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Abstract

Analytical methods for finding exact solutions of many nonlinear equations are
rare or unknown. Therefore, methods of approximating the solutions of nonlin-
ear equations are of interest where solutions are known to exist. We study nonlinear
equations with monotone type mappings, nonexpansive mappings, p-strictly pseu-
docontractive mappings and other related problems such as equilibrium problems,
variational inequality problems, optimization problems, e.t.c. Constructing iterative
algorithms for the approximation of zeros of nonlinear equations and solutions of
fixed point problems is an active area of research in Mathematics. It is also observed
that most of the existing results on the approximation of solutions of monotone-type
mappings have been proved in Hilbert spaces or they are for accretive-type mappings
in Banach spaces. Assuming existence, we develop explicit and implicit iterative al-
gorithms for approximating the solutions of nonlinear equations. We propose the
concept of generalized Lyapunov functions which are essential in the study of nonlin-
ear analysis and convex analysis that involves important field of monotone mappings
from a Banach space into its dual space. We introduce several iterative algorithms
for some nonlinear problems which involve monotone type mappings. The strong
convergence theorems are obtained in the general Banach spaces for different classes
of monotone mappings. These include the class of generalized ®-strongly monotone
mappings, which is the largest (i.e generalized other classes) such that if a solution
of an equation 0 € Ax exists, it is necessarily unique, where z € D(A), the domain
of A. The class of monotone type maps is chosen for this study due to its suitabil-
ity than other maps, such as compact maps, for the study of nonlinear equations.
Most operators lack compactness property, it is not always easy to check or verify
compactness and it does represent a rather severe restriction on the operators. As
an immediate application of our results, we obtain the solutions of generalized con-
vex optimization problems. Our results are of interest to a wide audience due to
the monotonicity property of our maps and their applications in other fields such
as engineering, Physics, Biology, Chemistry and Economics. We explore the vis-
cosity approximation methods. Numerical examples are used to compare the rate

of convergence of implicit midpoint rules, where viscosity is involved with a non-



viscous approximation method. Also, a strong convergence result is established for
the implicit midpoint procedures. Under suitable conditions imposed on the control
parameters, we show that certain two generalized implicit iterative algorithms will
converge to the same fixed points of a nonexpansive mapping. By considering the
class of p-strictly pseudocontractive mappings, we generalize some existing results
on viscosity approximation methods of nonexpansive mappings. We propose an iter-
ative algorithm for the class of p-strictly pseudocontractive mappings and establish
its strong convergence to a fixed point of the map, which is also the solution to
some variational inequality problems in uniformly smooth Banach spaces. Using
generalized contractions, a new iterative algorithm is introduced for the class of
nonexpansive mappings. It is shown that the newly introduced sequence converges
strongly to a fixed point of the nonexpansive mapping, which is also the solution to

some variational inequality problems.
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PREFACE

This research focuses on how to develop iterative algorithms to approximate solu-
tions of nonlinear equations. Methods of approximating the solutions of nonlinear
equations are of interest where solutions are known to exist. Indeed, approximation
method often gives accurate solution which leads to right predictions. Nonlinear or
complex equations often defy analytical methods of finding their solutions. They
arise in modeling problems, such as maximizing gains in businesses, improving health
of individuals, minimizing costs in industries and maximizing the use of resources

in the academic institutions.

Business men and women look for ways to optimize profits, individuals think of
ways to improve their health, industries search for procedures to minimize cost and
academic institutions seek for ways to maximize the use of resources. Suffice it to
say that men are always overwhelmed with the thoughts on how to get things done

or solve particular problems.

Mathematical tools called ordinary differential and differential algebraic equations
can be used to model optimization problems. The solutions to these problems can
help the individual to understand the importance of taking basic health tips, for the
head of the institutions to value and adopt right strategies, for the managers to wel-
come new ideas and procedures and for businesses to bring smile on the faces of the
concerned people. However, these are often highly complex and dynamic problems,
influenced by multiple factors. Sometimes, these cannot be solved by simple means

to find their exact solutions.

The best methods to solve such nonlinear equations (otherwise known as complex
equations) are the "explicit and implicit iterative procedures". These are the approx-
imation methods which give solutions with least or no computation errors. Many
problems which we encounter daily in the world will remain unsolved without appli-
cation of appropriate mathematical tools. Using suitable iterative algorithms and

approximation methods have helped to predict, plan and avert some difficulties.
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Assuming existence, we develop explicit and implicit iterative algorithms for ap-
proximating the solutions of nonlinear equations. Our results are of interest to a
wide audience due to their applications in other fields such as engineering, Physics,

Biology, Chemistry and Economics.
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CHAPTER 1

General Introduction

Many phenomena in real life are governed by inherently nonlinear equations. For
instance, when chemists model molecules, they are solving Schrodinger’s equation,
exploring for oil requires solving Gelfand-Levitan equation and predicting tsunamis
means solving Naiver-Stokes equation. Nonlinear equations also represent the prob-
lems of minimization of a function, variational inequalities and equilibrium problems.
These illustrations drive home the importance of finding the solutions of equations.
The researches needed for national and intercontinental development apply math-
ematical models and principles. These lead to differential and integral equations,
which in general are nonlinear. Most nonlinear differential and integral equations
cannot be solved analytically. Consequently, we usually resort to iterative methods
for finding their solutions. Methods of approximating the solutions of nonlinear
equations are of interest where solutions are known to exist.

The contributions of this thesis belong to the general scope of nonlinear func-
tional analysis. This is a scope of Mathematics with increasing amount of study
and vast amount of applicability in recent years. This thesis is devoted to present
several of the important convergence theorems for solutions of various types of prob-

lems associated with nonlinear equations. We provide qualitative and quantitative



descriptions of their solutions.

The existence or construction of solutions of differential and integral equations
is often reduced to the problem of finding a fixed point for an operator defined on
a subset of a space of functions. Many problems which occur in different areas of
mathematics, such as optimization, variational analysis and differential equations,
can be modeled by the equation

rx="Tuz,

where T' is a nonlinear operator defined on a metric space. The solutions to this
equation are known as fixed points of 7. Fixed point theory (FPT) is one of the
most powerful tools of modern Mathematics. FPT includes theorems concerning
the existence and properties of fixed points. Also, it blends analysis, topology and
geometry. It has numerous application and it has been applied in several fields,
such as game theory, engineering, Physics, Economics, Biology, Chemistry, etc. For

contraction mapping 7', defined on a complete metric space X, that is, for o € (0, 1),
d(T'(x),T(y)) < ad(z,y) vV z,y € X,

it is known by Banach contraction principle that 7" has a unique fixed point for any

e ¢}

n—1 > converges strongly to

x € X. Moreover, the Picard’s sequence defined by {7z}
the fixed point of 7. Unfortunately, if the contraction mapping 7T is replaced by a

nonexpansive mapping, that is,
d(T(x), T(y)) < d(z,y) V z,y € X,

the Banach contraction principle fails. Additional conditions must then be assumed
either on T and/or the underlying space to ensure the existence of fixed points.
The study of the class of nonexpansive mappings and its generalized form, such as
strict pseudocontraction mappings, is one of the major and recent active research
areas of nonlinear analysis. On the account of the connection with the geometry of
Banach spaces and relevance of the class of nonexpansive mappings in the theory of
monotone and accretive operators, considerable attention has been given to it since

the sixties.



Fixed point theorems have also been applied to determine the existence of pe-
riodic solutions for functional differential equations. In addition to the deep in-
volvement in the theory of differential equations, fixed point theorems have been
found to be inevitable in problems such as finding zeros of nonlinear equations and
proving surjectivity theorems. Consequently, fixed point theory which is branch of
functional analysis has developed into an area of independent research due to its
importance and applications in solving real life problems.

Due to the progress in nonlinear functional analysis, it has allowed the study of
many nonlinear problems. The concept of monotone operators, introduced in the
1960s, has proved to be very effective in the study of nonlinear problems. The con-
nection between nonlinear analysis and convex analysis has led to the introduction
of the important field of monotone operators from a Banach space into its dual space
[81]. This is due to the associated problems with the compactness: most operators
lack compactness property, it is not always easy to check or verify compactness
and it does represent a rather severe restriction on the operators. Monotone map-
pings extend the properties of compact operators to the infinite-dimensional case.
The term 'monotone type’ denotes the generalizations of monotone operators. The
pseudo-monotone mappings, quasi-monotone mappings and the mappings of type
(M) are the examples of monotone type. Monotonicity has provided a more proper
tool for solving large classes of nonlinear differential and integral equations.

In this thesis, we develop essential iterative methods for approximating the so-
lutions of nonlinear equations and which have applications in many other areas of

mathematics. Basically, the focus of this thesis is on the three important topics:
1. Algorithms for solutions of monotone mappings;
2. Viscosity approximation methods for nonexpansive;

3. Viscosity approximation methods for strict pseudocontraction mappings.



1.1 Motivation for present work

Nonlinear systems and nonlinear phenomena are ubiquitous. Systems such as fluid
and plasma mechanics, gas dynamics, elasticity, relativity, chemical reactions, com-
bustion, ecology and biomechanics are governed by inherently nonlinear equations.
The facile fact is that nonlinear systems are vastly more difficult to analyze. For
this reason, an ever increasing proportion of modern mathematical research is being
devoted to their study. In the nonlinear realm, many of the most basic questions re-
main unanswered: existence and uniqueness of solutions are not guaranteed; explicit
formulae are difficult to come by; linear superposition is no longer available; numeri-
cal approximations are not always sufficiently accurate; etc. The motivation for this
work is discussed under three short sub-headings: monotone mappings, equations

of Hammerstein type and viscosity approximation methods.

1.1.1 Monotone mappings

Nonlinear equations have been studied extensively for monotone mappings in Hilbert
spaces and accretive mappings in general Banach spaces (see e.g, [32], [75], [89], [26]
and references there in). Accretivity can simply be described as the monotonicity
from a Banach space into itself. It is known that the dual of a Hilbert space is still a
Hilbert space and the normalized duality mapping is an identity in a Hilbert space.
Therefore, monotonicity and accretivity coincide in the Hilbert spaces. Monotone
mappings were first studied in Hilbert spaces by Zarantonello [110], Minty [75],
Kacurovskii [64] and a host of other authors. Interest in monotone mappings stems
mainly from their usefulness in numerous applications. For example, consider the
following: Let f : E — R be a proper and convex function. The subdifferential of f
at x € I is defined by

of () ={a" € E*: f(y) — f(x) > (y —x,2")V y€ E},

which is an example of monotone mapping (see e.g, [2]). It is known that 0 € df(x)
if and only if x is a minimizer of f. Setting 0f = A, it follows that solving the

inclusion 0 € Au in this case, is the same as solving for a minimizer of f. Several



existence theorems have been established for the equation Au = 0 when A is of the
monotone-type (see e.g., Deimling [38]; Pascali and Sburlan [81]).

There have been extensive research efforts on inequalities in Banach spaces and
their applications on the iterative methods for solutions of nonlinear equations of
the form Au = 0. However, it occurs that most of the existing results on the ap-
proximation of solutions of monotone-type mappings have been proved in Hilbert
spaces or they are for accretive-type mappings in Banach spaces. Unfortunately,
as has been rightly observed, many and probably most mathematical objects and
models do not naturally live in Hilbert spaces. The remarkable success in approx-
imating the zeros of accretive-type mappings is yet to be carried over to nonlinear
equations involving monotone mappings in general Banach spaces. Perhaps, part
of the difficulty in extending the existing results on the approximation of solutions
of accretive-type mappings to general Banach spaces is that, since the operator A
maps E to E*, the recursion formulas used for accretive-type mappings may no
longer make sense under these settings. Take for instance, if z,, is in E, Az, is in
E* and any convex combination of x,, and Az, may not make sense. Moreover,
most of the inequalities used in proving convergence theorems when the operators
are of accretive-type involve the normalized duality mappings which also appear in
the definition of accretive operators. Certainly, if iterative algorithms can be devel-
oped for the approximation of solutions of nonlinear equations with monotone-type
mappings in general Banach spaces, these will be a welcome complement and gen-
erallization of the existing results in the literature which are available(see e.g, [28],

[40]).

1.1.2 Viscosity approximation methods

The set of fixed points of a mapping 7' will be denoted by F(T'). The Viscosity
approximation method (VAM) for solving nonlinear operator equations has recently
attracted much attention (see [65], [76], [102], [104], [107] and the references therein).
In 1996, Attouch [14] considered the viscosity solutions of minimization problems.
Following the ideas of Attouch [14], in 2000, Moudafi [76] introduced an explicit

viscosity method for nonexpansive mappings. Let {a,} —, C (0,1), the explicit



viscosity iterative sequence {x,} -, is defined by
Tpt1 = Quf(zn) + (1 —an)Tzp,n €N, (1.1.1)

where f is a contraction on K and the nonexpansive mapping 7' : K — K is also
defined on K, which is a nonempty closed convex subset of a Hilbert space H. Later
in 2004, Xu [102] apply a technique which uses (strict) contractions to regularize
a nonexpansive mapping for the purpose of selecting a particular fixed point of
the nonexpansive mapping and studied the sequence (1.1.1). Xu [102] showed that
under suitable conditions imposed on the parameters, the iterative sequence {z,} -,
generated by (1.1.1) converges strongly to p € F(T') which also solves the following

variational inequality
(I - fp,r—p) >0, Ve FT). (1.1.2)
Consider the ordinary differential equation
= f(t), z(0) = x. (1.1.3)
The sequence {z,} -, generated by the the implicit midpoint rule via the recursion

1
(@1 — ) = f <%> ,neN, (1.1.4)

where h > 0 is a stepsize and N is the set of positive integers is efficient in ap-
proximating a solution of (1.1.3). The implicit midpoint rule is widely known as
a powerful numerical method for solving ordinary differential equations and dif-
ferential algebraic equations (see [15], [16], [17], [39], [50], [51], [91], [93] and [94]
and references therein). Xu et al. [104] recently proposed the concept of implicit

midpoint rule

Tpi1 = anf(2n) + (1 — )T (%) n €N, (1.1.5)

[e.9]

where {a,}

T and f remain as defined in (1.1.1). Still in a Hilbert space, in

2015, Yao et al. [107] introduced the iterative sequence
Tn + Tn+1
Tt = o f(zn) + Buxn + T (T) ,n €N, (1.1.6)

7



where T and f are as defined in (1.1.1) and a, + 5, + 7, = 1 ¥V n € N. Ke and Ma
[65] introduced generalized viscosity implicit rules which extend the results of Xu
et al. [104] and Yao et al. [107]. The generalized viscosity implicit procedures are
given by

Tpy1 = anf<xn> + (1 - an)T (6713371 + (1 - 5n)xn+1) , N € N> (117)

and

Yn+1 = anf(yn) + ﬁnyn + T (6nyn + (1 - 5n)yn+1) , neN, (118)

where {a} o {Bntoey A mtey € [0,1] with a,, + 8, + 7 = 1. Replacement
of strict contractions in (1.1.8) by the generalized contractions and extension to
uniformly smooth Banach spaces was considered by Yan et al. [106]. Under certain
conditions on imposed on the parameters, the sequence {z,} -, converges strongly
to a fixed point p of the nonexpansive mapping 7', which is also the unique solution

of the variational inequality
(I = f)p,j(z—=p)) =0, forall x € F(T), (1.1.9)

where j is a single valued duality mapping. Then, the following questions which

arise are of interest to us:

Problem 1.1.1 Comparing the viscosity implicit iterative schemes (1.1.5) and (1.1.6)

with a non-viscosity implicit sequence such as

Tnir = (1 — )Ty + T (%) neN, (1.1.10)

where T is a nonexpansive mapping and {cy, }.-, C (0,1) certify certain conditions,

which one has the highest rate of convergence?

Problem 1.1.2 Analytically, do the sequences (1.1.7) and (1.1.8) always converge

to the same fized point of a nonexrpansive mapping?

Problem 1.1.3 Can one generalize the results of Ke and Ma [65] to show that the
results hold for finite combination of nonexpansive mappings, composition of finite

family of nonexpansive mappings and monotone mappings?



Problem 1.1.4 How to extend the results of Ke and Ma [65] and Yan et al. [106]

to the more general class of p-strictly pseudo-contractive mappings?

Problem 1.1.5 Does there exist any implicit iterative algorithm which converges
strongly to a fixed point of u-strictly pseudo-contractive mapping in uniformly smooth

Banach spaces?

1.2 Objectives

1. To study the monotonicity of composition of monotone mappings in Banach
spaces as the composition need not be monotone but monotonicity provides a

broad analytical framework for the study of nonlinear equations.

2. To study the iterative methods for approximating the solutions of nonlinear
equations in Banach spaces since there is no known standard method for find-

ing their solutions.

3. To construct coupled explicit iterative algorithms and also try to establish their
strong convergence to the unique solution of nonlinear equations in Banach
spaces which are more general than the Hilbert spaces, I, (1 < p < o) spaces

and 2-uniformly convex spaces which are already existing in the literature.

4. To provide answers to the questions raised in Section 1.1.2.

1.3 Organization of the thesis
The thesis is divided into five chapters as follows:
In chapter 1, a brief historical background of the study is given. The motivations

for the study are clearly expressed. The objectives of the study are itemized and

finally, we describe the organization of the thesis.

In chapter 2, we introduce some basic concepts and terms that are used in this the-

sis. We also state some existing results and classical inequalities which are needed



in establishing our results in this work.

Chapter 3 marks the beginning of our contributions and it comprises of four sections.
The concept of generalized Lyapunov function is introduced and proof of some es-
sential lemmas are given in section 1. In section 2, we study the convergence of an
iterative algorithm for finding the zeros of the class of (p, t)-strongly monotone maps
in p-uniformly convex Banach spaces with uniformly Gateaux differentiable norm.
In section 3, we study the class of strongly monotone mappings in uniformly smooth
and uniformly convex Banach spaces and prove a strong convergence theorem for
an explicit iterative algorithm. In section 4, we establish strong convergence results
for the equations within the class of generalized ®-strongly monotone mappings and

apply the results to obtain the solutions of generalized convex optimization problems.

Chapter 4 consists of two sections. In section 1, we use numerical examples to com-
pare the rate of convergence of implicit midpoint rules, where viscosity is involved
with a nonviscous method. A strong convergence result is also established for im-
plicit midpoint procedures. In section 2, we establish the conditions under which
two generalized implicit iterative algorithms will converge to the same fixed points
of a nonexpansive mapping.

Chapter 5 consists of two sections. In section 1, a generalized contraction is applied
to introduce an implicit iterative algorithm for the class of p-strictly pseudocontrac-
tive mappings. Moreover, the strong convergence of our implicit iterative algorithm
to a fixed point of p-strictly pseudocontractive mappings is established, which is also
the solution to some variational inequality problems in uniformly smooth Banach
spaces. In section 2, we introduce a new iterative algorithm based on generalized
contractions for nonexpansive mappings. It is also proved that the newly introduced
sequence converges strongly to the fixed point of nonexpansive mappings, which is

also the solution to some variational inequality problems.

In chapter 6, the results in the thesis are summarized and the contributions to

knowledge are discussed. Some areas of future research are also pointed out.
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CHAPTER 2

Preliminaries

The definitions of essential concepts that are used in this thesis are introduced in this
chapter. Some importants results which are used in establishing the main results

are also stated.

2.1 Smooth and convex spaces

Definition 2.1.1

(i) Let X and Y be real normed linear spaces and F': U C X — Y be a map with
U open and nonempty. The function F'is said to have a Gateaux differentiable
norm at x € U if there exists a bounded linear map from X into Y denoted
by F’(zx) such that for each h in X, we have

hmF(:c +th) — F(x)
t—0 t

= (F'(z),h). (2.1.1)

We say that F'is Gateaux differentiable if it has a Gateaux derivative at each

z in U and F'(z) is called the gradient of F at x.

(ii) Let £ be a normed linear space and S := {z € E : ||z|| = 1}. F is said to have
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a Gateauz differentiable norm if the limit

t _
L+t = o]

lim , (2.1.2)

exists for each z,y € S.

(iii) A Banach space E is said to be smooth if for every  # 0 in E, there is a
unique z* € E* such that ||z*|| = 1 and (x,z*) = ||z||, where E* denotes the
dual of E. E is Fréchet differentiable if it is smooth and the limit (2.1.2) is
attained uniformly for y € S. Furthermore, F is said to be uniformly smooth

if it is smooth and the limit (2.1.2) is attained uniformly for each =,y € S.

(iv) The modulus of convexity of a Banach space E, dg : (0,2] — [0, 1] is defined
by
. Tty
oet) =int {1~ L2 oy =y = 1o = > .

E is uniformly convez if and only if 0g(e¢) > 0 for every € € (0,2]. Let p > 1,
then E' is said to be p-uniformly convez if there exists a constant ¢ > 0 such
that dg(€) > ceP for all € € (0,2]. A normed linear space F is said to be strictly
convex if

|z + vl

el = llylh =10 #y = TP <1

Observe that every p-uniformly convex space is uniformly convex and every
uniformly convex space is reflexive and strictly convex. Also, it is well known

that a space E is uniformly smooth if and only if £* is uniformly convex.
Remark 2.1.2

It is known that a Banach space E is smooth if and only if its norm is Gateaux

differentiable (Alber and Ryazantseva [8], page 7).
2.2  Duality mappings

Definition 2.2.1

In what follows, E will denote a real Banach space.

12



(i)

(iii)

Let v : [0,00) — [0,00) be a continuous, strictly increasing function such that
v(t) — oo as t — oo and v(0) = 0 for any ¢t € [0,00). Such a function v is

called a gauge function.

A duality mapping associated with the guage function v is a map J, : B — 28

defined by

Jo(@) ={f € E": (z, f) = [[xllw(lz[D), [£1] = v(l=[)}
where (.,.) denotes the duality pairing,.

If the guage function is defined by v(t) = ¢, then the corresponding duality
mapping is called the normalized duality mapping. Therefore, the normalized

duality mapping is given by
J(@)={f € E": (z, f) = |lI* = | FI"}

For p > 1, let v(t) = t*~! be a gauge function. J, : E — 2F is called a

generalized duality mapping from E into 2% and is given by

Jo(x) = {f € B+ {w. f) = =", | £l = Il "} -

For p = 2, the mapping J, is the normalized duality mapping which is simply
written as J. In this work, J will denote the normalized duality mapping except

where it is specifically stated otherwise.

Remark 2.2.2

In a Hilbert space, the normalized duality mapping is the identity map.

The following results about the generalized duality mappings are well known

which are established in [8, 37, 66, 109, 105]|. Let £ be a Banach space.

(i)
(i)
(i)

E is smooth if and only if J, is single-valued;
If I is reflexive, then J, is onto;

If £ has uniform Gateaux differentiable norm, then J, is norm-to-weak® uni-

formly continuous on bounded sets;
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iv) F is uniformly smooth if and only if J, is single valued and uniformly contin-
(iv) y y if J, g y

uous on any bounded subset of E;

(v) If E is strictly convex, then J, is one-to-one, that is, V z,y € E, = # y =
Jp(x) N Jy(y) = 0;

(vi) If £ and £ are strictly convex and reflexive, then J is the generalized duality

map from E* to E and J; = J

(vii) E is uniformly smooth and uniformly convex, the generalized duality map J,~ !

is uniformly continuous on any bounded subset of E*;

(viii) If E and E* are strictly convex and reflexive, for all x € F and f € E*, the
equalities .J,J, ' f = f and J,'J,z = x hold.

2.3 Convex functions
Definition 2.3.1

Let E be a Banach space.

(i) A subset K of F is said to be convez if for every x,y € K, and X € [0, 1], we
have

A+ (1 - Ny € K.

(ii) A function f: K — R defined on a convex subset K of E is convex if for any

z,y € K and \ € [0, 1], we have

FOz+ (1 =Ny) <Af(x)+ (1= N)f(y).

If we have strict inequality for all x # y in the above definition, the function

is said to be strictly convex.

(iii) Let f : E — R be a convex function. The subdifferential of f at x € E is
defined by

Of(x) ={2" € E": f(y) — f(x) > (y —x,a")V y € E}.
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(iv)

A function f: K — R is quasiconvez if
Qa4 (1= Ny) < max {f(2), f(5)}, V¥ 2,y €K and A€ [0,1].

Clearly every convex function is quasiconvex but the converse is not always

true. Consider the function f: R — R defined by

r—1, x<1,
fx) =
lnz, x>1.
f is quasiconvex but not convex. Certainly, it is concave (Dodos [41]). A
function f : £ — R U {400} is convex if and only if for each o € E* the

function u — f(u) + (o, u) is quasiconvex. A classical tool to study lower

semicontinuous functions is the Clarke subdifferential.

Let f : E — RU {400} be a lower semicontinuous function. The Clarke
subdifferential of f is the operator 0f : E — E* defined for each u € E by
Of(u) = {u* € E*: (ur,v) < fM(u;v), V ve E}, if u € domf,

0, if u & domf,

where

ty) —
fT(U; v) :=supinf  sup inf flz+ty) — f(x)
>0 7>0 geB () YEB(v) t

6>0
F@)<f(u)+6
A>0 te(0,M)

is the Rockafellar directional derivative (see e.g., Aussel et al. [11], Clarke [22],
pp. 308, Rockafellar [88]). It is known as an axiom of a subdifferential that if
f attains a local minimum at u, then 0 € df(u) (see e.g., J. P. Penot [82]).

Recall that a function having a bounded set range is called a bounded function

and given a convex function f, if u € int dom f, then J0f(u) is nonempty and

bounded, where int dom f denotes the interior of the domain of f.

Lemma 2.3.2 Aussel et al. [11]. Let f : E — RU{+o00} be a lower semicontinuous

function on a Banach space E. Then, Of is quasimonotone if and only if f is

quUasiConver.

