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Abstract

The objective of the present study is the computational and analytical modelling of

a stress and strain state of the composite laminated structures.

The exact three dimensional solution is derived for laminated anisotropic thick cylin-
ders with both constant and variable material properties through the thickness of a
layer. The governing differential equations are derived in a such form that to satisfy
the stress functions and are given for layered cylindrical shell with open ends. The
solution then extended to the laminated cylindrical shells with closed ends, that is

to pressure vessels.

Based on the accurate three—dimensional stress analysis an approach for the optimal
design of the thick pressure vessels is formulated. Cylindrical pressure vessels are
optimised taking the fibre angle as a design variable to maximise the burst pressure.
The effect of the axial force on the optimal design is investigated. Numerical results
are given for both single and laminated (up to five layers) cylindrical shells. The
maximum burst pressure is computed using the three-dimensional interactive Tsai-
Wau failure criterion, which takes into account the influence of all stress components
to the failure. Design optimisation of multilayered composite pressure vessels are

based on the use of robust multidimensional methods which give fast convergence.

Transverse shear and normal deformation higher—order theory for the solution of dy-
namic problems of laminated plates and shells is studied. The theory developed is
based on the kinematic hypotheses which are derived using iterative technique. Dy-
namic effects, such as forces of inertia and the direct influence of external loading on
the stress and strain components are included at the initial stage of derivation where
kinematic hypotheses are formulated. The proposed theory and solution methods
provide a basis for theoretical and applied studies in the field of dynamics and stat-
ics of the laminated shells, plates and their systems, particularly for investigation of
dynamic processes related to the highest vibration forms and wave propagation, for
optimal design etc.

Geometrically nonlinear higher—order theory of laminated plates and shells with
shear and normal deformation is derived. The theory takes into account both trans-
verse shear and normal deformations. The number of numerical results are obtained
based on the nonlinear theory developed. The results illustrate importance of the
influence of geometrical nonlinearity, especially, at high levels of loading and in case

when the laminae exhibit significant differences in their elastic properties.
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Chapter 1

Introduction

1.1 Overview

It has been obvious through history that the evolution of technology has been con-
trolled by the materials available. It is increasingly so today when progress in avi-
ation, space- and shipbuilding, and in many other mechanical and civil engineering
applications crucially depends on the reasonable compromise between high strength,
stiffness, corrosion resistance and other material properties on the one hand and re-
duced weight and cost on the other. The use of composite materials is therefore
receiving ever wider attention in these and other areas of technology due to the

inherent tailoring of the properties of these materials.

In modern times, it was the advent of composite materials such as concrete and
then reinforced concrete that was a major breakthrough in construction. The de-
velopment of new building materials is one of the most identifiable trends in today’s
technology. In a growing number of applications, composite materials have taken

over the work that was previously done by metals and metal alloys.

It is a well-known fact that, given the same external conditions the response of
composite material differs from that of a homogeneous isotropic material. Hence
the large-scale introduction of composite materials and the wide diversity of them
have created a need for further progress in such classical areas of mechanics as the

theory of anisotropic and non-homogeneous deformable solids and the theory of
optimisation.

The composite laminated plates and shells are widely used in modern engineering.



Their virtues related to environmental requirements may include structural integrity,
weather—tightness, dimensional stability, sound or microwave absorbtions. From
the point of view of structural performance, composite plates and shells offer an
efficient structural design du to the great stiffness. This is achieved by different
geometrical arrangements of the most highly stressed elements. Other advantages of
composite structures may include high strength-to-weight ratios, increased fatigue

life, endurance, low moisture permeability, electrical insulation, etc.

The investigation of anisotropic shells started in the 1920s and the first recorded
paper on this subject was written by Shtayerman [82]. Most of the early literature
on the subject was based on the classical laminated shell theory, incorporating the
Kirchhoff-Love hypotheses for the entire shell Refs [2, 3, 6, 7,17, 18, 50, 81]. It is well
known that accurate prediction of the response and failure characteristics of shells
made from modern advanced composites requires the use of refined higher—order

theories which take into account transverse shear and normal deformations.

Several approaches have been proposed for the accurate stress—strain analysis of lam-
inated plates and shells. All these approaches are based on principals which are sim-
ilar to those used for homogeneous isotropic structures, namely, three-dimensional
elasticity models, quasi-three-dimensional models, and various two-dimensional
shear-deformable models. Exact and analytical solutions for cylindrical and spheri-
cal shells may be found in [16, 20, 25, 32, 57, 77, 84, 90, 91]. The possibility of using
a three—dimensional theory is of limited use due to mathematical difficulties and the
complexity of laminated systems. As a result, numerous higher—order theories of
plates and shells have been formulated in recent years which approximate the three—
dimensional solutions with reasonable accuracy. Nonclassical theories which include
both transverse shear and normal deformations have been developed by Piskunov
and Verijenko [62, 63, 64, 94, 95]. Several monographs have been written on different
aspects of the higher-order theories [65, 66, 97, 9, 85, 11, 26, 46, 68, 79, 98].

There are many other topics in the field of composite materials, of much practical
importance and in a very active state of development, that are not covered here
but may be found discussed in detail in many other sources. Survey of different

theoretical and computational models may be found in reviews [38, 19, 8, 59, 72].



1.2 Design of thick composite cylinders

A circular cylindrical shell is one of the most widespread models of thin and thick
walled load bearing structures made of conventional or composite materials. Such
shells are used as reservoirs, pressure vessels, chemical containers, pipes, aircraft
and ship elements etc. The increased use of laminated cylindrical shells has led to a
need for more accurate stress—strain analysis. The result is the creation of efficient

applied theories and special methods for their analysis.

Along with stress-strain analysis the design optimisation of filament—wound pres-
sure vessels is of considerable industrial interest. The most efficient configuration
is the unidirectional composite. Obviously, the number of angles must be balanced
between considerations of manufacturing and cost, and the requirement for stiffness
and strength. In practice, many automated manufacturing processes lead to sym-
metric angle-ply composite laminates consisting of an even number of equivalent
plies with material symmetry axes being alternately oriented at angles +¢ and —¢
to the cylindrical axis. It is this class of the structures is considered in the present

study.

Because of the anisotropy in composites and the presence of curvature in shell struc-
tures, obtaining exact three-dimensional elasticity solutions for laminated cylinders
is connected with the mathematical complexity. However, certain problems in which
a three-dimensional approach can be used still exist. For example, load conditions
specified as uniformly distributed load (pressure) considerably simplify the obtain-
ing of the equations of exact three-dimensional theory. In the present study exact
three-dimensional solution is obtained for these loading conditions. The governing
differential equations are derived in a such form that to satisfy the stress functions
and are given for layered cylindrical shell with open ends. This theory is extended
to the laminated cylindrical shells with closed ends, that is to pressure vessels. It is
evident that the stress analysis based on three-dimensional elasticity solution allow
the burst pressure for both open ended (pipes) and closed ended (pressure vessels)
cylinders to be predicted accurately. A reliable design method for thick cylinders
should be also carried out with the use of an appropriate failure criterion which

should include the contribution of all stress components to the failure.

In the present study the failure of the cylinders is predicted by using the quadratic
three-dimensional interactive Tsai-Wu criterion. The use of maximum stress or
strain criterion in three-dimensional stress or strain of anisotropic materials, in

particular, gives rise to many vector equations. Moreover, neither of these two



criterion includes the interactions among the stress or strain components, whereas
the Tsai—Wu failure criterion yields only one scalar equation, and it also includes

the interactions among the stress components.

1.3 High—order theory

Along with creating new types of laminated structures a demand arose for a rational
use of traditional laminated systems. In evaluating the strength of these systems
only the main carrying layer is taken into consideration while technological layers
of monolithing, insulation are considered to be constructive. Taking into account
their mutual work with carrying layers allows to reveal reserves of the strength of

the entire system.

Improving theory and solution methods of laminated structures is a significant prob-
lem, the key feature of it lies in the fact that the hypotheses of straight inexten-
sional normal or plane sections (for beams) and the classical theory based on these
hypotheses is inapplicable. For solution of considered structures along with three—
dimensional solutions, the use of approximate two-dimensional theories, which refine
the classical theory by means of taking into account of deformations in the transverse

direction, have received wide acceptance.

The refined theories are given the title refined or nonclassical. A number of different
classifications can be made for these theories based on the nature of the approx-
imations made in reducing the three-dimensional problem into-dimensional one.
Global approximation approach is used in the present study where global through—
the-thickness displacement approximation is introduced and laminated shell is re-
placed by an equivalent single layered anisotropic shell. Consequently, the order of
the governing equations is independent of the number of layers. The theory is based
on a nonlinear distribution of the displacements in the thickness direction. Such

theories have come to be known as the higher—order theories.

Transverse shear and normal deformation higher—order theory for the solution of
dynamic problems of laminated plates and shells is studied in Chapter 3. The theory
developed is based on the kinematic hypotheses which are derived using iterative
technique. Dynamic effects, such as forces of inertia and the direct influence of
external loading on the components of stress and strain are included at the initial
stage of derivation where kinematic hypotheses are formulated. The proposed theory

and solution methods provide a basis for theoretical and applied studies in the field of



dynamics and statics of the laminated shells, plates and their systems, particularly
for investigation of dynamic processes related to the highest vibration forms and

wave propagation, for optimal design etc.

Geometrically nonlinear higher-order theory of laminated plates and shells with
shear and normal deformation is derived in Chapter 4. The theory takes into ac-
count both transverse shear and normal deformations. Modelling of the geometrical
nonlinearity is especially important at high levels of loading, in case when the lam-

inae exhibit significant differences in their elastic properties etc.

Both the above-mentioned theories are capable of treating plates and shells with an
arbitrary number and sequence of layers which can differ significantly in their phys-

ical and mechanical properties including various loading and boundary conditions.



Chapter 2

Derivation of Three Dimensional
Theory of Anisotropic Thick
Composite Cylinders

2.1 Introduction

The objective of the present chapter is to derive a three-dimensional theory for
anisotropic thick composite cylinders subjected to axisymmetrical load conditions.
The analysis is based on the stress function approach. In order to illustrate the
approach the brief overview of the general theory of elasticity of the cylindrical
anisotropic body is given. The equations of equilibrium and the generalised Hooke’s
law are presented. It is shown how the transformation of the cylindrical coordinate
system influences the value of the elastic constants. The governing differential equa-
tions of a body bounded by a cylindrical surface and possessing cylindrical anisotropy
in which the stresses do not vary along the generator are presented. These equations
are derived in a such form that to satisfy the stress functions and are given for a
single layered cylindrical shell with open ends. This theory is extended to laminated

pressure vessels, that is to cylindrical shells with closed ends.

First, the laminated cylindrical shell subjected to internal and external pressure
as well as to axial forces is considered. The cylinder is constructed of filament—
wound layers with a fibre orientation of +¢°. The layers are treated as anisotropic
for winding angle ¢ # 0,90 deg., otherwise they are orthotropic. Solution of the

differential equations for this problem is given. The constants of integration and



unknown interface normal forces are determined.

Second, using the same stress function approach the problem of continuously het-
erogeneous laminated cylinders, i.e. shells in which elastic constants are variable
through the thickness of a layer, is investigated. Cylinder can be constructed of
isotropic and/or orthotropic layers. This problem is also of interest because besides
the internal and external applied pressure the pressure on the interfaces, as a result
of shrink-fit, residual stresses, etc., can be taken into account. The problem is solved

for an open—ended cylinder and then extended to the case of a closed-ended shell.

Finally, an optimum design approach is presented for laminated composite pres-
sure vessels. The fibre orientations are taken as the design variables. The three-
dimensional interactive Tsai-Wu criterion is employed. The multi-dimensional
problem of maximisation of function is solved, where the function is the critical
load for a given point within a thickness. With this aim in mind a search for the
weakest point within the thickness is undertaken. In order to maximise the function
three independent methods are employed, namely, the golden section method, iter-
ative and gradient methods. Depending on particular problem the advantages and

disadvantages of these methods are discussed.

2.2 Literature review

The increased use of laminated composite structures in many engineering appli-
cations has led to a need for more accurate stress—strain analysis. Thick-walled
cylindrical shells with different layer properties are widely used in many branches of
engineering. Along with stress—strain analysis the design optimisation of pressure

vessels 1s of considerable industrial interest.

The problem of the stress distribution in anisotropic cylinders has been studied by
several authors. The first comprehensive problem investigation of the stress distri-
bution in a body with cylindrical anisotropy and study of the elastic equilibrium
of a homogeneous cylinder with arbitrary anisotropy was made by Lekhnitskii in
1930’s [42, 43]. Later on, the stress distribution in a thick-walled anisotropic tube
under the influence of internal and external pressure was investigated by Mitin-
sky [53]. Chentsov [15] investigated certain aspects of the transformation of elastic
constants of an orthotropic plate by rotation about an axis. This study has been
serving as a basis for analysis of filament-wound composite structures till now. The

most comprehensive study of a body possessing cylindrical anisotropy was done



by Lekhnitskii in his book [44]. Solutions for the laminated composite curvilinear
anisotropic ring, and for other specific problems can be found in another book writ-
ten by Lekhnitskii [45]. More recently some analytical solutions were also offered
for laminated composite cylinders. Elastoplastic analysis of cylindrically orthotropic
composite thick-walled tube under uniform pressure is given by Zhou Ci-qging and
Qiu Yi-yuan [99]. Investigation of the effects of a uniform temperature change on
the stresses and deformations of reinforced composite tubes was done by Hyer et
al [34, 35]. He also discussed the results of layer-by-layer analysis for cross-ply
cylinders under external hydrostatic pressure [36]. The problem of thick-walled
cylindrical shells buried underground was studied by Kuo-Yao and Bert [41]. Inves-
tigation of stress state in composite cylinders in which stresses and strains vary in the
axial and radial directions due to imposed hygrothermal and mechanical loads was
made by Kollar [40]. Chandrashekhara and Kumar [14] obtained exact solutions for
a thick, transversely isotropic, simply supported circular cylindrical shell subjected
to axisymmetrical load by using a displacement function approach. However, this
solution in general is not applicable to the cross-ply laminated structures. Exact
solutions for cross—ply laminated shells were obtained by Ren [76, 77]. Hung-Sying
Jing and Kuan-Goang Tzeng [33] investigated the static response of the axisymmet-
rical problem of arbitrary laminated anisotropic cylindrical shells of finite length
using three-dimensional elasticity equations. They used the differential equations
with variable coefficients by choosing the solution composed of trigonometric func-
tions along the axial direction. Calius and Springer [12] developed a comprehensive
model of filament-wound thin cylinders made of a thermoset matrix composite. The
model is applicable to cylinders for which the diameter is large compared to the wall
thickness.

Optimisation problems of cylindrical shells were considered by several authors. Op-
timisation of the stress—strain state of a thick-walled pipe on the basis of Young’s
modulus of the material was made by Kalinnikov and Korlyakov [37]. Belingardi
et al [5] studied optimisation of orthotropic multilayer cylinders and rotating disks
using the maximum stress failure criterion. An analytical approach for predicting
the probabilistic ultimate strength after initial failure of the carbon fiber helical-
wound cylinders under internal pressure was made by Uemura and Fukunaga [89].
Fukunaga and Tsu-Wei Chou considered the use of simultaneous failure [21] and
also optimum design of graphite/epoxy laminated composite pressure vessels un-
der stiffness and strength constraints based upon the membrane theory [22]. The
analysis based on the membrane theory of shells for laminated cylindrical pressure
vessels under strength criterion was also done by Adali et al [1]. An efficient design

method for thick composite cylinders was presented by Roy and Tsai [80]. The

8



three-dimensional interactive Tsai~-Wu failure criterion [87] forms the foundation of

failure prediction in the most above mentioned works.

2.3 Basic equations

2.3.1 Stress—strain state of anisotropic cylindrical body

To provide some grounding in theory for an anisotropic body we should make some

assumptions. The most important of them are

1. An elastic body is considered as a solid continuous medium. The state of stress
at any given point is determined entirely by the components of stress in three
mutually perpendicular planes which pass through the chosen point. In the

following study the cylindrical coordinates will be used.

2. Relation between the strain components and projections of the displacements
and their first derivatives with respect to the coordinates is a linear, that is
we consider only small displacements and neglect the squares and products of

the derivatives of the displacements.

3. There are linear relations between the stress and strain components, that is
the generalised Hooke’s law is valid for such a material. In addition, the
coeflicients of these relations can be constants (the case of uniform body) as
well as variable functions of the coordinates, continuous or discontinuous (in

case of nonuniform body).

4. We do not take into account initial stresses, i.e. the stresses which exist without

the application of an external load.

We shall use a cylindrical coordinate system r, 6, z. The components of stress acting
on planes normal to the coordinate directions r, 6§, z are denoted respectively by
Ory Tors Ter; 06, Trgy T265 Oz, Trz, To: (see Figure 2.1). Here o; are normal stresses

and 7;; = 7j; are shear stresses. The corresponding strains are denoted as ¢; and =;;.

We denote the projections of the displacements at a given point on the coordinate
axes 1, 0, z as u,, uyp and w, respectively. The relations between the projections of
displacements and strain components have the following form [44]

ou, 10ug  wu, ow

o YTt 4T

€ =
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dug 10w _ 0w | Ou, _10u, 0w w5
Yo = 52—+;30’1 71':—E+ ML 7r0—r60+6r r ()

The components of stresses in a continuous body in equilibrium under the action of

surface and body forces must satisfy three differential equations of equilibrium:

Jdo, 157',9 8%,
or "1 08 ' B2
Org 100g 0719,  2Tre
= = 2.2
or r50+8z+r+60 (2:2)

Otes VP  BOs . Ta
s —+7Z=0
or r 00 = 0z * * t

— 2 yR=0
r

where R, © and Z are the components of body forces per unit of volume in the

coordinate directions r, 0, z.

2.3.2 The generalised Hooke’s law

Taking the axis of anisotropy as the z-axis of the cylindrical coordinate system
r, 8, z and arbitrarily directing the polar axis from which the angles 0 are mea-
sured we obtain the equations of the generalised Hooke’s law for the general case of

cylindrical anisotropy as follows

€ = Q110 + 01209 + 130, + 014Tg; + Q15T7; + Q1677

€ = 010, + Q9209 F «oviiiiiii i + Q96Trg (23)

where «;; are elastic constants which are symmetrical with respect to their indices,

i.e. Qa;; = Qj;.

In this study we deal with cylindrical anisotropy. Let us assume that ¢ is the axis of
anisotropy which is associated with the body. It can pass either inside or outside the
body. When in a homogeneous body the axis of anisotropy passes through the body,
there must be some relations between coefficients a;;. In fact, if the axis £ coincides
with the longitudinal axis z, there is not any difference on the axis z between radial

r and tangential 6 directions. Thus the following equalities take place

Q2 = Qq1, 23 = Q13, O35 = Qyq, Q26 = Q4

Q35 = (34, Q56 = Ol4g, Q24 = (15, Q5 = Q14

10



If a plane of elastic symmetry normal to ¢ (or z) at each point, then
Q1 = Qgq = a3q = 46 = 0

Q15 = (g5 = ags = 56 = 0

In case of an orthotropic body with cylindrical anisotropy when there two planes of

elastic symmetry, radial and tangential, then in addition to above relations we have
Q16 = Qg6 = Q3 = Qg5 = 0
and non-zero coefficients are related with three equalities

Qg2 = (11, Q23 = (13, G55 = Oy

The elastic coefficients a;; form the so—called compliance matrix. Introducing tech-
nical constants (elastic characteristics), namely, the Young’s moduli E,, F,, E,
(for tension—compression); the Poisson’s coefficients v;; (¢,7 = 1,0, z) (where eg. v,¢
characterises the compression in the direction 8 for tension in the direction r) and
the shear moduli G,4, G,, and Gj, which characterise the variations of the angles
in the directions r and 8, r and z and @ and z, the components of the compliance

matrix (the case of an orthotropic body) may be defined as

an = L; a2 = —Vﬂ; a13 = —ﬁ
E,- Ee Ez
Qr = —ﬂ; ap = L; Qa3 = _
E.,- E0 Ez
az; = —Vfr:; a3z = —%; Q33 = EL,, (2.4)
—_ l . —_— 1 . —_— 1
Qg4 = GOz’ Q55 = Grz, Qg6 = G_r0

2.3.3 The transformation of elastic constants under a trans-
formation of the coordinate system

In case of an anisotropic body elastic constants depend on the direction of the axes of
the coordinate system. If the direction of the axes varies, then the elastic constants

vary. This is a very important feature of reinforced composite materials.

In an orthotropic cylindrical shell the new elastic constants a:j are defined by the

formulas [44]
1

13
ay = =

E,

11



, sin® 1 21/29) s . 2 cos* ¢
- cos” wsin” p +
(ng E, YT TR,

E,

) cos? 1 2v.9 2 .2 sin
gy = E. (G20 "L ) cos” psin’ ¢ + E,

. costyp sin’o
Qa4 = G0 + Gzr

) sinf¢  cos?p
Qgg = Ge G..

' 1 1 21/20 1 ) 2 .2 1

= — — cos”“psin‘ ¢ +

o6 ! (E 5 Ey * Ez G.o YT G
oy, = (l;e cos® ¢ + E—z sin gp) ' (2.5)
a'13 = — (Eig sin? ¢ + Ez_ cos gp)

o = 2(ﬁ—fﬁ)sin¢cos¢
E. FEy

) 1 2, . :
Qg = [2 (COS P _sin (P) — (G_o— 20> (coszgp—sngp)] sin ¢ cos

) 1 21/29 1 V.0
a3y = ( E. T E Gze) cos® psin® p — E_z
e = |2 sin’ v_ cos’p +( ! - 21/20) (cos2 — sin? )| sin ¢ cos
% = £, E. o "B v )| sinpcos v
1

' = Sln COS
Y45 ( Gﬁr Gzr ) ¥ ¥

We shall indicate the most important invariants of this transformation, that is, the

quantities which remain unchanged under rotation of the axes.

' ' ' 1 1 21/20
L = aptay+2,= E _E_e— E
' 1 1 41/20
I = _— 4 = —
2 Qg — 20y Cos + E,
! ! 1
Is = ay+ag=—+ 2.6
3 44 55 G.. Gor ( )
! ' Ver Vgr Vrz + Vrg
o = alytap == (T ) = g

When studying the stress-strain state of an anisotropic body bounded by a cylin-

drical surface, it is convenient to use the coefficients of deformation in the following

form
/Bij = Qg — 0‘:30‘13, (Z’J = 1a2a4,57 6) (27)

Q33
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Expressions for transformation of the coefficients f;; may be obtained from the
general expression (2.5) if we cancel all constants which contain the index 3, and
instead of the remaining coefficients of deformation, we substitute the corresponding

B:;. The invariants of this transformation are given by the following expressions
L = B+ Byn+2B,=Pu+ B+ 26
I, = Be— 45;2 = P — 4B12 (2.8)
Iy = ﬁ"“ + ﬁ;s = Bas + Pss

2.4 Method of solution

Before proceeding to particular problems let us examine our task in a general way.
The structure under consideration is a cylindrical shell of finite length made from

an anisotropic material.

Let us assume that the axis of anisotropy coincides with the axis of symmetry Oz
of the cylinder and the stresses act on the planes normal to the generator and do

not vary along the generator.

Let U, V and W be the functions which represent the displacement accompanied

by elastic deformations, then

u, = U(r,0)+ upcosd + vgsiné
ug = V(r,0) —ugsind + vocosf + w,r (2.9)
w = W(r8)+ wo

where ug, vo and w, are the rigid displacements (without elastic deformations) in

the plane of a given section, wy is the rigid shift in longitudinal direction.

The function U, V and W can be written in the following form

oU
Br B110, + Br120g + ... + BieTre

10V U
;W-{-: = ﬁ120r+ﬁ2200+.--+ﬁ267}9

10W
50 = Bra0s + Basds + ... + BasTrg (2.10)

ow
oy = P50, + Basos + ... + BseTre

10U 9oV V
=5 T = = B160- + P20 + . .. + PesTrg

13



The stresses can be expressed in terms of stress functions ® and ¥ as [44]

_19e 1o o _oe o
= Yo + r2 062 ’ 7= o2
2 (® 10V¥ ov
™= Brao (‘) T T T (211)

where U is the potential of the body forces. The normal longitudinal stress can be

expressed in terms of the other stresses as

1
o, = —0—(0130'1 + Q2300 + 03479, + A35Trz + A36Tr0) (2.12)
33
Hereafter for simplicity we shall not use notation “prime” for the coefficients of
the compliance matrix a:-j or elastic constants ﬂ,'J It should be also noted that
equation (2.12) is correct only for open—ended cylinders. Otherwise the additional
constant must be added to it. For the special cases the evaluation of the unknown

constant will be given below.

By eliminating U, V and W from equation (2.10) by means of differentiation, we

obtain a system of two equations satisfied by the stress functions ® and ¥:

/ , U 1 0*U 1 0*U
Lo+ L,V = —(ﬂ12+ﬂ22)w+(ﬂ16 B26)— 5190 — (B + br2)= 50
10U 10U
+(Bi1 — 2622 — ﬂlz)—— + (Brs + B26)— 250 (2.13)
" ! aU U ]. a
Ly® + L,V = (fra+ Baa) (— - —) (B1s + ﬂzs)—a—[g
where L;, Ly, Ly and L; are differential operators which are defined as follows
) 0? 1 0? 1 92 1 8
L, = ﬂ44 — 245~ o100 + Bss— 2 502 + ﬂ44
r d? 1 & a?
Ly = —ﬂ24 5+ (Bas + Bas) = 5300 — (Pra+ ﬂse) 2 57502
1 0? 1 92
+bis— 3563 + (Bra — 2ﬁ24)—(—9—2
d? 0
+(Bas — ﬂls) 25190 80 ﬂls 390
" _ 83 1 83 83
Ly = _ﬂ24 + (Bas + Pas) = - 97250 — (Pra+ ,356) 2 r 002 (2.14)
1 83 1 92 1 9?
+B15— 3903 — (Bua + ﬂ24)"— + (B1s ~ Bas)— 2 9700
1 02 10
+(Bra + Bse) = 3 542 + Bas— 350
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, o* 1 0 o* 1 0
L, = 522——2526;8 390 + (2 512+566) 2972007 2516—3W

1 o 183 1 2 1 &
+Bu— 150 + 522 = — (2B12 + Bes) 351002 +2b6— 1003
1 9? 0? 1 &
—Pu— 252 (516+526) 535,90 80 + (2811 + 2612 + Bos) 1502
0 10
+511——+2(516+526) 150

2.5 Analysis of laminated thick composite cylin-

der under axisymmetrical loading

2.5.1 Problem formulation

The structure under consideration is laminated close-ended cylinder of finite length
made from an anisotropic material (see Figure 2.2). The cylinder is constructed of
filament-wound layers with a fibre orientation of (£¢°). There are no restrictions
on the number of layers or their sequences. The layers can be made from different
materials and have different thicknesses. The cylinder is subjected to axisymmetrical
internal and external pressure as well as axial force. Let as assume that the axis of
anisotropy coincides with the geometric axis of the shell. We also assume that the
stresses which act on the end surfaces reduce to forces which are directed along the

axis and to twisting moments. The equations of the generalised Hooke’s law may

be written as

e = oo™ + o{Pof™ + alPol™ + P 7
") = oo™ + afP)of™ + oo™ + i 7
(m) — (M) m) o (m)_(m) o (m) (m) , (m)_(m) (2.15)
€ 031 0;7 + a3y’ 0y +agz 0, + agy' Ty,

15 = ol + ool + ool + ol
where components of compliance matrix are given by (2.4).

It is obvious that the distribution of the external stresses will be identical in all
cross sections and will depend only on the distance r from the axis. Therefore the

stresses can be expressed in terms of stress functions ®,, = ®,,(r), ¥, = U, (r) as

o(m) = 1d®m. PO my_ AU
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and longitudinal stress

o = €~ —L (Dot 4 ool + o) (2,17
Q33
Moreover, due to symmetry
T(;") = T( =0 (2.18)
where index m denotes the m-th layer and m = 1,2,...,nl with nl denoting the

total number of layers.

The system (2.13) takes the following form
(m) (d“(bm 2d3<1>m> (m) ( 1 d*®,, 1 dd>m)
4= + - -

22 drt r drd " 2 dr? r3 dr
m) Vo, m m 1d2\11
_54)d3 +(() 2,3( )) -0
m) @ Prm m m 1d2<1>m
Bl == 3 & - éﬁ);w (2.19)
2
m) (E¥m  1d¥Un 1y 0
a4 ( s + o TCa34 =
wherein ,B,(Jm ) are aforementioned elastic constants given by
(m)  (m)
m m Qi3 O ..
gy = o} %, 9 =1,2,4 (2.20)
Q33

2.5.2 Computation of stresses

The boundary conditions on the internal (r = ao) and external (r = a,;) surfaces

specified as
0'1(.1)((10) = —Do; (nl)(anl) = —Pnil (2.21)
At the contact surfaces of adjacent layers we have the following conditions
U,,(_m) = g(m+) ul™ = u£m+1), ugm) = ugmﬂ) (2.22)
The equilibrium of forces on the end surfaces gives

27 Z / o™rdr = (po — pn)a + F (2.23)

where F' is the applied axial force.
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With regards to condition (2.23) and taking into account the assumptions about

physical and geometrical properties assumed above, the general solution of the sys-

tem (2.19) has the following form

2 C
_ (m)r L1+km s R
On = Caot T +1-kmr
(m) 1
¥, = Cr (“§;)+<<m> ("”) + Oy gt~ Cyrgrhn (2.20)

where dm), k (m), g,(cm) and g(_",:) are f—dependent coefficients given by

my g1
) _ (0153 _azs))ﬂ(m) (m)(ﬂ(m) (m))

1 m m m m m m
B — b — (BB — B
k \l Bf"‘)m 1;n)2 g(m) _ &n) + 65?)
m m) p(m m ’ 1 - m
52 )BL ) 2 ¢£4)
(m) _ 614 + k62;n) _ 61(?) - kmﬂgT)
L m) I (m)
44 44

The stresses o{™, a(g and T(m) can be calculated from equations (2.16), viz.

o™ = o™ 4 Cyrfml 4 Cyrim -l
of™ = O™ + Crkpr*™ 1 = CokprFm 1 (2.25)
(m)
m a m m m —_ m —_ —_
T = - ( ?jn) — ™4l )) — CrgMrkm=t _ Cyglpphm 1

By satisfying the boundary conditions (2.21) and (2.22) the constants C; and C,
can be expressed in terms of the constant C. Introducing notations
am_1 A

Cm = ; pm = — (em <1, em < pm < 1)
a'm. a'm

the final expressions for the stresses can be written as

O_('m) — pm—lcf:-l — Pm pkm-—l n pmc.,lfnm_l — Pm—1 km41 —km—1
' 1 —chym ™ 1 — c2km m m
km+1 km—1
(m) l—cy kme1 1 —CoT ckm+1 ) —km -1
+C< ( 1 — n{g(m) Pm - w— m Pm
km .
aé’") = Pm-1Cm g L _ PrCar ™ — P k. ckm+1 j—km—1
1 — ¢Zkm mrm 1 — (2km mCm” Pm
m 1 — cfm+1 ] = km
+oi™ (1 ~ Tk 4 —m%kmcsf‘ﬂp;km_l) (2.26)
o 1 — cifm
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km+1 km -1 _
m Pm 1Cn' — Pm (m) km-1 PmCypy Pm—-1 (m) km+1 —km—1
T(gz ) = 1 — C2k"‘ 9k Pm - 1 — Cz,{cm —kCm  Pm
m m 1_Ckm+1 m) kpm— 1"Ckm ! (m) km+1 , —km—1
+C [—Cé )+ ¢f )(1 T ST T e o
where (m) _ (m)/am) L alm)y _ () g(m) _ g(m)
(m) _ (e1s’ —azy’ )(Bra” + Bax’) —azg (Bi1 — Bx)

‘ B g — gim2 (g pir — B

In equation (2.26) we denoted pn,_; and py, the normal forces acting on the internal
and external surfaces of the m-th layer. The remaining unknown forces and constant
C are determined from the boundary conditions (2.22) and (2.23) and are derived

in the next section.

2.5.3 Evaluation of interface forces and constant of integra-

tion

First we derive the system of equations which will later allow calculation of unknown
interface forces py, p2,...,pni—1. This system of equations is to be derived by
satisfying the contact conditions of the interfaces. The equality of radial stresses on
the layer interfaces (6™ = g(™+1)) is seems to be simplest for this purpose. But,
unfortunately, the use of this condition does not lead to the wanted result, since the
left side of the equation a{™ — g(™+1) = ( becomes already to be equal to zero at

the stage of obtaining of the symbolic expression. The best plan is to use condition
™ = mth) at r=ua, ' (2.27)

In effect, it is necessary to solve the following system of nl — 1 equations for p,,
M _dmt) =g m=1,2,...,0l—1 (2.28)

where
egm) = a(m) (m) + a(m) (m) + Ot(m) (m) + agti )To(;n) (2.29)

- Let us introduce the following notations

£ = hmtt (m) _ g1
R R
57 = kgl = kgt
I = g plm=t ) ) et k1
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(m) L1=Cn km-3y _ 2 m  kmtl —km—l
W —_ 1 - 1 _ c%{c(m) m 1 = Czkm m m
m 1 —cimt? km—1 1—chr=t i kel
Wi = 1c2kk’""‘ +1c2kk’"’" ™
' m m l_c'}rcnm+1 (m) km-1 1= Ckm - (m) km+1 —km—1
Wi = G+ ’(1———1_Czkm 9 T Sk P

Then the expressions for stresses (2.26) can be rewritten as

(m) (m
m pm—1f1 — Pm ;(m) pmf2 Pm-1 (m) (m)yz7(m)
0‘£ ) = 1 _ C?nl_c"‘ 3 + 1 T C%{cm + CC Wl

(m) _ (m) _
o) = Pmoth ZPugm)  Pnfs Pt ) 4 oMW (230)

1 — ¢Zkm 1 — c2m
(m) (m)
m) _ Pmafi —Pmom)y  Pmfy —Pma (m) (m)
Toz —_— - 1 _ Czkm 7 1 _ C%m + CW

Substituting expressions (2.30) in equation (2.29) and then expression for the strains

€o in (2.28) the set of equations for unknown forces can be obtained as
C(AL = A 4 prs AT 4 pn( AL = ATY) £ prn AT =0 (231)
where
A = o) + (MWD + Wi BE) + Wim B

Al i - f4m)ﬂ
2 - 1 ol C?,{cm 12
(m)+f(m) fsm) (m)
1 =g C2km

L1
1 — c2km =

(2.32)

Al _ fg(m)f(m) ém) (m) fg(m)f(m) f(m) (m)
3 =

1 — ¢2km bz - 1 — c2km "
el 0 (m)
1 — c2km

The total number of unknown terms in the system of equations (2.31) is equal to
the number of the layers nl. Therefore, in order to solve this system we need to add
another equation, namely the equation (2.23). Having nl equations we nevertheless
cannot solve this system as the system of linear algebraic equations because of the
last equation which contains the piecewise integral. Therefore we shall consider

both parts separately. First we evaluate the expressions for the unknown forces,
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wherein the constant of integration remains unknown, and then we substitute this

expressions in equation (2.23).

