UNIVERSITY OF KWAZULU-NATAL

SEMI-TETRAD DECOMPOSITION OF
SPACETIME WITH CONFORMAL
SYMMETRY

CHEVARRA HANSRAJ



SEMI-TETRAD DECOMPOSITION OF
SPACETIME WITH CONFORMAL
SYMMETRY

Chevarra Hansra]

Submitted in fulfilment of the academic requirements for the degree of

Master of Science
to the

School of Mathematics, Statistics and Computer Science
College of Agriculture, Engineering and Science
University of KwaZulu-Natal

Durban
December 2018

As the candidate’s supervisors, we have approved this thesis for submission.

Supervisor: Prof. S D Maharaj Signed:

Co-supervisor: Dr R Goswami Signed:



Declaration - Plagiarism

I, Chevarra Hansraj (214530994) hereby declare that:

1. The research reported in this thesis entitled “Semi-tetrad decomposition of space-
time with conformal symmetry”, is my original research unless otherwise indi-

cated.

2. This thesis has not been submitted for any degree or examination at any other

university.

3. This thesis does not contain other persons, data, pictures, graphs or other infor-

mation, unless specifically acknowledged as being sourced from other persons.

4. This thesis does not contain other persons’ writing, unless specifically acknowl-
edged as being sourced from other researchers. Where other written sources have

been quoted, then:

— Their words have been re-written but the general information attributed to
them has been referenced.

— Where their exact words have been used, then their writing has been placed

in italics and inside quotation marks, and referenced.

5. This thesis does not contain text, graphics or tables copied and pasted from the
Internet, unless specifically acknowledged, and the source being detailed in the

thesis and in the references section.

Signed: e Date: December 2018

Miss C. Hansraj



Acknowledgements

e [ owe my sincerest thanks to my supervisors, Prof. S D Maharaj and Dr R
Goswami, for their valuable guidance and mentoring during the 2018 academic
year. I always felt supported knowing their doors were open to me whenever
I had a query which they would patiently hear out and then readily solve. I
greatly appreciate their encouragement, dedication and energy which fueled my
enthusiasm. I thank them for allowing me the opportunity to work with them.

It has been a privilege.

e | have been a student of the University of KwaZulu-Natal since 2014 and express
a deep gratitude to all my lecturers. The university has provided me with a
conducive environment to conduct research. I am grateful for that and for all

the friendly faces of staff and students who have helped me along this journey.

e [ thank the National Research Foundation (NRF) for the financial support during

my Masters.

e My parents, Sudan and Cynthia, have lovingly supported me through the years
in all of my endeavours. Their belief in me motivates me to give off my best every
day. I thank them for putting my needs ahead of theirs and taking care of literally
everything else so that I was able to completely focus on my studies. I also thank
my brother, Riaan, for always hearing me out and providing me with laughs
through any stressful time. My family have made this journey possible. Special
thanks to my friends and extended family for their concern and encouragement

throughout this year. I love them all very much.

11



Dedication

To my dad,
Sudan Hansraj,

who continues to be my inspiration

111



Abstract

In this thesis, we study the kinematical and dynamical properties of a general space-
time that admits a conformal Killing vector. A 14142 decomposition of the spacetime
is performed using the fluid 4-velocity and a preferred spatial direction in the 3-space.
The Lie derivatives of the 4-velocity vector and the preferred spatial direction vector
are calculated and analyzed. We compare our results with the 1+3 decomposition
of Maartens et al (1986), and find new results in the form of a scalar equation and
constraint equation owing to the further decomposition. This provides new insights
into the behaviour of the acceleration, expansion, shear and vorticity scalars which
are not possible in the 143 decomposition. The general energy momentum tensor
for an anisotropic fluid is considered and decomposed using the semi-tetrad covariant
approach. We take the Lie derivative along the conformal Killing vector and apply
to Einstein’s field equations. This makes it possible to generate a set of constraint
equations in the new geometrical variables. All the geometrical and thermodynamical
quantities are written in terms of the 14+1+2 decomposition variables. This is a new
result. We also find a system of equations that must be satisfied by the thermodynam-
ical variables when a conformal symmetry exists applied to the perfect fluid case. We

show that the conformal factor satisfies a damped wave equation with a potential.
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Chapter 1

Introduction

The theory of general relativity, developed by Einstein, describes the gravitational
interaction between celestial bodies in the universe. In order to analyse the evolution
of these astrophysical objects, such as galaxies and stars, we need to understand the
nature and behaviour of their gravitational fields. This has to be done in the context
of general relativity which requires Riemannian geometry. Comprehensive reviews on
basic principles of general relativity can be found in Foster and Nightingale (1994),

Narlikar (2002) and Stephani (2003).

In general relativity, the Einstein field equations relate matter to curvature and
are represented by a system of nonlinear partial differential equations. Determining
explicit solutions to the Einstein field equations, which are in general hard to solve, is
necessary for astrophysical and cosmological applications. The most well known solu-
tions of the Einstein field equations are the Schwarzschild exterior and interior solu-
tions (Schwarzschild 1916a, 1916b) as well as the charged Reissner-Nordstrom solution
(Nordstrom 1918, Reissner 1916). The exterior Schwarzschild solution is a spherically
symmetric, static and vacuum solution. The interior Schwarzschild solution models
the gravitational field when the energy density is constant. The Reissner-Nordstrom

metric is a more general solution and describes the exterior spacetime of a spherical,



non-rotating charged body.

Many methods exist to find exact solutions to the Einstein equations as detailed
in Stephani et al (2009). These include the coordinate approach where a metric is
specified, numerical methods, symmetry methods and tetrad formalisms. Examples of
tetrad formalisms are the complex null tetrad of Newman and Penrose (1962) and the
143 covariant approach formally developed by Ehlers (1961) and Ellis (1971). The
143 covariant approach involves a full tetrad approach as well as a partial ‘covariant’
approach where only one timelike tetrad vector is chosen. Covariant methods, dating
back to the work of Heckmann and Schucking (1955) and Raychaudhuri (1957), are
advantageous because they describe the physics and geometry of the spacetime by
tensor quantities and relations which remain valid in all coordinate systems. The
143 partial frame formalism was built on early cosmological perturbation work by
Hawking (1966), Stewart and Walker (1974), Lyth and Mukherjee (1988) and Ellis
and Bruni (1989), and developed further in covariant approaches by Ellis et al (1990),
Bruni et al (1992) and Dunsby et al (1992). This formalism involves the splitting
of the spacetime through a timelike vector into ‘time’ and ‘space’ where the 3-space
is orthogonal to the timelike vector. Hence, the spacetime geometry and physics are
described by scalars, 3-vectors and 3-tensors. All the important information in the
system is captured in a set of kinematic and thermodynamic 143 variables that have
a clear physical and geometrical meaning. A set of evolution and constraint equations,
arising from the Bianchi and Ricci identities, relate the 14-3 variables. A closed system
of equations results when an equation of state is chosen describing the matter. The
143 formalism has contributed greatly to the understanding of the physics behind
the cosmic microwave background as shown in Dunsby (1997), Challinor and Lasenby
(1998) and Maartens et al (1999). Examples of spacetimes where this formalism has
generated useful results are dust spacetimes studied by Ellis (1967), locally rotationally

symmetric spacetimes studied by Stewart and Ellis (1968) and Ellis and MacCallum



(1969), and Bianchi spacetimes studied by Krasinski et al (2003) and Bianchi (2001)
(which is a republication of the original paper from 1889). We refer the reader to Ellis

(2009) for a comprehensive review of the 143 formalism.

If we consider spacetimes that admit less symmetry, the resulting 1+3 equations are
tensorial partial differential equations that are difficult to work with as in the case of
inhomogeneous spacetimes. Hence a natural extension to the 143 covariant approach
is the 14142 covariant approach formally developed by Clarkson and Barrett (2003).
A 1+1+2 decomposition of the spacetime is performed using the fluid 4-velocity and
a preferred spatial direction in the 3-space. This semi-tetrad formalism is optimized
for problems which have spherical symmetry, including the Schwarzschild solution and
many classes of Bianchi models. Tt was first introduced by Greenberg (1970) and
developed further by Tsamparlis and Mason (1983), van Elst (1996) and van Elst and
Ellis (1996). The formalism was mainly used in the context of symmetric solutions of
the Einstein field equations as shown in the works of Mason and Tsamparlis (1985),
van Elst and Ellis (1996) and Zafiris (1997). In recent times, the 14+-1+2 formalism has
generated useful results in the analysis of: linear perturbations of the Schwarzschild
spacetime studied by Clarkson and Barrett (2003); locally rotationally symmetric class
IT spacetimes investigated by Betschart and Clarkson (2004) in general relativity and
Nzioki et al (2010) in f(R) gravity; gravitational lensing studied by de Swardt et al
(2010) and general locally rotationally symmetric spacetimes investigated by Singh et
al (2017). We refer the reader to Clarkson (2007) for a comprehensive review of the

1+142 formalism.

An alternative method of determining solutions to Einstein’s field equations is to
assume the spacetime admits symmetry, e.g. a conformal symmetry. Such an assump-
tion simplifies the field equations and makes them easier to integrate. Notably the

Schwarzschild and Robertson-Walker models are spacetimes possessing high symme-



try. Imposing conformal symmetry on the spacetime manifold means the manifold is
invariant under the action of a group of conformal motions. Conformal symmetry is
a widely researched area and has many applications in relativistic astrophysics. Dat-
ing back to the 1980’s, Herrera et al (1984) and Herrera and Ponce de Leén (1985)
used conformal motions in modeling an anisotropic relativistic sphere. Spherically
symmetric cosmological models with vanishing shear admitting a conformal Killing
vector were studied by Dyer et al (1987) and Maharaj et al (1991). Also in the con-
text of spherically symmetric spacetimes in conformal geometry, the analysis of the
kinematical and dynamical quantities was performed in many papers by Coley and
Tupper (1990a, 1990b, 1990c, 1994). Kramer (1990) determined rigidly rotating or
static perfect fluid solutions admitting conformal motion. Castejon-Amenedo and Co-
ley (1992) and Hansraj et al (2005) considered applications of conformal symmetries in
conformally related spacetimes. Conformal Killing vectors have been analyzed in the
following spacetimes: Minkowski spacetime studied by Choquet-Bruhat et al (1977);
Robertson-Walker spacetimes studied by Maartens and Maharaj (1986); pp-wave space-
times studied by Maartens and Maharaj (1991) and extended by Keane and Tupper
(2004) and static spherically symmetry spacetimes by Maharaj et al (1995). Recent
developments were made in static spherically symmetric spacetimes by Manjonjo et
al (2018), in shear-free spherically symmetric spacetimes by Moopanar and Maharaj
(2013), in general spherically symmetric spacetimes by Moopanar and Maharaj (2010)
and also, locally rotationally symmetric spacetimes studied by Singh et al (2018) us-
ing the 1+1+42 formalism. Clearly, considering conformal symmetry creates a huge

advantage in analyzing geometrical properties of spacetimes.

In this thesis, we follow the work of Maartens et al (1986) who studied the kine-
matical and dynamical properties of conformal Killing vectors in anisotropic fluids.
We attempt to write the results of Maartens et al (1986) completely in terms of the

14+1+2 formalism variables and perform a detailed analysis by considering a general



spacetime that admits a conformal Killing vector.

A detailed outline of the thesis is as follows: In Chapter 2 we briefly outline concepts
relating to curvature in general relativity necessary for this thesis. Chapter 3 contains
a review of the 143 covariant approach which splits the spacetime using a timelike
vector. Important derivatives and geometrical and thermodynamical variables are
defined. The Weyl tensor and energy momentum tensor are decomposed and the
evolution, propagation and constraint equations derived from the field equations are
written down. In Chapter 4, by way of extension of the 1+3 covariant approach,
we summarize the important equations pertaining to the 14+142 covariant approach.
In this formalism, the spacetime is split further through a preferred spatial vector.
The 1+3 kinematical and Weyl quantities are decomposed and important derivatives
are specified. The evolution, propagation and constraint equations are written down
completely in the 1+1+42 variables and analyzed. Chapter 5 is where we write the
results of Maartens et al (1986) completely in terms of the 14142 variables. We
consider an arbitrary spacetime that admits a conformal Killing vector and consider
the Lie derivatives of important quantities. A physical and geometrical analysis of
the kinematical quantities is performed. In Chapter 6, we consider the dynamics
of spacetime. We write down the Lie derivative of the Einstein field equations and
expand it further using the 14142 formalism. An analysis of the resulting equations is
performed. In Chapter 7, we apply the resulting equations from Chapter 6 to a perfect
fluid spacetime and determine the physical significance of our findings. In Chapter 8,

we review the results obtained.



Chapter 2

Riemann curvature

We devote this brief chapter to outlining concepts relating to curvature in general rel-
ativity necessary for this thesis. We first introduce the concept of a manifold. Then
we define the connection coefficients, the Riemann tensor, the Ricci tensor, the Ricci
scalar and the Einstein tensor along with properties associated with them. For further
reading, comprehensive reviews on the basic principles of general relativity and differ-
ential geometry can be found in Hawking and Ellis (1975), Wald (1984) and Straumann

(2004).