Lemma 2.3.3 Alber and Ryazantseva [8], p. 17. If a functional ¢ on the open con-

vex set M C dom ¢ has a subdifferential, then ¢ is convex and lower semicontinuous

on the set.
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2.4 Nonexpansive mappings
Definition 2.4.1

Let K be a nonempty closed convex subset of a real Banach space F.

(i) A self-mapping T': K — K is said to be Lipschitz if there exists L > 0 such
that || Tz — Ty|| < Lljz —y|| V x,y € K.

(ii) If L =1, then T is said to be nonexpansive.

(iii) A point x € K is called a fized point of T if Tx = x. We shall denote the set
of fixed points of T" by F(T').

(iv) If £ is smooth, T': K — F is said to be firmly nonezpansive type if
(Te — Ty, JTx — JTy) < (Tx — Ty, Jx — Jy) for all x,y € K,

where J : E — 2F" is the normalized duality mapping (see e.g., Kohsaka and
Takahashi [58]).

(v) Let D be a subset of K and let S be a mapping from K to D. Then S is said
to be sunny if S(Sx + t(x — Sx)) = Sx whenever Sz + t(z — Sz) € K for
x € K and t > 0. A mapping S from K into itself is said to be a retraction if
S? = 5. A set D is said to be a sunny nonexpansive retract of K if there exists

a sunny nonexpansive retraction from K into D.
(vi) A mapping T : E — 2" is called J-pseudocontractive if for every z,y € E,

(w—n, z—y)<(v—pu, x—y) foralw e Tae,neTy,ve Jr,uc Jy.

(vii) A point x € E is called a J-fixed point of a mapping T : E — 2" if and only

if there exists w € Tz such that w € Jx.

Remark 2.4.2

It is well known that if £ is a smooth Banach space and K is a nonempty closed
convex subset of F/, then there exists at most one sunny nonexpansive retraction S

from F onto K (see e.g., Cioranescu [37], Takahashi [96]).
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2.5 Continuous mappings

Definition 2.5.1
Let X and Y be real Banach spaces and let the map A : X — Y.
(i) A is uniformly continuous if for each € > 0, there exists § > 0 such that

V x,y € X with ||z — y|| < ¢ we have ||Ax — Ay|| <e.

(ii) Let 9(t) be a function on the set R* of nonnegative real numbers such that:

e 1) is nondecreasing and continuous;

e (t) =0 if and only if t = 0.

A is said to be uniformly continuous if it admits the modulus of continuity
such that
[A(z) = AWl < ¢(lle —yl)) ¥V 2,y € X.

The modulus of continuity ¢ has some useful properties which can be found,

for instance ([10], pp. 266-269, [80], [60]).
Properties of modulus of continuity

Let X and Y be real Banach spaces and let A : X — Y be a map which

admits the modulus of continuity .

e Modulus of continuity is subadditive: For all real numbers t; > 0,¢5 > 0,

we have
Y(t +ta) < (ty) +h(ta).

e Modulus of continuity is monotonically increasing: If 0 < t; < ¢, holds

for some real numbers t1, t5, then
0 <(t) < P(ta).

e Modulus of continuity is continuous: The modulus of continuity ¢ : R* —
R™ is continuous on the set positive real numbers, in particular, the limit
of ¢ at 0 from above is

li t) =0.
lim (2)
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(iii) Let X and Y be linear topological spaces. A mapping A : X — 2Y is said to
be upper semicontinuous if for each point oy € X and arbitrary neighborhood
V of Azq in Y, there exists a neighborhood U of xg such that for all z € U one

has the inclusion: Az C V.

(iv) A functional f is called lower semicontinuous at the point zq € domf if for

any sequence z, € domf such that x,, — x( there holds the inequality
f(zo) <liminf f(z,). (2.5.1)

n—oo

f is called weakly lower semicontinuous at xq if the inequality (2.5.1) holds

with the condition that the convergence of {z,} ~, to x¢ is weak.
Remark 2.5.2

If a map A is uniformly continuous on a bounded set, then A is bounded.

Lemma 2.5.3 (See, e.g., Chidume and Dyitte [30]). Let X and Y be real normed
linear spaces and let A : X — Y be a uniformly continuous map. For arbitrary

r >0 and fized x* € X, let
Bx(x",r) ={z € X : |z — o™y <r}.

Then A (B(x*,r)) is bounded.

2.6 Lyapunov functions
Definition 2.6.1 Let E be a smooth real Banach space with the dual E*.
(i) The Lyapunov function ¢ : E x E — R is defined by
o(,y) = ll=l* =2z, J@)) + lyll”, for all .y € E, (2.6.1)

where J is the normalized duality map from E to E* (introduced by Alber [7])
and has been studied by Kamimura and Takahashi [52] and Reich [87].

(11) The map V : E x E* — R is defined by
Viz,z*) = |z|* = 2 (z,2") + |z*||* ¥V z € E,z* € E".
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If E = H, a real Hilbert space, then Eq.(2.6.1) reduces to ¢(x,y) = ||z — ?JH2 for
x,y € H.

Lemma 2.6.2 Kamimura and Takahashi [52]. Let E be a smooth uniformly convex
real Banach space and let {x,} and {y,} be two sequences from E. If either {z,} or

{yn} is bounded and ¢(x,,y,) — 0 as n — oo, then ||z, — y,|| = 0 as n — occ.

2.7 Monotone type mappings
Definition 2.7.1

Let F be a real Banach space and A : F — E be a single-valued mapping. J denotes

the normalized duality mapping.

(i) A is accretive if for each z,y € E, there exists j(x — y) € J(z — y) such that
(Az — Ay, (- y)) > 0.

(ii) A is m-accretive if it is accretive and the range of (I 4+ tA) is all of E for some

t>0.

(iii) A satisfies the range condition if D(A) C R(I +tA) for all t > 0, where D(A)

is the domain of A.

(iv) A mapping T': E — E is said to be a strong pseudocontraction if there exists

k > 0 such that for all z,y € K, there exists j(x — y) € J(xz — y) such that
(I =T)x = (I =Ty, j(x—y) = klz—y|

T : E — FE is said to be pseudocontractive if for each x,y € K, there exists

j(z —y) € J(z — y) such that

(I =T)x—=(I-T)y,jx—y))=0.

Remark 2.7.2
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Pseudocontractive mappings are firmly connected with the class of accretive map-

pings. A mapping T : F — F is pseudocontractive if and only if A := I — T is

accretive. It is easy to see that the fixed point of pseudocontractive mapping 7' is

the zero of accretive mapping A =1 —T.

Remark 2.7.3

It known that if A is m-accretive, then A satisfies the range condition (see e.g.,

Chidume and Djitte [30]).

Definition 2.7.4

Let E be a smooth Banach space.

(1)

(iii)

The multivalued mapping A : E — 27" is called monotone if for each z,y € E,

the following inequality holds:
(" —y" e —y)y >0V 2" € Az, y* € Ay.

The single valued mapping A : £ — E* is monotone if for each z,y € E, we
have

(x —y, Az — Ay) > 0.
Let ¢ : [0,00) — [0,00) be a strictly increasing function such that ¢(0) = 0.
The mapping A : E — 2F" is called ¢-strongly monotone if
(" =y o —y) = [le —yllo(le —yll) ¥V 2" € Az, y" € Ay.

If ¢(t) = kt, where k is a positive constant, then mapping A is called strongly
monotone (Alber and Ryazantseva [8], page 25). That is, there exists a positive

constant k£ such that
(" —y* x—y) > k|z— y||2 V z* e Az, y* € Ay.
(Chidume and Djitte [31] and Chidume and Shehu [36]): Let p > 1, A: E —

E* is said to be (p, k)-strongly monotone if there exist a constant k& > 0 such

that for each x,y € E, we have

(x —y, Ax — Ay) > kl|z —y|".
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Remark 2.7.5

According to definition of Chidume and Djitte [31] and Chidume and Shehu

[36], a strongly monotone mapping is referred to as (2, k)-strongly monotone

mapping.

Let @ : [0,00) — [0,00) with ®(0) = 0 be a strictly increasing function.

A F — 2F is said to be generalized ®-strongly monotone if

(" =y e—yy >P(lx—y|) V % € Az, y" € Ay.

A E — 2F" is called mazimal monotone if it is monotone and its graph is not
properly contained in the graph of any other monotone mapping. As a result
of Rockafellar [90], it follows that A is maximum monotone if it is monotone

and the range of (J +tA) is all of E* for some ¢t > 0.

Let E be a reflexive smooth strictly convex space and A : E D D(A) — 2%
a maximal monotone mapping (or a mapping satisfying the range condition)
and let © € E be fixed. Then for every ¢ > 0, there corresponds a unique
element z; € D(A) such that

Jx € Jry + tAx,. (2.7.1)

Therefore, the resolvent of A is defined by JAz = z;. In other words, J =
(J +tA)~1J and A710 = F(J?) for all t > 0, where F(J{') denotes the set
of all fixed points of J. The resolvent J/ is a single-valued mapping from E

into D(A) and is nonexpansive if E is a Hilbert space (Kohsaka and Takahashi
[57]).

Remark 2.7.6

Observe that any maximal monotone mapping satisfies the range condition. The

converse is not necessarily true. Hence, the range condition is weaker than maximal

monotonicity.

Clearly, the class of strongly monotone mappings is a subclass of ¢-strongly

monotone mappings (by taking ¢(¢t) = kt ) and the class of ¢-strongly monotone
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mappings is a subclass of generalized ®-strongly monotone mappings (by taking
O(t) = tp(t)). It is a well known fact that the class of the generalized ®-strongly
monotone mappings is the largest class of monotone-type mappings such that if
a solution of the equation 0 € Az exists, it is necessarily unique (Chidume et al.
[35]). We recall some important generalized monotonicity properties which have
been studied for multivalued mappings. Let E be a real locally convex topological
vector space and E* be the dual space. Suppose K C FE is a nonempty subset
of E and A : K — 2% is a multivalued mapping. For each z,y € K, A is said
to be respectively pseudomonotone and quasimonotone (see e.g., Karamardian and
Schaible [53|, Karamardian et al. [54]), if for any 2* € A(x), y* € A(y) the following
implications hold:

and

(y',x —y) > 0= (2", —y) > 0. (2.7.2)

Also, A is said to be quasimonotone if
min{(z*,z —y),(y", 2z —y)} <O0. (2.7.3)

The two definitions of quasimonotonicity coincide (see e.g., Penot and Quang [83]).
It is clear that a monotone mapping is pseudomonotone, while a pseudomonotone
mapping is quasimonotone. The converse is not necessarily true. In the case of a
single-valued linear mapping A, defined on E (where FE :=R"), for « € E*\ {0}, it
is known that if A+ « is quasimonotone, then A is monotone (see e.g., Karamardian
et al. [54]). This result has been extended by several authors (see, e.g., Hadjisavvas
[44], He [48], Isac and Motreanu [61]). In a Hilbert space, the normalized duality
map is the identity map. Hence, in Hilbert spaces, monotonicity and accretivity

coincide.

2.8 Surjective property of bounded linear functions

Let E and F' be two real locally convex topological vector spaces and K a nonempty

convex subset of F. Let 8 denotes the zero vector of F and T': K — L(E, F) a set-
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valued mapping, where L(E, F') denotes the space of all continuous linear mappings

from F into F.
Definition 2.8.1

Recall from Farajzadeh and Plubtieng [43|, for  and y in K, S C L(E, F) is said
to have the surjective property on [z,y] = {x + t(y — x) : t € [0,1]} ( for short, on z
and y) whenever the following equality holds:

(S;x—y)={{z"z—y)=a(x—y): 2" €S} =F,

where (x*, 2z —y) = z*(z — y) denotes the value of z* at (x — y).
S C L(E,F) is said to have the surjective property on K if for every x € K
there exists y € K such that S has the surjective property on x and y. For x,y € K,

consider = — y as a linear functional (denoted by = — y) on L(E, F) as follows:

(T=0.f) = (fw =),

where f € L(FE,F). Thus, the surjective property of S C L(E, F) on z,y implies
that the image of S under the linear functional x/—\y is F. Let S have the surjective
property on z,y and f € F*\ {fp+}. Then, a set value mapping foS C L(E,R) =

2E" has the surjective property on x,y. Indeed,

(foS,x —y) :={{fox*, x—vy): 2" €S} = f(F)=R.

Definition 2.8.2

A set of real numbers K is called disconnected if there exist two open subsets of R,

say U and V such that
i) KNnUNV =0
(i) K CUUV;

(iii) KNU #0;

(iv) KNV #0.
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In such a case, we say U and V' form a disconnection of K (or we simply say they
disconnect K). A set of real numbers K is called connected if it is not disconnected.
The set of integer Z is disconnected. Indeed, choose U = (—00,0) and V' = (0.5, c0)

respectively.

Lemma 2.8.3 Farajzadeh et al. [{2]. Let E be a real topological vector space, K
a nonempty convex subset of E and A : K — 2F" o multivalued mapping. Assume
S C E* is connected and has the surjective property on K. If A4+« is quasimonotone

for all a € S, then A is monotone on K.

2.9 Contraction mappings

Definition 2.9.1 Let (E,d) be a metric space and K a subset of E with f : K — K
a mapping defined on K.

(i) f is called a contraction if there exists ¢ € [0,1) such that
d(f(x), f(y)) < cd(x —y) for all 7,y € K.

A contraction mapping f will be referred to as c-contraction mapping. Ilx

will denote the collection of contraction mapping defined on K.

(ii) f: K — K is said to be a Meir-Keeler contraction if for each ¢ > 0 there

exists 0 = d(e) > 0 such that for each z,y € K, with ¢ < d(z,y) < €+ 9, we
have d(f(z), /(y)) < e

(iii) Let N be the set of all positive integers and R the set of all positive real
numbers. A mapping ¢ : Rt — RT is said to be an L-function if ¥(0) =
0, ¢¥(t) > 0 for all t > 0 and for every s > 0, there exists u > s such that
(t) < s for each t € [s,ul.

(iv) f: E — E is called a (¢, L)-contraction if ) : R™ — R¥ is an L-function and
d(f(x), f(y)) <¥(d(z,y)), for all z,y € E, © #y.

The following are the interesting results about Meir-Keeler contractions.
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Proposition 2.9.2 Suzuki [100]. Let E be a Banach space, K a convex subset of
E and f : K — K a Meir-Keeler contraction. Then ¥ € > 0, there exists ¢ € (0,1)
such that

1 () = FWIl < ellz =y (2.9.1)

for all x,y € K with ||z —y|| > e

Proposition 2.9.3 Lim [69]. Let (E,d) be a metric space and f : E — E be a

mapping. The following assertions are equivalent:
(i) f is a Meir-Keeler type mapping;
(ii) there exists an L-function v : R™ — R such that f is a (1, L)-contraction.

Proposition 2.9.4 Lim [69]. Let K be a nonempty convex subset of a Banach
space E, T : K — K a nonexpansive mapping and f : K — K a Meir-Keeler

contraction. Then T f and fT : K — K are Meir-Keeler contractions.

Throughout this dissertation, the generalized contraction mappings will refer
to Meir-Keeler or (v, L)-contractions. It is assumed that the L-function from the
definition of (¢, L)-contraction is continuous, strictly increasing and tliglo o(t) = oo,
where ¢(t) =t —1(t) for all t € RT. Whenever there is no confusion, ¢(t) and (¢)
will be written as ¢ t and v t, respectively.

The results below about contractions and generalized contraction mappings are

very essential.

Lemma 2.9.5 Xu [102]. Let E be a uniformly smooth Banach space, K be a closed
convez subset of E, T : K — K be a nonexpansive mapping with F(T) # 0 and
let Q € Ilg. Then the sequence {x:} defined by x; = tQ(z¢) + (1 — t)T'x; converges
strongly to a point in F(T). If we define a mapping S : llx — F(T) by S(Q) :=

PI% xy, V Q € Ik, then S(Q) solves the following variational inequality:
(I =Q)S(Q), J(5(Q) —p)) <0, VQellk.

Lemma 2.9.6 Wong et al. (/99], Lemma 2.12). Let E be a Banach space with

a uniformly Gateaux differentiable norm, let K be a nonempty, closed and convex
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subset of E, let ) : K — K be a continuous operator, let T : K — K be a

nonezpansive operator and {x,} be a bounded sequence in K such that lim ||z, —
n—oo

Tx,| = 0. Suppose that {z} is a path in K defined by z, = tQ(z) + (1 — )Tz, t €
(0,1) such that zz — z ast — 0. Then

limsup (Q(z) — z, J(x, — z)) <0.

n—o0

2.10 Rate of convergence

Definition 2.10.1

Berinde [18]. Let {u,}, -, and {v,} ~, be two sequences of real numbers that

converge to u and v respectively, and assume that
exist. (2.10.1)

(i) If I =0, then we say that {u,} -, converges faster to u than {v,} -, to v.

(ii) If 0 < I < oo then we say that {u,} -, and {v,} -, have the same rate of

convergent.
iii) If [ = oo, then we say that {v,} -, converges faster to v than {u,}>~, to wu.
n=1 n=1
Definition 2.10.2

Berinde [18]. Let {z,}, -, and {y,},., be two fixed point iteration procedures that

converge to the same fixed point p on a normed space X such that the error estimates
|20 = pll < tn, n €N (2.10.2)
and
[yn — pll <vn, n €N (2.10.3)

are available, where {u,} -, and {v, } _, are two null sequences of positive numbers
( that is, sequences of positive numbers that have zero as their limit). If {w,} -,
converges faster than {v,} , then we say that {z,} -, converges faster to p than
{yntoes -

The following results are well known about the sequences of non-negative real

numbers.
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Lemma 2.10.3 Tan and Xu [97]. Let {a,} be a sequence of non-negative real

numbers satisfying the following relation:
(07 | S Qp, +Un,n 2 0

such that Zan < 00. Then lim «,, exists.

n—»00
n=0

Remark 2.10.4

It is worth stating that if in addition the sequence {«,} has a subsequence that

converges to 0, then {a,} converges to 0.

Lemma 2.10.5 Xu [102]. Assume {a,} is a sequence of nonnegative real numbers
such that

An41 S (1 - en)an + Tn, T 2 07

where {0, } is a sequence in (0,1) and v, is a sequence in R such that

(i) Zﬁn = 00, and
n=0

(1) limsupfh <0 or Z || < 0.

Then lim a, = 0.
n—oo

Lemma 2.10.6 Xu [103]. Let {a,} be a sequence of nonnegative real numbers

satisfying the following relations:
a1 < (1 —ayp)a, + o +9,, n €N,
where
(1) {a}, C (0,1), i&n = 00;
n=1
(i) limsup {o}, <0;
(iii) vn > 0, i'yn < 0.

n=1

Then, lim a, = 0.
n—oo
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Lemma 2.10.7 Suzuki [95]. Let {u,} -, and {v,} -, be bounded sequences in a

Banach space E and {t,} ~_, be a sequence in [0, 1] with 0 < liminft, <limsupt, <

n—o0 n—00
1. Suppose that u, 1 = (1 — t,)u, + tyv, for alln >0 and
lim sup (||uni1 — un|| — [[vne1 — val|) < 0. Then lim ||u, — v,|| = 0.
n—ro0

n—oo

2.11 Cauchy-Schwartz’s inequality

Let E be a topological real vector space and T" a multivalued mapping from £ into

2" Cauchy-Schwartz’s inequality is given by

N|=

(@, y") | < (&, 2)2 (y,y")7, (2.11.1)

for any x and y in D(7T) and any choice of x* € Tz and y* € Ty (Zarantonello
[108]). The Cauchy-Schwarz’s inequality is also called Cauchy’s inequality, Cauchy-

Bunyakovsky-Schwarz’s inequality or Schwarz’s inequality.
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CHAPTER 3

lterative algorithms for monotone type mappings

This chapter focuses on the study of iterative methods for monotone type map-
pings. New mappings are introduced. We establish strong convergence theorems
for monotone type mappings in different spaces such as p-uniformly convex Banach
spaces with uniformly Gateaux differentiable norm and also uniformly smooth and
uniformly convex Banach spaces. We shall make use of the following result in this

section.

Theorem 3.0.1 Xu [101]. Let E be a real uniformly convex Banach space. For
arbitrary v > 0, let B.(0) := {x € E : ||z|| <r}. Then, there exists a continuous

strictly increasing convex function
g:10,00) = [0,00), ¢(0) =0,

such that for every x,y € B,(0), j,(x) € Jo(z), jp(y) € Jp(y), the following inequali-
ties hold:

(i) Iz +yl" = =" + p (v, jp(2)) + g(llyl);

(i) (& =y, jp(x) = jp(y)) = g(llz —yll).
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3.1 Generalized Lyapunov functions

1 The concept of generalized Lyapunov function is introduced in this section. We
state and give the proof of some lemmas which are useful in establishing our main

results.
Definition 3.1.1
Let E be a smooth real Banach space and p,q > 1 with % + % =1

(i) We introduce a function ¢, : E x E — R defined by
Sply) = LNl = p e Jyy) + Iyl for all 2.y € B,

where J), is a generalized duality map from E to E*.

(ii) We introduce a function V, : E x E* — R defined as

Vy(z,2%) = §||x||q —plz, ")+ ||z*|P ¥ z € E,2* € E*.

Lemma 3.1.2 Let E be a smooth uniformly convex real Banach space and p > 1
be an arbitrarily real number. For d > 0, let B4(0) :=={xz € E : ||z|| < d}. Then for

arbitrary x,y € Bq(0),
P 1 1
lz = yl” > ¢p(w,y) = =[|=||*, where —+ = =1.
q p g

Proof. Since F is a uniformly convex space, then by Theorem 3.0.1, we have

for arbitrary x,y € By(0),
[z +yll” > llzI” +p (v, Jpz) + g([ly]])-
Replacing y by —y gives

lz = ylI” = Nzl = p(y. Jpz) + g(llylD)-
IThe results of this section are contents of the following paper

- M. O. Aibinu and O. T. Mewomo [3]
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Interchanging x and y, we have

A%

lyll” = p(z, Jpy) + g([|z]])

p p
NI =2tz Jy) + lyll” =< llll” + gl

Iz —yl”

v

Y

bp(, ) — gnan + g(lll)

bp(x, ) — §||xuq.

A%

Lemma 3.1.3 Let E be a strictly conver and uniformly smooth real Banach space

and p > 1. Then
Vo(z,z*) +p <Jlj1x* -, y*> < Vp(z,2" +y") (3.1.1)
forallz € E and x*,y* € E*.

Proof. Let p > 1 with ]lu—i— % =1.

* p * *
Vola,z") = 5||$||q —plz,a") + (27",
* * P * * * *
Voo, 2" +y") = gl\l’Hq—p(m +y) A+ ll=" + o))"
Vo, 2" +y") = Vylz,2™) = —p(a,y") +[l" +y7 " — [l2"|]"

> pl=zy) + 21" +p (v, I ) + gy ) = =P
( by Theorem 3.0.1, since E* is uniformly convex)
= p(J, 2" =) + 12717+ gyl — [l

p<‘]p_1x* - may*> )

Vv

which implies that
Vi(z,z*) +p(J " — o, y*) < Vy(z, 2" +y7).
|

Lemma 3.1.4 Let E be a reflexive strictly convex and smooth real Banach space

and p > 1. Then

Op(y, ) — dp(y, 2) > p(z—y, oo — Jpz) =p(y — 2, Jpz — Jpx) forallx,y,z € E.
(3.1.2)
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Proof. Let p > 1 with i + % = 1. We first show that V,, has a subdifferential on
an open subset M C dom V,. For every h € E* and t € R\ {0} with a variable y*

and a fixed element y in E, we have,

Vily.y") = §||y||q —plyy) + Iy,
Voloy +th) = Cllyl” = p o y" 4 th) &y o+ oh
> gnynq —ply.y") —pt (g ) + Iy
+pt (J, ty* hy + g([[th])
= V(v y") — pt (y, hy + pt (I 'y* h) + g(||th]]),

then hmVp(y,y = th) = V(v y) > p{J, 'y —y.h).

t—0 t

Therefore, grad V,(z,y) = p(J, 'y* — y) and by the Lemma 2.3.3, V}, is convex and

lower semicontinuous. Then it follows from the definition of subdifferential that
Vo(y,z*) — Vp(y, 2%) > p<Jp_lz* —y,x — z*> forall y € B, 2%, 2* € E™.
Since ¢,(y, x) = Vy(y, Jyz*), we have

Op(y,x) — Op(y, 2) > (2 —y, Jyx — Jpz) foralzy ze€E.

i
Remark 3.1.5
These remarks follow from Definition 3.1.1:
(i) If E is a smooth reflexive strictly convex space, it is obvious that
Vo(w,2%) = ¢pp(x, J,'2*) ¥V x € E,a" € E". (3.1.3)

Clearly, for x € E,z* € E*,

1. p 1 1
Gplz, J;'a") = el =p(z. g (S, ")) + 11, e
p * *
= a!lfc\lq—p@,x )+ [l

= Vy(z,z").
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(ii) For p = 2,¢9(2z,y) = ¢(x,y), which is the Definition 2.6.1 (i) of Alber [7],
given by
o(@.y) = ||l = 2z, Jy) + [ly[*, for all 2,y € B.

Also, it is easy to see from the definition of the function ¢ that
(2]l = lyl)? < 6(z, ) < (2l + lyl)? for all @,y € E. (3.1.4)

Indeed,

2 2
(=l =llylD* = lllI” = 2l ]yl + 12l
<l =242, Jy) + Iyl

= o(z,y)
< =l®+ 20z lyll + 121

= (ll=ll + llyID*.

