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CHAPTER 0

CHAPTER 0

This chapter reviews known results and preliminaries. It revolves around the basic
theory of cofinality, ordinals and cardinality as described in set theory and introduces
certain results from general lattice theory that are relevant to this thesis. Most of
the results and terminology discussed in this chapter form part of mathematical
folk-lore and will probably be well-known to the reader. However, in this case, the
identification of the concepts and the notation to be used in the later chapters is

eased.

DEFINITION 0.1.

Let r and s be binary relations on a nonempty set M. The relational product of

r and s is defined as

ros = {(z,y); there exists z with zrz and zsy}.

Note that this notation clashes with functional composition which is written in re-

verse order, but this notation is widely used and so no confusion will result.

REMARK 0.2.

Of particular importance are the equivalence relations which are reflexive, sym-
metric and transitive binary relations. These relations will generally be denoted by

o or 7. We shall denote the set of all equivalences on a set M by E(M). Further it

is noted that E(M) is naturally ordered by inclusion.

DEFINITION 0.3.

If o is an equivalence relation on a nonempty set M, and if £ € M, then the

equivalence class of r modulo o is defined as

/o ={y € M; zoy}.
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Further, the quotient set of M modulo o is defined as
M/oc={z/o; € M}.

Elements of M/o are also known as the blocks of M modulo 0. There exists a
natural one-to-one correspondence between equivalence relations on a nonempty set

and partitions of the set. The identity relation on a set M is:
idy = {(z,z); z € M}.

For an equivalence relation o on nonempty set M, the natural projection map n, :

M — M/o is defined in the usual way by n,(z) = z/o for all z € M.

DEFINITION 0.4.

Let p be a binary relation on a set P. Then p is called a partial ordering (relation)

if it is reflexive, antisymmetric and transitive.

REMARK 0.5.

The set P together with the partial ordering p is called a (partially) ordered set
denoted by (P;p) or sometimes by the symbol P if the ordering p is understood.
The set theory used is the usual Zermelo-Fraenkel set theory with the Axiom of
Choice. Our concept of ordinals and cardinals follows that of von Neumann where
an ordinal is the set of all preceding ordinals, and an ordinal is well-ordered by the
element relation €, which on an ordinal is also the proper inclusion relation C. A
cardinal is an initial ordinal. Ordinals will generally be denoted by the greek letters
¢, n and ¢, and cardinals will generally be denoted by m, n and k. We use w to
denote the least infinite cardinal. The ordinal successor of ordinal £ is written £ @ 1
and the cardinal successor of cardinal m is written m™*. The cardinality of a set M
is denoted by |M|. Elementary remarks of cardinal arithmetic are assumed known

(see [11]). We shall denote the set of all subsets of a set M by exp M.
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DEFINITION 0.6.

Let P be a partially ordered set. A subset A C P is called an order ideal of P if

A satisfies:
z € A and y < z implies y € A.

A is sometimes termed as a hereditary subset of P. Dually we define an order filter

of P.

For an element z € P, the principal ideal in P generated by z is
(z]p={y € P; y <z}

If no confusion can result (z]p will be denoted (z]. Dually, we define the symbol

[z)p, to denote the principal filter generated by z.

DEFINITION 0.7.

If (P, <) is a partially ordered set and X C P, we say that X is cofinal in P if

for all p € P there exists £ € X such that p < z.

DEFINITION 0.8.

The cofinality of a partially ordered set (P, <) is the least cardinal m such that

P has a cofinal subset X with |X| = m.
We shall denote the cofinality of a partially ordered set P by cf(P) throughout the

text.

DEFINITION 0.9.

An infinite cardinal m is said to be a regular cardinal if ¢f(m) = m. If an infinite
cardinal is not regular we shall call it a singular cardinal. For singular cardinals

cf(m) < m. It is well known that an an infinite cardinal m is regular if and only if



CHAPTER 0

for any set {m;; ¢ € I} of cardinals such that |I| < m and m; < m for all 1 € I, we
have that ¥;c; m; < m. Further for any infinite cardinal m, the cardinal successor

m? is always a regular cardinal.

DEFINITION 0.10.

A partially ordered set (P, p) is called a chain if for all a,b € P we have a < b or

b <a.

REMARK 0.11.

If (P,p) is a partially ordered set and a,b € P, then a and b are comparable if
a < borb<a Otherwise, a and b are incomparable and this is indicated by al|b.
A chain is, therefore, a partially ordered set in which there are no incomparable
elements. Also we shall make use of the cover relation denoted by b —< a read as a
covers b or b is covered by a iff a < b and for any z € P, a < z < b implies £ = a or
z=1b
If P has a least element Op, then z € P is an atom of P if 0p —< z. We will generally
denote the least element of P by Op and the greatest element of P by 1p if they

exist.

DEFINITION 0.12.

Let X C (P,p) and a € P. Then a is defined to be an upper bound of X if z < a
for all z € X. An upper bound a of X is called the least upper bound or supremum
of X iff, for any upper bound b of X, we have a < b. We shall, throughout this
thesis, denote the supremum of a set X by \/p X, or V X if no confusion results. We

shall also come across the dually defined greatest lower bound of a set Y which will

be denoted by Ap Y.
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REMARK 0.13.

We shall make use of the following result, the proof of which, appears in [2,p.16]:
Let M be a nonempty set, ¥ C E(M) and z,y € M. Then (z,y) € Vg X if and

only if there exists a finite X9 C X such that (z,y) € Vgnr) Zo-

DEFINITION 0.14.

A partially ordered set (L, <) is called a lattice if for all a,b € L, \/;{a,b} and
Ar{a, b} exist in L.
A lattice (L, <) is said to be complete if \/;, X exists in L for all X C L. We shall
henceforth, without the loss of generality, denote a complete lattice (L, <) by L.

We shall make use of the following result for a lattice L (see [1] or [5]):
L is a complete lattice <<  for every X C L, \/X €L
L
& forerery X C L, /\X €L
L

& for every X C L, \/XEL and /\XEL.
L L
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CHAPTER 1

This chapter introduces the concepts of closure operators and closure systems on
complete lattices. For an infinite cardinal m, m-algebraic closure operators are de-
fined using m-directed sets. This leads to the consideration of m-accessible elements
and m-accessible preserving closure operators. Those lattices for which every closure
operator is m-algebraic are characterised. Also of significance in the study of m-
algebraic closure operators are the weak m-compact elements of a complete lattice L.
It is shown that every m-algebraic closure operator preserves weak m-compactness.
Lattices for which every closure operator preserves weak m-compactness are char-
acterised as well as those lattices for which every closure operator preserving weak
m-compactness is m-algebraic. Finally weak m-algebraic lattices are introduced. On
such lattices the concepts of m-algebraic closure operator, and weak m-compact pre-
serving closure operator coincide and further such lattices may be characterised as

complete lattices on which every closure operator is weak m-compact reflecting.

DEFINITION 1.1.

Let L be a complete lattice.

(a) A mapping u: L — L is a closure operator on L if u satisfies:

i. Forall z € L, < u(z) = u(u(z)), and

. Forall z,y € L, z <y implies u(z) < u(y).
(b) A subset S C L is called a closure system on L if S satisfies:

For every X C S, /\X € S, also.
L
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LEMMA 1.2.

Let L be a complete lattice. A mapping u : L — L is a closure operator on L if

and only if u satisfies:

i. Forallz € L, z < u(z) = u(u(z)), and
i. For every X C L, u(Vy X) = Vyyu[X], where u[L] is a subposet of
(L; <).

PROOF

(=:) If u is a closure operator then the first condition holds by Definition 1.1.
For the second condition, we have for every z € X, u(z) < u(VpX) and so
u(Vy X) € u[L] is an upper bound of u[X] in u[L]. Let for some y € L, u(y) be an
upper bound of u[X]. Then u(y) is also an upper bound of X, since for every z € X,
z < u(z) < u(y). Therefore, Vi X < u(y), which implies u(V, X) < u(u(y)) = u(y).
Hence, u(V X) is the least upper bound of u[X] in u[L].

(«:) The first condition of Definition 1.1 is satisfied. For the second condition
of this definition, let z,y € L and suppose that z < y. By condition (ii), let-
ting X = {z,y} we have V, X = y and so u(V, X) = u(y). Hence V,yju[X] =

Vur{u(z),u(y)} which implies that u(z) < u(y).
LEMMA 1.3

Let L be a complete lattice. Let S be a closure system on L. Then (S;<y) is a
complete lattice satisfying for each X C 5, A¢ X = N\ X.

PROOQOF
Firstly, (S; <) is an ordered set. We shall show that if X C Sthen A; X = Ag X.

As § is a closure system on L, A, X € S and Ay X is evidently a lower bound of
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X. Now let y € S be any lower bound of X. Then for each z € X, y <p z and thus

y < Ap X. Consequently, A X = Ag X and (S5, <p) is a complete lattice.

LEMMA 1.4.

Let L be a complete lattice and let w: L — L be a closure operator on L. Then

u[L] is a closure system on L. Further, given any closure system S on L define
us : L — L by setting:
us(z) = Ny € §; = < y}.
L

Then ug is a closure operator on L, and us[L] = S. Also, if S = u[L], then us = u.

PROOF

To show that u[L] is a closure system on L we shall show that for every X C u[L],
Ar X € u[L]. Now for all z € X, Ap X < z and so u(A; X) < u(z) = z which in
turn implies that u(A; X) < Az X. But A X < u(A, X), obviously. Therefore,
u(AL X) = AL X € u[L].

To show that u, is a closure operator, take z € L. Evidently z < u,(z). Notice
from the definition of a closure system and of u, we have that for all z € L, u,(z) € S.
Now u,(us(z)) = AL{y € S; us(z) < y} = uy(z). So we have shown z < u,(z) =
us(us(z)). Finally let 2 < z. Then {y € S; 2 <y} C {y € S; z < y}. Therefore
Acly € S; z <y} < Ap{y € S; z <y} and hence u,(z) < u,(z).

Now to show that u,[L] = S. We have already noticed that for all z € L,
us(z) € S. Therefore u,[L] C S. Conversely if z € S we show that z € u,[L]. In fact
us(z) = A{y € S; = <y} = z. Therefore z = u,(z) € u,[L] and hence u,[L] = S.

Suppose that S = u[L]. We show that u, = u. First u,(z) = Ap{y € u[L]; z <
y}. As z < u(z) € u[L] it follows that u,(z) < u(z). Conversely: If y € u[L] and

z <y then u(z) < u(y) =y. Therefore u(z) is a lower bound of {y € u[L]; « < y},
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and hence u(z) < us(z).
REMARK 1.5.

It follows from Lemmas 1.2, 1.3 and 1.4 above that a closure operator u : L — L

satisfies for X C L:

Lou(VpX) = Vu[L]u[X], and

i Apu[X] = Ay u[X].

This gives an explicit description of the supremum and infimum operators on the
complete lattice (u[L],<r). Notice that A, = A,y but in general V; # V- In
fact for X C L, Vpu[X] < Vyju[X]. The behaviour of Vi) depends not only on
V1, but also on the closure operator u. We say that S C L is a sub-complete lattice
of L if for every X C S, A, X € S and \V; X € S. It is readily verified that closure
operator u : L — L satisfies \/, u[X] = V) u[X] for each X C L if and only if u[L]
is a sub-complete lattice of L. A natural example arises: Let (A, <4) be an ordered

set and define u : exp A — exp A by setting

u(B) = {z € A; there exists y € B and z < y}, for each B C A.

Perhaps the most important examples of closure operators and closure systems
in universal algebra arise when considering subalgebras and congruences. The lattice
of subalgebras of a universal algebra is a closure system on the lattice of all subsets
of the algebra. The lattice of congruences on an algebra is a closure system on the
lattice of all equivalence relations on the algebra. For these two cases we have that

Vi u[X] = Vygj u[X] whenever X is a directed subset of L. We explore this further:

DEFINITION 1.6.

Let (X, <) be a non-empty ordered set and m an infinite cardinal. Then X is
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m-directed, if for every Y C X with |Y| < m, there exists z € X such that for all

yeY,y<uz
An w-directed set is referred to merely as directed.

Generally we consider subsets of a complete lattice L which are m-directed under

the ordering of L.

LEMMA 1.7.
Let m be a regular infinite cardinal and ) # X C L. Then

X ={\/Y; YCX and |Y| < m}
L

is m-directed and \/, X =V X*.

PROOF

Take any subset 7' of X* with cardinality strictly smaller than m. For every t € T
there exists ¥; C X such that |Y;| <m and V, Y =1 € X. Let Z = U{Y;; t € T}.
Since m is regular, |Z| < m, which yields \/;; Z € X*. Hence, as \/;, Z is an upper
bound of T, X* is m-directed.

Now we show that \/;, X* =V X. Trivially X C X*. Therefore \/; X <V X*
Conversely, take z € X*. Then z = VY, for some Y C X with |[Y| < m. This
implies that z <'\/;, X. Therefore \/; X is an upper bound of X* and hence \/; X* <
Vi X.

DEFINITION 1.8.

We shall frequently make use of 7 to denote the least regular cardinal > m:

- m  if m is regular
m= e oRh w
m™ if m is singular
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LEMMA 1.9.

Let L be a complete lattice and m and n infinite cardinals. The following results

hold:

i. If m < n then for every X C L, X is n-directed only of X is m-
directed.
ii. For every X C L, X is m-directed if and only if X is m-directed.
i11. For every X C L, X s directed if and only if for each z,y € X, there

exists z € X such that x < z and y < 2.

PROOF

The proofs of (i) and (iii) are evident. For (ii), assume without loss of generality,
that m is singular. If X is m-directed, it is of course, m-directed too. Let us suppose
that X is m-directed and Y C X with |Y| < o = m*. Hence, |Y| < m. We show
that Y has an upper bound in X. If |Y'| < m, we are done. So, suppose that |Y| = m.
Then there exists a family {Y;; ¢ € I} of subsets of Y such that |[I| <m, Y = U;¢; Vi
and for every : € I, |Y;| = m; < m. Since X is m-directed, we can choose, for each
i € I, an element z; € X such that z; is an upper bound of Y;. Denote by Z the set
of all such z;. Then |Z| < |I| < m. Thus Z has an upper bound z € X. But then,

z is evidently an upper bound of Y.

COROLLARY 1.10.

Let m be an infinite cardinal and X C L. Then
X*={\/Y; YC X and |Y| < m}
L

is m-directed and \/; X = \/| X*.
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PROOF

The proof follows from Definition 1.8, and Lemmas 1.7 and 1.9.

LEMMA 1.11.

Letu: L — L be a closure operator. Then the following conditions are equivalent:
i. For every X C u[L], where X is m-directed, u(\V X) =V X.
1. For every X C u[L], where X is m-directed, \/;, X =/, X.
iti. For every X C L, where X is m-directed, u(\/; X) = Vp u[X].
w. For every X C L, where X is m-directed, \/p u[X] = V) u[X].

PROOF

Notice for X C u[L], u[X] = X. So,

u(\/X) = \ u[X] (by Lemma 1.2(ii))
L u[L]

V X.

u[L]

This proves that (i) and (ii) are equivalent.

Also, Lemma 1.2(ii) guarantees that (iii) and (iv) are equivalent.

We show that (i) implies (iv). Take X C L, X m-directed. This implies that
u[X] is also m-directed. Hence we have:

VulX] = u(\u[X]) (since the first condition holds)
L L

— \/ u(u[X]) (by Lemma 1.2(ii))
ulL)

=\ u[X].

u[L]
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Thus the fourth condition holds.
Finally we show that (iii) implies (i). Take X C u[L] where X m-directed. Then

we have:

u(V X) = VulX] (since the third condition holds)
L L
= VX. (since u[X] = X)
L

So the third condition is true.

DEFINITION 1.12.

Let u: L — L be a closure operator. Then u is an m-algebraic closure operator
if u satisfies one (and hence all) of the conditions of Lemma 1.11.

A closure system S C L is an m-algebraic closure system if for every ) # X C S,

X m-directed, we have that \/¢ X =V X.

REMARK 1.13.

It follows immediately from Lemma 1.11(ii) that a closure operator u : L — L is

me-algebraic if and only if u[L] is an m-algebraic closure system on L.

COROLLARY 1.14.

.. Letm < n. Then u: L — L is an m-algebraic closure operator only

ifu: L — L is an n-algebraic closure operator.

6. Letu: L — L be a closure operator. Then u is an m-algebraic closure

operator on L if and only if u is an m-algebraic closure operator on

L.
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PROOF

This follows easily from Lemma 1.9 and Definition 1.12.