Let us solve the system (2.31) for unknown interface forces in the following form

pm = N™ 4 N™ QO m=12,...,nl—1 (2.33)

where N(™ N(m) are real numbers. To calculate them we shall rewrite the equa-

tions (2.31) in the matrix form
{B}{P}+{5}=0 (2.34)

or in expanded form

by b 0 0 0 O
byy by b3 0 0 O
(B} = 0 bsp bsz by O O (2.35)
0 0 by bagy bsys O
k sas aee bnl—l,nl—2 bnl—l,nl—l /
y4! $1
P2 32
P3 $3
P = S =
R I BT (2:36)
\ Pni-1 ) \ Sni-1 }

where b;; and s,, are defined from equation (2.31). It should be noted that in

general b;; # bj; and to distinguish other terms in the system of equations we shall

use additional indices { and r.

[, r] — [m,m +1] (2.37)
then coeflicients b;; and s, can be defined as

by = AL = AP bip = AR, by = AR, gy = ASTY — ALY

sio= C(AN = AR +poAl), s = C(A7) - AP, (2.38)
Spl-1 = C(A(l?ll—l) - A(l?:)) + pnlAl(::)
Solution for coefficients N{™) and N{™) may be given in the following form

M. Nm) — ng)

Nm) —
D’ ¢ D

(2.39)
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To illustrate, solution for a five layered cylinder gives
D = bigbyibsabaz — bi1bazbasbas — b11b23bsabas
—by2b21b33baa + b11b22ba3bas

DY = poAgl)(bgzb34b43 + basbazbas — bazbasbas) + PsA;(;?zblzbzsbu
D(z) = poAglyl)(bmbsst et b21b34b43) - PsAg?bllb%bSti

D,(f') = —pOAgl_I)bzlbssz + PsAg?r)(bnbzsz — by2by1b34)
D,(f) = PoAglyl)bzlbsles + PsAg?r)(bnbzsbsz + bi2ba1baz — by1bo2bs3) (2.40)

DM = (A“)—A§23)(b22b34b43+bzsbszb44—bzzb33b44)

—(a? - xm@m—m%M)
—(Al (3) (4))b12b23b44 + (A Ag?,))bnbzsb:m
D® = (Al <1> ) (barbaabas — babssbas) + (AY) = AL))(bribsabas — birbasbad)
H A(s) (4)),, basbas — (AL — AL))b11bagbss
Dﬁ"’ = (Agll) 5 r)b 1b32b44 + (A(Z) - Agsr))b“b”b“
+(A231) 52)(1)121)211)44 — bi1bazbas) + (A“) A(5))(171117"--’21734 — bizbaibay)

DY = (A&{? = Al,,)b21b32b43 — (AP — A b11bsobys
—(AY) — AY(bysby1bas — brybasbas)
+(A] (4) Ag?r))(bubzsbsz + b12bg1b3z — biyboabss)

Substituting o{™ from equation (2.17) and the expressions for o(™), a,(,m) and T(,S;n)
from equations (2.26) into equation (2.23) using (2.33), and performing the integra-
tion, the expression for constant C' for a close-ended cylinder is given by
nl-1
Z3po + 2 pu + Y N2 + 2Z5M) — I

m=1

C=- (2.41)

m=1 m=1

where

m 1 m m m m m
2 = 3eh - a1 = (e + o) - ad))

m m—1
Q33
(m) k1 p(m m) (m
U} ok +1<~ ) (m) U( )d ) ™\ (m)
(m) + (m) — A A
azz’ (1 — km) azy (14 km)
1+km 1+km
z" = om A n’ AT

o1 — )1 —kp) 0 ™ — )1+ k)



o2km 1

m m (m) (m)
zm = m AP 4 — AmAg
’ a3 (1 — c2m)(1 = km) (1 — 2 )(1 + k)
1
L = -2-(po—pnl)a(2)+F/27r (2.42)

,\5"‘) = afn — afn'"“ a:n'_kl'" ,\(m) = a2 — a,ln'k'"afn’"_*il
W = ol — ol - ok AP =l — alTel + ok
/\gm) _ _a(lgl) _*_agm) (m) +a( )k

1 — ckmtl m 1 — ckm-1
Ul(m) — Cm : U( ) Cm

1 — c2km 1 — c2km

In case of a single layered cylinder the coeflicients N N(™) equal zero and ex-

pression for constant of the integration takes the form

Zapo+ Zspy — L

C= Z

(2.43)

Finally, it should be noted that when winding angle ¢,, = 0° or 90° then we deal
with an orthotropic layer with cylindrical anisotropy, which means that there are

two planes of elastic symmetry, radial and tangential. Then a( ) = (m) ﬂ(m) =

(m) (m)

g = g(_k) = 0 and tangential stresses 7,, ' vanish. In the case when ¢,, = 0°

(m)
ki, = }jn) =1 (2.44)

22

and some denominators in expressions (2.42) become equal zero that leads to sin-
gularity. In actual computation, this difficulty can be overcome by assigning a very
small number of ¢,, (eg. = 0.001°) when ¢ = 0°.

2.6 Stress distribution in continuously heteroge-

neous laminated cylinders

2.6.1 Problem formulation

The problem of elastic equilibrium for a continuously heterogeneous hollow lam-
inated cylinder is a more complicated than one considered in a previous section.

Cylinder is made from a material with cylindrical anisotropy and can be subjected
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to internal, external and interlaminar pressure. We consider only the special case
when the axis of anisotropy coincides with the axis of symmetry Oz of the cylinder.
In this case at any point of the cylinder there exists a plane of elastic symmetry
normal to this axis so that each layer may be considered orthotropic. However,
elastic properties can vary through the thickness of a layer. Thus, cylinder is an
orthotropic, the coeflicients of deformation depend only on radial coordinate r and
there are no body forces applied. Length of a cylinder is finite or infinite but with
fixed ends (the case of an open—ended cylinder). The equations of the generalised

Hooke’s law for an orthotropic laminated cylinder may be written as

™ = afPol™ + o{Pof™ + a{Pom
" = oflal™ + afPo(™ + afp o™ (2.45)
™ = oo™ + affof™ + ol o™

(m)

The components of the compliance matrix o;;" are determined in (2.5).

Here and in the following expressions indices 1, 2 and 3 correspond to r, 8 and
z directions, respectively. It is noted that the compliance coefficients ag;) may be
functions of the radial coordinate r.

Since the stress distribution in the cylinder is symmetrical with respect to the Oz
axis, the stresses depend on the radial coordinate r only. The stresses o{™ and aém)

can be expressed in terms of a stress function ¢,, = ®..(r) as

1do d*®
(m) I m (m) — m
o, — % o (2.46)
Moreover, due to symmetry
) =) =1 =0, (247)
By introducing the notation
dd,,
dr(r) = @n(r)
the normal and circumferential stresses can be expressed as
(m) _ -1, (m) _ dOm
g — Wn ) = .
! W - T g 5 (2.48)

Next, a differential equation governing the equilibrium of open-ended cylinders is
derived. Using equations (2.45) and noting that for an open—ended cylinder the

longitudinal strain €{™ = 0, stress-strain relations can be expressed as
™ = B ot + B of™; ) = ) ol 4 B o6 (2.49)
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Let u(r) denote the displacement in the r direction. Using strain—displacement

relations

du U
(m) m. (m) _ “m 2.50
61‘ dT ) 69 r ( )

and the equations (2.48) and (2.49), the following expressions are obtained

dw,

—_— = 11 ‘CUm’I‘

dr

d m m m
dum _ 4(m) e S D [ (2.51)
Eliminating the displacement from expressions in (2.51), a differential equation in
terms of @,,(r) is derived, viz.
d (m) dwm (m) dwm

dr( 2 T + ﬂ(m) W) — Yln) @ 77— B3 I

=0 (2.52)
where the coefficients 3;; are functions of the coordinate r only.

The differential equation (2.52) applies to the m~th layer and is to be solved subject
to specified boundary and interface conditions. The boundary conditions on the

internal (r = ao) and external (r = ay) surfaces are given by

0-1(-1)((10) = —Do; Uf-nl)(anl) = —Dnl (253)

where po and pn; denote the internal and external pressure, respectively. At a given
layer interface (r = am—1), the normal stress and the circumferential strain satisfy
the continuity conditions

om Y _oglm) =p. (2.54)

6‘(9m—1)

= ™ (2.55)

where p,,_; is the pressure between the layers m — 1 and m, and may arise as a

result of shrink—fit, residual stresses, etc.

The solution of equation (2.52) will contain two constants of integration A,, and
B,. with the total number of unknown constants being 2nl for a cylinder with nl
layers. The total number of equations available to compute 2nl constants follows
from equations (2.53), (2.54) and (2.55) as

24+2(nl—1) =2nl

Thus, the values of A,,, B,,, m =1,2,...,nl can be determined uniquely from the

solution of the system of linear algebraic equations obtained using (2.53)-(2.55).
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2.6.2 Method of solution

Let the general solution of equation (2.52) for the m~th layer be denoted by @ (r)
which is of the form
(1) = Am fun(r) + B gm(7) (2.56)

where fn(r) and g (r) are known functions which depend on the coeflicients ﬂ,(]m)(r)
The constants of integration A, and By, in equation (2.56) are determined from the
boundary and interface conditions (2.53), (2.54) and (2.55). From equations (2.48)

and (2.56), the stresses in m—th layer are computed as

o™ = (Am fu(r) + Bm gm(r)) - 77

m df‘m dg‘m
(7( ) - Am I + Bm e 2.5 l
o d'l d'l ( )

The circumferential deformation follows from equations (2.49) and (2.57) as

m m - m dm’ d m
6‘(, ) = él )(Am fm(r) + Bm gm(’l‘)) r ' + 182(’2) (A‘m % + Bm j_’l‘) (258)

The implementation of the conditions (2.53)-(2.55) using equations (2.57) and (2.58)

gives
A1 fi(ao) + B1 g1(ao0) = —po ao; Antfni(@n) + Bui gni(@n) = —Pui ani (2.59)

Am—lfm—l(am—l) + Bm—lgm—l(am—l) - (Amfm(am—l) + Bmgm(am—l)) = —Pm-10m-1

dfm_1 (am—l)

m-= dg'm— Am— m-— m
ﬁ£2 1)(Am—1_T + B +1)) + ( §2 b _ fz ))am—l (2.60)
m dm A — d m |\ Gm—
(A (met) + B (am)) = B33 (A Tnllnzt) | g Gnllnct),

= —(817 = A1 ")

For the open—ended cylinder the longitudinal stress o, is given by

o™ = ——(a{Po™ + oo™ (2.61)

Q33
The above solution is now extended to the case of a closed—ended cylinder under
an axial load F. The cylinder is assumed to be long enough for the longitudinal
bending deformation due to end closures to be limited to only small end portions
of the cylinder compared to the overall length. Due to cylindrical orthotropy and
axisymmetric loading and neglecting the longitudinal bending deformation due to

end closures, the problem can be treated as a generalized plane strain problem.
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Using Hooke’s law, the expression for the longitudinal stress may be written as

1
o=
Q33

(e(m) _ ag";)a( m) ag';)agm)) (262)

where €™ = ¢, is an unknown constant and is computed next.

The equilibrium of forces in the z direction gives

nl am
Z 27r/ agm)rdr = m(po — pnl)ag + F (2.63)
=1

am-—1

Substituting equations (2.62) for o{™ into equation (2.63) we obtain the expression

for ¢, as

nl am 1 . o
> (/ m) (053)0(’") +aly) ( )) Td") + (po — pri)ag/2 + F/2m

m—1 m-1 Q33

€; = (2.64)

nl am 1
Z / —=) rdr

m=1 m=1 a33

2.6.3 Example

The method of solution is illustrated by solving a specific example, namely, mul-
tilayered open—-ended orthotropic cylinder with variable material properties. The
simplest way to solve this problem when the coefficients agn)(r) are proportional
to some degree of the distance r. Let coefficients of deformation be assumed to be

inversely proportional to the radial distance r such that

P (r) = gfrmms BN = 4 (2.65)

where n,(]m ) are given coefficients for the m-th layer, n,, are given real numbers which

characterize the rate of changes in elastic properties through the thickness and ’y,-(;-n)

are constants given by

(m
(m) _ _(m) _Th )77§3)

71_7 . 771] m
77:(33 )

Substituting ﬂ ™) from equation (2.65) in (2.52), the following differential equation

is derived
d2 W -1 dwm (m),.—

o (1= ) 2

i r 2w, =0 (2.66)
where

(m)
m) _ Tt MmN
7 = =

Y22

(m)
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The corresponding equations for single-layered cylinders are given in [45)].

Using the through-the-thickness material distribution assumed above for the coeffi-

cients a( )( 7), the expressions for functions f,,(r) and g,.(r) are obtained as
fo(r) =7 gm(r) =7 (2.67)

where s,, and t,, are real numbers which are computed from equation (2.66) as
smo | _ 1 (nm +\/nZ, — 47 (2.68)
tm ~ 32

The stresses and circumferential strain ef,m) follow from equations (2.57) and (2.58)

as

o™ = (A, r* + B, rim) . rl
aém) = (Am 8m 7™ + Byt v'm) 171 (2.69)
((}m) — (m)(A rim 4 Bprim) .yl +ﬂ(m)( AmSmr®™ + Bptmrim) - 71

The implementation of the boundary and interface conditions (2.53)~(2.55) gives
the system of equations
Arag' + Brag = —poao; Awayt + Buall' = —puan (2.70)

Am la:r,:, 11 + Bm 105, m_l = (Amaam_ + Bmatm ) = —Pm-10m-1

(m_l)(Am 18m— la:nm 1+ B R b S lat""l) + (ﬂl 1(;"))
X(Amagy + Bray: ) (m)(AmSma 1+ Brimalr ) = (2.71)
(ﬂ 1(;71 1))pm—lam—l

As an example, the system of equations for the case nl = 4 is given in Table 2.1.

Table 2.1. The system of equations to determine A; and By with n = 4.

N/N[ A [Bi | A4 [ B | 4 | Bs | A | By R.H.S

1 [ CuCu] 0o 0] 0 —Ppoao

t 2 | Co | Cy | Cys | Cay 0 0 “Plal
3 C31 | Csy | Cs3 | Caq | 0 0 0 0 _(51 )Plal
4 0 0 |Cu3|Caq|Css | Css| 0 0 —p2a2
3 0 0 [ Cs3 | Csq |[Css5 [ Csg| 0 | O —(5(3) (2))1’202
6 0 0 0 0 | Cos|Cos | Cur | Cas —p3az
7 0 0 Cr5 | Cr6 | Cr7 | Crg —(Bia 5 —512 )paas
8 0 0 0 0 0 0 | Cgr | Cgg —P4Gyg

27



where

Cu = ag', Ciz = ag

Cy = ai', Cyy = a}!

Coz = —ai ) Cag = —ai

Cs1 = ﬂzz s1ay', Csp = (l)tla

Css = a2 (Bl — B — BDs2), Caq = a2(BS) — B3 — BRta)
Csz = a3?, Cuq = a3

Cys = —a§ , Cys = —a¥

Cs3 = ﬂzz $2a3%, Csq = z(’g)tza

Css = a3’ ( {3) - (3) ﬂg)SS) Cse = a3 ( 1(3 (3) ﬂg ts)
Ces = a3, Ces = a5

Cer = —a§ , Ces = —a4!

Crs = ﬂzz 3303 ) Cr6 = ﬂzg tsat

Cr7 = a3*( {3) - (4) ﬂzz 34), Crs = a (A1 (3) 1(;) - ﬂz(’;)t4)
Cer = ay', Cas = aj

These results are now extended to closed—ended cylinders for which €, # 0. With
functions f,(r) and g.(r) given by (2.67), we can determine the expression for
the longitudinal strain ¢, from equation (2.64). This calculation is performed using

symbolic computation and gives

_ {F/w + (po — pu)al + Zn:(Ul(’") + U("‘))} /A (2.72)

k=1

where

U™ = 24n(alt ) — an 53 + g sm) (157 (1 5m),
UM = 2B (el — aSE (0 + 083 ) 15 (1 + t)

nl
1
A= Y ek —aly).
m=1 Ol33

Let us now consider some particular cases of the above problem. If the coeflicients
of deformation for the layers are constant within each layer m, then the exponents

in equation (2.65) are zero, i.e., n, = 0. In this case

tm

7{71”) Sm
Tn (m); S VO™ (2.73)
Y22

The system of equations (2.59), (2.60) and (2.70), (2.71) remain the same.
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For a single-ply cylinder (nl = 1), we have to take into account only conditions on the
external and internal surfaces (2.59). In this case, a system of two equations needs
to be solved which is given by equation (2.59 ) where A} = Ay = A, B1 = B, = B.

Final expressions for the stresses may be obtained in a form which is similar to that

given in [45], namely,

cs_t cts_cst
_pept =g g =

0-1- == - ]
pct—c  p c+ct
csp® — tpt sctp — tcpt
0y = _p_L_f_{_g_’L_ti (2.74)
p ¢ —c p c—c
where
ag r
c=—5 p=—
Ayl Ayl

and p and g are internal and external pressure, respectively.

For a homogeneous single-ply isotropic cylinder (n =0; s =t =1; m11 = 722, Yo =

1), formulae (2.74) reduce to the solution of Lame’s problem, given in [45]

{ oy } _pl—q, (g=p) L? (2.75)

oo 1—¢c? 1—-¢c* »p

The solutions presented in this study are the exact elasticity solutions for a het-
erogeneous laminated cylinder subject to internal and external pressures as well as
to pressures between the layers. This approach is capable of taking into account
variable material properties as well as stresses at layer interfaces and allows the

stress-strain state to be determined exactly.

2.6.4 Filament—wound cylinders

The problem set-up described above does not allow to calculate the shear stresses
76, which inevitably appear in filament-wound layers. But considering an angle-ply
laminate £ we could treat such a layer as an orthotropic unit. Indeed, the change
of the fibre angle sign remains the absolute value of shear stress 7p, while the sign
of the stress is changing that gives 79, = 0 for the ply. In practice, many auto-
mated manufacturing processes lead to symmetric angle-ply composite laminates
consisting of an even number of equivalent plies with material symmetry axes being
alternately oriented at angles +¢ and —¢ to the element axis (namely, the z-axis).
In calculations, such a system of plies is considered as one symmetrically reinforced

layer. Such an approximation is a good description of real composite structure and
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is a substantial simplification of the stress-strain relationships: if each of symmetric
plies is anisotropic then, working together, they form an orthotropic layer. Elastic
constants are determined for such a layer in a different way than for a single ply,

and may be computed in the following form

A Al

= A —_ —12, E = A — Gz = A
E, n- 8 iy 8 33
Aj, Aj;
_ 12 o = — 2.76
Vg, A“, 147 A22 ( )
where

An = Ejcostp+ Ezsinfp+2 (El vi2 + 2G12) sin? ¢ cos? ¢

Ay = E, sin® v+ E, cos® w+2 (Ell/m + 2G12) sin? @ cos? @
A = Ewng+ [E1 +E; -2 (E1V12 + 2G12)] sin? ¥ cos” 14 (2.77)

Azz = (El +FE,—2E, 1/12) sin? ¢ cos? p + Gz cos? 2¢
Here subscripts 1 and 2 correspond to the fibre and transversal directions of a

material, respectively, and

_ E; .
Ei=——F i=1,2 (2.78)

- b]
1 — vigvn

Components of the compliance matrix a;; now can be obtained using relations of
the Hooke’s law (2.4).

It should be also noted that we assume that the material properties are the same in

both plies and that the plies are perfectly bonded to one another, i.e. €f = €.

Comparison study of equations (2.77) and (2.5) shows that, in the general case, a
+¢ angle-ply laminaté has a higher stiffness than the +¢ or —¢ laminate of the
same thickness. The behaviour of the elastic constants of some composite materials

as a function of angle ¢ is shown in Figure 2.3.

2.7 Optimisation of laminated composite cylin-

ders under strength criterion

The strength of unidirectional layer is determined by the tensile and compressive

strength along and across the fibers, and the in-plane shear strength. The carrying
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capacity of the material under longitudinal tensile stress is exhausted as a result of
fiber breakage. Under compressive stresses material failure occurs because of fiber
buckling or splitting parallel to the fibers. Material failure under transverse tension
and shear is associated, as a rule, with failure of the matrix or with the separation
of the matrix from the fibers. Failure of composite materials is a rather complicated
process even under simple loading, and its theoretical description presents severe

difficulties. The values of strengths are usually determined experimentally.

Therefore, engineers seek out an observational level of failure to which they can read-
ily relate and feel comfortable with in description the appropriate failure mechanism.
In this regard we generally attempt to specify lamina failure for anisotropic unidi-
rectional composites or alternatively lamina as existing in composite orthotropic
laminates. One of the earliest interactive failure criterion for anisotropic materials
was initiated by Hill (1948). The plane stress results by Hill were simplified for
the case of fiber reinforced composites by Azzi and Tsai (1965) [4] considering the
composite to be transversely isotropic. A generalisation of this failure criterion to
incorporate the effects of brittle materials was considered by Hoffman (1967) [31]. A
generalisation of the Hoffman result to incorporate a more comprehensive definition
for failure was later proposed by Tsai and Wu (1971) [87]. This criterion is best
suited to the present study.

The basic assumption of the Tsai-Wu 3-dimensional failure criterion is that there

exists a failure surface in the stress space in the following scalar form
f(O'k) = Fio; + EjO’,'O’j =1 (279)

where k, 4, j = 1,2,...,6; F; and F}; are strength tensors of the second and
forth rank, respectively. In case of laminated pressure vessel possessing cylindrical
anisotropy equation (2.79) in expanded form can be written as
PP+ D 4 o) 1 pf g
+2F(of™ + 0{™)o{™ + 2 oM o™ (2.80)
o™ + o)+ FMo(™ — 1=

where
(m) _ 1 (my _ 1 (m) _ _1
it xMxm’ TR T ylmym b = som
1 1 1 1
Fim) _ _ (m) _ - _ %
3 Yt(m) Yc(m) ’ 1 Xt(m) Xc(m) (2.81)

B = —VEPRD, By = SRy
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and X;, X. are longitudinal tensile and compressive strengths, respectively, Y, Y.
are those for transverse direction and S is the shear strength. It should be noted
that the normal stresses oy, ¢ = 1,2,3 and shear stress 7y, are stresses in material

coordinates and can be computed as

o1 = O, cos? @+ 0 sin? @ — Tp SIN 2
oy, = o,sin’@+ oy cos? ¢ + Ty, sin 2¢
o3 = O, (2.82)
T2 = (0g—0;)sinpcosp — Ty, COS 2¢p

2.7.1 Method of solution

The design objective is the maximisation of the burst pressure P., subject to the
failure criterion (2.80). The design problem for a multilayered pressure vessel of a

given thickness ratio b/a, number of layers and axial force F" can be stated as
Pros def max P (, r) = max rnrin P, (2.83)
where P..(i,7) can be easily calculated from the quadratic equation
(Fijoi0;) P2 + (Fioi) Po =1 =0 (2.84)

wherein the stresses are calculated for an applied unit pressure. Solution of the
¢ AN
Pcr = —\|lac =5 rs .
(26 + 26 + 5 (2.85)

§ = FEal™? 1 of™?) 4 2R el o™
+ 2 (05 4 oo™ 4 FPo™? 4+ FiP?
¢ = FM(oi™ + o)+ F{Mol™

equation (2.84) gives

where

The negative root for P., does not have any physical meaning and the positive value

only must be taken into consideration.

The optimisation procedure involves the stages of iteratively improving cp( ™) in order

to maximise P, for a given radius, thickness ratio and axial force.

The simplest case of the optimisation is a single layered cylinder where there is only

one variable ¢ and so the one-dimensional problem is solved. For this purpose the
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golden section method in determine ¢, is employed and it gives the fast convergence

for this problem.

With increasing in number of layers the problem becomes more complicated and
requires the use of reliable multi-dimensional optimisation methods. Depending on

particular problem two methods are used, namely, iterative and gradient methods.

Let us consider the function f(zy,z2,...,z,) which is to be optimised, i.e. it is nec-
essary to find extremum of the function. Here z,,z,, ..., z, are functional variables,
in our case they are angles. We begin from random values of a:EOI (t=12,...,n)
and build successively the approximations. In the case of the iterative technique

they can be given as

I = Al =12, =1,2,..) (2.86)

Yy S

1]

;" charac-

which converge to some solution z; when j — oco. In equation (2.86) v
terises “direction” of a step and parameter AUl is a step which maximises the value
f(z£j+1],a:¥+1], ...,2*1) as a function of AUl. On each step the only one argument
z; is consecutively changed in such a way as to decrease the biggest absolute value
of the discrepancy. This approach is not too fast but quite reliable, especially when
the extremum occurs within a region where slope of the functional surface changes

rapidly.

On the other hand the gradient method is faster. In this method the functional

variables z; are changed simultaneously and “directions” are calculated as
W= 2
' 8:1:?]

In our case it is impossible to perform differentiation and all derivatives must be

(2.87)

evaluated numerically in the following form

of  f(aP 420 zUly — r(zHy
ozl AU

(2.88)

where 7] are all arguments excluding :z:,m and :E'[ﬂ is the vector which includes all

arguments z;. Then new coordinates of the point in the multi-dimensional space
can be obtained by

2P = 5Pl 4 ) (2.89)

where S is a real number which characterises the rate of change of z;.

This method can be very sensitive to the step A. Usually Al is decreased while 7

increases. The gradient method works very good when the functional surface is a
rather smooth.
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2.8 Numerical results

2.8.1 Stress—strain analysis

Let us consider some numerical results which are obtained on the basis of analytical
solutions derived above. The results presented here are for both open-ended and

closed cylinders.
Problem 2.1

The example involves an open—ended cylinder with a wall ratio b/a = 1.25 and
internal radius of a = 1m. The cylinder consists of two orthotropic and three

isotropic layers, the properties and thicknesses of which are given in Table 2.2.

Table 2.2. Material properties and thicknesses of layers.

Material Thickness E, Eq Vo, V.0
(m) (MPa) (MPa)

Molybdenum 0.02 3.4-10° | 34-10° 0.33 0.33

B(4)/5505 0.06 2.04-10° | 1.85-10* | 0.02086 | 0.23
(Boron/Epoxy)

Lead 0.095 1.4-10* | 1.4-10¢ 0.45 0.45

Kevlar 49 0.04 7.6-10* | 5.5-10% | 0.0246134 | 0.34
(Aramid/Epoxy)

Steel 1008/1018 0.035 | 2.07-10°|2.07-10° 0.285 | 0.285

The exponent for the anisotropic layers is taken as n = 1 and E, = E;. The values
of n:; in equation (2.65) are obtained from equations (2.4) and (2.65) by setting

n = 0 in equation (2.65). Three different types of loading conditions are considered,

viz.

1. Cylinder under internal pressure (py = 1 MPa).

2. Cylinder under the internal and external pressures (p, = 5 MPa, ps = 2 MPa).
Moreover the residual stresses on the interfaces of the layers are taken into account
by specifying p; = 1.2 MPa and p; = —0.5 MPa.

3. Cylinder under residual stresses on the layer interfaces with 71 = 1.2 MPa and
pa = —0.5 MPa.

Figure 2.4 shows the stress distribution through the thickness for the first case.

Figures 2.5 and 2.6 show the corresponding results for the second and third loading
cases.
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Numerical results show that hoop and longitudinal stresses are considerably higher
than the radial stresses. The highest stresses occur in the layers with higher moduli
of elasticity. The distribution of the radial stresses o, is more uniform through the
thickness of the cylinder. The discontinuities in radial stresses happen when the

residual stresses on the layer interfaces are taken into account.

Let us now consider a closed—ended cylinder subjected to internal pressure py = 1
MPa i.e., load case 1. Due to the ends being closed the longitudinal stresses o, are

higher (see Fig. 2.7) than those of an open-ended cylinder (see Fig. 2.4).
Problem 2.2

In order to illustrate the behaviour of the normal stresses through the thickness of
a cylindrical shell, depending on the material characteristics through the thickness,
we consider a thick ring (b/a = 2) made of oak wood and subjected to only internal
pressure p. Material properties are E, = 2-10%p"M Pa, E; = 0.95 - 109" M Pa
and v,p = 0. Figure 2.8 shows the stress distribution of o4 and o, through the
thickness for the different values of the exponent n. As is seen the circumferential
stresses gy remain almost unchanged on the mid-plane of the ring, while approaching
the external surfaces the change in the stresses is more pronounced. The insert in

Figure 2.8 shows the corresponding o, values.

2.8.2 Optimisation of the pressure vessels

Problem 2.3 Let us consider the optimisation of the composite single layered pres-
sure vessels of different thickness ratio. If not mentioned otherwise, the composite

material T300/Epoxy is used for the present study. All material data were taken
from Ref [88] and are given in Table 2.3.

Figure 2.9 shows the failure surface with respect to radial direction and fibre orien-
tation for b/a = 1.25 and F = 0. It is observed that the failure pressure reaches its
maximum value at about the same angle for all ¢ < r < b. Figure 2.10 indicates
that the failure at a given angle (¢ = 45°) may occur at + = a or b depending the
thickness ratio b/a. For lower values of b/a the location of failure is at r = b while
for higher values it is at r = a. For a given thickness ratio the location of the fajlure
depends on the fibre orientation as shown in Figure 2.11 which shows the curves of
P, plotted against the radial direction for b/a = 1.25. It is observed that the failure

location is 7 = a for low values of ¢ and r = b for high values of ¢.

35



Next the behaviour of the failure pressure with respect to fibre orientation is investi-
gated. Figure 2.12 shows the curves of P, plotted against ¢ for various values of b/a
with F = 0 and Figure 2.13 for various values of F with b/a = 1.25. In both figures
P., is given at r = a. Figure 2.12 indicates that thickness has a marginal effect on
the optimal ¢ and @,y is in the range 54°-57° for 1.025 < b/a < 1.5. However, the
axial load has a major effect on ¢, and as F' increases ¢,,; decreases as the fibres

align themselves with the axial load.

Optimisation results are given in Figure 2.14 which shows the curves of Ppax ver-
sus b/a with F = 0 for various materials. The insert in Figure 2.14 shows the

corresponding @, values.

Problem 2.4 Next we consider pressure vessels of different thickness ratios and num-
ber of layers. For a multilayer CFRP T300/5208 cylinder, results in Table 2.4 were
obtained for layers of equal thickness and a layer thickness ratio of (b/a — 1)/nl; nl
is the number of layers. The last columns of the table shows that for b/a = 1.1 and
1.2 an increase in the number of layers increases the burst pressure by a significant
amount. It is worth mentioning that the equal thickness consideration sometimes
may not necessarily give the best burst pressure. In this case, for a given num-
ber of layers, along with the angle optimisation we should also optimise the layer

thicknesses, instead of taking equal thickness, to obtain the best burst pressure.

All values of the burst pressure were calculated at the weakest points within the
cylinder thickness. In the case of T300/5208 the failure point shifts from outside
surface to the inside as the wall thickness increases. At about b/a = 1.15 this

transition occurs.

Figure 2.15 and 2.16 show graphical representation (functional surface) of the two-
dimensional optimising problem for the thin (b/a=1.1) and thick (b/a=1.5) two
layered cylinders, respectively. As with the single layered cylinder the chahge n
burst pressure is smoother for the case of the thick cylinder.
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Table 2.3. Engineering constants and strength of the composite materials

E,., Fy E, ve, | Gos X D¢ Y Y’ S
Material
MPa MPa MPa | MPa | MPa | MPa | MPa | MPa
T300/5208 1.03-10% | 1.81-10% | 0.28 | 7170 | 1500 | 1500 | 40 246 68
Kev49/Epoxy 5500 7.6-10% | 0.34 | 2300 | 1400 | 235 12 53 34
H-IM6/Epoxy | 1.12- 104 | 2.03-105 | 0.32 | 8400 | 3500 | 1540 56 150 98
E-glass/Epoxy 8270 3.86-10% | 0.26 | 4140 | 1062 | 610 31 118 72

Table 2.4. Prediction of burst pressure of several multilayer vessels;

material: T300/N5208

No of Optimum Angle Burst Percent
b/a | Layers Combination Pressure | Change
nl (inside to outside) (MPa) | in Burst
Pressure
1 54.2 4.49 —
2 49.8/57.5 4.51 0.45
1.01 3 47.2/62.7/48.6 4.68 3.77
4 45.5/69.0/46.6/46.5 4.76 1.71
5 | 44.0/77.8/44.8/44.7/44.7 |  4.92 3.36
1 54.5 47.90 —
2 50.1/57.9 48.14 0.50
1.1 3 45.9/45.5/66.7 56.38 17.12
4 71.0/70.3/69.6/0.0 82.17 | 45.74
5 70.8/70.2/69.7/69.2/0.0 91.99 11.95
1 54.7 104.27 —
2 49.7/58.7 105.07 0.77
1.2 3 46.0/46.5/67.9 126.46 20.36
4 46.5/46.0/45.8/74.3 138.48 9.50
5 0.0/70.0/68.6/67.7/67.1 | 183.97 32.85
1 56.3 150.10 —
2 59.5/51.9 150.45 0.23
1.3 3 58.2/58.6/50.9 150.47 0.013
4 59.6/60.6/52.6/49.0 157.86 4.91
5 | 68.0/56.8/51.4/48.4/46.6 | 162.48 | 2.93
1 57.3 181.00 —
2 64.4/45.5 183.61 1.44
1.5 3 68.9/50.2/43.7 184.08 0.26
4 71.6/55.0/46.4/43.1 184.15 | 0.038
5 72.3/60.3/49.3/45.0/42.9 | 184.14 -0.005
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2.9 Conclusions

A three—dimensional theory for anisotropic thick composite cylinders subjected to
axisymmetrical load conditions is derived. The exact analytical solution is obtained
for multilayered anisotropic pressure vessels. There are no restrictions on the number
of layers and their sequences since the thicknesses and elastic properties of the layers
can differ considerably. The theory presented is capable of treating thick as well as
thin cylindrical shells, and is in turn applicable to pressure vessels and open—ended
cylinders, isotropic, orthotropic and anisotropic layers. The distinctive feature of
this theory is that expressions for the radial, circumferential and shear stresses
have been modified to include the effect of the closed ends. This is an advantageous
feature not found in many available approaches. The proposed stress analysis allows

an accurate prediction of the burst pressure.

In addition, the exact analytical solution for multilayered orthotropic cylinders with
variable material properties is obtained. This theory also takes interlaminar stresses
into account. The solution does not require the computation of the interface nor-
mal tractions since the system of equations a priori takes into account boundary
and interface conditions. However, the radial and hoop stresses do not depend on
whether the cylinder has closed or open ends. It should be noted that the influence
of closed ends on the normal stresses does not have significant effect, but does cause
a considerable in the shear stresses. The solutions are given for both open—ended

and closed—ended cylinders.

The three-dimensional interactive Tsai-Wu failure criterion is employed in order to
predict the maximum burst pressure. The optimisation of the pressure vessels shows
that the stacking sequence can be employed effectively to maximize burst pressure.
This problem involves certain mathematical difficulties including high sensitivity of
the solution with respect to its parameters, and non-unimodality of the functional
space. In this connection it should be noted that only very accurate stress analysis,
namely three—dimensional elasticity solution, allows to predict the most efficient

layer sequence. This is especially true for thick pressure vessels.

Mathematical background for maximisation of the function is presented. Three
methods were used for this purpose, namely, golden section method as a one-

dimensional method and iterative and gradient as multidimensional methods.
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Chapter 3

Derivation of Higher—Order
Theory for the Solution of
Dynamic Problems of Laminated
Plates and Shells

3.1 Introduction

The main objective of this chapter is to derive a comprehensive higher—order theory
of laminated plates and shells which can accurately predict the dynamic behaviour

of these structures under various loading conditions.

