table 2.6.6.

Table 2.6.

6

T
0.95051
0.9177681
0.8749971
0.8674265
0.9985944
0.9975837
0.9961529
0.9958854

N

o
S

1)

OO)—*OOO)—'O&S
OHOOOP—‘OOX
HOOOHOOOX
ol N B e B o i =0 B o }

LB(#)
0.8926528
0.7483054
0.628629
0.6124498
0.9861547
0.9622152
0.9354794
0.9312056

UB(#)
0.9779539
0.9766882
0.9666064
0.9644002
0.9998589
0.9998506
0.9997838
0.999769
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Turning our attention now to the final problem, namely that of determining
the probability that a student will pass both DSMA15X1 and DSPH1SCI, a

generalized linear model implementation with a logit link function produced

the following results, namely

Table 2.6.7
Parameter 3 SE WT PROB LB UB
Ba 0.745716 0.9055002 0.6782189 0.4102007 —1.029064  2.5204964
B —0.096568  0.248199 0.1513802 0.6972199 —0.583038  0.3899018
Bo —0.041521 0.2406129  0.029778  0.862995 —0.513122  0.4300803
Ba —0.827465  0.26855  9.493996 0.0020615 —1.353823 —0.301107
Ba —0.782912 0.2867977 7.4520238 0.0063365 —1.345035 —0.220788
Bs —0.584166 0.2685855 4.7304982 0.0296323 —1.110593 —0.057738
Be 1.1815894 0.8104127 2.1257919 0.1448379 —0.406819  2.7699982
Br 3.4470168 0.9688301 12.658771 0.0003738 1.5481098  5.3459238

Employing a backward elimination routine we then obtained the following

results, namely

Table 2.6.8
Parameter ,B SE WT PROB LB UB
Bo 1.696732 0.3091204 30.128062  4.044E-8 1.090856  2.3026079
B —0.801685 0.2652619 9.1339401 0.0025091 —1.321599 —0.281772
B —0.817072 0.2657783  9.451085 0.0021102 —1.337997 -—0.296147
Bs —0.655945 0.2606012 6.3355243 0.0118343 —1.166724 —0.145167
Br 2.4002477  0.568151 17.847792 0.0000239 1.2866716 3.5138237

The only surprising result here, was that a student’s matriculation Biology
mark now seems to have the greatest influence on the probability of pass-
ing both DSMA1SX1 and DSPH1SC1 when compared with his or her other
matriculation subjects. In Table 2.6.9 a few estimated probabilities for pass-
ing both DSMA1SX1 and DSPH1SCI are given along with their associated

matriculation profile results.
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Table 2.6.9

Xs Xa

OO SO OO O
ORP OO O OO

X5 do

OO Ok OO0
—_— e OO OO

A~

x
0.8451074
0.7099305
0.7067518
0.7390017
0.983649
0.964267
0.9637331
0.9689626

LB(#)
0.7485429
0.4425689
0.4385273
0.4810421
0.9150975
0.7419118
0.7387594
0.770441

UB(#)
0.9090928
0.8829674
0.8814738
0.8963621
0.9970306

0.996068
0.9960113
0.9965683

Repeating the above analysis but now with a probit link function we obtained

(after employing the backward elimination procedure) the following results

for the DSMA1SX1 data, namely®

Table 2.6.10
Parameter B SE WT PROB LB UB
Bo 1.0436877 0.1495514 48.703466 2.977E-12  0.7505668  1.3368085
Bs —0.381888 0.1057402  13.04343 0.0003044 —0.589139 —0.174637
Ba —0.262207  0.099141 6.9949223 0.0081741 —0.456524 —0.067891
Bs —0.243779 0.1080707  5.088337 0.0240873 —0.455597  —0.03196
Bz 0.6805545 0.1910991 12.682609 0.0003691  0.3060003  1.0551088

The probability associated with a student passing DSMA1SX1, given a par-

ticular matriculation profile x; = (13 zi5d;2), can then be estimated

by

#t; = ®(Bo + Bszia + Pazia + Bsis + Brdin)
These results are very similar to those obtained when a logit link function
was employed. In Table 2.6.11 we have provided a brief summary of some

of the estimated success probabilities that can be associated with a given

matriculation result profile, namely

SFor these three problems the initial link function is defined by

g(m) = 7 N(m) = Bo + Przi1 + Pozio + Paziz + Pazia + Pozis + Bedin + Brdin
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Table 2.6.11

oo»—\ooor—togi
Or—-ooo»—-oofi

Xs d
0 0
0 0
0 0
1 0
0 1
0 1
0 1
1 1

~

s
0.851685
0.7459501
0.78274
0.7881182
0.9576679
0.9102594
0.9281342
0.9306252

LB(#)

0.7735433
0.5641218
0.6156375
0.6159914
0.8546454
0.6799032
0.7257613
0.7260699

UB(#)
0.9093574
0.877417
0.8977648
0.9040277
0.9916197
0.986698
0.989938
0.9908615

An analysis of the DSPH1SC1 data (after employing the backward elimina-

tion procedure) yielded the following results, namely

Table 2.6.12
Parameter B SE WT PROB LB UB
Bo 1.737115 0.2257253 59.223846 1.41E-14 1.2946934 2.1795366
B3 —0.317817 0.1424659 4.9765785 0.0256927 —0.59705 —0.038583
Ba —0.559217 0.1672549 11.179004 0.0008273 —0.887037 —0.231397
Bs —0.650865 0.1689926  14.83359 0.0001174  —0.98209 —0.319639
Br 2.0568496 0.4100291 25.163768 5.2662E-7  1.2531925  2.8605067

In Table 2.6.13 a few estimated probabilities for passing DSPH1SC1, that

can be associated with a specific set of matriculation profiles, are provided.

Table 2.6.13

X4

oo»—nooo»—-owx

O O OO MR O

Xs d

[+

O OoOCO kOO
== =—_0 000

T
0.958816
0.922094

0.8805813
0.8613158
0.9999259
0.9997547
0.9993912
0.9991642

LB(#)
0.902287
0.7572999
0.6582371
0.6227089
0.9945811
0.9744617
0.9516281
0.9413018

UB(#)
0.9853541
0.9838611
0.9743008
0.96855
0.9999998
0.9999997
0.9999992
0.9999988
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Finally, turning our attention to the combined DSMA1SX1 and DSPH15C1
data problem, a probit analysis (after the backward elimination procedure

was employed) produced the following results, namely

Table 2.6.14
Parameter B SE WT PROB LB UB
Bo 0.9830133 0.1723893 32.516086 1.1821E-8 0.6451303  1.3208963
Bs —0.448145 0.1504812 8.8689487 0.0029006 —0.743088 —0.153202
Ba —0.458362 0.1517864 9.1190964 0.0025295 —0.755864 —0.160861
Bs —0.377692 0.1507272 6.2790372 0.0122174 —0.673118 —0.082267
Br 1.2965121 0.3026867 18.347057 0.0000184 0.7032461  1.8897781

In Table 2.6.15 a few estimated success probabilities for passing both DSMA1SX1
and DSPHI1SC1, that can be associated with a specific set of matriculation

profiles, are summarised.