REMARK 1.15.

Let us return to the third condition in Lemma 1.11. In order to decide on the m-

algebraicity of the closure operator u : L — L we need to check that every m-directed

subset X C L satisfies u(V X) = V u[X]. Notice that any closure operator has the
following property:
Let X C L and X m-directed. Suppose that one of the following conditions holds:
. Vp X =1,
. Vp X € X.

Then u(Vy X) = Vp u[X].
Proof:
i. Vo X <VpulX]. Therefore, \/; X = 11, implies \V;u[X] = 11. Also
it is clear that u(1p) = 1.
1. Vp X € X if and only if V; X is the maximum element of X. More-

over, if X has a maximum element \/;, X, then u[X] also has a maxi-

mum element u(\/;, X). Hence V u[X] = u(V, X) as required.

So to determine whether or not u is m-algebraic, we need to consider those elements
z € L for which there exists § # X C L, X m-directed and z = \/; X ¢ X, and

show that in this case u(z) =V u[X]. Hence the following natural definition:

DEFINITION 1.16.

Let L be a complete lattice and A C L. An element z € L is m-accessible (in L)
via A, if there exists an m-directed X C A with z = \/; X g X.
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If £ € L is m-accessible in L via L then we merely say that that z is m-accessible

(in L). An element z € L is m-inaccessible (in L) if x is not m-accessible (in L).

COROLLARY 1.17.

i. Let m <nand AC L. If x € L is n-accessible in L via A then z is

m-accessible in L via A.

it. Letx € A C L. Then x is m-accessible in L via A iff x is m-accessible

in L via A.

PROOF

This follows easily from Lemma 1.9 and Definition 1.16.

REMARK 1.18.

a) Let u: L — L be a closure operator. To highlight the difference between the
concepts of m-accessibility in L via u[L] and m-accessibility in the complete lattice

u[L], we have:

For each € L, z is m-accessible in L via u[L] only if u(z) s m-accessible in

u[L].

(Proof: Suppose that z is m-accessible in L via u[L]. Then z = \/; X, where
X C u[L] is m-directed. But then, u(V X) = u(z) and u(V X) = VX by
Lemma 1.2(ii), and so u(z) = V) X, which implies that u(z) is m-accessible in

ulL].)

The converse, however, does not hold for consider the diagram that follows. The
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shaded circles! in the diagram represent elements of u[L]. The set X is order iso-

morphic to the cardinal m. Now u(z) is m-accessible in u[L], as u(z) = VX, X

m-directed, X C L. But u(z) # VY for any subset Y C u[L]\{u(z)}.

So u(z) is not m-accessible in L via u[L].
u(x) r

X o -

| X

DIAGRAM 1.1.

b) If X C L is m-directed then \/; X &€ X holds if and only if X has no maximum
element. There is no guarantee that u[X] will have no maximum element. We have

the following counterexample:

EXAMPLE 1.19.

For every cardinal m there erists a complete lattice L with |L| = m, an m-

algebraic closure operator u : L — L and an m-accessible element = € L with u(z)
not m-accessible in L or u[L].

Consider the ordinal L = m @ 2 (see diagram below). Define u : L — L by
setting:

u(z)=m @1, for each z € L.

!Shaded circles in a diagram of a complete lattice will always be used to represent elements of
u[L].
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81

DIAGRAM 1.2.

Then u is m-algebraic, m i1s m-accessible in L as m is evidently an m-directed
subset of L. However u(m) = m & 1 is not m-accessible in L for u[L] = {m & 1}.

We also have:

EXAMPLE 1.20.

For every cardinal m there ezists a complete lattice L with |L| = m, a closure
operator u : L — L satisfying: for every x € L, z is m-accessible in L only if u(z)
is m-accessible in u[L], but the closure operator u is not m-algebraic.

If we consider L of Diagram 1.1 (Remark 1.18(a)), then z is the only m-accessible
element of L and u(z) = 1 is m-accessible in u[L]. But u is not m-algebraic as

uw(Vp X) =u(z) #VouX]=V, X =z.

REMARK 1.21.

Going back to Remark 1.15, to determine whether or not a closure operator is m-
algebraic we need to consider the m-accessible elements of L. The following theorem

1s therefore not surprising;:

THEOREM 1.22.

Let L be a complete lattice and m an infinite cardinal. The following conditions
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are equivalent
i. Every closure operator on L is an m-algebraic closure operator.

ii. For every z € L\{1L}, = is m-inaccessible in L.

PROOF

Suppose (i) holds and to the contrary assume that z < 1y, is m-accessible in L.
Hence there exists § # X C L, X m-directed such that z = V; X € X. Define

u: L — L as follows:

u(z):{z’ ifz<z

1z, otherwise

We claim that u is an m-algebraic closure operator. Evidently z < u(z) = u(u(2)).
Also for z; < 2z, we have z; < z or z; £ z. In the first case z; < z also. There-
fore u(z;) = u(22). In the second case u(z;) = 11 and hence u(z) < u(z;). But
u(Vp X) # Vp u[X] and so u is not m-algebraic by Lemma 1.11(iii).

(«:) Let u: L — L be a closure operator. We use the third condition of Lemma
1.11 to show that u is m-algebraic. Let § # X C L with X m-directed.
Case 1: Suppose that \/; X ¢ X. In this case \/; X is m-accessible and the only
possibility then is V, X = 1;. But any closure operator satisfies \/;, X <V u[X].
So we conclude that \/, u[X] = 1. Also u(1z) = 1, for any closure operator and so
u(Vp X) =V u[X].
Case 2: Suppose that \/;, X € X. Then V; X is the maximum element of X. There-
fore, u(Vy X) is the maximum element of u[X] and so u(Vy X) =V u[X].

THEOREM 1.23.

Let L be a complete lattice and A C L. The following conditions are equivalent:

t. Every closure operator u on L satisfies (z € A implies u(z) € A).
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it. Every m-algebraic closure operator v on L satisfies (x € A implies
u(z) € A).

iit. Letz € A,ye L and z <y. Theny € A.

PROOF

(i) = (ii): Evident.
(i) = (iii): Suppose that the second condition holds and let z € A, y € L and

z < y. Define u: L — L as follows:

_Jy ifz<y
i) = { 1z, otherwise

Evidently u is a closure operator. Suppose that X C L is m-directed. Either \/; X <
yor \V; X £ y. In the former case u(\/;, X) = y. Also X C (y] and so u[X] = {y}
implying V; u[X] = y = u(V; X). In the latter case y is not an upperbound of X
and so there exists w € X with w £ y. This means that u[X] D {1;}. Therefore,
Vi u[X] =1z and u(Vy X) = 11. Hence u is m-algebraic. Now the second condition
above immediately yields u(z) € A as z € A. But u(z) = y, and so the third

condition is true.

(iii) = (i): Suppose now that third condition holds and let u be a closure operator

on L. Let z € A. Then z < u(z) and so u(z) € A, also.

DEFINITION 1.24.

(a) A closure operator u : L — L preserves m-accessibility if and only if for every

z € L, x m-accessible in L implies u(z) m-accessible in u[L].

(b) A closure operator u : L — L has m-accessible elements if and only if there

exists an element y € u[L] such that y is m-accessible in u[L].
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REMARK 1.25.

Theorem 1.23 cannot be extended to incorporate Definition 1.24. A special case
of Theorem 1.23 1s:
Let L be a complete lattice. The following conditions are equivalent:
i. Every closure operator u on L satisfies © m-accessible in L only if
u(z) is m-accessible in L.
it. Every m-algebraic closure operator u on L satisfies * m-accessible in
L only if u(z) is m-accessible in L.
iii. Let x be m-accessible in L and © < y, then y is m-accessible in L

also.

On any complete lattice L with an m-accessible element there is a closure operator
which does not preserve m-accessibility: merely set u(z) = 1z, for all z € L. In fact if
u[L] has no elements which are m-accessible in u[L] (for example if |u[L]] < m) and
L has an element which i1s m-accessible in L then u obviously does not preserve m-
accessibility. However, even if we restrict our attention to closure operators v : L — L
for which u[L] has an element which is m-accessible in u[L], we still find the condition

of preserving m-accessibility to be restrictive.

THEOREM 1.26.

Let L be a complete lattice where 15, is m-inaccessible. The following conditions

are equivalent:

i. Every closure operator which has m-accessible elements preserves m-

accessibility.

1. There is at most one m-accessible element in L.
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PROOF

Suppose that the first condition holds but not the second. Then there exist
z,y € L\{11} such that [{z,y,1r}] = 3 and z and y are both m-accessible in L.
Without loss of generality assume z € y. Now define u : L — L by setting for eaﬁh
z €L,

1z, otherwise

i <
u(z):{ z, Hz<y

It is readily verified that u is a closure operator. Now y is m-accessible and so there
exists m-directed Y C L with no maximum element such that y =\ Y. Evidently
y = u(y) = VygulY] = Vuy Y- So y is m-accessible in u[L], i.e. u: L — L has
m-accessible elements. Also u[L] = (y]U {1.} and so 1 is not m-accessible in u[L].
Moreover u(z) = 11, and so we have contradicted the first condition.

Suppose now that the second condition holds and let v : . — L be a closure
operator having m-accessible elements. Let z be m-accessible in L. So z # 11. There
exists y € u[L] and Y C u[L], ¥ m-directed with no maximum element such that

y = VY. As Y has no maximum element, \/;, Y is m-accessible in L (VY # 1z)
and so we have that z =V Y. But then u(z) = u(V,Y) = Vyp Y =y, and so u

preserves m-accessibility.

REMARK 1.27.

Consider the third condition of Lemma 1.11 yet again. In Remark 1.15 it was
motivated that m-algebraic closure operators differ from closure operators that are
not m-algebraic, in that an m-algebraic closure operator u determines the image of
an m-accessible element in terms of the u-images of certain elements strictly below
z. In Remark 1.18 we saw that an m-algebraic closure operator only satisfies z m-
accessible in L implies u(z) m-accessible in L or u[L] in very restricted situations.

Continuing with the notation of Lemma 1.11(iii), if y € L and y < Vi X then
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u(y) < u(Vp X) = Vpu[X]. Thus an m-algebraic closure operator u restricts the
values of u(y) where y < \p X in that u(y) < Vpu[X] must be satisfied. Under
what conditions will this definitely hold? Well certainly if y < w € X (stronger
than y < V X) then any closure operator u will satisfy u(y) < u(w) < Vpul[X].
For an m-algebraic closure operator \Vp, u[X] = V) u[X] by the fourth condition of
Lemma 1.11. Thus for such an operator we have shown: If y < w € X (a stronger
condition than y < V X) we have u(y) < u(w) € u[X] (a stronger condition than

u(y) < Vg u[X]). The following definition has now been motivated:

DEFINITION 1.28.

a) An element y of a complete lattice L is weak m-compact if for every m-directed
X C L such that y <V X there exists w € X such that y < w.
b) A closure operator u : L — L preserves weak m-compactness iff y weak m-

compact in L implies that u(y) weak m-compact in u[L].
LEMMA 1.29.

Let L be a complete lattice and m and n infinite cardinals.

i. If m < n then z is weak m-compact in L implies that = is weak

n-compact in L.

it. Element x is weak m-compact in L if and only if z is weak m-compact

i L.

PROOF

(i) Suppose m < n and z is weak m-compact in L. Let X C L, X n-directed and
r <V X. But then X n-directed implies that X is m-directed and since z is weak

m-compact there exists y € X such that z < y and so, z is weak n-compact.
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(i1) Clearly m < m and so the forward implication is true by (i). For the converse
we need only consider m singular. But then X is m™*-directed if and only if X is

m-directed and the result follows.

REMARK 1.30.

Notice that we did not specify that y = \/;, X in Definition 1.28 is m-accessible.
However, if y € X then let y = w and the condition is satisfied. So effectively we
only need to consider the case y € X. Also the reason for using the term weak
m-compact is only due to the fact that compact elements of complete lattices were
studied before m-algebraic closure operators and the immediate generalization to m-
compactness differs slightly from the weak m-compactness defined here. The concept
of m-compactness is defined later (in Chapter 2) and we first formalise the discussion

of Remark 1.27 in the following theorem:

THEOREM 1.31.

Let m and n be infinite cardinals such thatm < n. Ifu: L — L is an m-algebraic

closure operator, then u preserves weak n-compactness.
PROQF

Let z € L be weak n-compact in L and suppose u(z) < V,z; X where X C u[L]
and X is n-directed. By Lemma 1.9(ii), X is n-directed and as m < 7, X is m-

directed by Lemma 1.9(i). As u is m-algebraic we have:

z<u(z)<\/ X=X
u[L] L

As z is weak n-compact in L, there exists y € X such that z < y. Hence u(z) <

u(y) =y, and so u(z) is weak n-compact in u[L].
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REMARK 1.32.

We show that the restriction m < 7 in the above theorem cannot be dropped:

Let m and n be infinite cardinals such that n < m. Then there ezists a complete

lattice L and an m-algebraic closure operator u : L — L which does not preserve

weak n-compactness.
Consider the following diagram of L where we define u : L — L by:

)z ifz<y
ulz) = { 1z, otherwise

Now |L| = 2 < m and hence u is trivially m-algebraic. Also it is readily verified that
z is weak n-compact in L, but u(z) is not weak n-compact in u[L] = {0, JUX U{1.}

as u(z) = 1, = Vyz; X. So u does not preserve weak n-compactness.

I

x
n
a1

o

DIAGRAM 13.

REMARK 1.33.

Theorem 1.31 can evidently be stated as :
Let m and n be infinite cardinals such that m < #i. For any complete lattice L and
any m-algebraic closure operatoru : L — L, and z € L such that z is weak n-compact
in L we have u(z) is weak n-compact in u[L).

This format motivates:
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DEFINITION 1.34.

Let m,n and k be infinite cardinals. Then ®(m,n, k) denotes the following state-

ment:

For any complete lattice L and any m-algebraic closure operator u: L — L, if z

is weak n-compact in L then u(z) is weak k-compact in u[L].
THEOREM 1.35.
The statement ®(m,n, k) is true if and only if m < k and n < k.

PROOF

(=:) Suppose k < n and consider the complete lattice L described by the follow-

ing diagram and define v : L — L by

u(z)z{z, fz<y

y, otherwise

DIAGRAM 14.

Then u is evidently an (w-)algebraic closure operator and y is not weak k-compact
in u[L] as y = Vyj X. But |L| = k and so as k < n we have z is weak n-compact in
L. (In fact every element of L is weak n-compact in L). So we have shown ®(w,n, k)
is false for £ < n. By Corollary 1.14(i) any w-algebraic closure operator is also m-

algebraic for any infinite cardinal m. Hence ®(m,n, k) is false whenever k < n. So
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the truth of ®(m,n, k) implies n < k. We need to show that the truth of ®(m, n, k)

also implies m < k. Suppose k < m and consider the example of Remark 1.32 where

we replace n by k. The element z of lattice L is easily seen to be weak (w-)compact.
Hence this example shows ®(m,w, k) is false whenever k& < m. But Lemma 1.30(i)
shows that z is weak n-compact for any infinite cardinal n. Thus this example shows
®(m,n, k) is false whenever k < m. So ®(m,n, k) true implies m < k and n < k.
(«:) For the converse suppose that m,n and k are infinite cardinals with m < k
and n < k. Theorem 1.31 shows that ®(m, k, k) is true. Hence by Lemma 1.29(ii) we
have ®(m, k, k) is true. Suppose u : L — L is an m-algebraic closure operator and
z is weak n-compact in L. Then z is weak k-compact as n < k and Lemma 1.29(i)
holds. As ®(m, k, k) is true, this implies u(z) is weak k-compact. Hence ®(m,n, k)

1s true.

DEFINITION 1.36.

Let L be a complete lattice, u : L — L a closure operator and m an infinite

cardinal. We extend Definition 1.28:

An element y € L is weak m-compact in u[L] if for every m-directed subset

X CulL], y < Vyr; X implies that there exists w € X with y < w.
(This extends Definition 1.28 as we allow elements of L\u[L] to be weak m-

compact in u[L]). Further we define:

Wn(L) = {y € L; yis weak m-compact in L},

Wa(ulL]) = {y € L; y is weak m-compact in u[L]}
Also define for z € L:

W(m,z,L) = {y; y<zandye W,(L)}, and

W(m,z,u[l]) = {y; y <z andy€ W,(u[L])}.
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(Note that W, (u[L]) is not necessarily a subset of u[L].)

LEMMA 1.37.