An improved transverse shear and normal deformation higher—order theory is devel-
oped for the solution of dynamic problems involving multilayered plates and shells
with arbitrary number and sequence of transversely isotropic layers. The layers may
differ significantly in their physical and mechanical properties. The theory developed
is based on the kinematic hypotheses which are derived using iterative technique.
Dynamic effects, such as forces of inertia, and the direct influence of external loading
on the components of stress and strain are included in the initial stage of derivation
where kinematic hypotheses are formulated. New variables which have clear phys-
ical meanings are introduced. The system of governing differential equations and
the complete set of boundary conditions are derived. The closed form solutions are

given for problems involving forced and natural vibrations.
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Ren [77], and Verijenko et al [96]. In recent years, numerous refined approaches for
the analysis of composite plates and shells have been formulated. Contributions
by Ambartsumyan [3], Reddy [69, 71], Reddy and Phan [70], Librescu [47], Vasi-
lyev [92] and Noor and Peters [57] should be mentioned. Survey of different theoret-
ical and computational models may be found in reviews by Kant and Junghare [38],
Dutchenko et al [19], Bert (8], Noor and Burton [58, 59] and Reddy [72]. Several
monographs have also been written on the subject [9, 11, 26, 46, 63, 64, 68, 79, 98].
It is noted that the list of references is not intended to be a comprehensive one and
the specific publications were referred to because of their relevance to the present

chapter.

A study of the literature indicates that, in the case of dynamic analysis of laminated
structures in which the layers may have significantly different physical characteris-
tics, it is also necessary to consider the phenomenon of normal deformation. More-
over, most of the known dynamic higher-order theories are based on the hypotheses
which are derived from a consideration of the quasi-static problem. In this case
the kinematic hypotheses do not fully reflect the physical essence of the problem.
Therefore, the study of the dynamic behaviour of laminated structures on the basis
of improved higher-order theories will fill a gap in the analysis of thick composites

under dynamic loads.

3.3 Basic assumptions and derivation of kinematic

hypotheses

We consider shells with transversely isotropic layers which are weak in their resis-
tance to transverse shear and normal deformation. No limitations are placed on the
thickness, rigidity, density, number and/or sequence of the layers. The physical and
mechanical characteristics of the layers may vary through the thickness. The as-
sumption that the layers are perfectly bonded ensures their deformation as a single
unit without delamination. Thus, the structure of the shell through the thickness
is arbitrarily irregular and heterogeneous. The shell is represented by a curvilin-
ear orthogonal coordinate system z,0z2 which is parallel to the bounding surfaces
and surfaces of contact between the layers (Fig. 3.1). The axes of the curvilinear
coordinates z; = constant (i = 1,2) coincide with the principal lines of curva-
ture and the coordinate z = z3 is defined along the normal to the reference surface
£10x,. It is assumed that the coefficients of the first quadratic form of a surface

are close to unity, i.e., Ay = A = 1, and the main curvatures are constant, i.e.,
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ki; = constant, i,j = 1,2. The total thickness of the shell is small in comparison
to radii of the curvatures (1 + k;; &~ 1). Dynamical loads are applied on the outer

and inner surfaces of the laminate so that
pE(zit) =p%; s=1,2,3 (3.1)

where pt and p~ are loads applied on the outer and inner surfaces, respectively, and
the subscript s denotes the corresponding coordinate axes. The reference surface
10z, may be positioned arbitrarily through the thickness of the shell. It may
be chosen within any layer, coincide with the interlaminar or external surfaces as
dictated by the nature of the problem under consideration. The stress conditions

on the external surfaces may be written as

o) = —p, for z=ap (k=1) (3.2)
o = 4pf  forz=a, (k=n) (3.3)
s=1,2,3

where k denotes the layer number and n is the total number of layers.

Since the layers are assumed to be perfectly bonded, the continuity conditions for

an arbitrary surface z = a,_, are given by
o8 = %D (static) (3.4)
wlf) = -1 (kinematic) (3.5)

In the following derivations, summation is assumed over subscripts i, 7 = 1,2; S,T, =
1,2,3, and p, ¢, f,g. However no summation is implied over k = 1,2, ... ,My...,n. A
subscript after a comma denotes differentiation with respect to the variable following

the comma and a superscript is expressed in brackets to distinguish it from an

exponent.

Considering ”small” bending [60] the strain components of the k~th layer may be
expressed as
26,(-? = u,(-,kj) + ug-ﬁ-) + 2ki;ul)

26,(-:1:) = u,(g) + u:(,i-) (3.6)

k k
o =)

where u,(-k)(z,-, z,t) and ugk)(a:,-, z,t) are displacements of the k-th layer in the tangen-

tial z; (2 =1,2) and normal z = z3 directions, respectively, and k;;’s are curvatures
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of the shell. The displacements of the reference surface (
expressed as
™ (2i,0,1) = ug; u™(2:,0,1) = w (3.7)

1

and the strains and the curvatures due to deformation as

(uij + uji) + kijw; Kij = —wij (3.8)

BN | —

€
which satisfy the well known relations [60]

2<'312,12 — €11,22 — €22,11 — ki1k22 + koak11 — 2k12K12

(3.9)
K112 — K12,0 = 05 Ka21 — K122 =10

The generalized Hooke’s law for a transversely isotropic layer k of the shell, where

the surface of isotropy at any point (z;,z) is orthogonal to the normal, may be

expressed as [3]

k k) (k k) (k
651? = agﬁ)agl) + agz)agz) + ags)ags)
k k) (k k) (k
6&? = agli)agl) + ag-z)agz) + ags)ags)

k k) _(k k) (k k) (k
6&3) = agl)ail) + az(sz)agz) + ag3)0§3)

(3.10)
26l = alfoffs 26 = ool 2lf = ool

where agf) denotes the elastic compliance coefficients of the k-th layer. In equa-
tion (3.10) the compliance characteristics are given by

1 1 14
k k k k k k
agl) — agz) — . aI[SS) — . (k) _ a( ) _

a2 = =
Ek ’ EL’ 21 Ek

k k k k Vi k k 1 k 1
N NN U N L7 SN (- DU - B S (

_EL’ Q44 = G55 —G—;ca Geg —'G_k

where Ey = Ei(z), vk = v(z), Gk = Gi(z) are modulus of elasticity, Poisson’s ratio
and shear modulus in the plane of isotropy, respectively; E; = Ei(z), G} = G}(z)
are moduli of elasticity and shear in the transversal direction; v;, = vi(z) is Poisson’s
ratio, which characterizes reduction in the plane of isotropy when tension is applied
in the transversal direction. All elastic properties of the k-th layer are assumed to be
functions of the coordinate z (ax—1 < z < ai). The Hooke’s law for specific cases of
material can be obtained by specifying the material properties. For example if it is
assumed that v; = 0, then a(ll;) = ag;] = agg) = ag;) = 0 and we have a layer for which
the influence of the normal stresses agg) on the tangential components el e of the

11 €22

strain tensor is excluded and, similarly, the influence of the tangential components
a§’{),a§§) of the stress tensor on the strain eg;) in the transversal direction is also

excluded. Thus the normal deformation due to the Poisson’s effect is excluded. If
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E} = oo, then aﬁ’;) = ag’;) = agg) = ag’;) = ag’;) = 0 and we have an incompressible

1ayer (egg = 0) in which the strains egﬁ),eg};) are independent of the normal stress

033 This effect may be obtained by assuming 0:(33 = 0. Furthermore, if we assume

' = 0o, then the layer also becomes perfectly rigid under the transversal shear,
ie. eg? = eg3 = 0. The above set of assumptions is equivalent to that used in the
derivation of the classical theory which is a special case of the theory presented in

this study.

3.3.1 Classical model

We first obtain the expressions of the classical model based on the Kirchhoff-Love
hypotheses. We will subsequently make use of them for the derivation of kinematic
hypotheses of the higher-order theory. In the classical model the following relations

can be written for the k-th layer:
=0; e =0 o =0, i=1,2 (3.11)

Substituting equations (3.6) into the first two hypotheses (3.11), and integrating the

resulting expressions, the kinematic model of the shell may be obtained as
w® =y - w;2; ugk) =w (3.12)

In these calculations, the continuity conditions (3.5) and relations (3.7) have been
taken into account. The strains of the k-th layer in tangential directions can be
obtained from equations (3.6) and (3.12) as

6,(;) = €; + Kij2; 1,7 = 1,2 (3.13)

where €3 = €91, k10 = 521,6§2) = eg};)
The normal stresses in the k-th layer may be determined from equations (3.10)
in conjunction with the static hypothesis aég) = 0, or from assumption F} = oo

together with equation (3.13). These calculations give

Uﬁ) = Fox[(€11 + vk€an) + (k11 + VkK22)Z)
k) o (B, (¥ (3.14)
032 = 0115 012 = Eor(l — vi)(€12 + £122)
where 5 s
Eop = —% . = ko —
Ok . 2G T+ o Eor(1 — wy)

In equation (3.14) the symbol = indicates that the expression for 0( )is of the same

form as that for 011 with the provision that the subscript 11 is replaced with 22
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and vice versa. The transverse shear and normal stresses cannot be found from the
Hooke’s law because of the hypotheses (3.11). In order to determine these stresses,
we use the equations of motion of the shell, and for the k-th layer they may be
written as [60]

k k) _ (k)
1(]_)7+01(33_pku (3.15)
GI(B(I;)3+0131 k G(k = Pk uI(Bk)i 7’7]: 1a2
where pi u( )= pkufiz, Pk ug )= pkug3 ,), are the forces of inertia in the tangential and

normal directions and px = pi(z) is the material density of the k-th layer. From the

first expression in equation (3.15), we obtain the transverse shear stresses as
o == [ (o) - priil)dz + 0 (3.16)
g1

and using the second expression in (3.15) we derive the transverse normal stress as
ol = / (o5 — kijoly) — pi 57 dz + s (3.17)
ak_1

where ®,; are the functions of integration for the k-th layer. The functions of

integrations ®;; are determined using the condition (3.2) by setting s = 7 so that

Gk—-1 .
b = —p; — / (o — o i¥)dz (3.18)

0

Here the following rules of integration for piecewise functions and for integration

with variable upper limits have been used:
k-1

/a:k_l(...)(k]dz =) /ar (...)"dz

L:(...)kdz =/ 1(...)kdz+§[1j:l(...)’dz

- r=1

Substituting equation (3.18) into equation (3.16) we obtain the transverse shear

stresses
oy = =7 = [ (o) - i)z (3.19)
ag

The expression for the external loading may be found using the condition (3.3) in
equation (3.19) with s = 4:

pr+pf = —/ (05 — pr i) dz (3.20)
ag

The tangential forces and forces of inertia may now be determined as

N;; =/"a§j.°)dz; ij=1,2 (3.21)
ag

61



ap

From equation (3.20) we may obtain the well known equations of motion for the

classical theory of shells as
Ni;—Ti+pf +p; =0 4,5 =1,2 (3.23)

The transverse normal stresses may be found from equation (3.17) in conjunction

with condition (3.2) and are given by
o) = =i - [ 108~ kyoll) — pu i7)dz (3.24)
Moreover,
py ) == [ lol) — kyol)) ~ pr i)z (3.25)
The third equation of motion for the classical theory of shells may now be written
as
Miji; — kijNij — (T + Ts) + (pf +p3) + (bl an + 0 00) = 05 1,5 = 1,2 (3.26)
where
M;; = / M2 dz; iyj=1,2 (3.27)

are the moments of the internal forces. The moments T;; due to the forces of inertia

which are acting in the tangential directions are given by
an . (k) . . .
T = / pr i zdz; 1 =1,2 j=1 (3.28)
ag
and the force of inertia in the normal direction is given as

T, = / " o il dz (3.29)

The equations (3.23) and (3.26) represent the system of equations of motion for the
classical theory of laminated shells. Using (3.21), (3.27) and expressions (3.12)-

(3.14) we can rewrite this system in terms of displacements u; and w. Next we use

the above expressions in the derivation of the kinematic hypotheses of the higher-
order theory.

3.3.2 Transverse shear stresses

Using equations (3.13), (3.14) in conjunction with equations (3.19), (3.20) we can
obtain the following relations for the case : = 1:

k _ z
0%3) = P —/ (‘7{1)14“7{5)2 Pk u(k))d =
ap
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_pi' — [(611,1 + 612,2)/ Eokdz + (622'1 — 612'2)/1 Eokl/kdz]
—[(k110 + K12,2)/ Forzdz + (k22,1 — K12,2)/ Eorvkzdz]  (3.30)

+(ii1/ prdz— wl/ przdz)
ag ag

p?‘ +p; = —[(e111+ 612,2)/ " Foxdz + (€221 — 612,2)/ FEorvidz]
—[(k110 + f€12,2)/ " Fokzdz + (K221 — N12,2)/ Eoxvizdz)(3.31)
+ (i / " prdz— W 4 / " przdz)

We introduce through-the-thickness distribution functions given by

filz) = /a: Eoxdz; fur = /a: Eoxvidz;
f(z2) = /a: Eoczdz; fi(2) = /a: Eorvizdz; (3.32)
for(2) = /a: prdz; fo(2) = /a: przdz

Similarly we introduce the constants

an n Qg an
B= / Eodz =Y [ Eoudz; B, = / Eorvidz;

k=1"%-1
B, = / " Eovzdz; By, = / " Eqwzdz; (3.33)
sz/ npkdz; Blpz/ npkzdz

We note the following relations in equations (3.30) and (3.31):

k111 + K122 = — (w1 + W) = —Awy; (3.34)
K221 — K12,2 = —(w,22 - w,22),1 =0 .
Then, substituting (3.32)-(3.34) into (3.30) and (3.31) gives
K _ .
o135 = —p1— (€111 + €12.2) fi + (€221 — €12,2) furl
+Aw, fit by for— ﬁ),lTpk (3.35)
pf+p; = —[(enp+ €12,2) B + (€221 — €12,2) B,]
+Aw,131+ iil Bp— 1.1.)'1 Blp (336)
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Now we eliminate from equation (3.35) those terms which contain the tangential

strains €1, €22 and €12. In order to do this we rewrite equation (3.36) as

[(€111 + 612,2.) + (€221 — €122)V] =

pl_ + p-l*- Bl B . Blp
—— —— — 3.37
B + Aw 1B —+ U B W)y B ( )
where v is a generalized Poisson’s ratio for the entire shell thickness which is taken
to be equal for each layer, that is,

V== (3.38)

Here v represents an average Poisson’s ratio for the reference surface. For individual
layers the exact values of the Poisson’s ratios are used as shown in equation (3.33).
By doing this the error introduced by taking an average v for the reference surface
has minimal effect on the overall results. Then, taking into account that f,, = vf;

we can write

(1110 + €12.2) fr + (€221 — €12.2) fur = [(61'1,1 + €12,2) + (€221 — €12,2)V] f (3.39)

Substituting equation (3.39) into equation (3.35) and taking into account equa-

tion (3.37) we obtain the transverse shear stresses as

_ B
o) = Aw, (fk - ffk) +py (% ~ 1) +pT%

v (fuo= 22 0) — iy (T - Do) (3.40

(k )

The expression for 0,3’ can be obtained in a similar manner. The general expression

for the transverse shear stresses (z = 1,2) may be written as

,3 = Aw 1f1k +p; fak +P, Sa+ U far—w " fsk (3-41)

where the distribution functions are given by
f(z) = f - _fk, fa(2) = f— —1; fa(z) = %;

far(2) = for — %fk; fsr(z) = [ i Blpfk (3.42)

The expression (3.41) differs from those given in Refs [64, 65] as it contains terms

which take into account the influence of the tangential forces of inertia and rotary
inertia.
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3.3.3 Transverse normal stresses

Substituting equation (3.12) in (3.24) and using expression (3.41) we obtain the

transverse normal stresses in the following form

o) = —%*-Awﬁlyﬁwz—pal{hmz—pﬁl(hmz
—_ i‘li,,’ /z f4kdz-+— ’l.j:},ﬁ/ f5kd2+ 'U) fpk + k,]/ g"(f)dz, (343)
ag ap ag
1,7 =12

Using equation (3.14) we may rewrite the last term in equation (3.43) as

ki | oWdz =k i+ kT, (3.44)
where
ke = kijei; + v(kir€aa — 2k12€12 + kazenn) (3.45)
ke = kijki; + v(ki1k22 — 2k12K12 + kogk11)
Let us also rewrite equation (3.25) as
ps +p3 = —OwiDy—p;; D2 —plDs
— ’L.L,',,' D4— 11)’,',' D5+ w DG + ch7 + k,;Dg (346)
where the following integral stiffnesses were introduced:
D, = / fuudz; 7 =1,..,5; Dg=B,; D: = B; Dg = B, (3.47)
ap

The equation (3.46) may be solved for the operator Aw;; = A’w, and using the
result thus obtained we can eliminate this operator from equation (3.43). Then the

transverse normal stress may be written in the final form as

o8 = p3 Fu+p3 Fa + priFax + pFiFan

+ 'ui,i FSk - Aw Fek'— 11) F7k — kCFSk - kKFQk (348)

where ) P F

F:/ dz; Fpp =25 _ 1. Fy = —*. .
k= fikdz; Fyy D, L fw=Tp5 (3.49)
D, 2
Fiopie = D /ao feedz; 1 =2,....5;
Dg

Fo= 52 Fe = Jok; Fox = —Fk / fudz; (3.50)

Foy = —Fk— / 7, dz

The expression for the transverse normal stresses includes terms which take into

account the influence of the inertia forces.
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3.3.4 Transverse deformations

Using equation (3.41) the transverse shear strains can be obtained from the Hooke’s

law as
k

g — = - e A . )
28 =~ = Awf 1+ p7 for + P ot i far— i foi (3.51)

where the through-the-thickness distribution functions of the transverse shear are

defined
efined as _ Fiils).

frk(z) = G—’k, r= 1,...,5 (352)
Using equations (3.10) and (3.48) we can find the normal strains as
(k) Vi (k) (k) U:(ag)
ey = “E (‘711 +‘722) +E,k—=

= v z2Aw — vhui; + p3 Fak + p3 Fax + pi i Far + p}iFax (3.53)
+ i ; Fsp — A Fep— 0 Frg — ke Far — kxFox

where the generalized Poisson’s ratio of the material of the k-th layer is defined as

Ekl/’
! k
. - af . W 3.54
= Bl - ) (354
and we also define P
Fu(z) = —Er,k; pal. ., 9 (3.55)
k

The above expressions for transverse shear and normal strains as well as expressions
for corresponding stresses are not relevant in the classical theory since they only
demonstrate the contradictions in this theory. However, they are important for the

derivation of the higher—order theory which follows.

3.4 Derivation of the higher—order theory

3.4.1 Hypotheses

In deriving a higher-order theory we assume that the transverse shear and normal

strains as well as the transverse normal stresses are not equal to zero, that is
e§§) + 0; egg) # 0 a:(,,g) #0 (3.56)
These quantities can be expressed using equations (3.48), (3.51) and (3.53). Using

the expressions for the strains and the strain-displacement relations (3.6), we can
find the more accurate components of the displacement vector which constitutes the
next stage of the derivation.
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3.4.2 Normal displacements

Integrating the third equation in (3.6) we obtain
u® = w4 / " eMds (3.57)
0

where w = ugm)(a:,-,O,t) is the normal displacement of the reference surface po-

sitioned arbitrarily through the thickness of layers (k = m). Substituting expres-
sion (3.53) for e into (3.57) and satisfying conditions (3.5) with s = 3, we introduce
the following distribution functions of the normal component of the displacement

vector:

zZ k z
o) =1; o) = /0 vopzdz; @8 = — /0 vokd;

Pl = / Frdz; o5 = —/0 Ferdz; off) =/0 Fsidz;
iy = /0 Fiidz; o3 = /0 Fardz; o) = - /0 Fgrdz; (3.58)
iy = /0 Fardz; ¢y =]0 Fardz; o) = — /0 Fordz

The equation for the normal displacements may now be written as

uf? = welf) + Awel) + wiip)+ @ o + A o5+ i ol

+p30%5 + Pt + kel + Pl +phieke + Eaeld  (3.59)

1=1,2

The distribution functions of the normal displacement in equation (3.59) allow to
satisfy the continuity conditions on the layer interfaces for the normal displacement

when the reference surface is positioned arbitrarily through the thickness of layers.

3.4.3 Tangential displacements

From the second expression in equation (3.6) we obtain

ul) = 2e) — uf? (3.60)

and integrating this relation we have

W= [0l - ol @.61)
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where u; = u,(-m)(:c,-,O,t) are the tangential displacements of the reference surface.

We introduce the distribution functions given by
—1 1»/)11 —/Z ‘Pgli)dz
gli)—/(%l T1x)dz; 31 —/‘P
/ f4kd2 12 —/ (9012 +Tsk)dz; (3.62)
1/)2];) =/0 go;;)dz; 1/)32 = /Z cpg;)dz
_/:Tzkd""; M- _ / 7 sdz; p¥) = / oW dz;

p=123 g=34
Substituting equation (3.51) in (3.61) and satisfying conditions (3.5) (s = ¢ =1,2),

and using the functions defined in equation (3.62), the expression for tangential

displacements may be written as

u® = up® —wi ) — Awpl) — i)
it P — b g By — A Pl iy 5 G
+pr ) — p3 s — pi e — keply (3.63)
+p:+¢'§k) p3: gﬁ) — P 11¢(k) kn¢'34 ) 2,] = 1a2

As was the case for normal displacements, the distribution functions defined in
equation (3.62) allow to satisfy the continuity conditions in between the layers for
the tangential displacements when the reference surface is positioned arbitrarily
through the thickness of the shell.

3.4.4 Relations for the higher—order theory

Expressions (3.59) and (3.63) for the displacements are written in terms of the
unknown functions u; and w of the classical theory. In order to derive a nonclassical
higher-order theory, we introduce new unknown functions of the reference surface

using the following irreversible relations:
[ui; w; Aw; il = [vin; X115 X215 Xa1); (3.64a)
[t 9; Ayt 5] —  [vig; X125 X225 X32]; 4,0 = 1,2 (3.64b)

The physical meanings of the new unknown functions defined in equation (3.64) may

be deduced from equations (3.59) and (3.63) and were explained in detail in [65].
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Briefly, these functions describe behaviour of the normal which is distorted due
to the influence of the transverse shear and the normal deformation. We call them
shear and compression functions. Complementary to the functions in equation (3.64)
which were introduced in [65], in the case of a dynamic problem we also have dynamic

shear and dynamic compression functions which are given by expression (3.64).

Let us introduce the following relations for the functions of the given external loading
conditions, their derivatives and also components which depend on the curvature of

the shell. These relations are defined as
[p75p33 P k]l = [via; xa3; X235 Xa3);
??P;;Ptﬁ k] = [vig; X14; X245 X34]; 1,7 =1,2 (3.65)

These functions are known and they are determined from the solution obtained
using the classical theory and from the given loadings p~ and p* on the external
surfaces and, therefore, take into account directly the effects of the transverse shear

and normal deformation due to the loading conditions.

Replacing the functions in equations (3.59) and (3.63) in accordance with the rela-
tionships defined by equations (3.64) and (3.65), the expressions for the components
of the displacement vector may be written as

k
u® = vl — xpe®) (3.66)
uy) = el i=1,2% p=1,2,3 g=1,234 (3.67)

The expressions (3.66) and (3.67) will be used as kinematic hypotheses for the
derivation of the higher-order theory.

Let us now obtain the components of the strain tensor for the k-th layer. Taking

into account the kinematic hypotheses (3.66) and (3.67), the tangential components

may be written as

1
ey = 5(“1(',’? +ul) + kijul? =
1 .
= Emej+Umﬁ¢y)_(XMM‘FXMJJ¢$H+AHXM¢$% (3.68)
,7=12p=1,2,3;9g=1,2,3,4

and the transverse shear strains as

k k k
2els) = ulfl + uf) = viya® + X,y 0, (3.69)

1=1,2; p=1,2,3; ¢ =1,2,3,4

69



where the following notations are employed:

ok = &l o) = B _ 4y ®) (3.70)

9,3 P9,3

The strains due to normal compression are given by

el =uf) = x®p®; p =123 ¢=1,2,3,4. (3.11)
where
k) _ (k)
Bk = ¥ (3.72)

The components of the stress tensor can be determined using the Hooke’s law for a
transversely isotropic material which are

() _ 400 4 4B 0 L 48 b

)_ AP (k) +AB L (L) LA (k)

3.73
() A(k) (k) _+_A(k) (k) +A(k) (k) (3.73)
aé? = 2A":)e£’§), oy = 2Asse£§>, a{J = 2Assely
where the elastic constants of the k-th layer are
(k)
k) AR A
A(n = A22 = Al;i ) Agz) = A(k) = Alz )
A(k AR
AR — AR _ 4 _ AR _ A(k) _ 283,
13 31 23 2 = A A,
A, = LEm)ll = v = 20) B/ By AW _ Lo (W) EE (3.14)
ElE; 1 E.E; ’ '
AW _ v + (Vi )2 Ev[E}, NG vi(1+ ) AB) _ 1- v}
EkE”c 13 EkEI:: ] 33 — E}% ]

A= G = Gl Y = G = s A9 = =,
Substituting the strains (3.68), (3.69) and (3.71) into (3.73) we obtain the tangential

stresses
o = ALK L g )
= Ag’:)(vig rl/)s(zk) ngtr’»[’(k +ktrng‘P(k))+A£§)ngﬂ,(;:)§
o® = AP L AW (3.75)
k
= AP (vig P — x4 i) + ki Xpoplt ) + Asxpe B
=12 r=1 p=1,2,39g=1,2,3,4
k
oy = 2Aé’;’ % =

= 12 [(vlg.2 + v2y,1)'f)§k) = 2ng,12¢,(, + 2k12ng<,0 )] (3.76)
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p=123 ¢=123,4

and the stresses in the transverse direction

o = 2486l =208 (1,0 + 20

o) = 248l = 263 (vayalY) + Xug205); (3.77)
o) = AP e® L AW =

31

k k
= Az(alf)(vig,r’/’_t(;k) - ng,ir’/’;(:‘;) + ktrng‘P;’;)) g3)ngﬂ;gg); (3-78)
1= 1a27 r= Za p= 17273; 9= 172a374

The transverse normal stresses a[ ) given in equation (3.78) does not satisfy the con-
ditions (3.2)-(3.4). In order to satisfy these conditions we have to use the transverse

normal stresses in the form of equation (3.48) as
o) = xpF®; p=1,2,3; g=3,4 (3.79)

where _
k k
Fg = BBy
In this case equations (3.15) will be satisfied exactly when v’ = 0, otherwise they

will be satisfied integrally for the whole thickness of the laminate.

The equations which are given above define all the components of the displacement
vector and the stress—strain tensor at an arbitrary point in the k-th layer and they
form the nonclassical higher-order model of the stress and strain state of a dynam-
ically loaded laminated shell which takes into account transverse shear and normal
deformation. The refined model includes the independent unknown functions of the
reference surface vig, xpe (1 = 1,2; p = 1,2,3; ¢ = 1,2), the known functions
Vigy Xpg (1 =1,2; p=1,2,3; g = 3,4) which depend on the deformations of the
reference surface obtained using the classical theory and on the loading conditions
on the external surfaces, and the known functions of the normal z which involve
through—the-thickness distribution functions. The distribution functions are de-
fined in a form which facilitates the satisfaction of the conditions on the external
surfaces and the continuity conditions in between the layers when the reference
surface is positioned arbitrarily through the thickness of the shell. Clearly, the gov-
erning equations are independent of the thicknesses, stiffnesses and other properties
of the layers. Moreover, using this model we can consider layers with elastic char-
acteristics that are constant or variable through the thickness and thus the model

1s comprehensive with respect to the properties of the layers.
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The important feature of the present model is the inclusion of the dynamic factors
such as forces of inertia and rotary inertia at the initial stage of derivation when the

kinematic hypotheses are formulated.

3.5 Variational equation, equations of motion and

boundary conditions

3.5.1 Variational equation

The equations of motion and the boundary conditions may be determined using the

Reissner variational principle
t
/ "[(6R — 6K) — 6H)dt = 0 (3.80)
131

where 6R is the variation of the Reissner functional, § K the variation of the kinetic

energy, and 6 H the variation of the work done by the external forces.

For a laminated shell the variation of the Reissner functional has the following
form [74]

SR = / / | lof6el) + () — aPo) 4 608 () — al)ol?)
+608) () — alPa®) + 605 (2¢%) — ) 02a) (3.81)
+60 D2 — a®o 8y + 608 (2ely) — all)oB)av;

rs=1,23;t=s

Firstly, let us consider the implications of the variation of this functional being
zero, i.e., 6R = 0. From the basic lemma of calculus of variations it follows that in
this case each term in the variational equation (3.81) is equal to zero. Substituting
expressions for the components of the stress and strain tensors into the multipliers
of the variations, we are able to ascertain that the stresses o ag‘) (2,7 =1,2) are

1)

zero. This implies that the equations of the Hooke’s law for the strains eg-‘), e$§)

(z,7 = 1,2) are satisfied exactly.

The constitutive equations can be derived from the variational equation (3.80) in
the form given by equation (3.10). For the strains eg;), the constitutive equations are
satisfied "integrally” (in the sense that the integral corresponding to this equation
equals zero over the domain of the shell) since 60':(,);) = 0.
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As long as all the terms in (3.81), excluding the first, are identically equal to zero,
the variation of the Reissner functional is equivalent to the variation of the potential

energy of the deformation, viz.

§R — 8U = /// o®se®qy: s =1,2,3 (3.82)
|4

3.5.2 Variation of the potential energy

We now consider the tangential and normal components of the stress and strain

tensors in equation (3.82) given by
U = /// (k)&i(k) + 20,(;)56“) + 0335eg§)] dv; 4,7=1,2 (3.83)
14

Substituting the strains from equations (3.68), (3.69) and (3.71) into equation (3.83),
we can express the variation of the potential energy in terms of the displacements
given by equations (3.66) and (3.67). Through-the-thickness integral of the shell
can be expressed as

// {/ [‘T(k) ¢(k)5vig,j - ’»b;(zlgc)‘Sng.ij + kij‘Pg;)‘Sng)
+0 (P vy, + adPxpg0) + 085 (BD6x,,)]d2}dS;  (3.84)
L,j=12;p=123;9=123,4

where S is the two-dimensional domain of the shell surface. It is noted that the
variations of the functions with subscripts ¢ = 3,4 are equal to zero. Using a
notation similar to that of the classical theory, we may now consider the integral
characteristics of the stresses due to internal forces and moments, viz. generalized

forces and moments which are defined as

[N,‘;’),M,‘f") N(fq)] / o [d)(k) ;b )] dz

[Qm Q(fq)] / o) [agk);ay;)] dz; QYY) = / ass_ﬂ}’f,’dz; (3.85)

Lj=1,25f=1,23;9=12
Substituting equation (3.85) into equation (3.84), and using Ostrogradsky—Gauss

theorem, we obtain the following expression for the variation of the potential energy:
//[ Ni(;l-)7 Q(a) Svig + (M‘(sz?) N(’fq) + Q(.fq) _ ngq))(Squ]dS
+ [ (NDd0ng + NPov) + (YD + 2M 0D +QU7oxsy (3.86)

—M{398x g1 JdL + [MYPbx ] Lj
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where h and [ are normal and tangent to the boundary L of the shell, respectively.
For the forces on the boundary of the shell it was assumed that h and [ are equivalent

to ¢ and j in equation (3.85).

