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Abstract

R ecently a laser with an intracavity spatial light modulator (SLM) was demonstrated

and showed in principle the creation of novel laser modes. The digital holograms

written to the SLM altered the resonant mode of the cavity through amplitude and

phase control, and thus the term “digital laser” was born. The technology holds much promise

but requires further detailed study to fully realise its potential.

In this dissertation, we revisit the digital laser with the aim of enhancing its performance.

We extend the digital laser to faster switching, higher energies, and diverse wavelengths. In the

process, we study the impact of these advances on mode purity and laser performance. None

of these developments have so far been reported in the literature, due to the complexity of the

experiments and the novelty of the device. We hope the result will lead to a new understanding

of such devices and therefore constitute an original contribution to the field of research. This

work outline a roadmap for the development of a robust prototype device that may find many

applications, for example, in laser additive manufacturing.

In Chapter 2, we experimentally demonstrate the measurement of thermally induced lensing,

using a Shack-Hartmann wavefront sensor (SHWFS). The thermally induced lens from the

coefficient of defocus aberration using a SHWFS is measured. As a calibration technique, we

infer the focal length of standard lenses probed by a collimated Gaussian beam of wavelength

633 nm. The technique is applied to an Nd: YAG crystal that is actively pumped by a diode

laser operating at 808 nm. The results were compared to the results obtained by changing the

properties of the end-pumped solid-state laser resonator operating at 1064 nm, where the length



of an unstable plane-parallel laser resonator cavity was varied, and the laser output power was

measured.

In Chapter 3, we focus on the generation of Laguerre-Gaussian modes using an end-pumped

solid-state laser that has an ability to control the output laser modes. The solid-state digital

laser is used in the generation of Laguerre-Gaussian modes, LGp,l , with radial order p = 0

and azimuthal order l = 0 to l = 5 with a step of 1. We further use the digital laser to generate

high-radial-order Laguerre-Gaussian, LGp,0 modes by loading digital holograms on a phase-

only spatial light modulator that acts as an end mirror of a diode-end-pumped laser resonator.

The digital holograms were encoded with an amplitude ring mask, which contained absorption

rings that match the p-zeros of the Laguerre polynomial. We demonstrate the generation of

high-quality LGp,0 modes with a mode volume that was directly proportional to the mode order,

p.

In Chapter 4, we experimentally demonstrate selective excitation of high-radial-order

LGp,0 modes with radial-order, p = 1− 4 and azimuthal-order, l = 0, using a diode-pump

solid-state laser (DPSSL) that is digitally controlled using an SLM. We encoded amplitude

mask containing p-absorbing rings, of various incompleteness (segmented), on grey-scale

computer generated digital holograms (CGDH), and displayed them on an SLM, that acted as

an end mirror of the diode-pumped solid-state digital laser (DPSSDL). The various incomplete

(α) p-absorbing rings were digitally encoded to match the zero intensity nulls of the desired

LGp,0 mode. We illustrate that the creation of LGp, for p = 1 to p = 4, only requires an

incomplete circular p-absorbing ring that have a completeness of ≈ 37.5%, which makes the

DPSSDL resonator to have the lower pump threshold power, while maintaining the same laser

characteristics (such as beam propagation properties.

In Chapter 5, we efficiently generate on-demand laser modes using a single-mode solid-state

digital laser. The Laguerre-Gaussian mode of azimuthal order l=(0, 1, 2) with zero radial order

(p = 0) was generated and discretely pulsed using a digital hologram that acts as a "Q-Switch".



Pulses of duration ≈200 ms and intensities as high as ≈1 mW, with repetition speed of 60 Hz,

were produced at 1 µm. The maximum peak power conversion efficiency measured is ≈1.3%.

In Chapter 6, we demonstrate the laser output power amplification of the higher-order LGp,l

modes generated from a digital laser by using an extra-cavity Nd: YAG amplifier. The DPSSDL

generates fundamental higher-order modes by encoding and displaying a digital hologram on

a phase-only SLM that acts as an end mirror of the laser resonator cavity. The amplifier was

designed in such a manner that when the LGp,l modes passed through the Nd: YAG amplifier,

they would experience higher gain, which would increase the power of the mode when it is

transmitted through the amplifier. Amplification of as high as 42% was realised for LG2,0, and

only 9% was realised for LG2,2 due to pump mismatch.

Finally, in Chapter 7, we experimentally generated higher-order modes using DPSSDL

operating at 532 nm (visible). A nonlinear crystal (Potassium titanyl phosphate-KTP) which is

used for frequency conversion, is inserted inside the DPSSDL operating at 1064 nm (Near-IR).

The KTP is pumped using the higher-order modes generated by the 1064 nm solid-state digital

laser. We generated intra-cavity LGp,l modes and Hermite-Gaussian (HG) modes. The laser

modes were characterised by analysing the intensity distribution profiles of the beams.



Contents

List of Figures i

List of Tables v

1 Introduction to solid-state lasers 1
1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Basic optics and mode selection . . . . . . . . . . . . . . . . . . . . . . . . 4

1.2.1 The wave equation . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.2.2 Gaussian and higher-order beams . . . . . . . . . . . . . . . . . . . 7

1.3 Resonator configuration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
1.4 Introduction to the Digital Laser . . . . . . . . . . . . . . . . . . . . . . . . 19

2 Thermal aberrations in Nd: YAG crystal 22
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
2.2 Defocus aberration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
2.3 Calibration experiment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
2.4 Testing known lenses . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
2.5 Thermally induced lensing in Nd: YAG crystal . . . . . . . . . . . . . . . . 29
2.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

3 Generation of Laguerre-Gaussian modes 32
3.1 Generation of petal-like Laguerre-Gaussian beams . . . . . . . . . . . . . . 32

3.1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
3.1.2 Experimental methodology and concept . . . . . . . . . . . . . . . . 33
3.1.3 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . 34
3.1.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

3.2 Generation of radial order Laguerre-Gaussian beams using a solid-state digital
laser . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35



Contents

3.2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
3.2.2 Radial Laguerre-Gaussian modes . . . . . . . . . . . . . . . . . . . 36
3.2.3 Experimental methodology and concept . . . . . . . . . . . . . . . . 37
3.2.4 PC run numerical simulations . . . . . . . . . . . . . . . . . . . . . 38
3.2.5 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . 40
3.2.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

4 Radial Laguerre-Gaussian mode generation using incomplete amplitude mask 45
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
4.2 Radial-order Laguerre-Gaussian modes . . . . . . . . . . . . . . . . . . . . 47
4.3 Experimental methodology and concept . . . . . . . . . . . . . . . . . . . . 47
4.4 A PC run numerical simulations for incomplete ring . . . . . . . . . . . . . . 47
4.5 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
4.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

5 Discrete excitation of mode pulses using a diode-pumped solid-state digital laser 58
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
5.2 Q-switching using a spatial light modulator . . . . . . . . . . . . . . . . . . 59
5.3 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
5.4 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
5.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

6 Solid-state digital laser mode amplification using extra-cavity Nd: YAG amplifier 65
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
6.2 Experimental setup and methodology . . . . . . . . . . . . . . . . . . . . . 66
6.3 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
6.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

7 Intracavity second harmonic generation for higher-order modes 72
7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
7.2 The second harmonic generation from 1064 nm to 532 nm . . . . . . . . . . 73
7.3 Experimental methodology and concept . . . . . . . . . . . . . . . . . . . . 77
7.4 Results and discussions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78
7.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

8 Conclusion remarks and future perspective 86



Contents

Bibliography 89

Appendix A Crystal Materials 98
A.1 Nd:YAG Crystal . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98
A.2 KTP Crystals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98



List of Figures

1.1 End-pumping gain medium using diode laser. . . . . . . . . . . . . . . . . . 3
1.2 Plane wave propagating in z-direction with red squares representing the electric

field component, while the green squares represent the magnetic field. . . . . 8
1.3 Gaussian beam propagation in z-direction. . . . . . . . . . . . . . . . . . . . 10
1.4 The Gaussian transverse amplitude profile. . . . . . . . . . . . . . . . . . . . 11
1.5 Intensity distribution profiles. . . . . . . . . . . . . . . . . . . . . . . . . . . 13
1.6 Basic geometry of a laser cavity, with end-mirror and output coupler mirror

having a reflectivity of 100% and ± 90% respectively. . . . . . . . . . . . . . 15
1.7 Different geometries of optical laser resonators. . . . . . . . . . . . . . . . . 17
1.7 Different geometries of optical laser resonators. . . . . . . . . . . . . . . . . 18
1.7 Different geometries of stable optical laser resonators. . . . . . . . . . . . . . 19
1.8 Resonator cavity with a digital end mirror that is computer controlled. . . . . 21

2.1 Defocus phase variation (a) 2D and (b) 3D. . . . . . . . . . . . . . . . . . . 24
2.2 Experimental Setup for calibration. . . . . . . . . . . . . . . . . . . . . . . . 24
2.3 CLAS-2D software snapshot varying the beam size from 20% (a) to 100% (b).

The CLAS-2D software allowed one to draw an analysis Zernike circle over
the Gaussian beam and then computes the Zernike coefficients. In addition, the
Zernike coefficients are used to calculate the radius of curvature. . . . . . . . 26

2.4 The graph of defocus coefficient versus the ratio of Zernike radius (a) over
the Gaussian beam radius (w) to determine the lowest defocus coefficient with
regard to the ratio. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.5 (a) Measured focal lengths fm against the nominal focal lengths fn. (b) Mea-
sured focal length for nominal focal length of f = 250 mm as the ratio of radius
to beam size increases. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28



ii List of Figures

2.6 The Nd: YAG gain medium pumped by a single-mode diode laser operating
with a Gaussian beam at 808 nm (the intensity distribution of the focus pump
at the centre of the crystal is also shown). . . . . . . . . . . . . . . . . . . . 29

2.7 Power transmitted against the input pump power to determine the gain satu-
ration. This graph is used to determine if the gain medium is still in good
condition and lasing can still occur. In addition, this graph indicates that the
gain medium is not damaged, and leasing will start at 17 Amps. . . . . . . . 30

2.8 Unstable plane-parallel laser resonator used to determine thermally induced
lensing. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

2.9 The effective focal length of the thermally induced lens as a function of the
optical pump power, for two measurement techniques used. . . . . . . . . . . 31

3.1 Schematic representation of DPSSDL, with the laser mode exiting the laser
cavity comprising SLM and M2. Diode laser (pump) operating at 808 nm is
shown in yellow, while the exciting (1064 nm) beam at the output coupler (M2)
is shown in red. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.2 Computer-generated hologram (CGH) encoded to the SLM for the generation
of LGp,l modes of order p = 0 & l = 0−5. . . . . . . . . . . . . . . . . . . 34

3.3 Observed intensity profile for LGp,l modes of order p = 0 & l = 0−5, at the
output coupler (M2 on Fig. 3.1). . . . . . . . . . . . . . . . . . . . . . . . . 34

3.4 Schematic representation of the DPSSDL, with the laser mode exiting the at
the output coupler mirror (M3). Diode laser operating at 808 nm is shown in
red, while the excited beam is shown in blue. . . . . . . . . . . . . . . . . . 37

3.5 Intensity cross-section of numerically simulated lowest-loss eigenmodes for
p=1 to 3, when a mask containing an absorbing p ring is inserted inside the
resonator. The mask is inserted in such that the high-loss absorbing ring
coincides with the intensity p-zero nulls. For an example, we looked at p = 3
Laguerre-Gaussian mode. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3.6 (a) Gray-scale (0 to 2π) holograms with amplitude modulation in the form of a
checkerbox. (b) Observed intensity profiles (normalised to 1) of the Laguerre-
Gaussian modes of order p = 0−4 at the output coupler. (c) Beam width at the
output coupler as a function of mode order, with theoretical (Eq. 3.2) results
represented by a solid red line. . . . . . . . . . . . . . . . . . . . . . . . . . 41



List of Figures iii

3.7 (a) Beam propagation factor as a function of mode order, with theoretical (Eq.
3.3) results represented by a solid line. (b) The plot of modal decomposition
results with intensity normalised to 1, for p = 0−4. . . . . . . . . . . . . . . 42

3.8 (a) Power extraction (output power) for p = 0 and p = 4, as the function of the
diode pump power (input power). (b) Slope efficiency (η) and pump threshold
as a function of mode order. . . . . . . . . . . . . . . . . . . . . . . . . . . 43

4.1 Schematic diagram illustrating a 50% complete p-absorbing ring, regardless of
the symmetry. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

4.2 (a) Numerically simulated fundamental mode shape at the far-field. (b) Nu-
merically simulated propagation factor M2 as a function of truncation ratio
Yc = r0/w (r0 is the aperture radius, while w is the beam width). . . . . . . . 49

4.3 (a) Numerically simulated intra-cavity losses (δ ) of the fundamental mode
as the function of the beam truncation ration (YC).(b) Numerically simulated
intra-cavity losses (δ ) of the fundamental mode as the function of ring incom-
pleteness (α). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

4.4 Top row of (a)-(d) shows computer-generated digital holograms encoded as
pixelated gray-scale images where the completeness of the p absorbing ring
varies from 12.5% to 100% for p = 1− 4. Bottom row of (a)-(d) shows the
generated intensity profiles from the laser for the different corresponding p-
absorbing ring digital holograms. . . . . . . . . . . . . . . . . . . . . . . . . 52

4.5 (a) Beam propagation factor, M2
p, and (b) beam radius, wp, at the output coupler

for LG modes of p = 1−4 with varying completeness of the absorbing rings. 53
4.6 The figure shows the slope efficiency, (a) ηp, and the pump power threshold,

(b) εp, for LGp modes of p = 1−4 with varying completeness of the absorbing
circular ring. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

5.1 Schematic of the DPSSDL. . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
5.2 (a) Oscilloscope image displaying pulsed voltages for Gaussian mode in 200

ms. (b) Oscilloscope image displaying pulsed and continuous (solid straight
line) voltage for Gaussian mode in 200 ms. . . . . . . . . . . . . . . . . . . 62

5.3 (a) Oscilloscope image displaying pulse voltage for on-demand modes in
200 ms, continuously. (b) Oscilloscope image displaying pulse voltage for
on-demand modes in 200 ms, discretely. . . . . . . . . . . . . . . . . . . . . 63

6.1 Schematic of DPSSDL with a single-pass Nd: YAG amplifier. . . . . . . . . 67



iv List of Figures

6.2 Computer-generated holograms (CGH) encoded as pixelated gray-scale for
generating LGp,l . Rows represent p=0 to 2, and columns represent l =0 to 2. 68

6.3 (a) Observed intensity profiles of the seeded beams focused on the external
Nd: YAG laser crystal. (b) Observed intensity profile of the amplified beams.
Intensity profiles were recorded using a CCD camera; rows represent LG modes
of order p=0 to 2, and columns represent LG modes of order l =0 to 2. . . . . 69

6.4 (a) The graph of the slope efficiency versus pump power to determine the pump
power (shown by red rectangle) that should be used for amplification. (b) The
graph of the slope efficiency graph versus the mode order p, l amplified using a
60 W pump power. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

6.5 (a) The graph of the LGp,l beam width versus the mode order p, l. (b) The
graph showing the amplification percentage against the mode order p, l. . . . 71

7.1 Laser resonator model for intra-cavity frequency doubling from 1064 nm to
532 nm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

7.2 Schematic of the Nd: YAG crystal digital laser with a nonlinear crystal (KTP)
against the output coupler of the resonator. . . . . . . . . . . . . . . . . . . . 77

7.3 (a) The observed 2D intensity profiles for LGp,l operating at 1064 nm. (b) The
observed 2D intensity profiles HGm,n operating at 1064 nm. . . . . . . . . . . 79

7.4 (a) The observed 2D intensity profiles for LGp,l operating at 532 nm at the
far-field with pump out of phase with KTP. (b) The observed 2D intensity
profiles for LGp,l operating at 532 nm at the near-field with pump out of phase
with KTP. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

7.5 The observed 2D intensity profiles for HG0,n operating at 532 nm at the far-field
and near-field with pump out of phase with KTP. . . . . . . . . . . . . . . . 82

7.6 (a) The observed 2D intensity profiles for LGp,l operating at 532 nm with pump
in phase with KTP. (b) The observed 2D intensity profiles for HGp,l operating
at 532 nm with pump in phase with KTP. . . . . . . . . . . . . . . . . . . . . 83

7.7 (a) The size (w) of the LGp,l laser beams operating at 1064 nm as the function
of mode order at the output coupler. (b) The size (w) of the HGm,n laser beams
operating at 1064 nm as the function of mode order at the output coupler. . . 84

7.8 The size (w) of the LGp,l laser beams operating at 532 nm as the function of
mode order at the output coupler. (b) The size (w) of the HGm,n laser beams
operating at 532 nm as the function of mode order at the output coupler. . . . 85

A.1 Four energy level diagram for Nd:YAG laser principle of operation. . . . . . 99



List of Tables

1.1 Pros and cons of different laser resonator designs. . . . . . . . . . . . . . . . 15

3.1 Laguerre polynomials and their roots. . . . . . . . . . . . . . . . . . . . . . 36

7.1 Non-zero nonlinearity coefficient dmn for KTP. . . . . . . . . . . . . . . . . 74

A.1 Nd: YAG optical properties. . . . . . . . . . . . . . . . . . . . . . . . . . . 99
A.2 KTP optical properties. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100



Chapter 1

Introduction to solid-state lasers

Control over laser modes constitutes one of the key tools for having almost full control of the
laser. We investigated digitally controlled modes by using digital lasers that were recently
discovered by scientists at the Council for Scientific and Industrial Research (CSIR) in the
Republic of South Africa.