Let u : L — L be a closure operator and r € L. Then z is weak m-compact in

u[L] if and only if u(z) is weak m-compact in u[L].

PROOF

(=:) Suppose that u(z) <V, X where X C u[L] and X is m-directed. Then
z < V) X and hence for some y € X, z <y. But y € u[L] and so u(z) < y.
(«:) Suppose z < V) X where X C u[L] and X is m-directed. Then u(z) <

Vuiz; X and hence for some y € X, u(z) < y. But then z < y also.

THEOREM 1.38.

Let L be a complete lattice and v : L — L a closure operator. The following
conditions are equivalent:
i. u preserves weak m-compactness.
w. For all z € L,  weak m-compact in L implies that z is weak m-
compact in u[L].
ii. For allz € L, W(m,z,L) C W(m,z,u[L]).
w. For all x € L, z m-accessible in L implies that W (m,u(z),L)
W(m,u(z), u[L]).

N

v. For all z € L,  m-accessible in u[L] implies that W (m,z,L) C
W(m,z,u[L]).
vi. For all z € L, £ m-accessible in L via u[L] implies W(m,z,L) =

W(m,u(z), L).



Chapter 1 28 -

PROOF

(i) < (ii): Direct from Lemma 1.37.

(i) = (iii): Let y € W(m,z,L), that is y < z and y is weak m-compact in L.
Hence u(y) is weak m-compact in u[L]. So by Lemma 1.37 this implies that y is
weak m-compact in u[L], that is y € W(m,z,u[L]) and so the third condition holds.

(iii) = (iv): Evident.

(iv) = (v): Let  be m-accessible in u[L]. Then z = V,;;; X where X C u[L], X
is m-directed and ¢ ¢ X. Then \/;, X ¢ X also and hence \/; X is m-accessible in
L. Further u(Vy X) = Vyy X = z and so by (iv) W(m,z,L) C W(m,z,u[L]) and
so the fifth condition is true.

(v) = (i): Let = be weak m-compact in L. Further suppose that u(z) < Vi X
where X is m-directed, X C u[L]. If X has a maximum element, then evidently
u(z) < VyryX € X. On the other hand, suppose that X has no maximum el-
ement. Then Vi X is m-accessible in u[L], and z € W(m, V) X,L) and so
z € W(m, Vg X,u[L]). Hence z is weak m-compact in u[L]. Therefore by Lemma
1.37, u(z) is weak m-compact in u[L] and so the first condition is true.

(vi) = (i): Let z € W,,(L). We need to show u(z) € W, (u[L]). So let
X C u[L], X m-directed such that u(z) <y Vuz;;X. If X has a maximum ele-
ment then u(z) <g V) X € X. Else X has no maximum element and so Vj X is
m-accessible in L via u[L]. Therefore W(m,V X, L) = W(m,\/, X, L). Moreover
as ¢ < u(z), z € W(m, VX, L) Hence z < \/;, X. Therefore there exists w € X
such that z < w implying u(z) < w also.

(1) = (vi): Trivially W(m,z, L) C W(m,u(z),L). Conversely, let y € W(m,u(z), L),
where z is m-accessible in L via u[L]. Therefore y € W,,(L) and y < u(z). By (i)
u(y) is weak m-compact in u[L]. Further z = \/; X where X C u[L], X m-directed.

Now u(y) < u(z) = V) X. Hence there exists w € X such that u(y) < w. Further
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w <V X = z. Therefore y < u(y) <z and y € W(m,z, L).

THEOREM 1.39.

Let L be a complete lattice where 11, is m-inaccessible. Then y is weak m-compact
in L if and only if for every closure operator v : L — L and X C L, X m-directed

in L, y <\ X implies that u(y) < Vg u[X].
PROOF

(=:) Let u: L — L be a closure operator and y </ X. Then for some z € X,
y < z. Hence u(y) < u(z) < Vi u[X].

(«:) Conversely suppose y is not weak m-compact in L. Then y < \; X for
some X C L, X m-directed, but for each z € X,y £ z. Define u: L — L by setting:

()= z, 1if z<z, for some z € X
“=11 1, otherwise

It is readily verified that u : L — L is a closure operator. However, u[X] = X and
so Vpu[X] =V X. As X has no maximum element, \/; u[X] = V, X # 1;. But

u(y) = 1. This contradiction shows that y is indeed weak m-compact in L.

THEOREM 1.40.

Let L be a complete lattice. The following conditions are equivalent:

i. Every closure operator u : L — L preserves weak m-compactness.
. For all z,y € L\{1p} where z s weak m-compact in L and y is m-
accessible in L, we have that z < y.
wi. For all z,y € L, z <y, z m-accessible in L, we have W(m,z,L) =

W(m,y, L).
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PROOF

(i) = (ii): Suppose that the first condition holds but the second does not. Then
there exists z,y € L\{1p} where z is weak m-compact in L and y is m-accessible

in L, but z £ y. Obviously, the m-accessibility of y means that there exists X,
m-directed , X C L and y =V X € X. Define u : L — L by setting for each z € L,

_} 2z, ifz < w,for some w € X
u(z) = 17, otherwise

Then u : L — L is evidently a closure operator. However X m-directed implies that
(X]p = {y € L; thereexists ¢ € X and y < z} is m-directed. Further from the
definition of u, u[L] = (X]p U {1z} and hence V;;j(X] = 1 and so 11 is not weak

m-compact in u[L]. However, u(z) = 1, and so u is not weak m-compact preserving.

(i1) = (i): To show that the second condition implies the first let v : L — L be
a closure operator and let z be weak m-compact in L. Let u(z) < VY where ¥
is m-directed, ¥ C u[L]. If Y has a maximum element then u(z) < V,;Y € Y.
Otherwise Y has no maximum element and thus \/ Y is m-accessible in L. By the
second condition z < \/; Y and the weak m-compactness of z yields z < z for some

z €Y. Hence u(z) < z also. Thus u(z) is weak m-compact in u[L].

(ii) < (iii): Suppose that the second condition holds and z m-accessible in L.
Let y € L, z < y. Then W(m,z,L) is the set of all weak m-compact elements.
Therefore W,,(L) = W(m,z,L) € W(m,y,L) C W,(L). Hence we have that
W(m,z,L) = W(m,y,L) and the third condition is satisfied. Suppose now that
the third condition holds, z weak m-compact and y m-accessible in L. As y < 1,

W(m,y,L) = W(m,1,L) = W,,(L) and z € W,,,(L) implies z < y.
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REMARK 1.41.

It follows from Theorem 1.31 that for any infinite cardinal m, every m-algebraic
closure operator is also a weak m-compact preserving closure operator. We proceed

with an investigation of the converse situation.

LEMMA 1.42.

Let uw : L — L be a closure operator preserving weak m-compactness. Then
u: L — L is an m-algebraic closure operator if and only if for every x € L if x is

m-accessible in L via u[L] and z < u(z) then W(m,z,L) C W(m,u(z), L).
PROOF

(=:) If u is m-algebraic then for any z € L, z m-accessible in L via u[L], we have

z = u(z) by Lemma 1.11(i). The result follows trivially.

(«:) Let X C u[L]. We show VX = u(V X) (Lemma 1.11(1)). £V, X € X
then the result is trivial. Else z =\ X is m-accessible in L via u[L]. If z < u(z),

then W(m,z,L) C W(m,u(z), L) contrary to Theorem 1.38(vi). Hence z = u(z).

THEOREM 1.43.

Let m be an infinite cardinal and L a complete lattice. The following conditions

are equivalent:
i. Every closure operator u : L — L which is weak m-compact preserving
is also m-algebraic.

u. For every z,y € L, x m-accessible in L, © < y we have W(m,z,L) C
W(m,y,L).
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PROOF

(i) = (ii): Assume (i) but not (ii). Hence, there exists z,y € L, £ m-accessible in

L,z <yand W(m,z,L) = W(m,y, L). Define u: L — L by setting for each z € L:

u(z):{z’ fz<z

zVy, otherwise

Then u is a closure operator. We show that u is weak m-compact preserving. Firstly

notice that

ull] = ((z]:\{=}) U )z

Let (z].\{z} be denoted by A. By Theorem 1.38(vi), we need to show that if a is m-
accessible in L via u[L] then W(m,a,L) = W(m,u(a),L). So there exists Y C u[L],
Y m-directed such that a =\/ Y €Y.

Case 1. Y C A: Implies that for all z € Y, u(z) =z and a <\ A =z.

If a < z then u(a) = a.
If a = z then u(a) = y.
Case 2. Y N[y)r # 0: Theny <V, Y =a and so a £ z. Hence u(a) =aVy = a.

Hence we have shown that u is weak m-compact preserving. However, u is not m-
algebraic, for z = \/ X for some m-directed X C A C u[L] and z < u(z) which
contradicts Lemma 1.11(i) and hence also condition (i).

(ii) = (i): Let (ii) hold and u : L — L be weak m-compact preserving. By
Lemma 1.11(i), let X C u[L] be m-directed such that z = \/; X &€ X. Suppose
Vi X < u[Vp X]. Since X C u[L] we have that z is m-accessible in L via u[L)].
By (ii) W(m,z,L) C W(m,u(z),L). But this contradicts Theorem 1.38(vi). Hence

Vi X =u(Vy X) and so u is an m-algebraic closure operator.

REMARK 1.44.

It was shown in Theorem 1.38 and Lemma 1.42 that the set W(m,z, L) is sig-
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nificant in the study of closure operators which preserve weak m-compactness. The

next two lemmas explore this set further.

LEMMA 1.45.

Let L be a complete lattice and z € L. Then

i. W(m,z,L) is m-directed.
ii. Let x be m-inaccessible. Then z is weak m-compact if and only if

z =\ W(m,z,L).

PROOF

(i) Let Y C W(m,z,L) where |[Y| < m. We show V,Y € W(m,a,L) also
and hence as VY is an upperbound of Y the m-directedness of W(m,z, L) fol-
lows: Suppose /1 Y <V X where X is m-directed. Then for each y € Y we have
y < Vp X and so for each y € Y there exists f(y) € X satisfying y < f(y). Now
{f(y); y € Y}| < |Y| < m and hence there exists w € X such that w is an upper
bound of {f(y); v € Y}. Consequently w is an upper bound of ¥ and so \/; Y < w.
This shows that /Y € W(m,z, L) as required.

(ii) Suppose z is weak m-compact. Then z € W(m,z, L) andsoz = \/[, W(m, z, L).
Conversely suppose z = \/f W(m,z,L) As z is m-inaccessible we must have z €

W(m,z,L) and so z is weak m-compact in L.

LEMMA 1.46.

Let L be a complete lattice. The following conditions are equivalent:

i. Every m-inaccessible element of L is weak m-compact.

u. Foreachz € L, if \/y W(m,z,L) < z then z is m-accessible in L.
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PROOF

(i) = (ii): Let z € L with VyW(m,z,L) < z. If z is m-inaccessible then
condition (i) implies z is weak m-compact and so € W (m, 2, L) which is impossible.

Thus z is m-accessible in L.

(ii) = (i): Suppose (ii) holds. Let z be m-inaccessible in L. By (ii) we conclude
VW (m,z,L) = z. But as z is m-inaccessible, we must have z € W(m,z, L), i.e. =

is weak m-compact in L.

DEFINITION 1.47.

Let L be a complete lattice. Then L is a weak m-algebraic lattice if for every

z€L,z=\yW(m,z,L).

COROLLARY 1.48.

Let L be a weak m-algebraic lattice. Then a closure operator u : L — L is

m-algebraic if and only if u: L — L is weak m-compact preserving.

PROOF

By Theorem 1.31 the forward implication holds.

Conversely we use Theorem 1.43. Let 2 be m-accessible in L and z < y. Then

z=\/W(m,z,L) <\/W(m,y,L) =y.
L L

Consequently W(m,z, L) C W(m,y, L). Hence every weak m-compact preserving

operator is m-algebraic.

REMARK 1.49.

Consider the complete lattice given in the following diagram:
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DIAGRAM 1.5.

Then by Theorem 1.22 every closure operator on L is m-algebraic. Also by
Theorem 1.40 every closure operator on L is weak m-compact preserving. However

L is not weak m-algebraic as W, (L) = X and W(m,y,L) = {0.}. Consequently
VeW(m,y,L) <y.

The converse implication of Corollary 1.48 is investigated deeper in Chapter 3.

We now turn to considering weak m-compact reflecting closure operators.
DEFINITION 1.50.

Let u : L — L be a closure operator on complete lattice L. Then u reflects

weak m-compactness if for each z € u[L], z weak m-compact in u[L], there exists

y € Win(L) such that u(y) = z.

THEOREM 1.51.

Let L be a complete lattice, m an infinite cardinal and v : L — L a closure

operator. The following conditions are equivalent:

t. u: L — L reflects weak m-compactness.

ii. For each z € u[L], z weak m-compact in u[L], u(\V, W(m,z, L)) = z.
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PROOF

(i) = (i): As z € Wy(u[L]) C u[Wn,(L)], there exists z € Wy, (L) such that
z = u(z). Then z <\ W(m,z,L) <z and so

r=u(z) < u(\L/ W(m,z,L)) <u(z) = z.
Thus z = u(V W(m,z,L)) as required.
(i) = (i): Let = € u[L] N W,,(u[L]). Then u(Vy W(m,z,L)) = z.

Consequently z = \,zj u[W(m,z,L)]. Asz € Wy (u[L]) there exists y € u[W (m,z, L)]

such that z < y. But y = u(z) for some z € W(m,z, L). So we have
& <y=ulz)] <ulz) =2

Hence z = u(z) as required.

THEOREM 1.52.

Let m,n be infinite cardinals where m < n. Then every closure operator u : L —

L, where L is a weak m-algebraic lattice, reflects weak n-compactness.

PROQOF

Let L be a weak m-algebraic lattice. Then for any z € u[L], z = \V; W(m, z, L).
However by Lemma 1.29(i) and (ii)

W(m,z,L) C W(n,z,L) C (z]
and so z =\ W(n,z,L). Consequently

z =u(z) = u(\/ W(n,z, L))

L

and by Theorem 1.51, u : L — L reflects weak n-compactness.
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REMARK 1.53.

We showed in Corollary 1.48 that on a weak m-algebraic lattice the m-algebraic
closure operators are precisely the weak m-compact preserving operators. In Remark
1.49 we showed that this condition does not imply the weak m-algebraicity of L. In

contrast we have:

THEOREM 1.54.

Let m be an infinite cardinal and L a complete lattice. The following conditions
are equivalent :
i. L is a weak m-algebraic lattice.
it. Every closure operator is weak m-compact reflecting.
wt. FEvery weak m-compact preserving closure operator is weak m-compact
reflecting.

w. Every m-algebraic closure operator is weak m-compact reflecting.

PROOF

1) = (ii): Follows from Theorem 1.52.

(

(ii) = (iii): Obvious.

(iii) = (iv): Follows from Theorem 1.31.

(iv) = (i): Suppose (iv) holds, but that L is not a weak m-algebraic lattice. Then
there exists z € L such that \/; W(m,z,L) < z. Define closure operator u : L — L

by setting for each z € L:

z, ifz<\V,W(m,z,L)
u(z) =< z, ifz<zbutz gLV, W(m,z, L)
1z, otherwise.

Then u is easily verified to be a closure operator. Now u[L] = (\V; W(m,z, L), U
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{z,11}. Hence z is weak (w)-compact in u[L] and so z is weak m-compact in u[L].
Now let w € W,,,(L). We show u(w) # z. If w <\ W(m,z, L) then u(w) = w # z.
If w < z then automatically w <\ W(m,z, L). Consequently u(w) # z. The only
other possibility is u(w) = 15. Now z # 1, for if u(w) = z = 1, then w < z and
w <\, W(m, z, L), which would yield u(w) = w. But this contradicts the fact that
w € Wp(L) and = € W,,(L). Thus we have shown that v is not a weak m-compact

reflecting closure operator.

However u is m-algebraic. Take X C u[L]. By Lemma 1.11(i) we show VX =
u(Vp X). If X has a maximum element there is nothing to prove. Else z = \/; X
is m-accessible in L via u[L]. From the structure of u[L], z < \/;, W(m,z, L) and
so u(z) = z as required. Thus this operator contradicts (iv) and we conclude that

condition (iv) implies that L must be a weak m-algebraic lattice.
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CHAPTER 2

This chapter develops a slightly different generalisation of the well-known concept
of compactness in complete lattices. For an infinite cardinal m, m-compactness is
defined and is shown to agree with weak m-compactness for regular m. Analogues of
theorems developed in Chapter 1 are presented for the case of m-compactness. It is
shown that only for regular m is an m-algebraic closure operator always m-compact
preserving. Weak m-accessible elements of a closure operator are introduced in order
to characterise the m-compact preserving closure operators. Corresponding to the
concept of weak m-algebraic lattices in Chapter 1, the concept of m-algebraic lattices
is defined. These lattices are characterised in terms of m-compact reflecting closure

operator only for regular m.