By similar analysis, interested readers can verify that for each p > 2,

Ul = yl)” < dp(a, y) < (llzll + [yl)” for all 2,y € E. (3.1.5)

3.2 Algorithm for zeros of monotone maps in Ba-
nach spaces

2 Let p > 1,t > 0, we study the convergence of (p,t)-strongly monotone maps in
p-uniformly convex Banach spaces with uniformly Gateaux differentiable norm. The
set of zeros of a mapping A is denoted by N(A) := {z € D(A): Az =0} = A~10.

The following result is well known for p-uniformly Banach convex spaces.

Lemma 3.2.1 Xu [101]: Let p > 1 be a fized real number and E a real Banach

space. The following are equivalent:

(i) E is p-uniformly convez;

2The results of this section are contents of the following paper

- M. O. Aibinu and O. T. Mewomo [5|
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(it) there is a constant ¢, > 0 such that for all x,y € E and jy(x) € Jy(z),
lz +yll” = [[=]I” + p (v, jp(@)) + cillyl”;
(1ii) there is a constant ¢y > 0 such that

(@ =y, 5p(x) = jp(y)) = c2llx —yl",V 2,y € X and jp(x) € Jp(x),Jn(y) € Jp(y).

3.2.1 Background

Let E be a real Banach space and let E* be the dual space of E. We study the

methods of approximating the zeros of a nonlinear equation of the form
0 € Au, (3.2.1)

where u € F and A : E — 2% is a multivalued monotone mapping. This is a
general form for problems of minimization of a function, variational inequalities and
so on. Assuming existence, for approximating a solution of Au = 0, where A is a
single valued accretive-type mapping, Browder [19]| defined an operator T: E — E
by T := I — A, where [ is the identity map on E. He called such an operator,
pseudo-contractive. It is trivial to observe that the zeros of A correspond to fixed

points of 7. Chidume [25] defined a sequence of iteration
Tpt1 = (1= Ap)zp + A\Tx,, ne€N

where {\,} >~ C (0,1) and imposed suitable conditions which made the sequence to
converge strongly to the unique fixed point of a Lipschitz strongly pseudo-contractive
mapping 7" in L,, 2 < p < oo, spaces. The result of Chidume [25] has been
generalized and extended in various directions by numerous authors (see e.g., Censor
and Reich |23]; Chidume [26], [30]; Chidume and Bashir [27]; Chidume and Chidume
[29]; Chidume and Osilike [56]). Recently, Diop et al [40] introduced an iterative
scheme for finding the zeros of a bounded and 2-strongly monotone mapping A : £ —
E* in a 2-uniformly convex real Banach space with uniformly Gateaux differentiable

norm. A sequence {z,} -, was defined from an arbitrary z; € E by
Tpi1 = J N (J2n — M\Azy,),n €N, (3.2.2)
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where J is the normalized duality mapping from E into E* and {\,},—, C (0,1).
The iteration (3.2.2) was proved to converges strongly to the unique solution of the
equation Az = 0 under suitable conditions.

It is our purpose in this section to extend and improve on the existing results in
this direction. Let p > 1, in a p-uniformly convex real Banach space with uniformly
Gateaux differentiable norm, we shall study the convergence of the sequence {z,},,

defined from an arbitrary z; € E by
Tpt1 = J;;l(']pxn - )\nA'rn>7n S N7 (323>

where J, is a generalized duality mapping from E into £*, {\,} 2, C (0,1) and A :
E — E* is a bounded (p, t)-strongly monotone mapping with ¢ > 0. As corollaries,
we obtain the results of Diop et al. [40] for p = 2 and Chidume et al. [28] for
E=L,1<p<ocand A\, =X V neN, Ae(0,1).

3.2.2 Main result

Theorem 3.2.2 Letp > 1 and E be a p-uniformly convex real Banach space with
uniformly Gateauz differentiable norm. Lett > 0 and A : E — E* be a bounded
(p,t)-strongly monotone mapping such that A='0 # (. Suppose that the inverse
duality map Jp_1 is Lipschitz continuous. For arbitrary 1 € E, let {x,},—, be the
sequence defined iteratively by (3.2.3) with {\,},—, C (0,1) satisfying the following
condozgions: .
(i) Y " An =005 (ii) Y N2 < o0

n=1 n=1

Then the sequence_{xn} converges strongly to a solution of the equation Az = 0.

Proof. Let p,q > 1 with Il) + % =1 and x € E be a solution of the equation

Ax = 0. There exists r > 0 sufficiently large such that:

t
r > max {4‘g||x||q, gbp(xl,x)} and 7y := min {1, f_J\/ZJ} : (3.2.4)

where

1
My = pLsup {| Azall* - ]l < 7 + 12l }

L is a Lipschitz constant of .J- L'and A is a bounded map. We divide the proof into

two steps.
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Step 1: We prove that {z,} ~, is bounded. It suffices to show that ¢,(z,z,) <
r,¥ n € N. The proof is by induction. By construction, ¢,(x,z;) < r. Assume that
¢p(x, x,) < 1 for some n € N. We show that ¢,(z,z,4+1) <7,V neN.

From inequality (3.1.5), we have ||z,| < v+ ||z]|. We compute as follow by using

the definition of z,:

o uss) = by (00 o — DAs,)

= V,(z, Jpx, — N\ Azy,)

< Volw, Jyzn) — pha (I, (Jpwn — AnAxy,) — @, Axy)
(by Lemma (3.1.3) with y*=\, Az,)

= Vp(z, Jpxn) — DA <Jp_1(Jpa:n — MAz,) — x, Az, — AZE>
(since x € N(A))

= ¢p(x,xn) — Ay (T, — @, Az, — A)
—pAn <J;1(Jpxn — \Azx,) — J;l(Jpxn), Axn> )

Using the (p, t)-strongly monotonicity property of A, Schwartz’s inequality and Lip-

schitz property of .J; !, we obtain

¢p(x7$n+l) < ¢p($v Tp) — pt}‘onn - wHP
AT (Tpn — AnAn) — T (Jpwn) ||| Az |
< Gy, m0) — ptAnl, — @||” + pALL|| Az, ||
< Gyl za) — pths <¢p<x,xn> - gnan) N,
(using Lemma 3.1.2)
< Gln) — pthudyon) + ot (Zllel”) + drod
r r
< r—pt\,r + pth,— + ptA,—
4 4
= (1 — pt)\n) r
2
< T

Hence, ¢,(z, xp41) < 7. By induction, ¢,(z,z,) < r V n € N. Thus, from inequality
(3.1.5), {x,} —, is bounded.
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Step 2: We now prove that {z,} - converges strongly to the unique point = €
A710. Following the same arguments as in step 1, the boundedness of {z,} -, and

that of A, there exists a positive constant M, such that
Gp(T, Tnt1) < Gy, 1) — ptAs T, — z||” + )‘721M0- (3.2.5)

Consequently, ¢,(x, 2,11) < ¢p(x, 2,) + A2 M.

[e.9]

By the hypothesis that Z A2 < oo and Lemma 2.10.3, we have that lim ¢,(z, z,,)

n—00
n=0

exists. From inequality (3.2.5), we have ZMHJJn — z|| < oo. Using the fact

n=0

oo
Z)\n = o0, it follows that liminf ||z, — z||” = 0. Consequently, there exists a
n=0

subsequence {z,, }, _; of {x,},2, such that z,, — x as k — oo. Since {z,},~,
is bounded and J, is norm-to-weak™ uniformly continuous on bounded subset of F,
it follows that {¢,(z,z,)} -, has a subsequence that converges to 0. Therefore,
by Lemma 2.6.2, {¢,(x,x,)} ~, converges strongly to 0. Also, by Lemma 2.6.2,

|zn — || = 0 as n — oo. |

Corollary 3.2.3 Diop et al. [40]: Let E be a 2-uniformly convex real Banach space
with uniformly Gateaux differentiable norm and E* its dual space. Let A : E — E*
be a bounded and (2,t)-strongly monotone mapping such that A=10 # (), where t €
(0,1). For arbitrary x, € E, let {x,},., be the sequence defined iteratively by:

Tpir = J H(Jxn — M\yAzy,),n €N, (3.2.6)

where J is the normalized duality mapping from E into E* and {\,},—, C (0,1) is

a real sequence satisfying the following conditions:

(i) Y " An = 00; (ii) Y X2 < 0.
n=1 n=1
Then, there exists 7o > 0 such that if A, < 7o, the sequence {z,}, ., converges

strongly to the unique solution of the equation Ax = 0.

Proof. By taking p = 2, the proof follows from Theorem 3.2.2. |
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3.3 Strong convergence theorems for strongly mono-
tone mappings in Banach spaces

3 Let p>1,nm € (1,00), we study the convergence of (p, n)-strongly monotone maps
in uniformly smooth and uniformly convex Banach spaces. The following result is

well known for uniformly Banach convex spaces.

Lemma 3.3.1 Xu [101]. Let E be a real uniformly convexr Banach space. For
arbitrary v > 0, let B.(0) := {z € E : ||z|| <r}. Then, there exists a continuous

strictly increasing convex function
g:[0,00) = [0,00), ¢(0) =0,

such that for every x,y € B.(0), j,(z) € Jp(x), 4p(y) € Jp(y), the following inequali-
ties hold:

(1) Iz +yll” = =l]” + p(y, gp(2)) + g(llyll);

(ii) {x =y, jp(z) = Jp(y)) = g(llz —yl).

3.3.1 Background

Let H be a real Hilbert space and A : D(A) € H — 2% a maximal monotone

mapping. Consider the following problem:
find u € H such that 0 € Au. (3.3.1)

This is a typical way of formulating many problems in nonlinear analysis and opti-
mization. A well-known method for solving (3.3.1) in a Hilbert space is the proximal

point algorithm: z; € H and
Tp1 = J’rnxny n e N7

introduced by Martinet 73] and studied further by Rockafellar [90] and a host

of other authors. How to extend the monotonicity definition to mappings from a

3The results of this section are contents of the following paper

- M. O. Aibinu and O. T. Mewomo [3]
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Banach space into its dual was a puzzle in nonlinear functional analysis. Alber [7]
introduced a Lyapunov functions which signaled the beginning of the development
of new geometric properties in Banach spaces. The Lyapunov function introduced
by Alber is suitable for studying iterative methods for approximating solutions of
equation 0 € Au where A : E — 2% is of monotone type from a Banach space into
its dual (see e.g [5], [28], [77], [111]).

In this section, our purpose is to establish a strong convergence theorem for an
iterative scheme for the (p, n)-strongly monotone mappings in uniformly smooth and

uniformly convex Banach spaces.

3.3.2 Main result

Theorem 3.3.2 Let E be a uniformly smooth and uniformly convexr real Banach
space. Let p > 1,n € (1,00), suppose A : E — E* is a bounded, (p,n)-strongly
monotone mapping such that the range of (J, + tA) is all of E* for allt > 0 and
ATH0) #0. Let {\,}o2, € (0,1) and {6,},, in (0,%) be real sequences such that,

(i) lim 6, =0 and {0,}.7, is decreasing;
(ii) Y Anbr = 00
n=1

(iii) Hm ((0,-1/0,) — 1) /A =0, Y Ay <00V neN.

n=1

For arbitrary x1 € E, define {x,} ~, iteratively by:
Tni1 = J, " (S — A (Azy + 0, (Jpzn — Jy21))) ,n €N, (3.3.2)

where J, is the generalized duality mapping from E into E*. Then the sequence

{xn},2, converges strongly to a solution of Ax = 0.

Proof. The proof is divided into two parts.
Part 1: The sequence {z,} -, is shown to be bounded.
Let ¢ > 1 with %—i—% =1 and z € F be a solution of the equation Az = 0. It suffices

to show that ¢,(z,z,) <r, Vn € N. From inequality (3.1.5), for real p > 1, we have
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|z < e+ |z|]|. Let B :={z € E: ¢,(x,z) <r}. It is known that A is bounded

and J, is uniformly continuous on bounded subsets of E. Define
1
My := sup {||Axn + 0, (Jpxy, — Jpz1)|| 2 0, € (0, 5),xn € B} + 1.
Let ¢ denotes the modulus of continuity of J, !, Then

|Zn — Tpall = |lzn — Jp_l(‘]pxn = A (Azy + On(Jprn, — Jp21))) |
= HJ;l(Jpacn) — J;I(Jpxn — A\ (Azy, + 0, (Jpz,, — Jpzy))) ||

< Y (Mll[Azy + 0, (Jprn — Jp1)||)
< P (sup {[MalMo: A € (0,1)}). (3.3.3)

Since A is bounded and the duality mapping .J,, is uniformly continuous on bounded
subsets of E, the sup {|\,|My} exists and it is a real number different from infinity.

Let M =: ¢ (sup {|\n|Mp}) and let r > 0 be sufficiently large such that:
4p q
r > max < ¢p(z, x1), AMoM, —||z||? ¢ . (3.3.4)
q

The proof is by induction. By construction, ¢,(z*, z1) < r. Suppose that ¢,(z*, z,) <
r for some n € N. We show that ¢,(z*, x,11) < r. Applying Lemma 3.1.3 with
y* = A\, (Azy, + 0, (Jpx,, — Jyz1)) and by using the definition of x,.;, we compute

as follows,

Gp(T, Tpy1)
= ¢y (z, T (S — A (Azyy + 0, (Jpn, — Jp11))))
= V,(x, Jx, — A\ (Azy, + 0, (Jpz,, — Jpx1))) (By (3.1.3))
< Valw, Jprn)
= (I (Jptn — A (Azy + 00 (Jpzn — Jp11))) — @, Ay + 0n(Jpzy — Jp31))
= ¢p(x,n) — pAn (Tn — , Ay + On(Jpzn, — Jpx1))

—pAn <Jp_1(Jpxn — Ao (A, + 0, (Jpzy, — Jp21))) — 0y Ay + 00 (S, — Jpx1)> )
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By Schwartz inequality and by applying inequality (3.3.3), we obtain

¢p(xa xn—&-l) < ¢p<x> mn) - p)‘n <xn -, Axn + en(‘]pxn - Jpxl»

—f—pAnMOM

IN

Op(T, T0) — PAn (Tn, — &, Az, — Az) (since x € N(A))

—pAnbn (T — x, Jpxy, — Jpx1) + AL Mo M.

By Lemma 3.1.4, p(z — z,, J,x, — Jyx1) < ¢p(z,z,) — ¢p(z,z1). Consequently,

pl{x — xpn, Jpyr, — Jpx1) < ¢p(x,x,). Therefore, using (p,n)-strongly monotonicity

property of A, we have,

¢p(x*7 xn+1)

IN

IA

IN

ol 20) — Pl n — 2| — PA (0 — 2y — Ty}
+pA, Mo M

3ol 20) = Dhalln — I + DA (&° — Tyt — Ty}
+pA, Mo M

ola” )= o (400" 0) = 2l

+pAnOnp(z*, ) + DA Mo M

(L= sy + oo (171

+pAnOndp (2™, ) + DA MM

r r P

1—pA An— Ap= + —

(1= pAa)r + PAng + PAng + =57
1 )\+)\1+)\1+)\1 =
bAn Pn4 pn2 pn4 r=r.

Hence, ¢,(z,2,4+1) < r. By induction, ¢,(z,z,) < r V n € N. Thus, from

inequality (3.1.5), {z,} —, is bounded.

Part 2: We now show that {x,} ~, converges strongly to a solution of Az = 0.

(p, n)-strongly monotone implies monotone and the range of (J, + tA) is all of E*

for all t > 0. By Kohsaka and Takahashi [57], since E is a reflexive smooth strictly

convex space, we obtain for every t > 0 and z* € FE, there exists a unique x; € D(A),

where D(A) is the domain of A such that

Jpx* = Jpxp + tAz,.
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Define JAx* := x4, in other words, define a single-valued mapping J# : E — D(A)
by Jt = (Jp +tA)""J,. Such a J is called the resolvent of A. Setting ¢ := -, for
some x; € D(A) and y, = (J, + 5-A) "' Jya1, we obtain

On(Jpyn — Jpx1) + Ay, =0, y, — x € N(A). (3.3.5)

Observe that the sequence {y,} -, is bounded because it is a convergent se-
quence. Moreover, {z,} - is bounded and hence {Az,} -, is bounded. Following

the same arguments as in part 1, we get,

Gp(Yns Trv1) < Gp(Yn, Tn) — DA (Tn — Yn, A2y + On(JpTn — Jp11))
+pA, Mo M
< Gp(Yns Tn) — PAn (Tn — Y Ay + On( Sy — Jp1))
+pA, Mo M.
(3.3.6)

By the (p, n)-strongly monotonicity property of A and using Theorem 3.0.1 and Eq.
(3.3.5), we obtain,

<xﬂ = Yn, Az, + en(Jpl'n — Jp$1>>
= (Tn = Yn, ATy + O (ST — Jpyn + Jpyn — Jp21))

= en LT — Yn, Jpxn - prn> + <xn — Yn, Axn + 0”(‘]17:%1 - Jpx1)>

(
O (Tr, — Yny JpTn, — Jp¥n) + (Tn, — Yn, Az — Ayy)

v

09|20 — yull) + nllzn — yal|” (Since A is (p, n)-strongly monotone and by Lemma 3.3.1(ii))

> 00,0, 0)
Therefore, the inequality (3.3.6) becomes
Gp(Yn> Tns1) < (1= M) Pp(Yn, Tn) + pAn Mo M. (3.3.7)
Observe that by Lemma 3.1.4, we have
Op(Ynsn) = Dp(Yn—1:n) =P {Yn = Tns Jpyn—1 = JpYn)

- ¢p(yn—17xn) +p <wn — Yn, prn—l - prn>

< ¢p(yn—l7xn) + ||prn—1 - prnHHIn - ynH (3-3-8)
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Let R > 0 such that ||z1]] < R,||ya|]| < R for all n € N. We obtain from
Eq.(3.3.5) that

1
On

Op_1— 0,
(Ayn—l - Ayn) = (Jpxl - prn—l) .

prn—l - prn + )

By taking the duality pairing of each side of this equation with respect to y,_1 — yn
and by the strong monotonicity of A, we have

enfl - en

92 = Tl = vl

<prn—1 - prna Yn—1 — yn> S

which gives,

0,
s =yl < (%= = 1) Wncs = (3.39)

n

Using (3.3.8) and (3.3.9), the inequality (3.3.7) becomes

gbp(yna xn+1) < (1 - /\nen)gbp(yn—ly xn)
1

0,
+C( - 1) + pAa My M,

for some constant C' > 0. By Lemma 2.10.6, ¢,(yn—1,2,) — 0 as n — oo and using
Lemma 2.6.2, we have that =, — y,_1 — 0 as n — oo. Since y, — = € N(A), we
obtain that x,, — x as n — oco. [

Let p > 1,7 € (1,00), suppose A : E — E* is a bounded, (p,n)-strongly mono-
tone mapping which satisfies the range condition and A~1(0) # 0.

Corollary 3.3.3 Let H be a Hilbert space, p > 1,n € (1,00) and suppose A : H —
H is a bounded (p,n)-strongly monotone mapping such that D(A) C range (I +tA)

for all t > 0. For arbitrary x, € H, define the sequence {x,} , iteratively by
Tpi1 = Tp — MAzy, — Ml (2, — 1), nEN,

where {A\n}o; € (0,1) and {0,}.", in (0,3) are real sequences satisfying the con-

ditions:

(1) Tim. 0, =0 and {0,},", is decreasing;

(1) i)\nen = o0;
n=1
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(iii) Hm ((0,-1/0,) — 1) /Al =0, Y Ay < ooV neN.

n=1
Suppose that the equation Az = 0 has a solution. Then the sequence {x,} ~, con-

verges strongly to a solution of the equation Az = 0.

Proof. The result follows from the Theorem 3.3.2 since uniformly smooth and

uniformly convex spaces are more general than the Hilbert spaces. |
Remark 3.3.4

The generalized Lyapunov functions which we introduced admit the generalized
duality mapping. Clearly, our results show the efficacy of the generalized Lyapunov
functions which we introduced. Also, our method of proof is constructive and is of

independent interest.

Remark 3.3.5

Prototype for our iteration parameters in Theorem 3.3.2 are, A\, = ﬁ and 0,, =

m,wher60<b<aanda+b<1.

3.4 Algorithm for the generalized ®-strongly mono-
tone mappings and application to the general-
ized convex optimization problems

4 This section centres on the generalized ®-strongly monotone mappings, which are
the largest class of monotone type mappings. In uniformly smooth and uniformly
convex Banach spaces, we study the convergence of a sequence of approximating a

solution of a generalized ®-strongly monotone mapping.

4The results of this section are contents of the following paper

- M. O. Aibinu and O. T. Mewomo [4]
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3.4.1 Background

An important generalized monotonicity property which has been studied for multi-
valued mappings is quasimonotonicity. The concept of quasimonotone multivalued
mapping broadly generalizes monotone mappings (see e.g., Aussel and Fabian [13],
Phelps [84]). Quasimonotone mappings are closely related to the so-called demand
functions in mathematical economics (see e.g., Levin [67], Karlin [55] for more de-
tails). Classical examples of quasimonotone mappings are the subdifferentials of
lower semicontinuous quasiconvex functions. The interest in quasimonotone map-
ping stems mainly from the fact that the derivative and more generally, the subd-
ifferential of a quasiconvex function is quasimonotone. This is similar to the link
between convex functions and monotonicity of their (generalized) derivative (see,
Aussel et al. [12], [11] for more details). For a 2-uniformly convex real Banach space
with uniformly Gateaux differentiable norm, Diop et al. [40] studied the class of
strongly monotone mappings and applied their result to the convex minimization
problem. Chidume and Idu [33] considered the class of maximal monotone map-
pings in a uniformly convex and uniformly smooth Banach space and obtained the
minimizer of a convex function defined from a Banach space F to R.

Let E be a real Banach space and A : E — 2% be a multivalued mapping. We
study the method of finding the zeros of a generalized ®-strongly monotone mapping
A, which satisfies the range condition. It is a well known fact that the class of the
generalized ®-strongly monotone mappings is the largest class of monotone-type
mappings such that if a solution of an equation 0 € Ax exists, it is necessarily
unique (Chidume et al. [35]). Assuming existence, a sequence is constructed which
converges strongly to a solution of the equation 0 € Az. As an immediate application
of this result, we apply it to obtain the solutions of generalized convex optimization

problems.

3.4.2 Main Results

Theorem 3.4.1 Let E be a uniformly smooth and uniformly convexr real Banach

space. Let A : E — 2F" be a multivalued mapping which is bounded, a generalized
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O-strongly monotone such that the range of (J, +tA) is all of E* for allt > 0 and
ATH0) #0. Let {\,}o2, € (0,1) and {60,},, in (0,3) be real sequences such that,

(i) lim ¢, =0 and {0,}.7, is decreasing;
(ii) Y Anbr = 00
n=1

(i) T ((6-1/00) = 1) /Aubh = 0, d A<ooVneN.

n=1

For arbitrary 1 € E and p > 1, define {x,},_, iteratively by:
T = J, (Jpn — Ao (1 4 On( Sy — Jp21))), pii € Az, n €N, (3.4.1)

where J, is the generalized duality mapping from E into E*. Then the sequence

{x,}72 | converges strongly to a point of A~0.

Proof. The proof is divided into two parts.
Part 1: We prove that {xz,} ~, is bounded.
Let z € E be a solution of 0 € Ax. It suffices to show that ¢,(z,z,) < r,¥Vn e N.
From inequality (3.1.5), we have ||z, || < rv o+ |z||. Let B:={z € E: ¢,(z,2) <r}.
It is known that A is bounded and J, is uniformly continuous on bounded subsets

of E. Define

1
My := sup {Huﬁ + 60, (Jyx — Jpx1)]| = 6, € (0, 5),x € B,u, € Axn} +1. (3.4.2)

Let ¢ denotes the modulus of continuity of J, !, Then
ln = nsall = lon = Ty (2 — A (b1 + On(Spwn — Jpw))) |
= ”Jp_l(‘]pxn) - Jp_l(‘]p%w = An (i + O (Jpzn — Jpz1)))||

< Y (| Aalllpg + On(Jpzn — Jpz1)]])
< o lsup {MlMo: A € (0.1)}). (3.43)

Since A is bounded and the duality mapping .J,, is uniformly continuous on bounded
subsets of E, the sup {|\,|My} exists and it is a real number different from infinity.

Let M =: ¢ (sup {|\n|Mo}) and let » > 0 be chosen such that
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)
o <§> > r > max {(;Sp(:c,xl), 2MoM, &7 + BHxHq}
q
and M > g, where % + % = 1 and ¢ is a positive real number. The proof is

by induction. By construction, ¢,(z,21) < r. Suppose that ¢,(z,z,) < r for
some n € N. We show that ¢,(z,z,+1) < r. Suppose this is not the case, then
¢p(x, Tpy1) > r. Applying Lemma 3.1.3 with y* := X, (uf + 0, (Jpz,, — Jpz1)) and

by using the definition of z,,1, we compute as follows,

Op(@, Tni1)
= 0y (2. Iy (Jyrw = M (i + Ou( Sy = 1))
= Vo (@, Jpn — An (i + On(Jpn — Jp11)))
< Vp(z, Jywn)
—pAn <Jp_1(Jpxn — X (W + On(Jpzn — Jp11))) — @, i + On(Jpn — Jp1))
By 0) — Ao (= 5 5+ BTy — i)
—pn (I (Tptn — Ay (8 + On(Jpn — Jp1))) — T, i + On(Jpan — Jpw1)) -

By Schwartz inequality and by applying inequality (3.4.3), we obtain

Op(@, Tnt1) < G, Tn) — PA (T — T ptyy + On(SpTn — Jpa1))

IN

Op(x, T0) — pAn (X0, — 2, 1y, — %) (p° € Az since x € N(A))

=M (T, — 2, Ty — Jpx1) + pA Mo M.