Table 2.6.15

w
S
-
(=4
2.
[+

& LB(#) UB(#)
0.8371996 0.7405786  0.906732
0.7036296  0.460983  0.878535
0.7000871  0.4559139  0.8769828
0.7275171 0.4888361 0.8922586
0.9886821 0.9112313  0.9993379
0.9664781 0.7275063 0.9988839
0.965709  0.7232464 0.9988551
0.9714035 0.7502443 0.9991212

OOP—'OOOD—‘ON

ORP OO = OO
HOOOD—‘OOOX

= OO OO

We notice that on employing the backward elimination procedure on both
our probit and logit models the same variables were excluded based on the
Wald test statistic procedure. Furthermore, the confidence intervals for
the estimated probabilities obtained using both the probit and logit mod-

els were also of the same order. It can therefore be concluded that for our

DSMA15X1/DSPHI1SCI data problem both techniques lead to similar re-

sults.
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CHAPTER THREE
A MONTE CARLO SIMULATION APPROACH

3.1 INTRODUCTION

The main purpose of this chapter will be to present an alternative method
for relating the probability of success at university to a student’s matricula-
tion profile. In particular, letting Y3, Yz,...,Y, denote a set of p university

subject variables that are of interest, and
A={cn <Y1 <e2} U {ea €Yo <} U...U {cn €Y, <2}

an event that we wish to model, a Monte Carlo simulation approach will be
used to estimate the probability of a student being successful. For exam-
ple, let Y; denote the DSMA1SX1 mark and Y; the DSPH1SC1 mark of a

particular student, then an event of the form
A={Y; >48) U {Y; > 48)

will represent a pass mark for both DSMA1SX1 and DSPH1SC1 for that
particular student. In section 3.2 we will begin by briefly discussing the as-
sumptions that are necessary for our model, with section 3.3 being used to
derive parameter estimates. In section 3.4, a seemingly unrelated regression
modelling approach (Huang, 1970) will be developed with section 3.5 being

devoted to a practical application of our model and a discussion of our results.
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3.2 MODEL ASSUMPTIONS

Letting y! = (¥i1 Y2 -.-¥ip) denote the set of marks obtained by student
i for his or her p university subjects, and letting x} = (1z; ...z;) denote
the matriculation profile vector that is to be associated with this student,

then the following assumptions will be made concerning our proposed model

structure, namely that

i) the conditional density, f(y:|x;) is Gaussian with a mean p! = x88

where 3 represents a matrix of regression coefficients of the form

Bor Boz -+ Bop
Bin Pz - B
g=| " 77 (3.2.1)
Bxi Brz - Brp
and a variance-covariance matrix
din 012 " O1p
021 022 *-- O3
S=. . 7 (3.2.2)
Opt Op2 **° Opp

that is independent of the predictor variables, and that
ii) the observations y},y5,...,y" are independent of each other.

Conditional on a matriculation profile record x;, a probability density func-

tion of y; can therefore be given by the expression

_ _ 1
flyil8'x;, 2,) = (27) J”/2|21[,| 1/2 exp —i(y,- —B'%;) SN y: — B'x;)

14

(3.2.3)
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Letting
A={cu<Yi<ecpp} U {ca<Yre<en} U...U {cn <Y, <o}

denote the event of interest then providing parameter estimates are available
for both 8 and ¥, the probability of obtaining this event can then be given
by

m(x) = [Ply € Alx]
= Ja flylx)dy
= [, (2n)E B, Texp[-L(y — B%)T; (y — 8'%)ldy  (3.2.4)

A method for evaluating this integral will be discussed in the following sec-
tion.

3.3 PARAMETER ESTIMATION

Given a sample of n student marks and matriculation profile results and
adopting the notation

)’} Yii Y2 o Yip

y= | o Y (3.3.1)
Y Ynl Yn2 vt Ynp
X} 1 211 -+ z1k

o e I B (3.3.2)
X! 2y ez

and
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€ €11 €12 -+ €1p
€, €21 €22 - €2p

E=| 2 |=| ™ ™ (3.3.3)
e, €nl €n2 't Emp

where E represents a n X p matrix of random error terms, the model as-
sumptions listed in the previous section imply that an appropriate statistical

model (Graybill, 1976) for the n observations can be given by
Y=XB8+E (3.3.4)

where

E~N(0,%,®1,)

Employing the method of maximum likelihood the following parameter esti-

mates for 8 and 3, can be obtained, namely
B = (X'X)"'X'Y (3.3.5)
and correcting for the bias

(Y — XB)(Y - XB)

5= n—(k+1)

(3.3.6)

By the invariance principle, a maximum likelihood estimator for 7 (x) can

then be given by
N - pS 1 roNQ— ’
#0) = [ @) FsI e |—5(v - BxST(y - B dy  (33.7)

We need therefore only to develop a method for evaluating the p dimensional
integral expression given in (3.3.7). Fresen and Fresen (1993) have suggested

that one of the following methods be used for evaluating this integral, namely
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i) a numerical quadrature method as described by Schervish, (1984);
ii) the use of a tetrachoric series as described by Harris et al, (1980) and
iii) a Monte Carlo simulation method which will now be developed.

In particular, the Monte Carlo simulation algorithm, to estimate 7 (x), pro-

ceeds as follows:

a) For any given vector x generate a large number, m say, of pseudo-
random vectors from the multivariate Gaussian distribution, N(B'x, S).

Denote these p dimensional vectors by y3,y3,...,¥5.

b) Estimate 7(x) by the proportion of pseudo-random vectors (generated

in step a) that lie in the product set defined by an event A, that is

m
#(x) mm™ 3 14(yy)
=1
where I4(-) represents the indicator function of set A. The accuracy of

this approximation can be improved by generating a larger number of

pseudo-random vectors.

3.4 SUBSET SELECTION

In order to determine which independent variables to exclude from the model,
we will need to write the above multivariate regression model in the form of a
seemingly unrelated regression model and then employ a backward elimina-

tion technique. In particular letting yj; to denote the #’th column vector of

the matrix Y and B the 'th column vector of 3, then the above multivariate

regression model (given in 3.3.4) can be written in the following seemingly
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unrelated regression form

Y X0 --- 0 B e

0 X --- 0 e
L I B P | L] (3.4.1)
Yipl 0 0 X By ep

where

E{eie)} = 0,1,
Variable selection can then be implemented by employing a suitable backward
elimination procedure to successively eliminate variables in the above model
structure whose parameter coefficients are not significantly different from
zero. Let us assume that at a particular stage in our backward elimination

procedure we have a resulting seemingly unrelated regression model structure
that takes the form

Y Xy 0 -+ 0 B €
Y2 0 X3 .-+ 0 B, €2
: = : R : : + :
. . . - . . . (3.4:-2
y[p] 0 0 Xp ,Bp €, )
y X B é

where X; denotes the component matrix of X that remains and 3; the pa-
rameter coefficient vector that remains after elimination of those parameter
coefficients in B} that are not significantly different from zero. Parameter
estimation can then proceed by first employing an ordinary least squares

estimation technique on each of the p regression model structures
v =XiB; +e; 1=1,...,p

to obtain the following consistent estimates for o;;, namely

LG8
O =

= (v ~ X:B:) (yp) — Xi8;)/n (3.4.3)
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where
Bi = (XiXi) Xy
and then substituting these elements into X, to yield the following feasible

generalized least squares estimator for B, namely

A

BLAE,) =X oL)X)'X(S, @ L)y (3.4.4)
where
ou O vt O
21’: 021 022 *'+ O
Tp1 Op2 Opp

Since the variance-covariance matrix of the feasible generalized least squares

estimator can be approximated by the following expression
V{8} = [X'(3,' @ L)X]! (3.4.5)

standard errors for the j'th element of é can be obtained by taking the square
root of the j'th diagonal element of (3.4.5) and thus a backward elimina-
tion model selection technique can proceed by calculating ¢-values ! for each
component of 3 with variables being excluded from the seemingly unrelated

regression model, using a 10% level of significance. Given a matriculation

profile matrix of the form

x! 0 0
. 0 x, 0
X = .

0 0 x!

lthe t-values corresponding to each ﬂ~J is given by ’B—J where ¢ ; represents the standard
gz ]
R Bi ’
error of ;.
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for a particular student where x} denotes the set of matriculation results that

relate to the retained parameter coefficients 3; in (3.4.2), then the probability

of success can be defined by

#3) = [n) 8 e [y - }BYE - %B)| dy (3:46)
A

with the above integral being solved using the method of Monte Carlo? de-

scribed earlier in Section 3.3. Furthermore 95% lower and upper bounds for
the confidence intervals of 3 can be given by B —1.966 and B+ 1.966

respectively, where o represents the vector of standard errors of B (that are
obtained by taking the square root of the diagonal elements of (3.4.5)), with
the 95% confidence intervals for 7(X) being obtained by substituting the re-

spective confidence intervals for 8 in (3.4.6).