DEFINITION 2.1.

Let L be a complete lattice. Then x € L is m-compact in L if whenever z < \/; X
there exists Y C X with [Y|<m and z <V, Y.

LEMMA 2.2

Let L be a complete lattice and m an infinite cardinal.

t. If z € L is m-compact in L then x is weak m-compact in L.
w. If £ € L is weak m-compact in L then x is m-compact in L.

ii. If m is regular then & € L is m-compact in L if and only if z is weak

m-compact in L.

PROOF

(i): Let z be m-compact in L and X C L, such that X is m-directed and
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z <V X. Then there exists Y C X such that |Y| <m and z <V Y. But, X is
m-directed implies there exists w € X such that y <wforally € Y. Thus VY < w
and so z < w.

(ii): We will show that for regular m, = weak m-compact implies z m-compact.
Once this has been demonstrated, suppose that m is singular. If z is weak m-compact
then  is weak m-compact by Lemma 1.29. By the result for regular m, this implies
that z is m-compact.

So let m be regular, and z weak m-compact in L. Suppose z < \V; X, X C L.
We show that there exists Y C X, |Y| < m such that z < VY. If | X| < m, let
Y = X. Else | X| > m. Then consider:

X*={\/Y; YCX and |[Y| <m}
L

Since m is regular, X* is m-directed in L and \/;, X = \/; X*, by Lemma 1.7. Hence
there exists Y C X, such that |Y| < m with ¢ < VY as required.

(iii) follows from (i) and (ii).

REMARK 2.3.

For every singular cardinal m there exists a complete lattice L with |L| = 2™ such

that 1y, is weak m-compact in L but not m-compact in L:

Consider a set A with |A| = m, m singular. Let L = exp A ordered by C and
let X be an m-directed subset of exp A. So each element of X is a subset of A (see
diagram that follows). Suppose that \/; X = A, that is UX = A. We have that for

each a € A there exists S, € X such that a € S,. Therefore, by the axiom of choice,
{Ss; a € A} < |A| =m < m™.

But, X is also m™*-directed, by Lemma 1.9(ii). Hence there exists B € X such that
Uasea Sa € B. But then, A C {J,c4 S, C B C A. Therefore, A = B which implies
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that A € X. Soif A =V X where X 1s an m-directed subset of exp A then A € X.
Therefore, A is weak m-compact. But also, let C = {{a}; a € A}. Then A = UC
and for D C C with |D| < |C| = m, |UD| = |D| < m implying that D # A.

Hence A 1s not m-compact.

Aual ablcms

DIAGRAM 2.1.

DEFINITION 2.4.

Let L be a complete lattice and v : L — L a closure operator.

(a) Closure operator u preserves m-compactness if and only if z m-compact in L
implies u(z) m-compact in u[L].

(b) An element y € L is m-compact in u[L] if whenever y < V) X where
X C u[L], there exists Y C X with |Y| <m and y < Vurg Y.

(c) Let z € L. We define the following subsets:
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= {y € L; y is m-compact in L},

P!
3
x,
o)

Il

{y € L; y is m-compact in u[L]}
C(m,z,L) = {y; y<zandye Cn(L)},
Clmyz,ulll) = (v y < andy € Ca(ulL])},
LEMMA 2.5.

For infinite cardinals m and n with m < n we have Cy,(L) C Cy(L).

PROOF

The proof follows directly from Definition 2.4.
LEMMA 2.6.

Let u: L — L be a closure operator and x € L. Then z is m-compact in u[L] if

and only if u(z) is m-compact in u[L].

PROOF

The proof follows from Definition 2.1 and Definition 2.4.

REMARK 2.7.

The aim of this chapter is to give results involving the concept of m-compactness
analogous to those obtained for weak m-compactness in Chapter 1. One noteworthy
difference between these two concepts is that Lemma 1.29(ii) does not transfer to
the m-compactness case: By Remark 2.3 and Lemma 2.2(ii) there exists for every

singular cardinal m a complete lattice L such that 1;, is m-compact in L but 1; is
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not m-compact in L. We discuss the following results in the m-compact case. The

results have been re-stated here for ease of reference:

2.7.1. Let m and n be infinite cardinals such that m < n. Ifu: L — L is an

m-algebraic closure operator then u preserves weak n-compactness. (Theorem 1.31)

2.7.2. The statement ®(m,n, k) is true if and only if m < k and n < k. (Theorem

1.35)

2.7.3. Let L be a complete lattice and v : L — L a closure operator. The following
conditions are equivalent:

(1) u preserves weak m-compactness.

(1t) For all z € L, x weak m-compact in L implies that z is weak m-compact in
u[L].

(i) For allz € L, W(m,z,L) C W(m,z,u[L]).

(iv) For allz € L and z m-accessible in L implies that W (m,u(z), L) C W(m,u(z), u[L]).

(v) For allz € L and z m-accessible in u[L] implies that W (m,z, L) C W(m, z, u[L]).

(vi) For all € L and x m-accessible in L via u[L] implies W(m,z,L) =
W(m,u(z),L). (Theorem 1.38)

2.7.4. Let L be a complete lattice where 11, is m-inaccessible. Then y € L is weak
m-compact in L if and only if for every closure operator u: L — L and X C L, X
m-directed in L, y <V X implies that u(y) < Vi u[X]. (Theorem 1.39)

2.7.5. Let L be a complete lattice. The following conditions are equivalent:

(i) Every closure operator u : L — L preserves weak m-compactness.

(i) For all z,y € L\{1p} where z is weak m-compact in L and y is m-accessible
in L, we have that z < y.

(i) For all z,y € L, z < y, = m-accessible in L, we have W(m,z,L) =
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W(m,y,L). (Theorem 1.40)

2.7.6. Letu: L — L, be a closure operator preserving weak m-compactness. Then
u: L — L is an m-algebraic closure operator if and only if for every z € L if z is
m-accessible in L via u[L] and z < u(z) then W(m,z,L) C W(m,u(z),L). (Lemma

1.42)

2.7.7. Let m be an infinite cardinal and L a complete lattice. The following
conditions are equivalent:

(1). Every closure operator u : L — L which is weak m-compact preserving is
also m-algebraic.

(i) For every z,y € L, x m-accessible in L, z < y we have W(m,z,L) C
W(m,y,L). (Theorem 1.43)

2.7.8. Let L be a complete lattice and x € L. Then:
(1) W(m,z, L) is m-directed.
(i) Let = be m-inaccessible. Then z is weak m-compact if and only if z =

Vi W(m,z,L). (Lemma 1.45)

2.7.9. Let L be a weak m-algebraic lattice. Then a closure operator w : L — L is

m-algebraic if and only if u: L — L is weak m-compact preserving. (Corollary 1.48)

2.7.10. Let L be a complete lattice, m an infinite cardinal and v : L — L a closure
operator. The following conditions are equivalent:

(1) u: L — L reflects weak m-compactness.

(i) For each = € u[L], x weak m-compact in u[L], u(VL W(m,z,L)) = z. (The-

orem 1.51)

2.7.11. Let m,n be infinite cardinals where m < n. Then every closure operator

u: L — L, where L 1s a weak m-algebraic lattice, reflects weak n-compactness.
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(Theorem 1.52)

2.7.12. Let m be an infinite cardinal and L a complete lattice. The following
conditions are equivalent:

(i) L is a weak m-algebraic lattice.

(1i) Every closure operator is weak m-compact reflecting.

(i11) Every weak m-compact preserving operator is weak m-compact reflecting.

(iv) Every m-algebraic closure operator is weak m-compact reflecting. (Theorem

1.54)

THEOREM 2.8.

Let m and n be infinite cardinals such thatm < n. Ifu: L — L is an m-algebraic

closure operator then u preserves n-compactness.

PROOF

Let z € L be n-compact in L. Suppose u(z) < V,z; X where X C u[L]. Define

X ={\Y; [Y|<m, Y C X}.
L

By Corollary 1.10, X* is m-directed and V;, X = \/;, X*. Thus u(V, X) = u(V, X*)
l.e. Vu[L]X = Vu[L] U[X*]. So:
e <u(e) <V X =V ulX7] = /ulx7]
u[L] u[L] L
The last equality follows as u[X*] is m-directed and u« is an m-algebraic closure
operator. Now z is n-compact and so there exists ¥ C u[X*] with |Y]| < n and

z < VpY. Thus u(z) <u(V,Y) = VY. Further, by the axiom of choice, for

each y € Y there exists Z, C X with |Z,| < m such that y = u(Vy Z,) = V) Zy-
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So
u(z) < VAV Z; ve Y} =V (U %)

u[L] u[l] u[L] y€Y

It is sufficient to show |U,ey Zy| < n. To this end notice

I U Zyl < 2yGYIZyI < (SuperIZyl)-|Yl < max{superIZyla IYI>"-’}'
yeYy

We consider two cases:

Case 1: m regular. Then m = m and m < n.

If m = n then |Y| < m and |Z,| < mforall y € Y and hence |Uyey Z,y| < m = n.
If m < n then sup,ey|Zy| < m < n and |[Y| < n and hence |Uyey Zy| < n.

Case 2: m singular. Then m < m =m* and m* <n.

If m* = n then |Y| < m* and |Z,| < m* for all y € Y and hence |Uyey Z,| <
mT = n by the regularity of m™.

If m* < n then sup yey|Z,| < m* <n and |Y| < n and hence |U ey Z,| < n.

REMARK 2.9.

We show that the restriction 7 < n in the previous theorem cannot be dropped:

Let m and n be infinite cardinals such that n < m. Then there exists a complete

lattice L and an m-algebraic closure operator u : L — L which does not preserve

n-compactness.

To show this suppose first that 7 < m. By Remark 1.32 there exists a complete
lattice L, an m-algebraic closure operator v : L — L and an element € L such that
z is weak n-compact in L but u(z) is not weak n-compact in u[L]. In fact in the
example given, = is weak w-compact. Hence by Lemma 2.2 z is w-comf)act and hence
n-compact in L. Further u(z) is not n-compact in u[L] for otherwise Lemma 2.2 (i)

implies that u(z) is weak n-compact in u[L]. Thus we have our counter example for



Chapter 2 AT

the case n < m.

Now suppose n < m but 7 £ m. We claim that n is singular and (m = n or
m = n): Suppose first that n is regular. Then n = 7 < m. If m is regular then
n < m = m contradicting 7 £ m. If m is singular then m < m* = mandson < m*
which implies n < m. But n = m is impossible as n i1s supposed regular and m is
singular. Thus n = 72 < m, a contradiction again. So n is indeed singular. There are
now two possibilities: m regular or m singular. If m is regular then n < m = m and
thus 7 < m. As n £ m it follows that m = n. If m is singular then n < m = m™

and so n < m. However n < m implies that 7 < m and so we conclude m = n.

So let n < 7 where n is singular and m = n or m = n. Consider the complete

lattice L with the diagram that follows. Define u : L — L by setting:

1p, otherwise

u(z)={ z, ifz<n

Then z is w-compact and hence n-compact in L and u(z) = 1, is not n-compact in

u[L] = L\{z,n} by Remark 2.3.

e

[~

ol..
DIAGRAM 2.2.

It is now necessary only to show that u is m-algebraic. By Corollary 1.14 u is
n-algebraic if and only if u is n-algebraic, so we only consider the case m = n. Let

X C u[L], X n-directed. We show \/; X = Vuz) X. Suppose this is not the case.
Then VL X = zor VX = n. Evidently if \V\, X = z then z € X contradicting
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X Cu[L]! IV, X = n then as n is weak n-compact in L, n € X again contradicting

X C u[L]! So u is indeed m-algebraic for m = n and m = n.

DEFINITION 2.10.

Let m,n and k be infinite cardinals. Then W(m,n, k) denotes the following state-

ment:

For any complete lattice L and any m-algebraic closure operator u: L — L, if z

is n-compact in L, then u(z) is k-compact in u[L].

THEOREM 2.11.

The statement ¥(m,n,k) is true if and only if m < k and n < k.
PROOF

(=:) We first show m < k. For suppose not. Then k¥ < m and by Remark 2.9
there exists a complete lattice L, an m-algebraic closure operator v : L — L, an w-
compact element z € L such that u(z) is not k-compact in u[L]. Hence ¥(m,w,k) is
false. But z, being w-compact in L, is also n-compact in L for any infinite cardinal n.
Thus ¥(m,n, k) is false contrary to our assumptions. Hence ¥(m,n, k) true implies
m < k.

Consider now the complete lattice L described by Diagram 2.3. Defineu : L — L
by:

u(z) = { z: :)ft}zlefw?sxep ‘
Then u is evidently an (w—)algebraic closure operator and k is not k-compact in
L or in u[L] by the argument used in Remark 2.3. (Note that it is irrelevant here
whether £ is regular or singular). However z is k*-compact in L: Suppose z < \/; X

where X C L. We may evidently assume z ¢ X. Then \V; X =z or V; X = k.
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If Vi X = k, then X C exp k and hence V; X = UX = k and thus for each
y € k there exists a, € X with y € a,. Thus k = Uyer @y = Vi {ay; v € k} and
Hay; y € k}| < k < k*. Thus z is n-compact for each n > k. This shows ¥(w,n, k)
is false for n > k and hence ¥(m,n,k) is false for any cardinal m and cardinals

n > k. Thus ¥(m,n, k) true implies n < k.
(«:) Theorem 2.8 shows that for m < k, U(m, k, k) is true. But if n < k then z

n-compact in L implies = k-compact in L. Hence ¥(m,n, k) is true.

K

L, exp K

g

DIAGRAM 23.

REMARK 2.12.

(a) Note that for m singular ®(m,m,m) is true whereas U(m,m,m) is false.
Moreover ¥(m,m,m*) is true and m* is the least value k such that U(m,m, k) is
true. In general we can say that for m singular and m < n, ¥(m,n, m*.n) is true.

(b) To generalise 2.7.3 we need to consider elements more general than m-

accessible elements.

DEFINITION 2.13.

Let L be a complete lattice and u : L — L a closure operator. Let A € {L, u[L]}
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and z € L.
(a) z is weak m-accessible in A if there exists X C A such that 2 = \/4 X and

for each Y C X with |[Y| <m,V, Y <z
(b) z is weak m-accessible in L via u[L] if there exists X C wu[L] such that

z =\ X and for each Y C X with |[Y]| <m, VY < z.

COROLLARY 2.14.

For complete lattice L, closure operator u : L — L, cardinals m and n with

m< n:

i. If z € L is weak n-accessible in A then z is weak m-accessible in A

where A € {L,u[L]}

u. Ifz € L is weak n-accessible in L via u[L], then z is weak m-accessible
in L via u[L].

ut. For each z € L, if x is weak m-accessible in L via u[L] then u(z) is

weak m-accessible in u[L].

PROOF

(1) and (ii) are trivial consequences of Definition 2.13.
(iii) For some X C w[L], z = VX where for each Y C X with [Y]| < m,
Vug Y < z. But u(z) =u(V X) = Vur X

LEMMA 2.15.

Let L be a complete lattice u : L — L a closure operator, m an infinite cardinal

and A € {L,u[L]}.

t. If x € L is m-accessible in A then z is weak m-accessible in A.
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it. If m 1s regqular then x is m-accessible in A if and only if z is weak
m-accessible in A.

ui. If ¢ € L is m-accessible in L via u[L] then x is weak m-accessible in
L via u[L].

w. If m is reqular then z is m-accessible in L via u[L] if and only if = is

weak m-accessible in L via u[L].

PROOF

(i) Let z be m-accessible in A. Then there exists X C A where X is m-directed
andz =V, X € X. Suppose Y C X with |[Y|<mand V4, Y £ 2. AsV, Y <V, X
we conclude V4 Y = z. But X is m-directed and so there exists w € X such that

for each y € Y, y < w. Hence

z:\/YSwS\/sz,
A A

and so z = w € X! Thus no such Y exists and z is weak m-accessible in A.
(i) Let m be regular. As (i) holds for any cardinal m we show that = weak m-
accessible in A implies  m-accessible in A. There exists X C A such that z =\/, X

and for each Y C X with |Y| <m, V4 Y < z. Define:

X*={\/Y; Y C X and |[Y| < m}.
A

Then X* is m-directed by Lemma 1.7 and /4 X* = /4 X. Evidently z ¢ X* and
thus x is m-accessible in A.