In general relativity, spacetime M is taken to be a 4-dimensional pseudo-Riemannian
manifold. Locally a pseudo-Riemannian space is similar to Euclidean space. Hence we
can always find coordinate patches (subsets of the manifold) where local neighbour-
hoods of a pseudo-Riemannian space can be mapped to Euclidean space. However, we
cannot perform this mapping globally. The manifold M is endowed with a symmetric,
nonsingular metric tensor field g of signature (— +++). A metric tensor is a bilinear
map that assigns a real number to pairs of tangent vectors at each tangent space of
the manifold. The properties of being symmetric and nondegenerate are necessary for
a physically acceptable field. The points in M are labelled using the real coordinates

(x%) = (2%, 2%, 2%, 2®) where z° is timelike and !, 2%, 2% are spacelike coordinates. Note



that 2° = ct where c is the speed of light in vacuum. We use units in which ¢ is unity.
The line element is denoted by
ds® = gapda®da®, (2.1)

which defines the invariant distance between neighbouring points of a curve in the
manifold. The connection I' is defined in terms of the metric tensor field g. The

coefficients of the metric connection I' are given by

1
e = §9ad (Gedp + Gab.e — Gbed) s (2.2)

which are also known as the Christoffel symbols of the second kind. The I"s are

symmetric in their lower indices. The commas denote partial differentiation.
The Riemann curvature tensor R is a (1, 3) tensor field given by
R%cq = Tpae — T%ca + Tl pa — T cal “pe, (2.3)

which represents the curvature of the spacetime manifold. This tensor possesses the

following symmetry properties

Rabcd = _Rbacd7 (24&)
Rabcd = _Rabdm (24b)
Rabcd - Rcdabv (2 4C)
Rabcd + Racdb + Radbc = 0. (24d)

In addition we have
Rqa =0, (2.5)

and

V[e Rab]cd =0, (26)



which is the Bianchi identity. The derivative V. represents covariant differentiation
and square brackets on indices represents skew-symmetrization. Upon contraction of
the Riemann tensor (2.3), in the first and third indices, we obtain the Ricci tensor

given by

c
Rab = R acb

= T —T%ap + Tl — Tl e, (2.7)

which is symmetric. Contracting the Ricci tensor (2.7) results in the Ricci scalar as

follows
R = ¢"Ry, = R, (2.8)
Any given vector field v* defined on a manifold should obey the Ricci identity
2V Vi ve = R gpeva. (2.9)

Using the definitions for the Ricci tensor (2.7) and the Ricci scalar (2.8), we can

construct the Einstein tensor G in the form
ab ab 1 ab
G” =R —§Rg , (2.10)
where G is symmetric and has zero divergence:

V, G = 0. (2.11)

This property is known as the contracted Bianchi identity. Also note that applying a

double contraction to (2.6) results in the twice-contracted Bianchi identity

ViR +VyR'.~V.R=0 &  V°Gy=0. (2.12)

The distribution of matter is defined by the energy momentum tensor T'. Specific

forms for T are considered in subsequent chapters. The Einstein field equations are



given by

G® = R — %Rgab =T, (2.13)

which arises when the energy momentum tensor is coupled to the Einstein tensor
(2.10). The coupling constant k = %r—f is set to unity. From the twice-contracted

Bianchi identities (2.12), we know that the divergence of the left hand side of (2.13) is

zero, making the divergence of the right hand side zero as well so that
V,G® =0 — V, T =0. (2.14)

As a result the matter content is conserved.

The equations presented in this chapter are a brief outline of results that are required

to build a foundation for later work.



Chapter 3

1+3 formalism

3.1 Introduction

In this chapter, we review the 143 covariant approach developed by Ehlers (1961)
and Ellis (1971). This decomposition of the manifold has proved to be useful in our
understanding of spacetime structure, general relativity, and in particular, models in
relativistic astrophysics and cosmology. All important information of the system is
captured in a set of dynamic and kinematic 143 variables. A more detailed review
of the formalism can be found in Ellis (2009). The application of the 1+3 covariant
approach to general relativity is reviewed by Stephani et al (2009) in many spacetimes
of physical interest. In particular we mention the application to dust spacetimes by Ellis
(1967), locally rotationally symmetric spacetimes by Stewart and Ellis (1968) and Ellis
and MacCallum (1969), and Bianchi spacetimes by Krasinski et al (2003) and Bianchi
(2001) (which is a republication of the original paper from 1889). The geometrical and
thermodynamical variables and their properties belonging to this formalism are defined
in this chapter. Furthermore, the propagation, evolution and constraint equations for

the 143 covariant variables are derived from the field equations and analyzed.

10



3.2 Kinematics

The nonintersecting timelike family of worldlines form a congruence in spacetime
(M, g) representing the average motion of matter at each point. These worldlines
are associated with fundamental observers comoving with the cosmological fluid. In

each case, their 4-velocity is

ut = uu, = —1, (3.1)

where 7 is the proper time measured along the worldline of any fundamental observer.
This unique vector field u* provides a timelike threading for the spacetime and repre-
sents the observers’ congruence. Unique projection tensors are defined in terms of u®

by

Uab = —u“ub, (32)

hab = Jab T Uq Up, (33)

where (3.2) projects parallel to u® and (3.3) projects onto the rest space of an observer

moving with 4-velocity u®. It follows that

Ue U = —U%, Uty =u®,  U% =1, (3.4)

habub = 0, hac hcb = hab, h,aa =3. (35)
The effective volume element in the rest space of the comoving observer is defined as

d c
Eabe = Nabed U, where  E4pc = Elapq] and  eggeu’ = 0. (3.6)

Here 7,4 is the 4-dimensional volume element (nabad = /|det g]8°, 8% (526(53611) SO

that

Nabed = 2u[a‘gb}cd - 2€ab[cud]- (37)

11



and 7aped = Mjabea)- The following contractions hold

Eapce™ = 3R h% R g,

Eabc€™ = 2R 0%y,

Eabce™ = 2h%,

Eapc™ = 3|, (3.8)

since 7gpeq 1s totally skew-symmetric.

Furthermore, two derivatives which are useful can be defined. The covariant time

Y

derivative, denoted by ‘7, along the observers’ wordlines is defined, using the vector

u®, as

Z'a...bcmd — uf Ve Zambc...d, (39)

for any tensor Z%+. ;. The fully orthogonally projected covariant spatial derivative,

denoted by ‘D’, is defined using the spatial projection tensor h,y,, as
D. 2% 4= hehPe. high®s . h* N, 259, (3.10)
with total projection on all the free indices.

Any spacetime 4-vector v* may be covariantly split into a scalar V' and a 3-vector

Ve as follows
v, = —u,V +V, where Ve = ho? and V =yl (3.11)

Here V' is the part of the vector parallel to u® and V¢ lies orthogonal to u®. Any

projected rank two tensor Sy, can be split as
1
Sap = Scap> + gShdb + S[ab}- (3.12)

In the above we have introduced

S = hap S®, (3.13)

12



which is the spatial trace. S..~ is the orthogonally projected symmetric trace-free

part of the tensor defined as
c d 1 cd
Scab> = | M@h) — ghabh Sed- (3.14)
Lastly Sjay is given by

1
S[ab] = 6achC <~ Sa = é‘gabcs[bd; (315)

which is the skew part of the rank two tensor that is spatially dual to the spatial vector
S¢. We use angle brackets to represent the projected, symmetric and trace-free tensors.
Additionally, we use the angle brackets to denote orthogonal projections of covariant

time derivatives along u® as follows

V<e> — hab‘/b7 S<ab> — (hc(a hdb) . ghabhcd) Scd' (316)

Using the above definitions, we obtain the derivatives of the projection tensors and

the 3-volume element

DoUse = Dghpe = Dycpe =0, (3.17)
Ucars = hcaps = Ecapes =0, (3.18)
hay = 2t ti), (3.19)
Eabe = 3 eqapy). (3.20)

The covariant spatial divergence and curl for projected vectors and fully projected rank

two tensors are given by
divV = DV,
(div S), = D’Su,
curl V, = eabcDbVC,

curl Sab = €cd<aDCSdb>, (321)

13



which generalises these Newtonian operators to curved spacetimes. We have followed

the treatment of Maartens (1997). For a symmetric rank two tensor,
Sab = S(ab) — curl Sab = curl S<ab>7 (322)

since curl (khg) = 0 for any keR. We note that for vectors or rank two tensors, div

curl is not in general zero, as in the Euclidean case.

The covariant decomposition of the derivative of a scalar T is given by
Vol = —u,T 4+ D,TY. (3.23)

Before we write down the exact form of the covariant decomposition of the derivatives
of the 4-vector and then of the orthogonally projected rank two tensor, we introduce
the algebraic terms ©, wqp, 0, U,. These terms are kinematic quantities arising from

the relative motion of the comoving observers. The trace term is defined as
O = D%, (3.24)

and is the rate of volume expansion scalar of the fluid. The shear tensor

0ay = Dcgtips, (3.25)
with properties
Oab = O(ab),
aabub = 0,
o = 0, (3.26)

is the trace-free part of the spatial change of u,. This tensor describes the distortion in

the matter flow, leaving the volume invariant. We can write down the shear magnitude

as

o2 > c® o >0,

and 0’=0 & 04=0. (3.27)

14



The anti-symmetric vorticity tensor
Wab = Diaua), (3.28)
describes the rigid rotation of matter relative to a nonrotating frame with properties

Wab = Wiab),

wapu® = 0. (3.29)

We may also represent the vorticity tensor by the vorticity vector w® where

1 1 1
w = " ugwpe = =" wp. = = curl u® & Wab = Eabe W,
2 2 2
wiu, = wwg = 0. (3.30)

The vorticity magnitude is expressed as

1
Wt o= §w“wa = w®wy >0,

and w = 0 & we =0 & wap = 0. (3.31)

Finally

ub = uCVCub, (332)

is the relativistic 4-acceleration vector that represents the degree to which matter moves
under forces other than gravity and inertia. The acceleration vanishes for a free-falling

observer, in a rest frame, meaning that the observer moves along geodesic curves.

Now we can define the exact form of the covariant decomposition of the derivative

of the 4-vector (3.11) as

1 1
Vavb = -V (—uaﬂb + §@hab+aab+wab> -+ Uy <§@‘/a +acaVc+w"’aVC>

. 1 1
—Ug <V<b> + iLCVC> + 3 (div V) hap + Dy Vis + §6abc curl V¢

—uy Vo V. (3.33)

15



Furthermore the covariant decomposition of the derivative of the orthogonally pro-

jected rank two tensor (3.12) is given by

. 1
V.Swp = —u. (S<ab> + 2U(a Sb)dud> + 2“(@ (§® Sb)c + Sdb) (Ucd - 5Cdewe)>
3 2 ;
—1—5 (div S)_, hyse — gsdc(acurl S 4+ D<g Shes- (3.34)

Since the variation of velocity with position and time is of interest to us, we define the

covariant derivative of the 4-velocity vector using (3.33) as

1
vaub = —Uq {Lb + g(—) hab + Tap + Wap- (335)

We further write down the covariant decomposition of the double derivative of a scalar

T:
ax7b y 1 ab ab ab
vevhT = —T(§®h + 0%+ w )

1 .. .

+u® (g@D“T + 0D, T 4+ w*D. Y + u®Y — D“T)
: 1
—ut B (D) +iu' DT = Tl | + = (D*T) "
1

+D<*D"” T + 5aabccuﬂ D.T, (3.36)

which will be of use later.

3.3 The energy momentum tensor

The total energy momentum tensor Tp,, introduced in (2.13), can be decomposed,
relative to u®, by breaking it up into parts, that are parallel and orthogonal to u®, as

follows

Top = puqup + phay + o Uy + Uq @y + Tap- (3.37)

16



The total dynamic quantities are defined as follows: p represents the effective energy
density relative to u®, p is the isotropic pressure, g, represents the total energy flux

relative to u® and lastly m,, is the projected symmetric trace-free anisotropic stress,

such that
po= Typuul, (3.38)
1 ab
P = gTabh ; (3.39)
G = —Theuthl,, (3.40)
Tab — Tcdhc<ahdb>' (341)

For these quantities, the following properties:

qau* = 0,
o = G<a>;
Tab T 0,
Tab =  T(ab),
e = 0, (3.42)

hold. Additionally we demand that the isentropic speed of sound

Ci = (ap/8M>s:constant ) (343)

obeys

O S Cg S 1 And O S (ap/ap“)s:constant S 17 (344)

because this guarantees local stability of matter (lower bound) and causality (upper

bound), respectively.

We note that we may write the field equations (2.13) in its trace-free reverse form
as

1
Rab - Tab - ET‘gab- (345)

17



Taking the trace of (3.45), we find the expression for the Ricci scalar in terms of the

total thermodynamical quantities as follows
R=-T=p—3p. (3.46)
Also using (3.46) in (2.13), along with (3.37), we obtain an expression for the 14-3 split

of the Ricci tensor Ry, given by

1 1
Rap = 5 (1 +3p) uaty + 5 (1 = p) hap + 2 @y) + Tas. (3.47)

3.4 Weyl curvature

The local free gravitational field is represented by the Weyl curvature tensor C given

by

1
Cﬂbcd = Rabcd - QQ[Q[CRb}d} + gRg[a[cgb]d]u (348)

which describes spacetime curvature that is not directly determined locally by the
matter. The Weyl tensor possesses the same symmetry properties, given by (2.4), as

the Riemann curvature tensor. An additional property is
CCe =0, (3.49)

which indicates that the Weyl tensor is trace-free on all its indices. Hence we may
think of the Ricci tensor R, and the Weyl tensor C,.q as the trace and trace-free part

of the Riemann curvature tensor Rg,.q respectively.