3.5 RESULTS

We will now apply the results of the previous sections on our three problems,
defined in chapter one, that is predicting the probability of a student passing
firstly DSMA1SX1 | secondly DSPH1SC1 and finally both DSMA1SX1 and
DSPH1SC1 simultaneously. Now in order to determine the probability of

a student, with a given matriculation profile x, passing® a single university

2We replace N(B’x, S) in the Monte Carlo algorithm by N(ié, 2,).
348 is defined to be the pass mark as in chapters 1 and 2.
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course, (3.2.4) reduces to

f(x) = [: (2752)~ (@) exp [—% (y —SX'ﬂ) } dy

= 1-@(@)

- o (M) (3.5.1)

S

where ® denotes the standard cumulative distribution function and
B — (XIX)—IXIy

and

o Y -XB)ly - XB)
B n—(k+1)

Employing the following variables in our predictor matrix, namely English
(X1), Afrikaans (X3), Mathematics (X3), Biology (X4), Physics (X5), NED
matriculation authority (d;) and HOD matriculation authority (d;) and ap-
plying a backward elimination procedure on our DSMA1SX1 data set, the
variables X, and d; were excluded from the model using a 10% level of sig-

nificance and thus the following results were obtained (Table 3.5.1) for the
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remaining variables, namely

Table 3.5.1
Parameter 3 SE*! t*2 LB*3 UB** §2*5
Bo 69.238409 1.8365809 37.699439 65.638693  72.838125 225.51048
B —2.643295 1.0766819 —2.455038 —4.753592 —0.532999
B3 ~7.028165 1.16737256 —6.020499 —9.316215 —4.740115
Ba —9.298880 1.1134729 —2.001737 —4.411287 —0.046473
Bs —4.995204 1.2028948 —3.512530 —6.582878 —1.86753
Br 9.954687 1.9125960  4.838809  5.5059984  13.003375

From Table 3.5.1, the estimated probability that can be associated with a
student passing DSMA1SX1 for a specified matriculation profile

x} = (1 i Ti3Tiq Tis diz), can be given by

PUN (BO + leil + BSfBis + 34351'4 + Bsxis + B7d,'2 — 48)
o ]

where ® denotes the cumulative standard normal distribution function. The
negative parameter coefficients of Bl , Bg, B4 and B5 indicate that higher marks
(symbols) in English, Mathematics, Biology and Physics, at matriculation

level, are associated with a higher probability of passing. Also, since the

magnitude of [33 1s the largest when compared with Bl, B4 and B5, we infer
that a matriculant’s Mathematics mark has the most influence on the proba-
bility associated with a student passing DSMA1SX1. Furthermore, the large
positive value of 3; indicates that Natal Education Department students have
a higher probability of passing DSMA1SX1 compared to students from the

other matriculation authorities (see also Table 3.5.2). In Table 3.5.2 we list a

*Istandard error of the parameter estimate
*2-values associated with the parameter estimates
*3Jower bound for the 95% confidence interval of the parameter estimates

*4upper bound for the 95% confidence interval of the parameter estimates
*Smean square error
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few estimated probabilities associated with passing DSMA15X1 for specific
values of X, X3, X4, X5 and d.

Table 3.5.2
X Xs X4 Xs da #  LB(#)*S  UB®#)Y7
0 0 0 0 0 09213617 0.8799188 0.9509362
1 0 0 0 0 08921921 0.8045631 0.9472233
0 1 0 0 0 08279963 0.7102802 0.9096088
© 0 1 0 0 0.8972196 0.8107946  0.950621
0 0 0 1 0 0871378 0.7692015 0.9369469
0 0 0 0 1 0.9788507 0.9383698 0.9941308
1 0 0 0 1 09681698 0.889653 0.9935118
0 1 0 0 1 09409216 0.8214368  0.986247
0 0 1 0 1 00970092 0.8938891 0.9940789
0 0 0 1 1 09598726 0.8649583 0.9917022

Turning our attention to the DSPH1SC1 data, and implementing a backward
elimination routine (using a probability value of 0.1) the variables X;, X2, X3

and d; were excluded from the model with the following results being ob-

tained for the remaining variables, namely

Table 3.5.3
Parameter 8 SE t LB UB s?
Bo 67.582542 1.3392143  50.464322 64.957682  70.207402 149.14551
Ba —4.392492 1.1749480 —3.738457 —6.695390 —2.089594
Bs —9.162855 1.0722381 —8.545541 —11.264440 —-7.061268
B 13.104750 1.9554894 6.701519 9.2719902 16.937509

Table 3.5.3 suggests that a matriculant’s Physics mark influences the prob-
ability associated with a student passing DSPH1SC1 more than his or her

Biology mark since B5 is more negative than 34. Furthermore the large posi-

tive value of 37 implies that students from the Natal Education Department

*$ Jower bound for the 95% confidence interval of the success probability
*7 upper bound for the 95% confidence interval of the success probability

49




have a greater probability of passing DSPH1SC1 compared to students from
the other matriculation authorities. In Table 3.5.4 we give a few estimated

probabilities for passing DSPH1SC1 given specific values for X4, X5 and d.

Table 3.5.4
Xs X5 dy #  LB(#)  UB(%)
0 0 0 0.9455858 0.9175151 0.9654995
1 0 0 0.8932153 0.7996326 0.9502529
0 1 0 0.8032251 0.679457 0.8925519
0 0 1 0.9962807 0.984134 0.9993254
1 0 1  0.9807446 0.9451485 0.9987942
0 1 1  0.9729638 0.889788 0.9956943

Finally turning our attention to the third problem that we have been con-
sidering in this thesis, namely that of determining the probability associated
with a student passing both DSMA15X1 and DSPH1SC1 and applying the

seemingly unrelated regression model to this data set, the following results*

were obtained, namely

Table 3.5.5
Parameter*8 B SE t Prob
BO1 69.647416 2.01102 34.63 0.0001
Bi1 —2.917197 1.05425 —2.77 0.0062
B31 —5.949945 1.25738 —4.73 0.0001
B41 —2.771966 1.62782 -1.70 0.0903
B51 —5.423292 1.57495 -3.44 0.0007
B71 11317970 2.61120 4.33 0.0001
B02 67.594627 1.39130 48.58 0.0001
B42 ~4.548063 1.25355 —3.63 0.0004
B52 —8.916156 1.16054 —7.68 0.0001
B72 13.103354 2.07635 6.31 0.0001

Letting yp;) and y[g) denote the DSMA1SX1 and DSPH1SC1 marks, respec-

tively; the large positive values associated with the parameters By, and Bz,

“Note that a 10% level of significance was used. Also these results were obtained using
the model procedure in SAS. '

*8 B;) represents the regression coefficients associated with the DSMA1SX1 course
and Bj;, those regression coefficients associated with the DSPH1SC1 course.
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imply that students writing matriculation papers set by the Natal Education
Department perform better in DSMA1SX1 and DSPH1SC1 at university
than students from the other matriculation authorities (see also Table 3.5.6).
Based on the above model structure, with a covariance matrix of residuals
that was given by

>

[ 240.3949 118.5459
P\ 1185459 154.7962

the Monte Carlo algorithm (outlined in section 3.3) was used to obtain the

probability estimates given in Table 3.5.6.5

Table 3.5.6

F #@#) LB(#) UB(#)
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_ SA program for obtaining these probabilities using the Monte Carlo algorithm is given
in Appendix D3.2 and is based on generating 100 000 2 x 1 dimensional vectors y*. As

. 1000010
an example the first row m:c:(o 0000 0 1 8 g (l))refers to an NED

student with A’s in English, Mathematics, Biology and Physics.
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CHAPTER FOUR
A BAYESIAN APPROACH

4.1 THE GIBBS SAMPLER

In this chapter we will consider a Bayesian approach for obtaining parame-
ter estimates in the generalized linear model as opposed to the frequentist
approaches that have been employed previously. In particular, consider the
generalized linear model with logit link function discussed in chapter two.
Suppose that we now specify a multivariate normal prior distribution for 3
with a mean vector, p,, and variance-covariance matrix, X, then applying
Bayes theorem (Zellner, 1970; Press, 1989) for a given set of observation
Y = {v1,...,yn} we obtain the following expression for the posterior density

of B, namely!