(iii) Let = be m-accessible in L via u[L]. Then there exists m-directed X C u[L]
such that z = V X ¢ X. Let Y C X with |[Y| < m. Then there exists w € X
such that for each y € Y, y < w. Hence VyrY < w and w < Vp X = z yielding

Vur Y <  as required.
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(iv) Let m be regular. As (iii) holds for cardinal m we show that z weak m-
accessible in L via u[L] implies  m-accessible in L via u[L]. There exists X C u[L]

such that z =V X and for each Y C X with |Y| <m, VY < z. Define

X*={\VY; YCXand|Y]|<m}.
u[L]

Then X* is evidently m-directed and \/;, X* < z. However we then have:

z=\V/X=\{VY;YCXand |Y|<m}<\/X" <z
L L L L

and so \; X* = z. Evidently z ¢ X* and thus z is m-accessible in L via u[L].

THEOREM 2.16.

Let L be a complete lattice and uw : L — L a closure operator. The following

conditions are equivalent:

i. u preserves m-compactness.
. For each x € L, x m-compact in L implies z m-compact in u[L].
wui. For each z € L, C(m,z,L) C C(m,z,u[L]).
w. For eachx € L, x weak m-accessible in L implies that C(m,u(z),L) C
C(m,u(z),u[L]).
v. For each x € L, x weak m-accessible in u[L] implies that C(m,z, L) C

C(m,z,u[L]).

PROOF

(i) & (ii): Follows directly from Lemma 2.6.
(i) = (ii): Let y € C(m,z,L). Then y < z and y is m-compact in L. Hence

u(y) is m-compact in u[L] and by Lemma 2.6, y is m-compact in u[L] and so y €
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C(m,z,u[L]).

(ii) = (iv): Evident.

(iv) = (v): Let z be weak m-accessible in u[L]. Then 2 = Vj X where X C u([L]
and for each Y C X with [Y]| < m, V,;; Y < z. Consider w =V X. Let Y C X
with |Y| < m. Then V.Y < w. TV, Y = w then u(w) = VY = Vyy X = 2
which contradicts the choice of X. Hence \/; Y < w and so w is weak m-accessible
in L. By (iv) we have C(m,u(w), L) C C(m,u(w),u[L]) and as u(w) = = we have
proved (v).

(v) = (i): Let  be m-compact in L. Suppose u(z) < V,rj X where X C u[L].
We show that for some Y C X with [Y]| < m, u(z) < VY. Suppose that this
is not so. Then V) X is weak m-accessible in u[L]. Hence C(m,V,p;X,L) C
C(m,Vyry X,u[L]) and so z < u(z) < V) X we see that z is m-compact in u[L]

and so by Lemma 2.6, u(z) is m-compact in u[L)].

THEOREM 2.17.

Let L be a complete lattice, uw : L — L a closure operator and m an infinite

cardinal.
i. If u preserves m-compactness then for every r € L, = weak m-
accessible in L via u[L] we have C(m,z,L) = C(m,u(z), L).
i. If m is regular and for every x € L,  weak m-accessible in L via u[L)]
we have C(m, z, L) = C(m,u(z), L), then u preserves m-compactness.
PROOQF

(i) Evidently C(m, z, L) C C(m,u(z), L). For the converse let y € C(m, u(z), L).
Then y is m-compact in L and y < u(z) where for some X C u[L], z = \/; X and for

each Y C X with |Y| < m we have V,;; Y < z. Thus u(y) < u(z) = V) X and as
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u(y) is m-compact in u[L] there exists Y’ C X with |Y| < m such that u(y) <V, Y.
But then y < u(y) < z and so y € C(m,z, L) as required.

(ii) Let = be m-compact in L and suppose u(z) < Vi) X where X C u[L]. Define

X ={VY; Y CXand|Y| < m}.
u[L]

Then for each Y C X with |Y| < m we have

VY<VF

u[L]

Case 1: There exists Y C X with |Y| < m such that Vur Y =V X*. Then

VX<VX =\ Y

L L u[L]

and thus

w(V X) <u(V X7) =u(\ V),

L L u[L]

and hence,

VX < \/X*—\/YS V X.

u[L] (] u[L] u[L]
Thus u(z) < Vg Y.
Case 2: For each Y C X with [Y| < m we have V, ;Y <V X*. Then V, X* is
weak m-accessible in L via u[L]: As X* C u[L] we need to show that for Z C X*,
|Z] < m, Vyry Z < Vp X*. But for any w € Z, there exists Y, C X, |Y,| < m such
that w = V) Yo. Thus

VZ= VHﬂ@wem_VﬂjY

u[L) u[L] wu[L] ] wez
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Now Uyez Yo € X and as m is regular, |Uyez Y| < m. Thus Vyr Z € X* and
s0 Vy Z < Vi X* by the assumption leading Case 2. So VX~ is indeed weak
m-accessible in L via u[L]. Thus C(m,V X*,L) = C(m,u(\/; X*),L). Further

wly X)=V X =V X

u[L] u[L)]
As z is m-compact in L and

z < u(z)

IN
<
e
[
E
<
g

we conclude that z < \/;, X*. Then the m-compactness of z implies the existence

of Z C X* with |Z| < m such that z < \/;, Z. Further for each w € Z there exists

Y, € X with |Y,| < m such that w = Vuiz) Y. Hence
:vS\/Zz\/{VYw; w € Z}
L L L)

and so

w@) < VIV Y we 2} =V (U V).

u[L] [L] u[L] weZ

As [Uyez Yu| < m by the regularity of m we have shown in either case that u(z) is

m-compact in u[L].

REMARK 2.18.

Lemma 2.15 and Theorem 2.16 yield that for the case where m is regular, Theorem
2.16 reduces to 2.7.3 parts (i) to (v). Considering parts (iii) and (iv) of Lemma 2.15
in the case of m regular Theorem 2.17 reduces to the equivalence of parts (i) and
(vi) of 2.7.3. This of course yields a proof of Theorem 2.17 part (ii) but the given
proof eliminates the use of the concept of weak m-compactness and so makes this

chapter somewhat more self-contained. The proof given for Theorem 2.17 part(ii)



Chapter 2 56 -

seems to rely on the regularity of m. At this stage it is not known whether or not
the regularity of m may be dropped as a condition of Theorem 2.17 part(ii).

We now turn to the analogues of 2.7.4 and 2.7.5.

THEOREM 2.19.

Let L be a complete lattice such that 1y ts not weak m-accessible andy € L. Then
y ts m-compact in L if and only if for any closure operator u : L — L, whenever

y < z where z =V X and for each Y C X, |Y]| < m, VyulY] < Vpu[X], then

u(y) < Vg u[X].
PROOF

(=:) If y is m-compact then y < z implies there exists Y C X, |Y| < m such
that y <V, Y. Thus

u(y) <V ulY] < \L/u[X]

u[L]
as required.
(<=:) Conversely, suppose y is not m-compact in L. Then there exists z € L such
that y < z where z = \/; X but for no ¥ C X with [Y| < m do we have y < /. Y.

Thus for each Y C X with |Y| < m we have /Y < V; X and thus z is weak

m-accessible in L. Hence z < 1;. Define.w : L — L by setting for each z € L:

u(z) = z, ifz<V Y forsomeY CX,|Y|<m
]| 1z, otherwise

Then u is a closure operator (see Diagram 2.4). Also for each Y C X, |[V| < m

u(\L/Y) =\ uY]=\Y

u[L]
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and thus

DIAGRAM 24.

REMARK 2.20.

By Lemma, 2.15(iii), Theorem 2.17(i) implies the following result:

Let m be a singular cardinal and v : L — L a closure operator. If u preserves the
m-compaciness of L, then for allz € L, x m-accessible in L via u[L] = C(m,z,L) =
C(m,u(z),L).

The following theorem is the analogue of 2.7.5.

THEOREM 2.21.

Let L be a complete lattice and m an infinite cardinal. If every closure operator
u: L — L preserves m-compactness then for every z,y € L, z < y and = weak

m-accessible in L we have C(m,z,L) = C(m,y,L). Further, if m is reqular the

converse holds.
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PROOF

(=:) Let m be any infinite cardinal. Suppose to the contrary that there exist
z,y € L, z <y, z weak m-accessible in L and C(m,z,L) C C(m,y,L). Then there
exists X C L such that z =\ X and foreach Y C X, |Y| <m, V; Y < z. Define
u: L — L by setting for each z € L:

u(z):{z’ ifz<z

zVy, otherwise

Then u : L — L is readily seen to be a closure operator on L. Further X C u[L] and
for each Y C X with |Y| < m we have u(V,Y) =V, Y ie. VL Y =V, Y. Conse-
quently z is weak m-accessible in L via u[L]. However u(z) = y and C(m,z,L) C
C(m,u(z),L). By Theorem 2.17(i), u does not preserve m-compactness. This con-

tradicts the stated condition on L.

(<:) Suppose now that m is regular. We show the converse using Theorem
2.17(ii). Let u : L — L be any closure operator, and let z be weak m-accessible
in L via u[L]. Then z is evidently weak m-accessible in L. As z < u(z) we have

C(m,z,L) = C(m,u(z),L). Consequently u preserves m-compactness.

LEMMA 2.22.

Let w : L — L be an m-compact preserving closure operator. Then u is m-
algebraic if and only if for every ¢ € L, if x is m-accessible in L via u[L] and

z < u(z) then C(m,z,L) C C(m,u(z),L).

PROOF

(=:) Suppose u is m-algebraic. Let z be m-accessible in L via u[L]. Then

z = u(z) and the result holds trivially.

(<=:) To show that u is m-algebraic, let X C u[L], X m-directed. By Lemma
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1.11(3i) we need to show Vy X = u(Vy X). If V, X € X there is nothing to prove.
Hence assume VX ¢ X. It follows that z = \/;, X is m-accessible in L via u[L] and
by Lemma 2.15(ii1) z is weak m-accessible in L via u[L]. If z < u(z) then we have
C(m,z,L) C C(m,u(z),L). However this contradicts Theorem 2.17(i). So z = u(z)

as required.

THEOREM 2.23.

Let m be an infinite cardinal and L a complete lattice. The following conditions

are equivalent:

i. Every closure operator w : L — L which is m-compact preserving is

also m-algebraic.

it. For everyz,y € L, x m-accessible in L and z < y we have C(m,z,L) C

C(m,y,L).

PROOF

Assume (i) holds but (ii) is false. Then there exist z,y € L, z m-accessible in
L and z < y with C(m,z,L) = C(m,y,L). Define u : L — L by setting for each
z € L:

u(z) = 2 fz<z
| 2Vy, otherwise

Then u is a closure operator. We show that u is an m-compact preserving operator:
First we show that if ¥ C u[L] with VY # z then VY = V, ;Y. For suppose
V.Y < z. Then

VY =u\/v)= VY

L L u[L]

Otherwise \/1 Y £ z. Consequently z is not an upper bound of Y and so there exists
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z €Y with z £ z. As
ulL] = ((#le\{e}) U [y)L

it follows that y < z <V, Y. So

VY =uVY)=(VY)vy=\Y

u[L] L L L

Now let ¢ € Cp,(L), Z C u[L] such that u(c) < V,;; Z. We show that there exists

T C Z, |T| < m such that u(c) < VypyT. ¥V Z # z then V, Z = V) Z and so

c<ule)<\V 2=\ 2

u[L] L

As ¢ € Cp(L) there exists T C Z with |T'| < m such that ¢ < \/; T. Consequently
u(c) < VuryT- The other possibility is that VV, Z = z. Then u(z) = Vyp Z = y.
Since ¢ < u(c) <y and C(m,z,L) = C(m,y, L) we have ¢ < z = \/; Z. Thus there
exists ' C Z, |T| < m such that ¢ <V T. Hence u(c) < Vg T-

Further u is not m-algebraic as there exists m-directed X C L such that z =

Vi X ¢ X. But u(z) = y # z. By definition of u, X C u[L] and so

VX #uYVX) =V x

u[L]

So u is an m-compact preserving closure operator which is not m-algebraic. This

contradiction shows (i) only if (ii).

Assume now that (ii) holds. Let u : L — L be an m-compact preserving closure
operator. Let X C u[L] be m-directed. By Lemma 1.11(i), we need to show z =
Ve X = u(Vy X). If z € X this is trivial. Suppose z ¢ X. Then z is m-accessible
in L (via u[L]) and hence weak m-accessible in L via u[L] by Lemma 2.15(iii). If
z < u(z) then C(m,z,L) C C(m,u(z),L). But u is m-compact preserving and so

this contradicts Theorem 2.17(i). Consequently we must have z = u(z) as required.
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REMARK 2.24.

We now turn to the study of the set C(m,z,L).

LEMMA 2.25.

Let L be a complete lattice, m an infinite cardinal and x € L. Then:
i. C(m,z,L) is cf(m)-directed.

it. Let m be reqular and x be m-inaccessible in L. Then x is m-compact

if and only if z = \/[ C(m,z,L).

PROOF

(i) Let Y C C(m,z,L), |Y]| < cf(m). We show /Y € C(m,z,L) also. So
suppose /Y <V X where X C L. Then for each y € Y there exists X, C X with
| X,| < m such that y <V X,. Consequently

VY < VIV X yeY}=V(U X,)
L L L

L yeY

Further |U,cy Xy| < m as required.
(ii) If z is m-compact then z € C(m,z,L) and so z = \V; C(m, z, L). Conversely,
suppose z = V[ C(m,z,L). As m is regular C(m,z,L) is m-directed. As z is

m-inaccessible, we must have z € C(m,z,L), i.e. z is m-compact in L.

DEFINITION 2.26.

Let L be a complete lattice. Then L is an m-algebraic lattice if for every = € L,

T = VL C’(m, z, L)
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COROLLARY 2.27.

Let L be an m-algebraic lattice.

i. Every m-compact preserving closure operator is m-algebraic.

it. If m is reqular, every m-algebraic closure operator is m-compact pre-

serving.

PROOF

(i) follows from Theorem 2.23 as = < y implies \/; C(m,z,L) < \/; C(m,y, L)
and consequently C(m,z,L) C C(m,y,L).
(i1) This holds generally by Theorem 2.8.

DEFINITION 2.28.

Let u : L — L be a closure operator on a complete lattice L. Then u reflects
m-compactness if for each ¢ € u[L], z m-compact in u[L], there exists y € Cp(L)

such that u(y) = z.

THEOREM 2.29.

Let L be a complete lattice, m an infinite cardinal and v : L — L a clo-
sure operator. If u reflects m-compactness then for each x € u[L] N Cp(u[L]),

z =u(VyC(m,z,L)). If m is regular the converse holds.

PROOF

Suppose u reflects m-compactness. As z € Cp,(u[L]) C u[C,,(L)] there exists
z € Cn(L) such that u(z) = z. But 2 < z and so z < \/;C(m,z,L) < z. Thus

z =u(\Vy C(m,z,L)) as required.
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Suppose now that m is regular. We show the converse. Let z € u[L], = €
Cm(u[L]). Then
z = u(\/ Clm,z, L)) = \/ u[C(m,z, L))

L u[L)]

As z € Crn(u[L]) there exists Y C u[C(m, z, L)] such that [Y]| <m and z <V, Y.
For each y € Y there exists z, € C(m,z, L) such that y = u(z,). Further [{z,; y €
Y} < |Y] < m and as m is regular C(m, z, L) is m-directed which implies that there

exists z € C(m,z, L) such that for each y € Y, y < z, < z. Thus

)= < VY <V fulah v €Y} S u(o) < uGa)

Consequently z = u(z) as required.

THEOREM 2.30.

Let m,n be infinite cardinals where m < n and n is regular. Then every closure

operator v : L — L, where L is an m-algebraic lattice, reflects n-compactness.

PROOF

For any z € u[L], z = V[ C(m,z,L). Further C(m,z,L) C C(n,z,L) C (z]z.
Thus z =V C(n,z,L). Consequently z = u(z) = u(\V; C(n,z,L)). As n is regular,
Theorem 2.29 yields the result.

THEOREM 2.31.

Let m be a regular infinite cardinal and L a complete lattice. The following

conditions are equivalent:

t. L is an m-algebraic lattice.

. Every closure operator is m-compact reflecting.
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iii. Every m-compact preserving closure operator is m-compact reflecting.

iv. Every m-algebraic closure operator is m-compact reflecting.