The Weyl tensor may be split relative to u® as

Eab = Cacbd UC ud, (350)
1 de c
Hab = igadeC beU (351)
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with properties
E°% =0, Eug=ZEuw, Egu =0, (3.52)
H* =0, Hyp=Hauw, Hpu" =0, (3.53)

where FE,;, represents the electric part and H,, represents the magnetic part of Weyl
curvature. The fully covariant 14 3 electromagnetic analogy for gravity was developed

and applied by Maartens and Bassett (1998). Thus we can write C as follows

Capea = Clipa + Chas (3.54)

where
Chea = (49aip 9alb elr Isld — Nabpg Nedrs) uP u” EP, (3.55)
Clica = 2 (Nabpg Gelr Ysld + alp Jalp Nears) uP u” H. (3.56)

The Bianchi identities (2.6), relating the Ricci tensor to the Weyl tensor, enable grav-
itational action at a distance of the gravitation field (such as tidal forces and gravita-
tional waves) and influence the motion of matter and radiation through the geodesic

deviation equation for timelike and null vectors. This relation can be seen in the works

of Levi-Civita (1927), Szekeres (1965) and Szekeres (1966).

The vanishing of the Weyl tensor generates a conformally flat spacetime. By in-
serting equations (3.54), (3.47) and (3.46) into equation (3.48), we obtain the 1+3

completely decomposed form of the Riemann curvature tensor R as follows
Rabcd = Rancd + Rc}bcd + RaEbcd + R%)cdv (357)
Rab _ 2 [a hb] 2 h[a hb]
Ped = 3 (1 + 3p) u v h” g + Flakial R
R?bcd = —QU[Q hb] [cqd] — QU[Ch[ad} qb] — QU[au[cﬂ‘b]d] + Qh[a[cﬁb]d],

RaEbcd = 4u[au[ch}d}+4h[“[ch}d},

R%}cd = 2€abe Ule Hd]e + 250deu[a Hb]ea (358)
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where P represents the perfect fluid part, I represents the imperfect fluid part, F

describes the electric part and H describes the magnetic part, respectively.

3.5 The field equations

We now consider the dynamical quantities in the 143 formalism of first order gravity
for an arbitrary spacetime. The arbitrary spacetime may be completely characterised

by the set of geometric quantities
{67 ua7 Oaby Wab, Eab) Hab}7 (359)
as well as the set of thermodynamic variables

{1, D; Qas Tav} (3.60)

provided an equation of state is prescribed which relates the thermodynamic variables.
We can obtain the propagation, evolution and constraint equations for the covariant

variables, given by (3.59) and (3.60), from the field equations (2.13) and its related

integrability conditions. This is discussed in detail in the following subsections.

3.5.1 The Ricci identities

We get the first set of propagation equations from the Ricci identities (2.9) for the

timelike vector field u® given by
2V Vyu® = Ry qu’, (3.61)
when substituting in from (3.35) and (3.57).

By contracting (3.61) with u® and separating out the orthogonally projected part
into the trace, skew-symmetric and symmetric trace-free parts respectively, we obtain

three propagation equations as follows:
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1. The expansion propagation equation (the generalized Raychaudhuri (1955) equa-
tion)
- - a 1 2 © o a ab a 1
O —-D,u :—g@ + U U — gy 0™ + 2w w —§(u+3p), (3.62)

describes the nature of attraction of the matter present.

2. The vorticity propagation equation

1 2
G — Dy, = 0w+ 0% (3.63)

3. The shear propagation equation

. . 2 . <a
O_<ab> —D<a Ub> — _g@o,ab + u<e ub> _ O_<aco_b>c — e wb>

1
— <E“b — §7rab> : (3.64)

indicates how the tidal gravitational field E,;, directly induces shear which changes

the nature of the fluid flow due to equations (3.62) and (3.63) being affected.

Three sets of constraint equations are obtained by first projecting (3.61) orthogo-

nally to get:

1. The divergence equation for the rate of shear is obtained as
a ab 2 a abc . a
0= (C1)" =Dyo® — gD O + £ [Dyw, + 2Upwe] + ¢°, (3.65)

by contracting over indices b and c.
2. The divergence equation for vorticity is obtained as
0= (Cy) =D,w* — t,w?, (3.66)

abc

by multiplying with ¢
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3. The magnetic constraint is obtained as
0= (Cg)ab _ Hab 4 20<awb> 4 D<awb> _ gcd<a Dcab>d7 (367)

by multiplying with %¢ and taking the projected symmetric trace-free part.
Equation (3.67) characterizes H,, as being constructed from the vorticity ‘dis-

tortion’ and the ‘curl’ of the shear.

3.5.2 The Bianchi identities

From the twice contracted Bianchi identity (2.12), and definitions (3.37) and (3.35),

we can rewrite (2.14) as
fi+Daq" = =0 (1 +p) — 2Uaq" — o™, (3.68)
by projecting parallel to u®, and
G~ +Dp + Dy = —%@q“ — 0% q" — (p+p) 4" — U7 — e wyq.,  (3.69)

by projecting orthogonal to u®. Equations (3.68) and (3.69) are known as the energy

conservation and momentum conservation equations, respectively.

By contracting the second Bianchi identity (2.6) once, we obtain another set of

equations. The covariantly decomposed propagation equations are:

1. The gravito-electric E propagation equation is given by

: 1 1
E<ab> 4 §,ﬂ_<ab> _ Ecd<a Dc Hb>d + §[)<0L qb>

1 1 1
=3 (n+p) o —© (Eab + éﬂab) +30<°, (Eb>c — éwb>c)

1
_u<aqb> 4 Ecd<a |:27:00Hb>d 4 W, (Eb>d € §7T_b>d>:| ] (370)
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2. The gravito-magnetic H propagation equation is given by

. 1
Hab + Z‘:cd<a Dc (Eb>d o §ﬂ_b>d) —

3
_@Hab + 3O.<ac Hb>c 4 §w<a qb>

1

—gei<a [QHCEb>d - §<7b>cqcz - Wch>d1 - (3.71)

Equations (3.70) and (3.71) describe gravitational radiation and when combined give

a wave equation for F,, and also for H,.

From the once-contracted Bianchi identities, we obtain the constraint equations:

1. The gravito-electric (div £) divergence equation is given by

a a a 1 a 1 a 1 a
0=(Cy)" = Db<Eb+ wb) — =D+ 5 0q" — S0’
ab abc d 3
—BwbH — & (O’de c— §wch> s (372)

with the spatial gradient of the energy density as source.
2. The gravito-magnetic (div H) divergence equation is given by
a ab a ab 1 ab
0= (Cs)* = DyH™+ (4 p)” + 3w (E i )
abe 1 d 1 d
+ € _DbQC+0bd E c+_7T c ) (373)

2 2

with the fluid velocity as source.

Note that equations (3.65), (3.72) and (3.73) are not ‘real’ constraints due to the

presence of spatial and temporal derivatives of the curvature in thermodynamic terms.
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3.5.3 Evolving the constraints

The following system of equations arises by propagating the constraint equations (3.65),

(3.66), (3.67), (3.72) and (3.73) along u*:

)

(c)™ - %waDb (C5),

(('15) R %5abCDb (C).

—0(Cy)" - gaab ()" + %5abcwb (C1).

8 ube d ab
—sw (Cy) — ™ g (C3), 4 — 3wy (Cs)
—(Cy)", (3.74)
—0(Cy), (3.75)
—0 (C3)™ + 30, (C3)"°

1
_'_gcd<awc (CB)b> i+ _gcd<a 0,b>c (Cl)d

2
3 <a b>
4 « 1 1 e
—30(C)" +50 b (Cy)° — 5€ by (C),
1 .1
—5 (1 +p) (C1)" — 37 b (C1)’
abc d 3 abc -
+2¢ Ebd (Cg)c + 56 Uy (C5)C R (377)
4 « 1, 1 e
—56(05) +§O' 5(05)1)—561) wb(Cg))C

1 2
—§€abc% (C1), — gqa (Ca)

3 .
+2€abc Hbd (C3)C d_ §€“bcub (C4)C . (378)

More information on the above equations may be found in the treatments of van Elst

(1996) and Maartens (1997). If the constraints are satisfied on the local 3-space surface
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at an initial instant, it follows from the above system of equations that the constraints
vanish identically when propagated along u®. Therefore, these constraints are satisfied
for all time which verifies that under evolution, the constraint equations are preserved.
Derivation of equations (3.74)—(3.78) involves application of the commutation relations

which are defined in the last subsection of this chapter.

3.5.4 Irrotational flow

According to the Frobenius theorem in general relativity, a vector field v is hypersur-
face orthogonal if and only if

Ula vad =0. (3.79)

A detailed explanation of the Frobenius theorem in general relativity can be found in
Poisson (2004). If the fundamental vector u® is hypersurface orthogonal then it follows

that
Wap =0 ~ 0= Ulq Vbuc] = U[q Dbuc} = Ujq Wh]- (380)

Thus the timelike congruence u® is irrotational. From the Frobenius theorem, we de-
duce that the distribution of the 3-vector rest spaces is integrable. These instantaneous
rest spaces are defined at each point by A4, and ‘combine’ to make up 3-surfaces in the

spacetime orthogonal to u®.

The curvature tensor of the 3-spaces, denoted by ® R4, is defined by the 3-

dimensional version of the Ricci identity (2.9) given by
2D, Dy V. =P Ry Vi, (3.81)

for any 3-vector V, on the 3-dimensional manifold. The Gauss equation relates the

intrinsic 3-curvature tensor to the Riemann curvature tensor (2.3) and is given by

(3)Rabcd = (Rabcd)L - Kac Kbd + Kchadv (382)
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where | denotes projection with hy, with all indices. K, is the extrinsic curvature

defined as

Ky = Dyup = %@hab + Oap. (3.83)

The 143 decomposition of the Riemann tensor (3.57) takes the form
(R”), = ;uh[a[c W + 20 mtl gy + 4Rl By (3.84)
Inserting (3.84) into the Gauss equation (3.82) and contracting, we obtain an expression

for the 3-Ricci tensor, denoted by ) Ry, as follows

2 2 1 1
G Ry, = (g - 5@2) hab = 5 OWab + Eap + 57ab + Tac 0. (3.85)

Equation (3.85) can be divided into a trace and trace-free part as follows

1
GR, =38, + 3 G Rhgp, (3.86)

where S, represents the trace-free part (which is essentially equivalent to E,;) and

R is the 3-Ricci scalar derived by contracting (3.85), yielding
(3) 2 o 9
R=2p— 56" +20°, (3.87)

which is the generalized Friedmann equation. The trace and trace-free parts of ®) Ry,

are related to each other by the Bianchi identities for 3-surfaces given by

1
D,® 8, = 5 Da GIR, (3.88)

which we note, due to (3.85), is equivalent to the constraint equation (3.72).

Lastly, we mention that the relation between the extrinsic curvature K, and the

3-Ricci tensor (3.85) is given by the Codacci-Mainardi equation, that is

D, K% — Dy K% = Requ®h®y, (3.89)
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which we note is equivalent to the constraint equation (3.65) when the vorticity van-
ishes. For further reading on the Gauss equation and the Codacci-Mainardi equation
in this context we refer to Hawking and Ellis (1975), Berger (2003) and the lecture

notes of Gourgoulhon (2007).

3.6 Commutation relations

In general, the two derivatives - ** 7 and ‘D’ - do not commute which consequently gives
rise to various commutator relations. This is due to the spacetime curvature which is

derived from the Ricci identities for spacetime scalars Z, 3-vectors V* and rank two

tensors S% as follows

VuVyZ = 0, (3.90)
2V VyVe = RupaV, (3.91)
2v[avb]'s’cd = _Rabecsed_RabedSec- (392)

The 3-space commutator relations orthogonal to the congruence of u® are evaluated
by writing out the 3-commutators explicitly and then using the Ricci identities (3.90),
(3.91) and (3.92), the splitting of V,u, (3.35) and the generalized Gauss equation

(3.82). The relations in this subsection can be found in Betschart (2005).