)P(y|8)
P(Bly) = f /P Py 9B

exp [ ~4(8 - o) 55" (6 - o) + £ i+ 5 tog (14+.e48) 7|
oo 38— sy (B mo)+ 3 uxiB+ T log (1+¢%8) | Lag

(4.1.1)

Isince the likelihood function of this model is given by

P(y|B) = exp [Zy, log ( ) Zlog(l — ) l =01

where

eXiB
14 X8

T =

52



Now in order to obtain an approximation of the above posterior density,
several approaches can be adopted. One method, involves employing a Taylor

series expansion of the log-posterior density about its posterior maximizer

B = B (Knuiman and Speed, 1988) yielding

log P(Bly) = log P(Bly) +(8—B)u(Bly)~ 5(8-B)T ™ (Bly)(8-B)+r(Bly)

where r(B|y) represents a remainder term which we will assume is of negli-

gible order,

a(Bly) = | 10 P(ﬂly)”

denotes the score vector evaluated at the point 3 and

R 0*log P

the Information matrix evaluated at the point 3, then because u(8ly) = 0,
the posterior density of 3 can now be approximated by a multivariate normal

density with mean vector 3 and variance-covariance matrix ¥ = T 'l(my).

An alternative approach is to make use of Monte Carlo Markov Chain meth-

ods to implement what has become known as the Gibbs sampler (Geman and
Geman, 1984) to generate a set of observations {8, j =1 --. m} from the

posterior distribution? P(8|y). A sample based estimator for the posterior

?Functional forms for the (p + 1) univariate full conditional densities P(g; I8, ¥) can

be easily obtained, at least up to a proportionality constant, from the given joint posterior
density P(Bly) by regarding the joint density as a as a function of 3; for fixed values of
the other parameters 3, ;. In particular, rewriting the joint posterior density in the form

P(Bo,.--,Bply) = P(BolBr---,Bp,¥) - P(B1|B2,...,Bp,¥) - P(Bply)
and fixing the values for #,..., 3, implies that

P(ﬂﬂ)"';ﬂ})'y) x P(ﬁolﬂly"';ﬁp)y)

and thus we may obtain an observation from P(S;] B; £ ¥) by employing a suitable rejection
algorithm on the density function given in (4.1.1) (see Appendix B).
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distribution associated with the ¢'th component of 3 = (8o, ..., 5,) can then
be given by evaluating (Gelfand and Smith, 1990)

. 1 . L _
P(’Bl|y) = E Z P(ﬂilﬂ((lj)’ (R 1(1)1’/31'(1)1a . ',/3;()])ay)
i=1

Alternatively a Bayesian estimator for 3; can be developed by evaluating

N N
fi=—3 B¢
m =
Turning our attention to the actual implementation of the Gibbs sampler
and letting P(8:|Bo, - - -, Bi-1, Bit1, - - -, Bp, ¥) denote a full conditional density
specification for §;, the Gibbs sampling nature proceeds from an arbitrary set

of starting values ( (()0), §0), ey ﬂ;o)) to draw a value ﬂél) from the conditional

density
P(ﬁ0|5§0)’ 50)7 Tty ;(JO)ay)

and then a value ﬂil) from the conditional density

P(:Bllﬁ(()l)’ §0)7"'a z(’O),y)

Proceeding in this manner until a value ,H}(,l) has been generated from the

conditional density
P(Bplﬂt()l)v 51)7 LR} /8;(71—)13 y)

the algorithm then returns the first conditional density specification where a

value ﬁ((,2) is generated from

P(Bol AV, BV,..., B9, y)
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Continuing with this procedure, and letting

8 = (40,40, ..., 60
denote the set of values that have been generated on completion of the t'th

iteration of the Gibbs sampler, Geman and Geman (1984) have shown that

under fairly general conditions the distribution of ﬂ,-(t) converge to P(f;|y)
for t large enough, that is

d
B 5 B ~ P(Bily)
Letting L denote the number of iterations that are necessary for the con-

vergence of ,Bi(t) so as to represent a sample from P(8;|y), N independent
replications of this entire process can then be implemented to obtain a col-
lection of observations {ﬂg-“),..., g-“),j = 1.-- N} which can be used to

estimate P(f;|y) as follows

. 1 N
Jj=1

Furthermore an estimate of f3; can be obtained by averaging over the collec-

tion of N observations to yield

R IR :
/Bi:NZ/Hij 2:0,1"'°’p
i=1

4.2 RESULTS

Applying the Gibbs Sampling technique with the method of Rejection Sam-
pling outlined in Appendix B on our DSMA1SX1, DSPH1SC1 and our com-

bined DSMA1SX1 and DSPH1SC1 data, we obtained the following results,?
namely

3We used L = 10 and N = 1000. A program implementing the Gibbs Sampler is given
in Appendix D4.
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RESULTS OBTAINED USING THE DSMA1SX1 COURSE
Variable = By (parameter associated with the intercept term)

Moments

N 1000 Sum Wgts 1000
Mean 1.754678 Sum 1754.678
Std Dev 0.2254984 Variance 0.050848
Skewness -0.21164 Kurtosis -0.41659
uss 3129.693 CSS 50.79688
cv 12.85104 Std Mean 0.007131
T:Mean=0 246.0717 Pr>|T| 0.0000
Sgn Rank 250250 Pr>=|S| 0.0000
Num “= 0 1000

Quantiles(Def=5)

100% Max  2.243731 99% 2.206173
75Y% Q3 1.928956 95Y% 2.102733
50Y% Med 1.765661 90Y, 2.034419
25% Qi 1.584861 10Y, 1.448443
0% Min  0.767955 5% 1.388413
1% 1.257246
Range 1.475776
Q3-Q1 0.344095
Mode 1.248647
Extremes
Lowest Obs Highest Obs
0.767955( 876) 2.218708( 617)
1.19778( 829) 2.230577¢( 160)
1.217521( 636) 2.235834( 124)
1.236478( 523) 2.238787( 28)
1.237835( 672) 2.243731( 64)
17.5 7
15.0 7 s B
P 12.57 e ﬂxfﬁ—um SRR
e o S
r 10.0 ] A :
(o]
E 7.5 s :
t 5.0 & : %
2.5 . e
I SR : ] RS
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Variable = B3 (parameter associated with the matriculation Mathematics symbol)

Moments
N 1000 Sum Wgts 1000
Mean -0.65577 Sum -6565.769
Std Dev 0.155281 Variance 0.024112
Skewness 0.038356 Kurtosis -0.60687
Uss 454.121 CSS 24,08796
cv -23.6792 Std Mean 0.00491
T:Mean=0 -133.547 Pr>|T| 0.0000
Sgn Rank -260250 Pr>=(S| 0.0000
Num “= O 1000
Quantiles(Def=5)
100% Max -0.29607 99% ~0.31431
78% Q3 -0.54225  95%  -0.39782
50% Med ~-0.65568 90% -0.44716
25% Q1 -0.77468 10% ~0.85978
0% Min  -0.99569 5% -0.91408
14 -0.97593
Range 0.699618
Q3-Q1 0.232424
Mode -0.96926
Extremes
Lowest Obs Highest Obs
~0.99569( 664) -0.30546( 462)
-0.99259( 70) -0.29986( 300)
-0.9905( 530) -0.29971( 92)
-0.98967( 906) -0.29814( 988)
-0.98803( 118) -0.29607( 662)
14 7
P 10 R .(?E-::.:.:E:E :_:_:, 0
e SRR e tete ety
r g SESSRRRRS R
c e 5 XD
2 e o -
F o S G
B S R R
27 SRR X O RIORRLS
PIIARRR GO el
-1.00 -0.85 -0.70 -0.55 -0.40 -0.25

Ps
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Variable = 8, (parameter associated with the matriculation Biology symbol)