PROOF

1) = (ii) Follows from Theorem 2.30.

iii) = (iv) Follows from Corollary 2.27(i)

(
(i1) = (iii) Trivial.
(
(

iv) = (i) Analogous to the proof of Theorem 1.54.
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CHAPTER 3

In Chapter 1 the significance of weak m-algebraic lattices in the study of clo-
sure operators is shown. Weak m-algebraic lattices may be characterised as those
lattices for which every closure operator is weak m-compact reflecting. On a weak m-
algebraic lattice the concepts of m-algebraic closure operator and weak m-compact
preserving closure operator coincide. This does not however characterise weak m-
algebraic lattices. This chapter explores weak m-Tulipani closure operators. It
is shown that these operators are weak m-compact preserving and that weak m-
algebraic lattices are precisely those complete lattices on which the weak m-Tulipani

and m-algebraic closure operators coincide.

THEOREM 3.1.

Let L be a weak m-algebraic lattice and w : L — L a closure operator. The

following conditions are equivalent:
1. u is m-algebraic.
. u is weak m-compact preserving.

ut. For each z € L, W(m,Vpu[W(m,z,L)],L) = W(m,u(z),L).

PROOF

The equivalence of (i) and (ii) is Corollary 1.48. Thus assume u is m-algebraic
(and so also weak m-compact preserving). As L is weak m-algebraic, z = Ve W(m,z, L)
and so u(z) = Vpu[W(m,z,L)]. (This follows as W(m,z, L) is m-directed by
Lemma 1.45.) Consequently W(m,u(z),L) = W(m,V, u[W(m,z,L)],L) as re-
quired.

Conversely, suppose (iii) holds. We show that u is weak m-compact preserving.
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Let w € W, (L) and suppose u(w) < V,pz; X where X C u[L] and X is m-directed.

Now V73 X = u(Vg X) and so

w < u(w) < u(\/ X).

L

Thus by (iii) we have w € W(m, V u[W(m,V X, L)],L). Hencew < \/p u[W(m,V X, L)]
and so as w is weak m-compact, w < u(z) where z <V X, z € W, (L). Conse-

quently for some z € X, z < z. It follows that

u(w) < u(u(2)) = u(z) < u(z) =z,

and so it has been shown that u is weak m-compact preserving.
DEFINITION 3.2.

Let L be a complete lattice and u : L — L a closure operator. Then u is a
weak m-Tulipani closure operator if for each z € L, W(m,\/ u[W(m,z,L)],L) =
W(m, u(z), L).

LEMMA 3.3.

Let L be a complete lattice and w : L — L a closure operator. The following

conditions are equivalent:

1. u is weak m-Tulipani.

. For every z € W,,(L), and for every y € L, if = < u(y) then there
ezists z € W(m,y, L) such that z < u(z).

PROOF

(i) = (ii): Let = € Wp(L) and y € L such that z < u(y). Then z <
Vi u[W(m,y,L)]. Consequently, there exists z € W(m,y, L) such that z < u(z)
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as required.
(i) = (i): Evidently W(m,Vu[W(m,z,L)],L) € W(m,u(z),L). Conversely,
let y € W(m,u(z),L). Then y < u(z). Hence there exists = € W(m, z, L) such that

<\/ W(m,z,L)]

Hence y € W(m,\/p u[W(m,z,L)],L).

REMARK 34.

Theorem 3.1 has a converse which completes the discussion of the example in

Remark 1.49. We show later in this chapter that the following result holds:

Let L be a complete lattice and m an infintte cardinal. Then L is a weak m-
algebraic lattice if and only if for each closure operator u : L — L the following
conditions are equivalent:

i. u s m-algebraic.
. u is weak m-compact preserving.

i1, u is weak m-Tulipani.

In order to present this proof we first analyse weak m-Tulipani operators a little

further.

THEOREM 3.5.

Let L be a complete lattice and w : L — L a weak m-Tulipani closure operator.

Then u : L — L preserves weak m-compactness.
PROOF

This follows the same proof as given for Theorem 3.1, (iii) = (1). (Notice that

the weak m-algebraicity of lattice L is not used in this part of the proof.)
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REMARK 3.6.

Theorem 3.5 shows that weak m-Tulipani closure operators, just like m-algebraic
closure operators, preserve weak m-compactness. In fact an m-algebraic closure
operator preserves weak n-compactness for m < n. (Theorem 1.31). We now show
that this aspect of m-algebraic closure operators is quite different in the case of weak

m-Tulipani closure operators.
EXAMPLE 3.7.

Let o > 1 be an ordinal number such that w, is regular. Let [-2,-1] be the interval
in the set of all real numbers ordered as usual and let @ ¢ w, U [~2,—1]. Consider

the diagram below: -1

‘W°<-[O}

0

DIAGRAM 3.1.

Define u : L — L as follows

u(:z:):{ -1, ifzr € [-2,-1]

z, otherwise
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Then L is a complete lattice and u is a closure operator on L. Now, z € L is w-

compact in L iff z € w, and either z = 0 or y —< z for some y € w,. Also a is

wi-compact in L.

From the characterisation of w-compact elements in L and from the definition of u,

it follows that u is weak w-Tulipani. It is easily verified that:
u[L] = w, U{a,1.}.

Since wyq is regular, a = u(a) must be weg-compact in u[L], but it is not m-compact
for any cardinal m < w,. We have supposed that > 1 and hence w; < wyg; which

shows that u does not preserve weak w;-compactness.

EXAMPLE 3.8.

In this example it shall be shown that there exists closure operator u : L — L such
that u is w-compact preserving but  is neither w-algebraic nor an weak w- Tulipani

type one. Consider the lattice (L, <) represented in Diagram 3.2 that follows.

e

DIAGRAM 3.2
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The intervals [0, z], [0,y], [y,2] are isomorphic to the naturally ordered interval
[0,1]; if —< is the relation of covering in L, then 0 < ¢—< 17,z <y, z —< 1. For

all s € L let u be defined as follows:

s, otherwise

y, ifs=z
u(s) =< 1, if s € (y, 2]

Obviously, u is a closure operator on the complete lattice L.

(u[L],<) is described by Diagram 3.3 which follows hereafter.

e

DIAGRAM 3.3

Moreover, C,(L) = {0,¢,11} = C,(u[L]). Therefore, u is w-compact preserving.

But, u is not w-algebraic since [0, z) is w-directed and

\/[O,:r) =r—<y= \/[O,x).

L u[L]

u is also not weak w-Tulipani since ¢ < 11 = u(z), and C,(z) = {0}, ¢ £ u(0) = 0.
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REMARK 3.9.

We turn to the characterisation of lattices on which every closure operator is weak

m-Tulipani and also of lattices where weak m-Tulipani and m-algebraic operators

coincide.

THEOREM 3.10.

Let L be a complete lattice and m an infinite cardinal. The following conditions

are equivalent:

i. Every closure operator u : L — L is weak m-Tulipan;.
i. For everyz,y € L, z € W,,(L) and y ¢ W,,,(L), we have z < y.

. L = (Vp Win(L)]p U [V Wi(L))r and (Vg Wa (L)N{V Wi (L)} C
Wi (L).

PROOF

(i) = (ii): Suppose (ii) does not hold. Then there exist z,y € L, z € W,,(L),
y € Wi (L) with ¢ £ y. Define u : L — L by setting for each z € L:

)z, ifz<y
u() _{ 17, otherwise

Then u is evidently a closure operator. Further, if z € W(m,y, L) then z < y and
so u(z) = z. Hence W(m,Vu[W(m,y,L)],L) = W(m,y,L) and z ¢ W(m,y, L).
However as u(y) = 1 we have £ € W(m,u(y),L). It follows that u is not weak
m-Tulipani.

(ii) = (i): Let u : L — L be a closure operator. Suppose y € W(m,u(z),L).
Then y < u(z). If z ¢ W,,(L) then we must have y < z and so y € W(m,z, L)
which implies y € W(m,Vu[W(m,z,L)],L) as required. If z € W (L) then z is
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the greatest element of W(m,z, L), and u(z) = Vypu[W(m,z,L)]. Again we have
W (m,Vy,u[W(m,z,L)],L) = W(m,u(z), L) as required.

(i) < (iii): Suppose (ii) holds. If z € L then either z € W,,(L) or z ¢ W,,(L).
In the former case z < \/; W,,(L). In the latter case we have for each y € W, (L),
y < and so Vy W (L) < 2. Thus L = (V, Win(L)]p U [V Wi (L))5. Now let
y < VpWn(L). If y ¢ Wp(L) then by (ii) we conclude \/; W, (L) < y which is
impossible. Hence y € W,,,(L).

Conversely suppose (iii) holds. Take z,y € L with z € W,,(L) and y € W,,(L).
Then z <V W, (L) and also y > \/; W,.(L). So z < y as required.

THEOREM 3.11.

Let L be a complete lattice and m an infinite cardinal. Then the following condi-

tions are equivalent:
i. Every m-algebraic closure operator is weak m- Tulipani.
u. For everyz € L, VL, W(m,z,L) < z implies W(m,z,L) = W,,(L).
ut. For everyz,y € L, \/\y W(m,z,L) <z, y € W,,(L) implies y < z.

w. The complete lattice (\/, Wi (L)L is a weak m-algebraic lattice, and
L= (Ve Wan(L)L U Vg Wn(L))e.

PROOF

(i) = (ii): Suppose (ii) does not hold. Then there exists z € L, \/;, W(m,z, L) <
z, but W(m,z,L) C W(L) = W(m,1;,L). Define u : L — L by setting for each
z€ L:
u(z) = { z, ifz<V,W(m,z, L)

17, otherwise

Then u is evidently an m-algebraic closure operator on L. However, if y € W(m,z,L)
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then u(y) = y and so Vy, ulW(m,z,L)] = Vi, W(m,z,L). Further W(m,u(z), L) =
W(m,11,L). As W(m,Vy W(m,z,L),L) = W(m,z,L) C W(m,1p, L) it follows
that u is not weak m-Tulipani. This contradicts (i).

(i) = (i): Suppose that (ii) holds and that u : L — L is an m-algebraic clo-
sure operator. Let ¢ € L. If Vy W(m,z,L) < z then, by (ii), W(m,z,L) =
Wi (L). Consequently, if y € W(m,u(z),L) then y € W,,(L) = W(m,z,L).
Hence y € W(m,Vpu[W(m,z,L)],L), as required. The only other possibility is
that \/ W(m,z,L) = z. Then

u(z \/Wm:cL =\L/u (m,z,L)],

as u is m-algebraic. Hence u is weak m-Tulipani.

(i1) < (ii1): This is obvious.

(i) = (iv): Let z € (Vp Wn(L)]z. Then z < VW, (L). If Vy W(m,z,L) <
z then by (ii) W(m,z,L) = W,,(L). Hence VW, (L) < z! This shows z =
Vi W(m,z,L) and hence (V, W,,(L)] is a weak m-algebraic lattice. Further take
z € L. Then either z =\, W(m,z,L) or Vy W(m,z,L) < z. In the former case
z < Vg Wn(L). In the latter case, condition (ii) yields W(m,z,L) = W,,(L). Hence
Ve Wn(L) <z. So L = (Vy Wn(L)]z U [V Wi (L))

(iv) = (ii): Let = € L such that \/; W(m,z,L) < z. Then z £ \; W(L) by
(iv). Thus Vi Wi (L) < = and so W(m,z,L) = W,,(L).

THEOREM 3.12.

Let L be a complete lattice such that 1;, is m-inaccessible in L and m an infinite

cardinal. Then the following conditions are equivalent:

. L is weak m-algebraic.

u. For every closure operator u: L — L, u is m-algebraic if and only if

u s weak m-Tulipani.
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PROOF

(i) = (ii): This follows from Theorem 3.1.

(ii) = (i): Suppose (ii) holds. By Theorem 3.11(iv), letting a = VW (L) we
have L = (a]U [a) and (q] is a weak m-algebraic lattice. We show a = 17. For
suppose to the contrary that a < 1.

Claim: For each z € [a), ¢ is m-inaccessible in L.

Proof of the claim: Suppose to the contrary that such z is m-accessible in L.

Then z < 1. Define u : L — L by setting for each z € L,

u(z):{z’ fz<z

15, otherwise

Evidently u is a closure operator on L which is not m-algebraic. However u is weak
m-Tulipani: Let y € L. If y < z then u(y) = y and also u[W(m,y, L)] = W(m,y, L).
Since W(m,y, L) = W(m,V W(m,y, L), L) it follows that

W(m’ u(y)v L) = W(m7 Y u[W(ma Y, L)]v L)'

The other possibility is that y £ z. Now y < a implies y < @ < z. Hence we
conclude a < y, i.e. W(m,y,L) = Wy,(L). So

a=\/Wn(L)=\ W(m,y,L) <\/u[W(m,y,L)]
L L 3

and so W(m,Vpu[W(m,y,L)],L) = W,,(L). Also as y £ z we have u(y) = 1
and so W(m,u(y),L) = Wn(L) also. Hence u is indeed weak m-Tulipani. This
contradicts (ii) and so no such z exists. The claim is proved.

Now suppose that [a) = {a,1r} Then 11 is weak w-compact and hence weak
m-compact in L. But this contradicts @ < 1;. So there exists z € L witha < z < 1;.
As a < z we conclude that z ¢ W,,(L), and there exists X C L, X m-directed such

that £ < Vp X but foreach y € X, z £ y. Consequently X has no maximum element
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and so V| X is m-accessible in L. But \V; X € [a) contrary to the claim. This shows
that a < 1, is false and so a = 1. But (a]; is a weak m-algebraic lattice, hence L

is a weak m-algebraic lattice.

COROLLARY 3.13.

Let L be a complete lattice and m an infinite cardinal. Then L is a weak m-
algebraic lattice if and only if for each closure operator u : L — L the following

conditions are equivalent:

. u is m-algebraic.
it. u is weak m-compact preserving.

11 u is weak m-Tulipani.

PROOF

This follows from Theorem 3.1 and Theorem 3.12.

REMARK 3.14.

In a similar way to the approach of Chapter 2, we can consider the situation
of compact elements rather than weak compact elements in the context of Tulipani
operators. Below we give the relevant definition and results without proof as the

proofs are analogous to those given here.

DEFINITION 3.15.

Let L be a complete lattice and v : L — L a closure operator. Then u is an

m-Tulipani closure operator if for each z € L,

C(m,Yu[C(m,x, L),L) = C(m,u(z),L).
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LEMMA 3.16.

Let L be a complete lattice and v : L — L a closure operator. Then the following

conditions are equivalent:
i. u 18 m-Tulipani.
i. For every x € Cp(L) and for every y € L, if < u(y) then there

ezists z € C(m,y, L) such that z < u(z).

THEOREM 3.17.

Let L be a complete lattice and v : L — L an m-Tulipan: closure operator. Then

u preserves m-compactness.

THEOREM 3.18.

Let L be a complete lattice and m an infinite cardinal. The following conditions

are equivalent:

i. Every closure operator u : L — L is m-Tulipani.
u. For everyz,y €L, z € Crh(L) and y & C,(L), we have z < y.

wi. L= (Vg Cn(L)]LU[VL Cn(L))r and (Vi Coo(L)\{VL Cm(L)} € Cr(L).

THEOREM 3.19.

Let L be a complete lattice and m an infinite cardinal. Then the following condi-

tions are equivalent:
i. Every m-algebraic closure operator is m- Tulipans.
u. For everyz € L, \/; C(m,z,L) < z implies C(m,z,L) = Cm(L).

ui. For everyz,y € L,V C(m,z,L) < z, y € Cr(L) implies y < .
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w. The complete lattice (V Cr(L)]L is m-algebraic, and L = (\/;, Cpn(L)]LU
Ve Con(L))r-

THEOREM 3.20.

Let L be a complete lattice such that 11 is m-inaccessible in L and m a regular
infinite cardinal. Then the following conditions are equivalent:
i. L is an m-algebraic lattice.

i. For every closure operator w: L — L, u is m-algebraic if and only if

u s m-Tulipani.
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CHAPTER 4

For a non-empty set M and a closure system S, E(M) denotes the complete
lattice of all equivalences on M. To every closure system S on exp M there cor-
responds a closure system e(S) on E(M). If S is m-algebraic so is e(S). Closure
systems of the form e(S) are characterised, and a recursive construction of the closure
operator corresponding to e(S) is given. Conditions on S which are necessary and
sufficient for e(S) to be a subcomplete lattice of £(M) are presented. For regular m
the m-compact elements of e(S), where S is m-algebraic, are characterised in some

situations. In fact this is done in a more general setting.