3.6.1 3-scalar derivatives

For any scalar function Z, the following holds
D.DyZ = eqewZ & DD, Z=2w"Z, (3.93)

. /1
D.Z—(DoZ), = —t 2+ (g@hab +om+ eabcwc> D’ Z. (3.94)
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3.6.2 3-vector derivatives

For any 3-vector V¢, the following holds

1 1 1
D[a Db] Ve = |:<Ec[a + §7Tc[a) - ggac[a + §®wd€d0[a + WeW(a
1 1, . 1
—|—§ n— §® — 3wyw hc[a Vi + hc[a Eyaq + §7Tb]d

1 1
_§®Hc[a Obld — OclaObld — g@hc[a{':b]de(fde

—0¢la €b]dewe + Odla gb]cewe + hc[a W] wd] Vd

+5abdwd V<c>a (3-95)
) . y ’ 1 c (]
Da% - (Da %)L = —Uq V<b> + (g@hac + Oac + gacdwd> (D % + V Ub)
d c 1 c 1
_Ha gdbcv - 5 hachV + 5 ‘/CLQb- (396)

3.6.3 3-tensor derivatives

For any second rank 3-tensor S, the following holds

1 1 1
Dy, Dy Sed = 9 l(Eca + §7Tc[a) — g@a(c[a + g@weee[ac + w(cw[a
1 1
+§ <,u - 592 — 3(,06&)6) hc[a} Sd)b]

1 1
+2 |:h(c[a (Eb]e + §7Tb]e> — §®h(c[a0-b]e — O'(C[ao-b]e

1
—g @h(c[aé"b]efwf — U(C[a€b]efwf — waf[a(CO'b]e

+RC [ wyy we] SDe 4 g pew® S (3.97)
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. , 1 . .
Da Sbc - (Da Sbc)J_ = (5 Ghad + Oud + wad) (ub Sdc + uchb + Dd Sbc)

— g <Sbc>J_ (ha[e dp) — gededa) S

+ (hafe 4 — Eeca H®) S%. (3.98)

3.7 Summary

In summary, in this chapter we have reviewed the 143 covariant approach which splits
the spacetime using the timelike vector u®. Two important derivatives, namely the
covariant time derivative and the fully orthogonally projected covariant derivative,
and their commutation relations were defined. Furthermore, the geometrical and ther-
modynamical variables and their properties were defined. The covariant derivative of
u®, the Weyl tensor and the energy momentum tensor were decomposed into their
irreducible parts. Finally, we wrote down the evolution, propagation and constraint
equations derived from the field equations which relate the set of 1+3 variables in the

formalism.
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Chapter 4

1+1+2 formalism

4.1 Introduction

The 143 covariant approach has successfully been applied in general relativity. How-
ever, if we consider a spacetime that admits less symmetry, the resulting 143 equations
are tensorial partial differential equations that are difficult to work with. We find that
a further decomposition is useful. In this chapter, we review the 14+1+2 covariant ap-
proach developed by Clarkson and Barrett (2003). This formalism involves a further
splitting of the 143 variables such that it isolates a specific spatial direction. Hence
we obtain a set of variables that are advantageous to treat systems with one preferred
spatial direction. For example, if we consider a spherically symmetric spacetime, the
1+1+2 approach is beneficial because we end up with scalar equations which are easier
to work with than tensorial equations. The 14142 formalism has generated useful re-
sults in the analysis of: linear perturbations of the Schwarzschild spacetime studied by
Clarkson and Barrett (2003); locally rotationally symmetric class II spacetimes inves-
tigated by Betschart and Clarkson (2004) in general relativity and Nzioki et al (2010)
in f(R) gravity; gravitational lensing studied by de Swardt et al (2010) and general lo-

cally rotationally symmetric spacetimes investigated by Singh et al (2017). We include
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in this chapter the 1+1+2 kinematical and Weyl quantities and their properties by way
of extension from the 143 formalism. The covariant derivatives of special quantities
are given and the constraint, propagation and evolution equations are written down as

per Clarkson (2007).

4.2 Kinematics

In the 143 formalism, the timelike unit vector u“ is split in the form R ® V', where R
is the timeline along u® and V' is the 3-space perpendicular to u*. We now split the

3-space V', by introducing the unit vector e® orthogonal to u® such that
equ” =0, eq.e’ =1, (4.1)
in the 1+1+2 covariant approach. The projection tensor
NS =ht —ege? = g2+ ugu’ — e e, (4.2)

projects vectors orthogonal to e* and u® onto 2-spaces referred to as sheets. It follows

that
€"Ngpy = 0 = u* Ny, N, =2, (4.3)

holds. Any spacetime 3-vector & can be irreducibly split into y, a scalar component

along e® and a 2-vector, x*, which is a sheet component orthogonal to e* as follows

a

P = ye* +x*  where y=d,e and %= N®d, = ¢, (4.4)

where the bar on a particular index denotes projection with N, on that index such

that the vector or tensor lies on the sheet.

Similarly we can split a projected, symmetric, trace-free tensor ®,, into scalar,

2-vector and 2-tensor parts as follows

1
d, = (I)<ab> =X (eaeb — §Nab> + 2X(a €b) + Xab; (45)
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where the components

X = ey =N, (4.6)

Xa = Nabecq)bca (47)
c d 1 cd

Xab = X{ab} = (N(a Ny — §NabN ) D4, (4.8)

are defined. The curly brackets denote the part of the tensor that is projected, sym-

metric and trace-free, with respect to e*. We note also that

2
h{ab} =0= N{ab}a Neap> = —€<q€p> = Nop — ghab- (49)

The alternating Levi-Civita 2-tensor is defined as
Eab = 8abcec = nabcdecudy (410)

where ¢4, is the natural 2-volume element carried by the sheet induced by €4, the

volume element of the 3-space. From the definition of e, and N, the following

relations:
e’ = 0 = €(ap), (4.11)
Eabe = eagbc_ebgac—{'ecsaba (412)
cve™ = NSNS — NSNS, (4.13)
8acebc - Nab, (414)
ey = 2 (4.15)
hold.

It follows that any object in the 1+1+2 formalism can be split into scalars, 2-vectors
and projected, symmetric and trace-free 2-tensors where the latter two components are

defined in the sheet. Apart from the ‘time’ (dot) derivative, defined along the timelike
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congruence u%, of any object, we introduce two new derivatives for any object ®, %

Do 1 = eIV M, o, (4.16)

51 ®a s = NP NS NG NLENSAD;®y (4.17)

defined by the congruence e®. The hat-derivative ‘"’ is the spatial derivative along the
e® vector field in the surfaces orthogonal to u®. Hence we observe the congruence u®
retains its primary importance as in the 143 approach. The delta-derivative ‘9’ is the
projected spatial derivative onto the 2-sheet, with projection on every free index. Using
the aforementioned definitions, we obtain the following relations for the derivatives of

N, and the sheet volume element e4,:

Napy = 2uainy — 2€(p) = 2Py, (4.18)
Ny = —2e(ap), (4.19)
5Ny = 0, (4.20)
Eap = —2upEpc AT+ 2€Eh 9", (4.21)
€y = 2€[Epcal, (4.22)
Socay = O, (4.23)
where A, = g, Vo = €5 and a, = e‘D.e, = é,.

At this point, we take e® to be arbitrary and then split the 143 kinematical and
Weyl quantities according to the decompositions (4.4) and (4.5), respectively. The

4-acceleration, vorticity, shear and electric and magnetic Weyl tensor quantities are
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split irreducibly as

W = Ae* + A°, (4.24)

w = Qe+ 0%, (4.25)
1

Oap — b)) <6a6b - §Nab) + ZE(aeb) + Eab; (426)
1

E, = € (ea ep — §Nab> + Qg(a ey) + Eubs (427)
1

Hab = H (eaeb — §Nab> + 2H(a6b) + Haba (428)

respectively. The expression

1 3 1
Cl’2 = §O'ab0-ab: 122+Ea2a+52ab2ab7 (429)

defines the form of o, the shear scalar. Using equation (3.33), and the relations found in
Appendix A, we obtain the exact form of the covariant decomposition of the derivative

of the 3-vector (4.4) given by
Va®y = —ua[(X — xe9®) e + X0 + X5] — uatp (Ax + AcX°)
1 11 .
tup || 5O+ 2 xeat {50 - 5% | Xa + ZaX + X Xcea

30 Xe + Q0 Xe — Qe X + e Xe Q]

1 ~ C C
+3 (X + XD — Xea® + 0eX) (Nap + €qep)

1 . . 1
+§ (2X - ¢X - 2Xca - 5CX ) (eaeb - §Nab)

. 1 ¢
+ X A(a + 5(aX + X(@ — §¢X(a +X (§€c(a - gc(a):| €b)

1
+X Cab + 10 X0 + 5 Ea (2xs +&“6:Xa) + eueneX’s
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o1 .
—€[q <—Xab] + 00X = X5 = 50 — GleX ) , (4.30)

where

¢ = dqe€,
a, = €e°D.e, = é,,
A = e,
L
= = * 5(1 )
S 25 €p
Cab = 5{a6b}, (431)

are 1+1+2 kinematical variables that are fundamental objects in the spacetime, and
their dynamics give us information about the spacetime geometry. Traveling along e,
¢ represents the sheet expansion, a, is the sheet acceleration, A is the radial component
of the acceleration of u®, ¢ represents the vorticity of e (the twisting of the sheet) and
Cap Tepresents the shear of e® (the distortion of the sheet). An analogous relation for

rank two tensors holds by applying (3.34) and using the relations found in Appendix
A.

Using (4.30), we define the full covariant derivative of e® in its irreducible form as
1 C
vaeb = _Auaub — Ug P + <§® + E) €q Up + (Za - €acQ )ub
1
+ea ap + 5 ¢Nab + S€ab + Cabu (432)
from which we obtain the spatial derivative of e® given by

1
Daeb = eqap + §¢Nab+§5ab+§ab- (433)

The other derivative of €2 is

éo = Aty + pq, (4.34)
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which describes its change along u®. We write down the 14142 split of the full covari-

ant derivative of u® given by

1
Vaub = —Uq (Aeb + .Ab) + €q€p (g@ + Z) + €q (Zb + EbCQC)
1 1
+ (Ea — €aCQC) ey + Ny (g@ — 52) + Qegp + Xap, (435)

which implies the useful relation

1
fly = (56 + 2) eqa + T + ear 2, (4.36)

for calculating the Ricci identities.

The spatial covariant derivative of a scalar k is defined as
Dok = keq+ 04k, (4.37)

and for any vector k® that lies in the sheet, orthogonal to both u® and e, the different

parts of its spatial derivative are decomposed as follows
5 1 c
Dok = —€qephica® + ok — € {5 Oka + (Veae + Cac) K } + 04 k. (4.38)
Similarly for a projected, symmetric and trace-free 2-tensor W,
d 2 1 d
Da Khe = —2¢€4 EbKe)dd + €q Rpe — 26(b 5 ¢’<¢c)a + Re) (Sogad + Cad) + 6(1 Rbe, (439)

where kg, = Kqpy. Finally, we write down the 1+1+2 double derivative expression for
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the scalar k as

1 1
VeVl = —R{g@(N“b+e“eb)+Z(e“eb—§Nab)+22(“eb)—|—2“b

He%e"Q, — ebe™Q, + 6abQ} + u® {%@ (he* + 0%kK)

- [2 (e“ e — %N) +2%0ed) 4 2“} (Ree+ 6.K)

+ [e“echd — e, + E‘ZCQ} (Ree + 0cK) + uk — (/%ea + 5“/’{)}
—u { (NP +e€e") (Ree + 0ck) + u’ (Ae® + A%) (Ree + Ock)

—K (Aeb+Ab)}

o {A+ ok = FRac+ 80k (N + ')

W

1 A 1
—|—§ {2/% — ¢k —20°Kka, — 50505} (e“eb - EN“”)

+ {2(5(%% — (E(a + chcm) f— qb(;(a,i_’_ 25, K (ggc(a i Cc(a)} eb)
+i (™ 4 gt ot

+ (e“sbc —ele 4 ecgab) {26k + €mnd™ 0" K) €. + SOck

DN | —

Feem (MR — ™k + M0 k) }. (4.40)

4.3 The energy momentum tensor

We split the anisotropic fluid variables ¢, and 7y, as follows

G = Qe+ Qa, (4.41)

1
Tab = 11 (eaeb — §Nab> + 2H(aeb) + Haba (442)
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and hence we can write down the total energy momentum tensor as

1
Top = prugty + phay + 2u( [Qeny + Q)| +11 (ea ey — §Nab) + 210, ep) + gp, (4.43)

in terms of the 14142 variables. The thermodynamic quantities found in (4.43) are

representative of the total combination of standard matter and curvature quantities.

4.4 Derivatives and commutators

In general the dot ‘"7, the hat **” and the delta ‘¢, derivatives do not commute. The

commutation relations for any scalar x are

E—k = —Ak+ (%@+z)&+(za+eab9b—%) 5k, (4.44)

Sufi — (0uk), = —Asi+ (0o + Za —ean’) i+ (é@ — %2) ok
+ (Sap + Qew) Pk, (4.45)
da ki — (0q H)J_ = 2,0k +a,k+ %¢(5a/£ + (Cab + S€ap) O, (4.46)
Ol k= €ap (Qf — k), (4.47)

where we reintroduce the symbol | which now denotes projection onto the sheet.
From equations (4.44) and (4.47), we note that the 2-sheet will be a genuine 2-surface,

instead of being a collection of tangent planes, if and only if
— The sheet derivatives commute. Specifically the delta derivative will be a true
covariant derivative on the surface. This occurs when ¢ = Q0 = a® = 0.

— The commutator of the time and hat derivative does not depend on any compo-

nent. This occurs when Greenberg’s (1970) vector

Ea + Eabe — Pa, (448)
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vanishes. Thus the two vector fields u® and e* are 2-surface forming.