This introductory chapter will include the literature review and supporting theories, and
it will cover the following information:

1. Background.

2. The core research problem and its significance.

3. A comprehensive overview of the relevant literature leading to clearly defined knowledge
gaps.

4. A coherent problem statement highlighting the nature and magnitude of the problem, the
discrepancies and knowledge gaps therein, and possible factors influencing the problem.

5. The structure and layout of the dissertation.

1.1 Background

All the work that has been done thus far on lasers and mode selections in lasers was due to
the discovery of Maxwell’s equations in 1861 [1]. Professor James Clerk Maxwell was a
Scottish physicist who foretold the existence of electromagnetic waves with a vast range of
wavelengths. Maxwell’s equations are a set of partial differential equations that, together with
the Lorentz force law, form the foundation of classical electrodynamics, and of classical optics
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[2]. In the current study, the focus is more on the classical electromagnetic fields formulated
from Maxwell’s equation. In particular, Section 2 will emphasise the electromagnetic field for
different laser modes that can be expressed.

The first laser, built in 1960 by Theodore H. Maiman at Hughes Research Laboratories, was
based on theoretical work by Charles Hard Townes and Arthur Leonard Schawlow. The original
maser principle is currently used in a vast diversity of devices operative in countless parts of the
electromagnetic spectrum [3]. Laser devices employ extraordinary optical pumping methods
that utilise a gain medium of different materials and resonator design approaches. Lasers
have an ability to perform a wide range of functions due to high powers, short wavelengths,
ultrashort pulses, and mode selections [4, 5, 6, 7, 8, 9].

The word “Laser” is an acronym that stands for “Light Amplification by Stimulated
Emission of Radiation”, which was coined in 1957 by the American physicist Gordon Gould
who is widely known for the invention of the laser. While the original meaning of the laser
means a principle of operation process. A typical laser comprises of laser cavity in which the
light can “bounce” between two or more mirrors. A gain medium (such as laser crystal) is
placed within the cavity, which serves to amplify the power of light. The gain medium typically
requires an external source of energy, thus it is pumped using some electrical current or external
light source [10] as shown in Fig. 1.1. Some portion of the light power circulating in the cavity
is transmitted by an output coupler mirror (M2), causing the transmitted beam to constitute the
advantageous output of the laser. Furthermore, it must also be noted that lasers can be operated
in a continuous wave or generate pulses. In addition, the shape of the output beam can be
controlled outside or inside the laser cavity.

A flash lamp optical pump was initially used for high-powered solid-state lasers. In recent
years, diode lasers have become a pumping source, due to the fact that diode lasers provide a
highly compact design, better frequency stability, and higher efficiency [11, 12]. This diode
pump was first illustrated by Keyes et al. in 1964 [13] who proposed that the GaAs diode lasers
were best because they possess robust absorption in the emission bands of GaAlAs, GaAsP,
and GaAs. Nd: YAG lasers were very popular long before the paper by Keyes et al., the interest
in using Nd: YAG gain medium was high. The Nd: YAG gain medium has good properties, in
particular for high-power solid-state lasers and Q-switched lasers emitting at 1 µm.

Nd: YAG gain medium is generally used in a monocrystalline form, fabricated via the
Czochralski growth method. However, polycrystalline Nd: YAG is also available in high quality
and in large sizes [14]. In both of these types of Nd: YAG (monocrystalline and polycrystalline),
absorption and scattering losses within the length of a laser crystal are normally negligible.
Classically, neodymium doping concentration levels are in the order of 1.1 at.%. For high
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doping concentrations, pump level and absorption length can be reduced. However, too high
concentrations result in quenching of the upper-state lifetime. In addition, the density of
dissipated power can become too high in high-power solid-state lasers. Table. A.1 shows the
properties of Nd: YAG and necessary optical property values (see Appx. A).

A laser in its simplest form consists of a gain medium that is within a resonator. The
diode laser is preferred for pumping solid-state mediums. To produce laser emissions, the
gain medium must be excited. End-pumping is realised by guiding the excitation energy along
the gain medium, after which laser emission is transmitted through the output coupler mirror
(M2) (see Fig. 1.1). The arrangement in Fig. 1.1 represents an end-pumped laser resonator.
The gain medium is excited longitudinally by pumping it at the end face, and a lens focuses
the pump beam to the centre of the gain medium. This type of end-pumped optical resonator

Figure 1.1 End-pumping gain medium using diode laser.

typically allows Gaussian mode selection. However, higher-order modes can be attained by
increasing the pump power and using beam-shaping techniques inside the optical resonator. In
this dissertation, we generate on-demand modes by replacing the end-mirror with a spatial light
modulator (SLM).

Furthermore, in high-power solid-state lasers, the gain medium absorbs the pump energy,
which results in end-face bulging, thus creating a thermally induced lensing effect that can be
described by the coefficient of defocus aberration. This effect changes the optical path length,
thus altering the properties of the selected mode at the output of the laser. With the digital laser,
this effect can be reduced drastically by correctly choosing the curvature of the end digital
mirror. Chapter 2 focuses on calculating a defocus aberration on Nd: YAG, for better design of
the optical cavity.
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The next section introduces the basic optics that one uses to study the behaviours and
properties of the laser. It also describes the behaviour of visible, ultraviolet, and infrared light,
as well as mode selection inside the laser resonator.

1.2 Basic optics and mode selection

This section deals with the basic theories associated with wave equation and discusses how a
Gaussian beam propagates within the laser resonator, as well as how the selection of higher-
order laser modes can be determined or achieved.

1.2.1 The wave equation

It is well known that all electromagnetic phenomena can be derived using Maxwell’s equations.
For a charge-free homogeneous isotropic dielectric, Maxwell’s equations can be written as
follows:

∇ ·E = 0 (Gauss’s law), (1.1)

∇ ·B = 0 (Gauss’s law for magnetism), (1.2)

∇×E = −µ
∂B
∂ t (Faraday’s law), and (1.3)

∇×B = ε
∂E
∂ t (Ampere’s law), (1.4)

where ε and µ represent the dielectric permittivity and magnetic permeability of the medium,
and E and B represent the electric field and magnetic field respectively. If we take the curl of
Eq. (1.3), we obtain

∇× (∇×E) = −µ
∂

∂ t
(∇×B)

= −εµ
∂ 2E
∂ t2 . (1.5)

The operator ∇2 E is now defined by the following equation:

∇
2E ≡ grad(∇ ·E)−∇× (∇×E). (1.6)
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Using Cartesian coordinates, one can easily show that

(∇2E)x =
∂ 2Ex

∂x2 +
∂ 2Ex

∂y2 +
∂ 2Ex

∂ z2 (1.7)

= ∇ · (grad Ex), (1.8)

a Cartesian component of ∇2E is the div grad of the Cartesian component. Thus, the following
equation can be used:

∇× (∇×E) = ∇(∇ ·E)−∇2E, (1.9)

and we can now obtain

∇(∇ ·E)−∇
2E = −εµ

∂ 2E
∂ t2 , (1.10)

or

∇
2E = −εµ

∂ 2E
∂ t2 . (1.11)

Note that we used Eq. (1.1). Equation (1.11) is formally known as the three-dimensional wave
equation and each Cartesian component of electric field E satisfies the scalar wave equation:

∇
2
ψ = εµ

∂ 2ψ

∂ t2 . (1.12)

We can derive the wave equation that satisfied for the magnetic fields as:

∇
2B = εµ

∂ 2B
∂ t2 , (1.13)

for a plane wave propagating in the k direction, the electric and magnetic fields can be rewritten
in form

E = E0ei(ωt−k·r), (1.14)

and

B = B0ei(ωt−k·r), (1.15)
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where E0 and B0 are space and time independent vectors. We can substitute Eq. (1.14) in Eq.
(1.11) and obtain the following equation:

ω2

k2 = 1
ε·µ , (1.16)

where

k2 = k2
x + k2

y + k2
z . (1.17)

Thus the velocity of the propagating wave, ν , is given by

ν =
ω

k
(1.18)

=
1

√
εµ

= 2.998×108m.s−1,

which is the speed of light, c, in free space. In a medium of density, the velocity of the
propagating wave is

ν =
c
n
, (1.19)

where

n =

√
ε

ε0
(1.20)

is known as the refractive index of the medium. If we substitute Eq. (1.14) into Eq. (1.2), we
get

i
[
kxE0x + kyE0y + kzE0z

]
ei(ωt−k.r) = 0. (1.21)

This suggests that

k ·E = 0 and (1.22)

k ·B = 0. (1.23)

These two equations suggest that E and B are perpendicular to k, thus the waves are transverse
in nature. Furthermore, if we substitute the plane wave solutions (Eq. 1.14 and Eq. 1.15) in Eq.
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1.3 and Eq. 1.4 respectively, we obtain

E =
k×B
ωµ

and (1.24)

B =
k×E
ωµ

. (1.25)

Since E, B and k are all at a right angle to each other, Eq. (1.24 and 1.25) will give

E0 = ηB0 and (1.26)

B0 = ηE0, (1.27)

where η is known as impedance of free space. The energy density related to a propagating
electromagnetic wave is given by:

< u > = 1
2εE2

0 (J ·m−2 · s−1), (1.28)

where E0 represents the amplitude of the electric field. The intensity (I) of the beam will be
given by

I = < u > ν

=
1
2

ενE2
0

=
1
2

√
ε

µ0
E2

0 (J ·m−2 · s−1). (1.29)

1.2.2 Gaussian and higher-order beams

Gaussian laser modes are a paraxial solution of the scalar Helmholtz equation and are appro-
priate to define the propagation of coherent laser beams. Nevertheless, the effect of apertures
on the laser beam was not considered in this description because apertures would generally
interfere with the Gaussian beam. Furthermore, the alteration of laser beams at a lens is only
treated in a paraxial sense and aberrations of the lens are not taken into account.

One of the characteristics of a collimated laser beam is that it propagates in a straight line
in a homogeneous material. However, due to diffraction properties, the laser beam diverges
during the propagation. The divergence of the laser beam might be large or small, depending
on the diameter of the beam. The laser beam behaves as a plane wave along the direction of
propagation (z-axis) as shown in Fig. 1.2. The amplitude will be a function of the transversal
coordinates (x and y) and also a gradually varying function of the propagation distance along the
z-axis. Mathematically, this means that the scalar complex amplitude u(x, y, z) of a laser beam
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Figure 1.2 Plane wave propagating in z-direction with red squares representing the electric field
component, while the green squares represent the magnetic field.

can be described by the product of a complex function Ψ(x, y, z), which changes only slowly
along the z-axis, and the complex amplitude of a plane wave propagating in the z-direction
(e(ikz)),

u(x,y,z) = Ψ(x,y,z)eikz. (1.30)

The constant k is again defined as 2πn/λ . To simplify the notation, the wavelength λn = λ/n,
where n is the refractive index of the material used. By using the scalar Helmholtz equation

(∇2 + k2)u(x,y,z) = 0, (1.31)
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the following equation for u can be obtained:

∂u
∂x

=
∂Ψ

∂x
eikz

∂ 2u
∂x2 =

∂ 2Ψ

∂x2 eikz

∂u
∂ z

=
∂Ψ

∂ z
eikz + kΨeikz

∂ 2u
∂ z2 =

∂ 2Ψ

∂ z2 eikz +2ik
∂Ψ

∂ z
eikz − k2

Ψeikz

∴ (∇2 + k2)u =

(
∂ 2Ψ

∂x2 +
∂ 2Ψ

∂y2

)
eikz +

∂ 2Ψ

∂ z2 eikz

+2ik
∂Ψ

∂ z
eikz = 0. (1.32)

Agreeing to the assumption that Ψ changes only slowly along the z-direction, the term ∂ 2Ψ/∂ z2

is assumed to be so small that it can be neglected. This will only hold if the relative variation of
∂Ψ/∂ z during the propagation by one wavelength is much smaller than one. Mathematically,
this can be explained as follows:∣∣∣∣∂ 2Ψ

∂x2

∣∣∣∣ ≪
∣∣∣∣2k

∂Ψ

∂ z

∣∣∣∣
=

4π

λn

∣∣∣∣∂Ψ

∂ z

∣∣∣∣
⇒

∣∣∣∣∣ ∂Ψ

∂ z
∂Ψ

∂ z

∣∣∣∣∣
△z=λn

≪ 4π. (1.33)

Based on this explanation, the following equation for Ψ is obtained:(
∂ 2Ψ

∂x2 +
∂ 2Ψ

∂y2

)
−2ik

∂Ψ

∂ z
= 0. (1.34)

This equation is called the paraxial Helmholtz equation. To solve it, we first use an approach
for Ψ, which corresponds to a fundamental mode Gaussian beam

Ψ(x,y,z) = Ψ0ei(P(z)+ kr
2q ) whereby r2 = x2 + y2, (1.35)

with the two complex functions P and q. Ψ0 is a constant that depends on the amplitude
of the Gaussian beam and is determined by the boundary conditions. Equation (1.35) has a
comparable form to paraxial spherical wave if we read q as a complex radius of curvature.
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Therefore, one can split 1/q into a real and an imaginary part as follows:

1
q(z)

= 1
R(z) +

iλ
πw2(z) . (1.36)

The real part is the curvature of the wave and R is the radius of curvature. When we insert
the imaginary part of Eq. (1.36) into Eq. (1.35), we can clearly see that the real function
w describes the distance r2 from the z-axis, at which the amplitude decreases to 1/e of the
maximum value (see Fig. 1.3). Hence, w is called the beam radius. Furthermore, if we let

Figure 1.3 Gaussian beam propagation in z-direction.

z = 0, the radius of curvature, R = inf. Then the imaginary part of Eq. 1.36 can be simplified
as follows:

1
q0

= i
λ

πw2
0

∴ q0 = −i
πw2

0
λ

, (1.37)

where w0 is the propagation constant, called the beam waist. The parameters w and R of a
Gaussian beam change during the propagation of the beam along the z-axis as shown in Fig.
1.3.
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The solutions of Eq. (1.34) retain a fundamental functional form during propagation. A
Gaussian beam is a solution of the paraxial Eq. (1.34) and is appropriate to describe laser
beams inside and outside the resonator [15]. The solution is as follows:

Ψ(r,z) = Ψ0
2
π

w0

w(z)
× e−r2/w2(z)× e−ikr/R(z)× e−iφ(z). (1.38)

The functions R(z), w(z), and φ(z) are described as follows.

w(z) = w0

√
1+

z2

z2
R
, (1.39)

R(z) = z
[

1+
z2

R
z2

]
and (1.40)

φ(z) = arctan
(

z2

z2
R

)
, (1.41)

where zR = πw2
0/λ is called Rayleigh range. Equation (1.38) is given by the product of an

amplitude factor and a transverse Gaussian distribution (shown in Fig. 1.4), a transverse
phase factor and longitudinal phase factor respectively. When z = zR, then w =

√
2w0 so that

Figure 1.4 The Gaussian transverse amplitude profile.

the Rayleigh range zR represents the distance from the beam waist at which the beam spot
size increases by a factor of

√
2. At large distances, (z ≫ zR), w increases linearly with z,

according to w u (w0/zR)z. Hence we can define a beam divergence due to diffraction as



12 Introduction to solid-state lasers

θ = limz→∞(w(z)/z) (see Fig. 1.3)

θd =
λ

πw0
. (1.42)

The fundamental Gaussian beam defined in previous paragraphs can be used to define a
general set of eigenfunction solutions of Eq. (1.34), which can be written as the product of
a Laguerre polynomial, a Hermite polynomial and a Gaussian function. These are known
as Laguerre-Gaussian and Hermite-Gaussian beams, and they assume the following forms
respectively:

Up,l(r,z) =

√
2p!