By Lemma 3.1.4, p(z — z,, Sz, — Jyx1) < ¢p(z,2,) — ¢p(z,z1). Consequently,
p{x — xp, Jpx, — Jpx1) < ¢p(x,2,). Also, since A is generalized ®-strongly mono-

tone, we have,
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IA

0(2,20) = D2, — ])) = PAab (2 — 2, Ty — Jy)

¢P(x*7 xn—O—l)

= ¢p(x>$n) — A ®(||zn — 2||) + AL (T — T, Jpn — Jp$1>

—f—pAnMQM
< Op(,20) = PARR([l7n — 2[]) + pAnbn(Gp(7; 20) — p(2, 21))
+pAn Mo M. (3.4.4)

By the uniform continuity property of J ! on bounded sets of E*, we have

[Znt1 — znl = HJp_1<Jpxn+l) - Jp_l(Jpxn)H <M,
such that
|Zn1 — || = |2, — 2| < M,
which gives
|z — 2l = [[#n4 — 2l = M. (3.4.5)

From Lemma 3.1.2,

|zni — 2|7 > ¢p<x,xn+1>—§\|x|rq

p
> = P
q
p p
> (6P+—||xu)——||x||q
q q
> P,

So,

”xn-I-l - x“ > 0.

Therefore, the inequality (3.4.5) becomes,

IV

2 — 2|

AV
NS
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Thus,

O(||xy, —x|]) > CID(g) (3.4.6)

Substituting (3.4.6) into (3.4.4) gives

)
r < ¢p(x7 xn—‘—l) S ¢p($,$n) _p)\nq)(§> +p)\n0n¢p<$7xn>
+p)\nMOM
< r—er+ng+pM

PAn | PAn
= (1=pr, + 200 B0
( PAnt 5T

r=r.

—10| 3

a contradiction. Hence, ¢,(z,z,+1) < r. By induction, ¢,(z,z,) <r V n € N.

Thus, from inequality (3.1.5), {z,} -, is bounded.

Part 2: We now show that {z,,} ~ , converges strongly to a point of A~10. Recall
that A is a generalized ®-strongly monotone and the range of (J, +tA) is all of E*
for all t > 0. Since E is a reflexive smooth strictly convex space, we obtain for every
t >0 and z* € E, there exists a unique x; € D(A), where D(A) is the domain of A
such that

Jpx* € Jpyrp + tAxy.

Define Jz* = ;, equivalently define a single-valued mapping J* : E — D(A) by
JA = (J,+tA)71J,. Such a J{ is called the resolvent of A. Setting ¢ := é, for some
x1 € D(A) and y, = (J, + 5-A)~'Jpx1, we obtain

O (Jpyn — Jpx1) + 12 =0, p € Ay, and y,, — = € N(A). (3.4.7)

Observe that the sequence {y,} - is bounded because it is a convergent sequence.
Moreover, {x,} - is bounded and hence {Axz,} - is bounded. Following the same

arguments as in part 1, we get,

¢p(yna Tpp1) < ¢p<yna Tn) = PAn (Tn — Yn, tyy + Qn(Jpxn - ‘]pxl»
+pAnMo M. (3.4.8)
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By the generalized ®-strongly monotonicity of A and using Theorem 3.0.1 and Eq.
(3.4.7), we obtain,

<xn - Yn, /Jlfz + Hn(Jpxn - ']px1>>
= <xn - yn7ﬂi + en(Jpxn - prn + prn - Jp$1)>
= en <$n — Yn, Jpl’n - prn>

+ <xn — Yn, :UJfL + Qn(prn - Jpx1)>
)

v

Ong(||zn — ynll) + P(||zn — ynl|) (Since A is (p,n)-strongly monotone and by Lemma 3.3.1(ii))

1
Z _anb Yny Tn)-
p p( )

Therefore, the inequality (3.4.8) becomes

¢P(yn7 xn-i—l) S (1 - )\ngn)qsp(yna xn) + p/\nMOM (349)

Observe that by Lemma 3.1.4, we have

(bP(yna xn) S ¢p(?/n71> xn) —p <yn — T, prnfl - JpZ/n)
= Op(Yn—1,%n) + D {(Tn — Yn, JpUn—1 — Jpln)

S ¢p(yn—17xn) + “prn—l - prn““xn - yn” (3410)

Let R > 0 such that ||z1]] < R,||yn|]| < R for all n € N. We obtain from
Eq.(3.4.7) that

1 0,.1—06,
prn*1 - ‘]pyn + 9_ (MZ—1 - :u%) = 19— (Jpxl - prnfl) .

By taking the duality pairing of each side of this equation with respect to y, 1 — yn
and by the generalized ®-strongly monotonicity of A, we have

Qn—l -

On
<prn—1 — JpYny Yn—1 — Un) < ) ||Jpx1 - prn—1|||lyn—1 — Yl

which gives,

0,
s = ol < (%2 = 1) s =l @)

n

Using (3.4.10) and (3.4.11), the inequality (3.4.9) becomes

0,,—
¢P<yna xn-i—l) S (1 - >\n0n>¢p(yn—lv an) + C ( 9 . - 1) +p)\nM0M7
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for some constant C' > 0. By Lemma 2.10.6, ¢,(yn—1,2,) — 0 as n — 0 and
using Lemma 2.6.2, we have that z, — y,_1 — 0 as n — 0. Since y,, = = € N(A),

we obtain that x,, — x. [ |

Corollary 3.4.2 Aibinu and Mewomo [3]. Let E be a uniformly smooth and uni-
formly convex real Banach space. Let p > 1,n € (0,1) suppose A : E — E* is a
bounded, (p,n)-strongly monotone mapping such that the range of (J, +tA) is all of
E* for allt >0 and A7*(0) # 0. Let {\.},—; C (0,1) and {6,}>2, in (0,3) be real

sequences such that,

(i) nhj& 0, =0 and {6, },~, is decreasing;
(ii) Y Anbr = 00;
n=1

(ii) T ((6-1/60) = 1) /Aubh = 0, Y A<ooVneN.

n=1

For arbitrary x, € E, define {z,} —, iteratively by:
Tpt1 = Jp_l (Jpxn — A (A, + 0, (Jpzy, — Jpz1))) ,n €N, (3.4.12)

where J, is the generalized duality mapping from E into E*. Then the sequence

{zn} ", converges strongly to a solution of Ax = 0.

Proof. Take ®(|lz — y||) := n|jJz — y||” in Theorem 3.4.1, then the desired result
follows. |

3.4.3 Application to the generalized convex optimization prob-

lem
Generalized ®-strongly monotone mappings is the largest class of monotone-type
mappings such that if a solution of an equation 0 € Ax exists, it is necessarily

unique (Chidume et al. [33]). A specific generalized monotononicity property which

is quasimonotonicity is used for illustration as it is closely related to the so-called
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demand functions in mathematical economics (see e.g., Levin [67], Karlin [55] for
more details).

Let E be a real Banach space with the dual £* and A, a multivalued mapping
from E into 2E7. According to Hassouni [46], for K subset of E, and 7 € K, A

satisfies the variational inequality below if and only if
VoeK, (p;x—2)>0, V u* e Ax. (3.4.13)
Consider now the quasiconvex minimization problem

min f(x), (3.4.14)

zeK

where f : E — R U {+o0} is lower semicontinuous and quasiconvex. Let N be a
convex open neighborhood of . The necessary and sufficient condition to obtain a

solution of (3.4.14) is given in the Lemma 3.4.3 below.

Lemma 3.4.3 Hassouni and Jaddar [47]. If K = N or K = E, then following

assertions are equivalent:
(i) T is an optimal solution of (3.4.14),
(11) Of satisfies (3.4.13).

Remark 3.4.4

For any single-valued quasimonotone operator df, the operator
h(z) = {adf(z) : @ > 0} is also quasimonotone and Gr(df) C Gr(h) provided
Of # 0, where Gr(0f) and Gr(h) denote the graph of 0f and of h respectively. It
follows that for every non-constant smooth quasiconvex function f, the single-valued
quasimonotone operator Jf is not maximal (see e.g., Levin [67]).

Next, we give a useful definition and establish a lemma which is necessary in
establishing our main result in this section. Let E be a real locally convex topo-
logical vector space, K a nonempty convex subset of £, A: K — L(E,R) = 2F" a

multivalued mapping and S C 27",
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Definition 3.4.5 A multivalued mapping A : K — 25" is said to have the surjective
property if the range of A excluding the zero vector (i.e R(A)\ {0}) has the surjective
property. Indeed, suppose S has the surjective property on K and f € R(A)\ {0},
then a multivalued mapping foS C L(E,R) = 2% is said to have the surjective
property on K provided

(foS,x —y) == {{fox",x —y) 2" € S} =R.

Lemma 3.4.6 Let E be a uniformly smooth and uniformly convex real Banach
space, K a nonempty convexr subset of £ and A : K — 2F a multivalued map-
ping. Suppose S C 2F" is connected and has the surjective property on K. Then A
is monotone and the range of (J, +tA) is all of E* for all t > 0 if and only if for

each a € S, A+ « is quasimonotone and has the surjective property on K.

Proof. 7 = 7 Suppose A is monotone and R(J, + tA) = E* for all t > 0.
Therefore for each v € X*, the operator u — A(u) + « is obviously monotone,
hence quasimonotone. Next, suppose for contradiction that A 4+ « has no surjective

property, that is 3 x € K, a convex subset of E such that V y € K

(A+ o,z —y) ={({fou" +a,z —y),u",a e S} #R.
It follows that for each u* € S, the range of

g(t) == =t {(fou",x —y) — (u*,x —y)
is not equal to R. Recall that monotonicity of A gives that
(" =y e—yy >0= (" x—y) >y e—y) V a*€Ax, y" € Ay.
Therefore, there exists 5 € R such that
(x* x—y) > —to (fou™,z —y) — (u*,x —y) > (Y, x —y).

Setting « := to fou™ + u*, we deduce that

(" +a,x—y) >0,
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while

(V" +a,z—y) <0.
Thus contradicting the pseudomonotonicity and hence quasimonotonicity of the map
A+ a.
7 <7 Suppose that A + « is quasimonotone and has the surjective property. We
show that A is monotone and the range of (J + tA) is all of £* for all ¢ > 0. By
Lemma 2.8.3, A is monotone since A + « is quasimonotone. Next is to show that
R(J,+tA) = E* for all t > 0. Since A + « has the surjective property on K, for
every u* € R(J, + tA), the line L = {u* +tfou* : t € RT} has surjective property
on K. But L C E*, therefore

R(J, +tA) C E™.
Also, for a given u* € S and each v* € E*, define
<U*,[E - y> = <U* +thU*7y - QZ’>

for every x,y € K. Therefore, v* := u*+tfou* € R(J,+tA). Hence R(J,+tA) = E*
i

Theorem 3.4.7 Let K be a nonempty convexr subset of a uniformly smooth and
uniformly convex real Banach space E and S C 2F" is connected and has the sur-
jective property on K. Let f : K — R U {400} be a bounded lower semicontinuous
quasiconvex function defined on K with nonempty interior. Suppose for each v € S,
Of + a is quasimontone and has the surjective property on K with (0]‘7)71 0#0. Let
{Atory € (0,1) and {0}, in (0,3) be real sequences such that,

(i) lim0,, = 0 and {0,} is decreasing;

), f:)\nen = 00
n=1

(iii) Hm ((0,-1/0,) — 1) Al =0, D> A, < 00,
n—o00 —
Then, for arbitrary x, € E, the iteration {x,} -, defined by
Tng1 = J, 7 (S — A ((Of )0 + On(Jpwn — Jpa1))) ,n € N (3.4.15)

converges strongly to some x* € (8f)™"0.
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Proof. f is a bounded quasiconvex function, therefore by Lemma 2.3.2, df is
a bounded quasimonotone operator. Take df to be A in Lemma 3.4.6. Similar

analysis to the proof of Theorem 3.4.1 gives the desire result. |
Conclusion 3.4.8

Most of the existing results on the approximation of solutions of monotone-type
mappings have been proved in Hilbert spaces or they are for accretive-type mappings
in Banach spaces. Unfortunately, as has been rightly observed, many and probably
most mathematical objects and models do not naturally live in Hilbert spaces. We
have considered the class of generalized ®-strongly monotone mappings in Banach
spaces, the class of monotone-type mappings such that if a solution of the equation
0 € Az exists, it is necessarily unique. Therefore, our results very important results

our techniques of proofs are of independent interest.
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CHAPTER 4

Viscosity implicit iterative algorithms and applications

1 In this chapter, we explore the implicit iterative algorithms for approximating the
fixed points of nonexpansive mappings in uniformly smooth Banach spaces. Numer-

ical and analystical comparisons are made for various implicit iterative algorithms.

4.1 The implicit midpoint rule of nonexpansive map-
pings and applications in uniformly smooth Ba-

nach spaces

4.1.1 Background

In 1967, Halpern [45] considered an iterative sequence for a nonexpansive map-

ping 7' in a Hilbert space. He showed that the conditions (A;) lim «, = 0 and
n—o0
(As) Zan = oo are essential for the convergence to a fixed point of 7" of the se-

n=1

IThe results of this section are contents of the following paper

- M.O. Aibinu, P. Pillay, J.O. Olaleru and O.T. Mewomo [6]
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quence {z,} defined by
€K, vy =au+ (1—a,)Tx,, n€N, (4.1.1)

where u € K is a given point and «, € [0,1]. Halpern [45] iteration attracted
the attention of many researchers. In 1977, Lions [70]| improved on the result
of Halpern and showed that for {a,} satisfying the conditions (A;), (As) and
(A3) 77,11—>I£10 |y — ap_1|/a? = 0, {z,} converges strongly to a fixed point of T in a

Hilbert space. In 1992, still in Hilbert spaces and for {a,,} satisfying the conditions

(A1), (A2) and (Ay) Z |, — 1| < 400, Wittmann [62] proved a strong conver-

n=1
gence theorem for the sequence (4.1.1) to a fixed point of 7. By considering various

conditions either on {«,} or on the space, there are also several theorems for the
strong convergence of Halpern’s iteration to a fixed point of 7" in Banach spaces (see,
e.g., [70], [62], [86], [92], [95], [68]). Modifications of Halpern-type iteration have also
been studied by many authors [45]. In 2000, Moudafi [76] introduced the concept
of a viscosity approximation method for selecting a particular fixed point of a given
nonexpansive mapping. He considered an explicit viscosity method for nonexpansive
mappings and defined the iterative sequence {x,} by (1.1.1). He showed that the
sequence {x,} defined by (1.1.1) converges strongly to a fixed point of T" with the
conditions that (A1), (As) and (As) nlggo |a, — 1|/ anam—1 = 0 are satisfied. One
of the essential numerical methods for solving ordinary differential and differential
algebraic equations is the implicit midpoint rule ( [15], [16], [51] and [93]). In 2014,
Alghamdi et al. [9] presented a semi-implicit midpoint iteration for nonexpansive
mappings in a Hilbert space. They proved a weak convergence theorem for the se-
quence {z,} defined by (1.1.10). Furthermore, in 2015, Xu et al. [104] defined the
viscosity implicit midpoint sequence for a nonexpansive mapping 7" on K by (1.1.5).

Precisely, they proved the following strong convergence theorem.

Theorem 4.1.1 [104] Let K be a nonempty closed convex subset of a Hilbert space
H and T : K — K be a nonexpansive mapping such that F(T) # (. Suppose
f: K — K is a contraction with coefficient a € [0,1) and assume that the sequence
{a,} satisfies the conditions (A1), (As) and either (Ay) or lim 1. Then the

n—00 (Wp_—1

sequence {x,} generated by (1.1.5) converges in norm to a fized point p of T, which
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is also the unique solution of the variational inequality (1.1.2). That is, p is the

unique fized point of the contraction Pp(r)f, in other words, Prqyf(p) = p.

Still in a Hilbert space, in 2015, Yao et al. [107]| introduced the iterative sequence
(1.1.6). They imposed suitable conditions on the parameters and obtained that the
sequence {x,} generated by (1.1.6) converges strongly to p = Pp f(p). In 2017,
Luo et al. [72] extends the result of Xu et al. [104] to a uniformly smooth Banach
space. Few among several other works on modified Halpern-type iteration include
Qin et al. [85], Wang et al. [98] and the references contained in them. Also, some
authors studied modified Halpern-type sequences for various classes of mappings
(see e.g., Aibinu and Mewomo [5], [3], Chidume and Mutangandura [34], Hu and
Wang [49] and Nandal and Chugh [78]). The following questions are of interest to

us:

Problem 4.1.2 Comparing the three implicit iterative schemes (1.1.5), (1.1.6) and

(1.1.10) that are respectively given by

tuss = anf() + (1) () ey

Ty + T
Tpt1 = anf(xn> + ann + anT <T+1> ,n e N,

and

Tpt+1 = (1 - O‘n)l’n + a,T (%) ,n €N,

which one has the highest rate of convergence?

Problem 4.1.3 The main results of Yao et al. [107] which are in Hilbert spaces,

can we establish them in general Banach spaces?

The purpose of this paper is to study the implicit midpoint procedure (1.1.6) in the
framework of Banach spaces for approximating a fixed point of nonexpansive map-
pings. We prove a strong convergence theorem in a uniformly smooth Banach space
for the sequence {z,} defined by (1.1.6) and illustrate with a numerical example
that it is the most efficient among the three implicit midpoint procedures (1.1.5),
(1.1.6) and (1.1.10). Moreover, we obtain the results of Xu et al. [104], Luo et al.
[72] and Yao et al. [107] as corollaries.
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4.1.2 Main results

Let K be a nonempty closed convex subset of a real Banach space £, T : K — K
a nonexpansive mapping with F(T) # () and f : K — K a c-contraction. Suppose
{an,} C (0,1), {B.} € [0,1) and {v,} C (0,1) are real sequences satisfying o, +
Bn+ v, =1V n € N. For arbitrary x; € K, we consider the iterative scheme for the
sequence {x,} defined by (1.1.6).

Remark 4.1.4 [t is known that the sequence {x,} is well defined [107].
We first give and prove a lemma which is useful in establishing our main result.

Lemma 4.1.5 Let E be a uniformly smooth Banach space and K be a nonempty
closed convex subset of E. Let T : K — K be a nonexpansive mapping with F(T) # 0
and suppose f : K — K is a c-contraction. For an arbitrary x, € K, define the

iterative sequence {x,} by (1.1.6). Then the sequence {x,} is bounded.

Proof. We show that the sequence {z,} is bounded.
For p € F(T),

[0 =l = o (f(zn) = F(P)) + o (f(p) = p)

Falen =) 40 (T2 <) |

anl[f(zn) = F(DI] + onllf(p) = pl|

Tp + Tpi
FBalln = pll + 7l T (F=52) =

[ f(zn) = FD)I] + anl[f(p) — pl|
Tn +xn 1
cap||my — pl| + anl|f(p) — pl| + Bullzn — pl|

IN

IN

IN

Tn Tn
o Ml = pll + S llwnss = pll-
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We then have that

Tn Tn
(1= 5 llowsa =l = (can+Bu+ ) e = pll + aull £(p) = 2]
2 — Y 2can, + 2B + Vn
5 lTn =l < 5 ||z = pll + aal L f(p) = pll
1+an+ﬂn 26@n+26n+]—_(an+ﬂn)
—— |z —pll < ||zn — |
2 2
+aa|[f(p) = pll
14+ oy, + Ba 14 6o+ an(2¢—1)
PO Pl < : e — Il + 0ll£2) — .
Therefore,
1+ By + an(2¢—1) 200,
Top1 —pl] < o = pll+ -
|01 = pll Tra. 5, o= pll+ 7= 1) =2l
2a,(1 —¢) 2a,(1—¢) 1
- (1= L _
(1= 22282 o gl 4 22020 L i) -
1
< max{ = pll 121 0) - ol
—c
1
< maxy ||z = pll, 7—I1f(p) = pll -
This implies that the sequence {z,} is bounded.
Also, for p € F(T),
xn+xn 1 xn_‘_xn 1
||T(T+)|| = ||T(T+)—p+]9||
Tp + Tt
< (I
xn—i_mn—l—l
< == —pll+Ilpl

IN

1
(U = a1+ lewss = ol + i
1
< max{lfos = il T 76) =il + ol

Thus {7 (*5=)} is bounded.
Moreover, we show that {f(z,)} is bounded. For p € F(T),

1@l = (1) — F) + £l
< [If@) — 7@l + 170
< dlza—pll + 1FD)]
< cmax{llos =il ;= 106) = il + 17

1—c¢
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Theorem 4.1.6 Let E be a uniformly smooth Banach space and K be a nonempty
closed convex subset of E. Let T : K — K be a nonexpansive mapping with F(T) #
and f: K — K be a c-contraction. Suppose {c,} satisfies

(A1) lim «, =0;

n—oo

(A2) > ay =00
n=1
and {p,} satisfies

(Ag) 0 < liminf 5, < limsup 5, < 1 and
n—0o0

n—oo
(A7) nlgglo |Bn+1 — Bn] = 0.

For an arbitrary x, € K, define the iterative sequence {x,} by (1.1.6). Then as
n — 0o, the sequence {x,} converges in norm to a fized point q of T, where q is the

unique solution in F(T) to the variational inequality:
(I-f)g,J(x—q) >0V e F(T).

Proof. Step 1: The iterative process (1.1.6) is

Tn + Tp
Tnp1 = 0nf(2n) + Buzn + 'VnT(T—H>

Tn+Tni1
= ann + (1 - Bn)anf(xn) _1‘_3”;( ? )

= Bozn+ (1= Bu)yn, (4.1.2)

where y, = 124~ f(z,) + lj%nT(m"Jr;"“), n € N.

From condition (Ag), we have that
0<pB,<p <1, for some B € RT,
where R* denotes the set of positive real numbers. Therefore,

1—-B,>1-8. (4.1.3)

In+Intl
2

Now f is a c-contraction while {,,} and {T'( )} are bounded sequences. These

guarantee that {y,} is bounded.
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Step 2: We show that lim ||y, — x,|| = 0.
n—oo
We need to first show that lim sup(||yns1 — Unl| — ||Zne1 — xa||) < 0. Observe that

n—o0

On+1 Yn+1 Tn+1 T Tpya
il — Yo = — o fz) + T
Ynit Y 1— Bn—I—l f( +1> 1-— Bn—I—l ( 2 )

ap, Yn Tp + Tpt1

- Opi1 . Opt1 _ Oy,
L B

Yn+1 Tn+41 + Tn+42 Tn + Tn+41
g (e )

Yn+1 Tn Ln + Tn+1
- - T
(1 - ﬁn+1 1— ﬁn) ( 2 )

- &umm—f@nm( G O

)t

1- /Bn—i-l a 1- 6n) f(x”)

1- /Bn—i-l
Yn+1 Tp+1 + Tn+42 Tn + Tp+1
- \ 7 = _-_T7(—
bt (e et T )
(1 — Opy1 — ﬁn-i-l i 1-— Ay — Bn) T(xn + xn—&—l)
1= Bu1 1— By, 2
Opt+1 Opt1 O
= T i Tn - T,))+ - Tn
L2 fana) — Sla) + (5 - 12
Yn+1 Tn+41 + Tn+42 Tn + Tn+41
- (\7( =y _T7(—1"
el (s e B )
Oy Q41 T + Tn+1
+ - T
(1 - ﬁn 11— 5n+1) ( 2 )

- On41 i 7% _ An41 xn"*‘xn—i—l N
= T ()~ flan)) 4 (72 - ) ()~ )

1 — apg1 — Botr Tpt1 + Tpyo Tp + Tpyr
T —T(——) .
T ( ) ) —T( 5 )

Therefore,

Tn + Tn+41
2

COén+1 Qp Oén+1
Yn+1 — Y < ————||Tpp1— 2 +’ —
|| n+ n” 1_5n+1|| n+ n|| 1—ﬁn 1_571—1-1

) = fan)l|

I7(

1 —api1 — 5n+1

2(1 - BnJrl)

We evaluate ||z+2 — Tpi1|-

+

(”$n+2 - 37n+1H + Hxn+1 - an) . (4.1.4)
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Tn+1 + Ln+2
H33n+2 — ivn+1|\ = |\04n+1f(33n+1) + Bug1Tng1 + %+1T(%)

— (anf(flfn) + Butn + %ﬂ%)) I

= a1 (f(Tns1) = f(20)) + (@1 — an) f(2,)

+Bn+1(xn+1 - xn) + (Bn—l—l - Bn)xn
Tpt1 + Tpio

2
M)H

(1 = 1) T (=
= s (F(nis) = F(a) + (@1 — ) f(z0)
s (Tt = 2a) + (Busr = Ba)an
(@ = @) + (B = BT
(1= Gy — ) (T2 Zeonely
= lawsr (f(nn) = () + (@ = )

X (T(w> - f(xn)> + ﬁn+1(£n+1 - 'T'fl)

) — T(M))

+77L+1 (T( 2

T, + Ty
+(ﬁn+1 - ﬁn) (xn - T(T—H>>
T, 1+xn2 :Cn—i_xnl
+(1 — apy1 — Bn—kl)(T(%) - T(T+))||
S Can—l—l”xn—kl - In” + |an - an+1|
T, +In+1
(I 4 )
Ty +xn+1

+Bni1llTni1 — ol + 1Bngr — Bal l|2n — T i

1 —api1 — BnJrl (|
2

2

[ Tny2 — Tog|| + [T — 20l]) -

Therefore, we have that

1— 1 —api —ﬁnﬂ
2

) T

1_an _ﬁn
S s e

T, + Tn+1

Hao = anal (T2 1))