The commutation relations for any 2-vector k, are

R . 1
I'it—l—l%(—l = —A/.ﬁ—z‘i‘ (§®+Z) I%a+(2b+€bcﬂc—gﬁb)(5b/ia
‘I'.Aa (Eb + EbCQC) I{b + HSab I{b, (449)
6a ".ﬁb - (5(1 /fb)j_ = _Aa ".ﬁb + (Spa + Ea - EacQC) "%E

1 1
+ (g@ — 52) (0q Kb + Kq Ap)

1
+ (Eac + anc) (56 Kb + ﬁcAb) + 5 (’ia Qb - Nab K¢ Qc)

1
- (5 ¢Nac + CEqc + Cac) chﬁb + Ha€bcf€6, (450)

1
(Sa l'%b - (50, /fb)J_ == _2811096"%5 + §¢ ((5(1 Kp — /ﬁjaab)
+ (Cac + S€ac) (0°Kp — K ay)

—2 (Qéa[b + Ea[b) (Ec] + €c]de) K€

1 1 1
—Kaq [(—E——@) (Eb+5chC)+§Hb+(€b:|
1 1 a1 c
+Nab 52 - g@ (EC+€CdQ ) + §Hc+gc K, (451)

1 1.\? 1 1 1
a0y S = —O-—IY) I+ E— =
[a 00 1 (3 ) 19 Tali+é—3n

N ©
9 9 Kla 1V

1 1 1
—K[a [— (5@ — 52) (Eb]c + Qéb]c) + E(b (Cbc + §€b]c)

1 1 1
+§ Hb}c +5b]c] + N[ac |:— (56 — 52) (2(,](1 + ng]d)
1

1
—|—§¢ (Coja + sega) + 5

Hb]d + gb]d:| Iid
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— (B’ + Qew’) (Sya + Qea) &7

-+ (C[ac + §€[ac) (Cb]d -+ §€b]d) lid + Ewp (QKJE — g/%é) . (452)

4.5 The field equations

The irreducible set of geometric variables
{6, A, Q, E, g, H, ¢, S, Aa, Qaa Zaa Pas Qa, gaa Haa Zaln Caba Saba Hab} ’ (453)

together with the irreducible set of thermodynamic variables

{1, p, Q, 1L, Qg 1Lg, Ilap } (4.54)

make up the key variables in the 14142 formalism of first order gravity for a given
equation of state. The full 1+1+2 equations for the above covariant variables are ob-
tained by applying the 1+1+2 decomposition procedure to the 1+3 equations, outlined

in Appendix A, and also by covariantly splitting the Ricci identities for e* as follows
Rabc = 2v[a vb] €c — Rabcded = 07 (455)

where Rgpeq is the Riemann curvature tensor (2.3). Splitting this rank three tensor
using u® and e”, we obtain the evolution equations (along u®) and the propagation
equations (along e®) for @, aq, ¢, <, (. In the subsections below, we write down the
full set of 14142 equations for arbitrary spacetime produced and analysed by Clarkson
(2007).
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4.5.1 The evolution equations

We obtain the evolution equations for ¢, ¢, (4, from the projection of u® Ry, as follows:
u® Nbc Rabc:
. 2 1 “ “
¢ = (g@-E) (A— §¢) +2§Q+5a§0 + A (@a_aa)
+(a* — A") (B4 — eap Q) — (P + Q. (4.56)
u® &Tbc Rabc5

S = (%2—%@)<+ <A—%¢)Q+%(a“+Aa) [Q0 + 0y (¢° + 2]

1 1 1
— e, 5a b = ca czab Y. 4.
—|—2€b 5¢ G —|—2H (4.57)

u’ Regapy:

. 1 1 1
Claby = (52 - §@> Cab + Qecfaln® + (A - §¢) Yab — S€cfa Xp)°

—Cefa 20y + Ogatpny + (Afa — fa) 1}
— (Afa + aga) (Soy — €430 Q) — e Hay“. (4.58)

We note that not all information needed to determine the complete 1+1+2 equations
is contained in R... Hence we use the 14142 decomposition of the standard 1+3
equations to obtain the remaining evolution equations given below.

Vorticity evolution equation:

: 1 2
Q = §aab5“Ab+Ag+Q(2—§@)+Qa(2“+go“). (4.59)
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Shear evolution equation:

Sp = e Ay + A Asy — S (Soy +208)) — QaQy + Alws

2 1 1
— <§@ + §E> Yab — Zc{a Eb}c — &+ §Hab- (460)

4.5.2 Mixture of propagation and evolution equations

In this subsection, we write down a mixture of propagation and evolution equations
either by projecting R (as indicated) or as a further decomposition of the 143

equations.

ue® Rype = €*u® Rype:
. ) 1 b 1
Gg— Gz = — §¢+A Vo — SE P + §@+2 (Ay — aq)

+ (%¢ - A) (B0 + v ?”) =< (e ™" — Q)

1
+<ab (_Qpb + Zb + €bCQC) + §Qa - Eabe' (461)
ue®u’ Rype = —e®ulu’ Rype:
N 1. Y 2 1 ? a a a a
A—g@—Z = A"+ §@+E — 20, X+ XX — Q0" —a, A
a1 1
+eap " + (u+3p)+E&— 51_[. (4.62)
Raychaudhuri equation:
A : a a 1 2 3 2 2
A-—0 = —§,A"—(A+¢) A+ (a,— As) A +§@ +§E -20Q
1
125, 5% — 20, 0% 4+ 5, 5% + 3 (1 +3p). (4.63)
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Vorticity evolution equation:

. 1 Ab . . 2 1 1 b . b_l b
Qa+2aab.A = <3®+22)Qa+25ab(5/l Aa 2¢A
1 1 be b
‘|‘Q (Ea — <,0a) -+ §§Aa — §5abc .Ac + ZabQ . (464)
Shear evolution equation:
. 2 . 1 2 1 2 1
Y- = = —(2A4— — [ = Y Doy o1 Yol 2% — =37
A = tea-ga (3@+2) 20t (gp 3)
1 1 1 1
—295, a __ — . 2a% — A —QaQa _Za Zab_
F0. A" = 2 Al (20" — A% + 5 + 55w £
1
= (4.65)
) 1 - 1 1 2 1 1
Yo —=—A; = = — = — | = -2 | X —
a 2Aa 25aA+(A 4¢)Aa <3@+2 > a+2Aaa
3 1 b b b
_§Z¢a_QQa_§(ggab+<ab)A +Zab(90 _E)_ga
1
i, (4.66)

Additionally the conservation equations and the magnetic and electric Weyl evolu-

tion equations are listed below.

Energy conservation equation:

Q= —O(u+p) — (6+24)Q— SEI+ (a0, 24,) Q"

—0,Q% — 2, T1% — %, I1%. (4.67)
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Momentum conservation equation:

) N 3 4
Q+p+II = —6aH“—(§¢+A>H—<§@+E>Q—(u+p)A
+ (Spa - Ea + 5abe> Qa + (2aa - Aa) " + CabHab~ (468)
: A 1 . w3
Qa+1; = —(5ap+§5aﬂ—5 Hab—Q(¢a+Ea+eabQ)—§Haa

— <§@ — %2) Qu+ Qe Q® — (gqb—l—/l) I, + cegp T

- (:u +p - %H> Aa - Eabe - Cabe + Hab (ab — Ab) . (469)

Electric Weyl evolution equation:

1. 1. , 1 3 1/1 1
= -Q = “ —0,Q" -3 - — (= —¥ 11
£+2H+3Q 5abéH+65aQ +(22 @)5 2(3@+2)

1/1 1
+§ <§¢—2A)Q+3<H—§(u+p)2

1
+§ (CLa + Aa) Qa —+ (2(,0,1 + X, — €abe) EY

1 1
-+ (QDa — 62}@ — §5abe> I -+ 2€abAaHb

1
_Zab (gab + §Hab) + Eabeccac- (470)
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. 1 ~ 1. 1 -
5a+—5abe+—Ha+ZQa =

2 2
3 1 1 3 1
SO H 4+ ey OPHEY — —0,Q + ST ) £ Q2
45ab H+26bc Ha 1 aQ+4<5+2 >5ab
1 3.1 1 3 ,
—5 (u—i—p—iff—l—ZH) Ea—§Q¢4a+§'H8ab¢4

3 1 1 3 1
—— —1II - = - - b_2Q b
5 (5—1—2 )goa 4Qaa 4H5aba 5 car&

3 5! 1 1
+ (ZE — @) ga + §§HQ — (qu‘f“A) 5abe + —§€abe

4

1/1 1/1 1 1 \
—}-5 (Zgb—A) Qa— 5 (564‘12) I1, — ZanbH

1 1 1 1
_Za b__Hb a a __sz Eb_ a be c
+5 6(38 : >+2(3Sb 5 b) Hape™ A

1 1 1
— <Sab +5 Hab) (gpb + 55*’096) + 5 Ga (e"H.+ Q") .

. R 1.
Elaby — Ecfa My + §H{ab} =

1 1 1
_gc{a(;ch} - 55{11@1)} - 5 (lu +p+ 3E — 51_[) Yab

1 3 3
—§QCab - §H€c{aCb}c — (@ + 52) Eab + Qec(a &)
1 1 1
- (6@ — ZE> I, + §Q€c{anb}c + SHap
1
+ (§¢ + 2A> Ecfa Hpy© — A Q) + 2600 Hpy (a° — A;)

1 1
- (gp{a + égc{aQC) (25b} + Hb}) + 2{(1 <3Eb} — §Hb}>

1
+Zc{a (351)}C - §Hb}c) + gc{aHb}dCCd-
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Magnetic Weyl evolution equation:

. 1 3 3
H = —5ab5“5b+§€ab5aﬂb—3§5+ (@+§Z>H+QQ+§gH
1
_zgabAagb + (29011 + Za - €abe) Ha - 5 (Qa + gabzb) Qa
ab 1 be ~a
—Zab/H — Eé‘abg C c- (473)
. 1 ~ 1 ~
%@— §€ab5b+ ZEabe =
3 3 1 1 3
e 0P E + ey 0Tl — £, 0" €% + ~ £, 0TI + SHY,
45b g+8€b 26(, E +4€b —|—4H

1 3 3 3 3
o azb n Qa n aQb__ a b= a
+3Q€b +4Q +4H€b 256 p A 2Hg0

3 1 5 1 1
—_ — —1I b __ Y - b~ Hb
+5 <5 . )5aba <t (4¢+A> faE” = =6

3 1 3 3 5
+ (—2 — @) Ho = 5 Qe + 5900 = S 2w Q" + 46Tl

4 8 4
3 1 3 1 2
Ea —“HP ~gbe c aca be c__Hc 5 Y
+ b(2’H+45 Q)+25bC (8 5 +3.A>
b 3 b 1 be
+Hab Y2 +§E —56 QC . (474)
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. . 1 R
Hiaby + Ecta &y — 3¢l Iy =

1 3 1
5c{aéc€b} - _Ec{aéch} - _Hzab + _Qgc{a Eb}c
2 2 2
3 1 3
1 . o1
- (§¢ + 2A) <C:c{a‘gb} - Qgc{aHb} + §§Hab
1 c c
+Z ¢5c{anb} + E{a (3Hb} - 6b}cQ ) - 2@0{aHb}
3 c c c
+Q{a <§ Qb} —epeH ) + 5{a25b}c (a® 4+ A°)

1
_H{a Eb}e a® + 320{& Hb}c — Ec{a CCd (gb}d - §Hb}d) : (475)

4.5.3 The propagation equations

Following a similar procedure, the propagation and constraint equations are derived
by either projecting R, as shown in this subsection, or from projections of the 1+3

constraint equations in Section 3.5.

e* NP R,
A 1 5 9 1 2 u u
o = ——¢"+2¢"+(-04+2) [0 -2)+6,a" —asa
2 3 3
ab a (b a a 2 1
_Cabg +25ab§0 Q _Eaz +QaQ —gu—éﬂ—é’ (476)
e Rope:
A 1 1 a b 1 a b 1 a
S = —¢§‘|— 5@—1—2 Q+§€abda +§8ab2a + §aa+<pa Q% (477)
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e? Ra{bc}:
CA{ab} = —0Cab — C{aChye + 0{a @) — Aoy} + 2000} 2 — Qo ()

1 1
_Z{azb} =+ (g@ + E) Yab — §Hab — gab- (478)

Additionally the divergence equations for the shear, vorticity and the electric and

magnetic Weyl parts are written below.

Shear divergence equation (C1)* e,:

. . 3
N2 = _§¢2_2g9_5aza—sabamuzzaaa—%abw@b

[SVIN )

+Za (™ — Q. (4.79)

. R 1 2 3 3
Yo — e = =0, 24 26,0 — 0" — 0, + e X — < — =Xa,
2 3 2 2
1
+ (§¢ + 2-'4) 5(1be + anb (ab - 2Ab) - 6b2ab - Cabe
+Xap 0" + £ap Qe — Q. (4.80)

Vorticity divergence equation (Cs):

Q = —0,9%+ (A— ) Q+ (aq + A,) Q. (4.81)
(03){ab}:

. 1 3
E{ab} = 5{(1 Eb} — €¢{a 5691)} - §¢Zab + S€c{a Zb}c + §Z<ab - Qgc{a Cb}c

—2 Z{a apy — 2€c{a Ach} — Ec{a Cb}c — Ec{aHb}c. (4.82)
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Electric Weyl Divergence equation (Cy)" e,:

é’—éfwr%ﬁ = —5a5a—%5ana—;¢<5+%n> + (%2—%@) Q
+3OH + (28, +11,.) a“+%ZaQ“—I—3QaH“
—g&szaQb + e ZHL + <5ab + %Hab) ¢ (4.83)
(Ca),
&+ %H = %m + %MH }l(san — P&y — %(Y’Hab + %Qza + Heg D'

3 3 , 3 1 3 1
_éHQa - §Q5abQ - 5 (g+ §H) Qg — §¢ (8a+ §Ha)

3 1
+§Q€abe + SEab (Sb + 51’[”) +30H, — SegpH

1.1 1 , 1,
<3®+4E)Qa+22abQ Cab(g +2H>

1
+ (&;b + 5 Hab) a’ 4+ 3Ha b (484)

Magnetic Weyl divergence equation (C5)” e,:

~ 1 3 1
H = —0,H" — §€ab(5aQb— §¢H— (35—|—/L+p— §H) Q—QC

1 1
+2Hqa" — 3Q, (5“ - 611@) + Cap H™ — eap X% (51’6 + 5H"C) . (4.85)
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1 1 3 1 3
L b L _sb P = b_ 9
Ha Ear®@ 25a7-[ 0" Hap 2€ab§ Q 5 (5+ 2H) Eab 2 2(157-[@

3 1 3 1 .
— (—§g+ﬂ+p+ ZH) Qa — §HOJQ+ §Q€aba — 3an

3 1 1 1
+525abgb + §€abe - nga + qugabe + §QHa

3 1
JQ]E% ° + Hapa® — CpH® — 3 (sab — gna,,> Qv

1
+§ Eab CbCQc- <486)

4.5.4 Constraint equations

Lastly, we write down the 14142 constraint equations and analyze the system of

equations.
Ul Rope:
6o + Y = (2A— ) Q—3¢X + 580 +H. (4.87)

Nbc R(—le:

1
5 a¢ - 5ab5bg - 5b<ab -

-0 (Qa + €ab2b — 2€abg0b) - <é@ — %Z) (Ea — €abe>
—2¢ega’ — (20 —e"Q.) Sop — %Ha — &, (4.88)
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From (C5),, €” and (C), or e®u®R

abe*

2
5,5 — 5509 + 26,500+ 28, =

—¢ (B0 — e ) — 26 (Q — 3epX’) — 4Qe A

+2<ab Eb + 25ab Cchc + Eabab - 25abe - Qa- (489)

We note a few things:

— Equations (4.88) and (4.89) are not actual constraints in the proper sense because
of the presence of curvature thermodynamic terms that have spatial and temporal

derivatives of the curvature.

b

— The equation formed when considering (Cj),, €€’ is equivalent to (4.87).