3.5.3 Variation of the kinetic energy

The expression for the variation of the kinetic energy may be written as

5K = — / / / ox uﬁ“ suhdy = — / / / pi [ 5ul il 5] av =
— [[], o1 [ @960 - wfoxsa+ i ()] avi (387
i=1,2% f=1,23 ¢=12

Let us introduce the integral characteristics of the inertia forces in the shell, i.e., the

generalized inertia forces which are defined as

[T,-(");T,-(”)] _ /a“" o il [d,(k) ¢(k)]

T = / pi i) ¢(k>dz; i=1,2 (3.88)

Substituting equations (3.88) into equation (3.87), we can rewrite the expression for

the kinetic energy in the following form
6K = — [ [ 11060, — TUD6x ;4 T D5,)as =
= [[17080 + (140 + TN bx,ds - [ (16x,)dL: (3.89)

1=1,2 h=1; f=1,2,3; ¢g=1,2

3.5.4 Variation of the work of the external loading

The variation of the work of the external loading is
O0H = éH, + 6H, (3.90)

which consists of the work done by forces H; on the inner and outer surfaces and

by the boundary forces H,. Therefore, using the relations (3.66) and (3.67) and
introducing the notation

P = pr M a0) + pF o (ay) 5 p? = pr R ao) + pf ol (an);

(.fq) [P, I¢fq (ao) + P3 (P_(,q (ao) + P; I¢fq (an) + p3 Lp(n)( )] (391)
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for the generalized loading, we obtain the variation of the work of the load H; as
§H, = / /S (p76ul) + pT6ul™)dS =
— o 4 ol 4y + gl =
=[] T a0)bviq — v a0)bxsad + 95 [ a0)Sxs]  (3.92)
19 [0 (an)6vig — B3 (an)X 10.] + PT 05, (an)6X 1o] 1S =
= [0 + 8 x10)ds - [ (G 6x L

=12 f=1,23 ¢=1,2

3.5.5 Variation of the work of the boundary forces

The corresponding expression for the boundary forces has the form
6H, = / {/a,. [agﬁ)ésu#) + aflg)&ugk) + a(k)&u(k)] dz} dL (3.93)
L ap

where 0,(1,1), 0513), afl,) are components of the stress tensor and u( ) ugk),ufk) are com-

ponents of the displacement vector at an arbitrary point of the k-th layer on the
boundary L of the shell. Taking into account that i = A or [ in the expressions (3.66)
and (3.67) for the tangential and normal displacements and substituting (3.66)
and (3.67) into equation (3.93) we obtain

0H, = /L{/a. [U(k)(ﬂo(k)&)hq '»b )6qu’)+0( )(d)gk)&wq T‘b )6qu')
+0i5 (056X s0)dz}dL =

(9) « (9) « (f9) « (f9) *
= /[Nhh OURg+ th 6vig— Myy OXsqn+ (Mpy +Qh3 )5qu]d&3 94)
* (fQ) L2
—|Mu Sxsl 5 =123 ¢g=1,2
L,

where an asterisk denotes the forces acting on the boundary of the shell which may
be expressed by equations (3.85). Also in equation (3.94) we have

«(fq9)
Qus = [ ooz (395)
ap
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3.5.6 Equation of motion and boundary conditions

Substituting the variations (3.81), (3.86), (3.89), (3.92), (3.94) into (3.80), we derive

the following variational equation:

)

t
[ 2 //{ N(a) ng) _ Tl_(q) + pgq))‘gviq + [Ml(Jf‘?J) N(fa) + Q(fq) N ngq)
1

t2 = (9) * (q)
~(TYO + T) + 2 sxs)aSat = |7 [ (N~ Now)oona + (NRP— N oy

« (f9) « (f9)

+[MI£{1qI1 + 2Ml(1fq) + Q(fq) + T(m + P(fq) (Mhll + th 16X £q (3.96)
(fq) ( q) (fq) (fQ) L
— (M, Mhh )0X san}dLdt — | (M M )6xsq =0
L

) =12 f=1,23 ¢=1,2

where t, and t; denote the initial and final time, respectively. The variations of
the independent functions v, and xy,, which determine the displacements in the
shell, have arbitrary values everywhere over the domain of the shell, excluding the
boundary, and, consequently they cannot be equal to zero. Equating the multipliers
of the variations in the first integral of equation (3.96) to zero, we obtain the system

of equations of motion of the shell as

N@ _ QEQ) T(t)) +p(¢1) = 0;

13,7
Mt(Jf?J) kijN,-(ij) + Ql(.’{ﬂ) _ ngq) _ (Ti(,{Q) + Ta(fq)) + pgfq) =0; (3.97)

4L,1=12; f=1,23; ¢=1,2

The boundary conditions follow from the boundary integral in equation (3.96) and

they may be written as

. (0) . (0)
(D= Ny )bvng = 0; (Ni— Ny )8vig = ;
« (fo) =
(M2 +2M,£{7’ QU T 1 4419 — (it + i N6 = 05 (399

(MU~ o )oxsan =0 f=1,2,3; q=1,2

There are 16 boundary conditions, which is the same as the order of the system

of equations (3.97). Detailed interpretation of the boundary conditions is given
in [64, 65].
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3.6 Generalized forces and moments and the sys-

tem of governing equations

Let us rewrite the generalized forces introduced earlier in equations (3.85) and use
the expressions for the stresses given by equations (3.75), (3.77) and (3.78). Then

we have for the tangential forces

Nl(tll) = B(gq)vzg,r - B{fgq)ng,ir + (Cl(?gq)kir + Cl(pgq))Xpy;
NG = By, BE L (cemg, 1 o),
N(q) BN (155 + v95,1) — 2By 1o+ 20®ID k15X po;

1=1,2, r=1

(3.99)

for the moments

f
Ml(lfq) B(y q] Vigw — D(pgfq)xpgﬂ,r + (El(fgfq)k.'r +E£pgfq))xpg;
f
M(fq) B(y q) D(pgfq)ng,ir + (ngyfq)kir + Egpgfq))xpg;
Ml({q) _ B(gfq)(vlg’z + Uzg,1) _ 2D(pgf")xpg,1z + 2E(pgfq)k12ng

1=1,2, r=1

(3.100)

for the higher—order tangential forces

N = T v = B 3 + KTk, 4 KEOI0)y
N(fq) U(ffq) Vig,r — Eggfq)ng,ir + (K'.E?gfq)ktr + K(pgfq))Xpy§
N - C(gfq)(vlg,z + vgg1) — QE(pgfq)ng,lz + 2K WS ey o

1=1,2, r=1

(3.101)

and for the shear forces

Q(c) — 2R(gq)v .+ 2R(pgq)xpg . Q(q) _ 2R(yq)v o+ 2R(ng)xpg,z;
Q(_fq) R(gfq) .+ 2R(pyfq)xpg 5 ngq) _ 2ngfq) vag + 2Rgpgfq)ng,2;
Q(jq) C(yfq) C(pgfq)xpg,ir + (Efpyfq)kir + Cépyfq))xpg;

=12, r=1

(3.102)

In equations (3.99)-(3.102) we have ¢ = 1,2; [,p=1,2,3; ¢ =1,2,3,4 and we also
assume summation over z,p and g. The equations for the generalized forces and

moments include the integrated stiffnesses of laminated shell given by

an k an
B :/ao Aéi)¢§k]¢gk)dz; BE(?gq):/aO Agf)l/),(,s)lbgk)dZ;
B0 = / GNPz B = [ 6By,
ag
B : = e
g q / A( )d)(k)lby;)d 2; B(Qf‘l) =/ G£§)¢ék)¢§ﬁ)dz;
ag
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C(PQQ) / Aﬁf)sof,?w(k)dz; C(pqq)_/ Gk) (k)l,[)(k)dz,

ol = [ Ay ez, T = [ GO
ag ag

cPs — / AR R0 gz T = / ABpB B dz;

' ap ' . ag

an 22 k
Dot = [T ABy D dz DO = / Gl Yigy, dz;
ap

E@) = /“ AW W pdz; e =/ Gre (k)d)(k)dZ; (3.103)
1 a0 ao
Fpasa) _ / GH BB dz; E—(nyq) / ALY BER g

E@efa) — / AB BB g o) - / AP B0 g,
Kt.(ngq):/ A(k)ﬂ(k) (k)dz K(Pafa) — / G(k) (k) (I;)dz;
RWY — /“0" GHaPa®dz; RPN = / GWa ) dz;

ao
RPe1D) _ / GPa®alP dz; Eﬁ“‘”z / G®a® oW gz,
ag ap

Cé?gfq):/ (k)d)(k)ﬂ(k)dz; Ct_(pgfq)___/a A(k) (k)ﬂ(")
agp a

0
Cgpgfq) :/ "Ag’;)ﬂ(k)ﬂ(k)dz;
ao
,9=12 pf=123 ¢=123,4 {=1,2
The generalized forces of inertia (3.88) may be rewritten in the form
Ti(q) — J(99) 1')' I(qu) ng i
799 5 s
Ti(fq) Ipy q I(Py 9) 5 X pgs;

Z - .7 - 1727
Téfq) — Igpgfq) ipg;

(3.104)

The equations for generalized forces of inertia include integrated density character-
istics of the shell given by

](gq)___/ pkd)ék)d)ék)dz; Il(pgq):/ Pkd),(,l_,;)'l’gk)dz;
ag ap

I(pyfq)_/ Dk I/J(k) (k)dz ](pgfq) / Pk (rog)q[;;q)dz (3.105)

Tim) _ / pubgk’d)?;’dz;
ao

q=l92; P,f=172,3; g=1727374
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The equations of the higher—order theory given above are in the form of a system

of differential equations. This system may be written in the following matrix form:
[DI{V} + [1I{V} = [Fl{p} (3.106)

where [D] is the matrix of differential operators over the vector of unknown functions

of the reference surface and time given by
{V}={vigixpe}™s i=1,2 p=1,2,3; ¢=1,2,3,4 (3.107)

[1] is the matrix of the differential operators over the acceleration vector of these

functions defined as
(VY= {biy; Up}T; i=1,2 p=1,2,3; g=1,2,3,4 (3.108)
and [F] is the matrix of differential operators over the vector of given loads which is

{p} = P55} i=1,2 (3.109)

Finally the matrices and the corresponding vectors may be written in the form

Vg | V2g | Xpg
A A A
[DV} = ———"1+= (3.110)
Ay | Azz | Az
Asr | Asz | Ass

where

[An] = Bf{”(...),u+B@q)(...),zz_2R§”>(...)
[A21] = (Bz(rgq)'*'B(gq))("'),?l

[ASI] — {B(ng)( ),11 + (F(ng) + 2?(91‘0))(”.)'22 _ [(2E§9fq) _ Ugng))
—(C by + T )|} 4 — 20 k5 () 2

[A2] = (BY? + BY9)(_.) 1,
[Az] = (BEY(..) 22+ BY(..) 1 — 2RE9(...)
Hlesa) A B »
[A32] — {B g q ( )’22 + (B(gfq) + 2B(§f€l))( ) + [( R(Qfﬂ) _ dyfﬂ)

(C(QfQ)k2 +6(9f0)k11)( )} +C(9f‘1)k ( )
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[Aa] =

[Azs] =

Moreover

[N{v} =

+[D(pyfq (..)22
_[2R(pgfq

{B(pgq ( -)‘11 + (B(pgq) + 2B(pgq))(”')'22 + [(2R5pgq)
—(CPDy 4+ CEIDVE)|( )} + 207D kia(0) 2

{B(pyq)( ) o+ (B(pgq) + 2B(pgq))(_"),11 + [(2Rgpgq)
—(C} PQQ)k22 + C(PQQ)k“)](".)},Z + 2C(pgq)k21(...),1

n (D(pyfﬂ + 2D(P9f‘7))(...),22],11
(D(Pg.fQ) + 2D(pgfq))(-) 11] 22

{[D(pgfq)(_ ) I

’

_ Cl(pgq))

_ CZ(’pgq))

(E(pyfq) + E(ng‘ﬂ)k“ + (E(pyfq n qugfq))kgg

(Cgpgfq)+E(pyfq))](_-_) +[2R(pyfq)+(E§gyfq)+fgz;9f4))k22

+(E(P9.fQ) + E(pg'fq))ku + (C:gpgfq) + E‘gpgfq))]("')ﬂ?
+4(E(pyf¢I) + E(pgfq))k (...)'12

(C(pyfq) + K(pgfq)k n+ Kl(irzigfq)k22 + Kipyftﬂ)

+k22(ci(,pyfq) +K§1;9ft1)k22+ ng’gfq)kn + Képgfq))](.__)

_ [C:Spgfq) + 4K(zogfq)k12

vlg U?g Xlg

—Joe —

1P9(...)

»

— —1(9)( ) 1799,

_TgpgtI)(m)'l

1) | (0 g —1FTD))

where ¥/ is the Laplace operator.

Py 2 P3

o | ¥ (ao)(.) - ~

= T e | -
¥ (a0)(-)a | $9ao)(-) 2 | #7 (a0)(---)

pT Py 24

e | @ () ~

F =

[ ]{P } - ¢(n)(an)( ) _

() ) | 90N an) ()2 | @52 (an)(...)

(3.111)

(3.112)

(3.113)

The total number of equations in the system (3.106) is equal to 10. All particular

cases of the general system of equations (3.106) can be obtained by making assump-

tions about the properties of the layers and these cases are shown in Table 3.1.
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Considering some features of the present higher-order theory, one must note that
the normal deformations depend on two factors which involve the influence of the
Poisson’s effect in the transverse direction, which can be ignored by assuming v, = 0,
and the influence of the external loading and forces of inertia which can be excluded

by assuming Ej = oo.

The higher-order theory developed in the present study is considerably different
from those in which the equations of motion are obtained on the basis of the quasi-
static approach when the influence of the forces of inertia is not taken into account

in the hypotheses.

Table 3.1. Some particular cases of the system of equations of motion for the

laminated shell.

Present setting of problem Quasi-static setting of problem
(including inertia forces) (excluding inertia forces)
Material Number Order Number Number Order Number
of of of boundary of of of boundary
assumptions equations | equations | conditions equations | equations | conditions
None 10 32 16 . 5 16 8
Excluding
Poisson effect 9 28 14 4 12 6
v, =0
Excluding
transverse shear 8 28 14 5 16 8
. G =00
Excluding
normal compression 7 20 10 4 12 6
E, =00
Excluding shear
and compression 3 8 4 3 8 4
r =00, E, =00

3.7 The generalized symmetric eigenvalue prob-
lem

Solving the system of equations (3.106) in order to find the vibration frequencies
we come up against the generalized eigenvalue problem. As this problem presents a

real challenge to many engineers, next the efficient algorithm is given.
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In the generalized eigenvalue problem
(A-AB)z =0 (3.114)

The matrices A and B are symmetric, and B is also positive definite. Under
these conditions the problem can be reduced to a special eigenvalue problem with

symmetric matrix C
(C—-A)y=0 (3.115)

For this purpose let us introduce the matrices D and U, where D is a diagonal

YA 0 0
/y(2)
p-| ° VX : ’ (3.116)

matrix defined as

0 0 i 1//A

U = S,DS, (3.117)

and matrix U is given by

In equations (3.116) and (3.117) the following notations are used: index n denotes
the order of the matrix, /\gi) are the eigenvalues of the matrix B, and S; are eigen-

vectors of B.
Then, matrix C can be determined as
C=UAU (3.118)

The eigenvalues A of C agree with those of the generalized eigenvalue problem, and

the interrelationship of the eigenvectors of y and z are given by

The special eigenvalue problem is solved by Jacobi’s method. Since we need to deter-
mine all eigenvalues, this method is the most efficient and the safest, it always yields

a system of orthonormal vectors which approximate the eigenvectors in columns of
the orthogonal matrix.

3.8 Some analytical solutions and results

The analytical solution of the system of differential equations (3.106) is possible

only for some particular cases. Let us consider the case of a simply supported shell
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with a rectangular plan view. The boundary conditions are specified as (e.g. for

T, = const)

v =05 NP =0; xz=0; M{” =0, (3.120)
(=12 f=1,23 ¢g=1,234

The solution may be obtained in a manner similar to the procedure used in the
classical theory due to the fact that the equations of the higher—order theory have a

mathematical structure which is similar to that of the classical shallow shell theory.

Let the loading be expressed by the trigonometric series

- ~iQmnt
P =)D aF, 008 ATy sin Ynzoe™ "
m n

p2i = E Z b,i,m sin A, Z1 COS 'yna:ze_m""" (3.121)

—tQmnt

p§ = Z Z c,i,m Sin A, 7 Sin Y, o€
m n

where
mm nmT

Am==__;An:—

ay a
Now the unknown functions can be expanded as

— (9) ; —twmnt
Vg = Z Z Al cos Ay sin ypnzoe™ "
m n

Uy = 3 O BY) sin A,z cos ypzae (3.122)

Xpg = Z Z C,‘,fg) Sin Ay 7 Sin Ypzoe '@t

where a; and a, are the dimensions of the shell in the z; and z, directions, re-

spectively; a b  ci are Fourier coefficients for the entries of the load vector;

Al) Bl C(p9) are amplitudes of the unknown functions; Q. and wp, are the

frequencies of the excitation load and free vibrations of the shell, respectively.

The solution of the forced vibration problem reduces to the solution of the system

of linear algebraic equations
[Do — Iow? J{Amn} = [FoQ2, ]{amn)} (3.123)
where the vector of the amplitudes of the unknown functions is given by
{Amn} = {AY); BY; CEYT5 p=1,2,3; g=1,2 (3.124)
and the vector of the given load amplitudes by
{amn} = {50 Vins Gun}” (3.125)
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The solution for the natural frequencies reduces to the solution of the generalized

eigenvalue problem which may be expressed by the following characteristic determi-

nant equation for the spectrum of the frequencies wy,,:

where

[A1i]
[A21]

[A3]

[A12]
[Az2]

[As2]

[A13]

[A23]

[As3]

A | A | Arg
D(] — I(]w,?nn = A21 A22 A23 =0 (3126)
A3l A32 A33

= [(BEX, + BUyl) — 2RV — [0,
— (B{” + BY9) Ay

{B gfq)/\z (B(gfq) + QB(gfq) 2 [(Qﬁgfq) _ ﬁggfq))
(E(gfq)kn + E(yfq)kn)]/\m} + I(gfq)/\

~(Bif" + B9
~((BEVX, + BU]) — 2RYY) - 16092

f —_ J—
(B! g 9) 2 (B(yfq)_'_QB(yfq))/\z ~[(2 R(yfq) _Egyfq))

n

(U(yfq)kn_'_@(yfq)k”)hn}+I(yfq)7n Wk

{B(pgq)/\z + (B(pgq) + QB(pgq)) 2 _ [(QR(pgq) _ Cl(pgq))
(C(pgq)k“ + C(pyq)kn)]/\ } + I(pyq)/\

{B(pyq) 2, (B(pyq) + QB(pyq))/\2 _ [(QR(pgq) _ Cépyq))
(C(pyq)k22 + C(pgq)ku)hn} + I(pyq)

~{[DEHON, + (D' + 2DWe10 2102
+[D(nyq) 2 + (D(nyq) +2D(pgfq))/\2 ]72}
Q[R(pgfq) + (E(pyfq) + F(ngq))k” + (E(pyfq) + F(ngq))k ”
(C(pyfq) + E(pyfq))]/\z [2R2pyfq) + (E(pgfq) +F(P9fq))k22
(E(pgfq) +F(pyfq))kn + (ngfq) + EZ()pgfq))],y:
(pgf
—[C{P q)+ ky (C(pgfq) + Kl(mrfq)k1 + Kl(z?’yfq)k22 + Kl(pgfq))
+k22(C(P9fq) + K(ngq)k22 + I{(P!]fq)k u+ I(épgfq))]
I8 + ) 4 0,
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Special cases of the general problem may be obtained by specifying the material
properties. In these cases the order of the determinant is reduced and the corre-
sponding number of equations for each case is given in Table 3.1. Next we consider

some specific problems.

Problem 3.1

Let us consider the free vibrations of a homogeneous square plate (a; = a2 = a) with
boundary conditions given by equations (3.120). Results presented in Table 3.2 are
obtained for frequencies which are equal to the half-wavelength [ of the vibration
mode in the orthogonal directions (I = a/m). Results are presented for various ra-
tios of half-wavelength { and thickness of the plate A where the side length is taken
as a = 40h. The results agree very closely with the exact three-dimensional solu-
tion in the interval 40 > [/h > 1. Thus the higher—order theory offered allows the
determination of frequencies for which the half-wavelength is equal to the thickness

of the homogeneous plate (I/h = 1). The classical theory is acceptable only when
I/h> 8. |

Table 3.2 Free vibration frequencies of the homogeneous plate.

Problem data:

6 = 102“’7'\/,0/76’; l=a/m; a=40h; v=0.3
Theory {/h=40| 8 4 2 1
3-D 5.408 25.74 | 45.62 | 68.25 | 84.22
Present HOT 5.408 25.74 | 45.62 | 68.29 | 84.41
Classical 5.419 | 27.10 | 54.19 - -

Problem 3.2

Let us consider the problem of free vibrations of a square sandwich plate made of

1sotropic layers with a; = a3 = a. The following characteristics are used:
Gy = 10°Gy; p1=10p2; »n =03; v, =0

where h) and h; are the thicknesses of the surface and core layers, respectively.
Figure 3.2 shows the curves of the normalized parameter

02 — 1040_22L2__p2_

w2 2G2
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plotted against hy/hy where w is the fundamental vibration frequency. Solutions are

given for the following theories:

1. Reissner~Timoshenko theory
2. present higher-order theory

3. three-dimensional theory for the core and classical theory for the external

layers

4. exact three-dimensional theory

The results of the higher—order theory coincide very closely with those of the three-
dimensional theory on the interval 40 > I/h > 1. When [/h = 1 the discrepancy
is 5% for the parameter §. The solution based on the Reissner-Timoshenko theory

cannot be used for the investigation of large frequencies when {/h > 4.

The limitations on the use of the higher-order theory for sandwich plates depend on
three parameters: [/h ratio between the half-wavelength and the thickness; hy/h;
ratio between the thicknesses of the core and external layers and G,/G; ratio be-
tween the shear moduli of the external and core layers. The regions of these ratios
for which the higher-order theory coincides with the three-dimensional theory are
shown in Fig. 3.3. Domain where the higher-order theory is applicable lies under
the corresponding curve. It is observed that when [/h = 40 the results obtained
on the basis of the higher-order theory occupy almost the entire region within the

following bounds

0 <log(G\/G2) £5; 0 < hy/hy <50.

If I/h <4 the bounds are

and for [/h =1

Within 0 < hy/h; < 10 the domain of the values log(G;/G;) is reduced on the
average by one order. The highest reduction is reached when the thickness ratio is

ha/hy = 0.6. For this ratio we observe the highest influence of the transverse shear
deformations for the sandwich plate.
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Problem 3.3

In this problem the results obtained for the fundamental frequency of a sandwich
beam are compared with the experimental data obtained by Khatua and Cheng [39]
and Osternik [61]. The results obtained using the higher-order theory are in good
agreement with the experimental results as shown in Table 3.3. The classical theory

is inapplicable when we either decrease the relative length of the span [/h or the

shear modulus of the core.

Table 3.3 Comparison with experimental results for sandwich plates.

Experim. | HOT Classical
hao/hy | Uk | log(G1/Gs) | w, s7' |w, sec™' | A% | w, sec™! | A, %
7.8 424 1.43 70.2 70.7 0.7 72.6 3.4
5.3 | 54.9 2.65 80.1 78.3 -2.2 86.6 8.1
17.0 | 14.7 2.82 123 120 -2.3 214 74
7.9 | 11.8 2.82 161 151 -6.0 390 143

Problem 3.4

Figure 3.4 shows the results of the comparison of natural frequencies for simply
supported sandwich plates using different theories. In the figure w denotes the
fundamental frequencies obtained using the general solution (3.126) and @ are the
frequencies obtained using particular cases given in Table 3.1. Results are given for

parameters
[/h =4, p1/ps = 10 and hy/h, = 18.

In the case when major influence on the frequencies is due to the effect of the
transverse shear deformations (log(G,/G2) > 3), all results agree very closely. The
influence of the normal deformations increases as the shear modulus of the core
material becomes larger (log(G1/G2) < 3). The solutions become inaccurate for
the case when dynamic factors in the hypotheses are excluded by setting ;= 0
(quasi-static problem) and for the case when the normal deformation is not taken

into account (E; = o0).
Problem 3.5

Let us consider various plates and shallow shells with different sequences of the
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strong and weak layers through the thickness. The total thickness and mass of the
shell for each case is kept constant. The fundamental frequencies wp and their ratio
to the frequencies w, which are obtained using the classical theory, are given in Ta-
ble 3.4. It is observed that the influence of the transverse shear becomes significant
in structures where the strong layers are separated by weak layers. The influence
of transverse shear and normal deformation increases as the strong material is re-
distributed more closely to the external surfaces, and also as the half-wavelength of
the vibration is reduced. For single-layer plates, the results are very close to those

given by the classical theory.

Problem 3.6

Next we consider sandwich plates and spherical shells with different boundary con-
ditions and different shapes in plan. A number of analytical and numerical methods
of solution is used to obtain the numerical results. Table 3.5 shows the fundamental

1 in the sandwich structures which are circumscribed

vibration frequencies w/2n, s~
by circles of equal radii in plan. The influence of the transverse shear deforma-
tion (ratio wp/w) becomes more pronounced as the area enclosed by the structure
becomes smaller. This influence is also more pronounced for plates with clamped
boundaries as compared to plates with simply supported or free boundaries. It is
also observed that this influence decreases as the curvature of the shell gets larger

and increases as the acute angle of the oblique-angled plate decreases.

Tables 3.4 and 3.5 indicate that as the influence of the transverse shear and normal
deformation increases, the difference in the vibration frequencies of plates and shells
with different geometrical and mechanical properties of layers and different boundary

conditions decreases and the frequency spectrum broadens.
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Table 3.4 Free vibration frequencies of plates of equal mass.

Problem data:

a=40h; G, =10°G;

p1 = 10p2;

n=03 =04

Frequencies: w/2m, sec”’. Shear influence: wp/w
Simply supported square plates of equal mass
| | Tez=z 0.025 ' 0.025 0.45
i J | mzzm? 0.45
' -'-"!—' B 1 ald—— 0.9 Yz 1 005 - 0.1
8 oz 0.025 . 0.025 0.45
40 260 1.36 216 1.20 31.1 1.0
I/h 20 677 2.10 627 1.65 124 1.0
10 1481 3.84 1421 2.81 488 1.02
L1 7 0.015 ] 0.075 | 0.1
-~ - 045
% 0.9 © 0.025
T 0.45 0.9
oz (.025
40 24] 1.19 145 1.15 46.4 1.0]
/h 20 657 1.96 444 1.51 183 1.02
10 1461 3.38 1069 2.48 692 1.08
Table 3.5 The fundamental frequencies of sandwich plates and spherical shells.
v, 7
- . 7 Support
00 129 1.17
rfa 4 529 1.01
1034 1.00
. 0 452 1.44 154 1.26 60 | 310 | 1.44
r/a 4 684 1.21 525 103 | a° | 45396 | 1.59
2 1120 1.08 1037 1.00 30 | 595 | 1.95
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3.9 Summary and conclusions

A higher-order theory of laminated plates and shells which takes into account trans-
verse shear and normal deformation is developed for the solution of dynamic prob-
lems. The proposed theory is capable of treating plates and shells with an arbi-
trary number and sequences of layers which may differ significantly in their physical
and mechanical properties. The elastic characteristics may be constant or variable
through the thickness of each layer. The kinematic hypotheses are derived using
an iterative technique where the classical theory is used as a first approximation.
The important feature of the model is that the dynamic factors such as forces of
inertia and rotary inertia are included in the model at the initial stage when the
kinematic hypotheses are formulated. This procedure leads to a number of new un-
known functions and subsequently to a number of additional higher—order equations
of motion. The new variables which are introduced have clear physical meanings.
The direct influence of the loading conditions on the transverse shear and normal
deformation of the shell is also incorporated into the model. It is shown that the
results obtained using a quasi-static theory in which the forces of inertia and rotary
inertia are neglected in the kinematic hypotheses are not as accurate as the results
obtained on the basis of the present approach. The level of accuracy of a given

theory depends on several factors which are discussed and elucidated in the context
of example problems.

The equations of motion and the complete set of boundary conditions are derived
using a variational formulation. Different particular cases are also studied as special
cases of the general theory.
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Figure 3.1 Geometry of a laminated shell.
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Figure 3.2 Comparison of the solutions for the sandwich plates: (1) Reissner-

Timoshenko theory; (2) present theory; (3) first-order theory; (4) exact three-
dimensional solution.
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Chapter 4

Geometrically Nonlinear Higher
Order Theory of Multilayered
Orthotropic Shells

4.1 Introduction

The main objective of this chapter is to derive a comprehensive geometrically non-
linear theory of laminated plates and shells which can accurately determine the

behaviour of such structures under various loading and boundary conditions.

A geometrically nonlinear higher order theory of laminated composite plates and
shells which takes into account both transverse shear and normal deformation is
presented. The theory is based on the kinematic hypotheses which are not assumed
a priori but are derived on the basis of an iterative technique. The closed form solu-
tions for some laminated plates and shells are given to illustrate, first, the importance
of modelling the geometrical nonlinearity especially at high levels of loading, and
second, the importance of including both transverse shear and normal deformation

in the stress/strain analysis of composite structures.

4.2 Basic equations and assumptions

A study of the reviews mentioned earlier reveals that although numerous approaches

have been formulated for refined classical theories of laminated anisotropic plates
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and shells, the geometrical nonlinear analysis of such structural elements based
on a higher order theory has not been developed sufficiently enough. Moreover,
most of available geometrically nonlinear higher order theories are based on the
kinematic hypotheses which are derived from a consideration of linear or quasi-linear
problems and therefore, these hypotheses do not fully reflect the physical essence of
the problem. For the plates and shells in which the layers have significantly different
physical characteristics, it is necessary to consider not only transverse shear but also

normal deformation [65].

Let us consider shells with orthotropic layers of varying thickness and stiffness which
are weak in their resistance against transverse shear and normal deformation. The
physical and mechanical characteristics of the layers (which are assumed to be per-
fectly bonded) may vary through the thickness. It is also assumed that although
the deformations of the shell are small, the Von Karman geometrical nonlinearity

must be taken into account.

4.2.1 Deformations in the shell

Let us represent the shell in a curvilinear coordinate system z,0z, which is parallel
to the bounding surfaces and the surfaces of contact between the layers (Fig. 3.1).
The axes of the curvilinear coordinates z; = constant (i = 1,2) coincide with the
principle lines of curvature and the coordinate z = z3 is defined along the normal to
the reference surface z,0z,. It is assumed that the coefficients of the first quadratic
form of a surface are close to unity, i.e. A; = A; ~ 1 and the main curvatures ki;

are constant, 1.e. k;; = constant (1,5 = 1,2). The shell is taken as a structure with

small curvatures relative to its thickness.

The loads are applied on the outer (¢*) and inner (¢7) surfaces, respectively, so that

¢ =g (2:); ¢ =g (z); s=1,2,3; i=1,2 (4.1)
In the following derivations a subscript after a comma denotes differentiation with

respect to the variable following the comma and the superscript k refers to the k-th
layer (k =1,2,.....,n).

The conditions on the external surfaces may be written as

og)z—q; for z=¢y; k=1

og):q; for z=c,;; k=n
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Continuity conditions for the perfectly bonded layers at an arbitrary surface z = ¢k-1
are given by

af,;) = af,;_l) (static)

u§‘§) = ugg-l) (kinematic) (4.3)

Taking into account geometrical nonlinearity the deformations in the k-th layer

may be expressed in terms of the components of the displacement vector {u}x =
{u?, w9} as [55]

% (l_c) — f’;)+ (k)+2k”ugk) gk‘) ugkj)
26 = 4 4+ ol (4.4
2ef) = 2ufd+uful}

4.2.2 Constitutive equations

We assume that each of n layers of the shell (k =1,...,n) is an orthotropic.

Then the constitutive equations for the orthotropic k-th layer may be written as

B — k) o (k) (4.5)

l] tJtl

where [J®)] is a tensor of elastic characteristics given by

/B —PIEP —P/EP 0 0 0
v E®  1/E® v 1 B 0 0 0
| AR ES B o0
0 0 0 172688 0 0
0 0 0 0o 1/26% o
0 0 0 0 1/2G%

In equation (4.6), E(® G‘(-f) are the moduli of elasticity and shear moduli, respec-
tively, and V,(f), ui,) (i # s) are Poisson’s ratios. It should be also noted that the
all elastic properties are variable through the thickness of a layer hg, i.e. they are

functions of the coordinate z.

In order to formulate the kinematic hypothesis for the derivation of a higher-order

theory, let us implement an iterative technique proposed by Ambartsumian [3] in
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which the theory based on the classical hypothesis of Kirchoff-Love is considered
as a first iteration. Firstly, we assume that 1/( ) = 0, E(k) = oo and Gj3 = oo In

equation (4.5) which then becomes

oo (H_VQ (k)
11 - E(k) 11 E(k) 022
(k)
1 v
k k 12 (k)
6(22) = E(k) gZ) - E(k) —mn (47)
k
e(k) _ ng)
12 2G(k)

The tangential components of the stress tensor in this case may be written as

(k) _ E(k) (k)+E(k) (k)

ol =
A = P ;D (49
k
ol = 261l
where
k) (k) (%
SR I
i K (k)? v
11— V£2)V§1) 11— V§2)V£1)
i=1,2;, p=1#g
Then
agl) E(k) (k) + E(k) (k)
0%2) E(ﬁ) g’;) +E(k) (k) (4.9)
ag) _ 2ng) (k)

4.2.3 Classical model

The assumptions which have been made are equivalent to the Kirchoff-Love hy-
potheses, viz.

e® =0, =0 s¥ =0 (4.10)

Substituting equations (4.4) into the first two of these hypotheses and integrating,
the following kinematic model can be obtained

W o=y - (z — ho)w,

uf) = w (4.11)

98



where u;(z1,z2) , w = w(z1, ;) are the displacements of the reference surface and
ho is the distance from the reference surface to the surface on which tangential dis-
placements are equal to zero. We note that the reference surface may be positioned
arbitrarily through the thickness of the shell. In fact, it may be chosen within any
layer, coincide with the interlaminar or external surfaces as dictated by the character

of the problem under consideration.

Substituting equations (4.11) into (4.4) we obtain the deformations of the k-th layer
in the tangential directions as
(k) = 6,']' + Zfi,'j (412)

eij

where the strains and curvatures due to deformations of the reference surface are

given by

1
G = g luij+ ) + waw,] + kijw

Kij = —Wiy (413)

Equations (4.13) satisfy the well-known relations [60]

2
2612,12 —€11,22 — €211 = K11K22 — Kjp + k11 Kag + k22f€11 - 2kl'zfilz
K12 —Kigg = 0 (4.14)
K221 — K212 = 0

Substituting equation (4.13) in (4.9) the tangential components of the stress tensor
may now be obtained as

Uﬁ) = E(()llc,)(ﬁn + Kk112) + E((,,I:)(en + K222)

o = off (4.15)
k

ng) = 2Gg§)(€12 + K122)

The symbol = indicates that the expression for 092 1s of the same form as that for

o1 with the provision that the subscript 11 is replaced with 22 and vice versa.

Hence, the physical and geometrical relations of the classical model of laminated

orthotropic shells have been obtained, and they are taken as basic relations for the
further derivations of the theory.
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4.3 Transverse stresses and strains

4.3.1 Equations of equilibrium

Other components of the stress tensor cannot be found using Hooke’s law because of
the hypothesis (4.10). For their derivation we employ the equations of equilibrium
for a shell [3], which for the k-th layer may be expressed as

ol 4ol =0, ok — (ki + ki) o) + TS = (4.16)

15 i

Using the first equation in (4.15) we derive the transverse shear stresses as

- / oildz + @y (4.17)
Cke1

where @i is a function of integration which may be obtained satisfying condi-

tions (4.2) and (4.3) and can be written in the following form

Pu= g - [T ol i=12 (4.18)

1 157
co

Hereafter the following rule of integration for piecewise function is used

kf / (..)dz = /C"“(...)U*)dz (4.19)

Taking into account (4.18) into (4.17) the transverse shear stresses can be obtained
o) = —q7 —/ agf.),-dz (4.20)
co

Henceforward, according to (4.19), the following rule for integration with variable

upper limits is used

/c:("')(k)dz:/c:_l("')(k)dz+§/c:(---)(r)dz (4.21)

Taking conditions (4.2) on the surface z = ¢, into account in (4.20) the following

relations can be found
@ o=~ / olfdz (4.22)
co

Introducing the tangential forces
No= [To®gy 55—
iJ g;°62, 4,7 = 1,2 (423)
co
we obtain from (4.22) the well-known equilibrium equations of the shell
Niji+a +¢ =0 (4.24)
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Using equations (4.16), we can also derive the transverse normal stresses as

o) == [ o (ki ) o) s + 2 (429
Ck—1

Satisfying conditions (4.2) and (4.3) (for s = 3) the following two expressions can
be obtained from (4.25)

o) = a5 = [ (o)~ (ki + mip)ol)] dz (4.26)
g3 +43 = _/q, [0 = (kij + wi;)0l])| dz (4.27)

Equation (4.27) corresponds to the equilibrium equation of the classical theory of
shells

M;ji; — (kij + 5i;)Nij + (a7 +43) + (¢F:¢n + gi500) = 0 (4.28)
where

M;; :/"a,(]’.‘)zdz, ij=1,2 (4.29)
co

The equilibrium equations (4.24) and (4.28) are well-known equations of the clas-
sical theory of shallow shells. Using expressions for internal forces (4.23) and mo-
ments (4.29), it is possible to obtain the system of nonlinear equations of the classical

theory of multilayered shells in terms of the displacements u;, w.

4.3.2 Transverse shear stresses

Using relations (4.15) in (4.20) and (4.22) we can derive the following expressions
agf) = —q; — (fpp,i/' E((,I;)dz + fgg,,-/ E((,ﬁ)dz + 2612,]'/ Gﬁ’;)dz
co o co

T / EP 2dz + Ky / EW) 2dz + 21y, / G¥zdz)  (4.30)
Co (] (]

q,+ + q,_ = _(fpp,iApl + fgg,iAZ + 512,1'A3 + K/pp,inl + K'gg,iBZ + K:IZ,jBS)
i£j=12 p=1; g=3j (4.31)

It should be noted that there is no summation over the indices p and g. From (4.31)
we have

A, Aj
€pp,i T €gg,i A + fl?.JA
pl

1 _
= _A— [(qt + qi ) + (K’pp,inl + K’gg,iBZ + K,12']'B3)] (4_32)

pl
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where the following stiffness characteristics have been used

An=An = /cn Eéf)dz, Ay = /;o" Fo,dz, A3 = / QG(k)dz

co

Bi = By = / E(k)zdz, By = /c" E zdz B3 = / 2G(k)zdz (4.33)
co
Let us introduce the following relations

€ / EWdz 4 ¢, /q, EWdz + €1z / 2684
cp

o
A A

22 (€pp,i + €gg,i & + €12, 3‘)/ E(()l;)dz (4.34)
Apl Apl co

(k)_@,v Ay Ay

v; = E(g:c) ~ Z; = A—pl = V;y
1 — viavg2 As As (k)
PR A NN 4.35
14 v A;l Apl Vis Vi3 ( )
E(k) E®

B 2(1+ l/(k)) 2(1 + vig)’

Substituting relation (4.34) in (4.30) we obtain transverse shear stresses as

+ —_
k -, % TG [

+ o / Eg’;)dz / E®) 2dz)
gl / EPdz — / EP2dz) (4.36)
+ kgl / E®d: - / 9G¥ 2dz)
co

Taking into account relations (4.14), equation (4.36) can be expressed as follows

k
‘7:(3) = "Cpp.if;(::) + Kgg, :f(_.l;) —q; f(k) f(k)
1=1,2; p=1; g#1 (4.37)

where
SO = Begw - T pm g w7 gy
T 4 I Opzz’p—/ 0p G2
rl co co

B, + B :
5 = S0 - [ +268)ed: (4.38)
P co

Sy
I
—
lu
x~
Sy
1
I
|



are the distribution functions which enable the given conditions on the external
surfaces of the shell to be satisfied once the reference surface is positioned arbitrarily
through the thickness of the layers. These functions also take into account the
influence of the elastic properties of each layer on the distribution of the transverse

shear stresses through the thickness of the laminated shell.