+|Bn+1 - Bn| ||xn - T( 2
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Then,

L+ apy1 + Brsa 1+ Bog1 + 2c0n41 — Qpgt
2 ||xn+2 _xn+1H S 2 Hxn‘i’l _an

Tn + Ln+1

o = el (T2 1))

Tn +xn+1
+1Bns1 — Bl |20 — T(T)H-

Let My = sup {||T(=5=)[[ +[[f (@)}, Mo = sup {||z, — T(**3=)||} and
M = max{M;, My} . It follows that

1+ Bog1 + 2c0m41 — g

Tpio — Ty < Tnt1 — Tn

sz = o P = |
2’6714—1_671' ||I’ _T(-Tn"i_xn—i-l)”
1+ apir + Bpgr 2

2|a, — o] (||T(M)|| + ||f(xn)||>

1+an+1 +ﬁn+1 2
14+ Bh41 + 2c01 — 2M
< IS #2000 Gy
1+ api1 + Bosr 1+ apy1 + Brsr
X (|otn, — apsa| + | Brs1 — Bul) - (4.1.5)

By substituting (4.1.5) into (4.1.4), we get

2canq1 + 1 — apgr — Boya n 1 — any1 — Bugr

3T Brr) 21— Bro)
X 1+ Bn-i—l + 260%-1—1 — Ot
1+ apgr + B

M Qg M+ 1—api1 — Buit
11— ﬁn 11— ﬁn-ﬁ-l 2(1 - Bn-&-l)
(e o = vl + s = )
[(1 + ni1 + Boy1)(2can 1 + 1 — anyr — Bria)
2(1 = But1) (L + ang1 + Bos1)
(1 — ans1 — Bug1) (1 + Bug1 + 2ot — aqa) Wenss — zall
2(1 = Bas) (1 + angr + Buta) i "
ap, Qg1
1 - Bn 1- ﬁn-‘rl
+ 1L —api1 — Bur
(1 + anyr + Bos1)(1 = Bry1)

Hyn+1 - yn” S [

]||In+1 _an

i

+

q M

(|an - an+1| + |Bn+1 - ﬁn') M
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Thus,

(1 — g1 — Brg1) (L + angr + Brg1) + 2cani1 (1 4 apgr + Busa)
2<1 - ﬁn-i-l)(l + apt1 + Bn-l—l)
(1 = ang1 = Bns1) (1 + Bry1 + 2cani1 — ony1)

[

Tn — Tp,
2(1 — Bost) (L + Gner + Brrt) J|Znt1 — zall
n 41
™ - M
1_B” 1_ﬁn+1
1—api1 — By
+1 = Bat1 (|atn = Qnst| + [Bng1r — Bu|) M

+(1 + ant1 + Bos1) (1 = Bot)
(A= iy = Brn)(2 4 2611 + 2c041)
2(1 = But1) (1 4+ apg1 + Brsa)
2can1(1+ any1 + Bot)
2(1 = Bpi1) (1 + ang1 + Bog)
An Qn+1
e M
1— Ant1 — 5n+1
(T Gt + o) (1~ Bogy) (0 ~ st ¥ B = Bul) M
2can1(1 — a1 — Bus1) +2(1 + Bas1) (1 — g1 — Brs1)
2(1 = Bpy1) (L + a1 + Brsa)
2can1(1 + ang1 + B1)
2(1 = Bry1) (1 + ang1 + Bota

M

%41 — |

_|_

+

[

] %041 — |

n Apt1

1= Bn 1- ﬁn—&-l
1 —apy1 — Botr

+ Oy — Oy -+ ) — B, M

T+ + o)L= Bor) | a1l + [Busr — Bal)
2can 1+ (14 Bry1) (1 — apyr — Bast)

(1 = Bnr1) (1 + aps1 + Bus1)

On Opi1

- M

L= ﬁn 1- 671—&-1

1 —apy1 — Bntr
n— Hn n+1 — Pn M
+(1 + any1 + Bur1) (1 = Busa) (lan = anpa| + [Bnr1 = Bnl)

<1_( 20011 (1 — ¢) )) I

1 571-&-1)(1 + Qpg1 + Bnsr
’ On Opi1

§

||xn+1 - xn||

§

1-— QOpi1 — Bn—I—l
M - — M
i L+ any1 + Bosa (lon = anial + [Bass = Bul)

+ _
l_ﬁn ]'_Bn—&—l
2an+1(1—0>)
== ) I~z +

(1= 55257 e =l

1 —apy1 — Bntr

+(1 + Qpy1 + Bn+1>(1 — ﬁn«kl)

n Qpp1
- M
1= 6" 1-— Bn-i—l

(latn = qtner| =+ [Basr — Bal) M.

lm sup (||yns1 — Ynl| — ||Tne1 — za]]) < 0.

n—o0
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Hence, by Lemma 2.10.7, we have
lim ||y, — x,|| = 0.
n—oo

Step 3: We show that ||z, — T'z,|| — 0 as n — oo.

We observe from (4.1.2) that

Tpi1 — Tn = BuZn + (1= Bo)Yn — Tn
= (1=Bn)yn — (1 = Bn)zn
= (1= 50)(Yn — 20).
Therefore
Zni1 — zal] < (1= Bo)||yn — nl| = 0 as n — 0. (4.1.6)
Also, from (1.1.6), we obtain that
o = Tall < 1o — Bl + 21 — Tl

= ||xn - xn-i-l“ + an“f(xn) - Txn” + ﬂonn - Tmn“

Ty + Tpy1
st |
= |zn = o || + |l f(@n) = Taal| + Buollzn — Tanl|
Tp + Tpt1
+(1 = an = Ba)]] 5 - — Tp|
= |lzn = npall + anl|f(2n) = T2al| + Buollzn — Tanl|
1 — Qn _677,
Pl
By (4.1.3), we obtain that
3 Qp _677, Qp
|z = Tan|| < 2(1— 3,) |20 = o] + 1 ﬁan(xn) — Tzy|
2 = B —
+loin5||f(xn)—Tan 0 asn — oo. (4.1.7)

Step 4: For t € (0,1) and f € Ik, define the sequence {z;} by =, = tf(z;) +
(1 —1t)Tx;. By Lemma 2.9.5, as t — 0, z; strongly converges to a fixed point g of T,

which is also a solution to the variational inequality
(I =fa,J(xz—q)) >0, z € F(T).
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Using Lemma 2.9.6 and since ||z,41 — 2,|| — 0 and ||z,, — Tx,|| = 0 as n — 0 (by

(4.1.6) and (4.1.7) respectively), we get

limsup (f(q) — ¢, J(2n41 —q)) <0. (4.1.8)

n—o0

Step 5: Lastly, we prove that z,, — ¢.

s —all* = e (f(za) = £(0), T (201 — @)

+an, (f(q) = ¢, J(Tnt1 — @) + B {0 — ¢, J (Xnp1 — q))
Ty + Tnt1

#1 = an = ) (T3 = g —a)

< callrn —all lzass — all + 0 (7(0) 4. S (wnrs — @)
Bl — all lfzss —dl
L0 gl + e — gl — gl
= calles—all s — all + 0 (F0) — 0. T (s — )
Bl — all lfzss gl
O gl = pl1+ s — )
= (cant ot 25 o~ gl o —al
Ol 4 0 (@) — T — )
< D220 0 gl 4l — alP)
Ol 4 0 {0 — 0, T — )
< 1+ 8, —Ell —2c)an|| P+ 3—5n—i3—20)an||xn+l P

+an (f(q) = ¢ J(@ni1 — q)) -

Consequently, we have

1+ 8, — (1 =20,

2 2
lens —dl” = 7 By T on(3 =20 ||z — q]
4oy,
T 7 an3 20 (@) = ¢, I (@ns1 = q))
— 4(1 B C)Oén 2
B (1 a 1+5n+an(3—2c)) [l = dll
4oy,
+ - (@) = 0, T @ — ). (4.1.9)

1+ Bn + an(3 —2¢)
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By applying Lemma 2.10.6 with 7,, = 0 to (4.1.8) and (4.1.9), we deduce that z, — ¢

as n — oQ. .

Corollary 4.1.7 [107] Let K be a nonempty closed convex subset of a Hilbert space
H. Let T : K — K be a nonexpansive mapping with F(T) # 0. Suppose f : K — K
be a c-contraction. For given xo € K arbitrarily, let the sequence {x,} be generated
by

n >0, (4.1.10)

Ty + Ty

where {a,} C (0,1), {B,} C [0,1) and {v,} C (0,1) are three sequences satisfying

an 4 B+ =1 for all n > 0. Assume that {a,} satisfies (A1) and (As) and {B,}

satisfies

(Ag) 0 < liminf g, <limsupf, <1 and
n—oo

(As) lim (Buir — ) = 0.

Then the sequence {x,} generated by (4.1.10) converges strongly to p = Prep) f(p).

4.1.3 Application to accretive mappings

Let E be a real Banach space and K be a nonempty closed convex subset of F.
The set of zero of an accretive mapping A is denoted by A71(0), that is A71(0) =
{2 € D(A) : A(z) = 0} . We denote the resolvent of A by JA = (I +rA)~! for each
r > 0 ([7], [87]). It is known that if A is m-accretive then J4 : E — D(A) is
nonexpansive and F(J4) = A~1(0) for each r > 0. Consequently, we can deduce the

result below from Theorem 4.1.6.

Corollary 4.1.8 Let K be a nonempty closed convexr subset of a uniformly smooth
Banach space E and f : K — K be a c-contraction. Let A: K — K be an accretive
mapping such that R(I +rA) = E for all v > 0 with A~'(0) # 0. Suppose {a,}

satisfies

(Ay) lim «, = 0;

n—oo

(Ag) Zan =0
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and {p,} satisfies

(Ag) 0 < liminf 5, < limsup 5, < 1 and
n—o0

n—00
(A7) lim |Bo1 — Ba| = 0.
n—00

For an arbitrary x; € K, define the iterative sequence {x,} by

where {a,} C (0,1), {B.} C [0,1) and {v,} C (0,1) are real sequences satisfying
an+ PBn+ v =1V neN. Then as n — oo, the sequence {x,} converges in norm

top € A7Y0), where p is the unique solution to the variational inequality:

(I— fp,J(x—p)) >0V xeA0).

4.1.4 Application to variational inequality problems

Let H be a Hilbert space with inner product (.,.). Let K be a nonempty closed
convex subset of H and A : K — H be a nonlinear mapping. The variational

inequality problem is finding z* € K such that

(Az*,xz —2*) > 0 for all z € K. (4.1.12)

We denote the set of all solutions of the variational inequality (4.1.12) by VI(K, A).
We shall consider the system of general variational inequalities in Banach spaces re-
cently introduced by Katchang and Kumam [63]. Given two operators Ay, Ay : K —
E, where E is a real Banach space, where K is a nonempty closed convex subset F.

The authors considered the problem of finding (z*,3*) € K x K such that

oAy ot -yt (e —2%) >0, Veek,
(o +a° e ) s,
(g Aoy* +2* —y*,j(xr —2*)) >0, VzeK,

where oy and ay are two positive real numbers and j(z — z*) € J(x — z*). Recall

that a nonlinear mapping A : K — F is called u-inverse strongly accretive if there

exist j(z —y) € J(x —y) and p > 0 such that
We need the two Lemmas below to establish our next result.
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Lemma 4.1.9 [59]. Let K be a nonempty closed convex subset of a real Banach
space E and let ay, a0 > 0 and Ay, Ay : K — E be two mappings. Let G : K — K
be defined by

G(x) = Sk[Sk(z — apAox) — 0y A1 Sk (x — awAsx)], Vo € K,

where Sk is a sunny nonexpansive retraction from E onto K. If I — a1 Ay and

I — asAs are nonexpansive mappings, then G is nonerpansive.

Lemma 4.1.10 [63] Let K be a nonempty closed convex subset of a real smooth
Banach space E. Let Sk be a sunny nonexpansive retraction from E onto K. Let
A, Ay 0 K — E be two nonlinear mappings. For given z*,y* € K, (z*,y*) is
a solution of problem (4.1.13) if and only if x* = Sk(y* — a1 A1y*) where y* =
Sk (x* — agAgx™).

Corollary 4.1.11 Let K be a nonempty closed convexr subset of a 2-uniformly
smooth Banach space E and f : K — K be a c-contraction. Let A1, Ay : K — E be
two possibly nonlinear mappings and G be a mapping defined in Lemma 4.1.9 with
F(G) # 0. Let Sk be a sunny nonexpansive retraction from E onto K. Suppose {a,, }

satisfies

(A;) lim «, =0;

n—oo

(As) Z ap, = 00
n=1
and {p,} satisfies

(Ag) 0 < liminf 5, <limsup 5, <1 and
n—o0

n—oo
(A7) lim |Bur = Bal = 0.

For an arbitrary x, € K, define the iterative sequence {x,} by

(

LTnt1 = Oénf(xn) + ﬁnxn + YnYn,
Yn = SK(un - alAlun)7

(4.1.14)
Up = Sk (vn — 2 Ajvy,),
_ Tntxn
| v = Intlnsl
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where {a,,} C (0,1), {B.} C [0,1) and {v,} C (0,1) are real sequences satisfying
an+ P+ =1V neN. Then as n — oo, the sequence {x,} converges in norm

to a fized point p of G, where p is the unique solution to the variational inequality:
(L = fp, J(x —p)) 20V z € F(G).

Remark 4.1.12 Nonlinear mappings that satisfy Theorem 4.1.11 are readily avail-
able. Let L be the 2-uniformly smooth constant of a 2-uniformly smooth Banach
space and A1, Ay : K — FE be uq-inverse strongly accretive and ps-inverse strongly
accretive, respectively. If 0 < oy < % and 0 < ay < %, then I —ay Ay and I — ap Ay

are nonexpansive [59].

4.1.5 Numerical examples

Example 4.1.13 Let R be the real line with the Fuclidean norm. Let f,T : R — R
be maps defined by f(x) = 32 and T(x) = 2 — x for all x € R, respectively. It is
clear that T is a nonexpansive mapping and F(T) = {1}. Let {z,} ,{yn} and {x,}
be the sequences generated by (1.1.10), (1.1.5) and (1.1.6) respectively. We find
that {z,},{yn} and {x,} strongly converge to 1 (by [76], Theorem 4.1.1 of [104]

and Theorem 4.1.6, respectively). Take o, = n€Nin (1.1.10) and (1.1.5).

2
4n+57
Notice that the parameters in (1.1.6) are arbitrary sequences satisfying the conditions

stated in Theorem 4.1.6. Therefore, the sequence {cv,} in (1.1.6) is not necessarily

the same as the one in (1.1.10) and (1.1.5). Thus, for the iterative scheme defined

by (1.1.6), we choose o, = ﬁ,ﬁn = 47;145 and ~y, = 4215 for alln € N. One can
rewrite (1.1.10), (1.1.5) and (1.1.6) as follow:
2n+1 2
ntl = n ; 4.1.15
n 2n—|—32 +2n+3 ( )
dn + 2 4(4n + 3)
ntl = — n , 4.1.16
I T T on 137 120+ 13 (4.1.16)
17 -2 12
Tog1 = n " (4.1.17)

2(1n+10) " T Tin 110

Using Matlab 2015a and by taking z; = y; = x; = 0, the results for (4.1.15), (4.1.16)
and (4.1.17) are displayed in Table 4.1.1 and Figure 4.1.1. The graphs show that

the three algorithms converge to 1 with the iterative algorithm (1.1.6) having the
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Figure 4.1.1: Comparison of the rates of convergence for the iterative schemes

(1.1.10), (1.1.5) and (1.1.6) with different values for ay,.

highest rate of convergence for the viscosity implicit midpoint rule. Therefore, it is

the most efficient among the three algorithms.

Remark 4.1.14 [t is worth of mentioning that the efficiency of (1.1.6) depends on

the choice of suitable control parameters.

The next example displays the result where «,, is the same for all the three

iterative schemes.

Example 4.1.15 Let f and T be as defined in FExample 4.1.13. Then for the iter-

ative scheme defined by (1.1.6), choose «,, = Tiswﬁn = 4’;;15 and v, = igig for all

n € N. The equation (4.1.17) then becomes

1—n 4(3n + 2)
T+l = T .
2(11n +12) 11n + 12

(4.1.18)

The results are presented in Figure 4.1.2 and Table 4.1.2 with the algorithm (1.1.5)

having the highest rate of convergence.

The next example compares the convergence rate where where «, is greater for

(1.1.6).
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Table 4.1.1: Comparison of the rates of convergence for the iterative schemes

(1.1.10), (1.1.5) and (1.1.6) with different values for a,.

iteration Zn, Yn T
(n) e-01 e-01 e-01
1 0 0 0
2 4.000000 11.20000 5.714286
3 0.714286 8.864865 8.660714
4 6.666667 9.712079 9.479859
5 7.272727 9.593157 9.678877
6 7.692308 9.711651 9.751940
7 8.000000 9.735260 9.794472
8 8.235294 9.772600 9.824043
9 8.421053 9.795703 9.846041
10 8.571429 9.816226 9.863092
11 8.695652 9.832470 9.876711
12 8.800000 9.846251 9.887849
13 8.888889 9.857882 9.897130
14 8.965517 9.867896 9.904986
15 9.032258 9.876586 9.911723
16 9.090909 9.884206 9.917565
17 9.142857 9.890939 9.922679
18 9.189189 9.896932 9.927194
19 9.230769 9.902301 9.931210
20 9.268293 9.907139 9.934805

73



Table 4.1.2: Comparison of the rates of convergence for the iterative schemes

(1.1.10), (1.1.5) and (1.1.6) with same value for .

iteration Zn, Yn T
(n) e-01 e-01 e-01
1 0 0 0
2 4.000000 11.20000 8.695652
3 5.714286 8.864865 9.156010
4 6.666667 9.712079 9.370844
5 7.272727 9.593157 9.497991
6 7.692308 9.711651 9.582210
7 8.000000 9.735260 9.642166
8 8.235294 9.772600 9.687045
9 8.421053 9.795703 9.721907
10 8.571429 9.816226 9.749772
11 8.695652 9.832470 9.772558
12 8.800000 9.846251 9.791537
13 8.888889 9.857882 9.807591
14 8.965517 9.867896 9.821348
15 9.032258 9.876586 9.833268
16 9.090909 9.884206 9.843696
17 9.142857 9.890939 9.852897
18 9.189189 9.896932 9.861074
19 9.230769 9.902301 9.868389
20 9.268293 9.907139 9.874973

74



15
2(n)=9.266293¢-01
oo y(n)=9.907139e-01
e x(n)=0.874073e-01
a
T ﬁiﬁﬁém&?*ﬁ*@********
XI: *
ol
I
=
05
0 —— ' : : ' ' I I I
0 2 4 & 8 10 12 14 16 18 20
n-th iteration

Figure 4.1.2: Comparison of the rates of convergence for the iterative schemes

(1.1.10), (1.1.5) and (1.1.6) with same value for a,,.

Example 4.1.16 Let f and T be as defined in Example 4.1.13. Then for the iter-

n+1
4An+5

and ~y, = 4215 for all

' 4
ative scheme defined by (1.1.6), choose «,, = T On =
n € N. The equation (4.1.17) then becomes

4 —n 12n

n_oy i 4.1.19
2(1n+ 100" " Tn+ 10 (4.1.19)

Tnt+1 =

The results are presented in Figure 4.1.3 and Table 4.1.3 with the algorithm (1.1.5)

having the highest rate of convergence.

Example 4.1.17 Let £ = R? with the usual norm and f,T : R> — R? be defined

by f(z) = %x and T(z) = 0 for all z = (x1,75) € R? respectively. Take o, =
ﬁ,ﬁn = %1 — 4n1+5 and vy, = 4%42121:;) for all n € N. Observe that o, 5, and v,

satisfy the conditions of Theorem 4.1.6 and T is nonexpansive. Indeed, for x,1y € R?
[Tz =Tyl =0 < |z -yl

Also, it is obvious that F(T) = {0}. Therefore, {x,} strongly converges to 0. A
simple computation shows that (1.1.6) is equivalent to:

in+9

S LA 4.1.20
LT dan 15y (4.1.20)
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Figure 4.1.3: Comparison of the rates of convergence for the iterative schemes

(1.1.10), (1.1.5) and (1.1.6) where «, is greater for (1.1.6)

12

— 8 —x1(n}
—# — x2(n}| |

40

0a8r

02r
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n-th iteration

Figure 4.1.4: Two dimensional figure for (4.1.20).
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Table 4.1.3: Comparison of the rates of convergence for the iterative schemes

(1.1.10), (1.1.5) and (1.1.6) where «,, is greater for (1.1.6)

iteration Zn, Yn T
(n) e-01 e-01 e-01
1 0 0 0
2 4.000000 11.20000 5.714286
3 0.714286 8.864865 7.857143
4 6.666667 9.712079 8.554817
5 7.272727 9.593157 8.888889
6 7.692308 9.711651 9.094017
7 8.000000 9.735260 9.234368
8 8.235294 9.772600 9.336746
9 8.421053 9.795703 9.414827
10 8.571429 9.816226 9.476384
11 8.695652 9.832470 9.526181
12 8.800000 9.846251 9.567303
13 8.888889 9.857882 9.601842
14 8.965517 9.867896 9.631264
15 9.032258 9.876586 9.656630
16 9.090909 9.884206 9.678726
17 9.142857 9.890939 9.698147
18 9.189189 9.896932 9.715351
19 9.230769 9.902301 9.730698
20 9.268293 9.907139 9.744473
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Table 4.1.4: Values of iteration for (4.1.20).

iteration (n)

x1(n)

xo(n)

© o0 N O Ot ke W N

—_
e}

1.0
3.611111e-01
1.180556e-01
3.645833e-02
1.085069¢-02
3.146701e-03
8.951823e-04
2.509223e-04
6.951226e-05
1.907349e-05

1.2
4.333333e-01
1.416667e-01
4.375000e-02
1.302083e-02
3.776042e-03
1.074219e-03
3.011068e-04
8.341471e-05
2.288818e-05

Choosing the initial point for (4.1.20) to be (1.0,1.2), Table 4.1.4 and Figure 4.1./
show the results from the Matlab 2015a.

Conclusion 4.1.18 We have considered the implicit midpoint rule of nonexpansive
mappings, using the wviscosity approximation method in the framework of Banach
spaces. Qur method of proof is of independent interest and our result extends the
main result of Yao et al. [107] to uniformly Banach spaces. The numerical ezamples
show the application of our work and the efficiency of the algorithm over the existing
ones. Moreover, we obtained the results of Xu et al. [104], Yao et al. [107] and Luo
et al. [72] as corollaries. It is observed that the iterative scheme (1.1.6) converges

faster than (1.1.5) with the following two conditions:
(i) The value of o, in (1.1.6) is less than the value of o, in (1.1.5);

(i) The sum of values of o, and vy, in (1.1.6) is greater than the value of cv, in

(1.1.5).
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4.2 On the rate of convergence of viscosity implicit

iterative algorithms

4.2.1 Background

In 2000, Moudafi [76] introduced a well-known iterative method known as the vis-
cosity approximation method for approximating fixed points of a nonexpansive map-
ping. Later in 2004, Xu [102] applied a technique which uses (strict) contractions
to regularize a nonexpansive mapping for the purpose of selecting a particular fixed
point of the nonexpansive mapping and studied the sequence (1.1.1). Xu [102]
showed that under suitable conditions imposed on the parameters, the iterative se-
quence {z,} -, generated by (1.1.1), converges strongly in Hilbert spaces to a fixed
point p of a nonexpansive mapping 7" which also solves the following variational
inequality (1.1.2). Recently, Xu et al. [104] introduced the implicit midpoint proce-
dure (1.1.5). They proved a strong convergence theorem for the sequence {z,}
to a fixed point p of T which also solves the variational inequality (1.1.2) in Hilbert
spaces. Yao et al. [107]| extended the work of Xu et al. [104] and considered the
implicit midpoint sequence (1.1.6). Under certain conditions on the parameters,
they obtained that the sequence {z,} -, generated by (1.1.6) converges strongly to
p = Prr) f(p). In other words, the sequence {z,},, generated by (1.1.6) converges
in norm to a fixed point p of T', which is also the unique solution of the variational
inequality (1.1.2).

Luo et al. [72] studied the convergence of the sequence (1.1.5) in uniformly
smooth Banach spaces. Furhermore, they used a numerical example to compare the
rate of convergence of the sequences (1.1.1) and (1.1.5). Also, numerical methods
were used by Aibinu et al. [6] to compare the rate of convergence of the iteration
procedures (1.1.10), (1.1.5) and (1.1.6) in uniformly smooth Banach spaces. Ke
and Ma [65] chose {d,,}.-, C (0,1) and generalized the viscosity implicit midpoint

2The results of this section are contents of the following paper

M.O. Aibinu [1]
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rules of Xu et al. [104] and Yao et al. [107]| to the two viscosity implicit rules
(1.1.7) and (1.1.8). It was shown that the sequences generated by (1.1.7) and (1.1.8)
converge strongly to a fixed point p of the nonexpansive mapping 7', which solves
the variational inequality (1.1.2). Extension of the main results of Ke and Ma [65]
from Hilbert spaces to uniformly smooth Banach spaces was considered by Yan et

al. [106]. Then, the following questions arise naturally:

Question 4.2.1 Do the sequences (1.1.7) and (1.1.8) which are respectively given
by

Tonr1 = o f(zy) + (1 — )T (0 + (1 — 0p)xpy1), n €N,
and

Yn+1 = Oénf(yn) + ﬁnyn + /VnT (5nyn + (1 - §n)yn+l) , N € N7

always converge to the same fized point of a nonexpansive mapping?