— Equation (4.62) can be written in terms of (4.63) and (4.65) with the combina-

tion: (4.62) = 1(4.63) — (4.65).

W=

— The redundancy in the field equations occurs because some of the information

contained in Ry, is already contained in the 143 equations.

— Finally, there are no evolution equations for A, A,, ¢, and no propagation equa-
tion for a, written down. These are determined when we choose a particular

frame.

4.6 Summary

In summary, in this chapter we have presented an overview of the 1+1+2 covariant
approach. In this formalism, the spacetime is further split through a preferred spa-
tial vector e® which is orthogonal to u®. The hat and delta derivatives and their

commutation relations were defined. The 143 kinematical and Weyl quantities were
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decomposed irreducibly and the covariant derivatives of u® and e® were specified in the
context of this formalism. Finally, the evolution, propagation and constraint equations

were written down and analyzed.
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Chapter 5

Conformal symmetry: Kinematics

5.1 Introduction

Conformal symmetry is a current topic that has been widely studied in the context
of general relativity. It possesses the geometric property of preserving the structure
of the null cone by mapping null geodesics to null geodesics. These symmetries are
physically significant as they generate constants of the motion along null geodesics for
massless particles. Conformal symmetry has been applied to cosmology in many differ-
ent spacetimes. Recent advances were made in static spherically symmetric spacetimes
by Manjonjo et al (2018), in shear-free spherically symmetric spacetimes by Moopanar
and Maharaj (2013) and in general spherically symmetric spacetimes by Moopanar
and Maharaj (2010). We also mention its application to relativistic stars analyzed by
Kileba Matondo et al (2018). Of particular interest to us is the study of Maartens et
al (1986) where the kinematic and dynamic properties of conformal Killing vectors in
anisotropic fluids were investigated. In this chapter, we extend the Lie derivative kine-
matic results of Maartens et al (1986) completely in terms of the 14142 decomposition
variables for a general spacetime. This process is conducted in order to transparently

bring out the behaviours of certain scalars which was not possible before. We perform
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an analysis of the findings thereafter.

5.2 Kinematics

We begin by defining a conformal Killing vector (CKV) field in general by the relation

LxGay = 2V Gap, (5.1)

where Lx represents the Lie derivative along the CKV X and ¥ (z¢) is the conformal
factor. The set of all CKVs generates a Lie algebra with basis {X;}. The elements of
the basis are related by

(X7, X ;] = C%1; Xk, (5.2)

where C%;; are the structure constants of the group that satisfy the following condi-

tions

C¥;;=—-C%;  [Anti-symmetry], (5.3)

CE oy CM 4+ CFpp CM g + X CMpp =0 [Lie identity].  (5.4)
The integrability condition for the existence of the conformal vector (5.1) is
Lx C%cq =0, (5.5)
as given by Hall and Steele (1991).
Now suppose an anisotropic fluid spacetime admits a CKV & such that
LeGay = 2 gap, (5.6)

in accordance with (5.1). The CKV &* can be timelike or spacelike. Considering the

fluid 4-velocity u®, we note

uu, = —1 = Le (uu,) = 0. (5.7)
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We can define Lgu® in general as
Leu® = Au® + Be® + C<%7, (5.8)

where C'<% is a 2-vector and u®C.,~ = 0 = e*C,~. Substituting (5.8) into (5.7) and

expanding we get
U Leu” +uLeu, = 0,
Ug (Au® + Be® + C<%) +u" L (gabub) = 0,
—A+u (g Lev’ +u’Legw) = 0,
— A4 up L u’ +uu’ (2Wgy) = 0,
—A+ uy (Aub+Beb+C<b>) —2v = 0,
A+¥ = 0. (5.9)
We substitute (5.9) into the general expression (5.8) to obtain
Leu® = —Vu"+ Be® +C<"7, and (5.10)

Leug = Vu,+ Bey, + Cops, (5.11)
similarly. We can define L¢e® in general as
Lee® = De + Eu® + F<%7, (5.12)

where F'<% is a 2-vector and u*F_,~ = 0= e*F_,~. Following a similar procedure,

detailed above, we conclude
D+¥ = 0. (5.13)
Substituting (5.13) into the general expression (5.12), we get
Lee® = —Ve+ Eu+ F<%7, and (5.14)

Leeg = Ve, + Eug + Feps, (5.15)
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similarly.

We observe we can always write £ as
& = au®+ et + v, (5.16)
where u* v gs = 0= €voys, a = =&, u® and f = €, e*. Therefore
Levg = EVus +up Vo€l

= (ozub + Beb + 1/<b>) Vg +up Vg (aub + Be + I/<b>)

= au’Vyu, + e’ (Vyug) + <" (Vyu,)
Huy (Vo) u’ + auy (Va ub) +uy (Vo 5) €°
+Buy (Va eb) + up (Va 1/<b>) ) (5.17)

Now substituting the definitions of the 1+1+2 covariant derivatives of vector fields u,
(see (4.35)) and e, (see (4.32)) along with u, (V,v<">) = —v<"> (V,u), we progress

further and obtain

Leu, = a(Ae,+Ay) + B (Aug + 26,.809)
+2u<0> <%ua¢4b — e, EpeS2° — Qaab> + (Qu, — dreg — G )
= (BA+Ar" +d)u,
+ (0 A =20 6,,Q° — a) e,
+a Ay + 2840 — 202" Qe — dua, (5.18)

after some general simplification. Thus we can evaluate the components of L¢u, in

(5.11) as
U = BA+ AL+ q, (5.19)
B = aA—2,0°—a, (5.20)
Ceas = aAq+20, 0 —28" Qe — daa, (5.21)
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<a>

where we have substituted £ in the place of v according to the definition given by

equation (5.16).

We consider two special cases. The first case involves assuming {,u® =0 = —a.

Then expressions (5.19), (5.20) and (5.21) reduce to

U = BA+ AL, (5.22)
B = —2¢%¢,Q° (5.23)
Ceas = 28240 — 26" Qey. (5.24)

From (5.22) it follows that a CKV £* orthogonal to u® is necessarily a Killing vec-
tor if £% is also orthogonal to 4* = (Ae® + A”) or if we have a geodesic flow. This
is because £, 1" = &, (Ae® + A%) = AB + A*E, = 0 implies either £* L (Ae” + A”) or
(Ae® 4+ A*) = 0. The latter case corresponds to a geodesic form. Considering both

(5.23) and (5.24), we have
Eut=0 — Leu” = —\I/ua—2£b€bCQCe“+2(Be“ch—beaab) , (5.25)
and therefore if £*u, = 0 then
Leu® = —Tu® & —Ee,. Q% + B Q. — Q™ = 0. (5.26)

This result shows that the condition £%u, places a restriction on the vorticity vector

w?® = Qe* 4+ Q% on the 2-sheet. Furthermore if £*u, = 0 and the vorticity w # 0 then
—e N+ B — Qe =0 & W= Qe +QY).  (5.27)

If the fluid is irrotational then
Leuw' = —Wul, (5.28)

is satisfied by any CKV orthogonal to u®. However if the fluid is rotational then (5.28)

is satisfied by a CKV orthogonal to u® if and only if £% is parallel to (Qe® 4+ Q).
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The second case involves assuming £ is parallel to u® then (5.28) is clearly satisfied

so Be® + C<% = 0. Since £* = au® we have

Be,+Clos = (@A —a)e,+aAd, +2864,0°— 0,0 =0, (5.29)

—Qe, + 20,0 —
a 9

(5.30)

— U, = Ae, + A, =

which gives an expression for the acceleration. We note here that contracting (5.30)

with e®, we get

A= =2,
o
= —log(a). (5.31)
This is the scalar version of the equation
W o= — (loga_l) X Y., (5.32)

presented in the work by Maartens et al (1986). The result (5.31) indicates that the

acceleration scalar depends on the acceleration vector along the preferred direction.
Using the definition of £ in (5.16), we can write down the form for L¢e, as follows:
Leeq = & (Viea) + e, Vo
= au’Vye, + e’ (Viyeqd) + v (Vye,)
+ep Va(a)u” + aey, (Vou') + e, Va(B)e’

+Bep (Vae®) + e (Vor=), (5.33)

and thereafter substituting the definitions of the 14142 covariant derivatives of vector

fields u, (see (4.35)) and e, (see (4.32)) along with e, (V,v<">) = —v<"> (V, &), we
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progress further and obtain
1 <b> 2
Lee, = | §@+Z + apv™"" + B eq
1 )
+ |:B (Z + §®> + QObV<b> + Zbl/<b> . 5chcV<b> . B Uy

+ 0P+ Bag — 25V~ 4 (X4 — €4cQ°) + 645, (5.34)

after some general simplification. Hence we may evaluate the components of Lee,

(5.15) as
1 -
Vo= a(30+3) +a+h (5.35)
1 .
E = B(E—i—g@)+¢b§b+2b§b—5bcﬁc§b—6, (5.36)
Feos = a@a+Baq—25ea” + B — €0 + 045, (5.37)

where again we have substituted £* in the place of ¥<% according to the definition

given by equation (5.16).

We note identities (5.14) and (5.15) hold whether or not e,u* = 0. However if

e, u® = 0 then
eq Leu” +uLee, = 0. (5.38)
Expanding (5.38) using (5.10) and (5.15) results in the equation
B-E=0. (5.39)

Substituting the expressions of B (from (5.20)) and E (from (5.36)) into (5.39), we

obtain the following new constraint equation

aA— e 0 —a — {5 (2+%@) + &+, — 5| =0, (5.40)
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which must be satisfied if the spacetime admits the CKV £*. We note that equation
(5.40) relates the kinematical quantities A, ©, ¥, and Q°. Also, following (5.40) we
can write

Lee® = —We+ Bu+ F<%7, and (5.41)

Lee, = Ve, + Bug, + Feg, (5.42)

which are the definitions we will use henceforth in our calculations.

5.3 Geometrical and physical application

We consider geometrical and physical applications of equation (5.28). First, we consider

the Lie derivative of hy, = eg e, + Ny given by
Lehagy =2V (eqep + Ngp) + 2 [Bu(a ep) + U(q C’<b>)} , (5.43)

which is derived by simple calculations using the definition of Ny, (see (4.2)) and

equations (5.11) and (5.15). Now since u®e, = 0 = u*C,~ we have
,Cgu“ = —Pu® ~ ,Cg hab =2V <€a ey + Nab) = Q\I/hab. (544)

Hence (5.28) is satisfied if and only if £* is a conformal motion of the fluid projection
tensor hgp. In an irrotational fluid, the rest spaces orthogonal to u® at each point form
global spacelike hypersurfaces orthogonal to u® with hg, as its intrinsic metric tensor.
If £&% is also orthogonal to u® then £ lies in these hypersurfaces and when w = 0, we

know from (5.25) that (5.28) is satisfied. Therefore L¢hg, =2V (eg€p + Nap) = 2V hgy

also holds and £* must be an intrinsic CKV of the hypersurfaces.