With allowance made for (4.35) it is possible to write

A
[9 gy, = A2t A (4.39)
Ap
Then equation (4.37) can be expressed in the following form
0':(:’;) = (Kpp + Vpkgg).i f(k) —dg; f(k) f(k)
1=p#g=1,2 (4.40)

4.3.3 Transverse normal stresses

The transverse normal stresses can be obtained using (4.26) and taking into account

equation (4.37) as follows
ofy = —g + / (47 o' + 7 f30)) adz

- / (Koo S + kg0 f)) sidz + (kij +n,-,-)/ oidz (4.41)
<o

co

= ‘13 +q11 (k)‘l‘qn ) (”pp+”gg):t 2(k)+B¢(rk)

In addition, the following distribution functions are introduced

k) 2/ (k) (k) )dz: t=34

k 1
O = [+ 0+ 18)a (4.43)

and also the generalised function of the tangential forces

B® = (ki + ki) / oBdz (4.44)

From (4.27) we obtain

(I;' +q; = qi?ifS(cn) + q:if'i(cn) - (npp + ngg),iif2(cn) + Bcr(cn) (4'45)
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where

fe) = g [TUR A 1=3
fz(Cn) — 4/ (k) (k)+f(k)+f(k))
Bolen) = (b4 i) [ offde

Using (4.45) in (4.41) the transverse normal stresses can be obtained. This compu-

tation gives

o) = s F + ¢t FP + g PP + P + FP (4.46)
wherein
(k) zsk) (k) _ (k)
F2 = 3 F F2 - 1
9 (ca)
PR G O 1 R (4.47)
fa(en)
By (en) (k
F® = pk 4 2o clk)
? fz(Cn) 2

4.3.4 Normal deformations and displacements

Now using the constitutional equations (4.5) we can obtain transverse shear and
normal deformations which were assumed equal to zero during the first iteration
when the model based on the classical hypothesis was derived. Transverse shear
deformations may be expressed as

(k)
k k
2e 53) = G(k) = Kpp,i ‘Ppp) Tt Kgg,i ‘P,(DI;) q; (P,E;s) q1'+ (P£>4) (4-48)

where distribution functions are given by

k k

SR TREE

Gp3 G1(D3)

(k) (¥)

(k) fp3 (k) fp4
Y3 = i et = o (4.49)

G;(ps) P G;(ps)

For the derivation of the normal deformations we can use constitutional equations

in the following form

ol =) elp) (4.50)

where C%) =[] and

it =

104



AR AR B 0 0
0 AR Al 0 0
o o0 AP o 0 0
M) = 4.51
M=l g 0 0 a® o o (4:51)
o 0o o0 0o 2 o
0o 0 0 0 0o 2P
Omitting indices k, the elements of the matrix (4.51) are given by
N (L _ "_33) WL (L ”31)
! E,A\E; E;)’ EsA\E, E;
1 1 v2 k 1 (vsivas | V12
N (__ﬂ); N ( +_)
3 EA\E, E t T EBA\ E, | E |
(k) _ 1 <V12V31 @) AR 1 (V12V23 Vﬂ) 459
As EiA E3 TE) S TEA\E T (4:52)

)\Szk) = G12; )\ st, /\(k) G

1 E E E
(k) _— 1-9 1 2 22 3 2 )
A E\EyE5 ( vizbasbar = Es By T E, B, 2T E, B
With respect to (4.50) and the following relations, and also (4.12), we obtain
k 1 k) (k k) (k
o = )\(")( o) _ 2\l _ 30,00y

= /\(k) [0’ 611/\( )+ €29 /\( )) (K'llA((sk) + K’22/\gk))z] (453)

Using stresses a( ) in a form of (4.46) the normal deformations can be now written
as

6:(3];) = — (K,“F;(k) + K,22F2I(k)) + 611F:;(k) + 622F4,(k)
+g5 B + g3 F® + g, P9 + g R + F) (4.54)
where
NG NG
'(k) (7=t) . p(k (1=t , _
FOG) = Sits Fi@=-h =12
3 3
(k)
(k B
F(r+)4)(2) = W, T—l,....,4 (455)
3
, F (k)
(k) - _o_
F\%(z) = Agk)

Using equation (4.54) we can obtain the refined expression for the normal displace-
ment given by

= w +/ eé’é’dz =w - Knsog - '“22&0( ) + 61180:(3k)

+envy” + g0l + ol + a7l + gl + 0B (4.56)
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where

o = [ FWdz o = [ F¥dz; t=1,..,8 (4.57)
ho ho

The above refined expressions for e§§), e:(,’;) and for 0',(: ) a:gg) are not relevant to the

model based on the classical Kirchoff-Love hypotheses since they only demonstrate
the contradictions in this model, but are important for the derivation of a higher-

order theory.

4.4 Derivation of a higher—order theory

4.4.1 Hypotheses

The derivation of the higher-order theory will be based on the assumption that
transverse shear deformations, transverse normal deformations and transverse nor-
mal stresses are not equal to zero eE}," 0, egg) o 0,0';(,’;) # 0. The transverse shear

deformations are expressed as

k - k k
2y = —xpipld) ~ xguplt) — g o) — gFpl®) =
= —Xaipl) +2e59) = B,iplk) + 265" (4.58)

t=pFg=1,2%s=pyg

where the following notations have been introduced

0pi = —Xp,i> 09:' = —Xg.i (459)

In the equation (4.58), e,(gk) 1s the part of the deformations which may be determined

directly from the given external loading as

k —
2e59 = —gr o) — gFo® (4.60)

The transverse normal deformation is taken in the following form

k ! 1 I 1 1 I
) = x R T A QR + e Py + g5 F™) + 3 FY
F P 4 RF(R) + F = x FO) 4 g (4.61)
S=p,gipFg=1.2
where the part of deformation which may be determined directly from the given

external loading is presented as
ok 0) '(k "(k - ! - ¢ '
61(33 )= Cgl)Fs( ' cgg)Ff )+ 93 Fs(k) + ‘I;FG(’C) + ‘L’,iF7(k) + ‘I.'+,;F8(k) + Fa(k) (4.62)
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In equation (4.62), eﬁ‘{) and 6(2%) are tangential deformations of the reference surface
defined by equation (4.13) and they include nonlinear terms. The transverse normal
stresses may be assigned as given stresses determined directly from the external
loading as a result of the first iteration when the problem was considered on the
basis of the classical model. The o33 stresses are given in the form of equation (4.46)
which must satisfy both the conditions on the external surfaces and the interlaminar

conditions.

4.4.2 Displacement vector

Now the components of the displacement vector of the higher-order theory can be
obtained. Let us firstly present the equation for the transverse normal deformation
in the following form

2¢$) = 26 4 9z0) (4.63)

where the first term is a linear part of deformation which is unknown, viz.
26 = 2ull) (4.64)

and the second nonlinear term is taken as a given deformation defined by equa-
tion (4.56), viz.

— 2
22 = (uld) (4.65)

where

(0k) (0) (k) (0) (k) , (0) (k)  (0) (k)

Uz’ = —Ki'®P13— KaPaat 61 Past €2¥a3
— (K k _ (k k
+a5 083 + g ol + gt + atiold + ol (4.66)

The superscript 0 in the above expressions identify terms which are considered as
known terms defined as a result of the solution of the problem on the basis of the
classical model. Such an iterative approach was offered by Ambartsumian [3] and in
the case of a geometrically nonlinear problem considered in this chapter we apply
this approach only for the refined definition of the nonlinear part of the deformations.

Substituting equation (4.64) into equation (4.63) and integrating we obtain
ugk) =w +/ (Cgl;) — _E—gg)) dz 4+ Cs; (467)
Ck—1

The constants of integration Cs; may be calculated satisfying kinematic condi-

tions (4.3) and the conditions on the reference surface given as

w21,z ko) =w  for 2= he (k=m) (4.68)
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Then we can write
ugk) =w+ 633)d + U(Ok) (4.69)

ho
where the known nonlinear part of the displacement defined as a result of first

iteration is given by
z 1 z 2
0 =~ [(#de =~ [ (%)) dz 470
Uy ho €33 42 2 Jhe (ua,a ) (4.70)

Taking into account hypothesis (4.61) finally we obtain the following expression for

the normal displacement:

W = (¥)

w+ x108 + x4 UF = xscp"‘) +U®
s=0,p,9: p#Fg=1,2 (4.71)
where

USY = 908 + €l + g5 0l + gt ol + g0 + afiel?) + ) + U™ (4.72)

In equations (4.71) and (4.72) we have xo = w and also distribution functions which

are given by equation (4.57). Moreover the following notations are introduced

(k) — ()

0 =1, o0 = o
! g

%o

In order to obtain tangential components of the displacement vector let us present

transverse shear deformations as

2e®) = 26 4 930 (4.73)
where the unknown part of the deformations is given by

2el) = ul¥) + o) (4.74)

and the known part of the deformations is expressed as

285 = uPuld) (4.75)
In equation (4.75) u(o ) is defined by equation (4.66) and, moreover, we have
k
= s 0 — P )+ el +
k
+a3:08" + ahipl” + g5 + ol + o) (4.76)
1=1,2, j=1

Substituting equations (4.74) and (4.75) into equation (4.73) and integrating we
obtain

O "o (k) (k) (0k)
u =uit [ (268 - ull) dz + U]
ho( €3 ua,,) z+ U, (4.77)
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where the known nonlinear part of the displacements is defined as
U = / 270 dy = — / B (4.78)

Taking into account hypothesis (4.58), the equation for the normal displacement (4.71)

and expression (4.75) we obtain the tangential components of the displacement vec-

tor as
k
u® = —w ) — X (09 +9) — x0s (0 +457) + U
R LA U (4.79)

i=p#¢g=12 s=0,p,9; t=j)J>p=4g

where the distribution functions of the displacements through the thickness of the

laminated shell are defined as follows

O /dz P = /(P(k)dz ¢(k):/ch(k)dz

p® = /h oWdz; ¥ = / oWz ) = / oWdz
r=12,..,8, t=3,4
k
o) = ol = uf"; ¢><’°>—¢,‘,’°>=¢,£:> (4.80)
o) = o=l @) =1
k
<Pf,,k) - cpg ), cpgk) <P(k)

The given part of the displacements in equation (4.79) can be expressed as

E
Ui( ) _ —q; ¢(k) q+¢(k) ng)t (k)
k
_622)11/’( )~ 93 (k) - ‘13z (k) (4.81)

k
q] jt '(7 ) q] Jtd)(k) d)(k) + U(Ok)

4.4.3 Stress and strain tensors

Since the components of the displacement vector have been obtained we can now
define the tangential components of the strain tensor. Taking into account the
expressions for the displacements (4.71) and (4.79) we present these deformations
as a sum of the unknown linear and nonlinear parts and also the given part, which

must be defined from the results obtained on the basis of the classical model. Then

we can write
oB) _ ok K =(k) . .
el =) + & 8l 4 j=1,2 (4.82)

t]’
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where these parts are given respectively as

Ei(ol;) = Upp— Xs ppd)(k) + kppXsps (k)
1

Ei’l;) = —2-[(11'?19 + 'U.g'p) (XS pgé( ) + Xa gpQ(k)) + 2kng‘,

~ 1 k k
eg-‘) = [(meﬁk)x J<P(k)+(stU;§])+XsJU§,)) (k)]

2

= 1
BB = (U + Ujs) + 2k U + USDULY)]

2

st =0,p,g; pF#g=1,2

(4.83)

The components of the stress tensor may be expressed similar to those of the com-

ponents of the strain tensor as

B — —(k) &) L FR) .
i 1_7 +0

1]_ 1_7’

where

B B 4 P By F =
k
= ’\gk)upm + A g, — (’\(k)Xs.pp‘D(k) +A
+kpp’\_¢(;k) + kgg’\‘(ik))Xs‘Psk) + /\(k)XsF(k)

k) — /\gk)ggl;))+/\‘(1k)é(k) -

Pp

1
= _[’\iak)(Xs p‘ng))(X p‘PSk)) + A‘(ik)(Xs

200 XepUS) + Aaxa g U)o

=(k)

s,t=0,p,g; p=1t#¢g;¢g=T~p

- /\;k) gi’;) + (\gk) gé’;) + /\f,")eg‘;") -
— /\(k)U(k) /\(k)U(k)+(kpp/\(k)+k Ay /\(k))U(k)

4= [/\(k)( k)) +/\(k)U(k)]+/\(k) (0k)

(4.84)

(4.85)

(4.86)

(4.87)

The a ) stress can be obtained from the expression for 0'11 by making the following

substitutions:
AH B AP S,

Moreover, we can obtain

rg

where

AL
=
l

2GP9€£§) = G(k) [tpg — tgp

- (X, pgq)( + Xs gp(b(‘;)) + 2kpst‘Psk)]
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k
&(k) - 2G(k) k) = G;,g)(Xa pXt g(P( ) + Xa pU3 + XS,gUig,p))(P.(sk) (490)

pg pg Cpg

75 = GOIU® 4+ UW) + 2k, UM + USHUL; s,t=0,p9  (4.91)

PQ

The transverse shear stresses can be obtained from the constitutive equations (4.50)
in which hypothesis (4.58) for the transverse shear deformations must be taken into

account. Then we can write
1(5) - 2ei3G£:3) = —Xs, 1f(k) + 03 (0F) — aatf(k) +o (Ok) (492)
i=p=12; s=p,g; §Fp

where

ol = —(g7 19 + gt 1) (4.93)

Thus all components of the stress and strain tensors as well as components of the

displacement vector have been defined for an arbitrary point in the k-th layer.

4.5 Analysis of the nonlinear higher order theory

For better visualization of the special features of the nonlinear higher order theory,
its distinction from classical and other refined theories, let us consider some special

cases and carry out the analysis of the kinematic model (4.71), (4.79).

4.5.1 Special cases
Special cases of the presented model may be classified under a few types:

a) type of elastic symmetry (transverse 1sotropy, when Aﬁ") = /\gk) = /\Sk) +
9/\(k) /\(k = /\(k) /\(k) = /\ , 1sotropy where, in addition to above relations,
/\(k) A (k) _ = A, /\(k) /\(k) =u=0G: /\(k) /\(k) + 2/\(’° A+ 2u);

b) character of the layer rigidity (absolutely rigid under normal compression:

k
E:(, ) — 00 and vi3 = 0; under transverse shear: G;, = 00);

c) geometrically linear models (these do not contain quadratic terms in expres-

sions for the deformations and in other relations);

d) models of shell or/and plate which are continuously heterogeneous through

the thickness, or homogeneous;
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e) total number of the unknown functions which determine the kinematics of the
refined model (degrees of freedom which are related to physical properties of

a material).

Some of these special cases are related to each other. Let us consider items a) and
e). The first one is a “natural” special case, and second is an artificial way for
decreasing the number of degrees of freedom. This statement can be explained by

means of the following example.

Ezample 1. Let us consider simplification of the distribution function in case of

transverse isotropy.

For a transverse-isotropic (or isotropic) material, according to item a), we have from

(4.57)
‘P(k) =) = /Z F®2dz = /2 Ezdz = ¥
1 P2 by 2 he Ag‘) =@

N k k '
Taking into account that El( ) = Eé ) = E,, v = Vélf) = Vg, Ggg) = Ggg) = G,
constant (4.33) may be obtained as follows

Cn E Cn
Ay = / E_dz, A2+A3=/
(1] (1]

2

_ tn Ekl/k Ek(l —l/k) cn Ek
B /co ll—l/z+(l+l/k)(1—uk) dz—/ dz

In a similar manner, the sum of the constants

cn B
B2+BS=/ k2

co — Vi

dz

and the function

/ (ES +260)2dz = / Bz o,

o o —VE

can be obtained. Thus, it follows from (4.38) that S = S and further, from (4.49),
(4.80) we have (pg;) = (pg;); 1,[),(,;‘,) = @byg‘); (D,(,’;) = (Dg,’;) = k),

As it can be seen from the example, the distribution functions for the orthog-
onal directions are equal in case of transformation from the orthotropic model
to transverse-isotropic one. The corresponded independent unknown functions

Xps Xg» (P # g) have been united into their sum. Thus, instead of (4.71) and (4.79)
we have the following model

k) k
ut( = Ui wy (g - (x» + Xg),iq)(k) + Ui(k)
k) . .
W = wt(x+x)e®+UY, i=1,2 p=isg (4.94)
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Here the following replacement is obvious

Xpt Xe =X

By this means the number of “shear” kinematic degrees of freedom for the transverse-
isotropic (isotropic) model decreases from four in (4.79) to two in (4.94). The reason
is that the model of orthotropic shell has been derived in such a way that the degrees
of freedom ¥, ; and x,., (¢ = p # ¢ = 1,2) correspond not only to the orthogonal
directions z;, and z,, but are in complete conformity with physical and mechanical
properties of the material. In the orthotropic material these properties are rep-

resented by given four generalised distribution functions of the normal f,g”;), fg),
p#g=12

Reasoning from item e), in order to artificially decrease the number of the degrees
of freedom in the model, such intimacy is abandoned. For this purpose we introduce
relation (4.39) f’%‘) R foéz) that leads to the two generalised normal functions. It
allows the use of the transverse shear stresses in a form (4.40) in order to derive the
refined model. Then, assuming in (4.40) that

(Kpp + VpKgg)i = X,i

we also reduce to one function x. By this means we again obtain an expression
of the model (4.94). However, using this artificial method, the conformity of the
unknown functions with the properties of orthotropy is lost. The model becomes
“quasi-isotropic”. In fact, for the case of transverse isotropy (isotropy), from (4.39)

we obtain
_ Ay + Aj

An

Vp

and in (4.40)
(Kpp + Kgg)i = X,

we have again only one function y, i.e. the model (4.94) which is equivalent to case

a).

It should be noted that most of known refined models of the orthotropic shells are
developed using an artificial way described in d), which requires averaging either
strains [67] or material properties [3]. The sought functions, which characterise
the shear in orthogonal directions are chosen in such a way that only one func-
tion a(z,,z3) corresponds to each orthotropic direction z; [67, 3], or the shear de-

formations are characterised by partial derivatives X, With respect to one sought
function [62, 78].
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Let us consider the special type of higher order theory described in item b). Making
assumption that E'ék) = 00, u,»(:) — 0 as a result we have /\gk) = 00. Then according
to (4.55), (4.57) and (4.80) ¥ = oF) =0, (r=1...8), ¥ = o®) = 0. From
(4.71) and (4.79) we obtain the following kinematic model

— g (k k
usk) = Ui —w; (()k) - xp,,'d)g;) - Xg,id);()l;) 't "b;") B q?"bl("‘)
W= w  p=i#tg=12 (4.95)

where z = hg is a surface on which the tangential displacements equal u;.

The linear models of type c) follow from the general model and its variants when
the quadratic terms are neglected in all the relations. As this takes place, firstly, the
strains eg(;), egg) are simplified (they are known functions in (4.62)) and the hypothesis
(4.61) therewith looses the influence of the geometrical nonlinearity. Secondly, the

nonlinear strain ég}; and stress 6&2 (e = f=1,2,3) terms are excluded.

The cases of type d) are obvious since the functions of the continuous (nonlinear or
linear) and constant characteristics through the thickness of the shell follow from the
continuously piecewise normal functions which, for a given model, are the elasticity
properties of the layers. It also should be noted that no limitation are placed on
the number of the layers. Thus there is always a possibility of approximating the
continuous function “layer-by-layer”, i.e. using the continuously piecewise function
when the shell is constructed from sufficiently large number of layers. By this means
the model allows both constant and variable physical and mechanical characteristics
through the layer and whole layer package to be taken into account. Moreover, a
layer package can be constructed from both orthotropic and isotropic layers, and
there is no limitation on sequences and thicknesses of the layers. Thus the versatility

of the model with respect to the structure through the thickness is provided.

4.5.2 Reference surface

Let us note one more feature of the higher order theory developed. The hypotheses
which form the basis of the model and, also, components of the displacement vector
exactly satisfy the interface conditions and conditions on the external surfaces. It
arises from natural (on a basis of the relations of the classical theory) rather than
a priori choice of the distribution functions of all components of the stress—strain
state. In relation to this, it should be noted that the reference surface can be chosen
arbitrarily, it can be any surface (¢o < z < ¢,) which is equidistant to external ones.

The choice can be made from the different considerations. For example, if a plate
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is on an elastic foundation, then for the uniqueness of the unknown displacements
of the foundation surface and plate surface which contacts with it, it is convenient
to chose a later one as a reference surface. To illustrate a freedom in choosing the

reference surface let us consider the following example.

FEzample 2. The structure under consideration is a homogeneous shell (plate) sub-
ject to the normal load (¢F = 0) and has the thickness k. Let us show that in
the correspondent points the value of the functions which define the change in the
(k)

transverse shear stresses 0,3’ is the same when the reference surface coincides with
the external bottom and mean surfaces. At given conditions, according to (4.92)

and taking for clarity : = 1, we obtain

J13 = —X1,1f11 - X2,1f21

where the normal functions (4.38) can be written as

By

f11=rf1 /E012d2; f1=/ Endz; fi, =
11 (=] co

B, + B
An

f —/ (Eoy + 2G12)2dz
o

With the reference and bottom surfaces coincident, the coordinates of the external

surfaces are ¢ = 0 and ¢, = h. Then

h Eoi B2 h
Bll = A E01Zd2 = 0 ) All = / EOIdZ = Eolh
0
By h h Eq, h?
_— = —; B = / v = v
A 5 2 A Ey, 2dz
h
B3 = / 20122(12 = Gth2; B2 ¥ B3 | (EOV t 2G12)h
0 : All 2E01
h z z
fu = 5/ Emdz—/ Egzdz = E21(hz—22)
(Eo, + 2G12)h Ey, +2G
f12 = 2E01 / Eo]dZ —/ Eou + 2012) dz %(hz - 22)
Value of the functions on the external and mean surfaces are
E 2 2
J11(0, k) = f12(0,h) =0; fi(L) = Oé s fi2(R) = (Eo, +82012)h
When the reference and mean surfaces coincide we have ¢, = —%, ¢ = % and,
respectively, B;; = By = B; = 0. Then
_ z _ Eo] 2 h?
b= = Lt =— =)
z Eo, +2G h?
- _ E - _ Ov 12, 2 _ =
fi2 /;h/2( ov + 2Gh2)2dz 5 (2 1 )
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We now have the desired result for the functions-
E (Eo, + 2G12)h?
fll(—%,%) = 0; f11(0) 01 —a f12( ) 3

Hence the result is the same for these surfaces.

All relations of the model developed are invariant, irrespective of the position of
the reference surface within the thickness. It is not typical for some theories of the

laminated structures and introduces the additional limitations to them.

4.5.3 Tangential loads

In the higher order theory developed the law of the change of the transverse shear
stresses through the thickness of the shell is related directly to the given tangential
forces on the external surfaces. In many known references, for example in [3, 68], the
linear law of the change through the thickness is a priori assumed for these stresses

and is given as

_Co— 2 + z
oY = g7 2 T+ g+= - (4.96)
In the proposed model, according to (4.92) and (4.38), we have
(k) (k)
o) = —(qr fi5 + gt f9) = a7 (f”— 1) + f“f (4.97)
Ay A,

where
f®/Ay, =/ Eg';>dz// "EPdz; i=p=1,2
co co
By this means distribution of the transverse shear stresses depends on material

properties of the layers. Let us demonstrate this effect using the following example.

Ezample 3. Let us build the law of change for the stresses afgk) under the influence

of load ¢ = ¢ for the three-layered package with the following characteristics
hy = 0.2h; hy=05h; h3=03h; h=1
Ey = 100-q Ef =¢ EJ=10-¢
The reference surface coincides with the bottom surface of the package (co = 0).

Using (4.97) we obtain
k=1

fl(k) = E((,If)(z — Ck—-l) + Z Eo,-h,.

r=1
3
Au = Y EDh =(0.2-10°+05-1+0.3-10)g = 23.5 - ¢
k=1
(k)
1

s _ N
23.5

13
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and from (4.96)
(0K) _
13" =

z
h
Diagrams of the stresses for this example are given in Figure 4.1.

4.5.4 Normal compression

The analysis of the higher order theory developed shows that this theory takes into
account the change in length of the normal element during the process of the shell
deformation, that is taking the normal compression into account. To illustrate this

let us consider the following case.

Ezample 4. For homogeneous orthotropic plate we shall express the linear part of
the displacements (4.71), (4.79) in polynomial form.

) = b+ bz + by 4 ... = b,z

(k) n—1

\ (4.98)
u; ' =ao+a12+ a2+ ... =ap12

The summation is assumed over index n. After transformation of the normal func-
tions, which are included in the linear terms of the displacements, we obtain the

following coefficients of polynomials:

bO = w; ag = U;

1 1 h
by = o [(e“))\e + ) - §(q+ —q3) — g(q,-t- + q,-‘,,-)]

1
a = —w;— [XpiEOP + th(EOu + 2GP9)] (‘L+ - qi—)
2G,,3
e x5)+<q++q-)3+1( f )
9A; X7 g 3 T B )gp Ty i T G
1

= + -
“ = G, W )

1 : o ]
+ m l:(ell 1A6 + 622 1A5) 9 (qg;l - qS,i) - g(q;t] + quu)}
1
b =
3 GhA (qt 1 + q, ,)
: Eop _ 2o Eo +2G, s
@3 = 5 il —— |+ xoi| ————2 2
3 ’ [Xp (G’“3 X)) G Aa)]
171 L,
A [h(qu + %) — glad — q,-,,-j)]
1 1 _ 1 .
b4 = -—2h2A3 [g(q:: - qi,;‘) + E(q;— + q3 )]
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1

ay 24h/\3 (q1,1] + q‘t,‘t])) 5
1 PR B D
as = 007N, [(qg,,i + qs,i)h + Q(qi,ij )

Thus, taking the normal compression into account, the normal and tangential dis-
placements are expanded into a fourth and fifth order polynomials, respectively. Let
us note that for the orthotropic layers made from composite materials, the stiffness
in the normal direction to the layer is determined by the matrix properties and usu-
ally is considerably lower than in transverse directions, i.e. the stiffness moduli of
type A3 are comparatively small values. In this connection, as is seen from expres-
sions for the coeflicients, the influence of terms containing the stiffness A3 is quite
important. It should be noted that these terms account for the direct influence of

the external load on the change of the displacements through the thickness.

Attention is drawn to the fact that in many refined theories of the laminated struc-
tures the change in displacements through the thickness due to effect of the normal
compression 1is ignored. For instance, consideration of this effect in [68, 78] is re-
lated only with the Poisson’s effect. It is equivalent to the following values of the

coeflicients for us:

| 1
bO = wj b2 = —'(Xp/\(i + XgAS)
2X3
or in special case of transverse isotropic material from (4.94)
b — Ev'
T X2E'(1 —v)

Remaining coeflicients of the polynomial are equal to zero. In this case the dis-
tribution character of the normal displacements through the thickness does not
correspond to the real behaviour. If one of the external surfaces is loaded, then the

displacements uz turn out to be symmetrical about the mean surface.

Setting E3 = 0o, vi3 = v3; = 0 and, respectively, A\3 = A5 = oo, then in expressions
for expansion we obtain only coefficients which correspond to the shear model (4.95).
They are

ap = u;; bo = w
B 1 (A2 T
o = i g BB (o + 26+ 07 - 17
1
= + -
az 2hGp3(q1 +47)
1
as = @ [Xp.iEOP + Xg,i(Eov + 2G,)]
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For transverse isotropic material these coeflicients take the form:

ap = ug bo = w
Eh? 1,
Wi = XagE T —oay oG T
1 E
@2 = oep(@ 4 = X561 = )

)

ay =

In this case the tangential displacements are expressed by a third order polynomial.

Let us note that the sought function x (functions x,, X, in general model) is associ-
ated in expansion coefficients both with shear Gp3 and compression E3(A3z) moduli.
Thus, this function describes both indicated effects, namely, transverse shear and
normal compression. According to notations set up in [62, 78], we shall call functions

X Or Xp, Xg the shear functions.

4.6 Variational equation, equations of equilibrium

and boundary conditions

4.6.1 Variational equation

The equations of equilibrium and the boundary conditions may be determined using

Reissner’s variational principal
S(R—A)=0 (4.99)
where R is Reissner’s functional‘and A is the work of the external forces.

Variational of the functional R has the following form

(k) (k) (k)
/// B5e®) 4 50 (e(") i Ya () Y (k)
11 1t =2 t =53

v[ E® T g® E®

(k k
+ 50_£k) (k)_0'22) V1(2) (k)+ (k) (k))

E(k E(k) 1 E(k) 933
(k) (k) (k)
5al® [ B _ 033 W3 o o®
+ 33 (633 E:gk) + =5 E(k) I + =5 E(k) T22 (4'100)
+ 50§§) (2e£§) - ——ogg)) + 6o (2e(k) 0£3)
% 13 13
Giy cff
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(k)
k a
+ Soth) (26‘ ) Gii))} vV: a B=1,23
Variational of the work of the external loading is

// ¥ 6ua(cn) + g5 8ua(co)| dS
/./LP‘S'k)u“ (L a=1,2,3 (4.101)

where S is domain of the external surfaces of the shell, L is boundary of the domain,
qff are external loads z = ¢, and z = ¢g, P, is load on the end surfaces (domain

boundary) and u, are displacements which complying with the considered surfaces.

Substituting (4.100), (4.101) in (4.99) and considering the variational equation using
the components of the stress—strain tensor derived in section 4.3 let us ensure that

variational coefficients of the stresses afj), ,(3), (2,7 = 1,2) are identically equal to

zero. This implies that the equations of the Hooke’s law for the strains efj), e,(-g)

are satisfied exactly. For the strains egs, the constitutive equations are satisfied
“integrally” (in the sense that the integral corresponding to this equation equals
zero over the domain of the shell) since the stress a;(,g) assumed in the form given by
equation (4.46) contains only the given functions and 60%) = 0. On this basis the

variational equation (4.99) can be written in the following form
SII—6A=0 (4.102)

where

8T = ///vag’;}zsef,’gdv; a,f=1,2,3 (4.103)

4.6.2 Variation of the potential energy

Let us represent 611 as the sum of the linear, nonlinear and “zero” parts.

81 = 8T + 611 + 611 (4.104)
where
ST = /// o¥lset)ay
Sl = /// o®lsetav (4.105)
A =[] sy =0
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Last relation is obvious since 66( %) — 0 as variation of the given strains. Substituting

expressions for the strains from sectlon 4.3 into (4.105) we obtain

o = ] { / o062 + 20852 + ol oely)] dz} ds
_ { [o®6el) + 208528 + 20824 + olf) 5] dz} ds
- {/ [0 (Supp — 5Xs.pp + kpp‘Pﬁk)éXS) (4.106)
+ (5up,g + dugp q)pséXs,pg - q)(k)éxwp + 2kpg‘Psk)5Xs)

- (Pps 6X31+033F(k 6X3] dZ}dS 17.7 = 1727 p= la g ?él) S =0ap7g

611 = / / ( / c"a§f>5é§§)dz) ds
= // {/ " l(;‘7)2 (k)‘PEk)é(Xs Xt J) + (P(k)U )6X3'j]d2} dS (4107)
l’] - 1,27 S,t = 0,p,g
Integral characteristics of the stresses in the shell (generalised forces) are given by

[V (s), M_(P"); 7(st). H(”)] —

17 17 LV 17
cn k
= /q, ol o) (B0 (YU dz
QF = [TofeWdzy @ = [T o@FW (4.108)
co co

4,7 =1,2; s,t=0,p,g

wherein (,of,lf)) =0, as it follows from (4.58).

Taking into account the generalised forces given above, linear and nonlinear part of

the variation of the potential energy of the strains may be defined as
o = [[(ND8ui; — ME6x0ikis6x. + QP 6xi + Q56x.)dS
= — [ [VShbu+ (MED - NO ks + Q1 - @P)éx.] dS (4.109)
+ [ 1V6un + NP + (MG + MUD + MY + Q)

— MP6xaa] AL+ [M}8x ]

s = ] [ TS §( X,,,-Xt,J)+H”>5X“] ds

_ // (T$ %05 + HEY] 6x.dS (4.110)

+ [ [@8xen+ THxéxs + HiEbx] dL
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4.6.3 Variation of the external load

By taking into account relations for the strains the work of the external load on the

surfaces z = co, ¢ takes the following form
s = // {laFe! () + g3 ¢V (c0)]6x
bgH[Bu — B (ea)8xss] + a7 [Sui — B (co)6xasl } dS
= // {laF el + g5 ¢V (co)bxs + (g +q7) bus (4.111)
+ 1gH0 () + 5,80 (co)lBxe} dS
- /[qﬂ) (ca) + g B4 (co)dxsdL; p=1i; s=0,p,g

Introducing the generalised loads

¢ = ¢ +q
& = gl + a0l (co) + 00 () + 4,8 () (4112)
¢ = gf el + 4700 (c0); p=1; 5=0,p,g

we obtain from (4.111)

// Ogu; + ¢§76x,)dS — /Lq;({')5xde; s=0,p,9 (4.113)
The corresponding expression for the boundary forces has the form
§A, = / { / “lo®gu® 4 o®g, R 4 ag’;)5ugk)]dz} dL (4.114)
co

(k)

where o, , (o = h,1,3) are components of the stress tensor and u&k) are components
of the displacement vector at an arbitrary point of the k-th layer on the boundary
L of the shell. Using expressioné. for the tangential deflection (4.79), where i = A, I,
and for the normal deflections (4.71) in (4.114) we derive

A, = /L { / o ® (Sun — 2W6x,4) + o1 (6w — BWbxs) + o) (’°)6X,]dz}dL
co

« (0) = (0) « (hs)
= /[Nhh bunt Np 6w— Mpy 6Xspn (4.115)

« (hs) * « (hs) L
+ (M, + Qh )5x,]dL My éxs| ; s=0,p,g
L,

where the asterisk (*) denotes the forces acting on the boundary of the shell which
may be expressed by equation (4.108), when h,! =1, j, and in addition

*(3) Cn
Qh = / oW dz (4.116)
co
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4.6.4 Equations of equilibrium and boundary conditions

Substituting the variations (4.109), (4.110), (4.113), (4.115) into (4.99) we derive

the following variational equation

SIS+ a®)bu + M7 - Nk + QT - @5
+ (T(“)Xm) + H; (v + ‘138) 5X }dS

15,

(4.117)

- /L[(Nl(i)— J*th)5uh + (th Nhl )5"1 + (Mhhs) + Mhl?) + Muia) + Q4 (he)

* (hs) * (3)

+ HM 4 T Xen + T % + g\ - Muy — Qn )8xs —

hs
(M-

hs) « (hs) .. .
— My — My =0; ,j=1,2 p=1; s,t=0,p,9
L,

. (hs)
My )8Xsh| dL

Using the above variational principle the equations of equilibrium can be obtained

as

N )+q,0)—0

i5,J

ME) - NPk + Q) — Q8 + HY

+<T‘“)xt,]> +¢) =0
4,7=1,2; s,t=0,p,9; p=t#g

and the boundary conditions as

= (0)
: (NIS.(I)I)— Ny )éun =0
« (0)
(NIS.(I)) Ny )ow =0
hs hs s (hs
(Mls.hlz.+MI£ 4 l(hl)+Q ) 4

+T,f“) Xth + Th Xl + g

» (hs) * (3)
— Muy —Qh )ox- =0

s x (hs)
(Mhh )~ M )oxrh =0
s5,t =0,p,9; T=3

(hS)

(4.118)

(4.119)

where the asterisk (*) denotes the forces on the boundary of the shell, h and [ are

the normal and tangential directions to the boundary of the shell.