Question 4.2.2 Do the results of Ke and Ma [65] hold for finite combination of
nonexpansive mappings, composition of finite family of nonexpansive mappings and

monotone mappings?

In this section, an affirmative answers are given to those questions raised above.
Under suitable conditions imposed on the control parameters, the analytical proof is
given to show that the two sequences converge to the same fixed point of a nonexpan-
sive mapping. Moreover, it is shown analytically that the sequence (1.1.8) converges

faster than (1.1.7) in approximating a fixed point of a nonexpansive mapping.

4.2.2 Main results

Here, the analytical proof is given to ascertain that the implicit iterative sequences

(1.1.7) and (1.1.8) converge to the same fixed point of a nonexpansive mapping,.

Theorem 4.2.3 Let K be a nonempty closed convex subset of a uniformly smooth
Banach space E, T a nonexpansive self-mapping defined on K with F(T) # 0 and
[+ K — K, a c-contraction mapping. Giwen that {a,} —, ,{Bn}oy and {ym}

are sequences in [0, 1] with
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((Z) Oén"i_ﬁn"i_ﬁ)/n:l;

(b) Zan = O0;

(c) lim Pn = 0.

n—00 Yy,

Then (1.1.8) converges in norm to p if and only if (1.1.7) converges in norm to p.

Proof.
We show that (1.1.7) and (1.1.8) converge to the same fixed point of a nonex-

pansive mapping 7.

||yn+1 - l‘n—&—l“ = Hanf<yn) + Buyn + ’YnT((snyn + (1 - 5n)yn+1)
—(anf(zn) + (1 — )T (0nxn + (1 = 0p)Tn41)) ||
= Nlan(f(yn) = f(x0)) + Bu(yn — T(0n7n + (1 = 6n)Tny1))

Y (T(6nYn + (1 = 0n)Ynt1) — T(6nwn + (1 = 6n)Tny1)) ||

< anllf(yn) = f@)ll + Ballyn — T(6p2n + (1 — 0n)@nt) |
Y0 (1T 00y + (1 = 0n)¥Yns1) — T(0nn + (1 — 6p) 2041

< can|lyn — Tl + B 0 — T(0nn + (1 = 8p)znt1)|]
90 100 (Yn — 2n) + (1 = 00) (Ynt1 — Tpp1) ||

< canllyn — @all + Bu Y0 — T(6p2n + (1 = 63) 01|
Y00 [Yn = Tall + 10 (1 = 6a) Y41 — Tt ]

< (can +1m0u)[Yn — Tl + B lyn — T(Onn + (1 = 8p)2n11)]]

+9n(1 = (5n>||yn+1 - ffn-q—l”-

Since {y,} -, and {T'(0,z,, + (1 — 6,)xp41)}, -, are bounded [106], let
M = sup ||yn, — T(0p2n + (1 — 0,)@p11)| - Then,
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s =l € Ty = |
—(1—

e e a3
. 1+_15”§n(<11 ?j‘"n ~ i+ M
(== xnr|+1_%ﬁ<’{_5n>M
e
= (1_1—2;ffn )H% QMH+1—7£$—%fW
- (- )H% ol + T
- <1—an>||yn xn||+manM, (4.2.1)
R B,

Notice that limsup — < 0. Then, we can apply Lemma

1= (1=0n)" n—oo O

2.10.6 with ~,, = 0 to (4.2.1) in order to deduce that ||y, — x,|| — 0 as n — oc.

where o0, =

Furthermore, suppose ||z, — p|| — 0 as n — 0o, we have that
lyn =2l = llyn — 20 + 20 = pll < [lyn — || + |l2n — pl| = 0 as n — co.
Similarly, suppose ||y, — p|| = 0 as n — oo, we have that

lzn =PIl = o = v+ yn = 2l < |20 = ynll +[lyn = pll = 0 as 0 — .

4.2.3 Applications

The results in this section show an improvement on and generalization of the main
results of Xu et al. [104], Yao et al. [107] and Ke and Ma [65]. It will be assumed
that the real sequences {au} -, {Butreis {mtey € [0,1] and {d,} —, C (0,1)

satisfy the following conditions:

(i> an+ﬁn+7n:1a
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o
(i) lim o, =0, E ay, = 00,
n—oo 1
n=

(iii) lim [By41 — Bnl =0, 0 <liminf g, <limsupf, <1,
n—00 n—r00

n—oo

(iv) 0 <e <, <dpr1 <1foralneN.
(I) Finite combination of nonexpansive mappings

The proof of the proposition below is given in Wong et al. [99].

Proposition 4.2.4 Let K be a nonempty closed convexr subset of a strictly convex

and uniformly smooth Banach space E and let 6; > 0 (i = 1,2,...,r) such that
Z 0; =1. Let T\, Ty, ..., T, : K — K be nonexpansive mappings with Ni_, F(T;) #

i=1
0 and let T = Z@TZ Then T is nonexpansive from K into itself and F(T) =

=1

Ni F(T5).
Therefore, we have the following result.

Corollary 4.2.5 Suppose K is a nonempty closed convex subset of a strictly convex

and uniformly smooth Banach space E, f : K — K s a c-contraction and let 6; > 0

(i =1,2,...,1) such that Z@i = 1. Let T1,T5,...,T, : K — K be nonexpansive
i=1

mappings with N_ F(T;) # 0. Then the iterative sequence {x,}, -, which is defined
from an arbitrary x1 € K by
Tyt = 0nf(@n) + Bt + 9 D OT; (Onzn + (1= 0p)Tnp),  (422)
i=1
converges strongly to a fized point p € Ni_,F(T;), which solves the variational in-
equality
(I = fp, J(x —p)) 20, for all x € Ni_F(T;). (4.2.3)
Proof. Define T' := Z 0;T;. 1t suffices to show that T is a nonexpansive mapping

i=1

and N;_, F(T;) € F(T). This is true by by Proposition 4.2.4. |

(II) Composition of finite family of nonexpansive mappings
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Corollary 4.2.6 Suppose K is a nonempty closed convexr subset of a uniformly
smooth Banach space E and {Tt}i\;l a finite family of nonexpansive self-mappings
of K such that F := NN, F(T}) # 0. Let f : K — K be a c-contraction. Then the

iterative sequence {x,} -, which is defined from an arbitrary x, € K by
Tny1 = uf(2n) + Butn + Y INTN T2 T (62 + (1 — 60)Tnst)

converges strongly to a fized point p € F, which solves the variational inequality

(I = fp,J(x—p)) >0, forallz € F. (4.2.4)
Proof. It is known that a composition of finite family of nonexpansive self-
mappings {7} }, on K is nonexpansive with F(T) 2 NN, F(T;) # 0. |

(III) Monotone mappings

Let E be a real Banach space with the duality pairing (.,.) and norm ||.||. The dual
of F is denoted by E*. Let A be a set-valued mapping and denote the domain and
range of A by D(A) and R(A), respectively. Monotone mappings have been studied
extensively (see, e.g., Bruck [21], Chidume [24], Martinet [74], Reich [87], Rockafellar
[89]) due to their role in convex analysis, in nonlinear analysis, in certain partial
differential equations and optimization theory. For a maximal monotone mapping

A: D(A) — 2F" (Kohsaka and Takahashi [57]), one can define the resolvent of A by
Jr = (J+tA)I t>0. (4.2.5)

It is well known that JA : E — D(A) is nonexpansive, and F(J#) = A7(0), where
F(J;) denotes the set of fixed points of J;.

We can then have the following.

Corollary 4.2.7 Suppose K is a nonempty closed convexr subset of a uniformly

smooth Banach space E, f : K — K is a c-contraction and let0; >0 (i =1,2,...,r)
such that Z 0; =1. Let A; C E X E* be a family of maximal monotone mappings
i=1
with resolvent Ji* for t > 0 such that Ni_,A;7'0 # 0. Then the iterative sequence
{xn}2 | which is defined from an arbitrary x, € K by
Tp+1 = anf(xn) + Bn'rn + Tn Z HthAZ (6711771 + (1 - 5n)xn+1> 5

i=1
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converges strongly to a unique solution p € Ni_; A;7*0, which solves the variational

mequality:
find p € N_A7'0 such that ((I — f)p, J((x —p)) >0 for all x € Ni_, A;10.

Proof. Define T := Zé’thA ‘. Then T is nonexpansive self-mapping of K and
i=1

F(T) 2 Mo, F(T:) # 0. n
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CHAPTER 5

Implicit iterative procedures based on generalized contractions

We study the implicit iterative procedures which are based on generalized contrac-
tions. The implicit iterative procedure is examined for approximating the fixed
points of a class of p-strictly pseudo-contractive mapping. A new implicit itera-
tive procedure based on generalized contractions is also introduced for the class of

nonexpansive mappings.

5.1 The implicit iterative algorithms of strictly pseudo-

contractive mappings in Banach spaces

5.1.1 Background

Let K be a nonempty, closed and convex subset of a real Banach space E and
f: K — K a contraction. T': K — K is said to be a u-strictly pseudo-contractive

mapping if there exists a fixed constant p € (0,1) such that

(T(u) = T(v), j(u—v)) < flu—o|* = pll(I = T)u— (I = T)o|’, (5.1.1)
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for some j(u —v) € J(u —v) and for every u,v € K. For some j(u —v) € J(u — v)

and for every u,v € K, (5.1.1) can be written as
(I =T)(w) = (I = T)(v), j(w = v)) = pl| (T = Thu— (I = T)o|[* (5.1.2)

A recent research interest to many authors is the viscosity implicit iterative algo-
rithms for finding a common element of the set of fixed points for nonlinear operators
and also the set of solutions of variational inequality problems (see [65], [76], [102],
[104], [107] and the references therein). Following the ideas of Attouch [14], in 2000,
Moudafi [76] introduced the viscosity approximation method for nonexpansive map-
ping in Hilbert spaces. Refinements in Hilbert spaces and extensions to Banach
spaces were obtained by Xu [102]. Recently, Xu et al. [104] introduced the im-
plicit midpoint procedure (1.1.5). They proved a strong convergence theorem in
a Hilbert space for the implicit midpoint sequence (1.1.5) to a fixed point p of a
nonexpansive mapping 7', which also solves the variational inequality (1.1.2). Yao
et al. [107]| extended the work of Xu et al. [104] and studied the implicit midpoint
sequence (1.1.6). They showed that the implicit midpoint sequence {z,} -, gener-
ated by (1.1.6) converges strongly to p = Pp(r)f(p) under certain conditions on the
parameters, where F'(T)) is the set of fixed points of a nonexpansive mapping 7' In
other words, the implicit midpoint sequence {z,} -, generated by (1.1.6) converges
in norm to a fixed point p of a nonexpansive mapping 7', which is also the unique
solution of the variational inequality (1.1.2). Choosing {d,} ~, C (0,1), Ke and Ma
[65] generalized the viscosity implicit midpoint rules of Xu et al. [104] and Yao et al.
[107] to (1.1.7) and (1.1.8) respectively. Yan et al. [106] replaced strict contractions
by the generalized contractions and established the main results of Ke and Ma [65]
in a uniformly smooth Banach spaces. The sequence {z,} -, generated by (1.1.8)
is proved to converge strongly to a fixed point p of a nonexpansive mapping T
which solves the variational inequality (1.1.9). The previous works in this direction

generate the following natural questions:

Question 5.1.1 How to extend the results of Ke and Ma [65] and Yan et al. [106]

to the more general class of p-strictly pseudo-contractive mappings?

Question 5.1.2 Does there exist any implicit iterative algorithm which converges
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strongly to fixed points of a p-strictly pseudo-contractive mapping in uniformly smooth

Banach spaces?

Motivated by the previous works, we seek to improve on the existing results in
this direction. Precisely, for a nonempty closed convex subset K of a uniformly

smooth Banach space E and for real sequences {0, }, C (0,1) {{91 Zo 1}? )

[0, 1] and {{B%},~ 1} C [0, 1] with 8}, 33 = 0 such that ZH’ =1 and Zﬁz =1,

we introduce a new viscosity iterative algorithm of anh(:lt rules from an arbltrary

x1 € K as follows
Ty = 02 f(2n) + 022, +02S,(0pn + (1 — 8,)7011), (5.1.3)

where S,z = 81Q(x) + B2z + B3T(x), f : K — K is a generalized contraction,
@ : K — K is a contraction and T : K — K is a pu-strictly pseudo-contractive
mapping. The iterative sequence given by (5.1.3) generalizes the existing schemes
and we use the method of Yan et al. [106] to show that it converges strongly to

a fixed point p of T, which is also a solution to the variational inequality problem

(1.1.9).

5.1.2 Main results

Definition 5.1.3 Let K be a nonempty closed convex subset of a uniformly smooth

Banach space E and f : K — K a generalized contraction. Let T be a p-strictly

pseudo-contractive mapping defined on K and Q) : K — K a contraction with F(T)
F(Q) # 0. Assume that the real sequences {&,}o—, C (0,1), {{6:}.- 1}

and {{B’ e 1} C [0,1] with Bk, 32 # 0 satisfy the following conditions:

3 3
(i) > 6,=1, > B =1
i=1 =1

.. . 1 1
(ZZ) TLIL)IEO en - 07 Zlen = 00,
(1i1) hm 02, — 02 =0, 0< hrIng)lf 02 < hin—i}ip 02 <1,

. : 1 _nl — : 3 _nR3 —
(ZU) nh_>nololﬁn+l 6n| 07 7}1—>H010‘/6n+1 6n| 07
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(v) 0<e€<0, <0pt1 <1 forallneN.

We shall study the convergence of the iterative scheme (5.1.3) under the conditions

(1)-(v) of Definition 5.1.3.

We show that the scheme is well defined. Firstly, let ¢g € [0, 1] be the contraction

constant of ), then for all y, 2z € K,

15u(y) = Su(2)II* =

IN

IN

IN

<

1B:Q() + B2y + B3T(y) — BLQ(=) — 22 — BT (=)
181Q() — Q(2)) + B2y — 2) + BT (y) — T(2))|
Ba(Qy) = Q(2), J(y—2)) + B2y — 2, J(y—2))
+B3(T(y) — T(2), J(y - 2))

BUIQM) — Q)ly — Il + B2lly — =

+62 (ly — 217 = wll(I = T)y — (I = T)z|*)

Bleqlly — 211> + B2lly — 2|1

(1= B =32 (ly — 2l = (T = T)y — (I = T)=|]”)
Blly — II* + B2lly — 2II* (since cq € [0,1])

+(1 =B = B2 (ly — 2I” = ull (T = T)y — (I = T)z|?)
ly —=l* — (1= B2 = B2l = T)y — (I — 1)z

2
ly = 2[I°.

Next is to show that for all v € K, the mapping defined by

z— T,(x):

= OLf(v)+ 020+ 02S, (6,0 + (1 —6,)x) (5.1.4)

for all € K is a contraction with a contractive constant (1 —e€) =: 6 € (0,1).

Clearly, for all y,z € K,
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1T (y) = To(2) |l O 11Sn (8nv + (1 = 0n)y) — S (v + (1 — 6n)2) |

< O (1600 + (1 = 8n)y) — (G0 + (1= 6,)2)

< 0,1 =dn)lly — 2|

< (I =du)lly —=|

< A=9lly—=|

= dlly — = (5.1.5)

Thus, (5.1.3) is well defined since T, is a contraction and by Banach contraction
principle, T, has a fixed point. Observe that for each n € N, z € F(T) N F(Q) =
z € F(S,). So, F(T)NF(Q) C F(S,) # 0. Indeed, suppose z € F(T) N F(Q), then

Snr = BaQ(x) + Brx + BT (x)
= Blr+ pir+ Bl
= (Br+ B+ B

= X.

Thus, x € F(S,).
We give and prove the following lemmas which are useful in establishing our

main result.

Lemma 5.1.4 Let E be a uniformly smooth Banach space and K be a nonempty
closed convex subset of . Let T : K — K be a u-strictly pseudo-contractive mapping
and suppose that f : K — K s a generalized contraction and QQ : K — K 1is a
contraction with F(T) N F(Q) # 0. For an arbitrary x, € K, define the iterative

sequence {x,} | by
Lnt1 = erLf(In) + Qixn + eisn(énxn + (1 - 5n)xn+1>7 (516)

Then the sequence {x,} -, is bounded under the conditions (i)-(v) of Definition
5.1.5.
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Proof. We show that the sequence {z,} - is b

ounded. Let z, := d,2, + (1 —

On)xny1 and recall that ¢(t) :==t — 1 (¢t) for all t € R*. Then for p € F(T) N F(Q),

201 =2l = 05 f(2n) + Onan + 05802, — pl|
= |10, (f(z0) = f(0)) + 0y (f(0) = p) + O (w0 — p) + 05 (Snzn — D)
< Oullf(@n) = FOI + 0,05 (p) = pll + 62|20 — pll + 0, [|Snzn — pll
< Op¥llzn — pll + 0,11 (p) — pll + O3]z, — pll
+0;, (On|z = pll + (1 = Gnp1) [ 2ns1 — 1)
< Opllzn = pll + 041l f(p) — pll + O3l — pll
+025n||xn —pll + 6’2(1 — Ont1)|Tns1 — pll-
Consequently,
(1= 05(1 = 60)) llznir —pf < (917? + 02+ 60:0,) 1w — pll + 0,11 (p) — pll
(CR On = 03) + 0,0,) 12 — pll + 0411 f ()
= (1-6,(1-9 —e,i<1—w>) [ =l + 041 f (p)
= (1=03(1=0,) = 0,9) |z — |l + 0,11/ (p) — pl|-
Observe that 1 — 63(1 — d,) > 0 since {{6.},~ 1}1 L 10nt2y C (0,1). Therefore,
we have
P . e ) e P
Tt TP = T s,y P
1
91 1
1 _ n _ n _
(1= gl Y llow =+ == 1)
0,0 0,9 1
1 _ n _ n . — _
(1= g ) b = ol g 07150
< max {|lz, —pl, o7 f() —pl}-
Thus, by the induction, we have
[2n41 = pll < max {|lz1 —pll, ¢~ f(p) —pll} -

91
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This implies that the sequence {z,, } - | is bounded and hence {S,, (6,2, + (1 — 05)Tnt1) ooy
and {f(z,)} —, are also bounded.

For p e F(T)N F(Q),

150 (Onn + (1 = 6n)Tns1) | = [[Sn (6n2n + (1 = 0p)Tny1) — 0+ 1|

IN

HSn (Onzn + (1 - 5n)5€n+1) - Snp” + ||p||

IN

1600 + (1 = 6n) 201 — pll + [Pl

IN

Onll@n — pll + (1 = 0n) |02 — pll + [Ipll

max {||lz1 —pl|, ¢~I[f(p) —plI} +lp|| (by induction).

IN

The boundedness of {S,} ~, implies that @ and T are also bounded siince S,, is

defined in term of () and T. Moreover,

[f @)l = f(zn) = f(p) + F) < Yllzn —pll + 1F (D)
< max {¢[jz1 —pll, vo'[|f(p) —pll} + [[f(P)I] (by induction).

Lemma 5.1.5 Let E be a uniformly smooth Banach space and K a nonempty closed
convex subset of . Let Q) : K — K be a contraction, T : K — K a p-strictly
pseudo-contractive mapping and {0,} —, is a real sequences in (0,1). Define z, :=

OnZn+(1—0,)Tny1 and let My = max {sup T () — znll, sup||Q(zn) — zn||} . Then

n
[Snt12n11 = Snznll < OnllTnis — 2l + (1 = 6ng) [ Tns2 — T ||

+ (1Bn1 = Bul + 18341 = Bal) My for alln € N.

Proof. It is known that {z,} -, is bounded since {z,} -, is a bounded sequence.

Notice that

[2n41 = znll = 01101 + (1 = 6ni1)Tnga — (0nZn + (1 = 0p) 20 i) ||
= ”5n+1xn+1 + (1 - 5n+1)xn+2 - 5nxn - (1 - 6n>xn+1“
= ||(1En+2 - an_H) - n+1($n+2 - xn—f—l) + 5n(xn+1 - an)H

= ||0n(Tni1 — 2n) + (1 = Ong1) (Tnya — xn-ﬁ-l)H

IA

5n||xn+1 - an + (1 - 5n+1)”xn+2 - xn+1||~ (5'1-8>
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Then

[Sn412n41 = Snznll = [[Snt12n41 = Snt12n + Sna12n — Snznl
< lznar = 2all + 18541Q(20) + Bisi2n + Bt T(20)
—B2Q(20) = Brzn — BT (20) |
= |lzntr = zall + 1Bai1@(z0) + (1 = Bryr = Bri1)zn + Baia T(2n)
—B,Q(2n) — (1= By = B2z — BT (2|
= lznt1 = zall + 18a41(Q(20) — 20) + 20+ Bry1 (T (20) — 20)
—Ba(Q(20) = 2n) = 20 — Ba(T(20) — 20) |
= |lzar1 = 2all + [1(Brsr = Bu)(Q(z0) — 20)
+(Bpsr = B)(T(z0) — 20
Onllni1 = Zall + (1 = Gns1) [Fnt2 — T |

+ (1Bas1 = Bal + 1831 — Bal) Mo (5.1.9)

IN

Theorem 5.1.6 Let E be a uniformly smooth Banach space and K a nonempty
closed convex subset of E. Let T be a p-strictly pseudocontractive self-mapping de-
fined on K while f : K — K is a generalized contraction and @) is a contraction
defined on K with F(T) N F(Q) # (. Suppose that the conditions (i) — (v) of Def-
inition 5.1.3 are satisfied. Then, for an arbitrary r1 € K, the iterative sequence

{zn},2, defined by (5.1.8) converges strongly to a fized point p of T.
Proof. Observe that one can write the iterative sequence (5.1.3) as:

Tny1 = erlLf(xn) + eixn + eisn (5nxn + (1 - 5n)xn+1>
0L f(x,) + 025, (6nzn + (1 — 0)Tni1)
0

= 0z, +(1-6%)

3
Since Z 0’ =1 by condition (i), we have

=1

1 3 _

= (1-6 -0z, + (0 + 0> )w,, (5.1.10)
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where

1—62
o} 93
= Q%f(:cn) TS (Ontn + (1 = 6n)ni1) (5.1.11)
0; g3
- 0 + ng(xn) i 05, + Q%Sn (Onn + (1 = 0n)2nia), n €N.

We note that {z,} ., {f(z,)} —, and {T (6pzn + (1 — 85)2ny1)},o, are bounded

sequences. Furthermore, since the lim sup HTQL < 1 by the condition (iii) of Definition
n—o0

5.1.3, there exists ng € N and 1 < 1 such that
1-02>1-nVn>n,. (5.1.12)

The consequence of (5.1.11) and (5.1.12) is that {w,},; is bounded.

Next, we show that lim ||w, — z,|| = 0.
n—oo
We need to first show that limsup(||w,+1 — wn|| — ||Zn1 — 2a]|) < 0. Observe that
n—oo
e ) + g S (Busren + (1= 0011}
Oni1 + 051 Opi1 + 05

05+ 05 0L + 63
01 o o
T o9l 103 n - n)) + _ n ;
s V) = o + (g = e ) o
03
+ﬁ (Snt1 (Ong1Tng1 + (1 = Ops1)Tnga) — Sp (0nn + (1 = 0n)Tp11))
n+1 n+1
01 63
* O +02,, N S (0p2 + (1 = 0p)Tp41)
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Ot (i) — >>+( s O, )f( )
= L (F(2psr) — flam T
‘9n+1 + 6n+1 i 6n+1 + 9n+1 97% + 03

93
+n—+1 (Snt1 Ont1%ni1 + (1 = 0ng1)Tnga) — Sn (6020 + (1 = 60)Tny1))

Opi1 + 0p i1
(91+1 +0pi = Onin O, 05—,

)
Opi1 + 051 0, +0; ) (Ontn 4 ( Tt1)

91+1 ‘91+1 b
~ g ) o)+ (S ) 1)
93

—|—ﬁ (Sn+1 ((5n+1xn+1 -+ (1 - 5n+1)xn+2> - Sn (5nxn + (1 - 5n)xn+1))

n+1 + n+1
6} 011 So (Buzn + (1= 6,) )
oL+ 03 0L+ 05, ) v
O
= m(f(xn—l-l) — f(zn))

(% st Y (5, (Bun + (1 = G)amer) — £ ()

oL +63 0., +6., Ao i o
6)3
—l—n—H (Snt1 (Gn1Zn41 + (1 = Gps1)Tnt2) — Sp (0nTn + (1 — 0n)Tn1)) -
9n+1 + 07’L+1
Therefore,
o1 1 1
_ On i1 _ O O
[[wnpr —wnl| - < 0 +02,, |#n 1 = ]l + 0L +05 0, +05,
93
X||Sn (0nxn + (1 = 8p)xnir) — flan)| + ot

Opi1 + 05
XS (Ony1Zng1 + (1 = 0ny1)@nt2) — Sn (0nn + (1 = 0p)Tnga) ||-

Applying Lemma 5.1.5 leads to

1
(&
Wpa1 — Wa|| < ;1 Tpt1l — T
i = wll < G s =]

& On i1

+ o " Sy (6nxn + (1 —6,)Tne1) — fxn

91 _|_03 01+1 +0n+1 || ( ( ) +1> f( )H

Onii

+91 T_L}_ 0 [ 5nl|xn+1 - I’n” + (1 - 6n+1)||xn+2 - xn—s—l”
+1 n+1

(‘ﬁnJrl ﬁ | + |ﬁn+1 BE;D Ml ]
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9711+1¢ + 92+15n 024—1(1 - 5n+1)
0717(4»1 + 92+1 Hanrl - :CTLH + 6711+1 T 9?1+1 H.73n+2 — xn+1H
O, On i1
+ 0L + 03 - Q}LH T ‘92+1 HSn <5nxn + (1 - 5n>xn+1) - f(xn)”
O 1
o (1Bhs1 = Bl + B30 — Bi]) M. (5.1.13)

01:5+1 + gngl

Next, we need to evaluate ||, 12— y1||- Let M := sup {||z,, — Sy (0p20 + (1 — 6p)w0en) ||},
n

M2 = sup {| S, (8 + (1= 8)0in) — Fla) [} and My =: max {M", M?}

Tnyz — Tngr = Op iy f(@ns1) + 00 1@ + 0518041 (Gnr@ngs + (1 — Gps1) Tng2)
— (Opf(20) 4+ P22y + 025, (6520 + (1 — 6,)Tn11))
= Opir (f(@ns1) = f(@0) + Onyr = 00) f(20) + 051 (2040 — 20)
+(02 = 02w, + (04 — 02) S (6p2y + (1 — 6y) 1)
01 (St Op1Tnsr + (1= 0ng1)@nsa) = S (Bntn + (1 = 0n)Tn41))
= Opr (F@nrr) = f(@n) + Ongr — 0,).f () + 051 (w01 — 20)
H(0n 1 = 02) 20 + (05 = Opyr) — (Oniy = 07)) S (0n20 + (1 — 6n)2011)

+9§L+1 (Snt1 (Ong1Zns1 + (1 = Opg1)@nta) — Sn 0y + (1 — 85)Tpg1)) -

Consequently,

||xn+2 - mn+1|| < (9111+1¢ + 01%,+1) ||xn+1 - xn”
16, = O 1|15 (Onzn + (1 = 0n)xn i) — f(20)]
—HGZ—H - 9721“‘3771 — S (0n@n + (1 = 6n)7p11) ||

65 119041 Ong1Tnr1 + (1 = 0ng1)Tng2) — Sn (6pzy + (1 = 8,)Tns1) |
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< (Ona¥ +00i1) lwnsn — @all + (107 — Ot + 10541 —
01 [Onllznir = 2l + (1 = Gngr) [|2ns2 — T |
+(|8hs1 — Bal +182,1 — B2]) My ] (by Lemma 5.1.5)
= (Opsr¥ + 05y +0,1100) l2ns1 — 22|
+ (105, = Ona| + 10510 — 03]) Mo
0511 (1Basr = Bal + 1By — Bal) Ma
051 (1= b)) [ ns2 — il
Let B, = m (|9117, +1| + |9n+1 QZD M2+0n+1 (|ﬂn+1

since 1 — 63, (1 — 8,41) > 0, we obtain from (5.1.14),

+1w + 9 n+1 + 9n+16
Tn — Tn = T
|| +2 +1|| 1— 02+1<1 _ 5n+1) H +1

Substituting (5.1.15) into (5.1.13) gives

02]) M

Bal + 16341

— || + By.