Another geometrical interpretation of (5.28) is that £* maps integral curves of u®
into integral curves of u®. When W # 0, the mapping involves a rescaling of u® by a

change of parameter but the entire family of integral curves of u* is mapped onto itself.
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Therefore £ is said to be a dynamical symmetry of the fluid flow. This means that
new constants of the fluid motion may be generated from existing constants. Suppose

that f is a constant of the fluid motion then
W'V, f=f=0. (5.45)
Then £*V, f is also a constant of the fluid motion if (5.28) is satisfied as follows
u'Va (Vs f) = [u"Va (V) =€V, (u* V)] f+ &V, (u*Vaf), (5.46)

and after simplification, equation (5.46) can be written as

Vfev, (f) — 0. (5.47)

A physical interpretation of (5.28) involves the presence of material curves which
are curves that are made up of the same fluid particles at all times, and therefore
they move with the fluid as the fluid evolves. The integral curves of £* are therefore
material curves in the fluid if (5.28) is satisfied. An important special case of material
curves occurs when {%u, = 0. If w # 0 and (5.28) is satisfied then the CKV £* must be
parallel to (2e® + 2*). The integral curves of £* are therefore vortex lines that will be
material curves in the fluid. This is due to the symmetry property of the flow and not
due to the physical nature of the fluid. Conversely, if £* is a CKV orthogonal to u* and
if the integral curves of £€* are material curves then if w # 0, they must be vortex lines.
We note —&%¢,, Qe + B2, — & Qe is orthogonal to both u® and £ and therefore
it follows from (5.25) that —£%g,. Q% + Q. — £Qe% = 0. Otherwise, the integral

curves of £* would not move with the fluid. Hence £* must be parallel to (Qe® + Q7).
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5.4 Summary

In this chapter we extended the Lie derivative kinematic results of Maartens et al (1986)
completely in terms of the 14142 decomposition variables for a general spacetime. We
calculated the components of the Lie derivatives of u* and e® and performed analysis
by considering two special cases. Thereafter geometrical and physical applications
involving the Lie derivative of u® were considered. The new results in this chapter
are given by the scalar equation (5.31) and constraint equation (5.40). The result
(5.31) indicates that the acceleration scalar A (in u* = Ae® + A”%) depends on the
acceleration vector along the preferred direction. The result (5.40) shows that the
existence of a CKV constrains the kinematical quantities A, ©, Y, and Q°. These

results arise directly from the 14+1+2 decomposition of spacetime.
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Chapter 6

Conformal symmetry: Dynamics

6.1 Introduction

In this chapter we analyze the dynamics of a general fluid spacetime with conformal
symmetry by considering Einstein’s field equations. We make initial assumptions on
the most general form of the energy momentum tensor, and write the decomposed
form according to the 1+1+42 formalism. Then we find the 14142 decomposed form
of the Lie derivative of Einstein’s field equations. Following a similar procedure of
Maartens et al (1986), we perform contractions using combinations of u®, e* and N
and obtain new general results after detailed simplification. As mentioned previously
particular analyses have been performed on selected spacetimes. Recently Singh et al
(2018) investigated conformal symmetries in locally rotationally symmetric spacetimes
using the semi-tetrad covariant formalism, and followed a similar Lie derivative and
contraction approach. However, to our knowledge, such investigations have not been
done in general for an arbitrary spacetime admitting conformal symmetry, using the

14+1+2 formalism. Our new results are therefore applicable to all spacetimes.
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6.2 Dynamics

We begin by considering the most general expression of the energy momentum tensor

in the 14142 formalism given by equation (4.43). Here we assume

Q" = 0,
I = o,
[ = o, (6.1)

which gives a new form for expressions (4.41) and (4.42) as follows

¢ = Qe (6.2)

1
0 = 1 (e“eb — EN“Z’) : (6.3)

Thus the energy momentum tensor has the form
1
Top = pigup + p(eqep + Nap) +2Quq ey + 11 (eaeb b ab) . (6.4)

Taking the Lie derivative of T, in (6.4), we obtain

,Cg Tab = (ﬁg LL) Uq Up + /ubﬁg (uaub) + (‘C’ﬁp> €,6p + pﬁg (ea 6(,)

+(Lep) Nap + pLe (Nap) +2 [Le Qluiaen) +2QLe [uaen)]
1 1
+ (‘C’EH) €qCp + H,CE (eaeb) - 5 (,CEH) Nab - §H££ (Nab) (65)

= [Lep+2(Pp+ BQ) uqus

+[Lep+ LT+ 2BQ + 2V (p+1T)]eqep
1
+ Egp— §£§H+\I’(2p—ﬂ) Nab

+2[LeQ+ B(p+p+10) + 2V Q] u ey
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+ [2 (,U + p) - H} U(a C'<b>) + 3H€(a F<b>)

+2Q [U(a F<b>) + € C<b>)] ) (6-6)

after using the definitions of L¢u, (see (5.11)) and L¢e, (see (5.42)), and some general

simplification.

The Lie derivative along a CKV &% of Einstein’s field equations was first evaluated

by Herrera et al (1984). In the 1+3 decomposition we obtain
EgGab = QD\I/gab —2 (Va Vb\I/) , (67)

where O = g% (V,V;, V). In the 14+1+2 formalism, the expression (6.7) equates to

LeGoy = 2[—@¢—®+®(A+¢)+®—5c(scqf} [Ny — Uty + €q €]

. (1 1
-2 |i—\I’ {§®(Nab+€a€b> + X <€a€b— 5 ab) +2Z(a€b)

1 .
+X0p + a2 —€pEac Q¢ + €0 Q) + up {§® (\Ifea + 9, \I/>

1 .
+ [E <€a € — ENM) + QE(a €c) + Za6:| (\Ij e+ §¢ \I/>
+ [eaachd — ey + 5aCQ] (‘i/ e’ + o° \IJ> + u, U

— (li/ea +5a\if>} — Uq {(Ncb + ecep) (li/ec + 5C\I/>

u (Aee + A (Fe +6°0) — (Aey + A}

1 rz2 ~
+3 {‘I/—Fqﬁ\lf—éc\l/ac—l—écéclll}(Nab+eaeb)
1 A A 1
+3 {2\1/—q§\1/—260\11ac—5056\11} <6aeb—§ ab)

—+ {25(a\i’ — (E(a + chc(a) U — (bé(a\lf + 260 (gé?c(a — Cc(a)} €p)
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+\il Cab + 5{(1 5b}

+= (€aEpe — €pEac + €cEap) {(201/ + Emndmén‘lf> e“ + g0

DO | —

o <Zm\IJ — QU+, c6° \Il> }] , (6.8)

using our definition for the double derivative of a scalar given by (4.40).

According to the Einstein field equations (2.13), we equate (6.6) and (6.7) (the

condensed version of equation (6.8)) to obtain

20U (Ngp — ugup +eqep) —2(V, V) =
Lep+2(Yp+ BQ)| ugup

+[Lep+ LT+ 2BQ + 20 (p+ 1D eacy
1
Esp— §££H—|—\I/(2p— H) Nab

+2[Le@Q + B (pn+p+1I) + 2V Q| uep)
+ [2 (ﬁ‘ —l—p) - H] U(aC<b>) + 31_[e(aF<b>)

+2Q [U(aF<b>) + € C(<b>)} . (6-9)

Contracting the left hand side and right hand side of equation (6.9) with u®u®, u®e®,

u? N eveb ¢ NOf N and No/ NO — %N“b N7*_ we derive the following seven con-

straint equations given below

a,b

u " u:

20V - 2(V,V, W) uv’ = Lep+2(Ppu+ BQ), (6.10)

2(Vo VW) u'e® = LeQ+2VQ+ B(u+p+10), (6.11)
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u® N7

2(V,Vy ¥)u No = (u—i—p—%ﬂ) C<I> + QF<I~, (6.12)
e®eb:
200 —2(V,VyU)ee® = Lep+ LeIT+2T (p+11) +2BQ, (6.13)
e? N
—2(V,V,¥) e N = gHF<f>+QC<f>, (6.14)
Neb.
200 — (V,V, ) N?® = ,Cgp—%,CEH—F\I/(Qp—H), (6.15)
Naf NYE %Nabek:
V.V ¥ (Nabek—%Nabek> = 0. (6.16)

Expanding the left hand side of the above seven constraint equations using the

definition of the double derivative of a scalar (4.40), we obtain
2(@@-&1—¢@+5056x1;+,4650\1/) = Lep+2(Up+BQ),  (6.17)
2(@—A¢1>:££Q+2@Q+B(u+p+n), (6.18)
<,u+p—%ﬂ> C<f>+QF<f>:2<5f\II—\i/Af), (6.19)
2 Kz—g@) ¢/+(A+¢)\i/—\'13—5656\11+5c\11a6} -
Lep+ LelI+2BQ 42V (p+10), (6.20)
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4\1/Zf — 25f\i/ + chQC\ij + ¢5f\l[ - 50\11 (gecf - QCCf) =

;HF<f>+QO<f>, (6.21)
- <§@+2> @+(2A+¢)@+2@—2\1’f—35050\p:

1
Egp—§£§H+\If(2p—H), (6.22)

UARLIES gLy O R ) (6.23)

using properties of €4, to simplify.

Manipulating equations (6.17), (6.18), (6.20) and (6.22), we can derive expressions

for the Lie derivatives of scalars pu, p, Q) and II along the CKV £* as follows

Lep = 2(@@-&:-wac(sc\mftcéc\p—BQ—xyu), (6.24)
Lo = 5 (o0 40— o) —2 (i - ¥+ wp) - Shiw

2600 - BQ), (6.25)
LeQ = 2<A—\PA—\IJQ)—B(M+p+H), (6.26)
£t = o (- wn) 42 (00 4 0.50) +  (R0a ¥ - BQ). (6.27)

We note that we can write L¢ i1 as

Lep=ap+ B+ 0u, (6.28)
and similarly
Lep = ap+Bp+ 1", (6.29)
LeQ = aQ+BQ+160Q, (6.30)
LIl = all+ B4 11,11, (6.31)
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Also, the energy conservation equation (4.67) now has the form

i+Q = ~O(utp) - Q(o+24)~ D3I (6.32)

and the momentum conservation equations given by (4.68) and (4.69) have the form

Q+p+1l = —H(%¢+A)—Q(§@+2)—A(u+p>, (6.33)

1 3 1
_(;ap+ 55111_[ - Q (Spa + Za +5abe) - §Haa - (,U+p - §H) .Aa = 0, (634)

after using the assumptions in (6.1).

Now equating the expressions (6.24)—(6.27) with (6.28)—(6.31) respectively and ex-

panding further with equations (6.32) and (6.33), we obtain
2(@\1}—&1—¢¢1+5050\11+A65‘3\I/> +Q(ad+2aA—2B)
+u(a@—2\11)+a(p@+g§lﬂ+@) — B — 1 6p =0, (6.35)
4 72 . .. 8 . 2 . .
§<\Il—@\11)—2<\1/+\1/p)—§(505 U0 Va —ap
4 2 R
+@Q (§@5+Zﬂ—§B)+A(H5+pﬁ+uﬂ+2w>
4. 3 P
to (=04 21p +5<Q+H>—u 5yp = 0, (6.36)
3 2
R . 4
z(qf—qu) —B(,u+p—i—H)—|—Q{a (562) +5(¢+2A)—2\If]
3 3 . =
+I1 [a <§¢+A) +§ZB] + (a0 A+ 50O) (u+p)+a<p+1'[>

+60—1°6,Q =0, (6.37)
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~
~

. 2 . 4 . .
2(2@-@11) 20+ <5C\Ifa —\If> _all
4 4 2. 3
+5 (Q +15> — V"8I =0, (6.38)

where B = a A — 2£%6,.02° — & according to (5.20). These are constraints that must

be satisfied if the spacetime is to admit the CKV &°.

6.3 Summary

In this chapter we found the Lie derivative of the 14+1+2 decomposed form of the
total energy momentum tensor. This enabled us to write down the Lie derivative of
Einstein’s field equations. We performed contractions on the resulting equation, ex-
panded and simplified extensively. This process resulted in seven constraint equations.
We note that for an arbitrary fluid spacetime admitting a CKV £® it is necessary that
eight constraints, given by equations (6.19), (6.21), (6.23), (6.35)—(6.38) and (5.40)
(found in the previous chapter) need to be satisfied. We emphasize that these results
are general as we have not specified the line element. These constraint equations can
be applied to a number of spacetimes in general relativity and physically significant

results can occur. We demonstrate this in the next chapter.
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Chapter 7

Perfect fluids

7.1 Introduction

A perfect fluid spacetime is characterized by its rest frame energy density and isotropic
pressure. This fluid can be thought of as a smoothed out approximation to the matter
in the universe which makes it a more realistic fluid model. Notably perfect fluids
have no shear stresses, viscosity or heat conduction. Such a fluid appears to be a good
description of the observed universe on a large scale. The absence of the aforementioned
quantities is a great advantage as the relativistic equations become simpler and better
analysis can be performed which could lead to physically significant results. This is
shown in the works of Herrera et al (1984), Maartens et al (1986), Ellis and van Elst
(1998) in the 14-3 formalism and Clarkson (2007) in the 14142 formalism. Results for
perfect fluids with a particular form of the CKV are contained in the works of Coley
and Tupper (1990a, 1990b, 1990c, 1994). In this chapter we apply the seven constraint
equations, found in the final part of the previous chapter, to a perfect fluid spacetime

which admits the CKV £ in (5.16).
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7.2 General equations

Due to the description of a perfect fluid spacetime, the anisotropic fluid variables (4.41)

and (4.42) vanish, i.e.

IT =0,

Q@ =0, (7.1)

where the initial assumptions (6.1) still hold. Thus the energy conservation equation

(6.32) now has the form

fr = —O(u+p), (7.2)

and the momentum conservation equations given by (6.33) and (6.34) become

p = —A(p+p), (7.3)

dap = —Aq(u+p). (7.4)

Substituting (7.1) into the constraint equations (6.35), (6.36), (6.37), (6.38), (6.19),

(6.21) and (6.23) we obtain
2<@\if—xi—¢xif+5c(scqf+Acacxp—w) +a® (u+p) - B
— PGy =0, (7.5)

4 A 2 . . A 8 2
. <¢x11+x1; _ @q/) _9 (\1/ —.A‘Il—l—‘llp) - S0 4 26, Wa — ap

+B8A (i +p) — v’ dp =0, (7.6)
2(@—\11A>—B(u+p):0, (7.7)
22@+§(¢@+5050\1/) +§(5C\ya6—®> —0, (7.8)
(1 +p)C<> —2 (5f\11 — A \If) ~0, (7.9)

72



AU — 2670 + 2/ Q0 + 96U — 5° (ce.f —2¢.7) =0, (7.10)

ML Tyt LA i} (7.11)

for the perfect fluid case. These are the constraints, along with (5.40), to be satisfied
if the perfect fluid spacetime is to admit the CKV £*. We note (7.11) has remained

unchanged.