π(p+ |l|)!
× 1

w(z)

(√
2r

w(z)

)|l|

× L|l|
p

(
2r2

w(z)2

)
× e

−r2

w(z)2
− ikr2

2R(z) × e−i(2p+|l|+1)

× arctan(
z
zR
)× e−ilφ , (1.43)

and

Un,m(r,z) =

√
1

2m+n ×m!n!
× 1

w(z)
×Hn

(√
2x

w(z)

)

× Hm

(√
2y

w(z)

)
e

−r2

w(z)2
− ikr2

2R(z) × e−i(m+|n|+1)φ(z). (1.44)

Ll
p is the Laguerre polynomials [16, 17] of order p and l. Hn and Hm are Hermite polynomials

[17, 18] of order n and m. The lowest order of both Laguerre-Gaussian (LG) and Hermite-
Gaussian (HG) beams is obtained by setting p = l = 0 and n = m = 0, in Eq. (1.43) and Eq.
(1.44) respectively. These solutions are often referred to as T EMpl and T EMmn beams, where
TEM stands for transverse electric and magnetic mode, within the paraxial approximation.
Both electric and magnetic fields of the EM wave are, in fact, approximately transverse to the
z-direction. The examples of the intensity distribution of the T EMpl and T EMmn are shown in
Fig. 1.5. T EMpl (see Fig. 1.5a) consists of rings and a central loop for non-l modes, whereas
for l modes they adopt the pattern of a petal-like structure. The fundamental laser resonator
(Gaussian) mode has the smallest beam radius and divergence in the resonator. The beam radius
of each mode increases with increasing mode order number (p, l,m,n). Due to the complex
beam shapes of the T EMpl and T EMmn modes, it is impossible to express the beam size by a
1/e drop in amplitude as is the case for the Gaussian mode. Nevertheless, an impression of the
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(a) T EMpl (b) T EMmn

Figure 1.5 Intensity distribution profiles.

association of beam divergence and mode structure can be found if we define the spot size by a
circle containing 90% of the energy for cylindrical modes, and, for rectangular modes, by a
rectangle having dimensions of double the standard deviation [19]. Thus one can obtain the
following equations for TEM modes sizes, depending on the order:

wpl = w0
√

2p+ |l|+1 (T EMpl), (1.45)

wm = w0
√

2m+1 (T EMmn in x-direction) and (1.46)

wn = w0
√

2n+1 (T EMmn in y-direction), (1.47)

where p, l,m,n and w0 have been defined already in previous equations. The beam divergence
for T EM higher-order mode increases according to Eq. (1.45, 1.46, & 1.47). The increase in
beam width and divergence of a multimode beam can be expressed by the following equation:

Θ = Mθ0 and (1.48)

D = MD0, (1.49)

where the multimode beam divergence Θ and the beam diameter D are related to the fundamen-
tal mode parameters θ0 and D0 by a factor of M. Unfortunately, it is not enough to describe a
laser mode by knowing the parameters described by Eq. (1.48) and Eq. (1.49). One of the beam
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properties that cannot be altered by any optical system is the brightness (the beam intensity per
unit solid angle). The brightness theorem states that the product of beam diameter and far-field
angle is constant [20];

θD = M2
θ0D0, (1.50)

where M2 is a dimensionless beam-quality figure of merit and θD is typically expressed as the
beam parameter product (mm-mrad). A laser operating in the Gaussian mode is characterised
by M2 = 1 [21]. For T EM the mode, the brightness (B) of a laser beam may be defined as:

B =
P

M4λ 2 (T EMpl) and (1.51)

=
P

M2
x M2

y λ 2 (T EMpl), (1.52)

where P is the output power of the laser mode. It must be noted that M2 increases as a laser’s
output power increases, and also as the mode order increases. The beam quality or propagation
factor (M2), for high order modes, is defined as:

M2 = 2p+ |l|+1 (T EMpl), (1.53)

M2
x = 2m+1 (T EMmn in x-direction) and (1.54)

M2
y = 2n+1 (T EMmn in y-direction). (1.55)

Most high-powered lasers have a “bad” beam quality due to thermal lensing in the laser gain
medium.

1.3 Resonator configuration

Several laser resonator designs can be employed when designing a resonator [3, 15, 22, 23, 24],
all of which favour or against desired output for application. Thus one need to choose an
appropriate design since the design determines the beam radius of the fundamental mode. Table.
1.1 contains a list of designs, with their pros and cons. Although effective resonator design is
determined by a thorough understanding of the most significant physical phenomena, that may
limit the laser power output and modes. When designing the resonator, it is important to think
carefully about the suitable matching of diode laser characteristics and the resonator design.
From Table. 1.1, it is clear that if more power is obtained from the laser, the beam quality is
affected – mainly by thermal lensing [25, 26, 27, 28].
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Table 1.1 Pros and cons of different laser resonator designs.

Resonator design Pros Cons
Slab end-pumped Match mode volume∗ Poor beam quality

Slab side-pumped
High pump power
Larger volume is excited

Poor beam quality
Laser emission is not gain-guided

Rod end-pumped Efficient
Limited power
Thermomechanical damage

Rod side-pumped
High pump power
Power amplifiers Limited beam quality

Disc end-pumped Small crystal volume
Low thermo-mechanical robustness
Multi-pass excitation

∗volume of the mode in the active medium.

Typical optical laser resonators are open constructions and consists of optical components,
which includes two or more mirrors that are well aligned to allow a beam of light to circulate in
a closed loop and produce an optical response to the gain medium. When an optical resonator
is combined with the active medium the result is an optical oscillator [15]. For example; the
resonator can consist of two parallel mirrors that are aligned; normally these mirrors are called
the end-mirror and the output coupler mirror, as shown in Fig. 1.6. Optical resonators serve as a
fundamental constituent of lasers. A number of pumped atoms in the excited states experience

Figure 1.6 Basic geometry of a laser cavity, with end-mirror and output coupler mirror having
a reflectivity of 100% and ± 90% respectively.

spontaneous emission and get amplified through stimulated emission. Most of the energy gets
reflected from both mirrors and passes through the active medium. It continues to be amplified
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to a steady-state level of oscillation is reached. After reaching this stage, amplification of the
wave within the cavity perishes and additional energy produced by the stimulated emission
exits as laser output from the output coupler mirror.

When one has to design an optical laser resonator, different geometries for a stable resonator
can be considered. Optical arrangements that are capable of retaining the light movement
within the cavity after several transversals are known as stable resonators. Note that it is
quite challenging to uphold a flawless collimated beam without a glitch when two flat mirrors
are arranged in parallel, which causes major losses in the cavity [15, 29]. These losses may
be minimised if appropriate mirrors, such as concave mirrors, are selected. Stable resonator
cavities with different mirror combinations are shown in Fig. 1.7. Fig. 1.7(a) shows that one
can excite a large fraction of the active medium (mode volume), although it is very difficult
to align the mirrors. The confocal resonators are shown in Fig. 1.7(b) are the simplest to be
aligned, but a smaller part of the active medium can be utilized.

In general, each and every laser resonator is characterised by a resonator quality factor Q,
which is defined by

Q = 2π
us

ud
, (1.56)

where us and ud are energy stored and energy dissipated per cycle respectively. The Q value of
laser resonator lies in the range of ∼ 105−106 [12]. The resonator that has a low-quality factor
Q or that does not maintain a laser beam parallel to its axis, is called an unstable resonator [30].
These resonators have high losses, but they can make efficient use of the mode volume and
have an easy way of adjusting the output coupling of the laser.

Stable optical resonators that are shown in Fig. 1.7 consist of two mirrors with radii of
curvature R1 and R2, separated by an optical distance L(nL0); where L0 is geometrical mirror
spacing, and n is the index of refraction of a gain medium. The range of L within which a
resonator is stable is determined by the condition in which a ray launched inside the resonator,
parallel to the optical axis, remains inside the resonator after an infinite number of bounces
(see Fig. 1.7). Each mirror will have a g-parameter, defined as follows:

gi = 1− L
Ri
, i = 1,2 (1.57)

for the resonator to be stable, the following condition has to be satisfied:

0 < gi < 1. (1.58)
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(a) Resonator consists of two plane mirrors set parallel to another.

(b) Resonator consist of two spherical mirrors of the same radius of curvature R and separated by a distance L
such that the mirror foci are coincident.

Figure 1.7 Different geometries of optical laser resonators.
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(c) Resonator consist of two spherical mirrors of the same radius R and separated by a distance L such that the
mirror centres of curvature are coincident.

(d) Resonator consist of two spherical mirrors of with one mirror having a negative radius R separated by a
distance L.

Figure 1.7 Different geometries of optical laser resonators.
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(e) Resonator consists of two mirrors with one spherical of radius R and another plane mirror and separated by a
distance L such that the beam waist is the smallest on the flat mirror.

Figure 1.7 Different geometries of stable optical laser resonators.

Most stable resonators exhibit a Gaussian beam as the fundamental eigenmode. Furthermore,
the radius of curvature is positive for a concave mirror and negative for a convex mirror. The
fundamental mode (Gaussian) discussed in Subsection. 1.2.2 has the beam radius as a function
of the distance inside the resonator and can be calculated by using the ABCD matrix law [31].
The Gaussian beam radius (wi) inside the resonator is calculated as follows:

w2
i =

λL
π

√
g j

gi(1−gig j)
, i j = 1,2; i ̸= j. (1.59)

In addition, the amount of power produced by the laser resonator heavily depends on the
volume of the active medium that is occupied by the laser mode. The stored energy can only be
extracted from the gain medium by the mode through induced emission.

1.4 Introduction to the Digital Laser

The world’s first digital laser was developed at the CSIR and reported by Ngcobo et al. in 2013
[22]. A standard laser consists of two mirrors, a pump and a gain medium. The gain medium
changes the frequency of the light to create a laser beam with the perfect characteristics for
these different applications. However, in the digital laser, the liquid crystal on silicon (LCOS,
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SLM head) acts as one of its mirrors and is fitted at one end of the laser cavity as shown in Fig.
1.8. The LCOS inside the laser can display grey-scale images. When the images change on the
LCOS, the properties of the laser beams that exit the device change accordingly. Ngcobo et al.
managed to control the size and shape of a laser beam using a computer-generated grey-scale
hologram (CGH).

In conventional lasers, the beam is shaped inside the resonator by two mirrors. The curvature
of the mirrors determines the size (Eq. 1.59) and shape of the beam. In order to change the shape
of a beam inside the laser resonator, one needs to employ different techniques, such as pump
shaping, shaping the gain medium, using specialised mirrors, and employing diffractive optical
elements (DOE) [32, 33, 34, 35]. However, these methods have proven costly, time-consuming,
and the beam shape cannot be replaced or removed.

In this dissertation, we will revisit the digital laser with a view to performance enhancement,
mainly in terms of output power, faster switching between modes for pulsing, and frequency
conversion. In Chapter 2 we experimentally demonstrate the measurement of thermally induced
lensing in Nd: YAG gain medium that is used in the digital laser. Chapter 3 will show the
generation of the Laguerre-Gaussian beam using amplitude masks. Chapter 4 demonstrates how
to generate the very same modes that we generated in Chapter 3, but using less pump power,
while Chapter 5 shows the amplification of these modes using Nd: YAG amplifier. Chapter 6
demonstrates the fast switching of modes continually and by pulsing and in Chapter 7, we will
showcase frequency doubling on-demand modes using KTP (The latter is a novel aspect of this
work). Finally, we will summarise the findings in Chapter 8, draw pertinent conclusions and
discuss possible future work.
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Figure 1.8 Resonator cavity with a digital end mirror that is computer controlled.



Chapter 2

Thermal aberrations in Nd: YAG crystal

In this chapter, we experimentally demonstrate the measurement of thermally induced
lensing, using a Shack-Hartmann wavefront sensor (SHWFS). The thermally induced lens
was measured from the coefficient of defocus aberration using a SHWFS. As a calibration

technique, we infer the focal length of standard lenses probed by a collimated Gaussian beam of
wavelength 633 nm. The technique was applied to a Nd: YAG crystal that was actively pumped
by a diode laser operating at 808 nm. The results were compared to the results obtained by
changing the properties of the end-pumped solid-state laser resonator operating at 1064 nm,
where the length of an unstable plane-parallel laser resonator cavity was varied, and the laser
output power was measured.

2.1 Introduction

Thermal effects such as thermal aberrations in solid-state lasers have been a subject of interest
for over two decades [25, 36, 37]. Solid-state lasers with a wavelength of 1064 nm based on
Nd: YAG and Nd: YVO4 crystals are widely used for marking and micro-structuring processes
in the industry [12]. One of the factors that prevent these lasers from reaching maximum
potential is the thermal lensing effect, due to a varying thermal gradient [38, 39, 40, 41, 41, 42].
In diode-pumped solid-state lasers, the gain medium (rod-shaped) absorbs the pump energy,
resulting in end-face bulging. This creates a thermally induced lensing effect that can be
described by the coefficient of defocus aberration [43, 44]. This effect changes the optical
path length, thus altering the properties of the selected mode at the output of the laser. The
thermal loading of the gain medium such as Nd: YAG crystal causes thermal lensing, and
often the crystal starts behaving like a lens [45]. Several methods have been used previously
to measure thermal lensing in solid-state laser media [12, 37, 46, 47] – in particular, thermal
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lensing behaviour in Nd: YAG [38, 39, 40, 48, 49]. Typically, the radius of curvature of a lens
may be described from the coefficient of the defocus aberration, which can be described by a
set of orthogonal Zernike polynomials [50].

Defocus aberration can be determined by measuring the change in a phase profile of the
probe beam with a wavefront sensing device, such as an interferometer or a wavefront sensor
[51]. Calculations of the thermal focal length from the measured defocus will enable one to
study the characteristics of the Nd: YAG laser resonator, and thus will provide predictions of the
output from solid-state lasers [51]. The defocus coefficient of known lenses was measured using
a Shack-Hartmann wavefront sensor (SHWFS) as the calibration technique. We probed a Nd:
YAG gain medium with a collimated Gaussian beam operating at 633 nm, and subsequently
measured the coefficient of defocus aberration under active pumping at a variety of pump
powers. The position of measurement inside the crystal was varied in relation to the end-
pumped surface and the resulting focal lengths were compared to typical thermal lens measured
data in active end-pumped solid-state lasers.