IR 0T

Moments
N 1000 Sum Wgts 1000
Mean ~0.45776 Sum -457.759
Std Dev 0.149837 Variance 0.022451
Skewness 0.0038 Kurtosis ~0.70135
Uss 231.972 CSs 22.42882
cv -32.7328 Std Mean 0.004738
T:Mean=0 -96.6087 Pr>|T| 0.0000
Sgn Rank -250250 Pr>=|s]| 0.0000
Num "= 0 1000
Quantiles(Def=5)
100% Max -0.11683 99Y, -0.15274
75% Q3 -0.34124 95% -0.21251
50% Med -0.46387 90Y% ~0.25354
25% Qi -0.567312 10% -0.64441
0% Min  -0.87909 5% -0.69982
1% -0.77097
Range 0.762265
Q3-Q1 0.231882
Mode -0.77888
Extremes
Lowest Obs Highest Obs
-0.87909( 563) ~0.13809( 647)
~0.82977( 135) -0.1235¢ 927)
-0.82619( 391) -0.12015( 232)
-0.78284( 393) -0.12015¢( 453)
~-0.7827( 986) -0.11683( 815)
12 X
e
10- X s s i
S
3 .
. R
$1t.”.n. S
2 SR X e
R i
R PR ae e SRR |
-0.925 -0.725 =0.325 -0.125

~0.525
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Variable = 85 (parameter associated with the matriculation Physics symbol)

oS00 OT

Moments

N 1000 Sum Wgts 1000
Mean -0.40883 Sum -408.,828
Std Dev 0.16171 Variance 0.02615
Skewness ~0.0131 Kurtosis -0.82018
Uss 193.2645 CSS 26.12383
cv -39.5544 Std Mean 0.005114
T:Mean=0 -79.9476 Pr>|TI 0.0000
Sgn Rank -250250 Pr>=|S| 0.0000
Num “= 0 1000

Quantiles(Def=5)

100% Max  -0.03422 99% -0.06422
75% Q3 -0.27589 95% -0.16043
50% Med ~0.40157 90%, -0.20035
25Y% Q1 -0.54452 10% -0.62003

0% Min  -0.85399 BY ~0.67071
14 -0.7296

Range 0.819774

Q3-Q1 0.268629

Mode -0.71671

Extremes
Lowest Obs Highest Obs
-0.85399¢( 540) -0.04108¢( 845)
-0.75634( 88) -0.03931( 623)
-0.74908( 590) -0.03729¢( 402)
-0.74713¢( 543) -0.03598( 611)
-0.7433( 410) -0.03422( 274)
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Variable = @7 (parameter associated with the NED matriculation authority)

Moments

N 1000 Sum Wgts 1000
Mean 1.231384 Sum 1231.384
Std Dev 0.285401 Variance 0.081454
Skewness -0.16053 Kurtosis -0.53547
Uss 1597.678 CSS 81.37211
cv 23.17724 Std Hean 0.008025
T:Mean=0 136.4389 Pr>ITI 0.0000
Sgn Rank 250250 Pr>=|$s| 0.0000
Num ~= O 1000

Quantiles(Def=5)

100% Max  1.850272 99% 1.814409
75% Q3 1.434285 95Y% 1.702133
50Y% Med 1.254945 90Y% 1.602976
25% Q1 1.023714 10Y%, 0.832471
0% Min  0.523482 5% 0.748677
1% 0.58753
Range 1.32679
Q3-q1 0.41057
Mode 0.523482
Extremes
Lowest 0bs Highest Obs
0.523482( 707) 1.834431( 230)
0.523482( 193) 1.834431( 451)
0.531307¢( 292) 1.850144¢( £82)
0.54079( 63) 1.850272( 265)
0.545394( 899) 1.850272( 486)
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12.5 3 :
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RESULTS OBTAINED USING THE DSPH1SC1 COURSE :
Variable = f, (parameter associated with the intercept term)

tsoaQRROY

17.

15.

12.

10.

61

Moments
N 1000 Sum Wgts 1000
Mean 3.061592 Sum 3051.592
Std Dev 0.402061 Variance 0.161653
Skewness -0.09305 Kurtosis -0.47534
Uss 9473.707 (€SS 161.4915
cv 13.17545 Std Mean 0.012714
T:Mean=0 240.0128 Pr>|T| 0.0000
Sgn Rank 250250 Pr>=|Sj| 0.0000
Num "= 0 1000
Quantiles(Def=5)
100% Max  4.230289 99% 3.851138
75% Q3 3.3468965 95% 3.669392
50% Med 3.092712 90Y% 3.550887
25% Q1 2.753876 10%, 2.486824
0% Min  2.095327 5% 2.389352
14 2.171735
Range 2.134962
Q3-Q1 0.593089
Mode 2,095327
Extremes
Lowest Obs Highest Obs
2.095327¢( 732) 4.159806( 360)
2.102426( 637) 4.165588( 965)
2.110648( . 339) 4.19506( 10)
2.120716( 259) 4.197028( 627)
2.137425¢( 722) 4.230289( 123)
5 -
0] R
5 S
_— .
] o s
0] i e
i
2.10 2.55 3.00 3.45 3.90 4.35
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Variable = B3 (parameter associated with the matriculation Mathematics symbol)

t3OoON®Y

Moments
N 1000 Sum Wgts 1000
Mean -0.55717 Sum -557.173
Std Dev 0.216912 Variance 0.047051
Skewness 0.036099 Kurtosis -0.68264
Uss 357.4454 C(CSS 47.00365
cv -38.9308 Std Mean 0.006859
T:Mean=0 -81.2282 Pr>|T| 0.0000
Sgn Rank -250250 Pr>=|s| 0.0000
Num "= 0 1000
Quantiles(Def=5)
1007 Max -0.0711 99% -0.09464
75% Q3 ~-0.40233 95% -0.19363
507, Med -0.55774 90% ~0.2b565
26% Q1 -0.72384 10% -0.84167
0% Min -1.19806 5% -0.90428
1% -1.00352
Range 1.126953
Q3-Q1 0.321512
Mode -1.19806
Extremes
Lowest Obs Highest Obs
-1.19806( 490) -0.08462( 806)
-1.03416( 854) -0.08445( 568)
-1.0232( 643) -0.0804( 688)
-1.02306( 90) -0.07627( 722)
-1.01971¢( 16) -0.0711( 456)
15.0 )
%
2.5 r
10.07 s S ::;:;:: :;;:_ ::.:_ .'E-.?
o
5.0 SRR Ei = ti-ﬁﬁ :: ﬁ* e
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-1.20 -0.96 -0.72 -0.48 -0.24 0.00
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Variable = 34 (parameter associated with the matriculation Biology symbol)

oo 0OT

Moments
N 1000 Sum Wgts 1000
Mean -1.05139 Sum -1061.39
Std Dev 0.274389 Variance 0.076289
Skewness 0.090284 Kurtosis -0.89214
Uss 1180.631 CSS 75.21404
cv -26.0978 Std Mean 0.008677
T:Mean=0 -121.17 Pr>|T| 0.0000
Sgn Rank -250250 Pr>=|S| 0.0000
Num “= 0 1000
Quantiles(Def=5)
100% Max -0.42004 99Y% -0.48433
75Y% Q3 -0.82354 95Y -0.60795
50% Med ~1.06017 90% -0.68162
25Y% Q1 -1.28141 10%, -1.4102
0% Min -1.85883 5% -1.4782
1% -1.66341
Range 1.43879
Q3-Q1 0.457873
Mode -1.85883
Extremes
Lowest Obs Highest Obs
-1.85883( 882) -0.45543( 384)
-1.68065( §92) -0.44474( 618)
-1.59517¢( 836) -0.44364( 736)
-1.58283( 849) -0.42574( 197)
-1.58014( 711) -0.42004( 453)
14
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12] e
- e !
10 o R B
8 1 :: B é{';é_hh 5 éﬁ
3 -
B e RSN S
‘ e
S
2 3 :.:: R0 -.". i-"-
0 L RRRREREEK :ﬁéﬂ%ﬁ 3R R

-1.85 -1.55

-1.25  -0.95

Ba

63

-0.65 -0.35



Variable = 85 (parameter associated with the matriculation Physics symbol)

Moments

N 1000 Sum Wgts 1000
Mean -1.11271 Sum -1112.71
Std Dev 0.268217 Variance 0.071941
Skewness 0.072181 Kurtosis -0.66816
Uss 1309.987 CSS 71.86863
cv -24.1049 Std Mean 0.008482
T:Mean=0 -131.188 Pr>|T| 0.0000
Sgn Rank -250250 Pr>=|s| 0.0000
Num °= 0 1000

Quantiles(Def=5)