DEFINITION 4.1.

For a nonempty set M recall that we denote by E(M) the set of all equivalence
relations on M. Given closure system S on exp M, we shall call e(S) the set of all

equivalences on a set M, whose equivalence classes are S-closed subsets of M:

e(S)={oc€ E(M); M/oc C S}.

THEOREM 4.2.

Let S be any closure system on a nonempty set M. Then e(S) is a closure system

on E(M). If S is an m-algebraic closure system, then so is e(S).

PROOQF

Since M € S, we have M? = Agu) 0 € e(S). Take § # T C ¢(S) and let o = NX.

Let X € M/o. For any z € X, we have

X = gle = ﬂ @7

TEL

78
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Now, for all 7 € ¥, we have /7 € S. Hence X € § also, and so o € e(S).
Suppose further that S is m-algebraic. Take § # ¥ C ¢(S) such that (¥,C) is
m-directed. Let 0 = UX. Then o € E(M). Take X € M/o. Then

X=zlo= ] z/r.

TEL

However, (2, C) is m-directed and so ({z/7;7 € X}, C) is also m-directed. Hence

X € S, and so o € ¢(S).

PROPOSITION 4.3.

Let m be any infinite cardinal. Then there exists a set M and a closure system

S on exp M such that e(S) is m-algebraic, but S is not m-algebraic.

PROOF

Using Lemma 1.9(ii) we only need to prove this for m regular. Let
S={X Cm®1;X is hereditary }\ {m}.

Then S is a closure system on exp m @ 1 since the intersection of hereditary sets is
always hereditary and if X € S and m C X then X = m @ 1, and hence m cannot
be an intersection of sets from S. Let T'=m C S. Since m is regular, T must be m-
directed. However UT' = m ¢ S. Thus S is not m-algebraic, but ¢(S) = {(m & 1)?}

is m-algebraic.

DEFINITION 4.4.

Let ¥ C E(M). We say that ¥ is closed under reconstruction iff ¥ satisfies the
following property: If o € E(M) such that for every X € M/o there exists 7 € ¥
with X € M/7, then o € ¥ also.

The following proposition characterises closure systems of the form e(S).
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PROPOSITION 4.5.

Let T C E(M). Then T is a closure system on E(M), closed under reconstruc-

tion iff there exists a closure system S on exp M such that T = e(S).

PROOF

(=:) Define S = {X € exp M; thereexists 7 € T and X € M/r} U {0}. Tt is
easily verified that S is a closure system on exp M. We show that 7 = ¢(.S): Firstly,
let 7 € 7. By definition of S, we have that X € S for every X € M/7, and hence
7 € e(S). Secondly, let o € e(S). Then for every X € M/o there exists 7 € T with
X € M/7. Hence by closure under reconstruction, we have o € 7.

(«:) The converse of the proposition follows from the definitions.

REMARK 4.6.

We now present a construction of the closure operator u. on E(M) corresponding

to the closure system e(.5).

Fix o0 € E(M). We define a sequence by recursion on the elements of the ordinal
|M|*, as follows: Set fy(o) = 0. Take 0 # ( € |M|*, and suppose that for all 7 with
n < (€ |M[|*, an equivalence f,(0) € E(M) has been defined such that 7, < 7y < ¢
implies f,,(¢) C f,,(c). Then:

If ¢ is a limit ordinal, define
fee) = U fulo).
n<{
If(=¢@ 1, define
fe(o) = U{u(X1)? o .. ow(X0)% Xiyeory X € M/ fe(0)},
n=1

where u is the closure operator on exp M corresponding to the closure system S.
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OBSERVATION (1):

For all ( € |M|*, we have f¢(0) € E(M), and also for all (; < {; € |M|*, we

have o C f,(0) € fu(0) C uel0).
OBSERVATION (2):

Suppose there exists ( € |M|* such that fc(o) € e(S). Then for alln € |M|*,
with { < n we have f¢(o) = f,(0).

PROOF

We proceed by induction. Take n € |M|*, and suppose that for all £ € |M|*
with ( < ¢ < n we have f;(0) = fe(o). If p is a limit ordinal then

falo)=U fe(o)= U fe(o) = fe(0).

£€<n (<€<n

On the other hand, if n = p @ 1 then f,(¢) = f¢(o) € e(S) and thus for any
X € M/f,(0) we have X = u(X). Thus

f(0) = ULX% X € MI£,(0)} = £,(0) = f(o).

n=1

OBSERVATION (3):

For any ¢ € |M|* we have: f¢(0) = ficor)(o) & for everyn € |M|* with ( <7q
we have f,(0) = fe(o) = ue(o).

PROOF

Suppose X € M/fc(c). Then X € M/feen(0) as fe(0) = feen(0). But, by
definition of fegi(o), we have that there exists Y € M/ feg1(0) such that X C
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u(X) C Y. Hence, X =Y, and thus X = u(X). Hence, f¢(co) € e(S), and so by
Observation (2), we see that for allp € |M|* with { <n, wehave f,(0) = f¢(c). Now
by Observation (1), o C fe(o) C ue(o). But fi(o) € e(S) implies that u.(o) C f¢(0).

Hence the result. The converse follows trivially.
OBSERVATION (4):

There exists ( € |M|* such that fe(o) = fieany(o). If M is finite, then we can
choose ( < |M[o| < |M]|.

PROOF

Firstly, suppose M is infinite. Take X € M/o and let z € X. For all { € |M|*
define X, = z/f;(c). Then Cx = ({X¢; ¢ € |[M|t};C) is a chain. Suppose Cyx
has no greatest element. By Zorn’s Lemma, choose I' C |M|* to be maximal with

respect to the following property:
((,n €T and { < ) implies X, C X,,.
Thus T is cofinal with |M|* and hence [I'| = |M|*. But then,

M| > [U X 210 = [M[*,

¢er

which is clearly impossible. Hence Cx has a greatest element and thus for every
X € M/o there exists ((X) € |M|* such that for all n € |M|* with ((X) <7n, we
have X, = X(x). Now let ¢ = sup {¢(X); X € M/o}. Since |M[* is regular, we
have that ( € |M|*, and by definition of {, we have that fe(o) = fegi(0).
Secondly, suppose that M is finite. Let m = |M/o| and suppose that o C fi(o) C
... C fm-1(0). Thus we have that [M/fi(c)] < m — 1, |[M/f:(c)] < m — 2, etc.
Especially, |[M/fm_1(c)] <m—(m—1) =1, that is f,,_1(c) = M? € ¢(S). Hence,
by Observation (2) fm-1(0) = fu(0).
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REMARK 4.7.

By Observation (4) we can introduce the following ordinal:

¢(S,0) = min{¢ € |M["; fe(0) = fear(0)}-
By Observations (1) , (3) and (4) we have immediately that {(S,0) is the smallest
index ( such that f;(0) = u(c). Further for M infinite we have that ((S,0) < |M|*,
and for M finite we have that {(S,0) < |[M/o| < |M|. A natural question arises:

Are the upperbounds on ((S,0) given here, the best possible? The answer is “yes”,

and in fact something stronger may be proved.

PROPOSITION 4.8.

Let M be any infinite set, and let £ be any ordinal with ¢ < |M|*. Then there
ezists a closure system S on exp M and o € E(M) such that {(S,0) = €.

PROOF

The cases for ¢ being a limit or nonlimit ordinal are slightly different. For all

¢ < € define

AC = {0’1} X {C}v and BC = (U Aﬂ) U {(0,569 1>}

n<¢

If £ is a limit ordinal then define N = ;¢ A¢, and if £ is a nonlimit ordinal, then
define N = U¢c¢ A¢. In either case we have that |[N| < |M]|, and so we regard N as

a subset of M.
e If ¢ is a limit ordinal, then define:

S={A; 0# (<G U{{(0,Q)}; 0# ¢ <EPU{B; ( <EHU{N,M\N, M, 0}

e If ( is a nonlimit ordinal, then define:

S={A 0#£C<EU{{0,0)}; 0 AL EFU{Be; ¢ <€E}U{N,M\N, M,p}



CHAPTER 4 84

In either case S is easily seen to be a closure system on exp M (see diagram that

follows).
B,
e
” .et.c.. 'et.c. etc
0
AO Al A2> Aw Awel Au$2
DIAGRAM 4.1.
Further:

e If £ i1s a limit ordinal, then define
o = {45 < €} U (M\NY
e If £ is a nonlimit ordinal, then define
o=J{AL¢ < €U (M\N)2
Again, in either case we see that o € E(M) and it is easily verified that (S, o) = ¢.
REMARK 4.9.

A similar construction to that employed in Proposition 4.8, but transferred to
the case for M finite, will show that the upper bound on ¢ (S, o) given for the finite
case is the lowest possible.

With additional assumptions on S it will be shown that it is possible to improve

on the upper bound given for M an infinite set:



CHAPTER 4

85

THEOREM 4.10.

If S is an m-algebraic closure system on exp M, then for every o € E(M),
£(S,0) < m.

PROOF

We may obviously assume that m < |M|*. Take X € M/fn(c) andlet § #£Y C
X such that |Y| < m. Now m is a limit ordinal and hence fz(0) = Uecrm fe(o).
Take z € X. Then X = z/f(0) = U¢cm 2/ fe(0). Hence for every y € Y we have

that there exists {, < m such that y € z/f¢,(0). Define { = sup {{,; y € Y'}. Since
|Y| < m and m is regular, we have that { < m, and Y C z/ f;(o). Hence there exists
Z € M/ fz(0o) so that u(Y) C Z. But then, ) Y C X N Z and hence X = Z. So
we have shown that u(Y) C X.

Now, Remark 1.13 and Corollary 1.14 we have that S is m-algebraic if and only

if S i1s m-algebraic, and since m is regular we have :
w(X) = JH{u(Y);0 #Y C X and |Y| < m}
Thus u(X) = X and hence frg:(0) = fn(0).

REMARK 4.11.

Let M be an infinite set. Consider the closure system S defined in Proposition

4.8 where { = m is an infinite cardinal, m < |M|*. Then S is m-algebraic.
PROOF

Let § # T C S such that (T, C) is m-directed. Trivially, we may assume that
N,M,0,¢ T. Notice that |S| = [¢| = m. Thus we have that |T| < m. If IT| < m,

then 7' must have a maximal element. Hence UT € S. So suppose IT| = m.
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Then T'= W UV, where W = {B¢; B € T} and V = {D € T there exists ( <
m with D C A.}, and:

e Either |W| = m, in which case let I' = {(; B, € T'}. Then I is cofinal with
m and thus UT' 2 Uger B¢ = N and hence YT = N € S.

e Or |V| = m, in which case let ¥ = {(; there exists D C A; with D € T}.
Then ¥ is cofinal with m. However, for (,p € ¥ with ( # p, by the m-
directedness of T, we have that there exists n = ({, p) < m such that B, € T
and A¢UA, C B,. By the cofinality of ¥ with m we have UT 2 U ex Br(c,p) =
N and hence YT = N € S.

So S is indeed m-algebraic, and thus for m regular we see that the upper bound
given in Theorem 4.10, is the best possible. However, using Remark 1.13 and Corol-
lary 1.14 once again, we see that for singular m, we also cannot improve on the upper
bound for {(S5,0) given there.

We consider hereafter the complete lattice (e(S),C). For ease of notation this
lattice has been denoted simply by e(S). The atoms of S are precisely the closed sets
u({z}) where z € M. Also, the least element of €(.S) is denoted by u.(idss). We find
conditions under which e(S) is a sublattice of E(M). We make use of the following

properties of S which have a strong and interesting influence on the structure of

e(.5):

P : {u({z}); z € M} is a partition on M.

We notice that Ty implies P, and that T; is quite a strong property of S.
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DEFINITION 4.12.

Let X C M. Then define

o(X) = X* UU{u({e})% 2 € M).

LEMMA 4.13.

Let S be a closure system on exp M.
i. Suppose that S satisfies property P, and let X C M. Then X € S if
and only if Y C X for someY € S and o(X) € e(S). In this case
X € M/o(X).
it. S satisfies property P if and only if for every X € S there exists
o € e(S) such that X € M/o.

PROOF

For (i). (=) Evidently o(X) is a reflexive and symmetric relation on M. Suppose
that (a,b),(b,c) € o(X). If (a,b),(b,c) € X? then (a,c) € o(X) also. If (a,b) €
u({z})? and (b,¢) € u({y})? then u({z}) Nu({y}) # @ and so by property P we
conclude u({z}) = u({y}), which again yields (a,c) € o(X). The last case to check
is (a,b) € X* and (b, c) € u({z})?. Then u({z}) = u({b}) = u({c}) C X by property
P and the fact that X € 5. Hence (a,c) € ¢(X) and thus we have shown o(X) to
be transitive, i.e. o(X) € E(M). As X € § it follows that X = U{u({z}); z € X},
and thus by property P we have

M[o(X) = {X} U{u({z}); = € M\X}.

(¢«=:) Evidently X? C o(X). If X € M/o(X) then X € S. So suppose that for
some y € M\ X, there exists an z € X such that (z,y) € o(X). By the transitivity
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of o(X), it follows that for every z € X, (z,y) € o(X). Pick any = € X. Then
(z,y) € u({z})? for some z € M. Thus by property P, u({z}) = u({y}) = u({z}).

It now follows that

X € U ul{z}) = u({y})-

zeX

However, X contains an element of S and so we must have X = u({y}) € S.

For (ii). (=:) Take X € S. By (i) above o(X) € ¢(S) and X € M/o(X).

(<:) For the reverse implication, let 7, € e(S), for every z € M, such that
u(z) € M/7,. Define 7 = Nyeps7o- Then 7 € €(S). Now let z,y € M. Since
z € z/1y € S, we have z/7, = u(z) C z/7,, and thus /7 = Nyepr z/7y = u(z) and

this completes the proof.

COROLLARY 4.14.

Let S be a closure system on exp M satisfying property P. Then u.(idpy) =
U{u(z)*; = € M}.

COROLLARY 4.15.

Let Sy and S, be closure systems on exp M satisfying property P. Then e(S;) =
e(S2) if and only if S; ='S,.

THEOREM 4.16.

Let S be a closure system on exp M satisfying property P. Then S is m-algebraic

& e(S) is m-algebraic.

PROOF

(=:) The forward implication follows from Theorem 4.2.
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(«:) For the reverse implication let 7' C S such that (7, C) is m-directed.
Then it is easily seen that (X,C), where ¥ = {o(X); X € T}, is also m-directed.
Since e(S) is assumed to be m-algebraic, we have that o = UX € ¢(S). However,
o = (UT)* U u(tdpr). Using a similar argument to that employed in the proof of
Lemma 4.13(i) we see that UT € M /o, and hence UT € S.

REMARK 4.17.

We introduce the following seemingly unnatural property of S, but the results

that follow show that it is necessary:
@ : For every X,Y € S such that X NY # 0 we have that X UY € S.

Since the least element of ¢(.5) is u.(idpr) it follows that e(S) is contained in the

principal filter of lattice E(M) generated by w.(idps).

THEOREM 4.18.

Let S be a closure system on exp M satisfying property P. Denote by F the
principal filter of E(M) generated by u.(idpy).
i. If e(S) is a sublattice of E(M) then S satisfies property ().

w. If S i1s w-algebraic and satisfies property Q, then e(S) is a subcomplete
lattice of F'.

PROQOF

For (i). Take X,Y € S such that X NY # @, and let 0 = o(X) Vesyo(Y). Then
it is easily seen that 0 = o(X) Vg o(Y) = (X UY)?Uu.(idy) = o(X UY). Thus,
by Lemma 4.13(i), we have that X UY € S.
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For (iii). Take ¥ C ¢(S) and let 0 = Vp X. If ¥ = 0, then 0 = u.(idp) € e(5).
Solet ¥ # 0. Then 0 = Vg X. Take X € M/o and a finite Y = {y1,...,ym } C X.
Take y;,y; € Y where ¢ # j. Since y;0y; there exists a sequence y; = ago1a1...00,0, =
y; where, for each k = 1,..,n, we have 0, € ¥ and necessarily, a; € X, for all
k = 0,..,n. However, for each £ = 1,..,n, we have a;,_; € a;/o, € S. Thus
we have that Up_,(ax/ox) € S. Hence we have shown that for 7,7 € {1,...,m}
where 1 # j, there exists X;; € X such that y;,y; € X;; € S. Especially, Y C
Xi2U . .UX,1m €S, and so u(Y) C X. However, since S is algebraic, we have
that u(X) = U{u(Y); 0 #Y C X and Y is finite}. Hence u(X) = X, that is X € S.
Thus o € e(5).