2.2 Defocus aberration

Since lenses do not produce perfect images, several aberrations are present. Examples are
piston, tilt (x-deviation of the light in x-direction and y-deviation of the light in y-direction),
defocus, asphericity (due to the increased refraction of light rays when they strike a lens), coma
(due to imperfection in the lens), astigmatism (rays that propagate in two perpendicular planes
have different focal points), field curvature (uniform brightness), image distortion (loss of
image sharpness that can result from spherical lens surfaces).

By definition, defocus is the aberration in which an image is out of focus. Defocus is
modelled in a Zernike polynomial format as Eq. 2.1. This corresponds to the parabola-shaped
optical path difference between two spherical wavefronts that are tangent at their vertices and
have different radii of curvatures [52]. The defocus aberration, Z2,1, can be mathematically
described as follows:

Z2,1 = a× (2r2 −1), (2.1)

where r is the radial coordinate and a is the Zernike radius. Formally, defocus wavefront
aberration results from the image formed by a telescope objective (made using two lenses)
being observed not at the location of the Gaussian image point, but at a point longitudinally
displaced from it. A modelled solution of Eq. 2.1 is shown in Fig. 2.1, in both two-dimensional
and three-dimensional format.
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(a) (b)

Figure 2.1 Defocus phase variation (a) 2D and (b) 3D.

2.3 Calibration experiment

We developed a calibration technique that was applied to a solid-state gain medium. The
wavefront of a helium-neon light source was measured with an SHWFS and the coefficient of
defocus aberration was extracted. A Gaussian beam at 633 nm was magnified and collimated
with a telescope system made of lenses with focal length of 50 mm and 150 mm. The wavefront
was measured at the plane 1 (see Fig. 2.2) and relay imaged with an afocal one to one telescope
of lenses with equal focal lengths of 500 mm to plane 2, so as to preserve the wavefront as
in Fig. 2.2. At both planes, the ratio of the aperture size over beam size was measured from

Figure 2.2 Experimental Setup for calibration.

a minimum of 20% to maximum of 100% (see Fig. 2.3). Fig. 2.4 represents a snapshot of
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CLAS-2D software (WaveFront Science, Inc), in order to identify where the minimal defocus
aberration is experienced. The software is designed to provide thorough and accurate metrology
of phase, irradiance, and beam geometry characteristics of laser beams and beams propagating
through optical systems. At both planes it is not necessary to capture 100% of the beam size,
as only 40% or 60% of the beam already yields a lower defocus coefficient. The results for
defocus coefficient at both planes are shown in Fig. 2.4.

2.4 Testing known lenses

A SHWFS was used for measuring the radius of curvature of the incident wavefront with
excellent accuracy (real-time wavefront and intensity distribution measurements). In the
experiment, we used this device to analyse the focal length of lenses. The radius of curvature R
can be calculated based on the wavefront sensor measurement as:

R =
−a2

4C2,1
, (2.2)

where a is the radius of the circle used to calculate the Zernike coefficient, and C2,1 is the
coefficient for the defocus term. For focal length calculation, R = f , Eq. 2.2 can therefore be
written as:

f =
−a2

4C2,1
. (2.3)

In determining the focal length of known lenses from the coefficient of defocus aberration,
we tested eight known lenses (200, 250, 300, 500, 750 and 1000 mm) that were subsequently
positioned at plane 1. The results are shown in Fig. 2.5(a). For a measured focal length of
f = 250 mm, the results for varying aperture size are illustrated in Fig. 2.5(b). The smallest
deviation from the nominal focal length was observed at a ratio of 40% and 60%. This was
evident for all nominal lenses used. The system (experimental setup) and manufacturing (of
lenses) errors were taken to account when Fig. 2.5b was plotted. System error analysis was
conducted by first differentiating Eq. 2.3 with respect to defocus coefficient, and we found the
error to be ±5 mm. According to the manufacturers, the tolerance of the spherical lenses used
is 1%.
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(a)

(b)

Figure 2.3 CLAS-2D software snapshot varying the beam size from 20% (a) to 100% (b). The
CLAS-2D software allowed one to draw an analysis Zernike circle over the Gaussian beam
and then computes the Zernike coefficients. In addition, the Zernike coefficients are used to
calculate the radius of curvature.
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Figure 2.4 The graph of defocus coefficient versus the ratio of Zernike radius (a) over the
Gaussian beam radius (w) to determine the lowest defocus coefficient with regard to the ratio.
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(a)

(b)

Figure 2.5 (a) Measured focal lengths fm against the nominal focal lengths fn. (b) Measured
focal length for nominal focal length of f = 250 mm as the ratio of radius to beam size
increases.
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2.5 Thermally induced lensing in Nd: YAG crystal

We used a 1.0% doped Nd: YAG crystal that was 70 mm long, had a diameter of 4 mm at 25
◦C, and was pumped at 808 nm. The pump beam was focused (radius of 1.4 mm at the centre
of the crystal) within the crystal using a 150 mm lenses as shown in Fig. 2.6. The pump power
was varied from 5 W to 55 W, and the transmitted pump power was measured (see Fig. 2.7) to
determine the gain saturation point (lasing threshold), which indicated that a strong lensing
effect would occur with an increase in the pump power.

Figure 2.6 The Nd: YAG gain medium pumped by a single-mode diode laser operating with
a Gaussian beam at 808 nm (the intensity distribution of the focus pump at the centre of the
crystal is also shown).

The thermal lensing in an end-pumped configuration was measured by varying the length of
an unstable resonator while measuring the output power (see Fig. 2.8). (We refer to this method
as geometrical). L which is the length between the centre of the crystal and the output coupler
was varied between 200 mm to 1000 mm in steps of 100 mm. For each length, the power was
measured and a drop in power was experienced for different cavity lengths. A power drop is
indicative of the fact that the length from the centre of the gain medium to the output coupler is
equivalent to the focal length of the thermally induced lens. This, however, is an unreliable
measurement, as a power drop may occur more than once at a specific length, which is not
anticipated due to a uniform absorption of the pump beam. This unexpected occurrence might
be due to inaccurate measurement of the length and aberrations on mirrors.

We thus determined the thermally induced lens based on the calibration technique used in
Sec. 3, where we positioned the centre of the gain medium at plane 1 (see Fig. 2.2). Under
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Figure 2.7 Power transmitted against the input pump power to determine the gain saturation.
This graph is used to determine if the gain medium is still in good condition and lasing can still
occur. In addition, this graph indicates that the gain medium is not damaged, and leasing will
start at 17 Amps.

Figure 2.8 Unstable plane-parallel laser resonator used to determine thermally induced lensing.
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active pumping, we measured the thermal effect on the collimated probe beam as illustrated in
Fig. 2.2. The results in Fig. 2.9, show that the focusing capacity of the thermal lens increases
dramatically with an increase in pump power beyond the saturation point and that it is consistent
with the uniformity of the pump absorption.

Figure 2.9 The effective focal length of the thermally induced lens as a function of the optical
pump power, for two measurement techniques used.

2.6 Summary

A calibration technique was applied to known lenses with high finesse and extended to pumped
solid-state gain medium. The measurement of a thermally induced lensing effect with a Shack-
Hartmann wavefront sensor in an end-pumped solid-state gain medium was investigated and
compared with the thermal lensing measured by varying the length of an unstable resonator
while measuring the output power. The SHWFS method was found to be highly consistent with
the pump absorption and is considered to be more accurate than a geometrical method.



Chapter 3

Generation of Laguerre-Gaussian modes

In Chapter 1 Section 2, we introduced higher-order laser modes. In this chapter, we
will focus on the generation of Laguerre-Gaussian (LGp,l) modes using an end-pumped
solid-state laser that is able to control the output laser modes. Section. 3.1 will focus

on the generation of LG0,l modes that have azimuthal order (l) while Sec. 3.2 will focus on
generation of LGp,0 laser modes that have radial order (p). The results shown in this chapter
illustrate the ease of generating LGp,l modes intracavity using DPSSDL.

3.1 Generation of petal-like Laguerre-Gaussian beams

In this section, a solid-state digital laser was used to generate Laguerre-Gaussian modes LGp,l

with radial order p = 0 and azimuthal order l = 0 to l = 5. This section demonstrates the
fundamental generation of high-order LG0,l modes intracavity.

3.1.1 Introduction

The solid-state digital laser was pumped by a diode laser (808 nm), which was used to improve
frequency stability [53]. In the past, diffractive optical elements (DOEs) or computer-generated
holograms were used to shape beams, inside or outside the laser resonator [54, 55, 56]. In most
cases, the DOEs were designed and manufactured as a phase-and-amplitude optical element
that is fixed for beam shaping. We used a phase-only spatial light modulator (SLM) to do
amplitude-only beam shaping.
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3.1.2 Experimental methodology and concept

We generated Laguerre-Gaussian LGp,l modes (represented by Eq. 1.43 in Chapter 1) by
considering a plano-concave solid-state digital laser resonator that is end-pumped with a multi-
mode fibre coupled diode, and a Hamamatsu spatial light modulator (SLM) encoded with
an amplitude mask [22, 57]. The mask consists of petal-like azimuthal order of l=0 to 5. A
schematic representation of the experimental setup is presented in Fig. 3.1. The Nd: YAG rod

Figure 3.1 Schematic representation of DPSSDL, with the laser mode exiting the laser cavity
comprising SLM and M2. Diode laser (pump) operating at 808 nm is shown in yellow, while
the exciting (1064 nm) beam at the output coupler (M2) is shown in red.

crystal (length of 25 mm) had a 1.1% neodymium doping concentration and was AR-coated
for 808 nm to minimise pump reflections. The laser crystal was mounted inside a 21 ◦C water-
cooled copper block. The diode laser used for end-pumping (Jenoptic, JOLD-75-CPXF-2P)
had a maximum output power of 75 Watts at an emission wavelength of 808 nm (at an operating
temperature of 25 ◦C). The pump diode laser output was coupled into a fibre with a core
diameter of 400 µm and was focused at the centre of the gain medium that has a radius of 2
mm.

The planoconcave cavity comprised of a phase-only spatial light modulator (SLM), which
acted as a flat-end mirror of the cavity with a reflectivity of 95%. The output coupler mirror (M2)
had a radius of curvature of 400 mm and a reflectivity of 90%. The resonator was designed to
form an L-shape (to avoid illuminating the SLM with the residual pump light) by including 45◦

mirrors (M1) within the cavity that were highly reflective for 1064 nm and highly transmissive
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for 808 nm. The beam exiting the output coupler was captured using a CCD camera, and the
images were normalised to 1.

3.1.3 Results and discussion

A gray-scale digital computer-generated hologram [57] was encoded to the SLM (see Fig. 3.2)
in the form of amplitude masks, by introducing high loss at zero intensity on the selected order.
The laser resonator that was used satisfied the ABCD matrix, and it was able to generate a

Figure 3.2 Computer-generated hologram (CGH) encoded to the SLM for the generation of
LGp,l modes of order p = 0 & l = 0−5.

Figure 3.3 Observed intensity profile for LGp,l modes of order p = 0 & l = 0−5, at the output
coupler (M2 on Fig. 3.1).

single mode [58]. Thus, we could analyse the generated laser beams and report the results in
Fig. 3.3.

3.1.4 Summary

We have shown that it is possible to generate petal-like Laguerre-Gaussian beams using a
diode-pumped solid-state digital laser. Our results show that one can digitally control any
order modes by selectively exciting the modes. The results also suggest that a diode-pumped
solid-state digital laser can be used as the test tool for manufacturing amplitude masks and
DOEs.
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3.2 Generation of radial order Laguerre-Gaussian beams
using a solid-state digital laser

A digital laser was used to generate high-radial-order Laguerre-Gaussian (LGp,0) modes by
loading digital holograms on a phase-only spatial light modulator that acts as an end mirror of a
diode-end-pumped laser resonator. The digital holograms were encoded with an amplitude ring
mask, which contained absorption rings that match the p-zeros of the Laguerre polynomial. In
this section, we demonstrate the generation of high-quality LGp,0 modes with a mode volume
that is directly proportional to the mode order, p, and we propose the potential use of the digital
laser as a tool for simulating optical elements that will be used in pursuing high-brightness
lasers.

3.2.1 Introduction

Since high-power solid-state lasers are the most dynamic branch of laser science, they have
become an increasingly important tool for modern technology [59]. A new design of the solid-
state laser in the form of a digital laser was recently discovered by South African researchers
[60]. This technology may well introduce a new era in laser manufacturing and the application
in industry of the digital laser to be used as a simulation [55] and testing tool [54, 61] in many
future laser manufacturing processes.

When the solid-state digital laser is pumped by a diode laser, better frequency stability,
higher efficiency, higher brightness and longer operational lifetime are provided [62]. The
digital laser comprises of an intra-cavity phase-only spatial light modulator (SLM) that acts
as an end mirror of the laser resonator cavity. The SLM is used to introduce a phase mask
and /or amplitude mask inside the laser resonator by digitally loading a gray-scale hologram
image that represents a mask of interest. The digital laser is limited in the output power it
can produce when compared to standard diode-end-pumped solid-state lasers [12, 29, 53] due
to low damage threshold of the SLM. Nevertheless, the digital laser is found to be a stable
intra-cavity beam-shaping tool that can be used to simulate any desired intra-cavity optical
element prior to it being manufactured.

In this section, we show how to generate high-radial-order Laguerre-Gaussian (LGp,0)
modes from zero up to a radial order of p = 4, by selectively encoding and loading amplitude
digital hologram masks on a phase-only SLM that contains absorbing rings that match the
p-zeros of the Laguerre polynomial. We show that the generated LGp,0 modes results are
highly consistent with similar previous [56] experimental results there were obtained using a
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physical diffractive optical element that had been lithographically engraved with aluminium
absorbing rings and inserted inside the resonator cavity. The results obtained in this section
are far superior to the results in Ref. [56], due to the better design of the amplitude mask that
allows for better mode matching of the laser, the pump and the absorbing rings.

3.2.2 Radial Laguerre-Gaussian modes

The electric field of radial Laguerre-Gaussian modes LGp,0 where p is the radial-order geome-
tries, can be mathematically represented by the following equation:

Up,0 =

√
2
π
× 1

w
×L0

p

(
2r2

w2

)
× e

−r2

w2 − ikr2
2R(z)

×e−i(2p+1)arctan( z
zR
)
. (3.1)

Up,0 consists of a central peak that is surrounded by p concentric rings. The Laguerre polyno-
mial (Lp(X), let X= 2r2/w2) for the rings is defined in Tab. 3.1:

Table 3.1 Laguerre polynomials and their roots.

p Lp(X) ri/w
0 1 1
1 1-X 0.707106
2 X2/2−2X +1 0.541195 1.306562
3 −X3/6+3X2/2−3X +1 0.455946 1.071046 1.773407
4 X4/24−2X3/3+3X2 −4X +1 0.401589 0.934280 1.506090 2.167379

The spot size w0 in Eq. 3.2 only defines the size of the fundamental Gaussian beam
LG0,0, where the radial-order p = 0 Laguerre-Gaussian LGp,0 modes have intensity distribution
profiles that contain a peak at the centre, surrounded by p concentric rings of bright and dark
rings. The intensity profile of the dark concentric rings of the (LGp,0) modes matches the
Laguerre polynomial p-zeros. The intensity profile of the LGp,0 modes is defined by the
absolute square of Eq. 3.1 and the LGp,0 beam width, w, which is based on a second moment,
the radius is given as:

w = w0
√

2p+1, (3.2)

and the propagation factor M2 of such modes is given as:

M2 = 2p+1. (3.3)
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To force the laser to generate LGp,0 modes, masks containing p absorbing rings with a geometry
that closely follows the location of the Laguerre polynomial p-zeros (see Tab. 3.1) were digitally
encoded to the SLM of the digital laser [22]. This would allow for the generation of such LGp,0

modes.