In the following, the equilibrium equations will form the basis of the governing

differential equations and corresponding boundary conditions of the geometrically

nonlinear theory of the laminated shells.
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4.7 Elasticity relations

The generalised forces of the shell are given in the form of integrals (4.108). They

are statical equivalent of the stresses acting through the thickness in directions

orthogonal to the coordinate axes z;. Substituting the components of the stress

tensor (see Section 4.3) in equations (4.108) allows to obtain the elasticity relations,

which, as in case of the stresses, we shall express as the sum of the linear, nonlinear

and given parts. Such presentation is a formal since the forces T( t) H(”) belong

only to the nonlinear part of the variation of the potential energy.
The tangential forces can be obtained as the follows sum
N(S) _ ]—V'(S) W(S)' _ O . o . -
i =N+ Ny s=0,p,9; p=t#g; t,7=1,2

where the linear parts are defined by

() (s) () T(st) T(st) st
Npp - Cpp PP+Cg4 uy,y Dpp XtPP Dg4 Xtv§y+7( )Xt
(s) —=(s) +(st) st s

Npg = Cpg (Up,g + Ugp) — ng Xtpg — ﬁ;;D)Xt,glo + Ff)gt)xt

(4.120)

(4.121)

Here the following stiffness characteristics have been introduced (index k is omitted)

d;) = /n’\p%dZ; 6;:) =/n/\4<,03dz
co
+{st) n
Dy, = /Co Apps pedz; g4 —/ A Pgidz
—(st) Cn
Ky, = /CO [(BopAp + EggAa)pe + A FY) p,dz
-9 - fen Q. oods =(st) _ [Cm
ZE pgPslZ; D, —/ GpgpsPpidz
. o

—(st) cn s o
Dy, = /Co Gopps®gidz; Ff)gt) = 2kpy/q) Grgpsiprdz
$,t=0,p,g; ¢=T~p

The nonlinear parts of the forces (4.120) are given by

n(s) _ str s 8
N;Sp - C( ! )erti+C X'rgXt,g +D t)ti+ D_f(;4t)th
N,E;) — C(Str)Xr,pXt,g + ng XtpXtg + D( Xt.g

where the stiffness characteristics are (index k is omitted)

- 1 Cn ~ 1 tn
(str _ sir
clr) = 5 /q, Mopsprpedz; CL) = 3 /q, Apspuprdz

st cn (s n
DI(JP) = /Co ’\pwsSDtUS,pd*"'; D§4t) :/ /\490390tU3,de
co
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DB = /Cn GrpopspiUs 4dz; (”) —/ GoppspiUs pdz (4.124)

r9
co

pPg

Clsir) — / ) Gpgspriprdz; $,t,r =0,p,9g
co

The given part of the tangential forces are determined by the general expression

= [TEn Ho®dz (4.125)
co

LY

where ?Sf) are known stresses obtained from (4.87), (4.91) on the base of the classical
theory. Then, according to (4.108) we have forces which comply with the nonlinear

part of the strains.
T.'g"gt) T(st)+T-!¢ +T:_7 ; ,t=0,p,g; p:z#g’ z’]=1’2 (4126)

For the linear parts we obtain

(st) —(st) —(s ) —(str) {(str) str

Tpp = A Upp T+ A 9.9 Lpp Xrpp — Lg4 Xr,g9 T S( ) Xr

A(st) —(st) —(str) —(str) str

T, = A, (up.g + Ugp) — Lpg Xrpg — Lgp "Xrgp + E(g )Xr (4.127)

and the stiffness characteristics are
—(st) Cn t
Ay = /Co Appsprdz;. _E,:) = / Apsprdz

<(str) Cn str)
L = [Theedpds T = [T,
co

—(str Cn
Sip ' = /Co [(kpp’\p + koo Ad)r + ’\qFr] psprdz (4.128)

—(st) Cn str
Apg = /Co Grgpstprdz; —(t) / GpgSOsSotq’prdz

{str) Cn str)
Ly, = /co Goppsp1@grdz; F,(pg —2kpg/ Gpgpstpriprdz

The nonlinear parts are defined as follows

(st 1 (strm strm str str
TP(P ) = A§J t )XT »Xm,p + A_S]tit )X‘r g Xm,g + Lppt )Xr,p + L_g‘: )X‘rg
Tp(;t) - L;(,s")er + L(str)xrg + A(Strm)XT,pXm,g (4129)

The corresponded stiffness characteristics are
Al = % /q, " A s Pt pmdz; Al = / A3 P1promdz
L) = /q, " NpuprpUspdz; LG = /q, Mapsprp, Us gz
IZ;;") = /c:n GpopsprprUs 4dz; ig;") =/c:n GgpSOaSOtSOrUa,pdz (4.130)

A str'm) — / GpgSOsSOtlprSOmdz

125



And the given parts of the forces can be written as

T _ / T WM dy (4.131)
co

17
The moments may be expressed in the following form
MP) =T+ WO+ s=0pg p=idte ij=12  (4.132)

The linear parts of the moments are given by

M) = U(W) Upp + C(pa) 9.9 D-g:t)xt.pp - bgzﬂ)Xt,gg + —IT(M)Xt

PP
s —(ps st st st
Mg ) = C;(:; )(up,g + Ugp) = bg; )Xw’g - b&:’ ) Xt.gp T —Ki’; Xt (4.133)

and the stiffness characteristics are defined as
ce = /q, " \Opdz;  CP) / Ay®,,dz
D5 = [T 00 0pdz; DY = / 2@, 0,
co co
K - /q, (koo by + kggAa)pe + Ao F'] @0 (4.134)
Alps) en . T(pst) Cn
CP!] - /Co Gpgq)P-?dz’ ‘Dp;_:] =/Co Gpgq)psq)ptdz
F(pst) cn —(pst Cn
D,~ = /Co Gop Pps Pgedz; —IT:,Z ) = 2kpg/oo Goppr®psdz
$,t=0,p,9; ¢=T-p

The nonlinear parts of the moments are given as follows

M;E;:S) — C;(,zﬂr)Xr,pti C(patr)Xr,gXt,g +D;(z’;zﬂ)Xt,p+D_,(]ﬁ“)Xt,g
M3 = D&%+ DExeg + CEx,, (4.135)

and for the stiffness characteristics we obtain
Gl = % /q, " Aoprpr @pedz; GO = /q, " A iprpr ®dz
DY = [T Apliayyudz; DY = [ My @pudz (4136)
D = /q, " Grgpilsg®pydz; DI = /q, " Gopprlay@pdz
ch) = /q, Groprpr®pedz; 5,8 =0,p,g
The given parts of the moments are determined with the following integrals

=(ps) n (ke
M~ = /q, 50 d (4.137)
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Let us write the forces which can be considered as the moments related to the

nonlinear part of the strains,
HEY =T 4 (S + T 1,j=1,% s=0,p,g; p=ifg  (4138)

Each of the forces (4.138) is in fact the combined characteristics since there is an

agreement about summation over the index ¢« = 1,2. For instance
qY =’y + o) (4.139)
The separate items are determined by the following expressions

7(ps +ips Hips st s s
Hi’;) = Bi’; )uP,P + B;ﬁ )u 9.9 F(p )X t,pp F(i t)Xt,gy + R(p t)Xt

PP

Fg;a) = Ffaz;a)(upr9+uyvp) Fff;ﬂ)Xw F;ZSt)Xtvyp“*Fgat)Xt (4.140)
where the stiffness characteristics are given by

B = /co "AppsUapdz;  BEY / AapoUs dz

Fi’:” = /c:" Ao @0, Us pdz; _(pu) / A Qyp,Us pd2

R - /q, [(kspdp + koga)ipe + Ay | 02 Us piz (4.141)

B - /co " GrypsUspdz;  F / G5 Us @ pedz

= -’t) Cn s
Fy’; = /CO Gpg‘PaU:i,pq)ytdz; Fff; Y= 2kpy/ GpgSOtSOaUa,de
co
$5t=0,p,g; ¢=T-p

The nonlinear parts of the forces are

H;(st) = B;(st")Xr,pXt,p + Bg(ﬁStr)Xr,gXt,g + Fé:“)Xt,p + F;ZSt)Xt,g
HE) = FExp + F8 %00 + BE X, 0X0 (4.142)

and the related stiffness characteristics are
B(Patr) — 1 c,./\ p(pstr) _
74 - 5 . P‘P-‘?(Pt(PTUIi,pdz; B 2/ /\4§0380t§0rU3pd2
Fied = /co AppaprilUspdz;  FG = / AapopUs pdz (4.143)
R~ /q, GogpspiUspUs dz;  F2) = /q, GoppaiUZ, dz

B}Eg-‘?") = L GpgSOSSOtSOTU&de
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The given parts of the considered moments may be defined as
=—(ps)

— (k)
H, = U dz
=—(ps) r (k) (k)7 (k)
H, = /;0 O pg o\ )U3,p dz

The transverse forces can be obtained from (4.108) and (4.92) as

Q(Ps) QP3)+Q 2=1,2,p=2#g, S=O,p,g
Here the sought part 1s
Q(PS) D(Pst)
where

D—ipst) — / Sopﬁ)f( )dz S,t = O,P,g
Co

and the given part is o)
=(ps)  [fom 5 (0k) (oK)
Qi - /;0 Oi3 (Iop.s dz

(4.144)

(4.145)

(4.146)

(4.147)

(4.148)

Moreover, there are also the normal forces which are connected with the normal

(k)

stresses o33

. Using equations (4.108) and expressions for the stresses and strains

we can express the considered forces as the sum of the linear, nonlinear and given

parts.
=Y+ 09 + Q)

where the linear part is defined as

(8) o

plst) Fst) —(st)
39 Ugig D3p Xtpp — Dsg Xtgg Tt K3 Xt

7(s)
C3p P,P +
Here the following stiffness characteristics have been introduced

Y = / "NeFldz;  TY = / " \sFldz
co ' co

DY = / "N Fidz; DY = / As® g Fldz

The nonlinear part of the force is given by

Csstr)Xr,pXt,P+C( T)XT,gXt,g+D:(3;t)xt,P+D(?3t)th

where we have

str 1 En ! str 1 cn !
C3 ) = 5/ e, Fodz; C( ) — 2/ Asrp, Fodz
co co

Di(;pt) = / ’\G‘PtUs,stle; D:(s:’qt)=/n/\590tU3,gF;dz;
o o

t,r= Oapvg
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(1]

(4.149)

(4.150)

(4.151)

(4.152)

(4.153)



And the given part of the force
Qs =/"[A6 08 4 AEH 4 daeld F M dz (4.154)
co

where strains are given in the Section 4.3.

Thus the all elasticity relations (constitutive equations) forming the system of the
forces in the shell have been obtained. The forces and their parts, which are un-
known, are given in the expanded form by the sought functions and generalised
characteristics of the stiffnesses. The given forces or parts of the forces are pre-
sented in the form of integrals with respect to the given functions over the thickness-

of the shell.

4.8 The system of governing differential equations.

On the basis of the system of equations for the forces (4.118) and expressions for the
forces obtained in the previous section, the general system of governing differential
equations of the geometrically nonlinear theory of the laminated orthotropic shallow

shells can be formulated.

4.8.1 General structure of the system of differential equa-

tions

The system of governing differential equations may be given in matrix form as
(D + D){V} = {Q} + D{N) (4.155)

where b, D and D are the matrices of differential operators which correspond to
the linear, nonlinear and given parts of the constitutional equations, respectively.
The vector of the unknown functions is given by

{V} = {u13u27X1}T; t= 0’ ]-, 2 (4156)
and the vector of given part of the stress and moment resultants by

==(ps) =(s) =lps) =I(s) is) =(s
{N}—{Nl]’N2])Mp N Q'p =() (t)}T (4157)

17 ) 7 t ) 3 :]7

L,J=12 p=i#g; s,t=0,pg
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The system of differential equations (4.155) also incorporates the vector of external
loads
QY ={¢{ ¢, M7 s=0,1,2 (4.158)

The structure of the matrices of the differential operators is quite complicated and
does not allow the system (4.155) to be represented in the visible expanded form.
For convenience we shall present the matrices D and D as the sums of sub-matrices,
namely

D=4+B+C;, D=A+B+¢C (4.159)

and in turn the sub-matrices (4.159) have the following structure

0 0 0 0 0 0
A=10 0 0 |; B=|l0o 0 o0
—(s) —(s) —(st) —(3) —=(3) -==(s
i A A32) Ass | BZ(SI) B:(az) B:(ast)
[Ty T, CU 00 0 ]
C = |Cyu Tp TY |, A=|00 o0 (4.160)
| Ca Cxn T3 [0 0 A% |
(00 0 [0 0 CY ]
B=1]00 0 [; C=|0o0 ¢Y
0 0 BE 0 0 C&Y |

4.8.2 Structure of the linear part

Let us consider the symmetrical matrix C. It corresponds to the linear problem,

where we have ‘
D=C;, A=B; D=0 (4.161)

Matrix C may be thought of as forms the fundamental base of the system of equa-
tions (4.155). Its operators have the following structure:

Ci = T )n+C9( e Cra=C2+T)(.. )2
Ugts) = [ﬁgt)(- )11+(D$t)+ﬁ(m)+0(0t))(--).22}
1
+ BP0 00+ K90 ),
Cux = C(.)2+C2 )y

{0t -
DR+ (D + D4 D))
)2
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+ KO0 )+ TS ) (4.162)

—C_g;t) _ lst )11 + (D (1st) + D1225t n Dlist .. .),22] §

’

2st (1t -~ {1st)
22 . 22+(D( : Dgl )+D24 )()11]

’

,22
(1—{§1lst) D (1st) Dgslt)k“ + D(st)k22+ D(st))(“ )’11

_ (1—{222”) D(23t) +D(3t)k22 +D(3t)k11 + D(st))(” ),22

[T 1 2D + D k] (o

+ (B + 2Kk + B by + KEN(.); 5,6=0,1,2

Matrices A and B follow from the linear parts of the elasticity relations, which, how-
ever, correspond to the nonlinear part of the variation of the potential energy (4.110).
Therefore these sub-matrices are unique to the nonlinear problem. The nonzero el-
ements of the matrix B have the following structure

By = =B dn+ B D+ B )

+(1s) 2s 1s 2s
+ (B + B o+ B+ BENC. 4

BY) = —[BE D+ B +BENC. )+ B )
(2s)  —(1s) 1s 2s
+ (Bog+ Bogh)(-- )2+ By + BN )]
By = FuC ) +FR () + Fa + T + TE ()

12
—(1st 1s F)
+ (T + TR+ T ) o (4.163)

— IEY+EENC )0+ B+ BN )0

+ (FOD +Fad)(-dn+ (Fom + Tod)(. ) a

+ (Fiop + T + Fo) + TN )

~ (B RN+ B+ RN ) st=0,1,2

The stiffness characteristics from (4.163) are variable values since according to
(4.141) they contain the given functions of the normal displacements U( ). Let
us write also the nonzero elements of the matrix A

—(s) —{st —(s s
Az = {(A“ )Xt n+ A£4t)xt,22) (.1 + 2A£2t)xt 12(-- )2
(st) —(s s s
+ [A (. Ja+ Agzt)(- J.22)Xe1 + (A( ! + -Eg:))xu}

—(s) —(st s s
Az = {(A )Xt 22 + A24)Xt 11)( )2 + 2A§1t)xt 21

131



s —(s —(s st)
bOAC )2+ AR ) alxee + AR+ A el )}

ngst) = (Z(Str)Xru-%-L(:r)Xrn E(W)Xr)( Jn (4.164)
+ (Z(m)Xr 22 + fﬁ")xr 1 — _(m)Xr)( ) 22
+ RIS + T8 Xz — (BN + B xd( -
+ (T X + T8 X2 — RO xe) a2 )
+ (Z(Str)szz-i—fg;tr)Xrn—_(m)Xr) (-..)2
+ 1T + T80 ) xemz = B dale-)a
+ T+ T8 xm — B8 ol Ja; sytyr = 0,1,2

4.8.3 Structure of the nonlinear part

Let us consider the sub-matrices which form the matrix D. The matrix C is formed
by the nonlinear parts of the forces connected with the variation of the linear part

of the potential energy (4.109). Elements of this matrix are given by

Cl = C9xaal. ). ]1+C§°")[xrz( Dala + CO a2 2)2
+ D)0+ DD DRP (el + 1DV )l

C¥ = CHlxral--Dala + C (- Dalz + CH xea(- - ) ala
+ D02+ DR 0a + DY )ala + DS )2l

C8) = ~{ICH" Xl )a + CE xnal Dz + DU )0 + DI ) 2l
 CH Xl )2+ R ( ) + DEICLD DGO )l 22
+ CG %1 ()2 + CE (. ) + D), (4.165)
+ DS )+ DY)+ DEIC 12
+ [k (C5 % + DU + kaa(CH M xon + DY) + kia(CH ) xr2 + 2DE0)
+ (G + DI ) + b (G xm2 + DEP) + kaa(CHxr0 + DY)

+ kn(CE % + 2D + (CE e + DENI(. )2 st,r =0,1,2

The sub-matrix B follows from the nonlinear parts of the elasticity relations and

corresponds to the nonlinear part of the variation of the potential energy (4.110).
The nonzero element of it is

By = —{[(BU" X1 + EESN 00 + (BE Xz + EEY(.).,
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+ (BE 2+ FE )0+ B al, (4.166)
n [( (2str)XT o+ F(2st )( ) .),2 & (B(23t7')xr L+ ﬁ‘(ht))(' . ‘)’1
—+ ( (lst'r) Xr,1 + F(lst))(. . .),2 (lﬁ . 1] } S,t,T = Oa 172

The matrix A has also strictly nonlinear character, the nonzero part of it has the

following form

A = (A xmal - Jala + AR D axmal- - ala
4 A ma(e Dol + FAST™ 2 Xm (-l
+ AET™ xraxmal- - Dal2 + +AE ™ [xraXmal- - )al2 (4.167)
+ I X+ L xe2) (a4 (B + LX) aly
b S 2 + B xen) D+ (5 Xa + LG %) (- Dl

s,t,r,m=20,1,2

4.8.4 Structure of the given part

It is also necessary to write the matrix D which is the operator matrix over the
vector of the given forces {N} This matrix can be written as follows

0) =0 =(ps)  =(ps)  =lps)  =() =) =)
Ny; Noy; M;; N;; Q; Q3 H; Ty

=] -G = - - - - = - (4.168)
- () - _ - - —

— _ . (...),,'J' —(...)k,'j (...),,' —() (--'),j [(---)Xt,j],i

Hence the system of governing differential equations of the geometrically nonlinear
nonclassical theory of the laminated orthotropic shallow shells has been formulated.
The order of the general system of differential equations is equal to 16 and therefore

8 boundary conditions have to be satisfied on each edge of the shell.

4.9 Some analytical solutions

Let us consider the derivation of the closed form solutions for some particular cases
of the system of governing equations of geometrically nonlinear higher order the-
ory. Firstly, we consider cylindrical bending of a laminated plate under uniformly

distributed load ¢ = q. We assume that the plate is symmetrical. Initially we
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consider a solution based on the classical theory of the plates which can be obtained

from (4.155) assuming Gl = 00 and k; = 0 as

Cﬁ)ul n+ C(O)(wzl) =0
Dglloo)w 111 — C’{ﬁ)(w nu,1 + waty ) (4.169)
- Agl)[wzlw u+t (w21) wa] =q
where
o0 =c=["ndz= / AP,
‘o k=1 Ck=1
D" =p=["nda=Y [T 2P, (4.170)
e k=1" k=1

and also u; = u. In equation (4.169), the quantities C and D define the rigidity of
the laminated plate in which moduli Aﬁ"’ might be variable through the thickness.

Let us consider now simply supported plates for which the boundary conditions are
w = 0; Ml((l)) =w,;; =0; n=0 whenz = +a (4.171)

We also assume that the boundaries of the plate do not approach each other as a
result of deformation of the plate, e.g.

A= [ uydr=u(a)—u(—a)=0 (4.172)

and we can rewrite the first equation of the system (4.169) as

1
Clug+ 5wi)a = N =0 (4.173)

Integrating we obtain

.
Ny =C(u, + 5w?l) =A (4.174)

Let us introduce the notation
/\2:N11/D for Nll >0

and rewrite the second equation of the system (4.169) as

Wi — Aw gy = % (4.175)

The general solution of this equation may now be obtained and is given by

w2

w = C} + Cyz + Cysinh Az + C, cosh Az — 5D

(4.176)
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where the constants of integration can be found from boundary conditions (4.171)

as
q(a®X? —2) o
T
q 1
= . 4.177
Cy D)4 cosh Aa ( )
Substituting (4.177) into (4.176) we can rewrite expression for the deflection in the
following form
cosh Az 2, 2 : q
_ _ _ 4.17

v [2 (cosh Aa 1) A e )] 2D) (4.178)

The unknown parameter A can be defined from the condition (4.172) which is given
by

a a /D 1 D

A = /_ uade = /_a (5’\2 a Ew?‘) de = 52‘1’\2
2 3.3
q 3 5 Aa 5 ANa

|2 Bl PR il

DIN (2tanh/\a 5 a+ 5 tanh” \a + 3

) =0 (4.179)

Introducing the following dimensionless parameters

a w T qa
— A . —_ —_ - _ -—
# a” ﬁ h) 7 h ) 77 a ] p Dh
we can rewrite equation (4.179) as
p° — p*(15tanh p — 15p + 3ptanh® u + 24%) = 0 (4.180)

from which the dimensionless deflection may be found as

P cosh un 5 5
= 2 — - C (=1 >
ve o (S s (zasy s
Let us now introduce a dimensionless stress in k-th layer
2
) _ n_Ca
01 =0n 3/\51:)1) (4.182)
Then we can write
w 1 4 _ PRC (coshuny
o1 32 [,u R s p 1 (4.183)
The extremum stresses in laminated plate now may be obtained, viz.
2 2
" wé  Ph*C 1
0] =0ptoy=—= ]l — ———
! 7 3  6Du? ( cosh ,u) (4.184)

h
(forz=:l:§; n =0)
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where o,, and ¢, are membrane and bending components of the stresses, respectively.

For the case of the clamped plates (w = 0; w; = 0; u; = 0 when z = +a)

dimensionless deflection can be obtained as

P ,  2(cosh pn — cosh u)
— _ 4.185
7 p2 [1 o gsinh p ( )
and stresses as | PLC N
() o | el [0 F 4.186
7 3u? [ﬂ D~ (ﬂ sinh p )] (4.186)
2 2
p:  Ph*C 7 h :
= e — — = —_— = ,1
of =om oy 3 + 6D (1 sinhu) (for z ;1:2, n = 0) (4.187)

Following the procedure described above we can extend the solution obtained for the
case of cylindrical bending of laminated plates which includes influence of transverse

shear. Then for the case of simply supported plates the dimensionless deflection is

given as
P cosh p*n 2 9
7= 2,1*4 [2 ( COShﬂ* - 1) +I‘L (1 -1 ) (4'188)
where
P
P* _— qa — ; ﬂ* — A*a Aa IL

—D*h_1+)\2%k _\/1+)‘2%L—\/1+)‘2%L

D n e
D*=D (1 +A2—1); D=y [* Wpla: (1189)

D k=1"Y -1
For the determination of the parameter u we can use equation (4.180).
Introducing dimensionless stress in the k-th layer as

2
oM g _Ca

= oy, 3)\$k)D* (4.190)
we can obtain stress in the following form
w1 a PrRC
oy’ = 30 ( ~ % (4.191)

where z* is the dimensionless coordinate through the thickness coordinate given by

5 = 2%,

”2 . cosh u* zD (k) 2
(1+;¢“‘ )) ( £ —1) + (1 +”———1) P (4,199

z cosh p* z a?
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h .
Extremum stresses z = £, 7 = 0 are given as

*2 P*h2C +
0_1(:!:) = O'miO'bs = Il3 + W‘pg )

2 (%) 2 p () x2 .
T 1 (aliit ) 4 VIR DORRTY
[(1&:2—(1—2 h ) (1 coshu*)i2(1+a2D) h a? (4.193)

where oy, is a component of the stresses which takes into account bending and

q):!:

shear. It must be emphasised that in both components of the stresses (o, and o4,)

the influence of the transverse shear is taken into account.

In the case of the cylindrical bending of the clamped plates we have the following

solution - of cosh i* -
5= | — g2 4 2cosh i’y — cosh ) (4.194)
2u*? p* sinh p*
1 1 4 5
¢ —12P? — —4+=|=0 4.195
s ptanhpy  tanh®p + 2 + 3 ( )

sinh p* a? D] z a2

2 (k) * 2D (k) *x2
R I:(l+ﬂ_2¢11) (#.coshﬂ T]__l) + (1+H___1) ﬁl_ﬂ_:l zzq)gk)
a* z
(4.196)

2 () | 2 () 2
K ¥Yn e 1 u-Di) iy
(1 + 2_a2 - ) (1 ey ﬂ“) +2 (1 + 2D ) n gt :| (4.197)

Let us now consider deformation of the cylindrical panel with the curvature k;; under
a uniformly distributed loading ¢f = g. Then the system of differential equations

(4.155) for the case of transverse shear model may be written as

*
ot =

1
C u,1+k11w+—2-(w,1)2] =0
. 1

1
Dwyin + Dixym=C [U,l + knw + E(w,l)z] (w11 — ki) +¢ (4.198)
Dyw 1111 + Daxim = Dixn
where

n ck
D,=% / AP 02, (4.199)
- k=1"YCk-1

For the simply supported cylindrical panel the dimensionless deflection can be ob-
tained in the following form

(P* = kp*?) cosp'p) 1 1—qp?
= —_— 1 — _
B P cos - ) w2 + 5 (4.200)
where
a2
k= kllf
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Equation for the computation of the parameter u* is given as

" *27.\ 2 5t I | 5
(P+—,uk> (tan2ﬂ"‘— - +—,u"2+—)

12k 4u* 6 4
. «2 ¥ *4
(P s AVELY S WP “_202 0 (4.201)
12k p* 3 cosh® k

Let us consider now an application of the model for which transverse shear and
normal deformation are taken into account. For the case of the cylindrical bending

of the laminated plates the system of differential equations (4.155) may be written

as
=(0)
Cuin = —(Cwywn + Nyyp,y)
1 ={0) =(0)

Dw,“]] = C(u,l + 510'21) + Nll,l + w,u — M“'“ (4202)
Following the procedure described above we can rewrite the second equation of this

system as _

q
wim — Nw = D (4.203)

where 7 is a quasi load given as

g=q- My, (4.204)

=(0
In equation (4.204), the bending moment EI) may be considered as a given part

of the bending moment, viz.
—{0)
My = —wonq@ (4.205)

where

Q= / N /\gk)go((;k)zdz

) (=1}
Due to the iterative nature of the theory developed, the solution of the equa-

tion (4.203) can be found in two steps. For the first step problem must be solved
with the load ¢. Then we obtain

icosh Aoz g cosh pon
Dcosh \ga D cosh Ho

Wo,11 =

(4.206)

where wo, Ao, po are the parameters of the first iteration. For the second step we
have to define quasi-load g which is given as

= q@Q cosh pon
=ql14+1Z
g=q ( + D oovh g ) (4.207)
and then a new value of the load P
= 4
_ 9¢
P=7 (4.208)
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for which the problem must be solved once more. Finally dimensionless deflection
and stress can be found using equations (4.181) and (4.184), respectively. In the case
of the clamped laminated plate the expression for the quasi-load may be written as

- q@ po cosh poh
— p 10 P 4.209
=1 (1 D sinh po ) ( )

and the final solution can be found using equations (4.185) and (4.187).

4.10 Numerical results

Let us consider some numerical results which are obtained on the basis of closed

form solutions derived in the previous section.
Problem 4.1

We consider the problem of cylindrical bending of the laminated plates under uni-
formly distributed load ¢f = ¢ using shear model. The stiffness parameters are
taken as D;/D = 0, 1, 10, where ratio D;/D = 0 corresponds to the case of the

classical theory. Plates are assumed to be symmetrically laminated.

The influence of transverse shear and geometrical nonlinearity is shown in Fig. 4.2a,
4.2b for simply supported plates and in Fig. 4.3a, 4.3b for clamped plates, respec-
tively.

It is observed that for a fixed value of dimensionless deflection membrane compo-
nents of the stresses are much higher than those of bending components due to the
geometrical nonlinearity. The influence of the transverse shear is quite substantial

and it is even more pronounce for the case of clamped plates.

Problem 4.2

Using transverse shear model let us consider the deformation of the cylindrical panel
with the curvature k1) under an uniformly distributed load ¢f = ¢q. The panel has
curvature parameter k = kjya?/h = 0.75 and stiffness parameters D;/D =0, 5, 10,
where D, /D = 0 corresponds to the classical theory.

The effect of the transverse shear on the load/displacement curve is shown in Fig. 4.4

where dimensionless displacement 4 plotted against load P.
It is observed that the presence of transverse shear in the geometrically nonlinear
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analysis of laminated cylindrical panels contributes towards the increase of the global

stiffness of the structure.

Problem 4.8

We consider cylindrical bending of the clamped laminated plate for which we will
take into account normal deformation. Let us now estimate the influence of the
normal deformation due to direct loading gf = gq. For this purpose we assume that
z/g) = 1/;(;]1‘) = 0, Af,,") = Ag‘) = 0 and also that the influence of transverse shear is

negligible (G = o). The influence of the elastic moduli on o4, is shown in Fig. 4.5

where E;/E3 = Mi(1 — v?)/ As.

It is observed that dimensionless deflections v and the bending component of the

stresses oy, increase as the ratio F;/FEs5 increases.

4.11 Conclusions

A new geometrically non-linear higher order theory of laminated plates and shells
which takes into account transverse shear and normal deformation is formulated.
This theory is based on kinematic hypotheses which are not assumed a priori but are
derived on the basis of an iterative technique. Geometrical nonlinearity is included
at the initial stage of the derivation of the theory when the kinematic hypotheses

are formulated.

The proposed theory is capable of treating plates and shells with an arbitrary number
and sequence of layers which can differ significantly in their physical and mechanical
properties. Various loading and boundary conditions are considered with transverse

shear and normal deformation fully taken into account.

The closed form solutions for some particular cases of the system of governing differ-
ential equations are obtained. Numerical results illustrate that if the laminae exhibit
significant differences in their elastic properties, it is essential to take into account

geometrically nonlinear behaviour together with the effect of transverse shear and
normal deformation.
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Figure 4.2 Results for simply supported plates with different D,/D ratios: (a)
curves of load and membrane stress components versus deflection; (b) curves of

bending-shear stress component versus deflection.
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Figure 4.3 Results for clamped plates with different D;/D ratios: (a) curves of

load and membrane stress components versus deflection; (b) curves of bending-
shear stress component versus, deflection.
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different D, /D ratios.
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Figure 4.5 Curves of bending stress versus elastic moduli for laminated plates
undergoing cylindrical bending.
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Chapter 5

Conclusions

5.1 Overview

In the present study exact three-dimensional elasticity theory and higher-order
theory for multilayered composite structures are derived. In the first instance,
thick laminated cylindrical pressure vessels are considered. For this purpose three—
dimensional elasticity solution is derived using stress function approach, where the
radial, circumferential and shear stresses are refined with respect to the close ends
of the cylindrical shell. In addition, continuously heterogeneous thick laminated

cylinders are studied. This theory also takes interlaminar stresses into account.

Based on an accurate three-dimensional stress analysis an approach for the optimal
design of the thick pressure vessels is given. Cylindrical pressure vessels are opti-
mised taking the fibre angles as design variables to maximise the burst pressure. The
effect of the axial force on the optimal designs is investigated. Numerical results are
given for both single and laminated (up to five layers) cylindrical shells. The max-
imum burst pressure is computed using the three-dimensional interactive Tsai-Wu
failure criterion. Design optimisation of multilayered composite pressure vessels are
based on the use of robust multidimensional methods which give fast convergence.
Three methods are used to determine the optimum ply angles, namely, golden section
method, iterative and gradient methods. A brief mathematical analysis is provided

for better understanding of the optimisation problem in the multidimensional space.

It must be emphasized that the solutions derived above allow the stress—straiﬁ state
of the cylindrical shell to be obtained with a high degree of accuracy. Therewith,

the géneration of an algorithm for the problem is comparatively easy and the com-
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putation time required does not exceed a few seconds even for cumbersome tasks.
Accurate stress analysis allows the optimal value of the critical load to be obtained.
Mathematical setting up of the problem allows other variables of the P,—function to
be easily implemented, for example, layer thicknesses, material properties, number

of layers, etc. in various combinations.

Two transverse shear and normal deformation higher order theories for the solu-
tion of dynamic and geometrically nonlinear problems are developed. The theories
developed are capable of treating multilayered plates and shells with an arbitrary
number and sequences of transversely isotropic layers where the layers may differ
significantly in their physical and mechanical properties. The higher order theo-
ries are based on the kinematic hypotheses which are not assumed a priori but are

derived on the basis of an iterative technique.

The higher order theory for the solution of dynamic problems differs significantly
from other known theories of laminated shells. The direct influence of external
loading on the components of stress—strain state are included in the initial stage of
the derivation where kinematic hypotheses are formulated. These components are
polynomials of higher degree than those in theories where the normal compression is
not taken into account or only associated with the Poisson’s effect. For transversely
isotropic shells the given factors, which account for the three-dimensional character
of stress—strain state, assume a significance in connection with the weakness of the
layers in the transverse direction. A distinguishing feature of all relations of the
model is also mathematical analogy of the terms which are related to the defor-
mation of pure bending, transverse shear and normal compression. Based on the
derived system of govefning differential equations the model allows to study a broad
spectrum of both static and dynamic problems including high—frequency transverse

vibrations and stress-strain state of thick laminated plates and shells.

A geometrically nonlinear high-order model of the stress—strain state of laminated
orthotropic structures is developed. The distinctive feature of the model is that the
finite normal displacements, which are characterised by a kinematic nonlinearity,
are taken into consideration not only when the main relations of stress—strain state

are derived but also on the stage when hypotheses of the model are formulated.

Based on the model developed the geometrically nonlinear theory of multilayered
orthotropic shallow shells is derived. The theory includes the elasticity relations
for generalised internal forces which account for geometrically character of thé shell
deformation. The system of governing equations is represented in a matrix form

having linear and nonlinear vector operators of the sought generalised displacements.
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The equations derived are suitable for special cases of the theory: transverse-shear
laminated shells, thin orthotropic laminated shells (shear and “quasi-orthotropic”

models), orthotropic laminated elongated plates (cylindrical bending).