100% Max -0.48296 99Y% -0.53378
75% Q3 ~-0.90125 95Y%, ~-0.68086
50% Med -1.11965 90Y% -0.75533
25% Q1 -1.32253 10% -1.44423
0% Min -1.85942 5% -1.56109
1% -1.64707
Range 1.376459
Q3-Q1 0.421284
Mode -1.19186
Extremes
Lowest Obs Highest Obs
-1.85942( 332) -0.49356( 390)
-1.77563( 369) -0.49348( 792)
-1.6775¢( 204) -0.48817¢( 546)
-1.66499( 491) -0.48427¢( 485)
—-1.66395( 616) ~0.48296( 389)
15.0 7
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Variable = (7 (parameter associated with the NED matriculation authority)

300N DO

12 7

107

Moments

N 1000 Sum Wgts 1000

Mean 3.775604 Sum 3775.604

Std Dev 0.704626 Variance 0.496497

Skewness ~0.21376 Kurtosis -0.87435

Uss 14751.18 CSS 496.0008

cv 18.6626 Std Mean 0.022282

T:Mean=0 169.4447 Pr>|T| 0.0000

Sgn Rank 250250 Pr>=|S| 0.0000

Num "= 0 1000

Quantiles(Def=5)

100% Max 5.091719 99Y, 5.038965
75% Q3 4.323396 95Y, 4.847246
60% Med 3.809289 90Y% 4.678922
25% Q1 3.204802 10Y% 2.795438

0% Min 2.14336 5% 2.597703
1% 2.263675

Range 2.948359

Q3-Q1 1.118594

Mode 2.14336

Extremes
Lowest Obs Highest Obs
2.14336( 618) 5.074036( 975)
2.174244¢( 308) 5.082588¢( 27)
2.174814¢( 388) 5.08455( 392)
2.19366( 740) 5.085465( 302)
2.197419¢( 520) 5.091719¢( 646)
st sy s
St R
T e mas et ot b ¢ 35 ) 2
2 2.6 3.0 3.4 3.8
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RESULTS OBTAINED FOR THE COMBINED DSMA1SX1 AND DSPHISC1 DATA :
Variable = By (parameter associated with the intercept term)

Moments

N 1000 Sum Wgts 1000
Mean 1.748324 Sum 1748.324
Std Dev 0.271513 Variance 0.07372
Skewness -0.20394 Kurtosis ~0.67963
Uss 3130.282 (€SS 73.64584
cv 15.52993 Std Mean 0.008586
T:Mean=0 203.6247 Pr>|Ti 0.0000
Sgn Rank 250250 Pr>=|S]| 0.0000
Num "= 0 1000

Quantiles(Def=5)

100% Max  2.365231 99% 2.281661
75Y% Q3 1.958854 95Y% 2.15688
50% Med 1.763682 90% 2.095101
25% Q1 1.547375 10% 1.369156
0% Min  1.078589 5% 1.2921567
1% 1.1155
Range 1.286642
Q3-Q1 0.411479
Mode 1.078589
Extremes
Lowest Obs Highest Obs
1.078589( 137) 2.298518( 95)
1.080434( 160) 2.299173( 178)
1.080603( 843) 2.309204( 992)
1.08488( 541) 2.310389¢( 282)
1.096208( 92) 2.365231( 655)
12 7
101 il
P o s
r RRIR EE':'~ 3 St
c 6 R s IORTILEN)
e RO 50 SRR
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9003000, 050000¢ 0243000 9009 KEX KUY
1.08 1.40 1.72 2.04 2.36
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Variable = B3 (parameter associated with the matriculation Mathematics symbol)

Moments

1000

-829.588

1000 Sum Wgts

-0.829569 Sum

Mean

0.058472
~-0.80627

58.41382
0.007647

Variance

0.24181
0.116416 Kurtosis

746.6309 CSS

Std Dev

Skewness

Uss
cv

-29.1482 Std Mean

-108.489 Pr>|T|

0.0000
0.0000

=0

T:Mean

=|s|

-250250 P>

Sgn Rank

1000

=5)
99Y,
95Y%
90%,

Quantiles(Def

-0.28491
-0.64199

-0.31498
-0.43362
-0.49678
-1.13802
-1.21927
-1.305656

100% Max

78% Q3

-0.8402
-1.01903
-1.33205

50% Med

10%

25% Q1

5%,
1Y%,

0% Min

1.047139
0.377039
-0.93924

Range

Q3-Q1

Mode

Extremes

Obs Highest Obs

Lowest
-1.33205¢(
-1.32962(
-1.32862(
-1.32236(
-1.32071(

672)

849) -0.29636(

324)

264)

-0.2908(

179)
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Variable = B4 (parameter associated with the matriculation Biology symbol)

Moments

N 1000 Sum Wgts 1000
Mean ~0.85044 Sum -850.44
Std Dev 0.247398 Variance 0.061206
Skewness 0.113575 Kurtosis -0.75207
Uss 784.3934 CSS 61.14477
Ccv ~29.0906 Std Mean 0.007823
T:Mean=0 -108.704 Pr>|TI 0.0000
Sgn Rank -250250 Pr>=|S]| 0.0000
Num "= 0 1000

Quantiles(Def=5)

100% Max -0.30056 99% -0.3192
75% Q3 -0.65493 95% -0.43123
50% Med -0.86143 90% -0.51624
25% Q1 -1.05005 10% -1.17084
0% Min -1.56938 5% -1.23266
1% -1.32259
Range 1.268823
Q3-Q1 0.395122
Mode -1.56938
Extremes
Lowest Obs Highest Obs
-1.56938( 918) -0.30264( 339)
~1.43914( 692) -0.30256( 238)
-1,37399¢( 670) -0.30138¢( 93)
-1.34793( 102) -0.30058( 823)
-1.3433¢( 972) -0.30056( 997)
12 1
s e
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Variable = s (parameter associated with the matriculation Physics symbol)

(a2 I o e S 1 My e

Moments
N 1000 Sum Wgts 1000
Mean -0.67188 Sum -671.875
Std Dev 0.234368 Variance 0.054928
Skewness -0.00165 Kurtosis -0.7576
Uss 506.2895 CSS 54.8733
cv -34.8826 Std Mean 0.007411
T:Mean=0 -90.6548 Pr>|T| 0.0000
Sgn Rank -250250 Pr>=|S| 0.0000
Num "= 0 1000
Quantiles(Def=b)
100% Max -0.14266 99Y% -0.18225
75% Q3 ~0.4905 95% -0.29101
50% Med -0.66841 90Y% -0.367
25% Q1 -0.85487 10% -0.98011
0% Min -1.17095 5Y% -1.06815
14 -1.14812
Range 1.028289
Q3-Q1 0.364368
Mode ~1.17095
Extremes
Lowest Obs Highest Obs
-1.17095¢( 427) -0.15128¢( 942)
-1.16777¢( 266) -0.14631¢( 906)
~1.16657( 396) -0.14441( 481)
-1.16428( 606) -0.14353( 409)
-1.15984( 88) -0.14266( 733)
10
S
8 o DR RSS R RARA
2 SRS e T
o e R
0" T T T 7 ' i (A T |
-1.41 -1.17 -0.93 -0.69 -0.45 -0.21 0.03
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Variable = 37 (parameter associated with the NED matriculation authority)

ttrS0 QR OY

12

10 7

Moments
N 1000 Sum Wgts 1000
Mean 2.495623 Sum 2495.623
Std Dev 0.533757 Variance 0.284896
Skewness -0.17959 Kurtosis -0.70854
Uss 6512.748 CSS 284.6115
cv 21.38772 Std Mean 0.016879
T:Mean=0 147.8549 Pr>|T| 0.0000
Sgn Rank 250250 Pr>=|s| 0.0000
Num = 0 1000
Quantiles(Def=5)
100% Max  3.6527636 99Y% 3.479743
78% Q3 2.922849 95Y% 3.3562245
50/ Med 2.507981 90Y% 3.187007
25% Q1 2.137842 10% 1.728642
0/ Min  1.260725 5% 1.57857
1Y% 1.340471
Range 2.266911
Q3-Q1 0.785007
Mode 1.260725
Extremes
Lowest Obs Highest Obs
1.260725( 543) 3.507784( 919)
1.269875( 561) 3.509482( 769)
1.271796( 279) 3.514332( 897)
1.280208¢( 383) 3.6516201( 160)
1.282781¢( 651) 3.527636( 163)
g
R
R RERIK _;
1.13 1.73 2,33 2.93 3.53
B
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CHAPTER FIVE

CONCLUSION

Predicting the probability of a student being “successful” at university is an
extremely difficult task since it depends on many external factors that are
difficult to quantify. For example a student may not study hard enough or
attend lectures on a regular basis. Furthermore, a student entering univer-
sity may attempt a set of subjects that he or she is not capable of passing.
This will then in turn cause them to produce poor results even though they
may have obtained excellent matriculation results. Thus when attempting
to model the probability of a student being successful at university other
variables such as socio-economic background of a student, the time spent
studying by a student, the time spent travelling to and from university, the

age of a student etc., need also to be considered.