3.2.3 Experimental methodology and concept

To generate radial-order Laguerre-Gaussian LGp,0 modes, we considered a planoconcave solid-
state digital laser resonator end-pumped with a multi-mode fibre-coupled diode laser, where
the Hamamatsu spatial light modulator (SLM 1) was encoded with an amplitude mask that
would function as an end mirror of the resonator. The amplitude mask was encoded to have p

absorbing rings of varying width/thickness that would match 98% of each null of the LGp,0

mode, for radial order p = 1− 4. A schematic representation of the experimental setup is
presented in Fig. 3.4.

Figure 3.4 Schematic representation of the DPSSDL, with the laser mode exiting the at the
output coupler mirror (M3). Diode laser operating at 808 nm is shown in red, while the excited
beam is shown in blue.

The crystal used in Fig. 3.1 is the same as the crystal used in Fig 3.4. In addition, it was
pumped the same. The resonator was designed to form a Z-shape (to avoid illuminating the
SLM with the residual pump light) by including 45◦ mirrors (M2) within the cavity that were
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highly reflective for 1064 nm and highly transmissive for 808 nm. The Brewster window
(BW) was used as polarizer since the SLM was polarisation sensitive. The Brewter window
(BW) positioned at Brewster’s Angle (≈ 56.3◦) so that the P-polarised component of the light
could enter and exit the window without reflection losses, while the S-polarised componentwas
partially reflected. The resonator length was chosen to be 173 mm and the Nd: YAG crystal
centre was positioned 120 mm from the SLM 1.

The Line Filter (LF) was introduced to transmit only 1064 nm and block the 808 nm pump.
The laser beam was transmitted out of the cavity through an output coupler mirror (M3 in Fig.
1) and it was 1:1 relay-imaged, using two 125 mm lenses (L3 and L4) to a Photon ModeScan
Meter for measuring the beam quality factor M2. The emitted beam was also 1:1 relay-imaged
using two 125 mm lenses (L3 and L5) to the Meadowlark optics spatial light modulator (SLM
2). The aim was to perform modal decomposition [63, 64] into the Laguerre-Gaussian basis.
The measurement of the signal at the origin of the Fourier plane using a 125 mm lens (L6) was
captured using a CCD camera (Spiricon, LBA-USB).

3.2.4 PC run numerical simulations

We perform a numerical calculation of the fundamental mode of the resonator that will contain
an intra-cavity amplitude mask. The simulation is based on the expansion of the resonant
field on the basis of the eigenmodes of the empty cavity (without any diffracting object). This
method is described elsewhere for the case of a planoconcave cavity including an absorbing
ring on the plane mirror [65]. The modelling given in Ref. [65] can be easily adapted to the case
of an amplitude mask made up of concentric absorbing rings, just by evaluating the overlapping
integral (Eq. A10 of Ref. [65]) upon all the regions of transparency of the mask.

The width of the absorbing rings is simulated to be a 98% match of the LGp,0 mode p-zero
nulls that will be oscillating inside the resonator. This allows for better mode selection since
each absorbing ring’s width will be tailor-designed to match the oscillating LGp,0 mode p-zero
nulls inside the resonator (see Fig. 3.5). The simulated LGp,0 modes of p = 1−3 cross-section
profiles are also shown in Fig. 3.5.

The thickness of the absorbing rings for the p=3 mode increases from the inner ring to the
outer ring. The minimum thickness of the ring is 20 µm, which corresponds to the pixel pitch
of the SLM 1 in Fig. 3.4.
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Figure 3.5 Intensity cross-section of numerically simulated lowest-loss eigenmodes for p=1 to
3, when a mask containing an absorbing p ring is inserted inside the resonator. The mask is
inserted in such that the high-loss absorbing ring coincides with the intensity p-zero nulls. For
an example, we looked at p = 3 Laguerre-Gaussian mode.
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3.2.5 Results and discussion

The intensity profiles for selected LGp,0 modes with appropriate gray-scale masks that contain
p-absorbing rings are shown in Fig. 3.6a and Fig. 3.6b. The gray-scale images in Fig. 3.6a,
also termed the digital holograms that contain p-absorbing rings and aperture, were encoded
on the SLM using complex amplitude modulation [57]. Since the generated high-order LGp,0

modes come from a stable resonator cavity, their beam sizes w and beam propagation factor
M2 are known analytically, and they can be compared to experimental results as summarised in
Fig. 3.6c and 3.7a. It is evident that the cavity selects desired modes with appropriate beam
sizes and beam propagation factors, all of which are in good agreement with the theory. The
modal decomposition [64, 66] was performed to determine the mode purity of the generated
high-order LGp,0 modes. In Fig. 3.7b the mode purity is greater than 90% for modes p = 0 to
p = 2, and then it drops to just below 90% to 75% for p = 3 and p = 4.

The output power from a laser is defined to be linearly proportional to the mode volume,
Vp, where the volume of the pth radial mode is determined from:

Vp =
∫ l0

0
πW 2(z)dz

= πw2
0l0(2p+1)

(
1+

l2
0

3z3
r

)
= V0M2

(
1+

l2
0

3z2
r

)
, (3.4)

where l0 is the length of the gain medium and V0 is the mode volume of the p = 0 (Gaussian)
mode. In the limit that the length of the crystal is much smaller than the Rayleigh range of the
beam, then Eq. 3.4 can be simplified to Vp = M2V0. The results of the output power versus
input power for the LG0,0 mode and LG4,0 mode are shown in Fig. 3.8a, while those for slope
efficiency and the pump threshold of the generated LGp,0 modes of p = 0−4 are shown in Fig.
3.8b.

The output power is also inversely proportional to the round-trip losses. This suggests that
the higher-order radial modes have an output power that may be expressed by Eq. 3.5 (see Fig.
3.8b):

Pp

P0
= (2p+1)× σ0

σp
, (3.5)

where the subscripts p and 0 refer to the radial mode orders and the round-trip losses are
denoted by σ . It is clear that higher-order modes extract more power compared to a mode order
of p=0, due to an increase in mode volume, as shown in Eq.3.4. To increase mode volume the



3.2 Generation of radial order Laguerre-Gaussian beams using a solid-state digital laser 41

(a)

(b)

(c)

Figure 3.6 (a) Gray-scale (0 to 2π) holograms with amplitude modulation in the form of a
checkerbox. (b) Observed intensity profiles (normalised to 1) of the Laguerre-Gaussian modes
of order p = 0−4 at the output coupler. (c) Beam width at the output coupler as a function of
mode order, with theoretical (Eq. 3.2) results represented by a solid red line.
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(a)

(b)

Figure 3.7 (a) Beam propagation factor as a function of mode order, with theoretical (Eq. 3.3)
results represented by a solid line. (b) The plot of modal decomposition results with intensity
normalised to 1, for p = 0−4.
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(a)

(b)

Figure 3.8 (a) Power extraction (output power) for p = 0 and p = 4, as the function of the diode
pump power (input power). (b) Slope efficiency (η) and pump threshold as a function of mode
order.
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round-trip losses can be kept to a minimum (compared to the extracted gain), as shown in Eq.
3.5. Fig. 3.8a shows a graph of the output power versus input power of the LG0,0 and LG4,0

modes, at a pump power of above 22 watts. The power extracted from LGp,0 mode of order
p = 4 exceeds that of the fundamental Gaussian mode, p = 0, despite the fact that the LG4,0

mode has a higher loss. This loss results from the fact that the extra gain compensates for the
extra losses when the laser resonator generates the LG4,0 mode. The results show that it is
possible to select a higher-order LGp,0 mode of very high beam quality factor and mode purity,
with the aim of extracting more power within a laser resonator that contains an intra-cavity
SLM encoded with an amplitude absorbing rings mask that operates as an end mirror of the
resonator.

3.2.6 Summary

We have shown that it is possible to selectively excite high radial order LG modes of p = 0−4
that are in high agreement with the theoretically expected results for the beam profiles, sizes and
quality factor. Our results show that one can digitally excite a single high-order LGp,0 mode
by loading a gray-scale digital hologram that represents the mode of interest, in an attempt
to extract more power from the laser gain medium. We have shown that by generating LG4,0

mode, we can extract more power from the digital laser gain medium than when generating
the lowest order LG0,0 mode and using an amplitude mask introduced on an intra-cavity SLM,
which acts as an end mirror of the resonator. Our findings also suggest that a digital laser can be
used as a simulation test tool for manufacturing amplitude masks to develop a high-brightness
laser that will operate by selective excitation of a single higher-order LGp,0 laser mode above
the critical input power.



Chapter 4

Radial Laguerre-Gaussian mode
generation using incomplete amplitude
mask

In this chapter, we experimentally demonstrate selective excitation of high-radial-order
Laguerre-Gaussian (LGp or LGp,0) modes with radial order, p = 1-4 and azimuthal order,
l = 0, using a diode-pumped solid-state laser (DPSSL) that is digitally controlled using a

spatial light modulator (SLM). An amplitude with p-absorbing rings, of various incomplete-
nesses (segmented), using gray-scale computer-generated digital holograms (CGDHs), was
displayed on an SLM that acted as an end mirror for the diode-pumped solid-state laser. The
various incomplete p-absorbing rings were digitally encoded to match the zero intensity nulls of
the desired LGp mode. We illustrate that the creation of LGp, for p = 1 to p = 4, only requires
an incomplete circular p-absorbing ring of ≈ 37.5%, which causes the DPSSL resonator to
have a lower pump threshold power, while maintaining the same laser characteristics (such as
beam propagation properties).

4.1 Introduction

High-order Laguerre-Gaussian (LGp,l) beams are used in many applications employed in
industry, medicine, the military and communications [67, 68, 69, 70]. Applications such
as optical trapping [71], which are also termed optical tweezers, have been shown to be
inconceivable without higher-order Laguerre-Gaussian (LGp,l) beams. This is especially the
case for those applications that contain only the azimuthal order (l) component, as they can
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transfer orbital momentum (OM) to a trapped particle (this is mainly used for manipulating
biological cell). A vortex field is created around the particle, thereby “forcing” the particle to
rotate around the optical axis of the beam and trapping the cell [72]. Over the years, interest
in LG0,l beams that have only the azimuthal index has led to the optical tweezers becoming
known as optical vortices [73].

The current demand of high brightness lasers, especially in military and applications that
require high brightness laser, has sparked a revived interest from the researchers to study further
high order LG beams, especially those that have only the radial order, p, index. The notion
is to intra-cavity generate LGp mode to be a fundamental mode that will have high energy
[74]. Over the years it has been shown that LGp modes can be created using extra-cavity and
intra-cavity methods [22, 75, 76]. The major disadvantage of LGp modes in many applications
has been using the laser that produces the fundamental Gaussian beam.

As previosuly discussed in Chpt. 3, we already shown that LGp modes can be generated by
inserting of a mask made-up of p-absorbing rings having a radii coinciding with the zeros of
the desired LGp mode within the cavity [56]. However, doing that introduces supplementary
losses and consequently increases the laser threshold. In this chapter, we will show that is
is possible to force the fundamental mode of the laser to be a single high-order LGp mode
by using incomplete absorbing rings allowing the reduction of inserting losses [77, 78]. It is
worthwhile to recall that an LGp beam is made up of a central peak surrounded by p-rings
of light separated by a p-zeros of intensity. The laser resonator that we opted to use was a
diode-end-pumped system due to the ease of controlling the pump spot size, the wavelength
of the pump, the divergence and incident angle of the pump beam onto the gain medium
[12, 30, 79].

Forcing the fundamental mode to be an LGp mode can offer some advantages:

• An improved energy extraction from the laser medium due to a great lateral extent
compared to the usual Gaussian beam. The LGp mode can be transformed in the focal
plane of a lens into a single-lobed beam by sung a binary diffractive optical element
playing the role of the rectifier [80].

• A simple diaphragm can transform a LG1 beam into an optical bottle beam [81] or a
flat-top intensity profile [82]
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4.2 Radial-order Laguerre-Gaussian modes

Since the propagation of the Gaussian beam is well-known and can be derived analytically
[83], one can transfer this knowledge to higher-order modes. Radial Laguerre-Gaussian (LGp)
beams have an intensity distribution that is made up of the central bright lobe and concentric
rings, thus the mathematical representation can be written as follows [15]:

I =
2
π
× 1

w2
p
×

[
L0

p

(
2r2

w2
p

)]2

× e
−2r2

w2p , (4.1)

where r is the radial coordinates and L0
p is the Laguerre polynomial. All other parameters have

their usual meaning as defined in respect of a Gaussian beam [15].
The maximum intensity occurs at a central peak while the intensity associated with the ring

is lower. The intensity patterns of the LGp beams broaden as the radial order index p increases,
which defines the width (wp), using second-moment radius (see Eq. 3.2 in Chpt. 3). In addition,
the propagation properties of LGp beams are defined by the propagation factor (M2) that is
defined by Eq. 3.3. The propagation factor (M2) is used to measure the beam quality of the
laser beam according to ISO Standard 11146 [84].

We numerically analysed LGp propagation by starting with Laguerre polynomial (part of
Eq. 4.1), and taking radial order as p = 1−4. The Laguerre polynomial (Lp(X) considering
that X = 2r2/w2, and the position of the zeroes of intensity, ri, are given in Tab. 3.1. More
examples can be found in mathematical handbooks [17]. To force the laser to generate LGp

modes, a digital mask containing p-absorbing rings – with a geometry that closely follows the
location of the Laguerre polynomial p-zeros as illustrated in Tab. 3.1 (column 3) – was digitally
encoded to the SLM of the digital laser [22], which subsequently allowed for the generation of
such LGp,0 modes.

4.3 Experimental methodology and concept

The experimental methodology and concept are the same as in Chpt. 3 SubSec. 3.2.3.

4.4 A PC run numerical simulations for incomplete ring

From Fig. 3.4 in Chpt. 3, the plano-concave cavity has been shown to have a length (L) of
173 mm, and the concave mirror (M3) has a radius of curvature R = 400 mm. The focus is on
the generation of LGp mode imposed by the insertion of a single absorbing ring of radius rA.
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The ring is set against the plane mirror (SLM 1 of Fig. 3.4) and a diaphragm of radius r0 is set
against the plane mirror (SLM 1 of Fig. 3.4). The p-absorbing ring diaphragm is also encoded

Figure 4.1 Schematic diagram illustrating a 50% complete p-absorbing ring, regardless of the
symmetry.

to the SLM. Since part of the fundamental mode loss level is due to the circular absorbing ring
mask, we intend to reduce such losses by using an incomplete absorbing ring mask (see Fig.
4.1).

The losses associated with the incompleteness of the absorbing ring do not depend on how
many times the absorbing ring has been segmented (see Fig. 4.1). The losses of the laser
depend on the overall effect of each incomplete absorbing ring, i.e. for a full ring, α = 0, the
fundamental mode of the resonator is expected to be Laguerre-Gaussian mode of radial order
p = 1 (LG1), with a beam propagation factor of M2 = 3 (by choosing p = 1 and l = 0 in Eq. 3.3
of Chpt. 3 SubSec. 3.2.3). The ring is almost non-existent, at α > 0.95π/2, thus the Gaussian
mode will oscillate. However, the LGp of order p=1 will oscillate, provided that the angle α

of the absorbing ring is kept at less than 0.95π/2 (see Fig. 4.2a). The propagation factor M2

of the fundamental mode will not change from 3 (see Fig. 4.2b), up until the moment that the
angle α is close to π/2. The laser resonator will then select p=0 mode and the M2 will become
1.

The losses of the fundamental mode, δ , are indicated in Fig. 4.3a, as a function of the
beam truncation ratio Yc for different values of angle α . When α is equal to π/2, the cavity
is expected to generate a Gaussian fundamental mode of p = 0, since the cavity losses will
be lowest (see Fig. 4.3a). When α = 0, the cavity is expected to generate a p = 1 as its
fundamental mode, since the ring will be complete and the losses will be highest (see Fig. 4.3b).