Analytical solutions obtained for some equations of the theory developed offer a
clearer view of the qualitative character of the influence of geometrical and kine-
matical nonlinearity on the stress-strain state of the laminated systems. The new
quantitative assessments of the taking into account transverse shear deformation
and normal compression depending on physical and mechanical characteristics of
layers and load intensity have been obtained. It shows that if the laminae exhibit
significant differences in their elastic properties it is essential to take into account
geometrically nonlinear behaviour together with the effect of transverse shear and

normal deformation.

5.2 Future directions for research

A new generalized nonlinear higher-order theory of laminated composite structures
is to be developed. This research is aimed at formulating new mathematical models
for the nonlinear stress and strain state of heterogeneous laminated plates and shells
which are subject to shear and normal deformation. The main objective of this
research is to improve the accuracy of linear and nonlinear modelling of composite
materials.” As a step toward achieving this goal, the following studies and extensions
are proposed:

— accurate estimation of the range of applicability of nonlinear models;

— accurate modelling of interlaminar stresses in order to predict delamination;

— suitability for accurate numerical analysis;

— suitability for thermo—elastic, thermo-plastic and nonlinear dynamic problems.

Development of reliable optimisation methods is essential due to the expanded use
of composite shells in high-tech industries. Therefore, there is a need to improve the
current optimisation methods and approaches. Development of practical numerical
techniques for predicting, in measurable and controllable parameters, the failure
initiation and crack propagation in composite shells subjected to different loading

conditions is a logical sequel of the design optimization and of paramount importance
in studies of the structures.

Implementation of symbolic computation for the derivation of analytical solutions

on the basis of higher-order theories is highly recommended. This research could be
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directed towards obtaining analytical results for the analysis of composite structures
and estimating the range of applicability of the generalized higher order theory to be
developed. The use of symbolic computation facilitates the implementation of the
theory which in turn makes the treatment of a number of related problems (includ-
ing optimization) possible. Several problems which are cumbersome or exceedingly
difficult to solve using conventional techniques could be treated using symbolic com-

putation.
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Appendix

Routines for Multidimensional Optimisation

*

%ok ok ok ok ok ok ok ok % ok ok ok ok ok ok ok ok ok ok ok ok ok ok kX
* Exact 3-D solution of laminated pressure vessels *
* made of anisotropic material, stress - strain *
* analysis and design optimisation using 3-D *
failure criterion. *

*

*
*
* P, Tabakov, University of Natal, Durban *
x June, 1994 * A

k ok sk ok sk dk ok Kk Kk ok ok k ok k k k k k k Kk k Kk k Kk Kk % X

PROGRAM OPTIM

IMPLICIT none

COMMON /DT/E1(5) ,E2(5),E3(5),G12(5),Vv12(5),Rad(0:5),

# P(0:5),X(5),Xpr(5),

# Y(5),Ypr(5),ss(5),F,KR(5),NL
COMMON/ANL/THETA(5) ,NA
C COMMON/OPT/Xmin

COMMON/RHML/RHO ML
REAL*8 THETA,AX,BX,CX,TOL,XMIN,RATIO,Pmax1,Pmax2,PI,RES,

# DELT,GOLDEN,H,DH(5) ,RADIUS(5,25) ,RHO,Pcr(5,26) ,PMAX
REAL*8 E1,E2,E3,G12,V12,Rad,P,X,Xpr,Y,Ypr,SS,F,ANGLE_opt (5)
INTEGER*2 NA,KR,NL,J,ML,layer,point,m

CHARACTER*1 Z
EXTERNAL ratio

PARAMETER (PI=3.1415926535897932385)
* 1 - Z; 2 - THETA; 3 - RAD.
$DEBUG
Z = CHAR(7)
OPEN(6,FILE="CON’)
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CALL DATA
ko o o ok ok 8 3 ok o ok ke o o e ok s ke ke o e e sl kel s K el s ke ko ok ek ol ik R o K ok ok K Kok ok K
*okok RADII *okk
sk s ko ok oo ok o ke ook e o sk o sk ke o sk koo ke ook ke o sk ke ok sk e sk ko ok ok o sk ok ok ok 3ok ok ok ok ok ok

do m=1,nl
H=RAD(m)-RAD(m~1)
dh(m)=H/kr(m)

end do

do m=1,nl
do j=1,kr(m)+1
radius(m,j)=RAD(m-i)+dh(m)*(j'1)
end do
end do

AokRoK kK ROKOKROKRK KKK R RRIOR KRRk IR KK KKK KK K KKK KRR KK KK koK o
ax=0.00001

bx=0.872664626

cx=pi/2.
TOL=0.00001

*********************************************************************

IF (NL.EQ.1) THEN
Pmax=1.e09
do mL=1, nl _
do j=1, kr(ml)+1
rho = radius(mL,j)/RAD(mL).
THETA(1)=PI/4.

NA=1
RES=GOLDEN (AX,BX,CX,RATIO,TOL,XMIN)
Pcr(ml,j)=RATIO(XMIN)*(-1.)
if (Pcr(ml,j).1t.Pmax) then
Pmax=Pcr(ml, j)
layer=ml
point=j
angle_opt(1)=xmin
end if
PRINT 12, radius(ml,j), Pcr(ml,j),THETA(1)*180./PI
END DO
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print*, ’ !
END DO
print 11, Pmax,layer, point .
print 13, angle_opt(1)*180./pi
11 format(ix,’Critical load is ’,gl4.6,’, layer: 0 ,i1,2(?,1i2,7) )
13 format(1x,’Optimum angle:’,gil4.6/)
WRITE(6,*) Z,Z,2
STOP
END IF
sokkkkkkkkkkkkkk T W O L A Y E R S kool kool ookl olok koo
IF (NL.EQ.2) THEN
Pmax=1.e09
do mL=1, nl
do j=1, kr(ml)+1
rho = radius(mL,j)/RAD(mL)
THETA(1)=P1/4.
THETA(2)=PI/4.

222 NA=1
RES=GOLDEN(A%,BX,CX,RATIO,TOL,XMIN)
Pmax1=RATIO(XMIN)*(-1.)

NA=2
RES=GOLDEN(AX,BX,CX,RATIO,TOL,XMIN)
Pmax2=RATIO(XMIN)*(-1.)

DELT=ABS (PMAX2-PMAX1)

IF(DELT.LE.0.00000001) then
Pcr(ml, j)=Pmax2
goto 123
else
GOTO 222
end if
123 continue

PRINT 12, radius(ml,j), Pcr(ml,j),THETA(1)*180./PI,
# THETA(2)*180./PI

if(Pcr(ml,j).1t.Pmax) then

Pmax=Pcr(ml,j)
angle_opt(1)=theta(1)*180./pi

163



angle_opt(2)=theta(2)*180./pi
layer=ml
point=j
end if
end do
print*, ’ ’
end do
print 11, Pmax,layer, point
print 15, angle_opt(1),angle_opt(2)
15 format(1x,’Optimum angles:’,2g14.6/)
WRITE(6,*) Z,Z,Z
STOP
END IF
woppopooookkkdkkkx. T HR EE L A Y E R Sickkiokkorioiokoiokdoolokkokopokokokokok
IF (NL.EQ.3) THEN
Pmax=1.e09
do mL=1, nl
do j=1, kr(ml)+1
rho = radius(mL,j)/RAD(mL)
THETA(1)=PI/4.
THETA(2)=PI/4.
THETA(3)=PI/4.
333 NA=1
RES=GOLDEN (AX,BX,CX,RATIO,TOL,XMIN)
Pmax1=RATIO(XMIN)*(-1.)

NA=2
RES=GOLDEN(AX,BX,CX,RATIO,TOL,XMIN)

NA=3
RES=GOLDEN (AX,BX,CX,RATIO,TOL,XMIN)
Pmax2=RATIO(XMIN)*(-1.)

DELT=ABS (PMAX2-PMAX1)
IF(DELT.LE.0.00000001) then
Pcr(ml, j)=Pmax2
goto 124

else
GOTO 333
end if

124 continue
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PRINT 12, radius(ml,j), Pcr(ml,j),THETA(l)*lSO./PI,
# THETA(2)*180./PI,THETA(3)*180./PI
if (Pcr(ml,j).1t.Pmax) then
Pmax=Pcr(ml, j)
angle_opt(1)=theta(1)*180./pi
angle_opt(2)=theta(2)*180./pi
angle_opt(3)=theta(3)*180./pi
layer=ml
point=j
end if
end do
print*, >’
end do
print 11, Pmax,layer, point
print 16, angle_opt(1),angle_opt(2),angle_opt(3)
16 format(ix,’Optimum angles:’,3gl14.6/)
WRITE(6,*) Z,Z,2
STOP
END IF
sookokokckkkokiokkikkk F 0 UR LAY ER S emkmkkmkiookokookoookokkok
IF (NL.EQ.4) THEN
Pmax=1.e09
do mL=1, nl
do j=1, kr(ml)+1
tho = radius(mL,j)/RAD(mL)
THETA(1)=PI/4.
THETA(2)=PI/4.
THETA(3)=PI/4.
THETA(4)=PI/4.
444 NA=1
RES=GOLDEN (AX,BX,CX,RATIO,TOL,XMIN)
Pmax1=RATIO(XMIN)*(-1.)

NA=2
RES=GOLDEN (AX,BX,CX,RATIO,TOL ,XMIN)

NA=3
RES=GOLDEN (AX,BX,CX,RATIO,TOL,XMIN)

NA=4
RES=GOLDEN (AX,BX,CX,RATIO,TOL,XMIN)
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Pmax2=RATIO(XMIN)*(-1.)

DELT=ABS (PMAX2-PMAX1)
IF(DELT.LE.0.00000001) then
Pcr(ml, j)=Pmax2
goto 125
else
GOTO 444
end if
125 continue
PRINT 12, radius(ml,j), Pcr(ml,j),THETA(1)*180./PI,
# THETA(2)*180./PI,THETA(3)*180./PI,THETA(4)*180./PI
if (Pcr(ml,j).1t.Pmax) then
Pmax=Pcr(ml, j)
angle_opt(1)=theta(1)*180./pi
angle_opt(2)=theta(2)*180./pi
angle_opt(3)=theta(3)*180./pi
angle_opt(4)=theta(4)*180./pi
layer=ml
point=j
end if
end do
print*, ’ ?
end do
print 11, Pmax,layer, point
print 17, angle_opt(1),angle_opt(2),angle_opt(3),angle_opt(4)
17 format(1x,’Optimum angles:’,4g14.6/)
WRITE(6,%) Z,Z,Z
STOP
END IF
oookokkokkokdkokkkkk  F T VE L A Y E R S sokokokokakokokokokokakokokskokokok ok skok ok 3ok
IF (NL.EQ.S5) THEN
Pmax=1.e09
do mlL=1, nl
do j=1, kr(ml)+1
rho = radius(mL,j)/RAD(mL)
THETA(1)=P1/4.
THETA(2)=PI/4.
THETA(3)=P1/4.
THETA(4)=P1/4.
THETA(5)=P1/4.
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555 NA=1
RES=GOLDEN (AX,BX,CX,RATIO,TOL,XMIN)
Pmax1=RATIO(XMIN)*(-1.)

NA=2
RES=GOLDEN(AX,BX,CX,RATIO,TOL,XMIN)

NA=3
RES=GOLDEN (AX,BX,CX,RATIO,TOL,XMIN)

NA=4
RES=GOLDEN(AX,BX,CX,RATIO,TOL,XMIN)

NA=5
RES=GOLDEN(AX,BX,CX,RATIO,TOL,XMIN)
Pmax2=RATIO(XMIN)*(-1.)

DELT=ABS (PMAX2-PMAX1)
IF(DELT.LE.0.00000001) then
Pcr(ml, j)=Pmax2
goto 127
else
GOTO 555
end if
127 continue

PRINT 12, radius(ml,j), Pcr(ml,j),THETA(1)*180./PI,
¥ THETA(2)*180./PI,THETA(3)*180./PI,THETA(4)*180./PI,
¥ THETA(5)*180./PI
if(Pcr(ml,j).1t.Pmax) then
Pmax=Pcr(ml,j)
angle_opt(1)=theta(1)*180./pi
angle_opt(2)=theta(2)*180./pi
angle_opt(3)=theta(3)*180./pi
angle_opt(4)=theta(4)*180./pi
angle_opt(5)=theta(5)*180./pi
layer=ml

point=j

end if

end do

print*, ’ ?

end do
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print 11, Pmax,layer, point
print 18,angle_opt(1),angle_opt(2),angle-opt(S),angle_opt(4),
# angle_opt(5)
18 format(ix,’Optimum angles:’,5g14.6/)
WRITE(6,x) Z,Z,Z
STOP
END IF
12 FORMAT(1X,10G14.6)
stop
end

*******************************************************************

Function ratic(ANGLE)
IMPLICIT NONE
COMMON/RT/CRITICAL
COMMON /DT/E1(5),E2(5),E3(5),G12(5),V12(5),Rad(0:5),
# P(0:5),X(5),Xpr(5),
# Y(5),Ypr(5),ss(s5),F,KR(5),NL
COMMON/COMPLEX/A(5,4,4) ,BETA11(5) ,BETA22(5) ,BETA14(5),
# BETA44(5) ,BETA24(5) ,BETA12(5) ,K(5),G1(5),
# GK(5),G_K(5),C(5),KAPPA1(5) ,KAPPA2(5)
COMMON/COMPL_SYST_CF/CM(5) ,U1(5),U2(5) ,F1(5),F2(5)
COMMON/SY/DELTA1m,DELTA2m,LAMBDAm, LAMBDAm1,
# DELTAim1,DELTA2m1
COMMON/Z_CF/Z1(5),22(5),23(5),L
COMMON/INT_CN/ CONST
COMMON/N_COEF/N1(4) ,Nc(4)
COMMON/ANL/THETA(5) ,NA
c COMMON/OPT/Xmin
REAL*8 E1,E2,E3,G12,V12,RAD,P,THETA,X,Xpr,Y,Ypr,
SS,F,A,BETA11,BETA22,BETA44,
BETA14,BETA24,K,G1,GK,G_K,C,KAPPA1,KAPPA2,betal2
REAL*8 CM,U1,U2,F1,F2,21,22,23,L,DELTA1m(4) ,DELTA2m(4),
LAMBDAm(4) ,DELTA1m1(4) ,DELTA2m1(4) ,LAMBDAm1(4),
CONST,N1,Nc,ANGLE,RATIO,CRITICAL,STEP,XTOL ,FTOL
INTEGER*2 KR,NL,NA,I,NLIM
EXTERNAL FAILURE

$DEBUG
2 3 e o ok ook ok ook ok ak ok sk ok o ke ok ke ok ok ok ok ok ook ak i sk ke ok sk ik ok 2k ok skl ok sk ok ok sk ok Kk 3k ok sk ok ok 2k 5k ok sk ok K ok 3 ok ok ak ok sk

theta(NA)=angle
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************************************************************************

CALL COMPL_CF

F——————————— et T T T Tt TRt DI LI IS E L L AL E L L L b b bl
*xx [terative procedure, Muller’s method.

x*xx External function is failure criterion.

p(0) = 500.0
STEP = 490.0
XTOL = 0.000001
FTOL = 0.000001
NLIM = 100
I=0

CALL MULLR(Failure,p(0),STEP,XTOL,FTOL,NLIM,I)
s 3k ok ok 2k 3k 2k 3 ok ok ok ok sk 2k 2k 2k 3k ok 2k ok 2k ok ok 2k 3 ok 3k ok 3 2k 2k 3 ok 2k ok ok kR ok ok ok Rk K K Ok ok o ok ok o ok ok o ok ok okok K ok ok ok
RATIO=p(0)*(-1.)
return
END

3k 3 ok 3 ok 3k 2k 3 ok e 2k ok 2k ok 2 ok 3k ok K ok 3k ok ok 3 ok ok ok ok ok 5 R 3k ok ok ok K koK o ok ok ok ook K K K ok KOk ok ok kK ok Ok ok %Kk K ok

SUBROUTINE COMPL_CF

IMPLICIT NONE

COMMON/ANL/THETA(S) ,FLAG

COMMON /DT/E1(5),E2(5),E3(5),G12(5),V12(5) ,Rad(0:5),

* P(0:5),X(5),Xpr(5),
Y(5),Ypr(5),ss(5),F,KR(5),NL
COMMON/COMPLEX/A(5,4,4) ,BETA11(5) ,BETA22(5) ,BETA14(5),
BETA44(5) ,BETA24(5) ,BETA12(5),K(5),G1(5),
GK(5),G_K(5),C(5) ,KAPPA1(5) ,KAPPA2(5)

COMMON/COMPL_SYST_CF/CM(5) ,U1(5),U2(5) ,F1(5),F2(5)

REAL*8 E1,E2,E3,G12,V12,RAD,P,THETA,X,Xpr,Y,Ypr,
ss,F,CN,Ss,C2,C3,C4,52,53,54,A,BETA11,BETA22,BETA44,
BETA14,BETA24,K,G1,GK,G_K,C,KAPPA1 ,KAPPA2,pi,betal2

REAL*8 CM,U1,U2,F1,F2

INTEGER*2 KR,NL,M,flag

PARAMETER (PI=3.1415926535897932385)
$DEBUG

* 1 - Z; 2 - THETA; 3 - RAD.
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$DEBUG

DO M =1, NL
*kk COMPONENTS OF COMPLIANCE MATRIX  **x*

cn=cos (THETA(M))
s=sin(THETA(M))
c2=cn*cn
c3=c2*cn
c4=c2xc2
82=35%s
83=82%s
54=52%s2
a(m,3,3)=c4/E3(M)+(1./G12(M)-2.*v12(m)/E3(M))*s2*c2+s4/E2(M)
a(m,2,2)=s4/E3(M)+(1./G12(M)-2.%v12(m) /E3(M) ) *s2%c2+c4/E2(M)
a(m,2,3)=(1./E3(M) +1./E2(M)+2.*v12(m)/E3(M)-

# 1./G12(M) ) *s2*c2-v12(m) /E3(M)
a(m,4,4)=4.%(1./E3(M)+1./E2(M)+2.%*v12(m)/E3(M)-

# 1./G12(M)) *s2*c2+1./G12(M)
a(m,3,4)=(2.%(s2/E2(M)-c2/E3(M) )+(1./G12(M) -

& 2.%y12(m) /E3(M))*(c2-52) ) *s*cn
a(m,2,4)=(2.%(c2/E2(M)-s2/E3(M))-(1./G12(M)~

& 2.%xv12(m)/E3(M))*(c2-82) ) *s*cn

a(m,1,3)=-(v12(m)*s2/E2(M)+v12(m)*c2/E3(M))

a(m,1,2)=-(vi2(m)*c2/E2(M)+v12(m)*s2/E3(M))

a(m,1,1)=1./E1(M)

a(m,1,4)=2.%(v12(m)/E3(M)-v12(m) /E2(M) ) *8*cn

a(m,3,1)=a(m,1,3)

a(m,2,1)=a(m,1,2)

a(m,4,1)=a(m,1,4)

a(m,4,2)=a(m,2,4)

a(m,4,3)=a(m,3,4)

a(m,3,2)=a(m,2,3)

ok ok ok ok ok ko R ok ok i ok ok skl ook ok ks AR ok Ak Rk ok kA ok Ak

betall(m)=a(m,1,1)-(a(m,1,3)*a(m,1,3))/a(m,3,3)
beta44(m)=a(m,4,4)-(a(m,3,4)*a(m,3,4))/a(m,3,3)
betal4(m)=a(m,1,4)-(a(m,1,3)*a(m,3,4))/a(m,3,3)
beta22(m)=a(m,2,2)-(a(m,2,3)*a(m,2,3))/a(m,3,3)
beta24(m)=a(m,2,4)-(a(m,2,3)*a(m,3,4))/a(m,3,3)
betai2(m)=a(m,1,2)-(a(m,1,3)*a(m,2,3))/a(m,3,3)
k(m)=SQRT((betall(m)*beta44(m)-betal4(m)*betals(m))/
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# (beta22(m)*betad4(m)-beta24(m)*beta24(m)))
gl(m)=(betal4(m)+beta24(m)) /betad4 (m)
gk(m)=(beta14(m) +k(m)*beta24(m)) /betad4 (m)
g_k(m)=(beta14(m)-k(m)*beta24(m))/betad4(m)
c(m)=Rad(m-1)/Rad(m)

ook kR ok kR KRk KR KKK R KKK KRR KKK KRR KRR oK

kappal(m)=((a(m,1,3)-a(m,2,3) )*betad4(m)-a(m,3,4)*(betald(m)-

# beta24(m)))/(beta22(m)*betadd(m)-beta24(m)**2-(betall(m)=*

# beta44 (m)~-betal4(m)**2))

kappa2(m)=((a(m,1,3)-a(m,2,3))*(betal4(m)+beta24(m))-a(m,3,4)*
¥ (betal1(m)-beta22(m)))/(beta22(m)*betad4(m)-
# beta24(m) **2-(betall(m)*betadd (m)-betald(m)**2))
ok ok ok ok Kok kKR KRRk kR KRR kol ok Rk kRl ok skl kol ok ok ok kR ok oKk o
CM(m) = 1.-c(m)**(2.%k(m))
Ul(m)=(1.-c(m)**(k(m)+1.))/CM(m)
U2(m)=(1.-c(m)**(k(m)-1.))/CM(m)
f1(m) = c(m)**(k(m)+1.)
£f2(m) = c(m)**x(k(m)-1.)
END DO
RETURN
END

e ke o e B ok ok ok ok ok ok e e ke ke ok ook ok o B ok ok ok ok o R 3 ok ok s a3k o ok ke koK ol ok ok o o ok ok ok ok ok ok ok ok ok ok ok ok ok

SUBROUTINE CONST1

IMPLICIT NONE

COMMON/INT_CN/ CONST

COMMON/Z_CF/Z21(5),22(5),Z3(5),L

COMMON /DT/E1(5),E2(5),E3(5),G12(5),V12(5) ,Rad(0:5),
P(0:5),X(5),Xpr(5),

# Y(5),Ypr(5),SS(5),F,KR(5),NL
REAL*8 E1,E2,E3,G12,V12,Rad,P,THETA,X, Xpr,
# Y,Ypr,ss,F,z1,22,23,L

REAL*8 CONST
INTEGER*2 NL,KR

CONST= -((-L+Z2(1)*P(0)+Z3(1)*P(1))/Z1(1))
RETURN

END

ok ok ook ok kR KRk koK R KRR KRR KRR KK KRR kR R R ok ook ok ok ook oo ok ko
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SUBROUTINE CONST_CF
IMPLICIT NONE
COMMON/COMPLEX/A(5,4,4) ,BETA11(5) ,BETA22(5) ,BETA14(5),
BETA44(5) ,BETA24(5) ,BETA12(5) ,K(5),G1(5),
GK(5),G_K(5),C(5) ,KAPPA1(5) ,KAPPA2(5)
COMMON/COMPL_SYST_CF/CM(5) ,U1(5) ,U2(5) ,F1(5),F2(5)
COMMON /DT/E1(5),E2(5),E3(5),G12(5),V12(5),Rad(0:5),
P(0:5),X(5),Xpr(5),
Y(5),Ypr(5),ss(5),F,KR(5) ,NL
COMMON/Z_CF/Z1(5),Z2(5),23(5),L
REAL*8 A,BETA11,BETA22,BETA14,BETA44,BETA24,BETA12,K,G1,
GK,G_K,C,KAPPA1,KAPPA2,X,Xpr
REAL*8 A1,A2,B1,B2,B3,Z1,Z2,Z3,L,PI,RAD,P,E1,E2,E3,G12,
v12,Y,Ypr,SS,F,U1,U2,F1,F2,CM
INTEGER*2 KR,NL,M
PARAMETER (PI=3.1415926535897932385)

DO m=1,NL
Al=rad(m)**2-rad(m)**(k(m)+1.)*rad(m-1)**(1.-k(m))
A2=rad(m)**2-rad(m)**(1.-k(m))*rad(m-1)**(k(m)+1.)

Bi=a(m,1,3)-a(m,3,4)*g_k(m)-a(m,2,3)*k(m)
B2=a(m,1,3)-a(m,3,4)*gk(m)+a(m,2,3)*k (m)
B3=-a(m,1,3)+a(m,3,4)*g_k(m)+a(m,2,3)*k(m)

Z21(m)=0.5%(rad(m)**2-rad(m-1)**2)*(1-(1./a(m,3,3))*
(kappal(m)*(a(m,1,3)+a(m,2,3))-kappa2(m)*a(m,3,4)))+

((U2(m)*c(m)** (k(m)+1. )*kappal(m))/(a(m,3,3)*(1.-k(m)))) *

A1*B1+((U1(m)*kappai(m))/(a(m,3,3)*(1.+k(m))))*

A2%B2

Z2(m)=((c(m)**(1.+k(m)))/(CM(m)*a(m,3,3)*(1.-k(m))))*

A1xB1-((c(m)**(1.+k(m)))/(CM(m)*a(m,3,3)*(1.+k(m))))*
A2%B2

Z3(m)=((c(m)**(2.%k(m)))/(CM(m)*a(m,3,3)*(1.-k(m))))*
A1*B3+(1/(CM(m)*a(m,3,3)*(1.+k(m)))) *A2%B2
end do

L= 0.5%(p(0)-p(nl))*rad(0)**2+F/(2.%Pi)
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RETURN

END
*********************************************************************

SUBROUTINE CONST_ML

IMPLICIT NONE

COMMON/N_COEF/N1(4) ,Nc(4)

COMMON/INT_CN/ CONST

COMMON/Z_CF/Z1(5),Z2(5),23(5),L

COMMON /DT/E1(5),E2(5),E3(5),G12(5),V12(5),Rad(0:5),
P(0:5),X(5),Xpr(5),
Y(5),Ypr(5),ss(5),F,KR(5),NL

REAL*8 E1,E2,E3,G12,V12,Rad,P,X,Xpr,

# Y,Ypr,Ss,F,z1,22,Z3,L
REAL%8 CONST,N1,Nc,S2,SZ1,S1
INTEGER*2 NL,INX,KR,M

S2=0.

SZ1=0.

51=0.
c print*,n1(1)
c print*,nc(1)
c pause

DO M=1,NL-1

S1=S1+N1(m)*(Z2(M+1)+Z3(M))
S2=S2+NC(M)* (Z2(M+1)+Z3(M))
END DO

DO M=1,NL
S21=S21+Z1(m)
END DO

2k o 2k 2k 2 3 ok ke ok ok ok ok 3 3k e ke ke ok ok ok ok ok ok ok ok s e R R ok ok ok K ok o K ok ok R ok R ok o ok ok ok o ok ok ok K ok Xk

CONST=-((-L+22(1)*p(0)+Z3(NL)*p(NL)+S1)/

/ (521+82))
8 ke o ok 3 3 ok 3k 3 ok ok 3 ok ok ok 3K ok 3 o ok ok ke sk K e sk oK ok ok o ok ok ko ok ok ok 3 ok ok 3 K ok ok 3 ok ok o ok ok %
RETURN
END

2K 2 ok o o ke e o ok b R ok ok e ok g ok ok ok aof ok s e ok R R K R K R K e ke ok s e ok ok ok ake ake ok sk ke ook i kK ok ok ok ok Xk

INTERFACE TO FUNCTION SYSTEM[C] (STRING)
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INTEGER*2 SYSTEM

CHARACTER*1 STRING[REFERENCE]
END

SUBROUTINE DATA

k3 ok 2 2k e e ek ok ke ok s e ke ok ok ok e e e ook e e e ke ok sk ook ok Rkl ke ok sk ok koK ok sk ke kol ok sk ek ok ok k ok R ok ko ok ok okok

*
*
*

*

*

*

*

NL - NUMBER OF LAYERS

E1 - MODULUS OF ELASTICITY IN R-DIRECTION

E2 - MODULUS OF ELASTICITY IN THETA-DIRECTION
E3 - MODULUS OF ELASTICITY IN Z-DIRECTION

V12 - POISSON’S RATIO

A - RADII OF A CYLINDER

P - PRESURE

F -AXIAL FORCE

THETA - INITIAL ANGLE

D_THETA - DELTA_THETA

*

*

e ke e e o e e 8 ke e e o ke s o ok ok e ok ok ke s e sk ok ke sk ok ke sk s s ke ke s ook ok ok ke s sk ok s s ok ke sk ko ok ke s s ok sk sk ok e sk ok ok ok ok

$debug

900

910

IMPLICIT NONE

COMMON /DT/E1(5),E2(5),E3(5),G12(5),V12(5),A(0:5),

P(0:5),X(5),Xpr(5),
Y(5),Ypr(5),s(5),F,KR(5) ,NL
REAL*8 E1,E2,E3,G12,v12,A,P,F,X,Xpr,Y,Ypr,S
INTEGER*2 SYSTEM,CLEAR,NL,I,KR
CHARACTER*62 fname

CLEAR = SYSTEM(’CLS’C)
WRITE(*,900)

FORMAT(/////10X,’ INPUT FILE: ’\)
READ (*,910) fname

CLEAR = SYSTEM(’CLS’C)

FORMAT(A)

OPEN(unit = 6,FILE= FNAME, status=’0LD’)
READ(6,°(/14)’)NL

if(nl.1t.1.0r.nl.gt.5) then

Printx,’ You’’re wrong about number of layers !’
stop

end if

READ(6,’ (/3G15.6)’) (E1(1),E2(1),E3(I),I=1,NL)
READ(6,°(/10G15.6) ) (G12(I),I=1,NL)
READ(6,’(/10G15.6)’) (v12(I),I=1,NL)
READ(6,’(/11G12.5)’) (A(I),I=0,NL)
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READ(6,’(/11G12.5)’) (P(I),I=0,NL)
READ(6,’(/G12.5)’) F
READ(6,’(/1014)’) (KR(I),I=1,NL)
READ(6,’ (/10G12.5)*) (X(I),I=1,NL)
READ(6,’(/10G12.5)’) (Xpr(I),I=1,NL)
READ(6,’ (/10G12.5)*) (Y(I),I=1,NL)
READ(6,’(/10G12.5)?) (Ypr(I),I=1,NL)
READ(6,’ (/10G12.5)’) (sS(I),I=1,NL)
CLOSE(unit=6,status=’KEEP’)

RETURN

END

sk o 3 3k ok k¢ 3k 2k 2k 3k 3k ok ok ok 3 s ok k 3k sk ok ek dk ok sk 6 ak sk ok ok K 2 ok ok ok kol ek sk koo sk ok ok ok ok dkokoRR ROk Rk kok

REAL*8 FUNCTION FAILURE(xP)
IMPLICIT NONE
COMMON/RHML/RHO M
COMMON /DT/E1(5),E2(5),E3(5),G12(5),V12(5),A(0:5),
# P(0:5),X(5),Xpr(5),
# Y(5),Ypr(5),s(5),F,KR(5) ,NL
stk ok ok ol stk ek ki ook ok ok ok o sk ok ok o s sk o s o e e sk ko ook ok oo e e o oo ok ko kK ok kol koK
COMMON/FCNST/Frr(5) ,Fzz(5) ,Fss(5),Fr(5),Fz(5),Frz(5) ,Frt(5)
COMMON/STRTR/Sgr,Sg1,Sg2,Taul2
s o ok ok ook ok ok ke ok ok ook o o oo o o o o o o ko o o oo o s o s oo oo s ok s s ok KK K R R R KRR R ok kK ok
REAL*8 Frr,Fzz,Fss,Fr,Fz,Frz,Frt,SGR,SG1,SG2,TAU12,RHO
real*8 p,el,e2,e3,gl12,v12,a,x,xpr,y,ypr,s,f,kr,xp
INTEGER*2 M,nl
p(0)=xp
$DEBUG

CALL CONST_CF
IF (NL.EQ.1) THEN
CALL CONST1
ELSE
CALL SYST_CF
CALL N_CF

CALL CONST_ML
END IF
CALL STRESS

**************************************************************************
FAILURE=(Fzz (M) *SG1*SG1+Frr (M) * (SGR*SGR+SG2*SG2)+
2 Fss(M)*TAU12*TAU12+2 . *xFrz (M) * (SGR+SG2) *SG1+
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3 2.xFrt(M)*SGR*SG2) +(Fr(M)*(SGR+SG2)+Fz(M)*SG1)-1.