7.3 Equation of state: p =p(u)

We now choose an equation of state

p=pr(n), (7.12)

where the isotropic pressure p is a function of pu, the effective energy density. Con-
sidering the definition of the isentropic speed of sound (3.43), we note that we can

write

A p
p o= i (7.14)
Sp = o (7.15)

Substituting these expressions into equations (7.5) and (7.6) we obtain

2(@ﬁl—\ff—qﬁ\if—i—étjéc\ll%—Ac(SC\I’—\Ifu) +a@(u—|—p)+cﬁ2¢4(u+p)

—l/bCSb,U/ — 07 (716)

2 (,4@ - qu> _ g(scacxmg (¢@+&; _ @\ir) v %56\11040

+aOc (n+p)+BA(+p) = o =0, (7.17)
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after simplification. We have also incorporated the energy and momentum conservation
equations given by (7.2)—(7.4) to arrive at equations (7.16) and (7.17). Manipulating

the above equations results in

. 42 4 . . 2 8 8
-2V — g\ll—i- g@\I/—FQA\If-i—g(SC\I/aC—i- gAC(;C\I!—\I/ <¢+2p+§,u)

+ (u +p) [oz@ <§ +c§) + (BA+ V" A,) <3i2 + 1)} =0, (7.18)

S

which is a damped wave equation in ¥ with a

8
potential = (gb +2p + gu) : (7.19)

The forcing term is generated by (u + p).

7.4 Summary

In this chapter we have found a system of equations that must be satisfied by the
thermodynamical variables for perfect fluids when a conformal symmetry exists. We
have shown that the conformal factor satisfies a damped wave equation with a potential.
This proves that the semi-tetrad decomposition is useful in bringing out physically

significant results that was not possible before.
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Chapter 8

Conclusion

In this thesis we followed the procedure of Maartens et al (1986) who considered
the kinematic and dynamic properties of an anisotropic fluid spacetime admitting a
conformal Killing vector using a 143 approach. Our main goal in this thesis was to
perform a semi-tetrad decomposition of a general spacetime that admits a conformal
Killing vector. This process was done in order to further investigate the kinematics
and dynamics of spacetimes admitting conformal symmetry. We found that the 14142
decomposition leads to new results. In Chapter 2 we outlined concepts relating to
curvature in general relativity necessary for this thesis. We first introduced the concept
of a manifold and then defined the connection coefficients, the Riemann tensor, the
Ricci tensor, the Ricci scalar and the Einstein tensor along with properties associated

with them.

Next we wrote down the 143 covariant approach equations in Chapter 3 which
built a foundation for the 1+1+2 equations that followed. The 1+3 equations, found
in Ellis (2009), the fluid 4-velocity unit vector u® and related projection tensors were
introduced. Two important derivatives, namely the covariant time derivative and the
fully orthogonally projected covariant spatial derivative, were defined and decomposed.

Kinematic quantities arising from the relative motion of the comoving observers and
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their properties were specified. Of high relevance to this thesis was writing down
the covariant decomposition of the 4-velocity vector. The total energy momentum
tensor was decomposed relative to u® and each of the dynamical quantities and their
properties were defined. The Weyl tensor was also split relative to u® and the electric
and magnetic parts were specified according to Maartens and Bassett (1998). A set
of propagation, evolution and constraint equations arising from the Bianchi and Ricci
identities were generated. Lastly, the commutation relations for the two derivatives

were given explicitly.

In Chapter 4, we extended the 143 equations and wrote down the 14142 covariant
approach equations, given by Clarkson and Barrett (2003). The spacetime was split
further using a preferred spatial direction in the 3-space. The unit vector e*, orthog-
onal to u*, and the related projection tensor were introduced. Two derivatives, their
properties and commutation relations were defined. They were the spatial derivative
along e” in the surfaces orthogonal to u® and the projected spatial derivative onto
the 2-sheet. The 1+3 kinematical and Weyl quantities were split irreducibly and new
14142 kinematical variables introduced. The 14142 split of the full covariant deriva-
tives of u® and e® were defined. We obtained the evolution and propagation equations,
given by Clarkson (2007), by applying the 14142 decomposition procedure to the 1+3

equations, and also by covariantly splitting the Ricci identities for e®.

In Chapter 5 we wrote the kinematic results of Maartens et al (1986) completely
in terms of the 1+1+2 variables. We considered an arbitrary spacetime that admits
a conformal Killing vector (CKV) &* in terms of new vectors. The Lie derivatives of
u® and e” were calculated explicitly in terms of the 1+1+2 variables. Our analysis is
consistent with the findings of Maartens et al (1986). However, in the case of assuming

the CKV £® parallel to u®, we obtained a new scalar version of the acceleration equation
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presented by Maartens et al (1986). The scalar equation is given by

Qa
A= -2
[0

I

—

= —log(a). (8.1)

Furthermore since e® is orthogonal to u®, taking the Lie derivative of both quantities

produced a new constraint equation given by
1 .
aAd— & Q¢ —a — [5 (2+§@) + o+, -5 =0, (8.2)

which must be satisfied if the spacetime admits the CKV £% Equation (8.2) shows
that the existence of a CKV constrains the kinematical quantities A, ©, ¥, and Q°.
We note here that the 14142 decomposition allowed us to yield new results in an area

previously analyzed.

In Chapter 6 we investigated the dynamics of a general spacetime admitting the
CKV &%, We considered the 1+1+42 decomposed form of the total energy momentum
tensor in general and found the Lie derivative of the total energy momentum tensor.
This enabled us to write down the Lie derivative of Einstein’s field equations. We
performed contractions on the resulting equation, expanded and simplified extensively.

This process resulted in seven more constraint equations given by

2 (0¥ - S +AGW) +Q(ad+20.A— 2B)

3 R
+/L(a@—2\D)+a(p@+§EH+Q)—ﬁﬂ—l/bdbu:(), (8.3)
4 /2 . - 8 . 2 . .
g(@-@lﬂ)—Q(\If—i—\pr)—g(SC(S SOV —aj

+Q(§@5+25—§B)+A<Hﬁ+pﬁ+uﬂ+2\i/)
+¢ é\ij+§]‘[5 +5(Q—|—ﬁ>—ub6 =0 (8.4)
302 = |
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2(@—\11,4) —B(,u+p+H)+Q{oz G@E) +B(¢+2A)—2\IJ]

+11 [oz <g¢+A) +22B] + (0 A+ 50O) (u+p)+a<ﬁ+f[>
+4—1"6,Q =0, (8.5)
2(2\1}—\1/H>+ 5,090 + - (5%—&1)—041'1

+Q (%@ﬁ+26—§B) +¢( \If+3nﬁ> +AB (p+p+10)

+8(Q+p) - a1 =0, (8.6)
(u—l—p—%ﬂ) C<f>+QF<f>:2(5f\I/—\i/Af>, (8.7)
AU — 260 + e QU + 667 T — 6.0 (ce.f —2¢]) =

gHF<f> +QC<, (8.8)

ARLIEE YLy it AR I (8.9)

where B = a A — 2£%¢,,Q° — &. These constraints, and (8.2), must be satisfied if the

spacetime is to admit the CKV £“.

In Chapter 7, we applied the eight constraint equations above to a perfect fluid
spacetime where the anisotropic stress and heat flux vanish. Thus, we wrote down
the new forms of the energy and momentum conservation equations. This led to the

simplified system

2 (@\if—\ff—gb\if+5céc\11+Acéc\If—\I/u> + a0 (u+p)— B

—I/bdb,u — O, (810)
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S (0% 40— o) ~2 (i - ¥+ wp) - Sairw s Zawa—ap

+BA(p+p) — P 6p =0, (8.11)
2(@—\11,4) —B(u+p) =0, (8.12)
22@+§(¢@+5650\p) +§(5c\pac—®> _0, (8.13)
(1 +p) C<f>—2(5f\IJ—Af\P> —0, (8.14)
AU — 2670 + e/ QU + 96U — 5° (ce.f —2¢.7) =0, (8.15)
AL YLy U R ) (8.16)

along with (8.2) which remains unchanged. We then chose the equation of state

p=p(n), (8.17)

and applied this relation to equations (8.10) and (8.11). After some simplification,

involving the energy and momentum conservation equations, we arrived at

. 42 4 . ~ 92 8 8

+ (1 +p) [a@ (% +c§) + (BA+ V" A,) (i’i‘? + 1)] =0, (8.18)

which is a damped wave equation in ¥ with a

8
potential = ((b +2p + gu) : (8.19)

The forcing term is generated by (u + p).

In conclusion, we note that in performing the 1+1+2 decomposition, we were able

to obtain new results in Chapter 5 applicable to a general spacetime. This further
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proves that the semi-tetrad decomposition is useful in bringing out the behaviour of
certain geometrical and dynamical quantities that was not possible before. We further
stress that the results presented in Chapter 6 are for an arbitrary spacetime so these
constraint equations can be applied to particular metrics. The existence of a conformal
Killing vector has led to new constraint equations on the scalars associated with the
kinematics and dynamics. The properties of specific spacetimes will simplify some
of the equations and could lead to physically important results. We look forward to
extending our research in this area of semi-tetrad decomposition of spacetime with

conformal symmetry to specific spacetimes.
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Appendix A

Key relations to aid decomposition

Given any quantity in the 1+3 formalism, the following relations can be used to aid
decomposition into 14142 variables as given by Clarkson (2007). Chapter 4, in par-
ticular, makes use of these relations to derive certain expressions. Note that 1+3 space
3-vectors, z%, y* and projected, symmetric and trace-free 3-tensors 1., and ¢,, may

be decomposed as follows

z* = Xe"+ X, (A1)

yt o= Y+ Y (A.2)
1

wab = w<ab> =V (€a €p — 5 ab) + Q\I/(a €h) + \I’ab; (A-3)
1

¢ab = ¢<ab> =0 (eaeb - 5 ab) + 2q)(a€b) + ® 4. (A.4)

The following expansions from 1+3 quantities to 14+1+2 variables may be performed

T.r" = X+ X, X (A.5)
Nabe 'Y = (60 X'Y) g + €0y (Y X' — XY?), (A.6)
1 . 1
T<alp> = §(2XY_XCY) eaeb_§ ab +
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7~/)abxb -

c d __
Ned<a wb> -

wab ¢ab =

Veca P> =

Tabe ¢bd ¢dc =

For the 1+3 covariant time dot derivative

[XYV(a +YX(a} €b) +X{aYE)}7 (A7)

1
(XU +X,0% e, — §\I/XG+X\IIQ+\IfabXb, (A.8)
cqyd 1 c c
Ecd XV €a €y — 5 ab | T X‘gc{a \Ilb} - X €c{a \Ijb}
c 3 c cqsd
+ XU — E‘I]X Ec(a T Eeq XU (a| €b); (A9)

3
3 T2 4+ 20, U + W, U, (A.10)

1 1 1 1
- L ——N,
(2\11<1>+3\11ch> 5 Ve )(eaeb 5 ab)

1 1
+ [—W@(a + —q)\:[/(a + \I/C(I)c(a + @C\ch(a:| €b)

2 2
1 1 .
—§\I/<I)ab— é(quab‘i‘qj{aq)b} +\Dc{aq)b} , (A.ll)
3
eae Vg % + 55 (P U — 0’y (A.12)

¢

and the fully orthogonally projected

covariant spatial derivative ‘D’ we have

T<a> =

7vb<ab> -

(X - ngob> €a + Xgpa + X&; (Alg)

v — 2\I!c<pc> €q€p + [3\1190@ + 2‘11(5 — 20V o] e

1. .
_EIIJNOLI) + 2\:[/(0,%01)) + \Ij{ab}a <A14)

X+X¢—X,a%+06,X°, (A.15)

(2X <+ 0" X) eq + 5 X,

|
tew | —Xa® + "X — Xb — §¢Xb — X, |, (A.16)
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1 - 1
D<axb> = 5 |:2X — ¢X — QXCCLC— §cXCi| <€a€b — 5 ab) +XCab

+ {Xa(a +0X + X(a - %¢X(a + X (sEe(a — Cc(a)] €p)

070 Xy, (A.17)
D%y = <¢’ + g¢‘1’ —2Wya’ + 6, ¥° — ‘I’bchc> ea + U,

+;¢\1/a + Swa - %50,\1, = Wapa’ + (—ceap + Cap) W°

+6°W 4, (A.18)

1
Nea<a D°Ups® = [3CW + g0 W — g U C°] (ea €y — §Nab)

3 3 A 1
+ (—556\1] + 5\11616 + U+ §¢KIIC + 2\de<6d> €c(a €b)
+ [5§‘Ij(a + 5Cd (‘PdCc(a + 60 \de(a)} €v) — Ec{a o¢ \I]a}

c Tc 1 c 3 c
260000 Vo + €cfa Uy + §¢€c{a‘lf b} — §‘I’€c{aC b}

+eWap + €cla \Ijb}dCCd- (Alg)

These relations may be substituted directly into 14-3 equations to aid decomposition.
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