4.4 A PC run numerical simulations for incomplete ring 49

(a)

(b)

Figure 4.2 (a) Numerically simulated fundamental mode shape at the far-field. (b) Numerically
simulated propagation factor M2 as a function of truncation ratio Yc = r0/w (r0 is the aperture
radius, while w is the beam width).
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(a)

(b)

Figure 4.3 (a) Numerically simulated intra-cavity losses (δ ) of the fundamental mode as the
function of the beam truncation ration (YC).(b) Numerically simulated intra-cavity losses (δ ) of
the fundamental mode as the function of ring incompleteness (α).
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The simulation of the losses of the laser resonator as a function of the absorbing ring
completeness angle (α) is shown in Fig. 4.3b. The simulation shows that for varying angle
(α) from a full ring of 100% completeness of α = 0, to α = 1.4 = 0.88π/2, the cavity will
select p = 1 mode as the fundamental mode of the cavity. In addition, between α = 1.4 and
α = 1.6 = π/2, the simulation shows that the losses will be decreasing at a fast rate towards
zero and the laser resonator will then select p = 0 as the Gaussian fundamental mode. The
concept is tested by varying the completeness of the ring, by changing α on the computer-
generated digital holograms (CGDHs). The experimental results are shown in Section 4.5,
where we measured the pumping threshold, εth, the propagation factor M2, the generated LGp
beam width, wp, and the slope efficiency, ηp, of the output LGp beams.

4.5 Results and discussion

The results of the mode selection by the laser resonator, with varying completeness of the p-
absorbing ring, are shown in Fig. 4.4. The absorbing ring completeness varied between 12.5%
to 100%. Exciting the modes from the cavity was achieved by employing CGDH amplitude
masks, which were encoded as pixelated grey images and displayed onto an SLM that also
acted as a flat-end mirror of the resonator of the DPSSL resonator [22]. The CGDH amplitude
masks contained p-absorbing rings of varying circular completeness and their corresponding
intensity profiles are shown in Fig. 4.4 for different orders. From the intensity profiles, it is
clear that the desired modes are generated when the completeness is above 37.5%.

The results in Fig. 4.5a show that when the completeness of the ring is less than 37.5%, the
cavity is not generating LGp mode, but different laser beams with varying propagation factor
M2 values. The results further confirm that when the completeness of the ring is greater than or
equal to 37.5%, the resonator produces the expected LGp modes with the expect propagation
factor M2 values that are consistent with the theoretical values when using Eq. 3.3 in Chpt.
3, for all generated LG modes from p = 1 to p = 4. Since the resonator used was stable
and conforms to the ABCD matrix [30], the theoretical predictions can be applied, where the
generated LGp mode width, wp, follow closely the theory given in Eq. 3.2 in Chpt. 3. The
results are shown in Fig. 4.5b.

The output power from the laser resonator is defined to be linearly proportional to the mode
volume, Vp, where the volume of the pth radial mode is given as:

Vp =V0M2
(

1+
l2
0

3z2
r

)
, (4.2)
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(a)

(b)

(c)

(d)

Figure 4.4 Top row of (a)-(d) shows computer-generated digital holograms encoded as pixelated
gray-scale images where the completeness of the p absorbing ring varies from 12.5% to 100%
for p = 1−4. Bottom row of (a)-(d) shows the generated intensity profiles from the laser for
the different corresponding p-absorbing ring digital holograms.
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(a)

(b)

Figure 4.5 (a) Beam propagation factor, M2
p, and (b) beam radius, wp, at the output coupler for

LG modes of p = 1−4 with varying completeness of the absorbing rings.
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where l2
0 is the length of the gain medium and V0 is the mode volume of the Gaussian mode.

From Eq. 4.2 it is clear that the mode volume, Vp, is directly proportional to the propagation
factor, M2, of the fundamental LGp mode. Therefore we can deduce that the output power
extracted from the laser is also directly proportional to both the mode volume, Vp, and the
propagation factor, M2, of the oscillating LGp mode [56, 85].

The experimental results are shown in Fig. 4.6a confirm that when the ring is less than
37.5% complete, the laser resonator produces unexpected laser beams. This causes the slope
efficiency of the laser to be “random”. In addition, once the completeness of the ring is greater
than or equal to 37.5%, the laser resonator begins producing the expected single fundamental
LGp laser mode of p = 1−4. This is evident in Fig. 4.6a, where the slope efficiency of the laser
is constant for each LGp laser mode. Furthermore, the threshold of the laser resonator with
respect to the pump power, pε , and the absorbed pump power, pabs,ε , can be mathematically
described as follows: [12]:

Pε =
πhνε

4η(ε−q)σemτ
(w2

p +w2
ε)(T +L) and; (4.3)

Pabs,ε = η(ε−q)
νl

νε

T +L
T

, for wε < wp, (4.4)

where wp and wε are the laser LGp mode radius and pump radius; νl and νε are the laser and
pump frequencies; σem is the effective stimulated-emission cross-section; τ is the lifetime of
the laser transition; η(ε−q) is the pump quantum efficiency (i.e. the average number of ions in
the upper manifold created per absorbed pump photon); T is the output coupler transmission;
and L is the laser resonator losses caused by scattering, absorbing rings, and aberrations due to
thermal effects. The laser resonator absorbing rings constituted the only major resonator loss,
L, that we were interested in studying.

The slope efficiency, ηp, of the laser resonator for each LGp mode generated is given as:

ηp = η(ε−q)
νl

νε

. (4.5)

Using Eq. 4.4, then ηp can be represented as:

ηp = Pabs,ε
T

T +L
. (4.6)

It is important to note that Eq. 4.3 and Eq. 4.4 are only valid for T << 1 and L << 1, otherwise
T must be replaced with −ln(1−T ), and L = ∑Li, where Li are all the separate cavity losses
other than the output coupler (which in our case will be absorbing ring losses, δ , for each LGp
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(a)

(b)

Figure 4.6 The figure shows the slope efficiency, (a) ηp, and the pump power threshold, (b) εp,
for LGp modes of p = 1−4 with varying completeness of the absorbing circular ring.
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mode. However, up to few percent loss the transmission approximations are very good, i.e.
(−ln(1−T ) = 0.051 for T = 0.050 and −ln(1−T ) = 0.105 for T = 0.100). Therefore, when
inserting Eq. 4.6 into Eq. 4.3 and Eq. 4.4 and solving for slope efficiency, ηp, the equation will
become:

ηp =
πhνl

4σemτ
×

(w2
p +w2

ε)

Pε

× (T +L). (4.7)

From Eq. 4.7, it is also clear that the slope efficiency, ηp, is directly proportional to the
LGp mode volume, Vp (Vp = πw2

pl0), since the absorbing ring losses L and the pump power,
pε , cancel one another for each LGp amplitude mask as they always increase simultaneously.
This effectively makes the slope efficiency, ηp, to be constant (see Fig. 4.6a) for various ring
completenesses, from ring completeness equal to or greater than ≈ 37.5%, when the laser
resonator is generating LGp modes.

The graph in Fig. 4.6b clearly shows that the pump threshold, εth, is “random” for absorbing
rings that are less than ≈ 37.5% complete, since the laser resonator was generating non-expected
LGp laser beams. At a ring completeness of ≈ 37.5% onwards, the pump threshold, εth, is
shown to increase linearly as the absorbing ring completeness or losses increase, for each LGp

mode. The lowest pump threshold, εth, for the generation of LGp modes is shown to occur
when the completeness of the absorbing rings is at ≈ 37.5% and this is α = 1.3 = 0.81π/2 (see
Fig. 4.6b). These results agree 93% (1.3 rad/1.4 rad) with the simulation shown in Fig. 4.3b
where the simulation shows that the laser starts operating on high LGp mode when α > 1.4 rad
(0.88π/2).

4.6 Summary

Forcing the fundamental mode of a laser to be an LGp mode can be obtained by inserting a
mask made up of p-absorbing rings having radii coinciding with the zeros of the desired radial
Laguerre-Gaussian mode. However, doing that increases the loss level and the laser threshold.
In this work, we have experimentally demonstrated that it is possible to reduce the additional
losses by using a mask having a completeness equal or greater than 37.5%. The better results
in terms of the laser threshold are obtained for a completeness of 37.5%. We have successfully
demonstrated that high radial order Laguerre-Gaussian, LGp, modes can be generated using
circular absorbing rings that are ≈ 37.5% to 100% complete. The results also indicate that we
can digitally excite high radial order LGp modes with the lowest excitation pump threshold,
εth, when the absorbing rings are ≈ 37.5% complete or when α = 1.3 = 0.81π/2, while
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maintaining all the other resonator characteristics such as the generated LGp mode size, wp,
beam quality factor, M2

p, and the slope efficiency, ηp, of the laser.



Chapter 5

Discrete excitation of mode pulses using a
diode-pumped solid-state digital laser

In this chapter, we report on how we efficiently generated on-demand laser modes using
a single-mode solid-state digital laser. Laguerre-Gaussian mode of azimuthal order l=(0,
1, 2) with zero radial order (p = 0) was generated and discretely pulsed using a digital

hologram that acted as a “Q-Switch”. Pulses of duration ≈200 ms and intensities as high as
≈1 mW with repetition speed of 60 Hz were produced at 1 µm. The maximum peak power
conversion efficiency measured was ≈1.3%.

5.1 Introduction

Pulse-pumped excitation, Q-switching and mode locking are three of the general methods of
generating laser pulses by modulating the resonator losses [86, 87, 88, 89]. However, for real-
world application, the latter two – Q-switching and mode locking – are the preferred methods of
generating controlled laser pulses [90, 91]. The pulses may be long and/or short, depending on
the method used. Q-switching is the method opted for when one wishes to obtain laser pulses
in nanosecond order. It can be obtained by various methods, ranging from active Q-switching
using an acoustic-optic shutter, to passive Q-switching using saturable absorbers [92, 93, 94].
However, Q-switched pulses are generally limited to the order of a few nanoseconds, due to
finite cavity lifetime [95, 96]. In order to obtain shorter pulses, mode-locking techniques can
be used [96]. Mode locking can be achieved by various methods such as active mode locking,
passive mode locking and Kerr lens mode locking [97, 98, 99].

One must also note that the pulse energy is equal to the average power over the repetition
rate. High pulse energy can be achieved by decreasing the rate of pulses. For example, a cell
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can be destroyed if it is heated over a very short period, whereas injecting the energy steadily
would allow for the heat to be absorbed into the majority of the cell parts over a period of
years. Moreover, another application utilises the peak pulse power to obtain a non-linear optical
effect. In fact, many pulse lasers are used for the ablation of biological, metallic, ceramic, and
semiconducting materials [100, 101].

Generally, pulsed lasers use a Gaussian beam profile, even though for mode locking a
high number of modes can oscillate inside the cavity, and a certain number of modes can lase.
However, the lasing mode will not be discrete. We will be showing how to lase a discrete mode
and pulse it at the same time, or how to pulse different modes in a single-mode solid-state laser
resonator. Section 5.2 deals with the general concept associated with laser pulses, especially
Q-switched pulses. Our method of pulsing resembles the Q-switching method. Section 5.3 will
highlight the method we used to generate Laguerre-Gaussian beams and introduce the concept
of pulsing the modes. Finally, we will show and interpret our results in Sec. 5.4, and draw
conclusions in Sec. 5.5 based on an interpretation of our results.

5.2 Q-switching using a spatial light modulator

As stated in Sec. 5.1, there are different methods of achieving pulse lasers. In this section, the
focus is more on active Q-switching, since our method of using digital holograms is similar
to Q-switching. However, due to the speed of the SLM, the width of pulses will not reach
nanoseconds, but only milliseconds. In this section we may answer the following questions:

1. How does active Q-switching work?

2. What is needed for Q-switching?

First, we need to understand the quality factor Q of a resonator. The quality factor is defined
as the ratio of the frequency of a mode to its width and it can be mathematically written as
follows:

Q = 2πµτc

=
2πµ

cγ

=
2πµ

cσN2,th
. (5.1)

Equation 5.1 shows that the threshold population inversion N2,th is inversely proportional to
Q. Furthermore, active Q-switching is required in order to be able to switch so fast that the
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population inversion remains the same. The Q of the laser cavity can be changed by introducing
a shutter inside the laser resonator, for instance, an electro-optic shutter or an acoustic-optic
shutter.

When we look firstly at how the electro-optic shutter works, it is clear that two optical
elements may be used, namely a pocket cell and polarizer. The polarizer can be oriented to
allow transmissions of only one polarisation. This is similar to our case where we used an
SLM, and we used a Brewster window to select the correct polarisation to match the SLM
polarisation. The second element that was used was the pocket cell that rotates the polarisation
of the light when a voltage is applied. We used a gray-scale image on our SLM to perform
this function. The Q-switching process took place when a high voltage was applied, and the
quick setting of the applied voltage to zero switched Q from low to high. This was similar to
our technique, where we applied a certain voltage to the liquid crystals (LC) of the SLM to do
Q-switching.

Q-switching can also be achieved by using an acoustic-optic shutter. For this method, a
transparent crystal is introduced into the resonator cavity. Acoustic waves at high intensity are
generated and they create a periodic variation of the refractive index. In addition, the light gets
diffracted, and the resonator cavity loss decreases Q. An SLM can also be used to create an
unstable laser resonator, which will stop lasing since Q will be very low.

5.3 Methodology

In order to generate on-demand modes and discretely pulse them, we used the DPSSDL shown
in Fig. 5.1. The stable DPSSDL had an effective length of 180 mm, with the circular aperture
digitally encoded directly to the computer-generated hologram that was SLM. The SLM was
used as both a curved (R = 200 mm) end mirror and as a mask to generate – intra-cavity –
on-demand modes.

The laser beam from Fig. 5.1 is transmitted using output coupler mirror M2, and the
50:50 beam splitter (BS) was used to direct the beam to the CCD Camera and Oscilloscope.
The output coupler mirror (M1) had a radius of curvature of R = ∞. The digital oscilloscope
(Tektronix-TBS1000) was used to record the signal of the on-demand-generated laser modes,
in both continuous and pulsing mode.
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Figure 5.1 Schematic of the DPSSDL.

5.4 Results and discussion

We encoded two digital holograms, of which one contained a circle that represents an aperture
with radius 10% bigger (for selecting only Gaussian beam) than the size of the oscillating
Gaussian beam, and the other contained a hologram that would make a laser unstable and stop
lasing. We switched between these two holograms displayed on the LC of the SLM, displaying
them for 200 ms. The results were observed on the oscilloscope (see Fig. 5.2a) and they showed
that we were able to control the Q of the laser cavity, namely high (lasing) and low (no lasing).
Figure 5.2b shows that higher energy was extracted for the pulsed mode than for the continuous
mode. The difference was minimal though not negligible, and this minimal difference was due
to the large switching time of the SLM.

Since it was previously shown that we can generate on-demand modes using a digital laser
[22], we decided to apply the same technique as used for obtaining the results shown in Fig.
(5.2a), with the on-demand mode. Firstly, we generated Laguerre-Gaussian modes of radial
order index p = 0 and azimuthal-order index l = 0,1&2. In addition, we observed on the
oscilloscope that different modes had a different voltage. We displayed digital holograms of
the desired mode on the LC of the SLM and switched from one mode to the other in 100 ms for
observation purposes (see Fig. (5.3a).
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(a)

(b)

Figure 5.2 (a) Oscilloscope image displaying pulsed voltages for Gaussian mode in 200 ms. (b)
Oscilloscope image displaying pulsed and continuous (solid straight line) voltage for Gaussian
mode in 200 ms.
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(a)

(b)

Figure 5.3 (a) Oscilloscope image displaying pulse voltage for on-demand modes in 200 ms,
continuously. (b) Oscilloscope image displaying pulse voltage for on-demand modes in 200
ms, discretely.



64 Discrete excitation of mode pulses using a diode-pumped solid-state digital laser

We decreased Q of the laser cavity between each mode generated after 200 ms, as explained
above. The results that were observed from the oscilloscope are shown in Fig. 5.3b and they
confirm that we can discretely generate a pulse for on-demand modes using the digital laser.