O+ 65,000 03, (1 —0nta) « rlz+1¢ + 602, 460310,

(5.1.14)

(5.1.15)

]

[wny1 —wa| <]
Opi1 + 0y Opir + 0y — (1

0., Oria
071L + 0?1 Q'rlz—l—l + 0?14—1

X||znt1 — x|l + M +

- 5n+1)

Ona (1

- 5n+1)

Orr + 05

0, ¢
_|_ +1 1 M
_ +1¢+€n+15 +0n+1( — 5n+1)0,,21+1 ||x ) . ||
- n+l = 4n
001 405 ][0 — 62,1 (1 — dny1)]
01 01+1 93 ( = 1)
n M n+1 n-+ Bn
Tl e e, 2t 0L+ 0,
+1¢ 1 1 3 3
T - — B M
91 + +9n+1 (’6714-1 Bnl + ‘671,—1—1 ﬂn‘) 1

_ (1 9711+1(1 B w) + 9n+1(6n+1 - (Sn)
[

1 1
9, 001

05 (1 — dni1)

2

0L+ 65 6L+ 0,

1
Y
T (18 = B3+ 182 = B30) M
n—+ n+1

Oni1 + 0511

+

97

Tpal — Tn
O +05 )10, (1 — 5n+1)]> I |

By,

B,

- 6731|) M17



0L o+ 02, (0pi1 — On)
_ 1— +1¢ n+1\~n+ n ) Tpai — Tn
( By + OBl — B (L= oy ) 7o =

N 0, O O (1 = 0nt1) )
On+ 05 Oy +051 Opi1 + 0541
o1
On i1
LTS L + M
01+1 +6n+1 (‘ﬂnJrl ﬁ | |ﬁn+1 |) 1
)
< 1—+1 |Zni1 — T
< O i1 + 05 i
b, b 01 (1 = 0ns1) B
91 + 05 Opi1+ 00 Opr +050 "
¥ 3
+L + M,
91+1+9n+1 (|ﬂ’n+1 ﬂ | |Bn+1 Bn|) 1
since 0416 + 0541 (0n1 — 0n) > Opq0 and [0, + 05 ][1 — 05,1 (1 — du1)] <
0; ., + 63 ,. It then follows that
Oni1®
Wn, — Wpl|| — ||Tn — In S 1T 3 T — Tn
e rw  LTEEN
6} 0} 3 — On,
+ - n —— n+1 M2 + nng( +1) .
O +05 O +001 Opi1 + 0
o1
On 1?0 1 3 3
_Ona¥ — B M
+91+1 + 9n+1 (|ﬂn+1 ﬂn| + |Bn+1 Bn|) 15
and thus,
limsup ([[wns1 — wall = 2041 — @) < 0. (5.1.16)
n—oo
Invoking Lemma 2.10.7, we have
nh_)ngo |wy, — x| = 0. (5.1.17)

Obviously from (5.1.10), we can obtain that

”xn—i—l - l‘n|| = ”(1 - 0711 - ei)xn + (0711 + Qz)wn — |

< (0} +60)|w, —2,]| = 0as n— . (5.1.18)

Next, we show that lim ||z, — S,2,|| = 0. From (5.1.3), we can have that
n—oo
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20— Sutall < 170 — Zoial] + st — Soal
< mer — wll + O£ ) — Sl + 62l n — S
—i—QiHSn (0nZpn 4+ (1 — 0p)Tpi1) — Sy
< lmer — ol + M) — St + (1= 8] — 6)l|n — S
+92H(5n1’n + (1 = 6n)Tni1 — x|
< mer — ll + M) — St + (1= 6 — 6| n — S
31— 6 [ —
(64 )7 — Sutall < (14 30— ) [ss — all + 6L (a) — Sui
o= Suzal < L0 2B - Sl
- DRl 4 ) = S
< DBy
61
—l—ljnﬂf(xn)—Sna:nH — 0 as n — oo, (5.1.19)

by the condition (i7) of Definition 5.1.3 and since 1 —n > 0 (5.1.12). For a unique
fixed point p € F/(T)) N F(Q) of the generalized contraction Pprynr@)f(p) (Propo-
sition 2.9.4), that is, p = Pp(r)nr)f(p) and since nh~>nolo |en, — Spzn|| = 0 (5.1.19), it
follows that

limsup (f(p) — p, J(z, — p)) < 0.

n—o0

Moreover, since the duality map is continuous and ||z,;1 — x| — 0 by (5.1.18),
we obtain that,

limsup (f(p) —p, J(xnt1 —p)) = limsup(f(p) —p, J(@ns1 — 20 + T, — p))

n—o0 n—o0

= limsup (f(p) — p, J(z, —p)) <0. (5.1.20)

n—o0

We prove that z,, — p € F(T) as n — oc.
Let us assume that the sequence {z,} -, does not converge strongly to p € F(T).

Therefore, there exists e > 0 and a subsequence {:I:'n].}oo of {z,} 7, such that

j=1

99



|zn;, —pll > €, for all j € N. Thus, for this ¢, there exists ¢ € (0, 1) such that
1f (2n;) = f(D)I] < cllan, —pll-
Hx”dﬂ — pHQ = 971% <f(xng) o f<p)’ J('Tanrl _p)> + 97113 <f(p) 2 J(mnj+1 - p)>

05, (0, = 0. I (20,00 = D))

+9§u‘ <S” (5"jxnj + (- 5nj)mnj+1) b J(x“j+1 - p)>

<y |n, =l Nn, 01 = 2l + 60, (f(0) =, T (X0, — D))
+602 N0, = pl| |20, = pll
(63,00, ln, = pll + 63,(1 = 60|, —p||) [

< (0 +62)) Iz, = pll 120, = Il + 0%, (F(B) = P, T @y — 1))
(63,0 I, = p + 63, (1= 6l —pu) [0, = 7l

< 5 (et + 82+ 635, ) (lo, — oI + 1, —l)

+9711]- <f(p) - b J(xmﬂ - p)> + ‘92(1 B 6"j)||m”j+1 B p||2

A, —pl* < (1-04,(1-c) =631 6n]>)<||xn]—p|| #1200 = I
+26) (f(p) = p, J(wn,,, — D)) + 265 (1= 6|2, — pl
= (1-6,0-0) = 8,(1-5.)) lla, — P
(1= 08, 0=0) + 63,1 =8,)) llen,., — ol
+20, (f(0) = p, I (Xn;00 — D))

Therefore

5m‘)> ||xnj+1 —p||2
57’1]‘)) ||ZEn] _p||2
—|—2971Lj <f(p) - D J(x”j+1 - p>> )
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which is equivalent to

1—0 (1—c)—62 (1—94,,)
||’:Enj+1 _p”2 S - ,

2
1+971Lj(1_c)_93_(1_5n])||$nj p”
29!

1+6, (1—c)—6 (1-

1 29}1]’(1_0) )
S 18- =6 (10, [, — pl]

291,
T + 01 (1—c)— 03 (1—0,,) (f(®) = p, J(2ny,, — D))

nj

+ 6TLJ‘) <f(p) - D, ‘](xanrl _p)>

(5.1.21)

By applying Lemma 2.10.6 with ,, = 0 to (5.1.21), one can deduce that z,, — p as
j — oo. This is a contradiction. Hence, the sequence {x,} -, converges strongly to

pe F(T). [ |

5.1.3 Extension to a finite family of strictly pseudo-contractive
mappings

The result of Theorem 5.1.6 can be extended to a finite family of p-strictly pseudo-

contractive mappings by using the lemma given below.

Lemma 5.1.7 [112] Let K be a nonempty convex subset of a real smooth Banach
N

space E and let \; >0 (i = 1,2,...,N) such that Z)‘i = 1. Let {T;}Y, be a finite

i=1
N

famaly of p;-strictly pseudo-contractive mappings and let T = Z)"Ti‘ Then, we
i=1

have the following:

(i) T : K — K is u-strictly pseudo-contractive mapping with . = min{p; : 1 <i < N}.
(ii) If ML F(T;) # 0 then F(T) = N, F(T).

The next following result then comes readily.

Theorem 5.1.8 Let E be a uniformly smooth Banach space and K a nonempty
closed convex subset of E. Let {Ti}fil be a finite family of u;-strictly pseudo-contractive

self-mapping defined on K, Q a contraction defined on K with "X, F(T;))NF(Q) # 0
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N

and \; >0 (i = 1,2,...,N) such that Z)‘i =1. Let f : K — K be a generalized
i=1

contraction and suppose that the conditions (i) — (v) of Definition 5.1.3 are satisfied.

Then, for an arbitrary 1 € K, the iterative sequence {x,} -, defined by
Tpi1 = 0L f(2,) + 022, + 025, (0pzn + (1 — 8,)T011), (5.1.22)

N
where S,x = BLQ(z) + B2z + @22/\,-7}@), converges strongly to a fized point

p € NN, F(T;) which solves the variational inequality

((I = f)p, J(x —p)) 20, for all x € N, F(T;). (5.1.23)
N
Proof. Define T = Z A T;, it suffices to show that T is a u-strictly pseudocontrac-
i=1
tive mapping with F(T) = N¥, F(T;). It is known that T satisfies these properties
with g = min {y; : 1 <i < N} (Lemma 5.1.7). [

Remark 5.1.9 The following result is readily obtained as corollaries of Theorem

5.1.6.

Corollary 5.1.10 Let E be a uniformly smooth Banach space and K a nonempty
closed convex subset of E. Let T; be a p-strictly {E}fil be a finite family of ;-

strictly pseudo-contractive self-mapping defined on K, () a contraction defined on
N
K with "L F(T) N F(Q) # 0 and N\; > 0 (i = 1,2,...,N) such that Z)‘i = 1

i=1
Let f : K — K be a generalized contraction and assume that the real sequences

{6,302, C (0,1), {{6:}," 1}Z . C [0,1] and {a,} C (0,1) satisfy the following

conditions:

3
(i) Y 0, =1,
=1

.. . 1 1 _
(”) nh—>nolo en - 07 Zlgn = 00,
(111) hm 02, —02] =0, 0< ligg)lf 02 < liinﬁs:ip 02 <1,
(iv) nlggo |1 — an| =0,

(v) 0<e<0d, <dpi1 <1 forallneN.

102



Then, for an arbitrary r, € K, define the iterative sequence {x,} -, by

N
where Syx = a,Q(z) + (1 — av) Z NiTi(x), converges strongly to a fized point p of
i=1

p € NY, F(T;) which solves the variational inequality
(I — f)p, J(x —p)) >0, for all v € N, F(T). (5.1.25)

Proof. Take 32 = 0 in (5.1.3), then «a,, = B! and (1 — «,,) = 83. Also, define

N

T = Z AT, it suffices to show that T is a p-strictly pseudocontractive mapping
i=1

with F(T) = NN, F(T;). Tt is known that T satisfies these properties with y =

min {u; : 1 <i < N} (Lemma 5.1.7). Thus, the desire result follows from Theorem

5.1.6. B

5.2 The viscosity implicit iterative algorithms of non-

expansive mappings in Banach spaces

5.2.1 Background

The Viscosity Approximation Method (VAM) for solving nonlinear operator equa-
tions has recently attracted much attention. In 1996, Attouch [14] considered the
viscosity solutions of minimization problems. In 2000, Moudafi |76 introduced an
explicit viscosity method for nonexpansive mappings. The iterative explicit viscos-
ity sequence {z,} ~, is defined by (1.1.1). The sequence {z,} -, defined by (1.1.1)
converges strongly to a fixed point of a nonexpansive mapping 7 under suitable
conditions in Hilbert spaces. Xu et al. [104] recently proposed the concept of the
implicit midpoint rule (1.1.5). Under certain conditions, they established that the
implicit midpoint sequence (1.1.5) converges to a fixed point p of 7" which also solves
the variational inequality (1.1.2). Ke and Ma [65] introduced generalized viscosity
implicit rules which extend the results of Xu et al. [104]. The generalized viscosity
implicit procedures are given by (1.1.7) and (1.1.8). Replacement of strict contrac-

tions in (1.1.8) by the generalized contractions and extension to uniformly smooth
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Banach spaces was considered by Yan et al. [106]. Under certain conditions imposed
on the parameters involved, the sequence {z,} , converges strongly to a fixed point
p of the nonexpansive mapping 7', which is also the unique solution of the variational
inequality (1.1.9).

Inspired by the previous works in this direction, we propose a new implicit
iterative algorithm. Precisely, for a nonempty closed convex subset K of a uni-

formly smooth Banach space E and for real sequences {{ozfz}zo:l}?:l C [0,1] and
3

{6,}.2, C (0,1) such that Z o' =1, the strict contraction f : K — K is replaced
i=1
by the generalized contraction mapping in (1.1.8) and we propose the implicit iter-

ative scheme, defined from an arbitrary z; € K by
Tn+1 = Oéqlmf(xn) + 0‘31:71 + O‘iT ((1 - 5n>f(17n) + 0nTni1) (5'2'1>

where T : K — K is a nonexpansive mapping. The technique of Yan et al. [106]

has been applied in the analysis.

5.2.2 Main results

Definition 5.2.1 Let K be a nonempty closed convex subset of a uniformly smooth
Banach space E and f : K — K be a generalized contraction mapping. Let T
be a nonexpansive self-mapping defined on K with F(T) # (. The real sequences
{{al}o 1}2 . C [0,1] and {6,},2; C (0,1) are assumed to satisfy the following

conditions:

(i) 3ol =

[e.o]

(ii) lim (1 — a6, —a?) =0, Z(l—aién—ai):oo;
n=1

(117) 0 < hmmfa < limsupa? < 1;

n—oo

(iv) lim o2 =0, Za ) < o0

n—oo

(v) 0 <e<0, <1 <d<1 forallneN.
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We shall study the convergence of the iterative scheme (5.2.1) under the conditions

(1)-(v) of Definition 5.2.1 stated above.
First, we show that for all w € K, the mapping defined by
us Ty(u): = al f(w)+ 2w+ aT((1—6,)f(w) + dpu), (5.2.2)

for all u € K, where {{an}zo:l}?:l C 0,1}, {d,},2, C (0,1), is a contraction with
5 € (0,1) a contractive constant.

Indeed, for all u,v € K,

1T (u) = T ()] an IT((1 = 6n) f(w) + dnu) = T((1 = 6,) f(w) + 6,0 |

< oy (1= 60) f(w) + dnu — (1 = 6n) f(w) — duv]|

< a8, llu—

< dnllu—f

< Sllu—nl. (5.2.3)

Therefore, T, is a contraction. By Banach’s contraction mapping principle, T;, has
a fixed point.
We give and prove the following lemmas which are useful in establishing our

main result.

Lemma 5.2.2 Let K be a nonempty closed convex subset of a uniformly smooth
Banach space E and f : K — K a generalized contraction mapping. Let T be
a nonexpansive self-mapping defined on K with F(T) # (). For an arbitrary x, €
K, define the iterative sequence {x,} — by (5.2.1). Then the sequence {x,},, is
bounded under the conditions (i)-(v) of Definition 5.2.1.
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Proof. We show that the sequence {z,} -, is bounded. For p € F(T),

2041 =2l = llonf(aa) +ana, + a3 T((1 = 0n) f(2n) + 0nns1) — pll
< aullf(zn) = pll + allzn = pll + QI T((1 = 6n) f(20) + Snnsr) = pll
< apllf(@n) = F@) + agllf(p) = pll + ap [z — pl]
+ap[|(1 = 6,) f(wn) + dnnia —
= |l f(za) = fF®) + anllf () = pll + apl|ln — pll
+ap[|(1 = 6,)(f(2n) = p) + On(@nia — )|
< apllf(@n) = F@) + agllf(p) — pll + ap ||z — pl]
+ap (1= 6,) [ f(wn) = F(D)| + (1 = 8a) 1 f(p) = pll
+apdnllzaa — p
< apllz, = pll + apll f(p) = pll + alllzn — pll + ap (1 = 6,)¢ |2, — pl|
+ap (1= 0,)[1£(p) = pll + @ dnllwnia — pl]
= (¥ +ap +ap(1=0,)¢) Jew —pl
+ (a4 a2 (1= 6,)) [1£(p) = pll + a36ul|znss — p
= ((ap + )+ afy, — apdn) [z, — p
+ (o, + 03) = o) 1 (p) = pll + apdnllzns — pll
= ((1=ad)¥+ap — andn®) [z, — pll
+ (1= —aldn) 1f(p) = pll + 0nl|zns — pl
= (v+an(l =) —ahon) |l — pll
+ (1= al = a30,) [1f(p) = pll + apdnllznis — pll
Therefore,

Y+ ap(l—¢) — andut)

Iz =2l < g e — ol
1 - Oé% - O‘E’L(sn
e AR (5.2.4)
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—a3é, 1—add,
- (1””‘ e La
-
= 1 £p) -l
2(1 — 35 (1 —
a2 —
= 1 £0) — ol
11—
- (1 1_a35>( Y o —
Y
= Hf() Pl
]__
- (1 I
1 — a2 —ad,)o
=20l £ 9) -
< maX{Hxn pll. o7l f(p) — 2}
Then by induction, we have
|lZns1 = pll < max {{|lz1 —pll, ¢~ f(p) —plI}-
For p € F(T),
[f Gl < Nf () = F@I+ 1@
< Yllzn = pll + (1 ()]
< max{¢[z1 —pll, o~ | f(p) —pll} + [If(P)II (by induction).
So, {x,}.~, is bounded. Also,

IT((1 = 6n)f (2n) + Onnsr)|

IN

”T((l - 5n)f(xn) + 5nxn+1)
IT((1 = 0n) f(zn) + Onntr)
H(l - 5n)f(x

—p+pl
— Tp| + [pl]

n) + 0npni1 — pl| + ||l
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< (=0l f(2a) = pll + 0nll@nss — pll + Ipl|

< (L=)lf(n) = FI + @ =) f(p) — pll
+0nl|Znt1 — pll + [Pl

< (1 =0)¥llzn —pll + dullwnts — b
+(1=6a)I1f(p) = pll + |Ipll

< (1= yllzn —pll +dllzns1 — b

+(1 =S () = pll +lpll-

Therefore,

IT((1 = 60)f (20) + Onsr)ll < (140 — eyp) max {Jlz, —pll, 671 f(p) — pll}

+(1 = €)llf(p) — pll + llpl| (by induction).

Hence, {T((1 — 9,) f(zs) + 0nTni1)},o is bounded. |

Lemma 5.2.3 Let K be a nonempty closed conver subset of a uniformly smooth
Banach space E and f : K — K a generalized contraction mapping. Let T be a
nonexpansive self-mapping defined on K with F(T) # (0. Suppose {d,},—, is a real
sequences in (0,1) and {z,} ~, C K. Set y, = (1 — 8,) f(zn) + 01, then

| Tyni1r — Tynll < (1= ns1)V)|Tns1 — Tl + (Ongr — On)|Tng1 — f(24)]]

+5n+1”xn+2 — (L’n_|_1||. (525)
Proof.
| TYni1 = Tynll = [T((1 = 0pr1) f(Tny1) + Onr1Zni2) — T((1 = 05) f(T0) + OnTpnta)||
< (1= 0ng1) f(Tng1) + Onp1Tnga — (1= 60) f(20) — 0nTpid |
= (T = 0ns1) f(Tni1) = (1 = Onyr) f(2n)

+(1 = bn1) f(2n) — (1 = 0p) f(20)

+5n+1xn+2 - 5n+1xn+1 + 5n+1$n+1 - 5nxn+1||
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IN

IN

(1 = nr1) (f (®ns1) — fl@n)) = (Gns1 — 6n) f(2n)
F0nt1(Tnsz — Tng1) + (Ong1 — 0n) T |

11 = Gns1) (f (@n41) = f(@n)) + (Ons1 = 00) (@ng1 — f (7))
+0n41(Tnt2 — Tna1) |

(L= bns)lf (zns1) = Fl@a)l + (Ons1 = 0n) |21 — f (@)
F0nt1]|Tni2 — T |

(1 - 5n+1)¢||xn+1 - an + ((5n+1 - (5n)||xn+1 - f@n)H

+5n+1 Hxn+2 — Tp+1 H .

Theorem 5.2.4 Let K be a nonempty closed convex subset of a uniformly smooth

Banach space E and f : K — K a generalized contraction mapping. Let T be a

nonexpansive self-mapping defined on K with F(T) # (. Assume that the conditions

(i) — (v) of Definition 5.2.1 are satisfied. Then the iterative sequence {x,,}, -

_, which

is defined from an arbitrary x1 € K by (5.2.1), converges strongly to a fized point p

of T.