However, from the models developed in chapters two, three and four it is evi-
dent that it is possible to predict the probability of a student being successful
in a particular subject or set of subjects at university, based on the students
matriculation result profiles. A significant conclusion that can be drawn from
the results in chapters two and three is that students from the NED matricu-
lation authority perform better, in the DSMA1SX1 and DSPH1SC1 courses,
than the students from the other matriculation authorities. Unfortunately,
students who wrote the Department of Education and Training (DET) ma-
triculation examinations were excluded from our analyses due to the small
number of DET students attempting both the DSMA1SX1 course and the
DSPH1SC1 course. However, given a sample of DET students attempting
the DSMA1SX1 course and the DSPH1SC1 course, it is then a fairly simple

exercise to compare the probability of them being successful with students

from the other matriculation authorities.
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One of the weaknesses of the generalized linear model is that useful informa-
tion is lost when introducing a Bernoulli random variable in order to obtain
the desired event. However, this drawback is overcome by the fact that
these models are easy to implement and also very useful in determining the
probability of a student being successful as illustrated in chapter two. An
important feature of the model described in chapter three is that the exact
university results are used to determine the probability of a student being
successful and thus no information is lost when implementing this model.
Now, comparing the results obtained in chapter two with those obtained in
chapter three, we see that in general the confidence intervals for the estimated
probabilities in chapter three are smaller than those obtained in chapter two.
Thus, for predicting the probability of a student being successful at univer-
sity, I would prefer to use the model discussed in chapter three than those
discussed in chapter two. In chapter four we adopted a Bayesian approach.
This approach is different to the frequentist approaches discussed in chapters
two and three. The advantage of the Bayesian approach, over those models
developed in chapters two and three is that it can incorporate past experi-

ences or beliefs of the parameters.

I strongly disapprove of the point system which is currently being used for de-
termining which students should be admitted to university. A better method
for selecting students would be to use the models described in chapters two,
three and four in collaboration with the point system. It is also evident that

these models can be used to determine which students should receive bur-
saries and in aiding student advisers in helping students with their course
selection.

One of the shortcomings of the models that were developed in chapters two,
three and four is that we have had to discard the data corresponding to
those students who had not attempted each and every one of the follow-

ing matriculation subjects, namely English, Afrikaans, Mathematics, Biol-
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ogy and Physics. In order to incorporate this data into our analysis Smyth
et al. (1990) have developed an EM based technique which replaces any
missing matriculation subject marks with an appropriately estimated value.
The standard procedures given in chapters two, three and four can then be
applied to this new augmented data set to determine the probability of a

student being successful, no matter what matriculation subjects they have

chosen.
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APPENDIX A
APPENDIX Al

Letting the log-likelihood function, for the generalized linear model, be given

by the expression
Z(O;yh Ya,.. yn) = Z[yt 1 ) + d yz)] = Zl
=1 i=1

then the score function associated with the parameter §; is defined by

61 o: y n Ol
U= g5, = 255

=1

where 0 represents some function of 3. Noting that the partial derivative of
l; with respect to f; is given by

ali _ Bl.i 601 8,u,-
dB;  89; Ou: 9B;

one can on differentiating I; with respect to 6; and substituting (from (2.2.3))
c'(0;) = —pb'(8;) obtain the result that

= w0+ ¢(0) = (0l

Similarly differentiating p; with respect to 6; and using (2.2.4) yields the
result that

R CARA LA

80; =y T e V)

and differentiating u; with respect to §;, from (2.3.2), yields the result that

Ow; _ Op; On; O

aB; o 98; o
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Thus an expression for the derivative of l; with respect to §; can be given by

ol; 9l 3#i/3ﬂi _ (yi'—#i)x“%
oB;  90; 9p; V{ig} Y o

with

SOl Ny Op
-
Z 1 0B ; V{y:} " o

APPENDIX A2

Using the results obtained in Appendix Al, the jk'th element of the In-

formation matrix can be given by

ol 0l
Tr = ¢35 05
ol; al;
- Zg{aﬂj aﬂk}

= i yl_—'uq :1; % ’
WV h)E T o

and similarly the jth component of u can be given by

n

ol (yi —p)  (Op:\" oy
YT 05] E V{yi} i 57: O N Z(yz —Hi) x”w“ . szwu

i=1 i=1
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where

and

Thus, writing in matrix notation we obtain the following results, namely

7 =X'WX
and

u=XWz"
APPENDIX A3

Here we will attempt to derive an estimate for 3 that maximizes the log-

likelihood function,

n n

Iy,0) = Yo w6 + Yo cl0) + 1 dlw)

=1

subject however to the restrictions RB =r, where R denotes a
(v x p+1) matrix with j'th row R} and r a (v x 1) vector with j'th element
r;. In particular, and as an alternative to the more used Lagrange multiplier

approach, we will introduce a penalty function (Nyquist, 1991) of the form
P(B,A) = Z;yib(ai) + X; c(0:) + zd(yi) —5 Z:l Xi(ri — R;B)?
1= = 1= =

and attempt to obtain an estimate for B(that is dependent on the penalty
function parameters A = (A;...},)) that maximizes P(3,). Letting the

penalty function parameters A; tend to infinity a restricted estimate for 3
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can then be realized. Differentiating P(3,A) with respect to j; yields the

following system of equations

a OP(B,A)
(B,A) = ——1—~ = — | =2 M(re — R
qJ(IB, ) 8ﬂ] Zaﬂ] aﬂj 2 k rk kﬂ)

N (yi — )i O | ,

= T e + > MeRii(re — RLB
I AP
n 8771. v .

= > (yi — pi)zijws e + > AkRij(re — RiB)
=1 t k=1

for j = 0,...,p, which must then be set equal to zero in order to obtain an

estimate for 3. Note that the estimate obtained for 8 will depend on the
values of the penalty function vector A. As such we will use the notation b(A)
to denote the set of parameter values that solve the above set of penalized
likelihood function equations. Due to the nonlinear form that these equations

take, Fisher’s method of scoring as outlined in section 2.3 can be applied with
b(A)™ =bN)™ +[S(8, )] a(B,A)

with S(3, ) and q(8, A) being evaluated at 3 = b(X)(™~1)

7



where!l

_ azp(ﬁaA) g /
S(B,A) = —E{W} = X'WX + R'AR

and

q(8,\) = X'Wz" + R/Ar — R’ARJ

with z* denoting a n dimensional vector with ¢th element

and A a v X v dimensional diagonal matrix with ¢'th element A;. On making

the appropriate substitutions we obtain the result

b(A)™ = b(A)™ D4 [X'WX + R'AR] " [X'Wz* +R'Ar—R’ARb(A)™~1)]

! the jk’'th component of of S(8,)) is given by

32P(ﬂ,A)}

(B, X)) = _8{ 38; 0B

821 5
= _g{aﬁjaﬁk aﬂjaﬂk ( 2EA(r.—R )}
- gl o L (1&, o
- g{aﬂjaﬂk} +g{6ﬂj8ﬂk (22’\1(7: R]ﬂ) )}

= Ijk +g {Z/\,R,]R,L}

i=1

= T+ Zl\iRinik

i=1

n v
= E Iijxikwii+ZAsRinik
i=1 i=1
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where W and #* denote the value of W and z* evaluated at the previous itera-
tion point b(A)(™~1). Premultiplying the above equation by X'WX +R'AR
we obtain
[X'WX + R AR]b(A)™)