5.5 Summary

We successfully developed a laser that is able to generate on-demand laser pulses of various
shapes. The laser pulses generated for the Laguerre-Gaussian mode of radial order p=0 and
azimuthal-order l=(0, 1, 2) had a pulse length of 200 ms and repetition rate of 60 Hz. The
Gaussian mode had an average power of 1.36 mW, and pulse energy of 6.8 µJ. According to
the results shown in Fig. 5.3b the azimuthal order modes have lower average power per pulse
compared to Gaussian mode. However, results shown in Fig. 3.8b show that radial order modes
have higher output power.



Chapter 6

Solid-state digital laser mode
amplification using extra-cavity Nd: YAG
amplifier

In this chapter, we demonstrate experimentally how the laser output power of the higher-
order LGp,l modes generated from a digital laser is amplified by using an extra-cavity Nd:
YAG amplifier. The DPSSDL generates fundamental higher-order modes by encoding

and displaying digital holograms on a phase-only SLM that acts as an end mirror of the laser
resonator cavity. The Nd:YAG master oscillator power amplifier (MOPA) was configured to
boost the output power of the laser mode, since the laser mode would experience higher gain,
which would translate to increasing the power of the mode when it is transmitted through the
MOPA. Amplification of as high as 42% was realised for LG2,0, and only 9% was realised for
LG2,2 due to pump mismatch.

6.1 Introduction

As previously explained DPSSDL has attracted widespread attention due to its ability to
generate on-demand laser modes [22, 77, 78]. The diode laser is a preferred pump for high-
power lasers, due to its better frequency stability, higher efficiency, higher brightness and long
operational lifetimes [12, 30]. Diode-pumped solid-state lasers (DPSSL) are usually compact,
more stable, and have a lower cost, which makes them more practical for a larger number of
applications [30, 56]. Higher-order radial Laguerre-Gaussian (LGp,0) modes have applications
in industry such as in medicine, the military and communications [69, 71, 73].
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DPSSDLs have power limitations since the end mirror of the resonator is a spatial light
modulator (SLM) [22]. The lasers use this SLM in order to avoid using intra-cavity phase
elements (IPEs) to generate modes, as it is inconvenient to use IPEs when the mode order has
to be changed. Due to the SLM’s efficiency and low damage threshold, the output beam of
the digital laser is also restricted in power. A need was consequently identified to increase
the power output of the beam. In this work, we made use of diode-pumped Nd: YAG crystal
to amplify the output beam. The gain medium Nd: YAG rod crystal that is 1.1% doped,
has an energy storage capacity higher than other solid-state crystals. The Nd: YAG crystal
operates at 1064 nm and, pumped at 808 nm, it was sufficiently doped to ensure maximum
absorption. We planned to selectivity excite higher-order LGp,l laser mode [56], for radial
order (p) and azimuthal order (l), p, l=0 to 2, using a DPSSDL. Furthermore, we sought to
amplify the generated mode through a diode-pumped Nd: YAG crystal. The amplified laser
mode would have the same wavelength as the seed laser mode (1064 nm). The output power
would be compared to the input power of the seed laser, which would allow us to determine the
amplification percentage[102].

6.2 Experimental setup and methodology

The SLM of the DPSSDL shown in Fig. 6.1 displayed a CGH shown in Fig. 6.2 which represent
a digital curvature of 400 mm + desired on-demand mode. The laser beam transmitted out of
the cavity through an output coupler mirror (M2 partially reflecting 90% and transmitting 10%
of 1064 nm) was relay-imaged to the external Nd:YAG crystal that was used as an amplifier.
The external Nd:YAG crystal have the same properties as the one use for the laser and the
pumping system is the same. In addition, a beam profiler was used to observe the amplified
LGp,l beam and a power meter was used to measure the amplified LGp,l beam power.

6.3 Results and discussion

The transverse intensity distribution profiles of input seed laser LGp,l modes are shown in Fig.
6.3a. In comparison, the intensity distribution profiles for amplified modes are illustrated in
Fig. 6.3b. These profiles show a high degree of similarity, and they are in good agreement with
the Fig. 1.5a shown in Chpt. 1.

Furthermore, we studied the operational parameters of the Nd: YAG amplifier such as the
laser diode power dependence on slope efficiency and amplification percentage. The results are
shown in Fig.6.4a, Fig. 6.4b and Fig. 6.5b. The highest amplification was experienced at 60
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Figure 6.1 Schematic of DPSSDL with a single-pass Nd: YAG amplifier.

W (shown by the red rectangle) in Fig. 6.4a, thus we used 60 W pump power for all our seed
beams.

6.4 Summary

In this chapter, we have shown the amplified higher-order LGp,l laser using an extra-cavity
Nd: YAG amplifier (single pass), by matching the pump size and the seed laser modes. The
highest power amplification was 42% for LG2,0. For LG2,2, the seed laser was mismatched
to the pump, and as a result, the intensity profile of the seed laser differed from that of the
amplified seed laser mode to some degree. In future, we will use seed laser beams that allow
for larger extraction of the power and convert them to a Gaussian mode for higher brightness
lasers.
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Figure 6.2 Computer-generated holograms (CGH) encoded as pixelated gray-scale for generat-
ing LGp,l . Rows represent p=0 to 2, and columns represent l =0 to 2.
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(a)

(b)

Figure 6.3 (a) Observed intensity profiles of the seeded beams focused on the external Nd:
YAG laser crystal. (b) Observed intensity profile of the amplified beams. Intensity profiles
were recorded using a CCD camera; rows represent LG modes of order p=0 to 2, and columns
represent LG modes of order l =0 to 2.
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(a)

(b)

Figure 6.4 (a) The graph of the slope efficiency versus pump power to determine the pump
power (shown by red rectangle) that should be used for amplification. (b) The graph of the
slope efficiency graph versus the mode order p, l amplified using a 60 W pump power.
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(a)

(b)

Figure 6.5 (a) The graph of the LGp,l beam width versus the mode order p, l. (b) The graph
showing the amplification percentage against the mode order p, l.



Chapter 7

Intracavity second harmonic generation
for higher-order modes

In this final technical chapter, higher-order modes were generated using an DPSSDL operating
at 532 nm (visible) wavelength. We inserted a non-linear crystal inside the diode-end-pumped
solid-state digital laser operating at 1064 nm (Near-IR) and used a non-linear crystal consisting
of potassium titanyl phosphate (KTiOPO4 or KTP). The KTP was pumped using the higher-
order modes generated by the 1064 nm solid-state digital laser. We generated Laguerre-Gaussian
modes and Hermite-Gaussian modes inside a cavity. The laser modes were characterised by
analysing the intensity distribution. To the best of our knowledge, this is the first laser to
generate higher-order modes inside the cavity at the visible (green) wavelength of 532 nm.

7.1 Introduction

Green lasers generated by means of frequency doubling (FD) – also known as second harmonic
generation (SHG) technique – have been used extensively in laser detection, laser ranging,
ocean exploration, medicine and applications in the military [103, 104, 105, 106]. We made use
of the newly developed diode-end-pumped solid-state laser that operates at 1064 nm [60], to
generate a 2nd harmonic wave from it. Nonlinear optics was used to explore the birefringence
of the potassium titanyl phosphate (KTP) crystal, by inserting the nonlinear medium inside
the laser resonator and pumping it with 1064 nm. Frequency doubling or second harmonic
generation using KTP enables one to convert the 1064 nm output from Nd: YAG lasers to visible
light, with wavelengths of 532 nm (green) [107, 108]. Other media that are commonly used
apart from KTP (potassium titanyl phosphate) are BBO (β -barium borate), KDP (potassium
dihydrogen phosphate), LiNbO3 (lithium niobate), and LiB305 (lithium triborate) [109, 110].
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These mediums have the necessary properties such as being strongly birefringent, being
transparent for both the impinging laser light and the frequency-doubled wavelength, having
specific crystal symmetry, as well as having a high damage threshold [111, 112, 113].

One of the main reasons that we chose KTP crystal as our crystal of choice for frequency
conversion was the fact that the crystal is a superior nonlinear optical material [114]. For
a standard diode-end-pumped Nd-YAG laser of 1064 nm wavelength, the second harmonic
generation effect of KTP is far better, compared to any other type of crystal [115].

As previosuly explained that DPSSDL contains an intracavity phase-SLM that performs
as an end mirror of the main laser resonator cavity. In additon, we inserted the KTP that
was pumped by the oscillating mode inside the cavity operating at a laser mode size of 1064
nm. The laser mode size was taken into account for pumping the KTP crystal to match the
active medium of the KTP. We digitally loaded a gray-scale (0 to 255) hologram image that
represented a digital mask of Laguerre-Gaussian [85] and Hermite-Gaussian modes [60] of
order p, l=0, 1, 2 and m,n=0, 1, 2, respectively.

The following section briefly covers basic theories related to intracavity frequency doubling
or second harmonic generation.

7.2 The second harmonic generation from 1064 nm to 532
nm

Frequency doubling is generated by the second susceptibility, if one considers a vector field
E = (Ex,Ey,Ez). The second order dielectric polarisation P(2) can be written as follows:
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The dielectric constant is ε0 = 8.85×10−12As/(V m), and di j is known as nonlinearity coef-
ficient. Furthermore, for loss-free materials, only 10 out of 18 nonlinearity coefficients are
independent , but depending on the symmetry of the crystal. The number of the independent
coefficients is considerably reduced so that most frequency-doubling crystals have only two
or three independents, and non-zero coefficients remains. In the case of KTP, the remaining
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nonlinearity coefficients are shown in Tab. 7.1: If a field E(1) at the fundamental frequency ω1

Table 7.1 Non-zero nonlinearity coefficient dmn for KTP.

dmn (×10−12 m/V) wavelength λ (nm)
d15 = d31 = ±(6.5± 0.5) 1064
d24 = d32 = ±(5.0± 0.5) 1064

d33 = 13.8 1064

is incident onto the crystal, a field E(2) at the second harmonic frequency ω2 = 2ω1 is generated
at the expense of the fundamental wave. If we consider the propagation in the z-direction
only, the transformation of the fields and electric polarisation into the complex notations is as
follows:

E(1) =
1
2

(
A(1)ei(ω1t−k1z)+C

)
(7.2)

P(1) =
1
2

(
P(1)

c +P∗(1)
c

)
. (7.3)

The electric field P acts as the source for both fields E(1) and E(2), which means that the
propagation of each wave is described by the following wave equation:

δ 2E(1)

δ z2 − 1
c2

δ 2E(2)

δ t
= − 1

ε0

δ 2P
δ t2 , (7.4)

where c0 is the speed of light in the medium. The electric field polarisation P is given by the
sum of the field E(1)+E(2). From Eq. 7.1, the amplitude A for the second harmonic and the
fundamental waves is as follows:

2ik1
δA(1)

δ z
=

ω2
1

ε0c2
0

P(2)
c (ω1)e[i(k1z−ω1t)], (7.5)

2ik2
δA(2)

δ z
=

w2
2

ε0c2
0

P(2)
c (w2)e[i(k2z−w2t)], (7.6)

where P2
c(ω) represents the components of P2

c that oscillate at the frequency ω . The amplitude
A only increases significantly for ∆k = 0, which is also known as phase matching. If we
consider frequency doubling as the transformation of two photons with energy h̄ω1 into one
photon with energy h̄ω2, the phase-matching condition is equivalent to the conservation of
momentum:

h̄k1 + h̄k1 = h̄k2. (7.7)
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Since the wave number is related to the frequency and the speed of light using k = ω/c, this
relation means that the fundamental wave and the second harmonic wave must propagate with
the same speed to avoid destructive interference of the second harmonic along the propagation
directions. In addition, it is possible to split the fundamental wave into an extraordinary wave
and an ordinary wave to attain phase matching.

For a nonlinear crystal with refractive index n, the intensities I1 and I2 of the fundamental
wave and the second harmonic wave are given as follows:

I2(z) = I1(0)tanh2

√d2
e f f ω2

1 I1(0)

n32ε0c3
0

z

 = I1(0)tanh2
[ z

L

]
(7.8)

I1(z) = I1(0)− I2(z), (7.9)

where de f f is the effective nonlinear coefficient. The conversion efficiency is defined as the
fraction of the fundamental beam power that is converted into the second harmonic:

ηSHG = tanh2
[ z

L

]
, (7.10)

where z is the crystal separation and L is the length of the crystal. From Eq. 7.10, at the
distance z = L about 57% of the fundamental beam power can be converted into the second
harmonic beam. For a KTP crystal of length 10 mm, the fundamental beam intensity I1(0)
that is required to convert 57% of the fundamental power into the second harmonic for the
fundamental wavelength of 1064 nm is 0.026 GW/cm2, and the damage threshold is 0.8
GW/cm2 [116, 117].

In circular symmetry, the power Pω of the Gaussian beam with beam radius w and peak
intensity I0 is given by:

Pω = I02π

∫
∞

0
e[−2(r/w)2]rdr when w2 > 0

= I0π
w2

2
. (7.11)

It also must be noted that increasing the fundamental beam intensity will influence the mode
structure. The structure will become less pronounced, since wings of the beam are converted
more efficiently. This will result in the intensity of the second harmonic field not being Gaussian,
thus the power can be expressed as follows:

P2ω = I02π

∫
∞

0
e[−2(r/w)2]tanh2[z/Le(−r/w)]rdr. (7.12)
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Due to the high intensity level of the beam inside the laser resonator compared to the beam
intensity outside, the KTP crystal is placed inside the laser resonator to generate a doubled
frequency, as shown in Fig.7.1. From the chosen mirrors in Fig. 7.1, the conversion efficiency

Figure 7.1 Laser resonator model for intra-cavity frequency doubling from 1064 nm to 532 nm.

of the KTP acts as the output coupling loss of the laser resonator. If one considers fundamental
beam power, Pω , incident on the KTP crystal and the power of the second harmonic wave
generated to be P2ω , then the effect of the KTP crystal on the fundamental beam can be
described by reflectance R as follows:

R = 1− P2ω

Pω

(7.13)

= 1−ηSHG. (7.14)

Thus, the average intensity I of the fundamental beam inside the Nd: YAG crystal can be
calculated using steady-state conditions per round trip [118]

R′ = e[(2g0l)/(1+2I/Is)+2α0l], (7.15)

where Is is the saturated intensity, g0l is the small-signal gain and the α0l is the loss per transit.
This steady-state condition is only valid for low signal gain and high reflectance R, because
the z-dependence of the fundamental wave intensity inside the KTP crystal is neglected. The
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second harmonic wave output power is given as follows:

Pwω = A1Isα0l

(√
g0l
α0l

−1

)
, (7.16)

where A1 is the cross-sectional area of the fundamental beam in the Nd: YAG. One must
also keep in mind that even if all the fundamental beam power is converted into the second
harmonic, the conversion efficiency of the KTP crystal may be extremely low. Typically, for
diode-pumped Nd: YAG lasers with efficiency 48%, the conversion efficiency can be as low as
9.5% [119].

7.3 Experimental methodology and concept

For the generation of high-order Laguerre-Gaussian (LGp,l) and high-order Hermit-Gaussian
(HGm,n) modes, a KTP was inserted into DPSSDL close to the output coupler. The non-linear
crystal, KTP, was pumped with the laser mode generated by the digital laser. A schematic of
the experimental setup is presented in Fig. 7.2. The gray-scale (0-255) digital holograms were

Figure 7.2 Schematic of the Nd: YAG crystal digital laser with a nonlinear crystal (KTP)
against the output coupler of the resonator.
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encoded to have varying width/thickness that would be a 98% match to each null of the LGp,l

and HGm,n mode, for order p, l = 0,1,2 and m,n = 0,1,2.
The nonlinear crystal (KTP) rod of 3 mm × 3 mm × 5 mm × in volume was pumped with

a Nd: YAG laser operating at 1064 nm. The KTP crystal was mounted inside a copper block
that was not heat regulated. The digital laser was able to deliver output power up to ≈ 1.9 W at
an emission wavelength of 1064 nm (at room temperature).