35 3k 2k 2 2k 2 2k 2k 2 2k 2k ok ok ok ok 3k 3k 2k 2k 2k 2k 2k 2 2K 2k 2 2k 2k 2k 2k 2k 2k 2k ke ok 2ok 2k ook k ok ki ak sk ko ok kol Kok kR Kok ok k koK ok k ok ko okok ok

RETURN

END
3 2k 2k 5 2k 2 2k 2k 2k ok 2 2k 3 2k 3 2k ok 2k 5 2 2k 2 3k ok 2k 3 2k 3 Kok 5 2 ok 3 ok R ok ok oKk 3k kR Rk ik ke Rk ek sk ok ok ok ok Kok

FUNCTION GOLDEN(AX,BX,CX,F,TOL,XMIN)
IMPLICIT NONE
REAL*8 AX,BX,CX,F,TOL,XMIN,X1,X2,R,C,X0,X3,F1,F2,F0,F3
PARAMETER (R=.61803399,C=.38196602)
X0=AX
X3=CX
IF(ABS(CX-BX) .GT.ABS(BX-AX) ) THEN
X1=BX
X2=BX+Cx (CX-BX)
ELSE
X2=BX
X1=BX-Cx (BX-AX)
ENDIF
F1=F(X1)
F2=F(X2)
1 IF (ABS(X3-X0) .GT.TOL*(ABS(X1)+ABS(X2))) THEN
IF(F2.LT.F1)THEN
X0=X1
X1=X2
X2=R*X1+C*X3
FO=F1
F1=F2
F2=F(X2)
ELSE
X3=X2
X2=X1
X1=R*X2+C*X0
F3=F2
F2=F1
F1=F(X1)
ENDIF
GOTO 1
" ENDIF
IF(F1.LT.F2)THEN
GOLDEN=F1
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XMIN=X1
ELSE

GOLDEN=F2

XMIN=X2
ENDIF
RETURN

END
*********************************************************************

C —ommm e mec e mmmmmmmmmmm—m——me—ee—cemmmmmmmmmmm———ee—=——o
C
SUBROUTINE MULLR(FCN,XR,H,XTOL,FTOL,NLIM,I)
IMPLICIT NONE
Commmmmmmccmemmmmmmmmmmmmmmmmmmmmmmemmm e eeeemem——————ee————
C
C SUBROQUTINE MULLR:
C This subroutine finds the root of F(X) = 0 by
C quadratic interpolation on three points -
c Muller’s method.
Cmmm e mm e mmmemmmme—mee—meemmmmm—mme—mm———m———————————
C PARAMETERS ARE:
C
C FCN - Function that computes values for f(x), must be
c declared external in calling program. it has one
c argument, X.
C XR - Initial approximation to the root. Used to begin
C iterations. also returns the value of the root.
C H - Displacement from x used to begin calculations.
C The first quadratic is fitted at F(X),F(X+H),F(X-H).
C XTOL,FTOL -Tolerance values for X, F(X) to terminate iteratioms.
C I - A signal for how routine terminated.
C I =1 Meets tolerance for x values.
C I =2 Meets tolerance for F(X).
C I = -1 NLIM exceeded.
C
C When subroutine is called, the value of I indicates whether to
C print each value or not. I=0 means print them, I.NE.O means don’t.
C
G e e e e e e ———————
C

REAL*8 FCN,XR,H,XTOL,FTOL
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INTEGER*2 NLIM,I,J
REAL*8 X0,X1,X2,F0,F1,F2,H1,H2,G,A,B,C,DISC,FR,DELX
CHARACTER*1 Z

Z = CHAR(T7)
open(6,file=’con’)
C
Cmm e mm e e e e e e m e e e m—m e ;e e ——— e
C
C Set initial values
C
$DEBUG
X0 = XR
X1 =XR+H
X2 =XR - H
c print*,’x0="’,x0
c print*,’x1=’,x1,’ x2=’,x2
F1 = FCN(X1)
F2 = FCN(X2)
print*,’f1 @ £2°’,f1,f2
pause
IF((F2 .LT. 0.0) .AND. (F1 .GT. 0.0)) THEN
CONTINUE
ELSE

WRITE(6,*) Z,Z,Z
STOP ’ Function has the same sign at X1 & X2! °
END IF

Begin iterations

DO 20 J=1,NLIM

FO = FCN(X0)

F1 = FCN(X1)

F2 = FCN(X2)

H1 = X1 - Xo

H2 = X0 - X2

G = H2/H1

A = (F1%G - FOx(1.04G) + F2)/(G*H1*H1*(1.0 + G))
B = (F1 - FO - A*H1*H1)/H1

C = FoO
DISC = SQRT(B*B - 4.0%AxC)
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Q

Q O Q O

IF (B .LT. 0.0) DISC = -DISC

Find root of quadratic: A * V"2 + BxV + C =0

DELX = (2.0%C)/(B + DISC)

UPDATE XR
XR.= X0 - DELX
FR = FCN(XR)

IF (I .EQ. O) PRINT 199, J,XR,FR

@ e e o o = = = = o = = R = = e D e e e e

Check stopping criteria

IF (ABS(DELX) .LE. XTOL) THEN
I=1

PRINT 202, J,XR,FR

RETURN

END IF

IF (ABS(FR) .LE. FTOL) THEN

I =2
PRINT 203, J,XR,FR
RETURN
END IF
Select the three points for the next iteration. When XR .GT. X0, choose
X0, X1 & XR, BUT WHEN XR .LT. O CHOOSE X0, X2, & XR.
IF (XR .LT. XO) THEN
X1 = X0
X0 = XR
ELSE IF (XR .GT. X0) THEN
X2 = X0
X0 = XR
END IF
20 CONTINUE
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C _______________________________________________________________________
C When loop is normally terminated, NLIM is exceeded
I=-1
PRINT 200, NLIM,XR,FR
RETURN
C
C _________________________________________________________________________
C
199 FORMAT(’ At iteration ’,I3,3X,’ X =’,E12.5,4X,'F(X) =’,E12.5)
200 FORMAT(/’ Tolerance not met after ’,I4,’ iterations X = ’,
+ E12.5,’ F(X) =’,E12.5)
202 FORMAT(/’ Tolerance met in ’,I2, ’ iterations X = ’,E12.5,
+ ’ F(X) =’ E12.5)
203 FORMAT(/’ F tolerance met in ’,I4,’ iterations X =’,E12.5,
+ * F(X) =’ E12.5)
END

3k 3 2k 2k 3k e 2k 3k 2 ok e e ok 2 ok ok e ke ok e e ook ok e ok s e ok ok ke ok e ok ok ook ok ook ko ok ook ok ik ok kool ak ak ik dk ok ok dk ok ok ok ok ok

SUBROUTINE N_CF

IMPLICIT NONE

COMMON/N_COEF/N1(4) ,Nc(4)

COMMON /DT/E1(S),E2(5),E3(5),G12(5),V12(5),Rad(0:5),
P(0:5),X(5),Xpr(5),
Y(5),Ypr(5),ss(5),F,KR(5),NL

COMMON/SY/DELTA1m(4) ,DELTA2m(4) ,LAMBDAm(4) ,LAMBDAm1(4),

# DELTA1m1(4) ,DELTA2m1(4)
REAL*8 N1,Nc,E1,E2,E3,G12,V12,Rad,P,X,Xpr,
# Y,YPR,SS,F,DELTAim,DELTA2m, LAMBDAm,
$ DELTA1m1i,DELTA2m1,LAMBDAm1 ,b(4,4),Det

INTEGER*2 KR,NL
dokokokokokokodokokokokokokk ok 2 LAYERS 3 3k 2k ok 3 2k ok 3 2k 3k sk ke 2k ok 3 ok ke Kok ok ke skl ok ok ok ok dk 3k sk ok ok ok ok ok
IF (NL.EQ.2) THEN
N1(1)= -((LAMBDAm(1)*p(0)+LAMBDAm1(2)*p(2))/
/ (DELTA2m(1)+DELTA2m1(2)))

Ne(1)=- ((DELTA1m(1)-DELTA1m1(2))/(DELTA2m(1)+DELTA2m1(2)))
END IF

sokkokokkkkkokkkkkkk 3 L A YERS

IF (NL.EQ.3) THEN

e 2 2 e o ok ok ok ok ok b sk bk s sk ok ok sk ok sk sk sk ok ok ok ok 3k ok ok ok ok ok ok ok ok
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b(1,1)=delta2m(1)+delta2mi(2)
b(1,2)=1lambdami(2)
b(2,1)=1lambdam(2)
b(2,2)=delta2m(2)+delta2m1(3)
Det=b(1,1)*b(2,2)~b(1,2)*b(2,1)
N1(1)=(-p(0)*lambdam(1)*b(2,2)+p(3)*lambdam1(3)*b(1,2))/Det
Nc(1)=(b(1,2)*(deltalm(2)-deltaim1(3))-b(2,2)*(deltaim(1)~-
# deltaim1(2)))/Det
N1(2)=(-p(3)*lambdam1(3)*b(1,1)+p(0)*lambdam(1)*b(2,1))/Det
Nc(2)=(b(2,1)*(deltalm(1)-deltalm1(2))-b(1,1)*(deltaim(2)~
# deltaim1(3)))/Det
END IF
3 2 ok ok 2 ok 2k ok ok ok ok Xk ok Xk ok Xk 4 LAYERS a2k 2k 2k ok 2k 2k 2k ke 2k 2k ok ke e 2k ke a2k ok ok ke ke ok ok ke kK ok ok kK ok ok ok
IF (NL.EQ.4) THEN
b(1,1)=delta2m(1)+delta2mi(2)
b(1,2)=lambdami(2)
b(2,1)=lambdam(2)
b(2,2)=delta2m(2)+delta2mi(3)
b(2,3)=lambdami (3)
b(3,2)=1lambdam(3)
b(3,3)= delta2m(3)+delta2mi(4)
Det=b(1,1)*b(2,2)*b(3,3)-b(3,2)*b(2,3)*b(1,1)-
* b(2,1)*b(1,2)*b(3,3)

N1(1)=(p(0)*lambdam(1)*(b(2,3)*b(3,2)-b(2,2)*b(3,3))-

* p(4)*lambdam1(4)*b(1,2)*b(2,3))/Det
Nc(1)=(-(deltalm(3)-deltaim1(4))*b(1,2)*b(2,3)+

* (deltaim(1)-deltaimi1(2))*(b(2,3)*b(3,2)-b(2,2)*b(3,3))+

* (deltalm(2)-deltaim1(3))*b(1,2)*b(3,3))/Det

N1(2)=(p(4)*lambdami1(4)*b(1,1)*b(2,3)+

* p(0)*lambdam(1)*b(2,1)*b(3,3))/Det
Nc(2)=((deltaim(3)-deltaim1(4))*b(1,1)*b(2,3)-

* (deltaim(2)-deltaimi(3))*b(1,1)*b(3,3)+

* (deltaim(1)-deltaim1(2))*b(2,1)*b(3,3))/Det

N1(3)=(-p(0)*lambdam(1)*b(2,1)*b(3,2)+
X p(4)*lambdam1(4)*(b(1,2)*b(2,1)-b(1,1)*b(2,2)))/Det
Nc(3)=(-(deltalm(l)-delta1m1(2))*b(2,1)*b(3,2)+
(deltaim(3)-deltaimi(4))*(b(1,2)*b(2,1)-b(1,1)*b(2,2))+
* (deltaim(2)-deltalm1(3))*b(1,1)*b(3,2))/Det

*
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END IF

skskokkokokkkkkkkkkk 5 L A Y E R S skkkkkkkkkkokokkkkkkokiokkkkkkkkkokokkkkkk

*

IF (NL.EQ.S5) THEN
b(1,1)=delta2m(1)+delta2mi(2)
b(1,2)=lambdami(2)
b(2,1)=1ambdam(2)
b(2,2)=delta2m(2)+delta2ml(3)
b(2,3)=lambdam1(3)
b(3,2)=1ambdam(3)
b(3,3)=delta2m(3)+delta2mi(4)
b(3,4)=lambdam1(4)
b(4,3)=1ambdam(4)
b(4,4)=delta2m(4)+delta2mi(5)
Det=b(1,2)*b(2,1)*b(3,4)*b(4,3)-b(1,1)*b(2,2)*b(3,4)*b(4,3)-
b(1,1)*b(2,3)*b(3,2)*b(4,4)-b(1,2)*b(2,1)*b(3,3)*b(4,4)+
b(1,1)*b(2,2)*b(3,3)*b(4,4)
N1(1)=(p(5)*lambdam1(5)*b(1,2)*b(2,3)*b(3,4)+
p(0) *lambdam(1)*(b(2,2)*b(3,4)*b(4,3)+
b(2,3)*b(3,2)*b(4,4)-b(2,2)*b(3,3)*b(4,4)))/Det
Nc(1)=((deltaim(4)-deltalm1(5))*b(1,2)*b(2,3)*b(3,4)-
(deltaim(2)-deltaim1(3))*(b(1,2)*b(3,4)*b(4,3)-
b(1,2)%b(3,3)*b(4,4))+(deltaim(1)-deltalm1(2))*
(b(2,2)*b(3,4)*b(4,3)+b(2,3)*b(3,2)*b(4,4) -
b(2,2)*b(3,3)*b(4,4))-(deltaim(3)-deltaiml (4))*
b(1,2)*b(2,3)*b(4,4))/Det

N1(2)=(-p(5)*lambdam1(5)*b(1,1)*b(2,3)*b(3,4)+
p(0)*lambdam(1)*(b(2,1)*b(3,3)*b(4,4)-
b(2,1)*b(3,4)*b(4,3))) /Det

Ne(2)=(-(deltalm(4)-deltaim1(5))*b(1,1)*b(2,3)*b(3,4)+

(deltaim(2)-deltaim1(3))*(b(1,1)*b(3,4)*b(4,3)-
b(1,1)*b(3,3)*b(4,4))+(deltaim(3)-deltalml(4))*
b(1,1)*b(2,3)*b(4,4)-(deltaim(1)-deltalm1 (2))*

(b(2,1)*b(3,4)*b(4,3)-b(2,1)*b(3,3)*b(4,4)))/Det

N1(3)=(p(5)*lambdam1(5) *
(b(1,1)*b(2,2)*b(3,4)-b(1,2)*b(2,1)*b(3,4))-
p(0)*lambdam(1)*b(2,1)*b(3,2)*b(4,4))/Det
Nc(3)=((deltaim(4)-deltaim1(5))*(b(1,1)*b(2,2)*b(3,4)-
b(1,2)*b(2,1)*b(3,4))+
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* (deltalm(2)-delta1m1(3))*b(1,1)*b(3,2)*b(4,4)-

* (deltalm(l)-delta1m1(2))*b(2,1)*b(3,2)*b(4,4)+
* (deltaim(3)-deltaiml(4))*
* (b(1,2)%b(2,1)*b(4,4)-b(1,1)*b(2,2)*b(4,4)))/Det

N1(4)=(p(5)*lambdam1(5)*(b(1,1)*b(2,3)*b(3,2)+

* b(1,2)*b(2,1)*b(3,3)-b(1,1)*b(2,2)*b(3,3))+

* p(0)*lambdam(1)*b(2,1)*b(3,2)*b(4,3)) /Det
Nc(4)=((deltaim(4)-deltaim1(5))*(b(1,1)*b(2,3)*b(3,2)+

* b(1,2)*b(2,1)%b(3,3)-b(1,1)*b(2,2)*b(3,3))-

*

(deltaim(2)-deltaim1(3))*b(1,1)*b(3,2)*b(4,3)+

(deltaim(1)-deltaim1(2))*
b(2,1)*b(3,2)*b(4,3)-(deltalm(B)-delta1m1(4))*
(b(1,2)*b(2,1)*b(4,3)-b(1,1)*b(2,2)*b(4,3)))/Det

*

*

*

END IF

RETURN
END

ke s o ke e ke e ke ke ke ke ok ok ok o ok o o s e ke ok o ok o o ok ok ek ok e e e ke ok ok o s e ek ok ok o s ek sk ok ok ok ko ok skl Rk ok K ko

SUBROUTINE STRESS
IMPLICIT NONE
COMMON/RT/CRITICAL
COMMON/ANL/THETA(S) ,FLAG

COMMON/RHML/RHO , ML
COMMON /DT/E1(5),E2(5),E3(5),G12(5),V12(5),Rad(0:5),
P(0:5),X(5),Xpr(5),
# Y(5),Ypr(5),ss(5),F,KR(5),NL
COMMON/N_COEF/N1(4) ,Nc(4)
COMMON/INT_CN/ CONST
COMMON/COMPL_SYST_CF/CM(5) ,U1(5),U2(5),F1(5),F2(5)
COMMON/COMPLEX/A(5,4,4) ,BETA11(5) ,BETA22(5) ,BETA14(5),
# BETA44(S) ,BETA24(5) ,BETA12(5) ,K(5),G1(5),
# GK(5),G_K(5),c(5) ,KAPPA1(5) ,KAPPA2(5)

1323232323 2232232223323 3333322323233 2223 3222233233332 22322 3222322333233 333322
COMMON/FCNST/Frr(5) ,Fzz(5) ,Fss(5),Fr(5) ,Fz(5),Frz(5) ,Frt(5)
COMMON/STRTR/Sgr,Sg1,Sg2,Taul2

s ke o o ¢ o o 3k ok ok o e e ok ok e ok ke s ke ok o e s ke ke e ok s ke ok ol e ok ok ol e sk ok ok ok 3 ke ok o 3 3k ok ok ok 3 ok ok ok ok ok o ok ok ok ok o ok
REAL*8 E1,E2,E3,G12,V12,Rad,P,THETA,X,Xpr,CRITICAL,

# Y,Ypr,SS,F,H,DH(5) ,RADIUS(5,22) ,N1,NC,CONST,Frr,
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# Fzz,Fss,Fr,Fz,Frz,Frt,rho,DISPL
REAL*8 A,BETA11,BETA22,BETA14,BETA44,BETA24,BETA12,K,G1,
# GK,G_K,C,KAPPA1,KAPPA2,CM,U1,U2,F1,F2,SGR,SGT,SGZ,
# TAUTZ,SG1,SG2,TAU12,RH,ETA,Y1(5),Y2(5) ,RESULT
REAL*8 XR,STEP,XTOL,FTOL,FAILURE
INTEGER*2 ,KR,NL,M,J,flag,MMM,ML,I,NLIM
EXTERNAL FAILURE
e 3k e ok 2 3 ok e ok 2 ok ke ok ok e ok ok ki ok ok ok ok ok ok ok k3 ko 3k ok kol k ko ke k ook ook ok ok sk ok Kok Ok ok i k ok ok ok ok ok k
ook FORCES *okok

e 3 ke o 3 e ok ok 3 ok ke ok ok ok 3 ok ok 3 ok ook ok sk sk ok sk ok ke ok sk k ok 2k ik ok sk ok k3 koK ok sk k ok dk ak kb ok 3k ok ok dk ok 3k ok ok ok %k

DO M=1,NL-1
p(M)=N1(M)+Nc(M)*Const
END DO

e 2k e 2 ok ke e ok ok e o ok 2 3k ok o ok 3 ok ok ke e sk ok b kol ok ko ok 3 ok ok ok ok 3 ke ak ok ok ok 3 sk ok ok ko ok ok dk ok ok ok ok ok ok 3 ok

*okk STRESSES ok
sk ok ok sk KSR KR KK K KKK Kk ks ok o sk K sk ok ik ok ook
do m=1, nl

Frr(m) = 1./(Y(m)*Ypr(m))

Fzz(m) = 1./(X(m)*Xpr(m))

Fss(m) = 1./(SS(m)*SS(m))

Fr(m) = 1./Y(m) - 1./Ypr(m)

Fz(m) = 1./X(m) - 1./Xpr(m)

Frz(m) = -0.5%Sqrt(Frr(m)*Fzz(m))

Frt(m) = -0.5*%Frr(m)

Yi(m) = (p(m-1)*c(m)**(k(m)+1.)-p(m))/(1.-c(m)**(2.%k(m)))

Y2(m)

(p(m)*c(m)**(k(m)-1.)-p(m-1))/(1.~-c(m)**(2.%k(m)))
end do

Sgr=Y1(mL) *rho**(k(mL)-1.)+Y2(mL)*c (mL) % (k (mL)+1.)+*
# rho**(-k(mL)-1.)+Const*kappail (mL)*
(1.-U1(mL) *rho** (k(mL)-1.)-
U2(mL)*c(mL)** (k(mL) +1. ) *rho** (-k(mL)-1.))

Sgt = Y1(mL)*k(mL)*rho** (k(mL)-1.)-Y2(mL)*k (mL)*
c(mL)**(k(mL)+1.)*rho**(-k(mL)-1.)+
Const*kappal(mL)*(1.-U1(mL)*k(mL) *rho**(k(mL)-1.)+
U2(mL)*k (mL) *c (mL) ** (k (mL)+1. ) *rho** (-k(mL)~1.))

Tautz= -Y1(mL)*gk(mL)*rho*(k(mL)-1.)-Y2(mL)*g_k(mL)*
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c(mL)**(k(mL)+1.)*rho**(-k(mL)-1.)+
Const*(-kappa2(mL)+kappal (mL)* (U1 (mL)*
gk (mL) *rhox* (k(mL)-1.)+
U2(mL)*g_k (mL) *c (mL) ** (k (mL)+1.) *rho**(-k(mL)-1.)))

* % ® =

Sgz= Const-(1./a(ML,3,3))*(a(ML,1,3)*Sgr+a(ML,2,3)*Sgt+
# a(ML,3,4)*Tautz)

disp1=A(ML,4,1)*SGR+A(ML,4,2)*SGT+A(ML,4,3)*SGZ+A(ML,4,4)*TAUTZ
PRINT*, *DISPL=’,DISPL

Sg1l = Sgz*Cos(theta(mL))**2+Sgt*Sin(theta(mL))**2-
# Tautz*Sin(2.*theta(mL))

Sg2 = Sgz*Sin(theta(mL))**2+Sgt*Cos(theta(mL))**2+
# Tautz*Sin(2.*theta(mL))

Taul2= (Sgt-Sgz)*Sin(theta(mL))*Cos(theta(mL))-
# Tautz*Cos(2.*theta(mL))

RETURN
END

sk ok ook K ook 3 oo 3 ok o ko o ke o i ke sl ke sl ok sk 3 R R o ok sk ok o ok ok o ok ok ok oo 3 sk ok ok sk ok ok ook

SUBROUTINE SYST_CF
IMPLICIT NONE
COMMON /DT/E1(5),E2(5),E3(5),G12(5),V12(5) ,Rad(0:5),
P(0:5),X(5),Xpr(5),
Y(5),Ypr(5),ss(5),F,KR(5),NL
COMMON/COMPLEX/A(5,4,4) ,BETA11(5) ,BETA22(5) ,BETA14(5),
BETA44(5) ,BETA24(5) ,BETA12(5) ,K(5),G1(5),

# GK(5),G_K(5),C(5) ,KAPPA1(5) ,KAPPA2(5)
COMMON/COMPL_SYST_CF/CM(5),U1(5),U2(5) ,F1(5),F2(5)
COMMON/SY/DELTA1m(4) ,DELTA2m(4) ,LAMBDAm(4) ,LAMBDAm1(4),

# DELTA1m1(4) ,DELTA2m1(4)

REAL*8 A,BETA11,BETA22,BETA14,BETA44,BETA24,K,G1,GK,G_K,C,
KAPPA1,KAPPA2,CM,U1,U2,DELTA1m,DELTA2m,
DELTA1m1,
DELTA2m1,f1,f2,f3m(4) ,£4m(4),£f5m(4),
£6m(4),f7m(4) ,£8m(4),f3m1(4),f4m1(4) ,LAMBDAm1,

® % & =
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# £5m1(4),f6m1(4),f7m1(4) ,£8m1(4) ,LAMBDAm

REAL*8 Wim(4),W2m(4),W3m(4), Wim1(4),W2m1(4),W3m1(4),
GAMMA24m(4) ,GAMMA24m1 (4) ,E1,E2,E3,G12,V12,RAD,P,
X,XPR,Y,YPR,SS,F,rho(5) ,betal2

INTEGER*2 M,NL,KR
DO M=1,NL-1

rho(m)=1.
£3m(m)

rho(m) **(k(m)-1.)

fam(m) = c(m)**(k(m)+1.)*rho(m)**(-k(m)-1.)
£5m(m) = k(m)*rho(m)**(k(m)-1.)
fém(m) = k(m)*c(m)**(k(m)+1.)*rho(m)**(-k(m)-1.)
f7m(m) = gk(m)*rho(m)**(k(m)-1.)
£8m(m) = g_k(m)*c(m)**(k(m)+1.)*rho(m)**(-k(m)-1.)
Wim(m) = 1.-Ul(m)*rho(m)**(k(m)-1.)-

* U2(m) *c(m)**(k(m)+1.)*rho(m)**(-k(m)-1.)

w2m(m) = 1.-U1(m)*k(m)*rho(m)**(k(m)-1.)+
# U2(m) *k (m) *c (m) ** (k(m)+1.) *rho(m) **(-k(m)-1.)

W3m(m) = -kappa2(m)+kappal(m)*(Ul(m)*gk(m)=*
rho(m)**(k(m)-1.)+U2(m)*g_k(m)*c(m)**(k(m)+1.)*
rho(m)**(-k(m)-1.))

gamma24m(m) = a(m,2,4)-(a(m,2,3)*a(n,3,4))/a(m,3,3)

deltaim(m)=a(m,2,3)+W3m(m) *gamma24m(m)+kappal(m)*
# (Wim(m)*beta12(m)+W2m(m)*beta22(m))
delta2m(m)=beta12(m)*((£2(m)*f4m(m)-£3m(m))/CM(m))-
beta22(m)* ((£2(m)*£6m(m) +£5m(m) ) /CM(m)) +
gamma24m(m) * ((£7m(m) -£2 (m) *£8m (m) ) /CM(m) )

lambdam(m)=betal2(m)*((f1(m)*£f3m(m)-f4m(m))/CM(m))+

$ beta22(m)*((£1(m)*f5m(m)+£6m(m))/CM(m) )~
$ gamma24m(m) * ((£1 (m) *£7m(m) -£8m(m) ) /CM(m) )
END DO
A Dok Dok Dok Dok Dok Bk Dok ok Dok Dok Dok e Do Do Dok Dok Bok Do Dok Do B Do Dok Dok ok Dok e Dok ke 1
DO M=2,NL
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rho(m)=rad(m-1)/rad(m)

£3m1(m) = rho(m)**(k(m)-1.)

f4mi(m) = c(m)**(k(m)+1.)*rho(m)**(-k(m)-1.)
£5mi(m) = k(m)*rho(m)**(k(m)-1.)

f6m1(m) = k(m)*c(m)**x(k(m)+1.)*rho(m)**(-k(m)-1.)
£7m1(m) = gk(m)*rho(m)**(k(m)-1.)

£8m1(m) = g_k(m)*c(m)**(k(m)+1.)*rho(m)**(-k(m)-1.)
Wimi(m) = 1.-U1(m)*rho(m)**(k(m)-1.)-

U2(m) *c (m) **(k(m)+1.)*rho(m)**(-k(m)-1.)

W2m1(m) 1.-U1(m)*k(m)*rho(m) **(k(m)-1.)+

U2(m)*k (m) *c (m) ** (k(m)+1.) *rho(m)**(~k(m)-1.)

W3m1(m) = -kappa2(m)+kappal(m)*(U1(m)*gk(m)*
rho(m)**(k(m)-1.)+U2(m)*g_k(m)*c(m)**(k(m)+1.)*
rho(m)**(-k(m)-1.))

gamma24mi(m) = a(m,2,4)-(a(m,2,3)*
a(m,3,4))/a(m,3,3)

deltaiml(m)=a(m,2,3)+W3ml (m)*gamma24m1 (m) +kappal (m)*
(Wiml(m)*betal2(m)+W2m1(m)*beta22(m))

delta2mi(m)=betal2(m)*((f4m1(m)-£f1(m)*£f3m1(m))/CM(m))-
beta22(m)* ((£f1(m)*£5m1(m)+£6m1(m))/CM(m))+
gamma24m1(m) *((£1(m) *£7m1 (m) -£8m1(m) ) /CM(m))

lambdami (m)=betal12(m)* ((£3m1(m)-£f2(m)*f4mi(m))/CM(m) )+
beta22(m)* ((£5m1 (m)+£2(m)*£6m1(m))/CM(m))-

gamma24m1 (m) * ((£7m1 (m) -£2(m) *£8m1 (m) ) /CM(m))
END DO

RETURN
END
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Routines for Continuosly Heterogeneous Cylinder

* % % =

$debug

963

964

PROGRAMM SHELL
COMMON /DT/E(3,10),NU(6,10),M(10),4(0:10),P(0:10),er,N,KR(10)
COMMON /mat/mater,NAME

REAL*8 C(20,20),alf(3,3,10),gam(2,2,10) ,gam_k(10),s(10),
t(10) ,bet22(10) ,bet12(10),C1(420) ,H(10),
R(10,0:12),SGr(10,0:12),5Gt(10,0:12),S6z(10,0:12) ,DH(10),
A,NU,M,P,E,RK(10),btk12(10) ,btk22(10) ,arl,ar2,ar3,er,D,
U1,U2,Delta,epsilon_z

character*62 fname

CHARACTER#*32 mater(10)

CALL INPUT

DO 1000 K=1,N

DO 1 I=1,3

alf(i,i,k)=1/e(i,k)

CONTINUE

alf(1,2,k)= -nu(1,k)/e(2,k)

alf(1,3,k)= -nu(2,k)/e(3,k)

alf(2,1,k)= -nu(3,k)/e(1,k)

alf(2,3,k)= -nu(4,k)/e(3,k)

alf(3,1,k)= -nu(5,k)/e(1,k)

alf(3,2,k)= -nu(6,k)/e(2,k)
arl = abs(alf(1,2,k)-alf(2,1,k))
ar2 = abs(alf(1,3,k)-alf(3,1,k))
ar3 = abs(alf(3,2,k)-alf(2,3,k))
if(abs(arl).gt.er) GOTO 963
if(abs(ar2).gt.er) GOTO 963
if(abs(ar3).gt.er) GOTO 963
GOTO 964
PRINT*, ’LAYER- ’,K
print*,’ HEMNPABMJILHO BBENEHH OU3SHUYECKUE XAPAKTEPUCTUKU 11’
CONTINUE

DO 2 i=1,2

D0 2 j=1,2
gam(i,j,k)= alf(i,j,k) - alf(i,3,k)*alf(j,3,k)/alf(3,3,k)
CONTINUE
gam_k(k) = (gam(1,1 ,K)+m(k)*gam(1,2,k))/gam(2,2,k)

s(k) = .5%(m(k)+dsqrt(ABS(m(k)*m(k)+4*gam_k(k))))
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t(k) = .5%(m(k)-dsqrt(ABS(m(k)*m(k)+4*gam_k(k))))
bet22(k)=gam(2,2,k) *a(k-1)**(-n(k))
bet12(k)=gam(1,2,k)*a(k-1)**(-m(k))

1000 CONTINUE
do 161 k=2,n
btk12(k-1)=gam(1,2,k-1)*a(k-1)**(-m(k-1))
btk22(k-1)=gam(2,2,k-1)*a(k-1)**(-m(k-1))

161 continue

3 e ok ok R K o K KR K R KKK KR K R R K KRR R KK KK K K KoK

%% GOPMUPOBAHME CHCTEMM VPABHEHMH k%
do 162 i=1,2*n
do 162 j=1,2%n

162 c(i,j)=0.0
do 163 i=1,j*j+j
163 c1(i) = 0.0

c(1,1)=a(0)**s (1)
c(1,2)=a(0)**t (1)
c(2*n,2*n-1)=a(n)**s(n)
c(2%n,2*n)=a(n)**t(n)
k=2
i=2
j=1
do 2000 jk=1,n-1
c(i,j)=a(k-1)**s(k-1)
c(i,j+1)=a(k-1)**t(k-1)
c(i,j+2)= -a(k-1)**xs(k)
c(i,j+3)= -a(k-1)**t (k)
c(i+1,j)=a(k-1)#*s(k-1)*btk22(k-1)*s(k-1)
c(i+1,j+1)=a(k-1)»*t(k-1)*btk22(k-1)*t (k-1)
c(i+1,j+2)=a(k-1)**s(k)*(btk12(k-1)-bet12(k)—bet22(k)*s(k))
c(i+1,j+3)=a(k-1)**t (k) *(btk12(k-1)-bet12(k)-bet22(k)*t (k))
k=k+1
i=1+2
j=j+2
2000 CONTINUE
*#% [IPEOEPA30OBAHUYE B OHHOMEPHHA MACCHUB *xx

kl=1
do 165 j=1,2%n

do 166 i=1,2x*n

c1(kl)=c(i,j)
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kl=k1l+1
166 continue
165 continue
*okok NPABAA UACTDL  #*x*

nl=4*n*n
ci(nl+1) = -p(0)*a(0)
c1(nl+2*%n) = -p(n)*a(n)
=nl+2
do 167 k=2,n
ci(nm) = -p(k-1)*a(k-1)
ci(nm+1) = -(bet12(k)-btk12(k-1))*p(k-1)*a(k-1)
nm = nm + 2

167 continue

#** PEINEHUE CUCTEMH YPABHEHUH **x
ni=2x%n
call rsudm(ci,ni,1,ner,d,ied)
do 168 jk=1,2%n
c1(jk)=c1(4*n*n+jk)

168 continue
**kx OOPMUPOBAHME MACCUBA TONUWH U PAONVCOB ***
do 169 k=1,n

R(k,0)=A(k-1)
RK (k) =DREAL (KR(k))

169 continue
DO 170 K=1,N
H(K) = A(K) - A(K-1)
DH(K) = H(K)/RK(k)
170 continue
DD 22 K=1,N
D0 22 J =1,KR(k)
22 R(k,J)=A(k-1)+dh(k)*j
jn=1
U1=0.
U2=0.
Delta=0.
do k=1i,n
U1=U1+2.*c1(jn)*(a(k)**(1.+s(k))-a(k-1)**(1.+s(k)))*
# (alf(1,3,k)+alf(2,3,k)*s(k))/(alf(3,3,k)*(1.+s(k)))

U2=U2+2.%c1(jn+1)*(a(k)** (1.4t (k) ) -a(k-1)**(1.+t(k)))*
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# (alf(1,3,k)+alf(2,3,k)*t(k))/(alf(3,3,k)*(1.+t(k)))
Delta=Delta+(a(k)**2-a(k-1)**2)/alf(3,3,k)
jn=jn+2
end do
*ok kK
epsilon_z= ((p(0)-p(n))*a(0)**2+U1+U2)/Delta
print*,epsilon_z

pause 12

*xx BHUUCNEHUE HANPSXEHUA *%x*
ju=1
do 800 k=1,n
do 700 i=0,kr(k)
SGr(k,i)=c1(ju)*r(k,i)**(s(k)-1)+c1(Gur1)*r(k,i)**(t(k)-1)
SGt(k,i)=c1(ju) *s(k) *r(k,i)**(s(k)~-1)+c1(Gu+1)*t (k) *r(k,i)**
# (t(x)-1)-
SGz(k,i)=(1/a1£(3,3,k))*(epsilon_z-alf(1,3,k)*SGr(k,i)-
# alf(2,3,k)*sGt(k,i))
700 continue
ju=ju+2
800 continue
*kk  [[EUATh MOJYYEHHHX HAMIPSXKEHUA *xx
WRITE(*,900)
900 FORMAT(//////10X,’ OUTPUT FILE: ’\)
READ (%,910) fname
910 FORMAT(A)
OPEN(unit = 6,FILE=fname)
WRITE(6,109) NER

109 FORMAT(1X,’Error index =’,I2)
write(6,’(//15x,16h ST R E S S E S/)?)
do 171 k=1,n

write(6,100) k
if (name.eq.1)then

write(6,130) mater (k)
endif

write(6,140) H(k)

write(6,101)
do 172 i=0,kr (k)

write(6,102) r(k,i),SGr(k,i),SGt(k,i),SGz(k,i)

172 continue

171 continue
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100 format(/15x,’L A YE R -’,12/)

130 format (5x, ’Material - ’,A)
140 format(5x,’Thickness -’,G12.4/)
101 format(5x,’Rad’,9x,’SGr’,9x,’SGt’,9x,’SGz’/)
102 format(1x,4gl12.4)
stop
end

a3 e o 3 e ok 3 ook ok sk ok 2k ok ok ok ok ok ook ok ok ok i ok ok ko K ok ok ok ok ook 2k ok 3k ok 3k ook ok ak 2 ok ok ook ok ok 23 ok ok ok ok ok ook ok

SUBROUTINE RSUDM(A,N1,N2,NER,DET,IED)
DIMENSION IND(75)
REAL*8 A(1),PT,SW,DET

$debug

DETER=1.0
IED=0
N=N1
MAT=N+N2
IM=N1
NM=N-1
IVC=1-IM
DO 11 MA=1,N
PT=0.0D+0
IVC=IVC+IM
IV1=IVC+MA-1
IV2=IVC+NM
DO 2 I=IVi1,IV2
IF(DABS(A(I))-DABS(PT))2,2,1

1 PT=A(I)
LP=1

2 CONTINUE
IF(PT)3,15,3

3 IC=LP-IVC+1
IND(MA)=IC
IF(IC-MA)6,6,4

4 DETER=-DETER
IC=IC-IM
I3=MA-IM
DO 5 I=1,MAT
IC=IC+IM
I3=I3+IM
SW=A(I3)
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A(I3)=A(IC)

5 A(IC)=SW

10
11

12

13
14

DETER=DETER*PT
IE=INT(ALOG10(ABS (DETER)+1.E-20)+20)-20
DETER=DETER/10.**xIE
IED=IED+IE

PT=1./PT

I3=IVC+NM

D0 7 I=IVC,I3
A(T)=-A(I)*PT
A(IV1)=PT

I1=MA-IM

IC=1-IM

DO 10 I=1,MAT
IC=IC+IM

I1=I1+IM
IF(I-MA)8,10,8
JC=IC+NM

SW=A(I1)

I13=IVC-1

DO 9 I2=IC,JC
I13=I3+1
A(I2)=A(I2)+SWxA(I3)
A(I1)=SW*PT
CONTINUE

CONTINUE

DO 14 I1=1,N
MA=N+1-I1
LP=IND(MA)
IF(LP-MA)12,14,12
IC=(LP-1)*IM+1
JC=IC+NM
IVC=(MA-1)*IM+1~IC
DO 13 I2=IC,JC
I13=12+IVC

SW=A(I2)
A(I2)=A(I3)
A(I3)=sW

CONTINUE

DET=DETER

NER=0
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RETURN
15 NER=-1
DET=DETER
WRITE(5,17)MA
17 FORMAT(’ ZERO COLUMN °,I4)
RETURN
END

k0o o o o Rk ok ook ok ok o o 3 o o o K o ook o o o ok 3 ook ook 3 o o ok 3 o K ok ok ok e o ook ok ok o ok ok ook o oK
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