= [X'WX + R'AR]b(A)™) + X'Wz* + R'Ar — R/ARb(X)()

= X'WXb(A)™=) 4 R’ARb(A)™ D + X'WZ + R’Ar — R’ARb(A)(™

—

= X'W[Xb(A)™1 47|+ R'Ar
Letting
7z =Xb(A)™ ™V 43"
and noting that (Rao, 1965)
(X'WX + R/AR)™
= [(X'WX)™! — (X'WX)'R'A{I + RX'WX)'R'A}TR(X'WX) ™)

one can obtain the following iteratively weighted least squares formula for

determining b(A)(™), namely

b(A)™ = [(X'WX)™! — (X'WX)'R'A{I + RX'WX)'R'A}R(X'WX) ]
[X'W7 + R’Ar]

= (X'WX)"IX'Wz + (X’'WX)~'R/Ar

—(X'WX)'R'A{I + R(X'WX)'R'A}R(X'WX) 1 X'W3
—(X'WX)'RA{I + R(X'WX)'R/A}'R(X'WX)~'R/Ar
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= (X'WX)'X'Wiz + (X'WX)'R'A{I+ R(X'WX)'R'A}?
{I+R(X'WX)R'A}r
—(X'WX)'R'A{I+ RX'WX)'RA}TR(X'WX) 1 X'W7
—(X'WX)'RA{I + R(X'WX)'R/A}'R(X’'WX)'R'Ar

= (X'WX)'X'Wz 4+ (X'WX)"'R'A{I+ R(X'WX)"'R'A}"'r
~(X'WX)'RA{I+ RX'WX)'R/A}'R(X'WX) 1 X'W7
—(X'WX)'R/A{I+ R(X'WX)'R/A}'R(X'WX)IR/Ar
+(X'WX)'R/A{I + R(X'WX)IR/A}'R(X’'WX)'R/Ar

= (X'WX)'X'Wz 4+ (X'WX)'R'A{I + R(X'WX)-1R/A}~!
{r— RX'WX)"1X'Wz}

= (X'WX)'X'Wz + (X’'WX) 'R {A~! + R(X'WX)!R/}"?
{r - R(X'WX)"'X'Wz}

Letting the penalty function parameters A; tend to infinity a restricted esti-

mate for 3 can now be given by

B 2 lim | lim bA)™

Mm—00 [A1,...,Ay—00

= lim [(X'WX)'X'W3 + (X'WX)'R/{R(X'WX) 'R’}
{r— R(X'WX)1X'W3z}]
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APPENDIX A4

Since B is asymptotically normally distributed with mean vector 3 and a

variance-covariance matrix given by the inverse of the Information matrix,

expanding {(3) in a second order Taylor series around the point 8 = ,B yields

(B-BYZ(B-PB)

N =

(B) =~ U(B) -
which implies that for parameter estimation purposes

(B)~ (B—BYT(B-P)

Now substituting our partitioned results (see footnote 2 in section 2.4) in the

above expression we obtain the result
(A _a A& _an ITu T Bl_ﬂl
1(B1,8,) =~ (B, — B By —B3) ( Ty, I ) (Bz -4,
Then substituting 8, = 0, in the above expression yields

1(81,0) ~ [(B, - B)Tu +ByTn (B, — B)T1s+ BoTn) [ﬁﬁﬁ]

&

(B~ BNTu(B, — BY) + ByIn(By — Br) + (B — BT 128, + BT,
~ B ZIub, —26,Tuf, + B\ Tub: + ByInf, — BoTnp,
+ B;Ilzﬁz — B\ T8, + ﬁ;122ﬁ2 |

Finally maximizing the log-likelihood function, I(8,,0), with respect to B4
yields
ol

ﬁ ~ —21'11,2"1 + 2-7:11,2'31 - 21'12,5'32 =90
1
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which implies that
By ~ By + I TB,
where ,[~31 represents as estimate for 3 obtained under the restrictions that

B, = 0. Thus, D* is now obtained by substituting B = ('?)1) in D, yielding

D* = 2(B) — (B, — T} T1,8,,8, = 0)]

82



APPENDIX B
REJECTION SAMPLING

Suppose that we want to obtain a sample of observations from a probabil-
ity density function f(z) whose form is known only up to a proportionality
constant, that is f(z) = Mg(z) for some unknown value of M. Employ-
ing a rejection sampling technique Gilks and Wild (1992) have developed
a technique that is based on using the function g¢(-), an envelope function
g.(-) and optionally a squeezing function ¢;(-), such that ¢;(-) < g(-) < gu(+)
for all x. By independently sampling a value z* from the density function

s(z) = _oul®) and a value u from a U(0, 1) distribution, the following test
[ 9u(z)dz

procedure can then be employed to generate an observation from the desired

probability density function f(:), namely if

then accept z* as an observation from f(-), otherwise evaluate g(z*) and

accept =* as an observation from f(-) if

u <

The above procedure is then repeated until the desired number of obser-
vations have been sampled. Now, in general, finding a suitable envelope
function g,(z) can be difficult and usually involves locating the supremum

of g(z). However, if the function g(z) is log-concave! then the functions

) 1An_y positive function g on an open convex set D in IR™ is called log-concave if logg
1s a twice cozntlnuously differentiable real-valued function on D and its Hessian matrix,
G%logg(zy ...z . . . .
Hij(z) = gaic(-(;z- ")], is negative semidefinite for every € D. If the Hessian
i0L;

matrix is negative definite, then the function g is said to be strictly log-concave.
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gi(z) and g,(z) can easily be obtained by noting that any concave function

is bounded above and below by its tangents and chords respectively.

—  h();
— — ~  hy(z) upper hull (tangents);

AT hi(z) lower hull (chords)

Zy | 23
T T2 T3

Figure B.1: Graph representing a concave function h(z)

In particular, letting h(z) = log g(z) and referring to the diagram given in
Figure B.1, the envelope and squeezing functions for g(z) can be obtained
by setting

9u(z) = exp[hu(z)]

and
ai(z) = explhi(z)]
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respectively where ?
hu(z) = h(z1)+ (x—z1)h(z1), fz< 2
= h(zz)+ (z—22)l(z2), if 21 Sz < 29 (B1.1)
= h(z3)+ (z — z3)h'(z3), if £ > 23
denotes the tangents® and

h(zs) — h(z1) zoh(zy — z1h(z2)

hi(z) = P T+ p— iy <z <ag
2—I1 2 —I1
_ h($3) — h(mg) _— IL‘3h(.’II2) — .’1)2h($3) ’ if 2y < 2 < 23 (B12)
I3 — T2 T3 — T2

= —o00, otherwise

denotes the chords as shown in Figure B.1. Now in order to generate a value

z* from the exponentiated upper hull, we require an expression for the density

2Note that in order to reduce the number of points that are likely to be rejected, z; and
z3 should be chosen so that A’(z1) > 0 and h’(z3) < 0 where h’(21) and h'(z3) represents
the derivative of the function h(z) evaluated at the points z; and z3 respectively. For our
applications we also choose

g = [h(l‘g) — h(l‘l) - 173h’(173) + :clh’(acl)]
[A'(z1) — B (23)]

which further reduces the rejection envelope.
3where the tangents intersect at the following points, namely

h(zi41) — h(zk) — Teq1h (zr41) + zeh'(2x)
b (zr) ~ h'(zr+41) ’

ZE =

k=1,2
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function that is associated with the exponentiated upper hull, namely*

exp (hu(z))
Jexp (hy(z))dz

s(z)

(B1.3)
3 exp[h(:vk) + h’(l'k)(x - zk)]I(Zk—ﬁzk)
1; [exp (hy(z))dz

Letting Vi, V, and V3 denote the areas under the exponentiated curves
bounded by the tangents and the points {—o0, 21}, {21,22} and {23, 00}
respectively (refer to Figure B.1), then we obtain the result that

cu=/exP[hu(:c)]d:t=V1+V2+%

where °

dz

hu(z;)
hu 31 /7 N u