The SLM of the DPSSDL was encoded with a digital hologram that varied the curvature
from 200 mm to 500 mm with a step size of 50 mm, in order to easily control the size of the
1064 nm beam. A flat output coupler mirror (M2) with a reflectivity of 90% was used. Since
the SLM is a phase-only device, many of the desired holograms require both amplitude and
phase change to the field. In order to achieve this, we made use of the well-known method of
complex amplitude modulation [57, 120], as it is suitable for implementation on the SLM. The
resonator was designed to form an L-shape (to avoid illuminating the SLM with the residual
pump light) by including a 45◦ mirror (M1) within the cavity. The mirror was highly reflective
for 1064 nm and highly transmissive for 808 nm. The resonator length was chosen to be 190
mm.

Both 1064 nm and 532 nm beams exit the output coupler mirror (M2) in parallel to each
other. We used a beam splitter that acted as a wavelength separator (WS), with the result
that 1064 nm and 532 nm wavelengths were separated. Two lenses with equal focal length of
125 mm were used to relay image the plane of the output coupler for 1064 nm. Furthermore,
another pair of lenses with equal focal length of 125 mm were used to relay image the plane of
the output couple for 532 nm to the CCD cameras for the characterisation of the laser mode.

7.4 Results and discussions

The modes were excited from the cavity by employing computer-generated hologram amplitude
masks that had been encoded as pixelated grey (0-255) images and were displayed onto an
SLM that also acted as a curved end mirror DPSSDL [60]. The results of the observed intensity
distribution profiles for Laguerre-Gaussian modes and Hermit-Gaussian modes operating at
along 1064 nm (ω) are shown in Fig. 7.3a and 7.3b, respectively. The two figures show similar
intensity profiles to the one’s discussed in Chpt. 1 shown by Fig. 1.5. These 2D-intensity
distribution profiles that are shown were captured at the output coupler of the laser resonator.
However, they remained the same as the propagation was varied from near to far field. This
suggests that the generated laser modes were pure and lost neither quality nor purity as they
propagated (see Ref. [85]).
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(a)

(b)

Figure 7.3 (a) The observed 2D intensity profiles for LGp,l operating at 1064 nm. (b) The
observed 2D intensity profiles HGm,n operating at 1064 nm.
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Furthermore, 2D-intensity distribution profiles for SHG laser modes were captured and are
shown in Fig. 7.4a, 7.4b, 7.5, 7.6a and 7.6b. First we showed the results (Fig. 7.4a, 7.4b and
7.5) for when the Gaussian beam of 1064 nm is out of phase with the KTP. The concept of “out
of phase” means that the conversion efficiency is low. The conversion efficiency depends on
the intensity of the second harmonic wave that is proportional to the intensity of the converted
wave, as shown in Eq. 7.8. The converted mode intensity depends on both the power and
the size of the mode. This concept is evident in the far-field since the mode will start losing
shape. When the doubled frequency 2ω propagates, the observed intensity profile does not
match the predicted profile. In layman’s terms, the generated 2ω loses its quality, and the purity
of these modes subsequently deteriorates. The intensity distribution has additional intensity
loops between the predicted loops. This is mainly due to the size of the fundamental mode
mismatching the nonlinear KTP crystal and the inputted power to the KTP crystal.

It is evident from the Fig. 7.6a and 7.6b we finally solved the low conversion efficiency
problem since DPSSDL can able to display rewritable holograms to the SLM (see Fig. 7.2).
In addition, the pump power was correctly adjusted to the lasing threshold to have sufficient
intensity to excite 2ω . This concept is known as in-phase or phase matching of a Gaussian
beam of ω with the intracavity crystal, KTP.

Phase matching is done by changing the curvature of the digital end mirror from 200 mm to
500 mm. With a step size of 50 mm, we found that at the radius of curvature equal to or above
400 mm, the Gaussian beam will be in-phase with the nonlinear crystal, KTP, when the Nd:
YAG crystal shown in Fig. 7.2 is pumped above the pump threshold shown in Ref. [85]. Since
the cavity length of 184 mm and the radius of curvature of 400 mm were chosen, the beam size
of the Gaussian mode that pumps the KTP is about ≈ 260 mm. For a Gaussian beam that is in
phase with the nonlinear crystal, the intensity profiles observed in the far field and near field
are the same as predicted. The additional intensities between the loops or between the rings or
the peak disappear in both near field and far field. Thus, the 2ω generated becomes pure and of
high quality.

Furthermore, since the excited higher-order LGp,l and HGm,n modes were generated by
a stable resonator cavity [121], the beam radius w of the modes is known analytically. We
compared analytical results to the experimental results as summarised in Fig. 7.7a, 7.7b, 7.8a
and Fig. 7.8b. Please note that in size, the modes for 2ω can be calculated by dividing Eq.
1.45, 1.46 and 1.47 by

√
2. From the beam size results, it is evident that the cavity is choosing

anticipated modes with appropriate beam sizes. However, some experimental errors are evident
in the results. These errors include the aperture used to measure the beam size since we didn’t
use the cross-section of the beam and fit it. Furthermore, B-coated lenses (shown in Fig. 7.2)
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(a)

(b)

Figure 7.4 (a) The observed 2D intensity profiles for LGp,l operating at 532 nm at the far-field
with pump out of phase with KTP. (b) The observed 2D intensity profiles for LGp,l operating at
532 nm at the near-field with pump out of phase with KTP.
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Figure 7.5 The observed 2D intensity profiles for HG0,n operating at 532 nm at the far-field and
near-field with pump out of phase with KTP.

were used for both wavelengths, for relay imaging of the laser beam to the CCD cameras. In
addition, errors that could be contributed to the entire experiment included the KTP crystal that
we were using, the fact that the crystal was not well cleaned and had some minor scratches.
However, the results are all in good agreement with the theory.

7.5 Summary

We successfully converted the higher-order Laguerre-Gaussian modes and Hermite-Gaussian
modes operating at 1064 nm to higher-order Laguerre-Gaussian modes and Hermite-Gaussian
modes operating at 532 nm. The length of the nonlinear crystal (KTP) that was used was only
3 mm. The fundamental beam intensity I1(0) that was required to convert fundamental power
into the second harmonic was 0.0078 GW/cm2, which is in line with the theory presented in
Sec. 7.2. We realised that if we wished to achieve a higher conversion efficiency and generate
other higher-order modes, we would have to use a longer KTP with a bigger volume.
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(a)

(b)

Figure 7.6 (a) The observed 2D intensity profiles for LGp,l operating at 532 nm with pump in
phase with KTP. (b) The observed 2D intensity profiles for HGp,l operating at 532 nm with
pump in phase with KTP.
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(a)

(b)

Figure 7.7 (a) The size (w) of the LGp,l laser beams operating at 1064 nm as the function of
mode order at the output coupler. (b) The size (w) of the HGm,n laser beams operating at 1064
nm as the function of mode order at the output coupler.
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(a)

(b)

Figure 7.8 The size (w) of the LGp,l laser beams operating at 532 nm as the function of mode
order at the output coupler. (b) The size (w) of the HGm,n laser beams operating at 532 nm as
the function of mode order at the output coupler.



Chapter 8

Conclusion remarks and future
perspective

In Chapter 1, we introduced basic optics, mode selection, resonator configurations, mode
sections inside the laser resonator, and finally the “new” way of selecting modes using the
digital laser. All the introduced concepts were carefully considered when experiments were
conducted to be reported on in this dissertation. In Chapter 2, we investigated the relationship
between the absorbed pumped power and transmitted pump power. Furthermore, we also
examined how the refractive index of the gain medium would influence the quality of the beam
if one had to pump at high power (max of 75 W). When the gain medium was pumped until end
bulging was experienced, the gain medium started acting like a lens at that point. We employed
a calibration technique to known lenses with high finesse, tested several lenses and extended
the technique to a pumped solid-state gain medium. We investigated the measurement of a
thermally induced lensing effect with a Shack-Hartmann wavefront sensor in an end-pumped
solid-state gain medium and compared the results with those of thermal lensing measured by
varying the length of an unstable resonator. The output power on the unstable laser resonator
was also measured for verification of thermal lensing effect. The SHWFS method was found
to be highly consistent with the pump absorption as well as more accurate than a geometrical
method to alleviate irregularities in the geometrical method.

Based on the findings in Chapter 2 we confirmed that thermal aberration, in particular,
defocuses aberration, would not affect the generation of modes inside the laser resonator –
the aberration would be minimal. We then showed that it was possible to generate Laguerre-
Gaussian beams for both radial and azimuthal order by using a diode-pumped solid-state digital
laser. Our results showed that one can digitally control any order modes by selectively exciting
the modes. Furthermore, we also showed that it was possible to selectively excite high radial
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order LG modes of p = 0−4 that are in very good agreement with the theoretically expected
results for the beam profiles, sizes and quality factor. The results showed that one can digitally
excite a single high-order LGp,0 mode by loading a gray-scale digital hologram that represents
the mode of interest and aims to extract more power from the laser gain medium. We showed
that through generating an LG3,0 mode, we can extract more power from the digital laser gain
medium than through generating a lowest-order LG0,0 mode when using an amplitude mask
that was introduced on intra-cavity SLM that acted as an end mirror of the resonator. The results
further suggested that a digital laser could be used as a simulation test tool for manufacturing
amplitude masks to develop a high-brightness laser that can operate by selective excitation of
single higher-order LGp,0 laser modes above the critical input power.

However, since high losses are still experienced when it comes to generating these radial-
order Laguerre-Gaussian modes, we constructed digital holograms that can minimise the
losses. The gray-scale digital hologram was constructed by using circular absorbing rings from
50% to 100% completeness. Our results indicated that we could digitally excite higher-order
modes while maintaining a lower excitation threshold if we used a 50% complete p-absorbing
amplitude mask. We also successfully demonstrated that high radial order Laguerre-Gaussian
LGp modes could be generated using circular absorbing rings that were 37.5% to 100%
complete. The results furthermore indicated that we were able to digitally excite high radial
order LGp modes with the lowest excitation pump power threshold, εp. This was possible when
the absorbing rings were 37.5% complete or when α = 1.3 = 0.81π/2, and when all the other
resonator characteristics such as the generated LGp mode size, wp, beam quality factor, M2

p,
and the slope efficiency, ηp, of the laser, were maintained.

Once we were able to minimise the losses, we saw that it was necessary to laser pulses using
on-demand laser modes, so as to increase power and generate the pulse of different shapes
for different applications in one go. In Chapter 5, we successfully developed a laser that was
able to generate on-demand laser pulses of various shapes. The laser pulses generated for the
Laguerre-Gaussian mode of radial order p=0 and azimuthal-order l=(0, 1, 2) had a pulse length
of 200 ms and a repetition rate of 60 Hz, while the Gaussian mode had an average power of
1.36 mW and pulse energy of 6.8 µJ.

We managed to decrease losses inside the cavity and were able to create pulses. However,
the digital laser still had power limitations. Thus, in Chapter 6, we successfully amplified
higher-order LGp,l laser by using an extra-cavity Nd: YAG amplifier (single pass), and by
matching the pump size and the seed laser modes. The highest power amplification was
experienced at 42% for LG2,0. For LG2,2, the seed laser mismatched the pump, with the result
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that the intensity profile of the seed laser was not quite similar to that of the amplified seed
laser mode.

In Chapter 7, we successfully converted the higher-order Laguerre-Gaussian and Hermite-
Gaussian modes operating at 1064 nm to higher-order Laguerre-Gaussian and Hermite-Gaussian
modes operating at 532 nm. The length of the non-linear crystal KTP that was used, was only 3
mm. The fundamental beam intensity I1(0) required to convert fundamental power into the
second harmonic was 0.0213 GW/cm2, which agreed well with the theory. It was noted that if
we wished to achieve a higher conversion efficiency and be able to generate other higher-order
modes, we should use a longer KTP with a bigger area. Nevertheless, to the best of our
knowledge, our experimental findings on the generation of higher-order modes for 2ω have
never before been reported.

In future studies for amplification of laser modes we plan to use seed laser beams that
will allow for larger extraction of the power and convert them to a Gaussian mode for high
brightness lasers. In addition, we intend to decrease the pulse length to 1 ms and increase
the repetition rate to 1 kHz. This will be done by controlling the SLM with LabVIEW and
changing its speed. Furthermore, one could use this laser to model optics such as diffractive
optical elements (DOE) for high-powered lasers, and DOE for high brightness lasers. The latter
have huge potential for use in the military and in communications. In addition, this laser is
able to generate higher-order modes of high quality and purity in both 1064 nm and 532 nm.
Moving forward, we will consider prototyping this laser in order to eventually make it a device
that can be commercialised.
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Appendix A

Crystal Materials

A.1 Nd:YAG Crystal

Neodymium Doped Yttrium Aluminum Garnet (Nd:YAG) Crystal crystal is the most widely
used solid-state laser material to date. Nd3+: YAG is a four-level gain medium, The energy
diagram is shown in Fig. A.1. The Nd: YAG gain medium was pumped using a diode laser
operating at 808 nm, laser emitted was 1064 nm. All the designated levels are populated to
some extent due to pumping. The number of electrons in the energy states E1, E2, E2, and E4

will be N1, N2, N3, and N4. E1, N1 are at the ground level. Under active pumping the atoms
raises from E1 to E4. Note that atoms at E4 fast decay to E3. Finally, lasing happens between
E3 and E2. While atoms at E2 then decay very fast to E1.

Typically neodymium doping concentrations are of the order of 1 at.%. However, it varies
according to the purpose of the user. The Nd: YAG gain medium is favourable in solid-state
laser due to desired combination of optical, mechanical, and thermal properties. The properties
are shown in Tab. A.1.

A.2 KTP Crystals

Potassium Titanil Phosphate (KTP or KTiOPO4) is a nonlinear optical crystal, which has
excellent nonlinear and electrooptic properties. KTP is widely used in frequency doubling of
Nd-doped laser systems for green output. Optical properties are shown in Tab. A.2.
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Figure A.1 Four energy level diagram for Nd:YAG laser principle of operation.

Table A.1 Nd: YAG optical properties.

Property Value
Chemical formula Nd3+:Y3Al5O124
Crystal structure cubic
Mass density 4.56 g/cm3

Moh hardness 8−8.5
Young’s modulus 280 GPa
Tensile strength 200 MPa
Melting point 1970 ◦C
Thermal conductivity 10−14 W/(mK)
Thermal expansion coefficient 7−8×10−6 /K
Thermal shock resistance parameter 790 W/m
Birefringence none (only thermally induced)
Refractive index at 1064 nm 1.82
Temperature dependence of refractive index 7−10×10−6 /K
Nd density for 1 at.% doping 1.36×1020cm−2

Fluorescence lifetime 230 µs
Absorption cross section at 808 nm 7.7×10−20cm2

Emission cross section at 1064 nm 28×10−20cm2

Gain bandwidth 0.6 nm
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Table A.2 KTP optical properties.

Property Value
Transmission range 350 nm ∼ 4500 nm
Phase matching range 947 nm ∼ 3400 nm
Refractive Indices @ 1064 nm 1.7377 (nx), 1.7453 (ny), 1.8297 (nz)
Refractive Indices @ 532 nm 1.7780 (nx), 1.7886 (ny), 1.8887 (nz)

Thermooptic coefficients in 0.4 – 1.0 µm range

∂nx/∂T = 1.1×10−5(K)−1

∂ny/∂T = 1.3×10−5(K)−1

∂nz/∂T = 1.6×10−5(K)−1

Wavelength dispersion of refractive indices

n2
x=3.0065+0.03901/(λ 2-0.04251)-0.01247×λ 2

n2
y=3.0319+0.04152/(λ 2-0.04586)-0.013377×λ 2

n2
z =3.3134+0.05694/(λ 2-0.05941)-0.016713×λ 2

Absorption coefficient a<1%/cm @ 1064 nm and 532 nm
Dielectric constant ee f f =13
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