COROLLARY 4.19.

Let S be a closure system satisfying property P, and let F' denote the principal
filter of E(M) generated by u.(idps).

i. €(S) is a subcomplete lattice of F if and only if S is w-algebraic and
satisfies property Q.

. If S is w-algebraic, then e(S) is a sublattice of E(M) if and only if
e(S) is a complete sublattice of F if and only if S satisfies property
4

PROOF
This follows directly from Theorem 4.18.

COROLLARY 4.20.

Let S be any closure system on exp M. Then (e(S), C) is a complete sublattice
of E(M) if and only if S is w-algebraic and satisfies both properties Ty and Q.
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PROOF

Notice that S satisfies property T if and only if idp € e(S) if and only if
uc(tdp) = idy if and only if the principal filter of E(M) generated by u.(idp)
is the whole of E(M).

(=) Since idy = VE(M)@ = V(e(S),§)®7 we have that idy; € e(S) and thus S
satisfies Ty. Since 1) implies P we have by Corollary 4.19(i) the proof is complete.

(«:) For the reverse implication Corollary 4.19(i) implies that (e(S),C) is a
subcomplete lattice of ([uc(idpr)), C) = E(M).

REMARK 4.21.

We define a local property of closure systems on E(M) which allows us to work
quite freely with the equivalence classes. We will use 7 to denote an arbitrary closure
system on E(M). u, denotes the corresponding closure operator. The least element

of the complete lattice (7, C) is denoted by J. We define:
S(T)=J{M/o; o € T}U{0}.

It is easily verified that S(7) is a closure system on exp M with the property P.
Trivially, 7 C e(S(7)). For X € S(7) we define:

«X)=9UX>
Obviously e(X) € E(M).

DEFINITION 4.22.

Let 7 be a closure system on exp M. 7 is said to be local if and only if the
following properties hold:

(a) For every X € S(T), we have ¢(X) € T, and
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(b) For all o € T and p € E(M), if p C o then:

ur(p) = J{ur(pNe(X)); X € (M/a)}.

REMARK 4.23.

Suppose that 7 is a closure system on £(M) satisfying the property (i) of Defi-
nition 4.22 above. Let ¢ € T and p € E(M) with p C 0. Define

7= J{ur(pne(X)); X € M/o}.

(a). It is easily verified that p C 7 C ur(p) C o. It is also true that for every
X € 8(T), uz(p (X)) C (X).

(b). Further, 7 € E(M): the reflexivity and symmetry of  is immediate. Suppose
that o7y and yrz. Then there exist U,V € M/o such that (z,y) € ur(p N e(U))
and (y,z) € ur(pNe(V)). If 2y, then, as ¥ C ur(p N e(V)), it follows that z7z.
Similarly, if ydz, then z7z. Suppose then that (z,y) ¢ ¥ and (y,z) € 9. Then
(z,y) € (U)\9 = U?, and (y,2) € ¢(V)(V)\9 = V2 Thus U = V and so z7z.

(c). We show that

(M[T\M[9) = (K M/ur(pNe(X)); X € M/a})\(M/9).

Let X € M/7. Since 7 C o, there exists Y € M/o such that X C Y. Let a,b € X.
As atb, there exists Z € M/o such that (a,b) € ur(p N e(Z)) C €(Z). Then,
either a¥b or a,b € Z. The latter case yields Y = Z and so in either case we
must have (a,b) € ur(p N e(Y)). Hence, X* C ur(p N €(Y)). Thus there exists
W € M/ur(pne(Y)) such that X C W. But ur(pNe(Y)) C 7, and so there exists
X' € M/t such that X C W C X'. Since both X, X' € M/, it follows that X = X’
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and so X = W, i.e. wé have shown that
(M/7) S UH{M/ur(pne(X)); X € M/a},

and one inclusion follows. For the converse, let X € (M/ur(pNe(Y)))\(M/9), where
Y € M/o. Since ¥ C ur(pNe(Y)), it follows that for each z € X there exists y € X
such that (z,y) & 9. Thus (z,y) € ur(pNe(Y)) Ce(Y) =Y?U¥. Hencez,y €Y,
re. XCY.

Now it is immediate that X* C 7, i.e. there exists Z € M/t such that X C Z.
Hence by the inclusion that has already been proved, there exists W € M /o such
that Z € M/ur(p N e(W)). Again, for every z € X there exists y € X such that
(z,y) ¢ 9. Hence, X C W and so W =Y. It then follows that X = Z, and the
converse inclusion has been proved.

We now provide an example of a local closure system on E(M):

EXAMPLE 4.24.

Let S be a closure system on exp M satisfying property P. We show that 7 =
e(S) is a local closure system on E(M). Firstly, Lemma 4.13(ii) yields S(7) = S.
Also, €(X) = o(X), where o(X) is as defined in Definition 4.12. Hence, from Lemma
4.13(i), (X) € T for each X € S. Consider the second condition of Definition 4.23.
Again we use the notation of Remark 4.23. It is immediate from part 3 of Remark
4.24 that each 7-equivalence class must be S-closed, and thus 7 € e(S) = 7. Hence

7 =ur(p) and 7 is a local closure system on E(M).

LEMMA 4.25.

Let T be a local closure system on E(M). Then:

. Leta, BE€T, let ) # S C M/a and suppose that B C U{e(X); X €
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(M]a)\S}. Then
BUH{e(X); XeSteT

Especially,
U{e(X); XeS}t e T.

i. Let p € E(M) and let X € (M/ur(p))\(M/9). Then there ezists
Y e M/p suchthat2< |Y|and Y C X.

iti. For every p € E(M) we have

|(M/uz(p))\(M[9)| < |(M/p)\(M/idr)|.

PROOF

(i) Let p=BUU{e(X); X € S}. Then p € E(M) and p C o € 7. Hence by the

second property of Definition 4.22, we have:

ur(p) = U{ur(p N (X)); X € (M/a)}.

Now, if X € S, then p N e(X) = €(X), and hence ur(p N (X)) = ¢(X). If X €
(M/a)\S, then pNe(X) = BNe(X) € T. Thus ur(pNe(X)) = BN e(X). Hence we
have:
ur(p) = U{BNe(X); X € (M/a)\S}U{e(X); X € S}
= (B0 He(X); X € (M/a)\S}) U J{e(X); X € S}
= BU|He(X); X € S}

= p_

Thus p € 7. Now letting # = J we have immediately that U{e(X); X € S} € T

also.
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(ii) Suppose that for every Y € M/p with Y C X, we have |Y| = 1. Let
a=He(2); Z € (M/ur(p))\{X}}.

Then p C aand @ € T by (i), above. However, then the choice of X yields a C uz(p)!
This is impossible, and hence the result.

(iii) This follows directly from (ii).

DEFINITION 4.26.

Let 7 be a local closure system on E(M). Then for each X € S(7") we define:

dr(X) =min{|Y]; Y C X and €¢(X) = ur(Y* U idp)}.

REMARK 4.27.

If S is a closure system on exp M with property P, then for each X € S(e(S)) =
S, we have

de(s)(X) =min{|]Y]; ¥ € X and ug(Y) = X}.

LEMMA 4.28.

Let T be a local closure system on E(M). Letp € E(M) and X € (M /ur(p))\(M/9).

Then:
dr(X) <%{|Z]; Ze M/p, ZC X, 2< |Z|}.

PROOF

Let W = U{Z € M/p; Z C X and 2 < |Z|}. By the second condition of
Lemma 4.25, W # §. Now for some V C X we have ur(W? U idy) = (V). Let
p=cV)UUeZ); Z € (M/ur(p))\{X}}. Then p C p C uz(p) and from the
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first condition of Lemma 4.25, we have that p € 7. Hence p = uz(p), and we have

e(X) = (V). Hence the result follows from the definition of d7(X).

REMARK 4.29.

The lattice E(M) is easily seen to be an w-algebraic lattice, and therefore also
n-algebraic for each infinite cardinal n. The following results characterise the m-

compact elements of E(M).

LEMMA 4.30.

Let m be singular and p € E(M) be m-compact. Then there exists n regular,

n < m such that p ts n-compact.
PROOF

Since E(M) is w-algebraic, it implies that p = Vgp{oi; ¢ € I} where o; are
w-compact in £(M). But p is m-compact in E(M) and hence we may, without loss
of generality, assume |I| < m.

Let n = (w.]I|)* < m as m is a limit cardinal. We show p is in fact n-compact. Let
p < VemiTi; 7 € J}. Then for each i € I, 0; < VeaniTj; 7 € J} and as o; is
w-compact we have

0i < V {m; j € L} where J; C J and |Ji| < w.
E(M)

Consequently,

p < VAV {mjedsiel}

E(M) E(M)

=V (U{m; j e ).

E(M) i€l
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Further,

[U{ms j€ i} £ wld]

1€l

< (W)t

as required.

LEMMA 4.31.

Let m be a regular cardinal and p € E(M). Then p is m-compact if and only if
the following two conditions hold:

t. |(M/p)\(M[idp)| < m,
i. For all X € M/p, | X| < m.

PROOF

(=:) Let p € E(M) and p m-compact. For all X € (M/p)\(M/idy), let ox =
X? U idy. Now we prove that p = U{ox; X € (M/p)\(M/idp)}. For let z #
Y, {z,y) € p implies that {z,y} € X € (M/p)\(M/idp). Hence (z,y) € ox
and so (z,y) € Uox. Suppose that (z,y) € Uox. This implies that (z,y) €
ox, for some X € (M/p)\(M/idpy). Thus {z,y} C X € M/p. Hence we have
(z,y9) € p and we have thus shown that p = Vgan{ox; X € (M/p)\(M/idy)}.
But by the m-compactness of p we have that p = Vgun{ox; X € A}, where
A C (M/p)\(M/idr) and |A] < m. But then it means that A = (M/p)\(M/iday)
and so |(M/p)\(M/idp)| < m and condition (i) holds.

For (ii) let X € (M/p)\(M/idnr). Take a,b € X, a # b. Define 7(, 3, = (p\X2)U
{a,b}? Uidx. But then we have that p = U{r(as); {a,b} C X, a # b}. Thus we
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have:

HT{a,b}; a,be X, a#bH < m

[{{a,b}; a,b€ X, a#b}| < m,

and so | X| < m.

(<=:) Suppose that p satisfies conditions (i) and (ii). Let p < Vgan{oi; i € I}.
This implies that for all X € (M/p)\(M/idn), X* C p and so X* C Veanloi; 1 €
I}. Take a,b € X, a # b. Then (a,b) € VE(m) Eap) where X, 5 C {os; i € I}
and |X( 4| < w. Thus we have that |U{Z(a); a,b € X}| < m by (ii). Let Bx =
U{Z(apy; @b € X}. Then [Ex| < m and X? C V) Zx. Thus we have that p C
Veon(UiSx; X € (M/p\(M/idw)}) and U{Ex; X € (M/p)\(M/ida)}] < m

(by the regularity of m) and so p is m-compact.

THEOREM 4.32.

Let m be an infinite cardinal and p € E(M). Then p is m-compact if and only if

for some regular n < m the following conditions hold:

1. |(M/p)\(M/idp)| < n,
i. For all X € M/p we have | X| < n.

PROQF

(=:) Take p m-compact. If m is regular, by Lemma 4.31 we can take n = m.
If m is singular, then by Lemma 4.30 there exists a regular n < m such that p is
n-compact. Hence by Lemma 4.31(i) and (ii) hold for this n.

(<=:) Suppose p satisfies (i) and (ii) for some regular n < m. Then by Lemma

4.31 p is n-compact and as n < m, p is m-compact also.
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LEMMA 4.33.

Let T be a local closure system on E(M) and let 0 € T. Then o is the T -closure
of an m-compact element of E(M) if and only ¢f there is an infinite regular cardinal

n < m such that the following conditions hold:
i. |(M/o)\(M]9)] <n,

ii. For every X € (M/o) we have d7(X) < n.

PROOF

(=:) Let o = uz(p), where p is an m-compact element of E(M). Then, by The-
orem 4.32, there exists an infinite regular cardinal n < m such that conditions (i)
and (ii) of Theorem 4.32 hold. Condition (i) above is a consequence of Lemma 4.25
(iii), and condition (ii) above follows from Lemma 4.29 and from the regularity of n.

(«=:) Suppose o satisfies both conditions (i) and (ii) above. For each X €
(M/o)\(M/9) take Yx C X such that |Yx| = dr(X) and such that ¢(X) =
ur(Y% U idy). Then by Theorem 4.32, and the conditions (i) and (ii) above we

have

p=1idy U{Yx; X € (M/o)\(M/9))},

is an m-compact element of E(M). However, since 7 is a local closure system,

ur(p) = Hur(pne(X)); X € M/o)
= Ulur(Y3 Uidn); X € M/o}

= He(X); X € M/o}

= 0.
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THEOREM 4.34.

Let T be an m-algebraic local closure system on E(M), and let n be a cardinal
such that m < n. Then o € T is an n-compact element of T if and only if there is

an infinite reqular cardinal | < n such that the following conditions hold:
i (MM <1,

ii. For every X € (M/o) we have d7(X) < L.

PROOF

(=): Let 0 € T be n-compact in 7. Then as E(M) is an m-algebraic lattice it
follows from Theorem 2.31 that o is the T -closure of an n-compact element of E(M).

The result now follows from Lemma 4.33.

(«): It follows from Lemma 4.33 that o is the 7 -closure of an n-compact element
of E(M). But by Theorem 2.8, and the fact that 7 is m-algebraic we have that o is

n-compact in 7.

REMARK 4.35.

We show that in general, the assumption of the m-algebraicity of 7 cannot be

omitted in Theorem 4.34: Let R be the real line and let S be the set of all closed

intervals of R. Then § is a closure system on exp R with property 7) and hence
property P. Thus ¢(S) is a local closure system on E(M), but it is easily verified
that S is not an w-algebraic closure system on R. Take o = idgr U [0, 1]? € ¢(S). For
1 =2,3,... define 0; = 1dp U [0,1 — }]°. Then for each i = 2,3, ..., we have o; € ¢(5).

Now

o= \{o; :i=23,..},
e(S)
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and for each finite nonempty F' C {2,3,...} we have:

U#Uaiz \/{Ui; 1€ F}.

1€F e(S)
Therefore ¢ is not an w-compact element of e(S). Nevertheless,
((R/o)\(R/idr)| = 1,

and also

for every X € R/o we have d.s)(X) < 2.

This shows that the assumption of the m-algebraicity of 7 in Theorem 4.34

cannot be made weaker.

COROLLARY 4.36.

Let m be regular and let S be an m-algebraic closure system on exp M satisfying

property P. Then o € e(S) ts m-compact if and only if the following conditions hold:

i [(M[a)\(M]0)] <m

. For every X € Mo we have dosy < m.

PROOF

By Theorem 4.2, e(S) is m-algebraic and by Example 4.24, e(S) is a local closure

system on E(M). As m is regular we may now apply Theorem 4.34.

101
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NOTES ON REFERENCES

It is the aim of these notes to explain the relevance of the following list of refer-
ences. Papers [6], (7], [8], [9], [10], [14], [15], [16], [17], [18], [19], [20] and [21] have
been studied extensively to form the core of this thesis. However, almost all the
results in these papers have been revised and adjusted to present a new viewpoint of
this field. It is therefore unrealistic to acknowledge the authers of individual results

and for this reason this note has been appended.

Chapter 0 makes use of [2], [3], [4], [5] and [11] to provide the terminology,

notation and preliminary results required for the other chapters.

Chapter 1 looks at [21] from a different viewpoint in which the concept of m-
compactness is replaced by the concept of weak m-compactness. The advantage
of this is that elegant results arise for which the regularity/singularity of infinite
cardinals do not have to be considered separately as in [21]. Preprint [7] is included

in this chapter.

Chapter 2 is the analogue of Chapter 1. This chapter looks at [17], [18], and

[21] presenting the counterexamples for the various results of Chapter 1 that do not

follow through for m-compactness where m is singular.

Chapter 3 summarises [16]. However, the definition of an m-Tulipani closure
operator has been adjusted to yield the definition of a weak m-Tulipani closure
operator. This coincides with the trend of Chapters 1 and 2. Theorem 3.12 is a

stronger version of Theorem 3.13 which is proved only for the regular case in [18].
Chapter 4 describes and summarises certain relevant results from [8] and [9].

All the other references listed in the table of references have been studied to



103

provide the background knowledge pertaining to this field of study.
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