Proof. Set z, = M and y, = (1 —0,)f(x,) + d,Tpy1, we obtain,

Zn4+1 — ?n

1-

2 2
Tn4+2 — @n+1xn+1 . Tp41 — Ty

l—ap, 1—op
_ a1 f(@ni1) + a1 T(Ynt) o f(wn) + a3 T (yn)
1—ag, 1—op
= O () — o)+ (o - ) )
C1-a2, et o 1—a?2, 1-a? i
od a3 od
— " (T'(y, —T(y, n — n T(yp,
T () — T(0) + (1_% ) T
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1

o, a? o3
()~ fe) (25 - 12 ) £
ol o o3
+TT£IG@mO—T@m+(1_£H—1_ﬁ)ﬂ%)
1 5 ;
CYn-i-l an+1 an
= @ — n _ " . T - )
e () ﬂmD+(LﬂﬁH 1_%)<@> )
3
a’ﬂ
72— (T (Was1) = T(ya).
— G

Let My = sup {||T(yn) — f(zn)||}, My = sup {||zy 41 — f(2n)||} and M = max {M;, My} .
We then have that

Foat = zall € =2 ) — )l 4+ | =22 — % ) — fa)]
N l—ory 1-af
O ) = Tl
1 _ O‘72H_1 ynJrl yn
Oél @3 Oé3
< n+1 il — T n+1 . n T ) — "
< Tl xH+h_aL1 T (17w = ()]
3
an
= (1= )Pl znis = 2all + Gnss = 00 |ni1 = f(2a)]
n+1

F0n41|Tns2 — Tnga| ] (by (5.2.5))
O‘%ﬁﬂ/’ + O‘iﬂ(l — Ons 1)

= 1— a2 [n41 — o
n+1
i <’ O‘i-&-l _ 04731 4 ai+1(5n+1 - 5n)) M
l—ap,, 1-0of L—ag,
Oé3 ) 1
T T — 2. (5.2.6)
n+1
We now evaluate ||z,42 — 1]
Tnte = Tt = Opyy f(@n1) + an 1 Tnn + 5 Ty

— (anf(zn) + afan + a3 Tyy)
= O‘vlz+1(f($n+1) — f(w,)) + O‘i+1($n+1 —x,) + Oéi+1(Tyn+1 —Ty,)

+(04%L+1 — o) f(@n) + (O‘iﬂ — o)z, + (ai+1 —a) Ty,
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= Oéiz—i—l (f(wng1) = flzn)) + C“i—kl(xnﬂ —Tn) + C“i—rl(TynH —Ty,)

+((ad

+(

O‘iﬂ — Q)T + (aiﬂ — )Ty,

- 04721+1) + (O‘i - ai—&—l))f(‘%ﬁ)

2

= O‘:z+1(f($n+1) — f(x,)) + O‘?wrl(xwrl — ) + O‘?Hl(TynH —Ty,)

Hogi = o) (@n = f(@n)) + (e — ) (Tyn — (@)

This leads to

||In+2 - xn-&-lH

IN

1 ¥ l|Tni1 = 2ol + 01T — 2l + 051 1 TYns — Tyl
g — aglllen = fla)ll + o — o1 Ty — faa)]]
1 ¥lTni1 = Tall 4 af [ T011 — 20|

i1 [(1 = )P 2ni1 — 2ol + (i1 = Gu) lTnsr — f(2a)
+ont1llZnt2 — znsa ] (by (5.2.5))

Hapr — aglllen — flaa)ll + oy — o1 Ty — faa)]
(@b + (g + o) — ap 161 ¥) [Ty — 2|

05 1 0n i1 [Tt — T

+ (lah = apl + ey — o + a5 (61 — 6,)) M

(@ + (1= ap )Y — ap10n1?) [[Tn1 — |

+05 1 0ni1 |22 — T |

+ (|O‘721+1 - 04721| + |a§1+1 - ai| + O‘i+1(5n+1 - 5n)) M

(¥ +an (1 =) = 10nm1®) 201 — 24|
0101 || Tnga — T

+ (Jad iy = el + ey — o] 4+ af 1 (Onsr — 60)) M

(0‘721+1(1 —¢)+(1— O‘i+15n+l)¢) [Znt1 — 24|
01Ot || Tngs — T |

+ (’ai-f—l —aZ| + |0‘§L+1 — o]+ 0‘2+1(5n+1 - 5n)) M.
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Let d, = (Ja?,, — 2| + a3, — a®| + a2, (6,41 — 6,)) . Therefore,
ap(1—9) + (1 —aj10n41)
1-— ai+15n+1

+ &M (5.2.7)
1— CYq?;+15n—|—1' o

(0
”xn—i—l - J7n||

”xn—f—Q - mn-i-1|| <

a3 a s nt1—0n . . .
Let S, = Sl — 9|4 ”*11(_(;;1 %) and substitute (5.2.7) into (5.2.6) to obtain

1-a2 R 2.
[0471z+1¢ + ap (1= 0ng)d n 10011
l—ap, 1—aj,
y apa (=) + (1 —ap 10nrn)y
1—ap 10041
o 10t d, M
l—a2,, 11—, 0041
_ [a}wﬂ/) +op (1= 0py )V — ) 1 0npa(ag ¥ +ap 1 (1= 0nga)Y)
(1 —ap ][l =) 10n41]
+0‘§L+15n+1(042+1(1 — )+ (1 —al,10011)0)
[1— O‘%H][l - 0‘2+15n+1]
4 <S 4 dnaf’z+15n+1 > M
= anll = A 0na]
_ [arlﬂrlw + aiﬂ(l — Ont1)Y — O‘?z+15n+1(04£+1¢ + O‘iﬂw - 042+15n+1?/1)
[1—a 4][1 — )y 10n41]
0‘2+15n+1(042+1 - a%+1¢ +¢— @i+15n+11/1)
[1— O‘%-s—l][l - O‘i-s—lén-&-l]
+ (S + dno‘731+15n+1 > M
- 0‘721+1][1 - ai+15n+1]
= [aTlﬁLl@b + a1 (1= 0ni1)¥ — a1 0nia (1 — 07 )Y — 0 41 0n417)
[1— 04721+1] [1-— O‘i+15n+1]

O‘i+15n+1(0‘72z+1 + (1 — ai+1)¢ - ai+15n+1@/})

|2n41 — znl] <

]||xn+1 - an

+S, M +

Hlni1 —

]”xn-&-l - xn“

[1—ap ][1 = a4 10n41] s =l
(o by
- ap ][l —aj i 10n11]
_ oy 0+l (1= 0p)V 4+ 0 0paiyy T
[1-— O‘%H][l - 0‘?1+15n+1] e "
A ¥ .
" [1— a%ﬂ][l - a%+15n+1]
_ (1= )Y — ) 101 + 0 Oppi0r
- | Zni1 — nll

[1 = aglll = a5y 0n ]

[1 - a721+1][1 - a§1+15n+1]

e
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. 1 — n—‘rl)(l - w) - a'§1+15n+1(1 - ,QZ}) H _ H
= 1= 02 ][1— a3, 10ns1] et
n+1 n+1Yn+1
d Oé ) 1
+ S + n+1Yn+ >M
( [1— 0‘121+1][1 %+15n+1]
— 3 Opt10 dya3 .6
(1= U om)d ) |Znt1 — Tl + (Sn + il ] >M
( [1— an+1][1 i+15n+l] i [1— an+1][1 i+15n+1]
1-— 063 6n d Ckn 611
_ (1 (1 - n+1 T n+31 ;1)¢) |Tni1 — zol| + ( n + —— 1+1 +31 . >M
[ O‘n+1 I Qpt1 nt1] [ an+1][ Opt1 net1]

< (1 . (1 B 721+1 B §L+15n+1)¢ dnai+15n+1

s = ol + (50 + )
11— 04721+1 ) " [1 - a'rZz—i—l][l - O‘?z+15n+1]

It then follows that

1—a?,, —a3 0,41)0
Vst = zall = flomss — ] < =Lt = Onabo)y
1_Oén-i-l

d Oé (S 1
+( S+ ptl ) M,
( (1 - Z-{—l)(l - O‘?z+15n+1)

and thus,

limsup (||zn41 — 2all = [|[Tne1 — xa]]) < 0. (5.2.8)
n—oo

Invoking Lemma 2.10.7, we have

lim ||z, — z,|| = 0. (5.2.9)
n—o0
Consequently,
[Zp1 —zal = [[(1— ai)zn + Oéi.ﬁlfn — Ty |

= “(1 - O‘?q,)zn - (1 - Oéi)an

= (1= an)(zn — )|

< (1—a?)||zn —anl| = 0as n— oco. (5.2.10)

Next, we show that lim |z, — T(z,)|| = 0. From (5.2.1), we obtain that
n—oo
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|z —Tn|| < |2n — Zogal| + |20 — T'(2) ||
< Hxn-&-l - xn” + ”O‘qlaf(xn) + aixn + O‘iT(yn> - T(xN)“
< Jwnsr — 2all + apllf(2n) — T(2) ||

+op |2 = T(@n)|| + o1 T (ya) — T(@n) |

IN

ns1 = @all + ol f (2a) — T(@n)|

+0‘$L||xn - T(IR)H + ai”iyn - mn”

IA

[n+1 = @all + ol f (@n) = T(@n) | + onllzn — T(@n)|

—|—062H(1 - 5n)f($n> + (5n$n+1 - xn”

IA

2n+1 = @all + ol f (@n) = T(@n) | + oqllzn — T(@n)|

+a (1= 0n)llen — f(2a)ll + andull@nst — @al

= (L4 apdu)llzn — @l + (o + ai(1 = 62))Q + agllzn — T(an) |
= (1+ apdn) |21 — @l + (1 = adn — a)Q + agl|lzn — Twa) .

Since 0 < liminf a? < limsupa? < 1,let 0 < < a2 < 1, then

n—oo n—00
1+ a6, 1—a3d, —a?
|20 = Ta,|| < 1_—%%||$n+1 — T + —a Q@
1+a2s, 1—a3d, —a?
ol =l R, (52.1)

which goes to zero as n — oo by (5.2.10) and condition (ii) of Definition 5.2.1.
We claim that

limsup (f(p) —p, J(xps1 —p)) <0, (5.2.12)

n—oo

For a unique fixed point p € F(T') of the generalized contraction Ppyf(p) (Propo-

sition 2.9.4), that is, p = Pp(p)f(p) and since lim ||z, — T'z,| = 0 by (5.2.11), it
n—oo

follows that

limsup (f(p) — p, J(z, — p)) < 0.

n—oo

Due to the continuity of the duality map and the fact that ||z,.1 — z,]| — 0 as
n — oo by (5.2.10), we obtain that,

limsup (f(p) —p, J(xnt1 —p)) = limsup(f(p) —p, J(@Tns1 — 20 +n — p))

n—o0 n—o0

= limsup (f(p) —p, J(z, —p)) <0. (5.2.13)

n—o0
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We prove that z,, — p € F(T) as n — oo.
Suppose that the sequence {z,} - does not converge strongly to p € F'(T). Then
there exists € > 0 and a subsequence {z,, },-, of {z,} -, such that ||z, — p| > ¢,

for all k € N. Therefore, for this €, there exists ¢ € (0,1) such that

1 (&n) = F(DI < elln, — pl-

||xnk+1 - p||2 = a}zk <f(xnk) - Db J(xnk-u - p)> + 0472% <’:an - D J(xnk-i,-l - p>>
—f—Oéik <T(ynk> - Db J(xnk+1 - p>>
- Oé}ik <f($”k> = (), J( x”k+1 - > + al <f (xnk+1 —p)>

+ozik <:L’nk — D, J (T, —p)> + aik <T(ynk) =0, J(Tny, — p)>

< cap lwn, = pll N2n,, — 2l + s (f(0) = p, T (T, — D))
+ai [ 2n, = ol |20, — Pl
+ap, [[(1 = 60,) f (@) + Ongnyy, — Pl 20, — ]

< cap |ltn, = pll |#n, — Pl +ap (F(p) = P, T (@0, —p))

+ag, zn, = pll 120, — 2l

+ank(1 - 5nk>||f(xnk) _p|| ||xnk+1 _p” + aik5nk||xnk+1 _pH2
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< cap, |1Tn, = pll |0y, = 0ll + o5 (F(0) =, T (T — D))
02, 2, = Il 7 — pll + 0, (1= 602, = Il [y, — ]
0, (1= 8, ) ®) = Il s, =PIl + 2, 80yl — I

— (cal, + 02, +ca?, (1= dn,)) 20, = Pl 12y, —
+ap (f(p) = p. I (T — D))
03, (1= 8 ) 1) = pll l[Tngsn — Il + 02, Gy 7y, — o

< 3 (cad, 40, + cof, (1= 5,,)) (I, I + 0, — p1)
+a, (f(0) = 0, J (@ngys — D)) + 02, On | Ty, — DI
0t (0= 60) (1) = 0l + [,y — o)

= 3 (el + 0B, (1= 6,) +02,) lrm, — ol + 0} (F(9) ~ P, T, — )
—i—% (c(oz}lk + Oéik(l —0n,)) + Ozik + 2aik§nk + aik(l — §nk)) | Tnyyy — pH2
0, (L= )l f () — ol

= 3 (clad, + 0B, (1= 6,)) + 02,) lem, — ol + 0} (F(9) ~ P, T, — )
+% (clag, +ad (1—6,)) +ar +ab (1+46,,)) [|Tn,,, — pl?
4308, (L= )7 () = ol

= 2o 02, —ab b)) +02,) e — 0l + 0 (F0) — 2. Iy, — D)
—i—% (c(1—al, —al 6p) +an +ab (1+6,,)) |Tn., — p|? (5.2.14)
40l (1= 8,017 )

Observe that

2—c(1- aik — ozflkénk) — aik — ozik(l + O, )

— 2 3 2
= 2—c+ca,, +cay, Op, —Q

3 3
ng Oénk, - &nkénk

= 2—c—(1-cal, —(1=0c)a b, —al

= l-c—(1-cal, —(1=0c)a) 6y +1—0a)

= 1+(1-¢)(1—a —al 6,) —ay (5.2.15)
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and

0471% = 1- &ik — aik
< 1—a2 —a) by, (since d,, € (0,1)). (5.2.16)

Multiplying (5.2.14) by 2 gives

c(l1—ap, —ab o,)+ap,

@1 = pII* < - |20, — pII”
1+(1-c)(1—a2 —a3 b,,) — a3
ol
+ - —p, J(xp, . —
1+(1—c)(1—a2, —ad b,,) — a3 @) =P I @n =)
@ (1—46,,)
- s ¢ — P
1+(1—¢) (1 — oz%k — O‘%kénk) _ A3 1/ (p) = pll

Nk

1+(1—c¢)(1—a2, —ad b,,) —al "

O{l

+1 + <1 o C) (1 - a%k - a?lk(snk) - a?tk <f(p> - J(mnkﬂ N p)>

O (1~ Ons) 7)ol

Nk
Nk

TrA-0(-02 —aldy) —a
(1 B (1—20)(1 — a2, —a? é,,) ) I
I1+(1—c)(1—a2, —a3 b,,) — a3 "

(1-2c)(1—ap —ap 0n,) 1
1+(1-c)(1—a2 —a3 b,,) —a 1—2c
N ab (1= d,,)
1+(1—¢)(1—a2, — a3 dy,,)

(f() = p, J(Tnpsy — D))

—— 1 /(p) = pII” (By (5.2.16)).

ng
Using Lemma 2.10.6, it shows that z,, — p as k — oco. A contradiction, hence,
{xn}.2, converges strongly to p € F(T).
|
The next result shows that under suitable conditions, the implicit iterative se-

quences (1.1.8) and (5.2.1) converge to the same fixed point.

Theorem 5.2.5 Let K be a nonempty closed convex subset of a uniformly smooth

Banach space E and f : K — K a c-contraction mapping with ¢ € [0,1). Let T be

a nonexpansive self-mapping defined on K with F(T) # 0. Let {{0431}20:1}?:1 C
3

[0,1] and {6,},—, C (0,1) be real sequences such that 20‘2 = 1. Given that

=1
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a3

nh_):a;o 1—a = aio, = 0, then {x,} —, defined by (5.2.1) converges to p if and

only if {yn},—, defined by (1.1.8) converges to p.

Proof. Notice that (5.2.1) and (1.1.8) are respectively given by
Tppr = b f(an) + a2z, + 2T (1 —68,)f(2n) + 0nZny1), n €N,

and

Yn+1 = anf(yn) + ﬁnyn + fYnT (5nyn + (1 - 5n)yn+1) , N E N.

We first need to show that ||z, — y,|| — 0, as n — 0.

a1 = gosall = oS (@) + 0nzn + T ((1 = 60) f(@n) + nTns1)
= (anf Yn) + oy + T (Gnyn + (1= 60)yns1)) |
= Non(f(@n) = f(yn)) + (@0 — yn)
o, (T((1 = 04) f (%) + Gnus1) = T(0nyn + (1 = 0n)yns1)) |
anllf (@) = F)ll + ogllzn — yul
+ I T((1 = 0n) f () + Onar1) = T (O + (1 = 6)ynsa)|

IN

IN

ncll@n = yull + o3 2 — yall

+a (1= 0)(f (@n) = Yns1) + 0n(@ns1 — Yol

IN

el — yall + a2 — gl
+Oé ( )Hf(xn) - (yn) + f(yn) - yn-&-l”

+a25n”xn+1 — Yn+1 + Yn4+1 — yn”

IA

ancllzn = ynl| + ap |20 — yal|

+ay (1 = dn)cllzn = yall + @i (L = 0a) Y1 — fyn)l
+03 00 [ Tni1 = Yniall + @ 0nllYns1 — ynll

= (ale+ad(1 = et a2) 1z = all + 035 llomss — v |

+a3 (1= 6)|Yns1 — f )|l + @26l Yns1 — ynll-

Since {y,} -, and {f(yn)},—, are bounded, let

118



Mfmw{ww%ﬂ—ﬂ%mwm%ﬂ—%@rMm

ale+ad(1—46,)c+a? ol
|2Zn41 = Yngall < s, lzn = ynll + T a5 Mo
(1—a?—a35,)(1—c) ol
( 1—a3o, [l2n =y H+1—a%§n ?
o3
= (1-8)lz, — . n M, (5.2.17
(L Bl =l + g oM (521)
where 3, = (ka%lifg‘;’;)(l*c). From the given condition, it follows that
lim sup In < 0. Apply Lemma 2.10.6 with 7, = 0 to (5.2.17) to get

n—00 (1 - 05721 - azén)
that ||z, — ya|| = 0, as n — oo. Next, suppose ||y, — p|| — 0 as n — oco. It follows
that,
zn =2l = |0 —yn +yn — Dl <|zn — yall + |lyn — pl| = 0 as n — oo
Similarly, suppose ||z, — p|| = 0 as n — oco. Then,
g =Dl = Nlyn = 20 + 20 = pl| < |lyn = ]| +[|2n = pl| = 0 as n — o0,
Hence, the implicit iterative sequences (1.1.8) and (5.2.1) converge to the same fixed

point under suitable conditions. [ |

5.2.3 Applications

(I) Application to fixed points of \-strictly pseudo-contractive mappings

Let K be a closed convex subset of a real Banach space E. A mapping S : K — K
is said to be A-strictly pseudo-contractive mapping if there exists 0 < A < 1 such

that
1Sz — Sy|* < [la = ylI* = A|(I = )z — (I = S)y|*, ¥V 2,y € K, (5.2.18)

where [ denotes the identity operator on K.
Zhou [112] established the following lemma which gives a relationship between

A-strictly pseudo-contractive mappings and nonexpansive mappings.
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Lemma 5.2.6 Let K be a nonempty subset of a 2-uniformly smooth Banach space

E. Let S : K — K be a \-strictly pseudo-contractive mapping. For 6 € (0, 1), define
Tr=0xr+(1—-6)SzVaxeK. (5.2.19)

Then, as 6 € (0, %], (where L is the 2-uniformly smooth constant of a 2-uniformly

smooth Banach space,) T : K — K is nonezpansive such that F(T') = F(S).
We obtain the following result by using Lemma 5.2.6 and Theorem 5.2.4.

Corollary 5.2.7 Let K be a nonempty closed convex subset of a uniformly smooth
Banach space E and f : K — K be a generalized contraction mapping. Let S :
K — K a M-strictly pseudo-contractive mapping with F(T) # (. Suppose that the
conditions (i) — (v) of Definition 5.2.1 are satisfied and T is a mapping from K into
itself, defined by Tx = ax + (1 — 0)Sz, © € K, 0 € (0,1). Then, for an arbitrary

z1 € K, the iterative sequence {x,} ~, defined by
T = ol f(an) + a2z, + 2T (1= 8,)f(2n) + 0pny1) foralln € N, (5.2.20)
converges strongly to a fized point p of S, which solves the variational inequality
(I = f)p,J(x—p)) >0, forall x € F(S). (5.2.21)
(II) Application to solution of a-inverse-strongly monotone mappings

Let K be a nonempty closed convex subset of a Hilbert space H. The metric pro-

jection P, is defined from H onto K by

Pga = argmin ||z — y|*, z € H (5.2.22)
yeK
and characterized by
Py (x) = argmi}r(l |z —z||°, z € H. (5.2.23)
ze

Py (x) is known as the only point in K that minimizes the objective ||z — z|| over
z € K. A mapping A of K into H is called monotone if (Au — Av,u —v) > 0, for all
u,v € K. The classical Variational Inequality (VI) problem is to find u* € K such
that

(Au*,u —u*y >0, u € K, (5.2.24)
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where A is a (single-valued) monotone operator in Hilbert space H (|20], [71]). In
this work, the solution set of (5.2.24) is denoted by VI(K, A). In the context of the
variational inequality problem, (5.2.23) implies that

uweVI(K,A) < u= Pg(u—~vAu), Vv > 0. (5.2.25)

A is said to be a-inverse-strongly monotone if there exists a positive real number «
such that
(Au — Av,u —v) > o Au — Ao,

for all u,v € K. If A is an a-inverse-strongly monotone mapping of K to H, it is
known that A is é—Lipschitz continuous. Also, we have that for all u,v € K and

v >0,

(I =y A)u— (I =AW = |(u—v) — (Au— A0)|’
= Ju =l =2y (u—v, Au— Av) +7*|| Au - Av||”

< lu— o] +y(y — 20) || Au — Avl].

Therefore, if v < 2a, then I — vA is a nonexpansive mapping of K into K. Conse-

quently, one can apply Theorem 5.2.4 to deduce the following result:

Corollary 5.2.8 Let K be a nonempty closed convex subset of a real Hilbert space
H and f : K — K a generalized contractions. Let A be an a-inverse-strongly
monotone mapping of K to H with A™'0 # (). Assume that the conditions (i) — (v)
of Definition 5.2.1 are satisfied. Then the iterative sequence {x,,},- | which is defined

from an arbitrary x; € K by
Tpy1 = ol f(xp)+a2(x,)+ad P (I—~A) (1 — 6,) f(zn) + 0p2ny1) ,n €N, (5.2.26)
converges strongly to a solution p in A=0, which solves the variational inequality
(I = f)p,x—p) >0, for all x € A0. (5.2.27)
(III) Application to Fredholm integral equation in Hilbert spaces
Consider a Fredholm integral equation of the form
z(t) = g(t) + /01 O(t,s,2(s))ds, t €0, 1], (5.2.28)
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where g is a continuous function on [0, 1] and @ : [0, 1] x [0, 1] x R — R is continuous.
The existence of solutions of (5.2.28) has been studied (see [79] and the references

therein). If ® satisfies the Lipschitz continuity condition
B(t,5,2) = D(t,s,p)| < [z —yl, s, € [0,1], 2,y € R, (5.2.29)

then equation (5.2.28) has at least one solution in the Hilbert space L?[0,1] ([79],
Theorem 3.3). Precisely, define a mapping T : L?[0,1] — L?[0,1] by

1
Tx(t) = g(t) +/ O(t,s,x(s))ds, t €[0,1]. (5.2.30)
0
It is known that T is nonexpansive. Indeed, for x,y € L?[0,1]

1
7o~ Tyl* = [ [Tale) - Tote)
0
1

B /0 0
< [|[ 1) - wtsyas

< / 2(s) — y(s)%ds = o -y

2

/ B(t, 5, 2(5)) — DL, 5, y(s))ds| dt

2
dt

Thus, finding a solution of integral equation (5.2.28) is reduced to finding a fixed
point of the nonexpansive mapping 7' in the Hilbert space L?[0,1]. Consequently,

the following result is obtainable.

Corollary 5.2.9 Let K be a nonempty closed convex subset of a Hilbert space
L2[0,1], T : K — K, defined by (5.2.80) with F(T) # 0 and f : K — K is a
generalized contraction. Suppose that the conditions (i) — (v) of Definition 5.2.1 are

satisfied. Then, for an arbitrary x; € K, the iterative sequence {x,} -, defined by
Tn1 = o f(@n) + al(2n) + 3T (1= 6,) f(w0) + Opnpr), n €N, (52.31)
converges strongly to a fixed point p of T, which solves the variational inequality

(I = f)p,xr—p) >0, forallz € F(T). (5.2.32)

122



CHAPTER 6

General conclusion, contribution to knowledge and future research

6.1 General conclusion and contribution to knowl-
edge

Introduction of new maps or functions and construction of new algorithms are very
essential in Functional Analysis. We proposed the concept of generalized Lyapunov
functions in Chapter 3 (Aibinu and Mewomo [3], [5]). The Lyapunov functions given
by Alber [7]| are obtained from the generalized Lyapunov functions by taking p = 2.
The generalized Lyapunov functions admit generalized duality mapping. When
p = 2, the generalized duality mapping becomes the normalized duality mapping
and we obtain the definition which was given by Alber [7]. The class of (p,n)-
strongly monotone mappings which satisfies the range condition is being considered
in Section 3.3, where p > 1 and n > 0. Thus, the results in Section 3.3 extend and
generalize the results of Chidume and Idu [33]. Great improvements and expansion
have been made to the results of Chidume and Djitte [30]: more general iterative
algorithm was considered in Section 3.3 and the results are obtained in uniformly
smooth and uniformly convex Banach spaces. The study in Section 3.4 focuses on

the class of generalized ®-strongly monotone mappings in Banach spaces, the class of
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monotone-type mappings. Therefore, the results in Section 3.4 extend and improve
the existing results on monotone type mappings in the literatures. Reference is
also made to the generalized convex optimization problems as an application of the
results.

In Section 4.1, the numerical examples display the efficiency of the rate of con-
vergence of implicit midpoint rules, where viscosity is involved over a nonviscous
method. We studied the relationship between the existing generalized implicit it-
erative algorithms and examined the conditions under which they converge to the
same fixed points of a nonexpansive mapping. Analytical comparison of the rate
of convergence of the existing generalized implicit iterative algorithms is given in
Section 4.2. The analytical proof is essential as it is more general and contains
numerical examples as corollaries. The study of the class of u-strictly pseudocon-
tractive mappings in Section 5.1 is very important as it extends and improves the
existing results on viscosity approximation methods. Generalized contraction is used
in Section 5.2 to introduce a new viscosity iterative algorithm for the class of non-
expansive mappings. The convergence in norm of the newly introduced sequence to
a fixed point of a nonexpansive mapping is established. Furthermore, it is shown
that it also solves some variational inequality problems in uniformly smooth Banach

spaces.

6.2 Recommendation

(i) Can the implicit midpoint rule be applied to approximate a fixed point of non-
affine nonexpansive mappings such as sinz? For instance, taking T'(x) = sinz
in the implicit midpoint rule (1.1.5), a simplest form of the equation in R

which one would obtain is
y =z + sin(x + y),

where y is to be made the subject of the formula in order to get an explicit

equation like (4.1.15), (4.1.16) or (4.1.17).

(ii) We do not know if the implicit iteration scheme can be applied in general to
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nonexpansive non-affine functions, for example cosx. That is, can one solve
for y in

y = ax + beos(cx + dy)

in R (the set of real numbers with the usual metric).
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